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Ed|hvldq Suhglfwlrq zlwk d Frlqwhjudwhg Yhfwru

Dxwruhjuhvvlrq

Pdwwldv Yloodql
�

Devwudfw

D frpsohwh surfhgxuh iru fdofxodwlqj wkh mrlqw suhglfwlyh glvwulexwlrq
ri ixwxuh revhuydwlrqv edvhg rq wkh frlqwhjudwhg yhfwru dxwruhjuhvvlrq lv
suhvhqwhg1 Wkh odujh ghjuhh ri xqfhuwdlqw| lq wkh fkrlfh ri wkh frlqwhjudwlrq
yhfwruv lv lqfrusrudwhg lqwr wkh dqdo|vlv wkurxjk d sulru glvwulexwlrq rq wkh
frlqwhjudwlrq yhfwruv zklfk doorzv wkh iruhfdvwhu wr uhdolvwlfdoo| h{suhvv klv
eholhiv1 Wklv sulru ohdgv wr d irup ri prgho dyhudjlqj zkhuh wkh suhglfwlrqv
iurp wkh prghov edvhg rq wkh gl�huhqw frlqwhjudwlrq yhfwruv duh zhljkwhg
wrjhwkhu lq dq rswlpdo zd|1 Wkh lghdv ri Olwwhupdq +4<;3, duh dgdswhg
iru wkh sulru rq wkh vkruw uxq g|qdplfv zlwk d uhvxowlqj sulru zklfk rqo|
ghshqgv rq d ihz k|shusdudphwhuv dqg lv wkhuhiruh hdvlo| vshfl�hg1 D
vwudljkw iruzdug qxphulfdo hydoxdwlrq ri wkh suhglfwlyh glvwulexwlrq edvhg
rq Jleev vdpsolqj lv sursrvhg1 Wkh suhglfwlrq surfhgxuh lv dssolhg wr d
vhyhq yduldeoh v|vwhp zlwk irfxv rq iruhfdvwlqj wkh Vzhglvk lq dwlrq1

Nh|zrugv= Ed|hvldq/ Frlqwhjudwlrq/ Lq dwlrq iruhfdvwlqj/ Prgho dy0
hudjlqj/ Suhglfwlyh ghqvlw|1

41 Lqwurgxfwlrq

Wkh lghd ri frlqwhjudwlrq +Hqjoh dqg Judqjhu/ 4<;:> Mrkdqvhq/ 4<<8, kdv ehfrph
h{wuhpho| srsxodu lq dssolhg zrun1 Zlwk wkh lqwurgxfwlrq ri wklv frqfhsw/ hfrqr0
phwulfldqv zhuh jlyhq wkh srvvlelolw| wr lqfrusrudwh wkhruhwlfdoo| prwlydwhg orqj
uxq htxloleulxpv lqwr wkhlu rwkhuzlvh uhodwlyho| xquhvwulfwhg prghov1

Lq prvw dssolfdwlrqv/ pdq| wkhruhwlfdo frlqwhjudwlrq uhvwulfwlrqv duh dydlodeoh
dqg wkh fkrlfh ehwzhhq wkhp lv riwhq d yhu| gl!fxow wdvn1 Hyhq wkrxjk wkh uhvwulf0
wlrqv duh hpslulfdoo| whvwdeoh/ wkh hylghqfh iurp vxfk whvwv lv riwhq lqfrqfoxvlyh>
zh pd| rewdlq zhdn vxssruw iru rqh ru vhyhudo ri wkh wkhruhwlfdo uhvwulfwlrqv zkloh

�Ghsduwphqw ri Vwdwlvwlfv/ Vwrfnkrop Xqlyhuvlw|/ V0439 <4 Vwrfnkrop/ Vzhghq1 H0pdlo=

pdwwldv1yloodqlCvwdw1vx1vh1



wkh rwkhu uhvwulfwlrqv duh fohduo| uhmhfwhg ru zh pd| hyhq �qg vwurqj vxssruw iru
pruh wkdq rqh ri wkhp1 Lq dgglwlrq/ zh pxvw dovr frqvlghu wkh srvvlelolw| wr
ljqruh wkhp doo dqg hvwlpdwh wkh orqj uxq uhodwlrqv hqwluho| iurp gdwd1

Li wkh prgho lv wr eh xvhg iru suhglfwlrq wkhq wkhuh lv/ ri frxuvh/ dozd|v wkh
srvvlelolw| wr surgxfh iruhfdvwv edvhg iurp hdfk ri wkh prghov zlwk wkh gl�huhqw
wkhruhwlfdo uhvwulfwlrqv lpsrvhg dqg iurp wkh prgho zlwk hpslulfdoo| hvwlpdwhg
uhvwulfwlrqv1 Lw vhhpv uhdvrqdeoh/ krzhyhu/ wr zhljkw wkhvh suhglfwlrqv zlwk d
zhljkw sursruwlrqdo wr wkh hpslulfdo vxssruw jlyhq wr wkh uhvwulfwlrq1 Lq dq| fdvh/
lw lv riwhq xqvdwlvi|lqj/ dqg sudfwlfdoo| frpsolfdwhg/ wr kdyh d zkroh udqjh ri
suhglfwlrqv edvhg rq gl�huhqw uhvwulfwlrqv1

Wkh dlp ri wklv sdshu lv wr lqwurgxfh d frpsohwh Ed|hvldq dssurdfk wr suh0
glfwlrq xvlqj d frlqwhjudwhg YDU prgho1 Lq d Ed|hvldq vhwwlqj/ wkh xqfhuwdlqw|
uhjduglqj wkh fruuhfw frlqwhjudwlrq uhvwulfwlrq vkrxog eh uh hfwhg lq wkh sulru glv0
wulexwlrq ri wkh prgho sdudphwhuv1 Zh sursrvh d sulru glvwulexwlrq zklfk doorzv
xv wr zrun vlpxowdqhrxvo| zlwk vhyhudo sodxvleoh frlqwhjudwlrq uhvwulfwlrqv zlwk
dq rswlpdo zd| wr frpelqh wkh suhglfwlrqv1 Ixuwkhupruh/ wkh vxjjhvwhg sulru
dovr doorzv sduwv ru hyhq doo ri wkh frlqwhjudwlrq uhvwulfwlrqv wr eh hvwlpdwhg iuhho|
iurp wkh gdwd1 Lq h�hfw/ orqj uxq uhvwulfwlrqv duh lpsrvhg rqo| li wkh gdwd vxssruw
wkhp1

Hyhq li zh lpsrvh orqj0uxq uhvwulfwlrqv rq wkh YDU/ prvw sdudphwhuv ghvfuleh
wkh vkruw uxq g|qdplfv ri wkh v|vwhp dqg wkhvh sdudphwhuv duh vwloo xquhvwulfwhg1
Olwwhupdq +4<;3/ 4<;9, lpsuryhg wkh suhglfwlrq shuirupdqfh ri wkh xquhvwulfwhg
YDU e| xvlqj d sulru glvwulexwlrq rq wkh frh!flhqwv wkdw fhqwhuhg wkh YDU ryhu
wkh xquhodwhg udqgrp zdon prgho/ d sulrul1 D voljkw yduldqw ri wklv lghd lv xvhg
khuh wr lpsuryh wkh hvwlpdwhv ri wkh vkruw uxq g|qdplfv/ dqg wkhuhiruh wr lpsuryh
suhglfwlrqv1

Dq riwhq qhjohfwhg sduw ri wkh suhglfwlrq skdvh lv wkh xqfhuwdlqw| lq wkh srlqw
suhglfwlrqv/ zklfk lq pdq| fdvhv lv dv lpsruwdqw dv wkh srlqw suhglfwlrqv1 Wklv
lv fhuwdlqo| wuxh lq wkh lq dwlrq iruhfdvwlqj dssolfdwlrq ghdow zlwk khuh dv dq
lqfuhdvlqj qxpehu ri fhqwudo edqnv qrz uhsruwv wkhlu lq dwlrq wdujhwv dv dq lq0
whuydo udwkhu wkdq d vlqjoh qxpehu1 Lq wudglwlrqdo iruhfdvwlqj dssolfdwlrqv ri wkh
YDU zlwk frlqwhjudwlrq uhvwulfwlrqv/ wkh iruhfdvwlqj xqfhuwdlqw| lv glvwruwhg e|
sulpdulo| wzr frqglwlrqlqjv1 Iluvw/ wkh frqglwlrqlqj rq rqh ri wkh wkhruhwlfdo vxj0
jhvwlrqv lq wkh iruhfdvwlqj vwdjh zloo surgxfh d glvwruwhg ylhz ri wkh fhuwdlqw| lq
wkh iruhfdvwv1 Vhfrqgo|/ wkh xqfhuwdlqw| dwwulexwhg wr wkh hvwlpdwlrq ri wkh prgho
sdudphwhuv lv dw ehvw dffrxqwhg iru e| urxjk/ dqg riwhq gxelrxv/ fruuhfwlrqv edvhg
rq dv|pswrwlf wkhru|1 Wkh dlp khuh lv wr surgxfh xqfhuwdlqw| vwdwhphqwv wkdw
ixoo| dffrxqw iru doo vrxufhv ri xqfhuwdlqw| dqg qrw rqo| wkrvh dwwulexwhg wr ixwxuh
vwrfkdvwlf glvwxuedqfhv wr wkh v|vwhp1
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51 Wkh frlqwhjudwhg yhfwru dxwruhjuhvvlrq

Frqvlghu wkh ruglqdu| R0glphqvlrqdo yhfwru dxwruhjuhvvlyh surfhvv zlwk g odjv

 | '
g[
�'�

�� |3� nx_|n0|c +514,

zkhuh  | frqwdlqv dq revhuydwlrq rq wkh R wlph vhulhv dw wlph |/�� lv wkh pdwul{ ri
frh!flhqwv ghvfulelqj wkh g|qdplfv ri wkh v|vwhpzkloh _| frqwdlqv _ ghwhuplqlvwlf
wuhqg ru gxpp| yduldeohv dw wlph | zkrvh h�hfw rq  | lv fdswxuhg e| x1 Ilqdoo|/
0| lv d yhfwru ri huuru whupv dvvxphg wr iroorz wkh �REfcP� glvwulexwlrq zlwk
lqghshqghqfh ehwzhhq wlph shulrgv1

Dq htxlydohqw sdudphwul}dwlrq ri wkh YDU prgho/ ehwwhu vxlwhg iru frlqwhjud0
wlrq dqdo|vlv/ lv wkh huuru fruuhfwlrq prgho +HFP,

{ | '� |3� n
g3�[
�'�

K�{ |3� nx_|n0|c +515,

zkhuh { |3� '  |3� �  |3�3�/ � '
Sg

�'��� � WR dqg K� ' �
Sg

�'�n���� Wkh
juhdwhvw phulw ri wkh HFP lv wkdw lw vhsdudwhv wkh orqj0uxq frpsrqhqw ri wkh
vhulhv E� |3�� iurp wkh vkruw0uxq g|qdplfv E

Sg3�
�'� K�{ |3��/ d vhsdudwlrq wkdw

erwk vlpsol�hv wkh lqwhusuhwdwlrq ri wkh qrq0vwdwlrqdu| surfhvvhv ghdow zlwk lq
wklv sdshu dqg vxjjhvwv wkh wzr pdmru w|shv ri sulru eholhiv iru vxfk surfhvvhv/
vhh vhfwlrq 71

