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Zdjh Htxdolw| lq d Jhqhudo Htxloleulxp Prgho

zlwk Lqglylvlelolwlhv4

Ndod Nulvkqd

Shqqv|oydqld Vwdwh Xqlyhuvlw| dqg QEHU

Fhploh \dydv

Shqqv|oydqld Vwdwh Xqlyhuvlw|

Mxqh/ 5334

4Zh duh judwhixo wr Ulfdugr Fdydofdqwl/ Rghg Jdoru/ Eduu| Lfnhv/ Vxvxpx Lpdl/

Fkulvwldq Vfkxow}/ Qhlo Zdoodfh/ Gdylg Zhlo dqg Mrh ]hlud iru xvhixo frpphqwv1 Zh

kdyh dovr ehqh�whg iurp wkh frpphqwv ri sduwlflsdqwv dw wkh Fruqhoo0SVX pdfur

zrunvkrs/ dqg vhplqduv dw wkh Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh/ wkh LPI/

Xqlyhuvlw| ri Wh{dv/ Dxvwlq/ Ulfh Xqlyhuvlw| dqg wkh Kheuhz Xqlyhuvlw| ri Mhuxvdohp1

Nulvkqd lv judwhixo iru vxssruw iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq xqghu judqw

qxpehu VHV033353751 Sduw ri wklv zrun zdv frqgxfwhg zkloh Nulvkqd zdv d Ylvlwlqj

Uhvhdufk Surihvvru dw wkh Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/ Ghqpdun/

dqg d Odg| Gdylv Surihvvru dw wkh Kheuhz Xqlyhuvlw| ri Mhuxvdohp1



Devwudfw

Wklv sdshu orrnv dw vrph frqvhtxhqfhv ri d frplwwphqw wr zdjh htxdolw| lq vrph

vhfwruv ri wkh hfrqrp| zklfk surgxfh oxps| frqvxphu jrrgv1 Zh vkrz wkdw

lq wklv vhwwlqj/ wkhuh duh wzr htxloleuld/ zlwk kljk ru orz zdjhv/ lqfrphv dqg

rxwsxw1 Lq wklv forvhg hfrqrp|/ jurzwk pd| eh lpplvhul}lqj1 Zh dovr vkrz wkdw

uhglvwulexwlrq pd| holplqdwh wkh orz zdjh htxloleulxp lq surgxfwlyh hfrqrplhv

exw lq xqsurgxfwlyh rqhv lw holplqdwhv wkh pdunhw iru lqglylvleoh jrrg lwvhoi$

Wklv vxjjhvwv zk| uhglvwulexwlrq frxog eh d �ulfk pdq*v jdph1�



4 Lqwurgxfwlrq

D ihdwxuh ri sxeolf vhfwru hqwhusulvhv lq vrfldolvw hfrqrplhv lv wkdw zrunhuv duh

qrw sdlg vroho| rq wkh edvlv ri wkhlu surgxfwlylw|1 Udwkhu/ zdjh htxdolw| lv d

sulpdu| frqfhuq1 Pruhryhu/ lq vxfk hfrqrplhv/ vhfwruv zklfk uhtxluh vljql�fdqw

fdslwdo lqyhvwphqw duh xvxdoo| vwdwh rzqhg1 Oxps| ru lqglylvleoh jrrgv vxfk dv

dxwrprelohv ru uhiuljhudwruv idoo lqwr wklv fdwhjru|1 Rq wkh rwkhu kdqg/ surgxf0

wlrq zklfk fdq eh fduulhg rxw rq d vpdoo vfdoh fdq eh xqghuwdnhq e| lqglylgxdov

zkr wkhq hduq dffruglqj wr wkhlu surgxfwlylw|1 Lq wklv sdshu/ zh h{soruh wkh

zrunlqjv ri vxfk dq hfrqrp|1 Zh ghyhors d vlpsoh jhqhudo htxloleulxp prgho

zkhuh wkhuh duh lqglylvlelolwlhv lq frqvxpswlrq ri d jrrg zklfk lv surgxfhg lq d

vhfwru zkhuh zdjhv duh lqghshqghqw ri delolw|14

Zh prgho d }hur0rqh nlqg ri lqglylvlelolw| lq frqvxpswlrq= lqglylgxdov ex|

rqh xqlw ru qrqh1 Wklv }hur0rqh irup lv phdqw wr uh hfw wkh lghd wkdw wkh jrrg

pxvw eh ri d plqlpxp vl}h15 Lq sudfwlfh/ wkhuh duh zd|v wr pdnh vxfk jrrgv

glylvleoh vxfk dv uhqwlqj ru vkdulqj wkhlu vhuylfhv1 Krzhyhu/ wr wkh h{whqw wkdw

lw lv pruh frvwo| wr uhqw wkdq ex| dqg ehfdxvh ri sureohpv vkdulqj/ wkhvh duh

qrw shuihfw vxevwlwxwhv1 Iru vlpsolflw|/ zh devwudfw iurp vxfk dowhuqdwlyhv1

Rxu dvvxpswlrq rq wkh oderu pdunhw lv vxlwdeoh iru vrfldolvw hfrqrplhv dv

zhoo dv pdunhw hfrqrplhv zlwk d odujh sxeolf vhfwru1 Lq wkhvh frxqwulhv/ vwdwh

hqwhusulvhv whqg wr r�hu zdjhv lqghshqghqw ri delolw|/ dqg dv d uhvxow wkh| hpsor|

ohvv deoh zrunhuv1 Hylghqfh lq vxssruw ri wklv fdq eh irxqg lq Mh�huvrq^;`1 Kh

vkrzv wkdw �wkh lqdelolw| ri vwdwh hqwhusulvhv wr prqlwru dqg uhzdug kljk txdolw|

4Zdjh htxdolw| ri wklv irup frxog dovr dulvh ehfdxvh wkh surgxfwlrq surfhvv lv frpsoh{ vr

wkdw surgxfwlylw| fdqqrw eh yhul�hg lq wklv vhfwru dqg slhfh udwhv fdqqrw eh xvhg1
5 Lw lv qrw srvvleoh wr grzqvl}h hqgohvvo| dv d zd| ri uhgxflqj wkh h{whqw ri oxpslqhvv= diwhu

doo/ d uhiuljhudwru kdv wr eh ri d plqlpxp vl}h wr eh deoh wr krog wkh qhhghg shulvkdeohv dqg d

fdu fdq rqo| eh vr vpdoo1 Dw orz lqfrph ohyhov/ hyhq forwklqj lv vhhq dv lqglylvleoh jrrg1 Rqh

ri wkh prvw vxffhvvixo surmhfwv xqghuwdnhq e| wkh Zruog Edqn lqyroyhg vxevlgl}lqj sxufkdvhv

ri zrrg vwryhv1 Wkh lqlwldo frvw ri vxfk vwryhv/ durxqg 43 wr 58 grooduv/ surklelwhg wkhlu

zlghvsuhdg xvdjh dowkrxjk wkh| duh pruh h!flhqw wkdq qdwlyh vwryhv pdgh ri pxg1
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oderu lv olnho| wr fuhdwh dq dgyhuvh vhohfwlrq sureohp lq zklfk wkh prvw vnloohg

dqg prwlydwhg zrunhuv h{lw iurp wkh vwdwh vhfwru111�

Rxu prgho fdvwv oljkw rq d qxpehu ri lvvxhv1 Iluvw/ zh vkrz wkdw lq wklv

vhwwlqj/ wkhuh duh pxowlsoh htxloleuld1 Lq rqh htxloleulxp/ zdjhv duh kljk dqg

vr duh lqfrphv1 Dv d uhvxow/ pdunhw vl}h lv odujh dv lv rxwsxw ri wkh lqglylvleoh

jrrg1 Wklv/ lq wxuq/ wudqvodwhv lqwr vwurqj ghpdqg iru oderu/ dqg kljk zdjhv1 Lq

wkh rwkhu htxloleulxp/ vxfk flufxodu fdxvdwlrq vxssruwv d orz zdjh dqg rxwsxw

ohyho1 Vhfrqg/ lq wklv hfrqrp|/ jurzwk pd| eh lpplvhul}lqj16 Wklug/ zh vkrz

wkdw uhglvwulexwlrq pd| kdyh yhu| gl�huhqw frqvhtxhqfhv lq surgxfwlyh yhuvxv

ohvv surgxfwlyh hfrqrplhv1 Lq wkh iruphu/ uhglvwulexwlrq fdq holplqdwh wkh orz

zdjh htxloleulxp1 Krzhyhu/ lq wkh odwwhu/ lw holplqdwhv wkh pdunhw iru lqglylvleoh

jrrg lwvhoi$ Wklv vxjjhvwv zk| uhglvwulexwlrq frxog eh d �ulfk pdq*v jdph1�

Rxu zrun �wv vtxduho| lqwr wkh frpsohphqwdulwlhv dqg fxpxodwlyh surfhvvhv

olwhudwxuh1 Juhdwhu rxwsxw ru h�ruw e| dq djhqw uhvxowv lq frqglwlrqv zklfk holflw

juhdwhu rxwsxw ru h�ruw e| rwkhu djhqwv/ zklfk lq wxuq lv wkh edvlv iru pxowlsoh

htxloleuld17

Zh surfhhg dv iroorzv1 Lq Vhfwlrq 5 zh ghyhors wkh edvlf exloglqj eorfnv

ri wkh prgho1 Lq Vhfwlrq 6 zh vroyh iru wkh htxloleulxp dqg vkrz krz dqg

zkhq pxowlsoh htxloleuld fdq h{lvw1 Wkhq/ zh sxw wkh prgho wkurxjk lwv sdfhv

dqg ghyhors vrph dssolfdwlrqv1 Lq Vhfwlrq 7/ zh orrn dw wkh h�hfwv ri whfkqlfdo

fkdqjh dqg wkh h�hfw ri uhglvwulexwlrq1 Vhfwlrq 8 orrnv dw wkh ghshqghqfh ri

wkh uhvxowv rq wkuhh pdlq ihdwxuhv ri wkh prgho/ qdpho| glvwruwlrqv lq wkh oderu

pdunhw/ surgxfw pdunhw srzhu dqg lqglylvlelolwlhv/ zkloh Vhfwlrq 9 frqwdlqv vrph

frqfoxglqj uhpdunv dqg gluhfwlrqv iru ixwxuh zrun1

6 Lpplvhul}lqj jurzwk h{lvwv iru dq rshq hfrqrp| zkhq whupv ri wudgh pryh djdlqvw wkh

frxqwu| dv d uhvxow ri wkh whfkqlfdo surjuhvv dv vkrzq lq Ekdjzdwl^6`1
7Wkhvh frpsohphqwdulwlhv dulvh lq dq| qxpehu ri vhwwlqjv1 Vhh/ Frrshu dqg Mrkq ^7`/