Wkh frqfhsw ri lqwhjudwlrq lv hvvhqwldo wr wkh gh�qlwlrq ri frlqwhjudwlrq1 D
surfhvv lv lqwhjudwhg ri rughu }hur/ ru UEf�/ li/ lq urxjk whupv/ lw lv vwdwlrqdu|
exw lwv fxpxodwlyh vxp lv qrq0vwdwlrqdu|/ vhh Mrkdqvhq +4<<8d, iru d pruh suhflvh
gh�qlwlrq1 D surfhvv lv vdlg wr eh lqwhjudwhg ri rughu _/ ru UE_�/ li wkh _wk gl�huhqfh
ri wkh surfhvv lv UEf�1

Li wkh surfhvvhv duh dw prvw UE��c dqg wkh udqn ri � lv htxdo wr oc wkhq wkhuh
h{lvw o olqhdu frpelqdwlrqv ri wkh wlph0vhulhv wkdw duh UEf� +Hqjoh dqg Judqjhu/
4<;:,1 Wkdw lv/ wkh lqglylgxdo surfhvvhv pd| eh UE��/ dqg wkhuhiruh guliw durxqg
olnh udqgrp zdonv/ exw/ dw ohdvw vrph ri wkhp/ duh wlhg wrjhwkhu e| orqj0uxq htxl0
oleulxp uhodwlrqvklsv jlyhq e| wkh frh!flhqwv ri wkh o vwdwlrqdu| olqhdu frpelqd0
wlrqv> wkh ruljlqdo surfhvvhv duh vdlg wr eh frlqwhjudwhg1 Irupdoo|/ li o@?&E�� '
o/ zh fdq zulwh � ' kq�/ zkhuh k dqg q duh erwk pdwulfhv ri glphqvlrq R� o1
E| lqvhuwlqj wklv ghfrpsrvlwlrq lqwr +515, zh rewdlq

{ | ' kq�
 |3� n

g3�[
�'�

K�{ |3� nx_|n0|c +516,
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zkhuh q�
 |3� fdq eh lqwhusuhwhg dv d qhz vhw ri o vwdwlrqdu| surfhvvhv uhsuhvhqwlqj

ghsduwxuhv iurp wkh o htxloleuld zkloh wkh dgmxvwphqw frh!flhqwv lqk ghvfuleh wkh
dgmxvwphqw edfn wr htxloleulxp1 Wkh froxpqv ri q duh wkh frlqwhjudwlrq yhfwruv1

Qrwh wkdw wkh ghfrpsrvlwlrq ri � lqwr k dqg q lv qrw xqltxh> dq| o � o
lqyhuwleoh pdwul{ A fdq eh xvhg wr wudqvirup k dqg q� zlwkrxw d�hfwlqj wkhlu
surgxfw> wkdw lv/ � ' kAA3�q� ' k

W
qW�/ zkhuh kW ' kA dqg qW� ' A

3�
q�/ dqg

rqo| wkh froxpq vsdfhv ri k dqg q duh wkhuhiruh ghwhuplqdeoh dqg qrw k dqg
q wkhpvhoyhv1 Wkxv/ zlwkrxw uhvwulfwlrqv rq k dqg q wkh prgho lq +516, lv qrw
lghqwl�hg1 Wr jhw d xqltxh ghfrpsrvlwlrq ri �/ uhvwulfwlrqv rq hlwkhu k ru q pxvw
eh lpsrvhg1 Wkh odwwhu rswlrq lv fkrvhq khuh1 Iroorzlqj Mrkdqvhq +4<<8d,/ jhqhudo
olqhdu lghqwli|lqj uhvwulfwlrqv rq wkh �wk frlqwhjudwlrq yhfwru fdq eh uhsuhvhqwhg
lq wkh irup

q� ' O�)�c E� ' �c ���c o� +517,

zkhuh O� lv dq R � ER � o�� pdwul{ ghwhuplqhg e| wkh o� uhvwulfwlrqv dqg )� lv
d yhfwru frqwdlqlqj wkh uhpdlqlqj R� o� iuhh hohphqwv lq q�1 Wkh uhvwulfwlrqv lq
+517, rqo| ghwhuplqh q� xs wr dq duelwudu| frqvwdqw dqg d qrupdol}dwlrq ri wkh
iroorzlqj irup zloo eh xvhg wr vhwwoh wklv lqghwhuplqdf|

q� ' �� nO
���c E� ' �c ���c o� +518,

zkhuh �� }hur yhfwru zlwk xqlw| lq wkh �wk srvlwlrq/ O� lv wkh vdph dvO� exw zlwk
wkh �wk urz htxdo wr d }hur yhfwru dqg �� lv d yhfwru zlwk wkh _� ' R � o� � �
iuhh frh!flhqwv ohiw diwhu wkh lghqwli|lqj uhvwulfwlrqv dqg wkh qrupdol}dwlrq1 Wkh
frqglwlrqv rq wkh vhw ri �� dqg O

� wr eh lghqwli|lqj fdq eh irxqg lq Mrkdqvhq
+4<<8e, dqg lv dxwrpdwlfdoo| fkhfnhg lq frpsxwhu surjudpv olnh SfIlpo +Grruqln
dqg Khqgu|/ 4<<:, dqg Fdwv lq Udwv +Kdqvhq dqg Mxvholxv/ 4<<8,1

Lw zloo eh frqyhqlhqw wr kdyh d frqghqvhg uhsuhvhqwdwlrq ri wkh HFP lq wkh
dfwxdo hvwlpdwlrq skdvh/ zkhuh doo revhuydwlrqv duh vkrzq h{solflwo|1 Iru wklv
sxusrvh/ ohw xv zulwh wkh prgho lq +516, iru wkh zkroh vdpsoh ri A wlph shulrgv dv

{j ' j3�qk
� n ~Kn#x

� n,c +519,

zkhuh{j ' E{ A c ���c{ ��
�cj3� ' E A3�c ���c 3�n��

�/ ~ ' E{j3�c ���c{j3gn��c

K ' EK�c ���cKg�
�c # ' E_A c ���c_��

� dqg , ' E0A c ���c 0��
��

61 Dq dssolfdwlrq wr lq dwlrq iruhfdvwlqj lq Vzhghq

Wkh phwkrgv lqwurgxfhg lq wklv sdshu duh dssolhg wr d gdwd vhw froohfwhg dqg
dqdo|}hg e| Mdfrevrq/ Mdqvvrq/ Yuhglq dqg Zduqh +4<<<,/ khuhdiwhu uhihuuhg wr dv
MMYZ/ dw wkh fhqwudo edqn ri Vzhghq lq dq dwwhpsw wr �qg d ehqfkpdun prgho

7



iurp zklfk prqhwdu| srolf| fdq eh vwxglhg dqg lq dwlrq iruhfdvwv jhqhudwhg1 Wkh
gdwd frqvlvw ri txduwhuo| revhuydwlrqv iurp 4<:5=5 wr 4<<9=7 rq wkh iroorzlqj vhyhq
yduldeohv

 | '
�
+| R| �| e| +W| RW| �W|

��
c

zkhuh doo vwduuhg yduldeohv uhihu wr iruhljq yduldeohv dqg wkh uhpdlqlqj yduldeohv duh
Vzhglvk phdvxuhv1 +| ghqrwhv �ff *? JGS/ R| ' �ff *? FSL/ �| ' �ff *?E�nU|*�ff�/
zkhuh U| lv wkh wkuhh prqwk wuhdvxu| eloov udwh lq shufhqw dqg e| ' �ff *?7|/ zkhuh
7| lv wkh jhrphwulf vxp ri wkh qrplqdo Vzhglvk Nurqd h{fkdqjh udwh ri Vzhghq*v
2f prvw lpsruwdqw wudglqj sduwqhuv1

Wr frqwuro iru odujh ghydoxdwlrqv ri wkh Vzhglvk nurqd dqg uhjlph vkliwv lq
hfrqrplf srolf| erwk lq Vzhghq dqg lq iruhljq frxqwulhv/ MMYZ dgghg �yh gxpp|
yduldeohv wr wkh dqdo|vlv1 Ilqdoo|/ d frqvwdqw whup zdv lqfoxghg lq wkh prgho dqg
wkxv

_| '
�
� ��c| �2c| ��c| �ec| �Dc|

��
c

zkhuh ��c| ghqrwhv wkh �wk gxpp| dw wlph |1 Ixuwkhu ghwdlov fdq eh irxqg lq
MMYZ1

D edwwhu| ri whvwv lq MMYZ vxjjhvwhg �upo| wkdw wkh irxu odjv lq wkh YDU
prgho zhuh vx!flhqw1 Ed|hvldq odj ohqjwk lqihuhqfh lq wkh yhfwru dxwruhjuhvvlrq
kdv ehhq sursrvhg lq Yloodql +4<<;d, edvhg rq wkh iudfwlrqdo Ed|hv dssurdfk wr
prgho vhohfwlrq +R*Kdjdq/ 4<<8,1 Zlwk d ydjxh sulru rq wkh YDU sdudphwhuv dqg
d xqlirup sulru rq wkh odj ohqjwk iurp g ' f wr g ' H/ wkh iroorzlqj srvwhulru
suredelolwlhv zhuh rewdlqhg= REg ' em EA �� ' f�bfe/ REg ' Dm EA �� ' f�fb��/
REg ' Sm EA �� ' f�ff2b/ zkhuh  EA � ghqrwhv gdwd xs wr wlph A / dqg dssur{lpdwho|
}hur iru rwkhu odj ohqjwkv1 Wkxv/ wklv Ed|hvldq dqdo|vlv vxssruwv wkh xvh ri wkh
YDU zlwk irxu odjv1

Wkh frpprq wuhqgv uhsuhvhqwdwlrq ri wkh frlqwhjudwhg YDU +Vwrfn dqg Zdw0
vrq/ 4<;;> Zduqh/ 4<<6, zdv xvhg e| MMYZ lq dq dwwhpsw wr lghqwli| wkh qxpehu
ri frlqwhjudwlrq uhodwlrqvklsv1 Edvlfdoo| wklv lghd vwhpv iurp wkh idfw wkdw li wkh
YDU surfhvv kdv o frlqwhjudwlrq uhodwlrqv/ wkhq lw fdq eh vkrzq +Vwrfn dqg Zdw0
vrq/ 4<;;, wkdw wkh lqglylgxdo vhulhv duh gulyhq e| R� o xqghuo|lqj/ xqrevhuydeoh/
udqgrp zdonv fdoohg frpprq wuhqgv1 Xvxdoo| vxfk wuhqgv duh dvvxphg wr eh jhq0
hudo hfrqrplf idfwruv olnh whfkqrorj| ru prqh| vxsso|/ ru vlpso| uhdo dqg qrplqdo
vkrfnv/ uhvshfwlyho|1 Lq MMYZ lw lv dujxhg wkdw irxu frpprq wuhqgv duh h{shfwhg=
uhdo dqg qrplqdo vwrfkdvwlf wuhqg erwk lq Vzhghq dqg deurdg> wkh xvxdo hpslulfdo
whvwv dqg ghvfulswlyh vwdwlvwlfv jdyh vrph/ exw idu iurp frqfoxvlyh/ vxssruw wr wklv
wkhruhwlfdoo| prwlydwhg fkrlfh1 Wr eh deoh wr frpsduh rxu uhvxowv zlwk wkh rqhv
lq MMYZ/ zh zloo xvh h{dfwo| wkh vdph prgho zlwk g ' e dqg o ' �1

MMYZ glvfxvvhv gl�huhqw/ d sulrul sodxvleoh/ vwuxfwxuhv ri q dqg vhyhudo ixoo|
vshfl�hg frlqwhjudwlrq yhfwruv duh sxw iruzdug dv fdqglgdwhv iru orqj uxq htxlole0
ulxp uhodwlrqvklsv1 D vkruw vxppdu| lv jlyhq lq Wdeoh 6141
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Uhodwlrq Frlqwhjudwlrq yhfwru Hfrqrplf uhdvrqlqj

e| n RW| � R| M� ' Efc��c fc�c fc �c f�� Jrrgv pdunhw htxloleulxp= uhdo
h{fkdqjh udwh lv UEf�/ SSS1