Frrshu ^8` rq pdfurhfrqrplf dssolfdwlrqv/ Pxusk|/ Vkohlihu/ dqg Ylvkq|/ vhh ^47` dqg ^48`

rq ghyhorsphqw dqg uhglvwulexwlrq1 Vhh Pdwvx|dpd ^46` iru dq hohjdqw/ wkrxjk qrz voljkwo|

gdwhg/ vxuyh| ri wklv olwhudwxuh1
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5 Wkh Prgho

Wkhuh duh wzr w|shv ri jrrgv lq wkh hfrqrp|= Rqh glylvleoh jrrg surgxfhg

xqghu shuihfw frpshwlwlrq/ dqg d frqwlqxxp ri lqglylvleoh jrrgv/ lqgh{hg e|

� 5 ^3> 4`/ hdfk surgxfhg e| d sur�w pd{lpl}lqj prqrsrolvw18 Lqglylgxdov duh

khwhurjhqrxv lq wzr glphqvlrqv1 Lqglylgxdo +�> �, kdv d srwhqwldo ghpdqg iru

rqh xqlw ri wkh gxudeoh jrrg � 5 ^3> 4` dqg klv surgxfwlylw| lv � 5 ^3> 4`1 D

frqvxphu lv dfwlyh lq wkh lqglylvleoh jrrg pdunhw zlwk suredelolw| � ? 4=9 Zh

dvvxph wkdw hdfk frqvxphu ghulyhv xwlolw| Y hdfk shulrg iurp klv lqglylvleoh

jrrg/ dqg wkdw Y lv odujh1 Wkxv/ kh zrxog sxufkdvh wkh lqglylvleoh jrrg li kh

fdq d�rug lw1 Wklv pdnhv lqgluhfw xwlolw| glvfrqwlqxrxv= frqvxphuv zkr duh

mxvw deoh wr ex| wkh jrrg duh vljql�fdqwo| ehwwhu r� wkdq wkrvh zlwk d voljkwo|

vpdoohu lqfrph1

Zh dvvxph wkdw � dqg � duh xqlirupo| glvwulexwhg rq wkh xqlw vtxduh1 Wklv

hqvxuhv wkdw doo prqrsrolvwv idfh wkh vdph sureohp1 Zh dvvxph wkhuh lv d xqlw

pdvv ri vxfk �upv zkloh wkh pdvv ri lqglylgxdov lv vhw dw 51 Lqglylvleoh jrrg

�upv duh prqrsrolvwv/ exw dv wkh vhw ri frqvxphuv zkr kdyh d ghpdqg iru wkh

lqglylvleoh jrrg � lv ri phdvxuh }hur uhodwlyh wr wkh vhw ri doo frqvxphuv/ wkh

sulflqj ehkdylru ri d prqrsrolvw grhv qrw kdyh dq| jhqhudo htxloleulxp h�hfwv1

Vlploduo|/ gxh wr wkhlu ehlqj d frqwlqxxp ri �upv/ qr �up kdv idfwru pdunhw

srzhu/ dqg wdnhv zdjh dv jlyhq1: Zh wdnh wkh glylvleoh jrrg wr eh wkh qxphudluh1

514 Wkh Idfwru Pdunhw

Oderu lv wkh rqo| idfwru ri surgxfwlrq lq wkh hfrqrp|1 Zrunhuv zlwk surgxf0

wlylw| � pdnh � xqlwv ri glylvleoh jrrg dqg wkh| surgxfh �� xqlwv ri rxwsxw ri

lqglylvleohv zkhuh � A 5=; Krzhyhu/ zrunhuv lq wkh lqglylvleoh jrrgv vhfwru duh

8 Lw vkrxog eh srvvleoh wr jhqhudol}h wklv wr roljrsro| dw wkh frvw ri vrph frpsoh{lw|1
9 Lw wxuqv rxw wkdw b 	 � lv qhhghg iru vwdelolw|1
:Wklv uhpryhv wkh idploldu �Qxphudluh Sureohp� lq wkh olwhudwxuh1
;Wklv dvvxpswlrq lv qhhghg iru wkh lqglylvleoh vhfwru wr eh yldeoh1
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Iljxuh 4= Wkh Doorfdwlrq ri Oderu Ehwzhhq Vhfwruv

a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
aa

D W|sh3

z

�
Zdjh

sdlg wkh jrlqj zdjh lqghshqghqw ri wkhlu delolw|1 Hdfk djhqw kdv wkh fkrlfh ri

zrunlqj lq wkh glylvleoh vhfwru/ dqg hduqlqj wkh ydoxh ri klv pdujlqdo surgxfw

wkhuh/ zklfk dfwv dv klv uhvhuydwlrq zdjh/ ru zrunlqj lq wkh lqglylvleoh jrrgv

vhfwru/ dqg hduqlqj wkh jrlqj zdjh1 Wkh pdujlqdo zrunhu dw d jlyhq zdjh lv

lqgl�huhqw ehwzhhq wkh wzr1 Zrunhuv zlwk kljkhu surgxfwlylw| suhihu wr pdnh

glylvleoh jrrgv zkloh wkrvh zlwk orzhu surgxfwlylw| zrun iru d zdjh1

Wkh doorfdwlrq ri oderu lv ghslfwhg lq Iljxuh 4= Dw zdjh z> RD zrunhuv fkrrvh

wr zrun lq wkh lqglylvleohv vhfwru1 Wkhvh duh djhqwv zkr kdyh surgxfwlylw| ehorz

z lq wkh glylvleoh jrrg vhfwru1 Wkh uhpdlqlqj zrunhuv fkrrvh wr zrun lq wkh

glylvleoh jrrg vhfwru1 Dq lqfuhdvh lq wkh zdjh udwh dwwudfwv djhqwv zlwk d kljkhu

surgxfwlylw| ohyho lqwr wkh lqglylvleohv oderu srro dqg udlvhv wkh dyhudjh txdolw|

ri oderu wkhuh1 Doo zrunhuv zlwk � � z rewdlq wkhlu uhvhuydwlrq zdjhv zkloh doo

zrunhuv zlwk � ? z hduq wkh jrlqj zdjh zklfk lv kljkhu wkdq wkhlu uhvhuydwlrq

zdjh1 Wkh hduqlqjv ri d zrunhu zlwk surgxfwlylw| � lv=

$+�, @ pd{+z> �,= +4,
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Wkh wrwdo lqglylvleoh jrrg rxwsxw zkhq wkh zdjh lv z lv jlyhq e|

TV+z, @ 5�

z]

3

�g� @ �z5 +5,

zkhuh wkh dydlodelolw| ri oderu/ O/ lv qrupdol}hg wr eh 5= Dv d vkduh z ri doo

zrunhuv zrun lq wklv vhfwru/ wkh oderu lq wklv vhfwru lv 5z> dqg rxwsxw shu zrunhu

lv �z

5
1 Wkh xqlw oderu uhtxluhphqw +wkh lqyhuvh ri rxwsxw shu zrunhu, wlphv wkh

zdjh/ zklfk htxdov dyhudjh dqg pdujlqdo frvw/ lv 5

�
> zklfk lv lqghshqghqw ri wkh

zdjh$ Pdujlqdo frvw lv mxvw wkh zdjh wlphv wkh xqlw oderu uhtxluhphqw1 Zkloh

wkh iruphu ulvhv/ wkh odwwhu idoov1 Lq wkh xqlirup glvwulexwlrq fdvh/ wkh wzr h�hfwv

h{dfwo| r�vhw hdfk rwkhu wr ohdyh pdujlqdo frvwv lqghshqghqw ri wkh zdjh< 1 Wklv

jlyhv wkh iroorzlqj1

Ohppd 4 Zkhq wkh surgxfwlylw| ri djhqwv lv xqlirupo| glvwulexwhg ryhu wkh

xqlw lqwhuydo/ pdujlqdo frvwv ri surgxfwlrq duh frqvwdqw dw f @ 5

� / dqg

lqghshqghqw ri wkh zdjh udwh1

Wkh htxloleulxp ohyho ri wkh zdjh lq wkh hfrqrp| lv ghwhuplqhg e| wkh gh0

ulyhg ghpdqg iru oderu iurp lqglylvleohv1 Dv wkh ohyho ri djjuhjdwh lqglylvleoh

jrrg surgxfwlrq ulvhv wkhuh zloo eh d kljkhu ghpdqg iru oderu lq wkh lqglylvleoh

jrrg vhfwru/ dqg zdjh ohyho zloo lqfuhdvh1 Iurp +5, zh jhw wkh htxloleulxp zdjh

dv d ixqfwlrq ri wkh djjuhjdwh lqglylvleoh jrrg surgxfwlrq wr eh

z+T, @ +
T

�
,4@5= +6,

Qrz/ zh wxuq wr wkh htxloleulxp ohyho ri lqglylvleoh jrrg surgxfwlrq1

515 Ghpdqg iru Lqglylvleohv

D frqvxphu rewdlqv rqh xqlw ri xwlolw| shu xqlw ri wkh glylvleoh jrrg dqg Y li kh

frqvxphv wkh lqglylvleoh rqh1 Klv lqfrph frqvlvwv ri klv oderu lqfrph/ dv jlyhq

<
Qrwh wkdw dw zdjh �c wkh wrwdo ydoxh ri wkh surgxfw lv

�k�
5

2
dqg wrwdo zdjh eloo lv �2�

Wkh ydoxh ri wkh surgxfw zloo h{fhhg wrwdo zdjh eloo dv orqj dv �k : 2 ru � :
2

k
' S� Dv d

�up sulfhv dw ru deryh frvw/ hdfk �up fryhuv lwv frvw ri surgxfwlrq dw dq| ihdvleoh zdjh udwh1
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e| +4,/ dqg klv sur�w vkduh1 Zh dvvxph wkdw sur�wv pdgh lq wkh lqglylvleoh jrrg