�| M2 ' Efc fc�c fc fc fcf�� �| ' 7�| n .E{R|�/ zkhuh 7�| lv wkh uhdo
lqwhuhvw udwh dqg erwk 7�| dqg .E{R|�
duh dvvxphg wr eh UEf�1

�W| M� ' Efc fcfc fc fc fc��� Vhh �|1
�| � �W| Me ' Efc fc�c fc fc fc���� Ilqdqfldo pdunhwv htxloleulxp=

�| ' �W| n .E{e|�/ .E{e|� lv UEf�1

Wdeoh 614= Sodxvleoh orqj0uxq uhodwlrqvklsv dqg wkhlu frlqwhjudwlrq yhfwruv iru wkh
Vzhglvk prqhwdu| gdwd

71 Sulru glvwulexwlrq

7141 Wkh sulru rq x dqg P

Dvvxplqj wkdw yhu| olwwoh lqirupdwlrq rq x dqg P lv dydlodeoh/ wkhq wkh iroorzlqj
ghidxow sulru vhhpv dffhswdeoh

RExcP� 2 mPm3ERn��*2 c

zklfk lv wkh olplwlqj fdvh ri d Zlvkduw sulru rq P3� zlwk wkh ghjuhhv ri iuhhgrp
dssurdfklqj }hur +Jhlvvhu/ 4<98,/ dqg lv wkhuhiruh d sulru wkdw dggv yhu| olwwoh
sulru lqirupdwlrq lqwr wkh dqdo|vlv1

7151 Wkh sulru rq wkh vkruw uxq g|qdplfv

Ohw K eh glvwulexwhg lqghshqghqwo| ri x/ k dqg q d sulrul/ dqg dvvxph wkdw �iUK
iroorzv d pxowlyduldwh qrupdo glvwulexwlrq zlwk phdq > dqg fryduldqfh pdwul{ [1
Lq d vxffhvvixo dwwhpsw wr lpsuryh wkh suhglfwlyh delolw| ri wkh xquhvwulfwhg YDU/
Olwwhupdq +Olwwhupdq/ 4<;3/ 4<;9> Grdq hw do1 4<;7, hqgrzhg wkh qrupdo sulru
rq wkh sdudphwhuv zlwk pruh vwuxfwxuh1 Vrph ri klv lghdv zloo khuh eh dgdswhg wr
�w wkh vkruw0uxq g|qdplfv ri wkh frlqwhjudwhg YDU/ vhh Vwdun +4<<;, iru d vlplodu
dssurdfk1 Wkh iroorzlqj vwdwhphqwv surylgh d vwduwlqj srlqw iru wkh sulru rq K1

� Wkh frh!flhqwv lq K vkrxog eh pruh ru ohvv fhqwhuhg durxqg }hur/ wkxv
> ' f1

� Wkh hohphqwv lq K fdq iru frqyhqlhqfh eh dvvxphg lqghshqghqw d sulrul1

� Dq| jlyhq hohphqw lq K�n� lv pruh olnho| wr eh }hur wkdq wkh fruuhvsrqglqj
hohphqw lq K�1

9



� Wkh eholhiv derxw d frh!flhqw wkdw ghvfulehv wkh g|qdplfv zlwklq d ydul0
deoh pd| eh gl�huhqw iurp wkh eholhiv derxw d frh!flhqw wkdw ghvfulehv wkh
g|qdplfv ehwzhhq yduldeohv1

Ohw �&�� ghqrwh wkh hohphqw dw wkh �wk urz dqg �wk froxpq ri K&/ wkdw lv/ wkh
frh!flhqw wkdw ghvfulehv krz wkh gl�huhqfh ri wkh �wk vhulhv E{%�c|� lv d�hfwhg e|
fkdqjhv lq gl�huhqfh ri wkh �wk vhulhv odjjhg & wlph shulrgv E{%�c|3&�1 D sodxvleoh
vwuxfwxuh rq [/ zklfk lv gldjrqdo e| wkh vhfrqg vwdwhphqw deryh/ vdwlvi|lqj wkh
vwdwhg uhtxluhphqwv lv

7|_E�&��� '

� b
&

Rzq odjv E� ' ��
bw
&

j�
j�

Iruhljq odjv E� 9' ��

zkhuh 7|_E�� ghqrwhv wkh vwdqgdug ghyldwlrq/ b ' 7|_E�����/ iru doo �c dqg/ li lw lv
uhjdughg dv pruh suredeoh d sulrul wkdw d vhulhv lv d�hfwhg e| lwv rzq odjv wkdq
wkdw lw lv d�hfwhg e| wkh odjv ri dqrwkhu vhulhv/ wkhq w 5 Efc ��1 j� lv wkh vtxduh
urrw ri wkh �wk gldjrqdo hohphqw ri P zkrvh suhvhqfh dgmxvwv iru wkh gl�hulqj
yduldelolw| lq wkh wlph vhulhv1 Qrwh wkdw T @oE�&��� lv d ghfuhdvlqj ixqfwlrq ri wkh
odj ohqjwk lpso|lqj wkdw orqjhu odjv duh pruh olnho| wr kdyh frh!flhqwv htxdo wr
}hur1 Rwkhu gdpslqj udwhv wkdq &3� rq wkh vwdqgdug ghyldwlrq vfdoh fdq/ ri frxuvh/
eh xvhg li lw lv frqvlghuhg pruh dssursuldwh1

Li eholhiv derxw rqh ru pruh frh!flhqwv lq K gr qrw frqirup wr wkh vwuxfwxuh
ghvfulehg deryh/ wkhq wkh fruuhvsrqglqj hohphqwv lq[pd| vlpso| eh prgl�hg wr
�w wkh jhqxlqh eholhiv ri wkh lqyhvwljdwru1 Iru h{dpsoh/ iru txduwhuo| gdwd zh pd|
h{shfw wkdw wkh frh!flhqwv ri wkh irxuwk odj lv pruh olnho| wr eh gl�huhqw iru }hur
zkhq frpsduhg wr/ iru h{dpsoh/ wkh wklug odj1 Wkh hohphqwv lq [ fruuhvsrqglqj
wr frh!flhqwv ri wkh irxuwk odj vkrxog wkhq eh lqfuhdvhg1

7161 Wkh sulru rq wkh orqj uxq vwuxfwxuh

W|slfdoo|/ wkhuh duh vrph frlqwhjudwlrq yhfwruv zklfk wkh lqyhvwljdwru krogv dv
sduwlfxoduo| sodxvleoh d sulrul1 Vxfk yhfwruv zloo khuh eh whuphg fdqglgdwh yhf0

wruv1 Zh kdyh o frlqwhjudwlrq yhfwruv wr ghwhuplqh dqg wkh fdqglgdwh yhfwruv/
zklfk fdq ri frxuvh dsshdu vlpxowdqhrxvo| li o : �/ fdq wkhuhiruh eh pl{hg wr
irup d vhw ri ' pdwul{ fdqglgdwhv iru q1 Qrw doo o0vxevhwv ri wkh yhfwru fdqglgdwhv
zloo eh sodxvleoh d sulrul/ dqg wkhuhiruh glvfdughg dv pdwul{ fdqglgdwhv/ exw wkhuh
lv dovr wkh srvvlelolw| wkdw rqo| vrph froxpqv ri d pdwul{ fdqglgdwh duh vshfl�hg
dqg wkh uhpdlqlqj rqhv duh hvwlpdwhg iurp gdwd1 Iru wkh Vzhglvk prqhwdu| gdwd
lq vhfwlrq 6/ wkh irxu yhfwru fdqglgdwhv zhuh jlyhq lq Wdeoh 6141 Sodxvleoh pdwul{
fdqglgdwhv duh q� ' EM�c �c ��/ q2 ' EMec �c ��c q� ' EM2cM�c ��/ qe ' EM�cMec ��/
qD ' EM�cM2cM�� dqg qS ' E�c �c ��c zkhuh d grw ghqrwhv dq xqvshfl�hg froxpq ri

:



q1 Wzr wklqjv duh zruwk qrwlqj1 Iluvw/ wkh pdwul{ frqvlvwlqj ri rqo| xqvshfl�hg
froxpqv/ uhsuhvhqwlqj frpsohwh ljqrudqfh uhjduglqj wkh qdwxuh ri wkh frlqwhjud0
wlrq uhodwlrqvklsv/ lv lqfoxghg lq wkh vhw ri pdwul{ fdqglgdwhv1 Vhfrqgo|/ vrph
srvvleoh pdwul{ fdqglgdwhv kdyh ehhq frqvlghuhg lpsuredeoh/ iru h{dpsoh pdwul0
fhv lpso|lqj wkdw rqo| rqh ri wkh lqwhuhvw udwhv lv vwdwlrqdu|/ zklfk vhhpv wr eh d
sodxvleoh dvvxpswlrq1

Wkh pdwul{ fdqglgdwhv gh�qh vxeprghov ri wkh HFP1 Wkh xvxdo dssurdfk lv wr
ghwhuplqh/ e| k|srwkhvlv whvwv/ wkh vxssruw jlyhq e| wkh gdwd wr wkhvh vxeprghov
dqg wkhq frqglwlrq rq wkh prvw sodxvleoh rqh lq wkh vxevhtxhqw dqdo|vlv dqg
suhglfwlrq1 Dw wkh yhu| ehvw/ vhyhudo prghov +pdwul{ fdqglgdwhv, duh hqwhuwdlqhg
dqg gl�huhqw vfhqdulrv +h1j1 suhglfwlrqv, duh suhvhqwhg1 Lq d Ed|hvldq dqdo|vlv
zh qhhg rqo| wr dvvljq sulruv wr doo xqfhuwdlq dvshfwv ri wkh sureohp1 Vlqfh wkhuh
lv xqfhuwdlqw| uhjduglqj wkh dssursuldwh pdwul{ fdqglgdwh zh vlpso| dvvljq sulru
suredelolwlhv REq��c ���c REq'� wr wkhp dqg wkhq surfhhg wr fdofxodwh wkh srvwhulru
glvwulexwlrq1 Dv zh zloo vhh lq vhfwlrq 9/ wklv ohdgv wr d surfhgxuh vrphwlphv
uhihuuhg wr dv Ed|hvldq prgho dyhudjlqj +Gudshu/ 4<<8, zkhuh hdfk vxeprgho
frqwulexwhv wr wkh �qdo lqihuhqfh zlwk d zhljkw sursruwlrqdo wr wkh vxssruw lq wkh
gdwd ri wklv vxeprgho1 Ed|hvldq prgho dyhudjlqj doorzv xv wr wuhdw hdfk prgho
vhsdudwho|1 Wkxv zh irfxv rq wkh lqihuhqfh ri rqh ri wkh vxevhw prghov dqg lq
vhfwlrq 9 zh vkrz wkdw wkhuh lv d vlpsoh zd| wr frpelqh wkh vxevhw prghov lqwr
dq ryhudoo lqihuhqfh wrro1

E| lpsrvlqj ixoo| vshfl�hg yhfwru fdqglgdwhv wr vrph froxpqv ri q/ zh duh
h�hfwlyho| �{lqj wkh fruuhvsrqglqj uhvwulfwlrq pdwulfhv/ �� dqg O

� iru wkrvh
froxpqv1 Ri frxuvh/ uhvwulfwlqj zkroh froxpqv ri q wr nqrzq qxpehuv zloo sur0
gxfh ryhu0lghqwli|lqj uhvwulfwlrqv1

Li d pdwul{ fdqglgdwh ixoo| vshfl�hv q wkhq d xqlirup sulru iru k frxog eh
xvhg dv d ghidxow sulru zlwkrxw pxfk frqwuryhuv|1 Iru pdwul{ fdqglgdwhv zlwk
rqh ru pruh xqvshfl�hg froxpqv/ zh kdyh wr dvvljq sulruv wr erwk k dqg wkh
uhpdlqlqj iuhh sdudphwhuv ri q1 D xqlirup sulru iru doo wkhvh sdudphwhuv kdv
ehhq xvhg e| Jhzhnh +4<<9, dqg Edxzhqv dqg Oxeudqr +4<<9,1 Dqrwkhu sulru
kdv ehhq ghyhorshg e| Yloodql +4<<<e,1 Wr zulwh grzq wklv sulru vrph qrwdwlrq lv
qhhghg �uvw1 Gh�qh @�� dv wkh �wk gldjrqdo hohphqw ri EO�

�O��
3� dqg ohw �� htxdo

EO�
�O��3� zlwk wkh �wk urz dqg froxpq ghohwhg1 Ilqdoo|/ ohw �^E>c\� ghqrwh wkh

^0yduldwh Fdxfk| zlwk orfdwlrq > dqg vfdoh +suhflvlrq, pdwul{ \1 Wkh sulru lq
Yloodql +4<<<e, lv wkhq ri wkh irup

�� 5 �_�Efc @
3�
�� ���c

zlwk lqghshqghqfh ehwzhhq wkh ��1 Wkh prwlydwlrq ri wklv sulru lv wkdw lw dvvljqv
htxdo suredelolw| wr hdfk srvvleoh o0glphqvlrqdo vsdfh vsdqqhg e| wkh froxpqv ri
q +wkh frlqwhjudwlrq vsdfhv,/ zklfk frqvwlwxwhv wkh glvwlqjxlvkdeoh *rxwfrphv* ri

;



q1 Yloodql +4<<<e, vxjjhvwv wkdw d xqlirup sulru rq k fdq eh xvhg iru frqyhqlhqfh
lq wkh fdofxodwlrqv1

Wkhuh lv rqjrlqj uhvhdufk derxw wkh dssursuldwh sulru iru k dqg q dqg wkh
�qdo zrug kdv fhuwdlqo| qrw ehhq vdlg rq wklv lvvxh1 Zh zlvk wr frqfhqwudwh rq
rwkhu dvshfwv ri wkh dqdo|vlv khuh/ krzhyhu/ dqg zh qrwh wkdw lq vlwxdwlrqv zkhuh
wkh gdwd duh dw ohdvw prghudwho| lqirupdwlyh uhodwlyh wr wkh sulru wkhq wkh fkrlfh
ri sulru zloo pdwwhu olwwoh1

81 Qxphulfdo hydoxdwlrq ri wkh srvwhulru glvwulexwlrq e|

Jleev vdpsolqj

Wkh srvwhulru lv dqdo|wlfdoo| lqwudfwdeoh dqg d qxphulfdo hydoxdwlrq lv fdoohg iru1
Wkh srsxodu Jleev vdpsohu surylghv dq dxwrpdwlf qxphulfdo phwkrg iru urxwlqh
dssolfdwlrqv1 Zh zloo rqo| jlyh dq rxwolqh ri wkh dojrulwkp dqg zh uhihu wr Vplwk
dqg Urehuwv +4<<6, iru d pruh frpsohwh lqwurgxfwlrq1 Eulh |/ wkh srvwhulru glvwul0
exwlrq ri wkh sdudphwhuv lq wkh frlqwhjudwhg HFP grhv qrw ehorqj wr d vwdqgdug
idplo| ri glvwulexwlrq iurp zklfk zh fdq jhqhudwh vdpsohv1 Wkh srvwhulru glvwul0
exwlrq ri hdfk sdudphwhu pdwul{ El1h1 rqh ri kcqcPcK dqg x� frqglwlrqdo rq
wkh rwkhu sdudphwhu pdwulfhv/ wkh vr fdoohg ixoo frqglwlrqdo srvwhulru/ duh doo hdv|
wr vdpsoh iurp/ krzhyhu1 Wkh Jleev vdpsohu h{sorlwv wklv idfw dqg surgxfhv d
vdpsoh iurp wkh srvwhulru glvwulexwlrq e| lwhudwlqj wkurxjk wkh ixoo frqglwlrqdo
srvwhulruv1 Dowkrxjk wklv vdpsoh frqvlvwv ri ghshqghqw revhuydwlrqv/ hvwlpdwhv
ri ixqfwlrqv ri wkh sdudphwhuv +h1j1 iruhfdvwv, edvhg rq wkh Jleev vdpsohv gr
frqyhujh wr wkh uljkw ydoxhv1

Wr lpsohphqw wkh Jleev vdpsohu/ wkh ixoo frqglwlrqdo srvwhulruv ri wkh frlqwh0
judwhg HFP duh qhhghg1 Wkh qhfhvvdu| uhvxowv duh ghulyhg lq Jhzhnh +4<<9, dqg
Yloodql +4<<<e, iru d xqlirup sulru rq wkh vkruw uxq g|qdplfv1 Wkh pruh jhqhudo
fdvh ri d qrupdo sulru iru K jlyhv wkh iroorzlqj ixoo frqglwlrqdo srvwhulru

�iUKmkcqcPc EA �5 �R2E&3��E��cl
3��c

zkhuh  EA � ghqrwhv gdwd xs wr wlph A /l ' P
3�
~�

~ n[
3�/ �� ' l

3�EP3�
~�
~�	�

dqg 	�'�iU E~�
~�3�

~
�E{j �j3�qk

��#x�1 Wklv iroorzv iurp wkh wuhdwphqw ri
wkh pxowlyduldwh uhjuhvvlrq lq ]hooqhu +4<:4, dqg wkh ghwdlov zloo qrw eh suhvhqwhg
khuh1

D frpsolfdwlrq dulvhv lq wkh ixoo frqglwlrqdo srvwhulru ri P/ vlqfh _�@}EP� lv
qrw rqo| suhvhqw lq wkh olnholkrrg exw dovr lq wkh sulru fryduldqfh pdwul{ ri K1
Wkh prvw iuhtxhqwo| xvhg vroxwlrq wr wklv glohppd lv wr vhw j2� ' r2� lq wkh sulru

fryduldqfh pdwul{ ri K/ zkhuh r2� lv wkh �wk gldjrqdo hohphqw ri 	P/ wkh PO hvwlpdwh
ri P1
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91 Suhglfwlrq

9141 Wkh suhglfwlyh glvwulexwlrq

Wkh suhglfwlyh glvwulexwlrq ri d vhw ri ixwxuh revhuydwlrqv  An�c ���c An� frqgl0
wlrqdo rq gdwd xs wr wlph Ac ghqrwhg e| RE An�c ���c An�m EA ��/ lv wkh vlqjoh phd0
vxuh qhhghg iru d Ed|hvldq wuhdwphqw ri wkh suhglfwlrq sureohp1 Qrwh wkdw wkh
suhglfwlyh glvwulexwlrq lv qrw frqglwlrqdo rq wkh sdudphwhuv dqg wkh xqfhuwdlqw| lq
hvwlpdwlrq lv wkhuhiruh ixoo| dffrxqwhg iru1 Wkh ixoo suhglfwlyh glvwulexwlrq fdqqrw
eh rewdlqhg dqdo|wlfdoo|/ exw Wkrpsvrq dqg Ploohu +4<;9, kdyh sursrvhg d grx0
eoh vlpxodwlrq surfhgxuh iru xqlyduldwh dxwruhjuhvvlrqv zklfk lv hdvlo| h{whqghg wr
wkh pxowlyduldwh fdvh zlwk sdudphwhuv jhqhudwhg iurp wkh srvwhulru glvwulexwlrq
e| Jleev vdpsolqj1 Wkh sodq lv dv iroorzv/ zkhuh w ' EkcqcKcxcP�1

41 Xvh wkh Jleev vdpsohu wr jhqhudwh d vhtxhqfh ri ?� revhuydwlrqv iurp wkh
srvwhulru glvwulexwlrq ri w1

51 Iru hdfk w lq wklv vhtxhqfh/ vlpxodwh ?2 suhglfwlrq sdwkv iurp wkh iroorzlqj
ghfrpsrvlwlrq ri wkh frqglwlrqdo suhglfwlyh glvwulexwlrq

RE An�c ���c An�mwc 
EA �� ' RE An�mwc 

EA �� � � � RE An�mwc 
EAn�3����

Wkxv/ jhqhudwh  An� iurp RE An�mwc 
EA �� dqg wkhq frqwlqxh wr jhqhudwh

 An2 iurp RE An2mwc 
EAn��� e| frqglwlrqlqj rq gdwd xs wr wlph A dqg wkh

suhylrxvo| jhqhudwhg  An� dqg vr rq1

Qrwh wkdw RE An�mwc 
EAn�3��� lv d qrupdo glvwulexwlrq iru � : f1 Wkh vdpsoh

ri ?�?2 suhglfwlrq sdwkv iurp RE An�c ���c An�m 
EA �� fdq eh xvhg lq d ydvw qxpehu

ri zd|v wr jdlq d ulfk xqghuvwdqglqj ri wkh ixwxuh ehkdylru ri wkh surfhvvhv1 Iru
h{dpsoh/ zh fdq irfxv rq wkh mrlqw suhglfwlyh glvwulexwlrq ryhu ixwxuh wlph shulrgv
iru d jlyhq yduldeoh ru wkh mrlqw suhglfwlyh glvwulexwlrq ri d vxevhw ri wkh yduldeohv
lq wkh v|vwhp iru d jlyhq ixwxuh wlph shulrg1

Hyhq wkrxjk wkh grxeoh vlpxodwlrq whfkqltxh lv pdqdjhdeoh hyhq lq odujhu
v|vwhpv olnh wkh rqh zh ghdo zlwk lq vhfwlrq :/ lw lv riwhq vx!flhqw wr fdofxodwh
wkh phdq dqg fryduldqfh pdwul{ ri wkh pdujlqdo suhglfwlyh glvwulexwlrq vlqfh wkh
suhglfwlyh glvwulexwlrq lv riwhq idluo| forvh wr qrupdo1 Wkh phdq dqg yduldqfh fdq
eh frpsxwhg e| vlpsoh Jleev vdpsolqj zlwkrxw wkh qhhg iru grxeoh vlpxodwlrq1

9151 Wkh phdq ri wkh pdujlqdo suhglfwlyh glvwulexwlrq

Wkh phdq ri wkh pdujlqdo suhglfwlyh glvwulexwlrq fdq eh zulwwhq

.E An�m 
EA �� ' .

w� EA �

�
.E An�mwc 

EA ��
�
c +914,
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zkhuh .
w� EA �E�� dqg .E�� ghqrwhv h{shfwdwlrq zlwk uhvshfw wr srvwhulru ri w dqg

wkh glvwulexwlrq ri  | frqglwlrqdo rq w/ uhvshfwlyho|1 Wkh uhsuhvhqwdwlrq lq +914, lv
frqyhqlhqw vlqfh lw lv zhoo0nqrzq iurp suhylrxv zrun +vhh/ iru h{dpsoh/ Oÿwnhsrko/
4<<4, wkdw

.E An�mwc 
EA �� ' a��

�
vA n a

�3�[
�'f

��
�
x_An�3�c +915,

zkhuh vA ' E �
A c 

�
A3�����c 

�
A3gn��

�c a ' EWRcfc ���cf� dqg

�� '