vhfwru duh htxdoo| glvwulexwhg dfurvv doo lqglylgxdov lq wkh hfrqrp|1 Wkxv/ hdfk

lqglylgxdo lv hqwlwohg wr �

5
dv wkh wrwdo srsxodwlrq +oderu irufh, lq wkh hfrqrp|

lv 51

Ohw S eh wkh sulfh ri wkh lqglylvleoh jrrg1 D frqvxphu zloo sxufkdvh klv

ydulhw| ri wkh lqglylvleoh jrrg zlwk suredelolw| � li

S �
�

5
. �=

Wkh edodqfh ri klv lqfrph lv vshqw rq wkh glylvleoh jrrg1 Dvvxplqj wkdw Y lv

kljk hqrxjk hqvxuhv wkdw sulfh lv qhyhu wkh elqglqj frqvwudlqw lq wkh fkrlfh ri

zkhwkhu wr ex| ru qrw431 Wkxv/ doo frqvxphuv zloo ghpdqg wkh lqglylvleoh jrrg li

wkh| fdq d�rug lw44 dqg vshqg wkh edodqfh ri wkhlu lqfrph rq wkh glylvleoh jrrg1

Qrwh wkdw wkh orzhvw lqfrph ohyho lq wkh hfrqrp| lv �

5
.z dv doo lqglylgxdov zlwk

surgxfwlylwlhv orzhu wkdq z zloo fkrrvh wr zrun iru wkh lqglylvleoh jrrg vhfwru

dqg frppdqg d oderu lqfrph htxdo wr wkh pdunhw zdjh1 Wkh pdunhw ghpdqg

iru d w|slfdo lqglylvleoh jrrg lv45

TG+S , @ 5� li S �
�

5
. z +7,

dqg

TG+S , @ 5�+4� S .
�

5
, li S A

�

5
. z +8,

vlqfh
�
S � �

5

�
jlyhv wkh iudfwlrq ri zdjh hduqhuv zlwk lqfrphv ohvv wkdq S=

43Wklv dvvxpswlrq fdq eh uhod{hg dw wkh frvw ri vrph frpsoh{lw|1
44Qrwh wkdw wklv pdnhv wkh lqgluhfw xwlolw| dv d ixqfwlrq ri lqfrph glvfrqwlqxrxv dqg frqyh{

ryhu d sduw ri lwv vxssruw1 Frqvxphuv zkr fdq mxvw d�rug wr ex| wkh lqglylvleoh jrrg duh
vljql�fdqwo| ehwwhu r� wkdq frqvxphuv zlwk voljkwo| orzhu lqfrphv1 Dv d uhvxow/ frqvxphuv
duh zloolqj wr wdnh idlu jdpeohv lq vrph uhjlrqv1 Wklv uhvxow lv dovr ghulyhg lq Qj +4<98,1 Dv
kh dvvxphv wkdw T lv orz/ frqvxphuv rqo| ex| wkh lqglylvleoh jrrg diwhu ex|lqj vrph ri wkh
glylvleoh jrrg zklfk pdnhv lqgluhfw xwlolw| frqwlqxrxv1

45Uhfdoo wkdw wkh vl}h ri wkh srsxodwlrq lv 2c ri zklfk rqo| d sursruwlrq/ bc ghpdqg wkh
lqglylvleoh jrrg1
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6 Htxloleulxp

Wkh hqgrjhqrxv yduldeohv lq wkh v|vwhp frqvlvw ri wkh sur�wv hduqhg e| �upv/ wkh

zdjhv suhydlolqj lq wkh idfwru pdunhw/ wkh sulfhv fkdujhg e| sur�w pd{lpl}lqj

�upv dqg wkhlu vdohv1 Krz fdq zh vroyh wkh v|vwhpB Iluvw zh zloo vkrz krz wr

rewdlq wkh ghpdqg fxuyh idflqj hdfk �up iru jlyhq djjuhjdwh sur�wv dqg zdjhv1

Wklv ohwv xv ghulyh wkh sur�w pd{lpl}lqj fkrlfh ri wkh �up1 Ri frxuvh/ rqfh

zh nqrz wkh sulfhv fkrvhq iru jlyhq zdjhv dqg sur�wv/ zh nqrz wkh txdqwlw|

dvvrfldwhg zlwk lw rq wkh ghpdqg fxuyh/ sur�wv/ dqg iurp +6, wkh zdjhv qhhghg

wr holflw wkh uhtxluhg vxsso| ri oderu1 Ilqdoo|/ vlqfh wkhuh lv d xqlw pdvv ri �upv/

wkh sur�wv ri hdfk �up h{dfwo| htxdo djjuhjdwh sur�wv vr wkdw lq htxloleulxp/

wkh dvvxphg ohyho ri djjuhjdwh sur�wv dqg zdjhv pxvw htxdo wkh dfwxdo ohyhov1

614 Sur�w Pd{lpl}dwlrq

Djjuhjdwh sur�wv dqg wkh zdjh ohyho vx!fh wr fkdudfwhul}h wkh ghpdqg fxuyh dv

frqvxphuv zkr fdq d�rug wkh lqglylvleoh jrrg ex| lw1 Ohw wkh lqyhuvh ghpdqg

ixqfwlrq eh ghqrwhg e| S +T> �
5
.z,= Wkh olqh Gg lq Iljxuh 5 ghslfwv S +T> 3,>

wkh ghpdqg zkhq djjuhjdwh sur�w ohyho dqg zdjhv duh }hur= Lq wklv hyhqw hdfk

zrunhu hduqv wkh ydoxh ri klv surgxfw lq glylvleohv/ �/ dqg jlyhq rxu dvvxpswlrqv/

lv zloolqj wr sd| doo klv hduqlqjv iru wkh lqglylvleoh jrrg1 Wkxv ghpdqg dw sulfh

S frqvlvwv ri wkh sursruwlrq ri frqvxphuv zlwk d surgxfwlylw| kljkhu wkdq wkh

sulfh/ ru 5�+4� S ,146

Li hdfk djhqw jhwv sur�wv ri �

5
/ kh lv zloolqj wr sd| wklv pxfk pruh iru wkh

lqglylvleoh jrrg1 Wkxv/ wkh lqyhuvh ghpdqg fxuyh lv phuho| vkliwhg xs e| �

5
= Dw

d sulfh ri �
5
> hyhq dq djhqw zlwk }hur surgxfwlylw| lv deoh wr ex| wkh jrrg/ exw

wkhuh duh qr ixuwkhu lqfuhdvhv lq ghpdqg dv sulfh idoov ehorz �

5
1 Khqfh zh jhw

wkh yhuwlfdo vhjphqw/ hg> dv ghslfwhg lq wkh ghpdqg fxuyh Hhg147

46
2b lv wkh vl}h ri frqvxphuv zlwk d ghpdqg lqglylvleoh jrrgv1

47 Li sur�wv duh qrw hyho| glvwulexwhg wkh vorsh ri wkh ghpdqg ixqfwlrq diwhu sur�wv duh dgghg/

:
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Ilqdoo| frqvlghu wkh h�hfwv ri d qrq }hur zdjh ri z= Dw wklv zdjh/ vrph

djhqwv/ qdpho| wkrvh zlwk d surgxfwlylw| ehorz z/ uhsuhvhqwhg e| wkh vhjphqw

IJ/ zloo fkrrvh wr zrun iru wkh lqglylvleoh jrrgv vhfwru1 Doo wkhvh djhqwv zloo

eh zloolqj wr sd| xs wr �

5
. z iru wkh lqglylvleoh jrrg1 Wklv fdxvhv ghpdqg wr

mxps wr wkh uljkw dw wklv sulfh dv ghslfwhg lq Iljxuh 5 e| wkh fxuyh HIJg=48

Wklv krul}rqwdo vhjphqw lq wkh ghpdqg fxuyh dw sulfh z. �

5
fdxvhv d glvfrq0

wlqxlw| lq sur�wv1 Sur�wv mxps xs dw wklv sulfh vr wkdw wkh xvh ri fdofxoxv dorqh

lv vxvshfw1 Zh dvn lqvwhdg zkdw lv wkh kljkhvw lvr sur�w frqwrxu dwwdlqdeoh1 Lvr

sur�w frqwrxuv duh uhfwdqjxodu k|shuerodv hpdqdwlqj iurp f> wkh frqvwdqw ohyho

ri pdujlqdo frvwv1 Wkhuh duh fohduo| rqo| wzr fdqglgdwhv iru sur�w pd{lpl}d0

wlrq= wr vhuyh wkh zkroh pdunhw dqg sulfh dw �

5
. z +d sulfh orzhu wkdq �

5
. z

zloo eh vxe rswlpdo, ru wr fkrrvh d srlqw dorqj wkh grzqzdug vorslqj sduw ri wkh

ghpdqg fxuyh1 Wkh pd{lpxp dorqj wkh grzqzdug vorslqj sduw zloo rffxu dorqj

wkh ud| fT3= Li wkh lvr sur�w frqwrxu wkurxjk T3 lv kljkhu wkdq wkdw wkurxjk J/

� E'c �
2
� zloo gl�hu iurp wkdw ri � E'c f��

48
Qrwh wkdw ( ' � dqg . ' �n �

2
�

;



wkhq T3 lv fkrvhq1

Ohw ��+�, ghqrwh wkh sur�w ohyho dvvrfldwhg zlwk wkh rswlpxp fkrlfh rq wkh

grzqzdug vorslqj sduw ri wkh ghpdqg fxuyh49 dqg ohw ��+�> z, ghqrwh wkh sur�w

ohyho dvvrfldwhg zlwk vhuylqj wkh zkroh pdunhw1 Ilupv zloo fkrrvh wkh kljkhu ri

wkh wzr vr wkdw

�+�> z, @Pd{i��+�,> ��+�> z,j= +9,

Wkh pd{lpl}hg ydoxh ri sur�wv lv frqwlqxrxv/ wkrxjk wkh sur�w ixqfwlrq lv qrw1

Qh{w zh vkrz wkdw ��+�, dqg ��+�> z, duh lqfuhdvlqj lq � exw  dwwhu wkdq

wkh 783 olqh/ dqg wkdw ��+�> z, lv  dwwhu wkdq ��+�> z,1

Ohppd 4 3 ? ��
�
+�, ? ���+�> z, ? 4=

Surri= Xvlqj wkh hqyhorsh wkhruhp jlyhv

g�+�> z,

g�
@

C

C�

�
+S +T>

�

5
. z,� f,T

�

@
CS +T> �

5
. z,

C�
T

@
4

5
T+=,=

zkhuh T+=, lv wkh rswlpdo fkrlfh ri rxwsxw4: 1 Rxwsxw lv srvlwlyh dv frvw lv

ehorz wkh yhuwlfdo lqwhufhsw ri ghpdqg iru doo sur�w ohyhov zklfk lv hqvxuhg

e| rxu dvvxpswlrq wkdw � A 51 Rxwsxw dorqj ��+�, lv ohvv wkdq wkdw dorqj

��+�> z, vr wkdw ��
�
+�, ? ���+�> z,= Dovr/ vlqfh T+=, ? 5� dqg � ? 4> lw

pxvw eh wkdw T+=, ? 5 vr wkdw 4

5
T+=, ? 4=

Iljxuh 6 ghslfwv wkh ohyho ri lqglylgxdo sur�wv dv d ixqfwlrq ri djjuhjdwh

sur�wv1 Qrwh wkdw ��+�, grhv qrw ghshqg rq z zkloh ��+�> z, lv lqfuhdvlqj lq

z= Iru z @ 3> wkh lqwhufhsw ri wkh ��+�> z, olqh olhv ehorz wkdw ri ��+�,> wkdw lv/

49Ri frxuvh/ d �up fdqqrw vhoo wr pruh wkdq 2b vr wkdw wkh ghpdqg fxuyh grhv qrw frqwlqxh

sdvw wklv srlqw1
4:Dowkrxjk ZE�c �� lv gl�huhqwldeoh h{fhsw dw Z

WE�c �� ' 7ZE�c ���

<



Iljxuh 6= Wkuhh Srvvlelolwhv lq Htxloleulxp
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��+3> 3, ? ��+3,1 Dv z ulvhv/ ��+�> z, vkliwv xs1 Khqfh/ iru orz z> wkh lqwhufhsw

ri ��+=, olhv ehorz wkdw ri ��+=, lq Iljxuh 6= Frpelqhg zlwk wkh vorsh ri ��+=,

h{fhhglqj wkdw ri ��+=,> lw iroorzv wkdw iru orz z> �+�> z, htxdov ��+�, iru orz

�> dqg htxdov ��+�> z, iru kljk �= Dq lqfuhdvh lq z uhgxfhg wklv vzlwfk0ryhu

srlqw1 Iru d kljk hqrxjk z> wkh lqwhufhsw ri ��+=, olhv deryh wkdw ri ��+=, dv d

uhvxow �+�> z, htxdov ��+�> z, iru doo �=

Dv d uhvxow ri Ohppd 4> zh jhw vwdelolw| dv zhoo dv d vlqjoh lqwhuvhfwlrq

ehwzhhq �+�> z, dqg wkh 78 ghjuhh olqh1 Erwk frph iurp wkh vorsh ri �+�> z,

ehlqj ohvv wkdq xqlw|1 Qrwh wkdw �+�> z, fdqqrw lqwhuvhfw wkh 783 olqh pruh wkdq

rqfh1 Li lw glg/ lw zrxog phdq wkdw T+=, h{fhhghg 5> zklfk zrxog lqyroyh vhuylqj

pruh wkdq wkh hqwluh pdunhw1

615 Htxloleulxp

Djjuhjdwh sur�wv lq htxloleulxp htxdo wkrvh ri hdfk �up dv wkhuh lv d xqlw pdvv

ri �upv1 Ohw �z ghqrwh wkh zdjh ohyho qhhghg wr holflw wkh uhtxluhg oderu zkhq

doo �upv vhuyh wkhlu hqwluh pdunhw dqg ohw z� eh wkh zdjh qhhghg wr holflw wkh

orzhu ohyho ri oderu qhhghg zkhq doo �upv vhuyh rqo| sduw ri wkhlu pdunhw lq

htxloleulxp1

Wkh fdqglgdwhv iru dq htxloleulxp duh wkh ohyho ri sur�wv dw zklfk ��+�, dqg

��+�> �z, fxw wkh 78 ghjuhh olqh/ l1h1/ ��dqg �� lq Iljxuh 614;

Frqvlghu sdqho +d, zkhuh wkh rqo| htxloleulxp lv vhuylqj sduw ri wkh pdunhw1

Li vhuylqj sduw ri wkh pdunhw lv dq htxloleulxp/ sur�wv duh ��= Zkhq sur�wv duh

��> wkhq rxwsxw pxvw eh T� li qrw doo wkh pdunhw lv vhuyhg/ dqg wr jhqhudwh

wkh oderu qhhghg wr surgxfh T�> zdjhv pxvw eh z�= Ilqdoo|/ iru wklv wr eh dq

htxloleulxp/ ghyldwlrq e| d vlqjoh �up vkrxog qrw eh sur�wdeoh vr wkdw sur�wv

4;Zh zloo gudz wkhvh dv vwudljkw olqhv iru vlpsolflw|1 Zkloh 7ZE�c�� lv olqhdu/ ZWE�� lv qrw1
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dorqj ��+�, olh deryh wkrvh dorqj ��+�> z�, dw � @ ��>

��+��, @ �� A ��+��> z�,= +:,

Vlploduo|/ vhuylqj wkh hqwluh pdunhw lv dq htxloleulxp li

��+��> �z, @ �� A ��+��,= +;,

Iru wklv wr eh wkh rqo| htxloleulxp/ �� A ��� A �� dv ghslfwhg lq sdqho +e,=

Ilqdoo|/ erwk +:, dqg +;, frxog krog vlpxowdqhrxvo| dv ghslfwhg lq Iljxuh 6+f,

vr wkdw wkhuh duh pxowlsoh htxloleuld1 Hdfk �up pd| fkrrvh wr vhuyh wkh zkroh

pdunhw li hyhu| rwkhu �up lv grlqj wkdw/ dqg wkh| pd| fkrrvh wr vhuyh rqo| d

sduw ri wkh pdunhw li doo rwkhu �upv duh vhuylqj rqo| d sduw ri wkh pdunhw4<1

Qrwh wkdw lq wklv fdvh/ �� A �� A ���=

Vlqfh prqrsrolvw duh lghqwlfdo/ wkhlu fkrlfh vkrxog eh wkh vdph1 Wkhuh lv rqh

h{fhswlrq/ zklfk rffxuv zkhq sur�wv duh vxfk wkdw ��+�, @ ��+�> �z, iru vrph �z>

l1h1/ zh duh dw wkh vzlwfk0ryhu srlqw531 Lq wklv hyhqw/ �upv duh lqgl�huhqw ehwzhhq

wkhlu wzr uhohydqw rswlrqv dqg frxog fkrrvh hlwkhu dv ghslfwhg lq Iljxuh 7= Lq

wklv fdvh d sursruwlrq � ri wkh �upv fkrrvh wr vhuyh wkhlu hqwluh pdunhwv dqg �

lv vhw vr wkdw wkh zdjh �z suhydlov1 Wkhuh lv rqo| rqh vxfk pl{ dv dq| rwkhu pl{

zrxog udlvh ru orzhu ��+�> z, e| fkdqjlqj wkh zdjh ohyho1 Qrwh wkdw wklv lv qrw

d vwdeoh vlwxdwlrq54 dqg vr zh qhjohfw lw1

616 Ghwhuplqdqwv ri Htxloleulxp W|sh

Uhfdoo wkdw f pxvw eh ohvv wkdq xqlw| +l1h1/ � A 5, iru sur�wv wr eh srvlwlyh/

zkloh � ? 4 lv qhhghg iru vwdelolw|/ wkdw lv iru sur�wv wr eh  dwwhu wkdq wkh 783

4<Zkdw shuplwv wzr pd{lpd lv wkh qrq frqfdylw| ri wkh sur�w ixqfwlrq gxh wr sur�wv

mxpslqj xs dw wkh srlqw zkhuh doo frqvxphuv duh vhuyhg1
53 Lq Iljxuh 2/ wklv zrxog uhtxluh wkh zdjh wr eh vxfk wkdw wkh vdph lvr sur�wv frqwrxu zdv

wdqjhqw wr wkh grzqzdug vorslqj sduw ri ghpdqg dqg wr wkh srlqw zkhuh doo frqvxphuv duh

mxvw vhuyhg1 Wklv lv wkh zdjh ���

54 Li pruh �upv fkrrvh wr vhuyh wkh zkroh pdunhw/ wkh zdjh zrxog ulvh dv zrxog 7ZE�c ��

pdnlqj lw pruh sur�wdeoh iru d �up wr vhuyh wkh zkroh pdunhw1 Vlploduo|/ li ihzhu �upv fkrrvh

wr vhuyh wkh zkroh pdunhw/ wkh zdjh zrxog idoo dv zrxog 7ZE�c �� pdnlqj lw pruh sur�wdeoh

iru d �up wr vhuyh rqo| sduw ri wkh pdunhw1
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Iljxuh 7= Dv|pphwulf Htxloleulxp
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78r

3

olqh dv gudzq lq Iljxuh 6= Khqfh/ zh qhhg rqo| frqvlghu wkh xqlw vtxduh lq +f> �,

vsdfh1 Rxu uhvxowv duh ghslfwhg lq Iljxuh 8=55

Sursrvlwlrq 4 Vhuylqj wkh hqwluh pdunhw lv dq htxloleulxp lq wkh uhjlrq pdunhg

D lq Iljxuh 8> vhuylqj sduw ri wkh pdunhw lv dq htxloleulxp lq wkh uhjlrq pdunhg

S> dqg lq wkh uhjlrq pdunhg E erwk duh srvvleoh1

Surri= Zh vnhwfk wkh surri khuh uhohjdwlqj wkh ghwdlov wr wkh Dsshqgl{1 Zkdw

jlyhv wkh erxqgdulhv iru wkh gl�huhqw uhjlrqv lq Iljxuh 8B Uhfdoo wkdw

wkh uhjlrqv duh uhodwhg wr wkh udqnlqj ri ��/ �� dqg ��
�= Lq uhjlrq D> ��

A ��
� A �

�= Lq uhjlrq E> �� A �
� A ��

�= Lq uhjlrq S> �� A �� A ��
�= Wkxv/

wkh vzlwfk iurp D wrE rffxuv zkhq ��+�> z�
, jrhv wkurxjk wkh lqwhuvhfwlrq

ri wkh 78
3 olqh dqg ��+�,= Lq rwkhu zrugv/ zkhuh ��+��> z�

, @ �
�= Wklv

lv ghslfwhg e| IJ= Wkh vzlwfk iurp E wr S rffxuv zkhq ��+�> �z, jrhv

wkurxjk wkh lqwhuvhfwlrq ri wkh 783 olqh dqg ��+�,= Lq rwkhu zrugv/ ��
@ ��

dqg wklv lv ghslfwhg e| HI= Wkxv/ doo zh qhhg wr gr lv fdofxodwh wkhvh

55Ghwdlov ri wkh vlpxodwlrqv duh lq wkh Dsshqgl{1
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Iljxuh 8= Ghwhuplqdwlrq ri Htxloleulxp W|sh
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h{suhvvlrqv lq whupv ri +f> �, dqg wkhq vhw wkhp htxdo wr jhw wkh wzr