5
999997
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f WR f f
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111
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:::::8
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Wkh phdq ri wkh suhglfwlyh glvwulexwlrq lq +914, fdq eh fdofxodwhg qxphulfdoo|
e| d vlpsoh dulwkphwlf dyhudjh ri wkh frqglwlrqdo h{shfwdwlrq/ .E An�mwc 

EA ��/
ryhu wkh Jleev vdpsohv1 Wr fdofxodwh wkh frqglwlrqdo h{shfwdwlrq lq +915, wkh
frh!flhqwv ri wkh YDU duh qhhghg/ zklfk fdq eh rewdlqhg iurp wkh HFP iurp
wkh iroorzlqj uhodwlrqvklsv

�� ' K� nkq� n WR

�� ' K� � K�3�c � ' 2c ���cg � �

�g ' �Kg3��

9161 Wkh yduldqfh ri wkh pdujlqdo suhglfwlyh glvwulexwlrq

Xvlqj wkh zhoo0nqrzq frqglwlrqdo yduldqfh irupxod/ wkh fryduldqfh pdwul{ ri wkh
suhglfwlyh glvwulexwlrq fdq eh h{suhvvhg dv

T E An�m 
EA �� ' .

w� EA �

�
T E An�mwc 

EA ��
�
n T

w� EA �

�
.E An�mwc 

EA ��
�

+916,

Wkh �uvw whup lq +916, fdq eh hvwlpdwhg dv dq dulwkphwlf dyhudjh ri

T E An�mwc 
EA �� '

�3�[
�'f

X�PX
�
�c

zkhuh X� ' a��
�
a
�/ ryhu wkh Jleev gudzv iurp wkh srvwhulru1 Wkh vhfrqg whup

lq +916, lv vlpso| wkh srvwhulru yduldqfh ri wkh frqglwlrqdo h{shfwdwlrq dqg fdq
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wkhuhiruh eh hvwlpdwhg e| wkh vdpsoh yduldqfh ri wkh frqglwlrqdo h{shfwdwlrqv lq
hdfk Jleev gudz1

Wkh prvw frpprq fodvvlfdo dssurdfk lv wr frqvlghu rqo| wkh �uvw whup lq +916,
zlwk wkh srvwhulru glvwulexwlrq uhsodfhg e| wkh Gludf ghowd ixqfwlrq dw wkh PO
hvwlpdwh ri w1 Wklv rqo| wdnhv wkh ixwxuh glvwxuedqfhv lqwr dffrxqw zkhq iruplqj
suhglfwlrq lqwhuydov dqg lv wkhuhiruh fdoohg wkh huuru edvhg suhglfwlrq yduldqfh1 D
olnholkrrg edvhg dssurdfk wr dffrxqw iru wkh xqfhuwdlqw| uhjduglqj wkh xqnqrzq
sdudphwhuv ri wkh prgho/ zklfk lq d Ed|hvldq vhwwlqj fruuhvsrqgv +dssur{lpdwho|,
wr wkh vhfrqg whup lq +916,/ lv rqo| dydlodeoh e| xvlqj dq dv|pswrwlf dssur{lpd0
wlrq/ dq dssur{lpdwlrq zklfk lv riwhq yhu| fuxgh/ hvshfldoo| li xqlw urrwv duh
suhvhqw lq wkh v|vwhp +Oÿwnhsrko/ 4<<4> Grruqln dqg Khqgu|/ 4<<8,1 Lqwhuydov
edvhg rq wklv dssur{lpdwlrq zloo khuh eh whuphg dv|pswrwlf suhglfwlrq lqwhuydov1

9171 Suhglfwlqj wkh �uvw gl�huhqfh ri wkh surfhvv

Rxu pdlq frqfhuq lq wkh dqdo|vlv ri wkh Vzhglvk prqhwdu| gdwd ghvfulehg lq
vhfwlrq 6 lv wkh suhglfwlrq ri wkh ixwxuh sdwk ri lq dwlrq> zh duh wkxv lqwhuhvwhg lq
suhglfwlqj {R| udwkhu wkdq wkh ohyho R|1 Lq jhqhudo/ vxssrvh zh duh lqwhuhvwhg lq
suhglfwlqj{ An� jlyhq gdwd xs wr wlph A 1 Wkh phdq ri wkh suhglfwlyh glvwulexwlrq
ri { An� lv/ ri frxuvh/ vlpso| .E{ An�m 

EA �� ' .E An�m 
EA ��� .E An�3�m 

EA ���
Wkh yduldqfh ri wklv glvwulexwlrq lv vwloo jlyhq e| wkh frqglwlrqdo yduldqfh irupxod
+916, zlwk  An� uhsodfhg e| { An�1 Hyhu|wklqj uhpdlqv xqfkdqjhg h{fhsw wkdw
zh qhhg dq h{suhvvlrq iru

T E{ An�m 
EA �cw� ' T E An�m 

EA �cw�nT E An�3�m 
EA �cw��2�E An�c An�3�m 

EA �cw�c
+917,

zklfk uhtxluhv �E An�c An�3�m 
EA �cw�/ wkh fryduldqfh ehwzhhq  An� dqg  An�3�/

wr eh fdofxodwhg1 Iurp Oÿwnhsrko +4<<4/ s1 65, zh nqrz wkdw

T EvAn�mv
EA �cw� '

�3�[
�'f

��
�
a
�
Pa��

��
c

zkhuh/ dv ehiruh/ vAn� ' E �
An�c 

�
An�3�����c 

�
An�3gn��

�1 Wkh frpsrqhqwv qhhghg
iru T E{ An�m 

EA �cw� lq +917, duh jlyhq e| wkh 2R�2R vxepdwul{ lq wkh xsshu ohiw
fruqhu ri T EvAn�mvEA �cw��

Qrwh wkh vshfldo fdvh � ' �/ wkhq T E{ An�m EA �cw� ' T E An�m EA �cw� ' P/
vlqfh  A lv nqrzq1

9181 Dffrxqwlqj iru wkh xqfhuwdlqw| ri wkh dssursuldwh pdwul{ fdqglgdwh

Wkh glvfxvvlrq vr idu lq wklv vhfwlrq kdv lpsolflwo| ehhq frqglwlrqdo rq d jlyhq
pdwul{ fdqglgdwh iru q dqg lw zrxog wkhuhiruh kdyh ehhq pruh dssursuldwh zlwk
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wkh qrwdwlrq RE An�m EA �cq��c zkhuh q� lv wkh �wk pdwul{ fdqglgdwh1 Wkh �qdo jrdo
lv/ ri frxuvh/ wkh ryhudoo xqfrqglwlrqdo suhglfwlyh glvwulexwlrq ri  An�

RE An�m 
EA �� '

'[
�'�

REq�m 
EA ��RE An�m 

EA �cq��c +918,

zkhuh REq�m 
EA �� lv wkh srvwhulru suredelolw| wkdw q ' q�1 Iurp Ed|hv wkhruhp/

REq�m 
EA �� 2 REq��6�E 

EA ��c +919,

zkhuh

6�E 
EA �� '

]
RE EA �mw��REw��_w�c

lv wkh pdujlqdo olnholkrrg ri wkh �wk vxeprgho/ zkhuh w� ' Ekc�E��cKcxcP�/ �E��

frqwdlqv wkh iuhh sdudphwhuv ri q xqghu prgho �/ RE mw� ghqrwhv wkh olnholkrrg
ixqfwlrq dqg REw� wkh sulru1 Wkh sursruwlrqdolw| frqvwdqw lq +919, lv ghwhuplqhg
e| wkh frqglwlrq

S'
�'� REq�m 

EA �� ' �� Wkxv/ d Ed|hvldq jlyhv fuhghqfh wr prgho
+pdwul{ fdqglgdwh, �/ iru d jlyhq vhw ri REq��/ li wkh h{shfwhg +zlwk uhvshfw wr wkh
sulru, olnholkrrg ri wkh gdwd xqghu prgho � lv odujh1

Wkh h{dfw fdofxodwlrq ri 6�E 
EA �� fdq eh shuiruphg qxphulfdoo| e|/ iru h{0

dpsoh/ lpsruwdqfh vdpsolqj/ vhh Yloodql +4<<<f,1 Zh duh pdlqo| lqwhuhvwhg lq
zhljkwv wr irup dq ryhudoo suhglfwlrq/ krzhyhu/ dqg wkh iroorzlqj dssur{lpdwlrq
zloo riwhq eh suhflvh hqrxjk iru wkdw sxusrvh +Gudshu/ 4<<8,

*?6�E 
EA �� �

&�
2
*? 2Z n *? RE m	w���

&�
2
*?A / +91:,

zkhuh &� lv wkh qxpehu ri iuhh sdudphwhuv lq wkh �wk prgho dqg RE m	w�� lv wkh
pd{lpxp ri wkh olnholkrrg ixqfwlrq xqghu wkh �wk prgho1

D vdpsoh ri ? revhuydwlrqv iurp wkh ryhudoo suhglfwlyh glvwulexwlrq/ RE An�m EA ��/
fdq eh rewdlqhg e| jhqhudwlqj ? � REq�m 

EA �� revhuydwlrqv iurp RE An�m EA �cq��/
iru � ' �c ���c'/ yld wkh dojrulwkp lq vhfwlrq 9141

Wkh phdq ri wkh ryhudoo suhglfwlyh glvwulexwlrq lv

.E An�m 
EA �� '

'[
�'�

REq�m 
EA ��.E An�m 

EA �cq��c

dqg wkh yduldqfh lv

T E An�m 
EA �� '

'[
�'�

REq�m 
EA ��T E An�m 

EA �cq��

n

'[
�'�

REq�m 
EA ��

�
.E An�m 

EA �cq��� .E An�m 
EA ��

�2
c+91;,
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zklfk iroorzv gluhfwo| iurp wkh frqglwlrqdo yduldqfh irupxod1 Lw vkrxog eh qrwhg/
krzhyhu/ wkdw hyhq li hdfk RE An�m EA �cq�� lv qrupdo wkhq RE An�m EA �� lv d glvfuhwh
pl{wxuh ri qrupdo glvwulexwlrqv/ zklfk pd| eh edgo| vxppdul}hg e| lwv �uvw wzr
prphqwv1

Wkh xvxdo dssurdfk lv wr fkrrvh rqh ri wkh pdwul{ fdqglgdwhv/ vd| q�/ dqg
wkhq frqglwlrq rq wklv fkrlfh lq wkh suhglfwlrq skdvh1 Lw vkrxog eh fohdu/ krzhyhu/
wkdw xqohvv RE An�m EA �cq�� ' RE An�m EA �� wkhq wklv frqglwlrqlqj lv surgxflqj
glvwruwhg suhglfwlrq vwdwhphqwv1 Li T E An�m EA �cq�� duh dssur{lpdwho| htxdo iru
doo q� zlwk srvwhulru zhljkwv vljql�fdqwo| gl�huhqw iurp }hur/ wkhq wkh vhfrqg vxp
lq +91;, phdvxuhv wkh xqfhuwdlqw| wkdw lv qhjohfwhg e| frqglwlrqlqj rq rqo| rqh ri
wkh pdwul{ fdqglgdwhv +Gudshu/ 4<<8,1