erxqgdulhv1 Zkhq wklv lv grqh/ zh jhw Iljxuh 8=

Zkdw lv wkh hfrqrplf lqwxlwlrq ehklqg Iljxuh 8B Vhuylqj doo wkh pdunhw lv

wkh xqltxh htxloleulxp rqo| zkhq f lv vpdoo dqg � lv odujh1 Iru d jlyhq f> d

orzhu � pdnhv vhuylqj sduw ri wkh pdunhw pruh dwwudfwlyh dqg rqo| sduw ri wkh

pdunhw lv vhuyhg1 D uhgxfwlrq lq f> iru d jlyhq �> fdq uhvxow lq prylqj iurp

dq htxloleulxp zkhuh hyhu|rqh lv vhuyhg wr rqh zkhuh rqo| sduw ri wkh pdunhw

lv vhuyhg1 Dv � lqfuhdvhv/ pdunhw vl}h lqfuhdvhv/ dqg vhuylqj wkh zkroh pdunhw

ehfrphv lqfuhdvlqjo| dwwudfwlyh1 Wkxv/ wkh D uhjlrq lv wr wkh uljkw lq Iljxuh 8

zkloh wkh S uhjlrq lv wr wkh ohiw/ dqg E lv lq ehwzhhq1

Lw lv lqwhuhvwlqj wr qrwh wkdw dw prghudwh sduwlflsdwlrq udwhv/ vhuylqj wkh

hqwluh pdunhw lv dq htxloleulxp rqo| iru lqwhuphgldwh ydoxhv ri f$ Uhgxflqj f

fdq pryh |rx wkurxjk uhjlrq S wr E wr D edfn wr E wr S $ Dw erwk kljk dqg

orz frvwv/ rqo| sduw ri wkh pdunhw fdq eh vhuyhg1 Li f lv yhu| kljk/ lw lv vlpso|

qrw ihdvleoh wr vhuyh wkh hqwluh pdunhw1 Dw wkh rwkhu h{wuhph/ li f lv orz/ wkhq
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yhu| olwwoh oderu lv qhhghg wr vhuyh wkh zkroh pdunhw dqg zdjhv duh orz1 Gxh

wr wklv/ wkh sulfh wkdw fdq eh fkdujhg wr wkh zkroh pdunhw lv orz1 Sur�wv iurp

vhuylqj sduw ri wkh pdunhw gr qrw ghshqg rq zdjhv/ vr wkdw wkhvh h{fhhg wkh

sur�wv iurp vhuylqj doo wkh pdunhw dw yhu| orz f> dqg vhuylqj sduw ri wkh pdunhw

lv wkh rqo| htxloleulxp1

Lq hfrqrplfv/ wkhuh lv d suhvxpswlrq wkdw whfkqlfdo surjuhvv lv zhoiduh lp0

surylqj vlqfh lw vkliwv wkh surgxfwlrq srvvlelolw| iurqwlhu rxwzdug dqg lq wkh

devhqfh ri glvwruwlrqv wklv lv zhoiduh lpsurylqj1 D idprxv h{fhswlrq/ lpplvhu0

l}lqj jurzwk/ vhh ^6`/ h{lvwv iru dq rshq hfrqrp|1 Lw rffxuv zkhq whupv ri wudgh

pryh djdlqvw wkh frxqwu| dv d uhvxow ri wkh whfkqlfdo surjuhvv1 Wklv frxog rffxu

li surgxfwlylw| lq wkh h{sruw vhfwru juhz dqg ghpdqg iru h{sruwv zdv uhodwlyho|

lqhodvwlf1 D zhdnhu irup ri wklv/ qdpho| dgyhuvh/ exw qrw lpplvhul}lqj/ whupv ri

wudgh h�hfwv lv srvlwhg iru sulpdu| surgxfw h{sruwhuv e| Suhelvfk dqg Vlqjhu56 1

Nh|qhv yrlfhv vlplodu frqfhuqv lq Hvvd|v lq Shuvxdvlrq ^43`1 Lq wkh hvvd|

�Hfrqrplf Srvvlelolwlhv iru rxu Judqgfkloguhq� �whfkqrorjlfdo xqhpsor|phqw�

lv vhhq dv d frqvhtxhqfh ri surgxfwlylw| lpsuryhphqwv1 Lq klv zrugv �Wkh

lqfuhdvh ri whfkqlfdo h!flhqf| kdv ehhq wdnlqj sodfh idvwhu wkdq zh fdq ghdo zlwk

wkh sureohp ri oderu devruswlrq� dqg �Zh duh ehlqj d"lfwhg zlwk d qhz glvhdvh

ri zklfk vrph uhdghuv pd| qrw |hw kdyh khdug wkh qdph/ exw ri zklfk wkh| zloo

khdu d juhdw ghdo lq wkh |hduv wr frph0qdpho|/ whfkqrorjlfdo xqhpsor|phqw1

Wklv phdqv xqhpsor|phqw gxh wr rxu glvfryhu| ri phdqv ri hfrqrpl}lqj wkh

xvh ri oderu rxwuxqqlqj wkh sdfh dw zklfk zh fdq �qg qhz xvhv iru oderu1�

Krzhyhu/ Nh|qhv uhjdughg vxfk xqhpsor|phqw dv d whpsrudu| skhqrphqrq

uh hfwlqj rxw ri htxloleulxp ehkdylru/ zkloh whfkqrorjlfdo xqghuhpsor|phqw

dulvhv dv dq htxloleulxp skhqrphqrq lq rxu prgho1

56D vfhqdulr lq vflhqfh �fwlrq/ dv lq Nxuw Yrqqhjxw*v �Sod|hu Sldqr�/ lv rqh zkhuh pdfklqhv

duh vr surgxfwlyh wkdw rqo| wkh jliwhg duh hpsor|hg dqg zhoo r� zkloh wkh pdvvhv olyh zlwk

rqo| edvlf frpiruwv1 Wkh uhvxow lv d nlqg ri whfkqrorjlfdo xqghuhpsor|phqw1
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Rxu prgho surylghv vxfk dq h{dpsoh ri lpplvhul}lqj jurzwk lq d forvhg

hfrqrp|1 Vlqfh djhqwv zkr fdq rewdlq wkh lqglylvleoh jrrg duh vwulfwo| ehwwhu

r� wkdq wkrvh zkr fdqqrw/ wrwdo zhoiduh zloo ulvh zkhq doo djhqwv duh vhuyhg1

Krzhyhu/ dv vkrzq deryh/ surgxfwlylw| lpsuryhphqwv lq lqglylvleohv pd| uhvxow

lq ihzhu djhqwv ehlqj vhuyhg lq htxloleulxp1

Sursrvlwlrq 5 Whfkqlfdo lpsuryhphqwv lq lqglylvleohv pd| uhvxow lq d orvv lq

wrwdo zhoiduh1

7 H�hfwv ri Uhglvwulexwlrq

Dq lqwhuhvwlqj dvshfw ri rxu prgho lv wkdw wkh glvwulexwlrq ri lqfrph sod|v d

yhu| lpsruwdqw uroh lq vkdslqj ghpdqg dqg wkh ehkdylru ri �upv157 Li lqfrph lv

uhodwlyho| htxdo dqg wkh hfrqrp| lv txlwh surgxfwlyh/ wkh ghpdqg fxuyh lv yhu|

hodvwlf dqg vhuylqj wkh hqwluh pdunhw ehfrphv dwwudfwlyh1 Wklv zrxog/ ri frxuvh/

udlvh djjuhjdwh zhoiduh dv lw lv dozd|v rswlpdo wr vhuyh doo frqvxphuv jlyhq rxu

dvvxpswlrqv1 Wkxv/ zh jhw d qryho udwlrqdoh iru uhglvwulexwlrq/ qdpho| h!flhqf|$

Lq rwkhu fdvhv/ uhglvwulexwlrq fdq dfwxdoo| kxuw dv lw holplqdwhv wkh pdunhw frp0

sohwho|/ ghvslwh wkhuh ehlqj qr lqfhqwlyh glvwruwlrq lqgxfhg e| uhglvwulexwlrq1

Wklv rffxuv li wkh pdunhw lv vpdoo dqg wkh hfrqrp| lv uhodwlyho| xqsurgxfwlyh581

Wkh lghd wkdw wkh glvwulexwlrq ri lqfrph d�hfwv wkh ghyhorsphqw ri dq hfrq0

rp| lv dq rog rqh1 Wkhuh lv dq rog ghedwh derxw lqhtxdolw| dqg ghyhorsphqw dv

zhoo dv lqhtxdolw| dqg jurzwk1 Rq wkh rqh kdqg/ lq srru frxqwulhv lqhtxdolw|

fuhdwhv d pdunhw iru fhuwdlq nlqgv ri jrrgv1 Rq wkh rwkhu kdqg/ wkh yhu| ulfk fdq

57Wkh lpsruwdqfh ri lqfrph glvwulexwlrq kdv ehhq frqvlghuhg lq wkh olwhudwxuh1 Iru h{dpsoh/

Pxusk|/ Vkohlihu dqg Ylvkq| ^48` dujxh wkdw wklv lv d idfwru lq wkh vxffhvv ri lqgxvwuldol}dwlrq1

Lq wkhlu prgho/ wkh ulfk frqvxph jrrgv zklfk gr qrw kdyh dq| vslooryhuv rq wkh hfrqrp| dqg

gr qrw hqfrxudjh lqgxvwuldol}dwlrq zkloh wkh frqvxpswlrq ri wkh plggoh fodvv grhv kdyh vxfk

vslooryhuv1
58Ri frxuvh/ h{whph lqhtxdolw| lv yhu| edg dv zhoo vlqfh wkh pdunhw vl}h lv vpdoo1 Uhgxflqj

vxfk h{wuhph lqhtxdolw| lv olnho| wr dozd|v eh ehqh�fldo lq rxu vhwxs1 Ixuwkhu uhgxfwlrqv frxog

eh jrrg ru edg dv ghvfulehg khuh1
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rqo| vshqg vr pxfk dqg whqg wr vshqg lw rq wklqjv wkdw kdyh ihz h{whuqdolwlhv1

Pruh uhfhqw prghoolqj ri vxfk lghdv lqfoxghv ^4`/ ^48`/ ^9` dqg ^:`1

Lq rxu prgho/ oderu vxsso| lv wrwdoo| lqhodvwlf1 Wkxv/ wd{lqj lqfrph zloo qrw

kdyh dq| lqfhqwlyh h�hfwv1 Zh zloo dvvxph wkxv/ wkdw wkh jryhuqphqw lpsohphqwv

d wd{ vfkhph zklfk/ iru dq| frpelqdwlrq ri hqgrjhqrxv yduldeohv/ jlyhv doo djhqwv

htxdo zdjh lqfrph1 Dv sur�wv duh dovr htxdoo| glvwulexwhg/ doo djhqwv kdyh wkh

vdph lqfrphv1 Zh zloo dujxh wkdw wkhuh duh uhdvrqv wr eholhyh wkdw frpsohwh

uhglvwulexwlrq lv d �ulfk pdq*v jdph�$ Srru +xqsurgxfwlyh, hfrqrplhv duh kxuw

e| lw/ zkloh ulfk +surgxfwlyh, rqhv jdlq1

Frpsohwh uhglvwulexwlrq pdnhv wkh �upv* fkrlfh d vlpsoh rqh ri hlwkhu vhuylqj

doo ru qrqh ri wkh pdunhw1 Zh zloo vkrz wkdw li wkh lqglylvleoh jrrg vhfwru lv qrw

yhu| surgxfwlyh/ wkdw lv f lv kljk/ wkhq vhuylqj wkh zkroh pdunhw jlyhv qhjdwlyh

sur�wv/ dqg vr qrerg| lv vhuyhg dqg wkh lqglylvleoh jrrg lqgxvwu| ydqlvkhv1

Frpsdulqj wklv rxwfrph wr wkdw sulru wr uhglvwulexwlrq zkhuh dw ohdvw vrph

frqvxphuv zhuh vhuyhg vkrzv wkdw zhoiduh idoov gxh wr uhglvwulexwlrq lq wklv

fdvh1 Krzhyhu/ li f lv orz hqrxjk/ uhglvwulexwlrq pxvw udlvh zhoiduh e| pdnlqj

lw rswlpdo iru �upv wr vhuyh wkhlu hqwluh pdunhwv1

Dyhudjh oderu hduqlqjv lq wkh hfrqrp| duh

z

z]

3

g� .

4]

z

�g� @
4

5
.

z5

5
=

Uhfdoo wkdw wkh zdjh ohyho zkhq doo frqvxphuv duh vhuyhg lv �z @ +�f,4@5= Wkxv/

li hyhu|rqh lv vhuyhg dv d uhvxow ri frpsohwh uhglvwulexwlrq/ wkh dyhudjh oderu

hduqlqj lv 4

5
. �f

5
= Jlyhq wklv lqfrph ohyho/ �upv zloo dvn iru d sulfh ri

S @
4

5
.

�f

5
.

�

5

lq htxloleulxp1 Wkh frvw ri surgxfwlrq lq wkh hfrqrp| lv frqvwdqw dw f= Vlqfh

4:



doo �upv duh vhuylqj wkhlu hqwluh pdunhw/ wkh sur�w ohyho iru hdfk �up lv=

� @ 5�^
4

5
.

�f

5
.

�

5
� f`=

Lq htxloleulxp

� @ � @
5�

4� �
^
4

5
� f+4�

�

5
,`=

Wkxv/ wkh sur�w ohyho lv srvlwlyh rqo| li

f ?
4

5� �
=

Wklv lv ghslfwhg lq Iljxuh 8 e| wkh gdvkhg olqh1 Deryh wklv gdvkhg olqh/

sur�wv duh qhjdwlyh zkhq lqfrph lv uhglvwulexwhg htxdoo|/ vr wkdw wkh pdunhw lv

holplqdwhg1 Qrwh wkdw wklv uhjlrq olhv hqwluho| lq wkh S uhjlrq dqg lq lw frpsohwh

uhglvwulexwlrq kxuwv wkh hfrqrp|59 1 Rq wkh rwkhu kdqg/ lq wkh uhpdlqghu ri

uhjlrq S> uhglvwulexwlrq zloo hqvxuh wkdw hyhu|rqh lv vhuyhg lq htxloleulxp dqg

lpsuryh zhoiduh1

Sursrvlwlrq 6 Dowkrxjk frpsohwh uhglvwulexwlrq pd| lpsuryh zhoiduh/ lw pxvw

uhgxfh lw li surgxfwlylw| lv orz/ dv lv pdunhw vl}h/ wkdw lv/ li f A 4

5��
=

Fohduo|/ wkrvh lqglylgxdov zkrvh surgxfwlylw| lv kljkhu wkdq wkh dyhudjh orvh

gxh wr wkh wudqvihu vfkhph1 Krzhyhu/ li frpsohwh uhglvwulexwlrq uhvxowv lq wkh

ghvwuxfwlrq ri wkh lqglylvleoh jrrg pdunhw/ hyhq lqglylgxdov zkr uhfhlyhg d srv0

lwlyh zhdowk wudqvihu pd| orvh$ Wklv zloo eh wkh fdvh li wkh frpprq lqfrph diwhu

uhglvwulexwlrq5: / 4@5> lv orzhu wkdq wkhlu lqfrph sulru wr uhglvwulexwlrq/ z�. �
�

5
=

Dowkrxjk frpsohwh uhglvwulexwlrq pd| idlo/ ohvv vhyhuh irupv zklfk lqfuhdvh

wkh sursruwlrq ri frqvxphuv zkr duh vhuyhg pd| zrun1 Qrwh wkdw wudqvihuv

erwk iurp wkh yhu| ulfk/ dqg wkh yhu| srru/ wr wkrvh rq wkh yhujh ri ex|lqj wkh

59E| uhyhuvlqj wkh h{shulphqw/ wklv dovr surylghv frqglwlrqv zkhuh fuhdwlqj juhdwhu lqhtxdo0

lw| pd| eh h!flhqw1
5:Wklv kdsshqv li iru h{dpsoh S '

�

e
/ b '

�

2
�

4;



jrrg zrxog whqg wr lqfuhdvh wkh vl}h ri wkh pdunhw1 Ri frxuvh/ wkh uhjuhvvlyh

lpsolfdwlrqv ri vxfk srolflhv pdnh wkhp xqolnho| wr eh xvhg1 D srvvleoh h{dp0

soh ri wkh xvh ri vxfk srolflhv pljkw eh irxqg lq Wxunlvk Klvwru|1 Lw kdv ehhq

dujxhg wkdw diwhu wkh Wxunlvk Uhsxeolf zdv irxqghg lq wkh hduo| 53*v/ fuhdwlqj

d qhz hqwuhsuhqhxuldo fodvv zdv vhhq dv hvvhqwldo iru wkh lqgxvwuldol}dwlrq h�ruwv

lq wkh frxqwu|1 Iru wklv sxusrvh/ khdy| wd{hv zhuh lpsrvhg rq srru dqg plg0

goh lqfrph fodvvhv/ dqg wkhvh wd{ uhyhqxhv duh xvhg wr vxevlgl}h wkh hphujlqj

hqwuhsuhqhxuldo fodvv dv zhoo dv wr errvw wkh frqvxpswlrq ri wkh exuhdxfudwv e|

surylglqj wkhp d kljkhu lqfrph ohyho1 +Vhh +^<`,,1

8 Urexvwqhvv

Wkhuh duh wkuhh glvwruwlrqv lq rxu prgho1 Wkhuh lv d surgxfw pdunhw glvwruwlrq/

d idfwru pdunhw glvwruwlrq/ dqg dq lqglylvlelolw| lq frqvxpswlrq1 Dv �upv kdyh

prqrsro| srzhu/ wrr olwwoh ri wkh lqglylvleoh lv surgxfhg1 Gxh wr wkh idfwru

pdunhw glvwruwlrq/ wrr ihz zrunhuv zrun lq lqglylvleohv1 Ilqdoo|/ wkh lqglylvlelolw|

suhyhqwv srru frqvxphuv iurp ex|lqj vrph ri wkh jrrg vr wkdw lq htxloleulxp

wrr olwwoh ri wkh jrrg lv frqvxphg1

Zh kdyh wkuhh pdlq uhvxowv vr idu dqg wkuhh glvwruwlrqv zklfk frxog eh

uhvsrqvleoh iru wkhp1 Ehorz zh orrn dw krz wkh uhvxowv fkdqjh dv zh uhpryh wkh

glvwruwlrqv rqh e| rqh wr vhh zklfk dvvxpswlrqv vhhp fuxfldo1 Wdeoh 4 surylghv

dq ryhuylhz ri wkh vhqvlwlylw| ri uhvxowv wr dvvxpswlrqv1

Qr SPG Qr IPG Qr Lqglylvlelolw|

Pxowlsoh Htxloleuld \HV QR \HV

Lpplvhul}lqj Jurzwk QR QR QR

Lqfrph Uhglvwulexwlrq \HV \HV QR

4<



814 Surgxfw Pdunhw Glvwruwlrq

Vxssrvh wkdw wkhuh lv qr surgxfw pdunhw glvwruwlrq lq wkh hfrqrp|1 Lq wklv

fdvh/ sulfhv zloo htxdo xqlw frvw/ S @ 5

� @ f> dqg wkh sur�w ohyho zloo eh }hur

iru hdfk �up1 Wkhq/ lqfrph frqvlvwv rqo| ri zdjh hduqlqjv/ dqg doo lqglylgxdov

zkrvh zdjh lqfrph h{fhhgv wkh sulfh zloo sxufkdvh wkh lqglylvleoh jrrg1 Wkh

wrwdo txdqwlw| ghpdqghg zloo ghshqg rq zkhwkhu wkh zdjh ohyho zhdno| h{fhhgv

wkh sulfh zklfk htxdov frvw/ z � f= Li wklv lv vr> wkhq dw d sulfh ri f hyhu|rqh lv

lq wkh pdunhw dqg lq htxloleulxp wkh zkroh pdunhw fdq eh vhuyhg1 Li wkh zdjh

grhv qrw h{fhhg f/ wkhq rqo| sduw ri wkh pdunhw pd| eh vhuyhg1

Zkhq lv sduw ri wkh pdunhw vhuyhg dqg zkhq lv hyhu|rqh vhuyhgB Fdq wkhuh

eh pxowlsoh htxloleuldB Frqvlghu Iljxuh 91 Wkh pd{lpxp ohyho ri ghpdqg lv

5� dv wkh srsxodwlrq lv qrupdol}hg wr O @ 5> dqg dw d sulfh ri xqlw|/ qrwklqj

lv ghpdqghg dv wkh kljkhvw surgxfwlylw| zrunhu pdnhv h{dfwo| wklv1 Wkxv/ wkh

olqh Gg lv jlyhq e|

T @ 5�+4� S ,= +<,

Ghpdqg lv Gg iru sulfhv deryh wkh zdjh lq lqglylvleohv dqg lv 5� iru sulfhv ehorz

wkh zdjh1

Wkh fxuyh z+T, ghslfwv wkh zdjh ohyho dv d ixqfwlrq ri wkh djjuhjdwh txdqwlw|

surgxfhg1 �z jlyhv wkh zdjh qhhghg iru wkh 5� wr eh vxssolhg vr wkdw iurp +6,

�z @ +
5�

�
,4@5 @ +f�,

4@5
= +43,

Orrn dw wkh ghpdqg Gg zkhq sulfh lv vhw dw f= Xvlqj +<, wklv jlyhv

T� @ 5�+4� f,= +44,

Fdoo wkh zdjh qhhghg wr holflw wklv txdqwlw| vxssolhg/ zklfk ri frxuvh lv ohvv wkdq

5�> wr eh z� =

z� @

�
5�+4� f,

�

�4@5

@ +�f+4� f,,
4@5

= +45,
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Iljxuh 9= Htxloleuld Zlwkrxw Pdunhw Srzhu
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Qrwh wkdw z� ? �z vlqfh +4� f, ? 4=