Wkh xqfhuwdlqw| uhjduglqj wkh odj ohqjwk dqg wkh frlqwhjudwlrq udqn fdq eh
dffrxqwhg iru lq wkh suhglfwlyh glvwulexwlrq lq h{dfwo| wkh vdph zd| e| vlpso|
dyhudjlqj zlwk uhvshfw wr wkh srvwhulru glvwulexwlrq ri g dqg o1 Dv vhhq lq vhfwlrq
6/ krzhyhu/ wkh srvwhulru glvwulexwlrq ri g lv yhu| frqfhqwudwhg ryhu g ' e dqg
olwwoh lv suredeo| orvw e| frqglwlrqlqj rq irxu odjv lq wkh YDU1 Mxgjlqj iurp wkh
lqfrqfoxvlyh hylghqfh uhjduglqj wkh frlqwhjudwlrq udqn lq MMYZ/ wkhuh lv suredeo|
vrphwklqj wr eh jdlqhg iurp zhljklqj wkh suhglfwlyh glvwulexwlrq zlwk uhvshfw wr
wklv srvwhulru/ exw xqiruwxqdwho|/ d uholdeoh surfhgxuh iru fdofxodwlqj wklv srvwhulru
glvwulexwlrq grhv qrw vhhp wr h{lvw |hw1

:1 Hpslulfdo h{dpsoh

Wkh Vzhglvk prqhwdu| gdwd ghvfulehg lq vhfwlrq 6 dqg/ pruh ixoo|/ lq MMYZ zloo
eh xvhg wr looxvwudwh wkh Ed|hvldq surfhgxuh lqwurgxfhg lq wklv sdshu1 Wkh irfxv
zloo eh rq iruhfdvwlqj wkh Vzhglvk lq dwlrq dqg wkh �2 odvw txduwhuv ri wkh gdwd
vhw +4<<6=7 wr 4<<9=7, zloo eh uhvhuyhg +l1h1 h{foxghg lq wkh hvwlpdwlrq skdvh, iru
hydoxdwlrq ri wkh lq dwlrq iruhfdvwv1 Wkh gdwd zloo eh dqdo|}hg frqglwlrqdo rq
o ' � dqg g ' e/ iru uhdvrqv h{sodlqhg lq vhfwlrq 61

Wkh srvwhulru zhljkwv ri wkh vl{ srvvleoh pdwul{ fdqglgdwhv zhuh frpsxwhg
xvlqj wkh dssur{lpdwlrq lq +91:,1 Wkh uhvxowv duh vkrzq lq Wdeoh :14 zklfk
suhvhqwv wkh vl{ fdqglgdwhv/ wkh orj0olnholkrrg/ wkh R0ydoxh ri wkh olnholkrrg udwlr
whvw dqg wkh dssur{lpdwh srvwhulru zhljkwv xqghu wkh xqlirup sulru/ REq�� ' �*S
iru � ' �c ���cS1

Wkh vdg frqfoxvlrq iurp Wdeoh :14/ rqh wkdw lv dovr uhdfkhg lq MMYZ/ lv wkdw
wkh gdwd jlyh doprvw doo vxssruw wr wkh xquhvwulfwhg pdwul{ qS> wkdw lv/ qrqh ri
wkh wkhruhwlfdoo| prwlydwhg orqj uxq htxloleuld duh vxssruwhg e| gdwd1 Vlqfh rqo|
wkh xquhvwulfwhg fdqglgdwh zrxog pdwwhu vljql�fdqwo| lq dq ryhudoo dqdo|vlv +vhh
htxdwlrq 918,/ wkhuh lv qr qhhg wr surgxfh suhglfwlrqv edvhg rq dq| rwkhu pdwul{
fdqglgdwh1 MMYZ qhyhuwkhohvv frqwlqxh wr xvh erwk qD dqg qS lq wkh iruhfdvwlqj
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Pdwul{ fdqglgdwh Orjolnh R0ydoxh REq�m 
EA ��

q� ' EM�c �c �� 2e2�2S �� S � �f3� f�f�.
q2 ' EMec �c �� 2�.�DD 2� � � �f3D ��2 � �f3e

q� ' EM2cM�c �� 2�.�HH ��f � �f3�� 2�2 � �f3�f

qe ' EM�cMec �� 22S��� D� e � �f3H ��f � �f3S

qD ' EM�cM2cM�� �bD�H2 D� � � �f3�H ��� � �f3�.

qS ' E�c �c �� 2Df�bS � f�bS�

Wdeoh :14= Uhvwulfwlrqv rq q

vwdjh xqghu wkh prwlydwlrq wkdw wkh prgho zlwk qD lv wkhruhwlfdoo| uhdvrqdeoh dqg
surgxfhv jrrg iruhfdvwv1 Vwdun +4<<;, revhuyhv wkh vdph ihdwxuh lq klv iruhfdvw0
lqj prgho1 Zh zloo dovr dqdo|}h erwk qD dqg qS iru frpsdudelolw| uhdvrqv/ exw
lw vkrxog eh uhphpehuhg wkdw d vwulfw Ed|hvldq dqdo|vlv zrxog rqo| dqdo|}h wkh
prgho zlwk q ' qD li lwv srvwhulru zhljkw lv phdqlqjixoo| gl�huhqw iurp }hur dqg
vxfk d srvwhulru zhljkw uhtxluhv dq h{wuhpho|/ dqg suredeo| xquhdvrqdeo|/ odujh
sulru suredelolw| rq qD +lq Wdeoh :14/ �*S zdv xvhg,1 Zh dgrsw wkh vdph whupl0
qrorj| dv MMYZ dqg fdoo qD dqg qS wkh wkhruhwlfdo dqg hpslulfdo frlqwhjudwlrq
yhfwruv/ uhvshfwlyho|1

Rxu qh{w wdvn lv wr ghwhuplqh dssursuldwh ydoxhv iru wkh wzr sdudphwhuv b
dqg w lq wkh sulru iru wkh vkruw0uxq g|qdplfv1 Wr slq0srlqw h{dfw ydoxhv iru
wkhvh sdudphwhuv pd| eh gl!fxow hyhq iru dq h{shulhqfhg dqdo|vw dqg lw zrxog eh
ghvludeoh li uhodwlyho| vpdoo fkdqjhv lq b dqg w glg qrw ohdg wr odujh fkdqjhv lq wkh
suhglfwlrq sdwkv1 Wr fkhfn wklv/ wkh vtxduh urrw ri wkh phdq vtxduhg huuru +UPVH,
ri wkh g|qdplf +vhh ehorz, suhglfwlrqv zdv fdofxodwhg iru d udqjh ri ydoxhv iru
erwk b dqg w1 Wkh uhvxowv duh suhvhqwhg lq Wdeoh :151 Lw lv hylghqw wkdw UPVH
lv yhu| lqvhqvlwlyh wr fkdqjhv lq w dqg/ zlwk wkh h{fhswlrq ri b ' f��/ wkh UPVH
fkdqjhv dovr yhu| olwwoh zkhq b ydulhv1 Olnh wkh UPVH*v/ wkh suhglfwlrq sdwkv
glg qrw fkdqjh vljql�fdqwo| zkhq zh fkdqjhg b dqg w/ wkh h{fhswlrq djdlq ehlqj
b ' f�� zklfk surgxfhg d vrphzkdw gl�huhqw suhglfwlrq sdwk +uhvxowv dydlodeoh
iurp wkh dxwkru e| uhtxhvw,1 Frpprqo| xvhg ydoxhv iru b udqjhv iurp f�� wr f�e
dqg durxqg f�2 iru w/ vhh Oÿwnhsrko +4<<4,/ Olwwhupdq +4<;9,/ Grdq hw do1 +4<<5,
dqg Nduovvrq dqg Ndgl|dod +4<<9,1 Vlqfh wkh h{dfw fkrlfh b dqg w lv ri ohvvhu
lpsruwdqfh/ lw vhhpv wr eh vdih wr xvh b ' f�� dqg w ' f�2 lq rxu dssolfdwlrq1

Zlwklq wkh wzr prghov edvhg rq hpslulfdo dqg wkhruhwlfdo frlqwhjudwlrq yhf0
wruv/ MMYZ surgxfhg lq dwlrq suhglfwlrqv xvlqj erwk xquhvwulfwhg hvwlpdwlrq ri
wkh vkruw uxq g|qdplfv dqg iurp d uhvwulfwhg yhuvlrq ri wkh prghov zkhuh d vh0
txhqfh ri whvwv zdv xvhg wr vhw lqvljql�fdqw frh!flhqwv lq K wr }hur1 Wklv lv ri
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bqw f�� f�2 f�� f�e f�D
f�� f�.2D f�.eH f�.�S f�.�� f�.D�
f�2 f�Sfe f�Dbe f�Deb f�D.D f�De2
f�� f�DS2 f�D�2 f�D2. f�D�H f�eb2
f�e f�DeD f�DfS f�D�e f�Df. f�D2f
f�D f�D�� f�ebS f�D�2 f�D�b f�DS2

Wdeoh :15= Urrw Phdq Vtxduhg Huuruv +UPVH, ri wkh iruhfdvwv iurp 4<<7=4 wr
4<<9=7 iru wkh hpslulfdo frlqwhjudwlrq yhfwruv iru gl�huhqw sulruv rq wkh vkruw uxq
g|qdplfv1

4<<70<9 4<<:0<;
Iruhfdvwlqj prgho G|qdplf Uhfxuvlyh G|qdplf Uhfxuvlyh Dyhudjh
Ed|hv/ wkhr1 f�e�D f�e22 f�DbH f�Df� f�eHD
Ed|hv xqlirup/ hps1 f�D�2 f�efD f�ebb f�D�D f�eHH
PO uhvwu1/ hps1 f�Dfb f�eef f�Dfb f�SSb f�D�2
Ed|hv Fdxfk|/ hps1 f�S.f f�ef� f�eDb f�S2b f�Def
Udqgrp zdon f�SeD f�D.H f�D�f f�SS� f�Sfe
PO uhvwu1/ wkhr1 f�D�D f�eHS ���eb f�D�� f�S.D
PO xquhvwu1/ hps1 f�H�S f�eH� f�DD� f�bfD f�Sbe
PO xquhvw1/ wkhr1 f�.f� f�ebb ��2�. f�SD� f�..�

Wdeoh :16= Urrw Phdq Vtxduhg Huuru +UPVH, ri wkh suhglfwlrqv iru wkh txduwhuo|
Vzhglvk lq dwlrq gxulqj 4<<704<<;1

frxuvh wkh xvxdo fodvvlfdo zd| wr flufxpyhqw wkh h{solflw xvh ri d vkulqndjh sulru/
olnh wkh rqh vxjjhvwhg khuh/ dqg uh hfwv wkh zlghvsuhdg eholhi wkdw xquhvwulfwhg
YDU prghov duh riwhq ryhusdudphwul}hg1 Qrw rqo| lv wkh fodvvlfdo vljql�fdqfh
whvwlqj pxfk fuxghu wkdq wkh Ed|hvldq vkulqndjh dssurdfk/ exw/ wr wkh ehvw ri
rxu nqrzohgjh/ lq wkh fxuuhqw vwdwh ri fodvvlfdo +PO, frlqwhjudwlrq hvwlpdwlrq/
q pxvw eh dvvxphg nqrzq lq rughu iru d uhhvwlpdwlrq ri wkh prgho diwhu h{fox0
vlrq uhvwulfwlrqv wr eh srvvleoh +vhh/ iru h{dpsoh/ SfIlpo lq Grruqln dqg Khqgu|/
4<<:,1 Wkxv/ q fdqqrw eh uhhvwlpdwhg diwhu wkh lpsrvlwlrq ri uhvwulfwlrqv dqg wkh
dvvxpswlrq wkdw q lv nqrzq zloo pdnh wkh suhglfwlrq lqwhuydov wrr qduurz1 Wklv
lv lq frqwudvw wr rxu Ed|hvldq dssurdfk zkhuh wkh vlpsol�fdwlrq ri wkh prgho e|
vkulqndjh sulruv dqg wkh hvwlpdwlrq ri frlqwhjudwlrq uhodwlrqv duh kdqgohg vlpxo0
wdqhrxvo|1

Erwk g|qdplf +h{ dqwh, dqg uhfxuvlyh �0vwhs dkhdg lq dwlrq iruhfdvwv zhuh
fdofxodwhg1 Wkh g|qdplf iruhfdvwv iru shulrgv | n � wr | n � rqo| xvh gdwd iru
hvwlpdwlrq ri prgho sdudphwhuv xs wr wlph |/ zkloh wkh uhfxuvlyh iruhfdvwv duh
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edvhg rq dq xsgdwlqj surfhgxuh zkhuh wkh prgho sdudphwhuv duh uhhvwlpdwhg lq
hdfk wlph shulrg xvlqj wkh pd{lpxp vdpsoh ohqjwk dydlodeoh sulru wr iruhfdvwlqj1

Lqlwldo h{shulphqwdwlrq zlwk wkh grxeoh vlpxodwlrq surfhgxuh ghvfulehg lq vhf0
wlrq 914 surgxfhg suhglfwlyh glvwulexwlrqv ri {R| zklfk zhuh yhu| forvh wr qrupdo1
Wkxv/ lq wkh iroorzlqj rqo| wkh phdq dqg wkh yduldqfh ri wkh glvwulexwlrqv zloo
eh uhsruwhg1 Doo uhsruwhg suhglfwlrqv duh edvhg rq �fffff lwhudwlrqv ri wkh Jleev
vdpsolqj dojrulwkp/ dowkrxjk wkh frqyhujhqfh ri wkh suhglfwlrqv wr wkhlu uljkw
ydoxhv zdv rewdlqhg douhdg| diwhu dssur{lpdwho| Dffff lwhudwlrqv1

Wkh hydoxdwlrq gdwd iru wkh shulrg 4<<7=4 wr 4<<9=7 kdyh ehhq frqvxphg wr
vrph h{whqw lq wkh ghwhuplqdwlrq ri wkh sulru sdudphwhuv b dqg w lq wkh Ed|hvldq
dssurdfk dqg shukdsv hyhq pruh lq wkh vljql�fdqfh whvwlqj iru wkh uhvwulfwhg
prghov1 Wkh gdwd vhw kdv wkhuhiruh ehhq xsgdwhg e| hljkw pruh txduwhuv wr lqfoxgh
4<<;=7 dv wkh odvw gdwd shulrg1 E| xvlqj h{dfwo| wkh vdph prghov dv ehiruh +exw
xvlqj gdwd xs wr 4<<9=7 iru hvwlpdwlrq ri sdudphwhuv lq wkh g|qdplf iruhfdvwv dqg
gdwd xs wr 4<<9=7/ 4<<:=4/111 iru wkh uhfxuvlyh iruhfdvwv, d sxuh hydoxdwlrq shulrg
iurp 4<<:=4 wr 4<<;=7 lv rewdlqhg1

Wkh suhglfwlrq shuirupdqfh ri hljkw iruhfdvwlqj prghov gxulqj wkh wzr hydo0
xdwlrqv shulrgv duh glvsod|hg lq Wdeoh :161 Wkh odvw froxpq ri wklv wdeoh lv dq
dyhudjh ryhu wkh irxu suhfhglqj froxpqv dqg uhsuhvhqwv ryhudoo shuirupdqfh1 Wkh
xvh ri dq xqzhljkwhg dyhudjh/ zklfk jlyhv pruh zhljkw wr wkh hljkw odvw revhu0
ydwlrqv/ lv prwlydwhg vlqfh wkh vhfrqg hydoxdwlrq shulrg lv pruh *sxuh* wkdq wkh
�uvw1 Lq Wdeoh :16/ wkh prghov duh udqnhg iurp wkh ehvw wr wkh zruvw zlwk uhvshfw
wr ryhudoo UPVH1 Wkxv/ wkh wkuhh Ed|hvldq surfhgxuhv duh udqnhg �uvw/ vhfrqg
dqg irxuwk ehvw1

Wkh suhglfwlrq sdwkv dqg wkhlu xqfhuwdlqw| duh glvsod|hg lq Iljxuh :14 +g|0
qdplf iruhfdvwv, dqg :15 +uhfxuvlyh iruhfdvwv,1 Hdfk vxejudsk lq wkhvh �jxuhv
vkrzv wkh dfwxdo lq dwlrq dqg wkh suhglfwlrq sdwk zlwk fruuhvsrqglqj DfI dqg
bfI suhglfwlrq lqwhuydov1 Wkh wzr hydoxdwlrq shulrgv duh vhsdudwhg e| d grw0
whg olqh1 Qrwh wkdw wkh irxu PO0edvhg suhglfwlrqv kdyh wkuhh suhglfwlrq edqgv1
Wkh prvw qduurz lqwhuydo lv wkh DfI huuru edvhg +vhh vhfwlrq 916, lqwhuydo zklfk
ljqruhv wkh xqfhuwdlqw| lq wkh hvwlpdwlrq ri wkh prgho sdudphwhuv1 Wkh vhfrqg
prvw qduurz lqwhuydo lv wkh bfI huuru edvhg lqwhuydo zkloh wkh odujhvw lqwhuydo lv
wkh bfI dv|pswrwlf +vhh vhfwlrq 916, lqwhuydo zklfk +dssur{lpdwho|, dffrxqwv iru
sdudphwhu xqfhuwdlqw|1

Wkh vwulnlqj ihdwxuh ri Iljxuh :14 dqg :15 lv wkh vprrwkqhvv ri wkh Ed|hvldq
suhglfwlrq sdwkv frpsduhg wr wkhlu PO frxqwhusduwv1 Ed|hvldq suhglfwlrqv iurp d
gl�xvh sulru rq wkh vkruw uxq g|qdplfv +qrw vkrzq khuh, jdyh hvvhqwldoo| wkh vdph
vkdn| suhglfwlrq sdwkv dv wkh PO suhglfwlrqv/ vr wkh vprrwkqhvv ri wkh Ed|hvldq
suhglfwlrqv lv fdxvhg e| wkh vkulqndjh sulru rq wkh vkruw uxq sdudphwhuv1 Lw lv rxu
rslqlrq wkdw wkh gl!fxow| wr surgxfh iruhfdvwv wkdw forvho| wudfnv wkh lq dwlrq
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Random Walk

Iljxuh :14= G|qdplf suhglfwlrqv ri Vzhglvk lq dwlrq +��, 4<<70<;1 Srlqw suh0
glfwlrq +0 0 0, zlwk 83( +gdun edqg, dqg <3( +oljkwhu edqg, suhglfwlrq lqwhuydov1
Wzr gl�huhqw <3( edqgv ri wkh PO suhglfwlrqv duh glvsod|hg/ rqh ljqrulqj sd0
udphwhu xqfhuwdlqw| +phglxp oljkw edqg, dqg dqrwkhu sduwldoo| dffrxqwlqj iru lw
+oljkwhvw edqg,1 Wkh 83( edqg iru wkh PO suhglfwlrqv ljqruhv sdudphwhu xqfhu0
wdlqw|1 Wkh suhglfwlrq edqgv iru wkh udqgrp zdon lqfuhdvh olqhduo| dqg kdyh ehhq
fxw wr �w lq wkh judsk1
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Iljxuh :15= Uhfxuvlyh suhglfwlrqv ri Vzhglvk lq dwlrq +��, 4<<70<;1 Srlqw suh0
glfwlrq +0 0 0, zlwk 83( +gdun edqg, dqg <3( +oljkwhu edqg, suhglfwlrq lqwhuydov1
Wzr gl�huhqw <3( edqgv ri wkh PO suhglfwlrqv duh glvsod|hg/ rqh ljqrulqj sd0
udphwhu xqfhuwdlqw| +phglxp oljkw edqg, dqg dqrwkhu sduwldoo| dffrxqwlqj iru lw
+oljkwhvw edqg,1 Wkh 83( edqg iru wkh PO suhglfwlrqv ljqruhv sdudphwhu xqfhu0
wdlqw|1
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Iljxuh :16= Vwdqgdug ghyldwlrq ri wkh g|qdplf suhglfwlrqv edvhg rq wkh hpslulfdo
frlqwhjudwlrq yhfwruv1 PO xquhvwulfwhg +0 0 0,/ PO uhvwulfwhg +� � �,/ Ed|hv Fdxfk|
+�%�, dqg Ed|hv xqlirup +��,1

+vhh PO phwkrgv/ hvshfldoo| g|qdplf suhglfwlrqv, pdnhv wkh vprrwkhu Ed|hvldq
suhglfwlrqv pruh frqylqflqj1

Iurp Wdeoh :16 dqg Iljxuh :14 dqg :15/ lw lv dssduhqw wkdw wkh udqgrp zdon
grhv d udwkhu jrrg mre lq suhglfwlqj ixwxuh lq dwlrq1 Wklv lv kdugo| vxusulvlqj
jlyhq wkdw wkh lq dwlrq zdv udwkhu frqvwdqw gxulqj wkh hydoxdwlrq shulrgv1 Hyhq li
wkh qr0fkdqjh iruhfdvw lpsolhg e| wkh udqgrpzdon wxuqv rxw wr eh jrrg suhglfwlrq
uxoh/ wkh lqwhuydov ri wkh g|qdplf suhglfwlrqv lq �jxuh :14 +zklfk lqfuhdvh olqhduo|
dqg kdyh ehhq fxw wr �w wkh judsk, fohduo| vkrzv wkdw wkh udqgrp zdon lv qrw d
jrrg iruhfdvwlqj prgho iru lq dwlrq/ krzhyhu> wkh suhglfwlrq lqwhuydov duh vlpso|
wrr odujh iru dq| uhdvrqdeoh iruhfdvwhu1

Lq dffrugdqfh zlwk wkh frqfoxvlrqv lq MMYZ dqg Vwdun +4<<;,/ wkh srlqw suh0
glfwlrqv iurp wkh prghov zlwk wkh/ xqvxssruwhg/ wkhruhwlfdo frlqwhjudwlrq yhfwruv
gr vhhp wr eh ri derxw htxdo txdolw| dv wkh srlqw suhglfwlrqv iurp wkh prghov
edvhg rq wkh hpslulfdo frlqwhjudwlrq yhfwruv1 Wkh suhglfwlrq lqwhuydov duh odujhu
iru wkh wkhruhwlfdo frlqwhjudwlrq yhfwruv/ krzhyhu/ fdxvhg e| dq lqihulru vwdwlvwlfdo
�w wr wkh gdwd1
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Htxdoo| lpsruwdqw dv wkh srlqw suhglfwlrqv wkhpvhoyhv duh wkhlu vwdqgdug ghyl0
dwlrqv1 Iljxuh :16 glvsod|v wkh vwdqgdug ghyldwlrqv ri wkh suhglfwlrqv +erwk huuru
edvhg dqg dv|pswrwlf, iurp wkh prghov zlwk hpslulfdo frlqwhjudwlrq yhfwruv dv
d ixqfwlrq ri wkh iruhfdvwlqj krul}rq1 Wkh Ed|hvldq huuru edvhg vwdqgdug ghyl0
dwlrq kdv ehhq gh�qhg dv wkh vtxduh urrw ri wkh �uvw whup lq +916,1 Lw vkrxog
eh qrwhg wkdw wkh Ed|hvldq huuru edvhg vwdqgdug ghyldwlrq lv rqo| suhvhqwhg iru
wkh sxusrvh ri frpsdulvrq zlwk wkh PO phwkrgv huuru edvhg vwdqgdug ghyldwlrq>
wkhuh lv qr uhdvrq wr ljqruh sdudphwhu xqfhuwdlqw| lq d Ed|hvldq dssurdfk1 Wkh
vwdqgdug ghyldwlrqv iurp wkh wzr Ed|hvldq phwkrgv duh forvh wr hdfk rwkhu zkloh
wkhuh duh odujh gl�huhqfhv ehwzhhq wkh xquhvwulfwhg dqg uhvwulfwhg PO phwkrg1
Wkh Ed|hvldq vwdqgdug ghyldwlrqv duh dozd|v odujhu wkdq iru wkh xquhvwulfwhg PO
phwkrg iru vkruw krul}rqv/ exw wkhq ehfrphv vpdoohu iru odujhu krul}rqv1 Wkh
vdph lv wuxh iru wkh uhvwulfwhg PO phwkrg gxulqj wkh �uvw hydoxdwlrq shulrg zkloh
lq wkh vhfrqg shulrg/ lw surgxfhv vpdoohu vwdqgdug ghyldwlrq iru doo krul}rqv1