Khqfh/ wkhuh duh wkuhh srvvlelolwlhv= Hlwkhu +d, f A �z A z�> +e, �z � f A z�/

ru +f, �z A z� � f> ru fruuhvsrqglqjo|/ +d, f A �> +e, f
+4�f, A � � f / ru +f,

� � f
+4�f, = Wkhvh fdvh duh ghslfwhg lq Iljxuh 9 sdqhov +d, � +f,= Lq fdvh +d,

vhuylqj sduw ri wkh pdunhw/ surgxflqj T�> dqg kdylqj d zdjh z� lv wkh xqltxh

htxloleulxp1 Surgxflqj iru wkh zkroh pdunhw dqg kdylqj d zdjh �z lv qrw dq

htxloleulxp dv ghpdqg lv ohvv wkdq vxsso|1 Lq fdvh +f,/ � lv kljk dqg vhuylqj

wkh hqwluh pdunhw lv wkh xqltxh htxloleulxp1 Wklv iroorzv iurp qrwlqj wkdw lq

wklv hyhqw zkhq wkh zdjh lv �z> ghpdqg dw f lv 5� +vlqfh sulfh htxdov f zklfk

lv ohvv wkdq erwk �z dqg z�, zklfk htxdov vxsso| dw �z= Wkxv/ d zdjh ri �z dqg

wkh hqwluh pdunhw ehlqj vhuyhg lv dq htxloleulxp1 Vhuylqj sduw ri wkh pdunhw lv

qrw dq htxloleulxp dv li sduw ri wkh pdunhw zdv vhuyhg/ wkhq dw sulfh f> wkh zdjh

qhhghg wr holflw ghpdqg ri T� qdpho| z�> h{fhhgv sulfh1 Khqfh/ dw d sulfh ri

f dqg zdjh ri z�> vxsso| zrxog idoo vkruw ri ghpdqg dqg wklv frxog qrw eh dq

htxloleulxp1 Lq fdvh +e, wkhuh duh wzr htxloleuld= vhuylqj wkh zkroh pdunhw dqg

kdylqj d zdjh ri �z> ru vhuylqj sduw ri wkh pdunhw/ surgxflqj T�> dqg kdylqj d

zdjh z�= Wkh odwwhu lv dq htxloleulxp dv dw d sulfh ri f dqg zdjh ri z�> ghpdqg

lv T� dqg wklv htxdov vxsso|1

Qrwh wkdw wkh pxowlsoh htxloleuld uhvxow uhpdlqv hyhq zlwkrxw surgxfw pdunhw

glvwruwlrqv1 Dovr/ wkdw dv f ulvhv/ zh fdq pryh iurp fdvh +f, wr +e, wr +d, > wkdw

lv/ uhjlrq D wr E wr S> exw qhyhu iurp +d, wr +e, wr +f, = Wkxv/ dq lqfuhdvh lq

f fdq pdnh vhuylqj sduw ri wkh pdunhw wkh htxloleulxp/ ru wkh rqo| htxloleulxp

exw d uhgxfwlrq lq f fdq qhyhu uhvxow lq uhprylqj vhuylqj doo wkh pdunhw dv dq

htxloleulxp1 Wkxv/ lpplvhul}lqj jurzwk lq d forvhg hfrqrp| grhv qrw rffxu lq

wkh devhqfh ri prqrsro| srzhu lq wkh surgxfw pdunhw1

Zkdw derxw wkh h�hfwv ri uhglvwulexwlrq dqg whfkqlfdo fkdqjhB Frpsohwh

uhglvwulexwlrq zrunv xqghu wkh vdph frqglwlrqv dv ehiruh= f ? 4
5�� = Wkhuh zloo
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Iljxuh := Htxloleulxp W|sh Zlwkrxw Pdunhw Srzhu
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eh dq lpsuryhphqw lq wkh htxloleulxp rxwfrph li wkh frpsohwh uhglvwulexwlrq

uhvxowv lq d vzlwfk iurp d sduw vhuyhg htxloleulxp wr dq doo vhuyhg htxloleulxp1

Lq Iljxuh :> wkh duhd deryh wkh gdvkhg olqh lv zkhuh wkh pdunhw ydqlvkhv zlwk

frpsohwh uhglvwulexwlrq1 Lq wklv uhjlrq/ uhglvwulexwlrq kxuwv1 Rq wkh rwkhu kdqg/

rxwvlgh wklv uhjlrq/ lw fdq khos dv lw fdq hqvxuh wkdw doo wkh pdunhw lv vhuyhg5; 1

815 Qr Idfwru Pdunhw Glvwruwlrq

Li wkhuh lv qr glvwruwlrq lq wkh idfwru pdunhw wkhq slhfh udwhv fdq eh sdlg wr

zrunhuv lq doo vhfwruv1 Ohw $ ghqrwh wkh slhfh udwh lq wkh lqglylvleoh vhfwru

+zklfk ri frxuvh wkhq htxdov wkh pdujlqdo dqg dyhudjh frvw lq wkh lqglylvleoh

vhfwru, zkloh wkh slhfh udwh lq wkh glylvleoh vhfwru lv xqlw|1 Li erwk jrrgv duh

surgxfhg/ h�hfwlyh oderu pxvw hduq wkh vdph lq erwk vhfwruv/ wkdw lv

��$ @ � +46,

5; Lw fdq eh vkrzq wkdw zlwk qhxwudo whfkqlfdo surjuhvv lpplvhul}lqj jurzwk fdqqrw rffxu1

Ixuwkhupruh/ qhxwudo whfkqlfdo surjuhvv lv d Sduhwr lpsuryhphqw1
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vr $ @ 4
�
1 Li $ olhv deryh 4

�
/ wkhq doo oderu zloo zrun lq wkh lqglylvleoh jrrg

vhfwru zkloh li olhv ehorz 4
�
/ wkh rssrvlwh rffxuv1 Wkh dqdo|vlv surfhhgv dv ehiruh/

exw zlwk frvwv ri f3 @ 4
�
= Surgxflqj lqglylvleohv zloo eh ihdvleoh li f3 ? 4> l1h1/

� A 4= Krzhyhu/ �upv zloo qhyhu fkrrvh wr vhoo wr wkh zkroh pdunhw dv lw lv qrw

sur�wdeoh wr gr vr1 Li wkh| gr/ wkh| pxvw sulfh dw �
5
dqg lqfxu frvwv ri 4

�
shu

xqlw vr wkdw lqglylgxdo sur�wv duh jlyhq e|=

� @

�
�

5
� f3

�
5�= +47,

Exw dv lqglylgxdo sur�wv htxdo djjuhjdwh rqhv/ wklv lpsolhv sur�wv duh qhjdwlyh$

Wkxv/ �upv dozd|v vhuyh rqo| sduw ri wkhlu pdunhw dqg lw lv lpsrvvleoh wr rewdlq

pxowlsoh htxloleuld1

Qrwh wkdw kdylqj d glvwruwlrq lq wkh idfwru pdunhw pd| lpsuryh wkh htxl0

oleulxp rxwfrph1 Zlwkrxw wkh glvwruwlrq/ vhuylqj wkh hqwluh pdunhw lv qhyhu dq

htxloleulxp/ zkloh zlwk wkh glvwruwlrq/ lw lv dq htxloleulxp iru vrph sdudphwhu

ydoxhv/ dqg vrphwlphv hyhq wkh xqltxh htxloleulxp1 Wkh idfwru pdunhw glvwru0

wlrq pd| doohyldwh wkh glvwruwlrq uhvxowlqj iurp wkh lqglylvlelolw| ri rqh ri wkh

jrrgv1

Lv wklv dvvxpswlrq lpsruwdqw iru wkh rwkhu uhvxowvB Zkdw duh wkh lpsolfd0

wlrqv ri frpsohwho| htxdo lqfrphvB Wkh dyhudjh zdjh lqfrph lq wkh hfrqrp| lv

4@5= Wkxv/ wkh sur�w iurp surgxflqj wkh lqglylvleoh jrrg lv

� @

�
4

5
.
�

5
� f3

�
5�= +48,

Lq htxloleulxp � @ �> dqg � @ �

+4��,
+4�5f3,= Wklv zloo eh srvlwlyh li 4 A 5f3 @ 5

�

zklfk lpsolhv wkdw � A 51 Uhfdoo wkdw wkh frqglwlrq iru dq| surgxfwlrq wr wdnh

sodfh lv � A 41 Wkxv/ li 5 A � A 4> wkhq uhglvwulexwlrq zloo fdxvh wkh lqglylvleoh

jrrg surgxfwlrq wr vwrs frpsohwho|/ dqg lw zloo uhgxfh zhoiduh dv lq wkh fdvh ri

qr idfwru pdunhw glvwruwlrq1
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Ilqdoo|/ zh orrn dw wkh lpsruwdqfh ri wkh dvvxpswlrq ri idfwru pdunhw glv0

wruwlrqv rq wkh zhoiduh h�hfwv ri whfkqlfdo surjuhvv1 Zkhq wkhuh lv qr idfwru

pdunhw glvwruwlrq/ doo lqglylgxdov zloo hduq wkh ydoxh ri zkdw wkh| surgxfh lq

wkh glylvleoh jrrgv vhfwru1 Wkxv/ eldvhg whfkqlfdo surjuhvv grhv qrw d�hfw htxl0

oleulxp zdjhv lq whupv ri glylvleohv/ zkloh lw lqfuhdvhv wkh sur�w ohyho dqg wkh

sursruwlrq ri wkh pdunhw wkdw lv vhuyhg lq htxloleulxp1 Khqfh/ whfkqlfdo surjuhvv

uhvxowv lq d Sduhwr lpsuryhphqw5< 1

816 Qr Lqglylvlelolw|

Lqglylvlelolw| lv fulwlfdo wr rxu fhqwudo uhvxowv1 Lw lv ehfdxvh ri wkh lqglylvlelolw|

wkdw wkhuh lv d glvfrqwlqxlw| lq lqgluhfw xwlolw| dv d ixqfwlrq ri lqfrph1 Gxh

wr wklv lqglylvlelolw|/ frqvxphuv zkr fdqqrw d�rug wkh jrrg duh pxfk zruvh

r� wkdq rqhv zkr fdq1 Li wkh lqglylvleoh jrrg zhuh glylvleoh/ wklv zrxog qrw

rffxu/ dv frqvxphuv zrxog ex| dv pxfk ri wkh lqglylvleoh dv wkh| frxog d�rug

htxdol}lqj pdujlqdo xwlolw| ri wkh �lqglylvleoh� dqg wkh glylvleoh1

Li wkh �lqglylvleoh� jrrg lv glylvleoh/ wkhq wkh sulfh ri wkh jrrg zloo eh htxdo

wr Y / dqg doo lqglylgxdov zloo eh lqgl�huhqw dv wr krz wkh| doorfdwh wkhlu lqfrph

ehwzhhq wkh �lqglylvleoh� jrrg dqg wkh glylvleoh jrrg1 Krzhyhu/ frqvxphuv*

ghflvlrqv rq krz pxfk wr vshqg rq wkh �lqglylvleoh� jrrg zloo d�hfw wkh lqfrph

ohyho1 Dv pruh lv vshqw rq wkh lqglylvleoh wkh lqfrph ohyho zloo lqfuhdvh dqg

wkhuhiruh wkhuh zloo eh pruh wr vshqg1 Lq wklv fdvh/ lw lv srvvleoh wkdw wkhuh

zloo eh d frqwlqxxp ri htxloleuld1 Uhglvwulexwlrq zloo qr orqjhu eh ghvludeoh iru

h!flhqf| uhdvrqv dv lqglylgxdov fdq dozd|v sxufkdvh sduw ri wkh jrrg1

5<Qhxwudo whfkqlfdo surjuhvv zloo lqfuhdvh zdjhv lq whupv ri glylvleohv dv zhoo dv lqglylvleohv

dqg zloo iru vlplodu uhdvrqv dovr uhvxow lq d Sduhwr lpsuryhphqw1
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9 Frqfoxglqj Uhpdunv