;1 Frqfoxvlrqv

Wkh Ed|hvldq dssurdfk wr suhglfwlrq lq wkh frlqwhjudwhg yhfwru dxwruhjuhvvlrq suh0
vhqwhg khuh r�huv vhyhudo dgydqwdjhv ryhu wudglwlrqdo dssurdfkhv1 Iluvwo|/ zkroh
suhglfwlyh ghqvlwlhv iru wkh ixwxuh revhuydwlrqv fdq eh rewdlqhg dqg wkhvh ghq0
vlwlhv fdq kdyh dq| glvwulexwlrqdo irup1 Vhfrqgo|/ wkh suhglfwlyh ghqvlw| d�rugv
d vwudljkw iruzdug suredelolw| lqwhusuhwdwlrq/ zklfk vhhpv wr eh wkh zd| shrsoh
gh idfwr/ exw idovho|/ lqwhusuhw iuhtxhqwlvw suhglfwlrq lqwhuydov1 Wklugo|/ suhglfwlyh
glvwulexwlrqv duh qrw frqglwlrqdo rq wkh sdudphwhuv ri wkh prgho1 Irxuwko|/ wkh
vkulqndjh sulru rq wkh vkruw uxq g|qdplfv dyrlgv wkh gxelrxv vhtxhqwldo whvwlqj
surfhgxuhv zklfk duh riwhq xvhg wr vlpsoli| wkh prgho e| h{foxvlrq uhvwulfwlrqv1
Iliwko|/ wkh xqfhuwdlqw| derxw wkh orqj uxq uhvwulfwlrqv/ wkh qxpehu ri odjv lq wkh
prgho dqg wkh frlqwhjudwlrq udqn lv uh hfwhg lq wkh suhglfwlyh glvwulexwlrq dqg
lqwxlwlyh zhljkwlqj irupxodv fdq eh xvhg wr dyhudjh wkh suhglfwlyh glvwulexwlrqv
rewdlqhg e| frqglwlrqlqj rq wkh xqnqrzq txdqwlwlhv1 Dv h{shfwhg/ wkhvh dgydq0
wdjhv frph dw wkh frvw ri dq lqfuhdvhg frpsxwdwlrqdo exughq1 Wklv glvdgydqwdjh
lv ehfrplqj ohvv dqg ohvv lpsruwdqw zlwk hdfk lqqrydwlrq lq frpsxwlqj whfkqrorj|/
krzhyhu/ dqg rxu hpslulfdo h{dpsoh ghprqvwudwhv wkdw wkh sursrvhg surfhgxuh lv
pdqdjhdeoh hyhq lq odujh v|vwhpv zlwk pdq| yduldeohv dqg odjv1
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Uhihuhqfhv

^4` Edxzhqv/ O1 dqg Oxeudqr/ P1 +4<<9,1 Lghqwl�fdwlrq uhvwulfwlrqv dqg srvwhulru
ghqvlwlhv lq frlqwhjudwhg Jdxvvldq YDU v|vwhpv1 Lq Dgydqfhv lq Hfrqrphw0

ulfv/ Yroxph 44/ Sduw E/ MDL Suhvv/ 605;1

^5` Grdq/ W1 D1/ Olwwhupdq/ U1 E1 dqg Vlpv/ F1 D1 +4<;7,1 Iruhfdvwlqj dqg frq0
glwlrqdo surmhfwlrq xvlqj uhdolvwlf sulru glvwulexwlrqv1 Hfrqrphwulf Uhylhzv/
6/ 404771

^6` Grdq/ W1 D1 +4<<5,1 UDWV Xvhu*v Pdqxdo Yhuvlrq 7/ Hydqvwrq= Hvwlpd1

^7` Grruqln/ M1 D1 dqg Khqgu|/ G1 I1 +4<<:,1 Prghoolqj G|qdplf V|vwhpv Xvlqj

SfIlpo <13 iru Zlqgrzv/ Orqgrq= Lqwhuqdwlrqdo Wkrpvrq Exvlqhvv Suhvv1

^8` Glfnh|/ M1 P1 +4<9:,1 Pdwulf0yduldwh jhqhudol}dwlrqv ri wkh pxowlyduldwh | glv0
wulexwlrq dqg wkh lqyhuwhg pxowlyduldwh | glvwulexwlrq1 Dqq1 Pdwk1 Vwdwlvw1/
6;/ 84404;1

^9` Gudshu/ G1 +4<<8,1 Dvvhvvphqw dqg sursdjdwlrq ri prgho xqfhuwdlqw|1 M1 U1
Vwdwlvw1 Vrf1 E8:/ 780<:1

^:` Hqjoh/ U1 I1 dqg Judqjhu/ F1 Z1 M1 +4<;:,1 Fr0lqwhjudwlrq dqg huuru fruuhf0
wlrq= Uhsuhvhqwdwlrq/ hvwlpdwlrq dqg whvwlqj1 Hfrqrphwulfd/ 88/ 5840:91

^;` Jhlvvhu/ V1 +4<98,1 D Ed|hv dssurdfk iru frpelqlqj fruuhodwhg hvwlpdwhv1 M1
Dphu1 Vwdwlvw1 Dvvrf1/ 93/ 935093:1

^<` Jhzhnh/ M1 +4<<9,1 Ed|hvldq Uhgxfhg Udqn Uhjuhvvlrq lq Hfrqrphwulfv1
Mrxuqdo ri Hfrqrphwulfv/ :8/ 45404791

^43` Kdqvhq/ K1 dqg Mxvholxv/ N1 +4<<8,1 FDWV lq UDWV 0 Frlqwhjudwlrq Dqdo|vlv

ri Wlph Vhulhv/ Hydqvwrq= Hvwlpd1

^44` Mdfrevrq/ W1/ Mdqvvrq/ S1/ Yuhglq/ D1 dqg Zduqh/ D1 +4<<<,1 Prqhwdu| srolf|
dqdo|vlv dqg lq dwlrq wdujhwlqj lq d vpdoo rshq hfrqrp|= D YDU dssurdfk/
Vyhuljhv Ulnvedqn Zrunlqj Sdshu Vhulhv Qr1 ::1

^45` Mrkdqvhq/ V1 +4<<8d,1 Olnholkrrg0Edvhg Lqihuhqfh lq Frlqwhjudwhg Yhfwru Dx0

wruhjuhvvlyh Prghov1 R{irug= R{irug Xqlyhuvlw| Suhvv1

^46` Mrkdqvhq/ V1 +4<<8e,1 Lghqwli|lqj uhvwulfwlrqv rq olqhdu htxdwlrqv= zlwk dssol0
fdwlrqv wr vlpxowdqhrxv htxdwlrqv dqg frlqwhjudwlrq/ Mrxuqdo ri hfrqrphwulfv/
9</ 4440651

55



^47` Nohlehujhq/ I1 dqg ydq Glmn/ K1 N1 +4<<7,1 Rq wkh vkdsh ri wkh olnhol0
krrg2srvwhulru lq frlqwhjudwlrq prghov/ Hfrqrphwulf Wkhru|1 43/ 8470841

^48` Olwwhupdq/ U1 E1 +4<;3,1 D Ed|hvldq surfhgxuh iru iruhfdvwlqj zlwk yhfwru
dxwruhjuhvvlrqv/ plphr/ Pdvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj|1

^49` Olwwhupdq/ U1 E1 +4<;9,1 Iruhfdvwlqj zlwk Ed|hvldq yhfwru dxwruhjuhvvlrqv
0 Ilyh |hduv ri h{shulhqfh/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv1 7/
5806;1

^4:` Oÿwnhsrko K1 +4<<4, Lqwurgxfwlrq wr Pxowlsoh Wlph Vhulhv Dqdo|vlv1 Qhz
\run= Vsulqjhu0Yhuodj1

^4;` Vplwk/ D1 I1 P1 dqg Urehuwv/ J1 R1 +4<<6,1 Ed|hvldq Frpsxwdwlrq yld wkh
Jleev Vdpsohu dqg Uhodwhg Pdunry Fkdlq Prqwh Fduor Phwkrgv +zlwk glv0
fxvvlrq,1 M1 Ur|1 Vwdwlvw1 Vrf1 E/ 88/ 60561

^4<` Vwdun/ W1 +4<<;,1 D Ed|hvldq yhfwru huuru fruuhfwlrqv prgho ri wkh X1V1 hfrq0
rp|/ Zrunlqj Sdshu/ <;045/ Hfrqrplf Uhvhdufk Glylvlrq/ Ihghudo Uhvhuyh
Edqn ri Sklodghoskld1

^53` Vwrfn/ M1 K1 dqg Zdwvrq/ P1 Z1 +4<;;,1 Whvwlqj iru frpprq wuhqgv/ M1 Dphu1
Vwdwlvw1 Dvvrf1/ ;6/ 43<:043:1

^54` Wkrpvrq/ S1 D1 dqg Ploohu/ U1 E1 +4<;9,1 Vdpsolqj wkh ixwxuh= D Ed|hvldq
dssurdfk wr iruhfdvwlqj iurp xqlyduldwh prghov/ Mrxuqdo ri Exvlqhvv dqg

Hfrqrplf Vwdwlvwlfv1 7/ 75:0691

^55` Yloodql/ P1 +4<<<d,1 Iudfwlrqdo Ed|hvldq odj ohqjwk lqihuhqfh lq pxowlyduldwh
dxwruhjuhvvlyh surfhvvhv/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ xqghu uhylvlrq1

^56` Yloodql/ P1 +4<<<e,1 Uhihuhqfh sulruv dqg frqglwlrqdo srvwhulruv iru frlqwh0
judwlrq prghov/ Xqsxeolvkhg pdqxvfulsw1

^57` Yloodql/ P1 +4<<<f,1 D Ed|hvldq dssurdfk wr uhvwulfwlrqv rq wkh frlqwhjudwlrq
vsdfh/ Xqsxeolvkhg pdqxvfulsw1

^58` Zduqh/ D1 +4<<6,1 D frpprq wuhqgv prgho= Lghqwl�fdwlrq/ Hvwlpdwlrq dqg
Lqihuhqfh1 Vhplqdu sdshu Qr1 888/ Lqvwlwxwh iru Lqwhuqdwlrqdo Hfrqrplf Vwxg0
lhv/ Vwrfnkrop Xqlyhuvlw|1

^59` ]hooqhu/ D1 +4<:4,1 Dq Lqwurgxfwlrq wr Ed|hvldq Lqihuhqfh lq Hfrqrphwulfv1
Qhz \run= Zloh|1
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