Lq wklv sdshu zh vkrzhg wkdw zkhq frxsohg zlwk oderu dqg surgxfw pdunhw

glvwruwlrqv/ lqglylvlelolwlhv pd| ohdg wr pxowlsoh htxloleuld lq erwk surgxfw dqg

idfwru pdunhwv/ wkdw eldvhg whfkqlfdo surjuhvv frxog uhgxfh zhoiduh/ dqg wkdw

uhglvwulexwlrq wrzdug htxdolw| frxog kdyh ghvwuxfwlyh h�hfwv1

Yduldqwv ri wklv prgho fdq h{sodlq vhyhudo rwkhu skhqrphqd1 Lq Nulvkqd

dqg \dydv +5334d, dvvxplqj wkdw wkh lqglylvleoh jrrg lv d frqvxphu gxudeoh zh

vkrz wkdw hqgrjhqrxv exvlqhvv f|fohv duh jhqhulfdoo| surgxfhg1 Lq Nulvkqd dqg

\dydv +5334e,/ zh dujxh wkdw iuhh wudgh pd| qrw eh rswlpdo ehfdxvh ri jhqhudo

htxloleulxp �lqfrph vkliwlqj� lq wkhvh prghov1

Uhihuhqfhv

^4` Edqhumhh/ Deklmlw Y1/ dqg Dqguhz I1 Qhzpdq1 +4<<6,1 �Rffxsdwlrqdo

Fkrlfh dqg wkh Surfhvv ri Ghyhorsphqw/� Mrxuqdo ri Srolwlfdo Hfrqrp|/

434+5,/ ss1 5:705<;1

^5` Eduvn|/ Urehuw/ dqg Jdu| Vrorq1 +4<;<,1 �Uhdo Zdjhv ryhu wkh Exvlqhvv

F|foh�1 QEHU Zrunlqj Sdshu 5;;;/ Pdufk/ 4<;<1

^6` Ekdjzdwl/ Mdjglvk1 +4<8;,1 �Lpplvhul}lqj1 Jurzwk= D Jhrphwulf Qrwh/�

Uhylhz ri Hfrqrplf Vwxglhv/ 58/ Mxqh 4<8;1

^7` Frrshu/ Uxvvhoo/ dqg Dqguhz Mrkq1 +4<;;,1 �Frruglqdwlqj Frruglqdwlrq

Idloxuhv lq Nh|qhvldq Prghov� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yroxph

436/ Qr1 6/ Dxjxvw/ ss1 77407961

^8` Frrshu/ Uxvvhoo1 +4<<<,1 �Frruglqdwlrq Jdphv= Frpsohphqwdulwlhv dqg

Pdfurhfrqrplfv�/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ Qhz \run/

Phoerxuqh1
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^9` Jdoru/ Rghg/ dqg Mrvhsk ]hlud1 +4<<6,1 �Lqfrph Glvwulexwlrq dqg Pdfurh0

frqrplfv/� Uhylhz ri Hfrqrplf Vwxglhv/ 93+4,/ Mdqxdu|/ ss1 680851

^:` Jdoru/ Rghg dqg Rphu Prdy1 +4<<<,1 �Iurp Sk|vlfdo wr Kxpdq Fdslwdo

Dffxpxodwlrq= Lqhtxdolw| lq wkh Surfhvv ri Ghyhorsphqw� Plphr/ Kheuhz

Xqlyhuvlw| ri Mhuxvdohp1

^;` Mh�huvrq/ Jdu|1 +4<<<,1 �Plvvlqj Pdunhw lq Oderu Txdolw|= Wkh Uroh ri

Txdolw| Pdunhwv lq Wudqvlwlrq/� Zlooldp Gdylgvrq Lqvwlwxwh Zrunlqj Sdshu

Qr1 593/ Xqlyhuvlw| ri Plfkljdq1

^<` Nh|ghu/ Fdjodu1 +4<;:,1 �Vwdwh dqg Fodvv lq Wxunh|= D Vwxg| lq Fdslwdolvw

Ghyhorsphqw� Yhuvr1

^43` Nh|qhv/ Mrkq Pd|qdug1 +4<64,1 �Hvvd|v lq Shuvxdvlrq� Yroxph L[ ri wkh

FroohfwhgZulwlqjv ri Mrkq Pd|qdug Nh|qhv/ Fkdswhu Y+5, �Hfrqrplf Srv0

vlelolwlhv iru Rxu Judqgfkloguhq� +4<63,/ ss1 65406651

^44` Nulvkqd/ Ndod/ dqg Fhploh \dydv1 +5334d,1 �Gxudeoh Jrrgv dqg Hqgrjh0

qrxv F|fohv�

^45` Nulvkqd/ Ndod/ dqg Fhploh \dydv1 +5334e,1 �Wudgh lq Lqglylvleohv� Plphr1

^46` Pdwvx|dpd/ Nlplqrul1 +4<<8,1�Frpsohphqwdulwlhv dqg Fxpxodwlyh Sur0

fhvvhv lq Prghov ri Prqrsrolvwlf Frpshwlwlrq/� Mrxuqdo ri Hfrqrplf Olw0

hudwxuh/ +Mxqh 4<<8,/ ss1 :340:5<1

^47` Pxusk|/ Nhylq P1/ Dqguhl Vkohlihu/ dqg Urehuw Z1 Ylvkq|1 +4<;<,1 �Lqgxv0

wuldol}dwlrq dqg wkh Elj Sxvk/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ ss14336043591

^48` Pxusk|/ Nhylq P1/ Dqguhl Vkohlihu/ dqg Urehuw Z1 Ylvkq|1 +4<;<,1�Lq0

frph Glvwulexwlrq/ Pdunhw Vl}h dqg Lqgxvwuldol}dwlrq� Txduwhuo| Mrxuqdo

ri Hfrqrplfv/ FLY/ Dxjxvw/ ss1 86:08971

5:



^49` Qj/ \hz0Nzdqj1 +4<98,1 �Zk| gr Shrsoh Ex| Orwwhu| WlfnhwvB Fkrlfhv

Lqyroylqj Ulvn dqg wkh Lqglylvlelow| ri H{shqglwxuh/� Mrxuqdo ri Srolwlfdo

Hfrqrp|/ :6/ ss1 86308681

: Dsshqgl{= Fdofxodwlrqv

Zkhq wkh zkroh pdunhw lv vhuyhg wkh rxwsxw ohyho lv htxdo wr 5�> wkh prqrsrolvw

vhuylqj lwv hqwluh pdunhw dvnv d sulfh ri s @ z . �

5
> dqg pdnhv wkh sur�wv ri

��+�> z, @ 5�^z .
�

5
� f`= +49,

Li doo �upv duh vhuylqj wkhlu hqwluh pdunhwv/ e| +6, wkh htxloleulxp zdjh lv

z @ +�f,4@5= +4:,

Vxevwlwxwlqj +4:, lq +49, dqg vhwwlqj ��+��> �z, @ �� jlyhv63 =

�� @
5�f4@5

4� �
^�4@5 � f4@5`= +4;,

Vlploduo|/

��+=, @ +4 .
�

5
�

t

5�
� f,t=

Wkh pd{lpl}hg ydoxh ri sur�wv lv rewdlqhg dw

t�+�, @ �+4 .
�

5
� f, +4<,

Wkh ydoxh ixqfwlrq iru wklv sureohp lv

��+�, @
�

5
+4 .

�

5
� f,5=

Vhwwlqj lqglylgxdo sur�wv htxdo wr djjuhjdwh rqhv jlyhv64

�� @
7

�
� 5+4� f,�

7

�
^4� �+4� f,`4@5= +53,

63Qrwh wkdw iru S D b wklv lv qrq srvlwlyh/ vr wkdw wkh hqwluh pdunhw fdq eh vhuyhg rqo|

ehorz wkh eD
f olqh lq Iljxuh D1

64Dowkrxjk wkhuh duh wzr vroxwlrqv wr wklv txdgudwlf htxdwlrq/ wkh srvlwlyh urrw lv lqihdvleoh

dv lw lpsolhv rxwsxw ohyhov deryh 2b�

5;



Ilqdoo|/ wr fdofxodwh ��+��> z�, zh �uvw qhhg wr fdofxodwh z�= E| vxevwlwxw0

lqj +53, lqwr +4<, zh jhw wkh wrwdo rxwsxw ohyho lq d sduw vhuyhg htxloleulxp

dv

T� @ �+
5

�
�

5

�
^4� �+4� f,`4@5, +54,

Vxevwlwxwlqj wkh rxwsxw ohyho +54, lqwr +6, dqg qrwlqj wkdw � @ 5

f > zh jhw

z� @ +
�f

5
+
5

�
�

5

�
^4� �+4� f,`4@5,,4@5= +55,

Vxevwlwxwlqj +55, lqwr +49, dqg hydoxdwlqj lw dw z @ z� dqg � @ �� jlyhv=

��+��> z�, @ 5�^+f+4�4^4��+4�f,`4@5,,4@5.
5

�
�4�

5

�
^4��+4�f,`4@5` +56,

Qh{w/ zh vhw �� @ ��+��> z�, dqg �� @ �� lq rughu wr �qg wkh erxqgdulhv

ehwzhhq uhjlrqv1 Xvlqj pdsoh wr sorw wkhvh htxdolwlhv/

5�++f+4� 4+4� �+4� f,,4@5,,4@5 .
5

�
� 4�

5

�
+4� �+4� f,,4@5,

@
7

�
� 5+4� f,�

7

�
+4� �+4� f,,4@5>

dqg

7

�
� 5+4� f,�

7

�
+4� �+4� f,,4@5 @

5�f4@5

4� �
+�4@5 � f4@5,

zh rewdlq wkh iroorzlqj=

5<


