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Devwudfw

Zh vkrz krz d vwdelolw| sdfw edvhg rq gh�flw vdqfwlrqv holplqdwhv wkh h{dfhuedwlrq ri

ghew dffxpxodwlrq wkdw pd| dulvh iurp prqhwdu| xql�fdwlrq1 Pruhryhu/ e| pdnlqj

vdqfwlrqv frqwlqjhqw xsrq wkh hfrqrplf vlwxdwlrq ri frxqwulhv/ wkh vwdelolw| sdfw

surylghv iru ulvn vkdulqj1 Gl�huhqfhv lq lqlwldo ghew ohyhov/ krzhyhu/ uhgxfh wkh vfrsh

iru xqdqlprxv vxssruw iru d sdfw1 Zh lqwurgxfh dovr hqgrjhqrxv ��vfdo glvflsolqh�

zkrvh xqrevhuydelolw| ohdgv wr prudo kd}dug lq lwv surylvlrq1 Li frxqwulhv duh h{

dqwh lghqwlfdo/ lw lv qhyhuwkhohvv rswlpdo wr pdnh vdqfwlrqv dw ohdvw wr vrph h{whqw

frqwlqjhqw rq frxqwulhv* hfrqrplf vlwxdwlrq1 Krzhyhu/ zlwk furvv0frxqwu| gl�huhqfhv

lq wkh frvwv ri surylglqj glvflsolqh/ vrph frxqwulhv pd| rssrvh vxfk frqwlqjhqf|1

Nh|zrugv= Vwdelolw| sdfw> prqhwdu| xqlrq> sxeolf ghew> ulvn vkdulqj> �vfdo glvfl0

solqh1

MHO Frghv= H75/ H94/ I661

�Wkdqnv duh gxh wr vhplqdu sduwlflsdqwv dw wkh LPI/ wkh Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh

V|vwhp dqg dw wkh FHSU*v Hxurshdq Vxpphu V|psrvlxp lq Pdfurhfrqrplfv iru wkhlu khosixo frpphqwv

rq dq hduolhu yhuvlrq ri wklv sdshu1 Wkh xvxdo glvfodlphu dssolhv1 Sduwv ri wklv sdshu zhuh zulwwhq zkloh
Ehhwvpd zdv ylvlwlqj wkh Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh| dqg Mhqvhq zdv ylvlwlqj wkh Fhqwhu iru

Ilqdqfldo Vwxglhv +Xqlyhuvlw| ri Iudqnixuw,1 Erwk dxwkruv wkdqn wkhlu krvwv iru wkhlu krvslwdolw| dqg
vwlpxodwlqj uhvhdufk hqylurqphqwv1 Ehhwvpd wkdqnv wkh Gxwfk Vflhqfh Irxqgdwlrq +QZR, iru �qdqfldo

vxssruw +judqw qr1 7330:3034824406,1 Mhqvhq wkdqnv HSUX iru �qdqfldo vxssruw +dfwlylwlhv ri HSUX duh

�qdqfhg e| d judqw iurp Wkh Gdqlvk Qdwlrqdo Uhvhdufk Irxqgdwlrq,1 Wkh ylhzv h{suhvvhg lq wklv sdshu
gr qrw qhfhvvdulo| uhsuhvhqw wkrvh ri wkh Gxwfk Plqlvwu| ri Hfrqrplf D�dluv1

|Pdlolqj dgguhvv= Plqlvwu| ri Hfrqrplf D�dluv/ Hfrqrplf Srolf| Gluhfwrudwh +DHS,/ S1R1 Er{ 53434/
5833 HF Wkh Kdjxh/ Wkh Qhwkhuodqgv +skrqh= .64 :3 6 :< 93 :;> id{= .64 :3 6 :< :3 4;> h0pdlo=

U1EhhwvpdCplqh}1qo,1
}Pdlolqj dgguhvv= Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/ Vwxglhvwudhgh 9/ GN04788 Frshq0

kdjhq N/ Ghqpdun +skrqh= .78 68 65 63 76> id{= .78 68 65 63 33> h0pdlo= Khquln1MhqvhqChfrq1nx1gn,1



41 Lqwurgxfwlrq

Wkh �Vwdelolw| dqg Jurzwk Sdfw� +VJS,/ zklfk zdv frqfoxghg dw wkh Dpvwhugdp Vxpplw

lq Mxqh 4<<:/ lv lqwhqghg wr vwuhqjwkhq wkh H{fhvvlyh Gh�flw Surfhgxuh iru frxqwulhv sdu0

wlflsdwlqj lq wkh Hxurshdq Prqhwdu| Xqlrq +HPX,1 Lq sduwlfxodu/ wkh VJS pdnhv pruh

suhflvh wkh wlph vfkhgxoh iru wkh Surfhgxuh dv zhoo dv wkh vdqfwlrqv wkdw zloo eh lpsrvhg

rq frxqwulhv wkdw ylrodwh wkh Gh�flw Fulwhulrq1 Xqghu wkh VJS/ frxqwulhv wkdw uxq dq

h{fhvvlyh gh�flw +l1h1/ d gh�flw lq h{fhvv ri wkh uhihuhqfh ydoxh ri 6 shufhqw ri JGS,/ �uvw

kdyh wr pdnh d qrq0lqwhuhvw ehdulqj ghsrvlw1 Wkh ghsrvlw zloo eh wxuqhg lqwr d �qh li

wkh frxqwu| shuvlvwv lq uxqqlqj h{fhvvlyh gh�flwv1 Wkh vpdoohvw �qh lv 315 shufhqw ri JGS

dqg lw lqfuhdvhv e| 314 shufhqw iru hdfk shufhqwdjh srlqw e| zklfk wkh gh�flw h{fhhgv wkh

uhihuhqfh ydoxh1 Wkh vdqfwlrqv zloo eh zdlyhg rqo| xqghu yhu| vshfldo flufxpvwdqfhv1 Wklv

lv wkh fdvh li uhdo JGS kdv idoohq e| 5 shufhqw lq d |hdu1 Lq wkh fdvh ri d idoo ri JGS e|

ehwzhhq 31:8 shufhqw dqg 5 shufhqw/ wkh jryhuqphqw kdv wr dujxh wkdw wkh ylrodwlrq ri wkh

H{fhvvlyh Gh�flw Fulwhulrq zdv gxh wr idfwruv eh|rqg lwv rzq frqwuro14

Exgjhwdu| uhvwulfwlrqv ri wkh w|sh dgyrfdwhg e| wkh VJS kdyh ehhq fulwlflvhg iru/ dw

ehvw/ ehlqj xqqhfhvvdu| dqg/ dw zruvw/ ehlqj frxqwhusurgxfwlyh +vhh Exlwhu hw do1/ 4<<6,1

Vrph frpphqwdwruv dujxh wkdw wkh| duh xqqhfhvvdu|/ ehfdxvh fdslwdo pdunhwv fdq gr wkh

mre ri glvflsolqlqj jryhuqphqwv htxdoo| zhoo e| udlvlqj wkh suhplxp rq wkh lqwhuhvw wr eh

sdlg rq wkh jryhuqphqw ghew1 Wkhuh lv lqghhg vrph hylghqfh iru wkh X1V1 vwdwhv wkdw wkh

ulvn suhplxp rq vwdwh ghew lv lqfuhdvlqj lq wkh dprxqw ri ghew rxwvwdqglqj +vhh Ed|rxpl

hw do1/ 4<<8,1 Krzhyhu/ zkhwkhu wklv lqfhqwlyh lv vwurqj hqrxjk wr ghwhu jryhuqphqwv/ dqg

hvshfldoo| p|rslf jryhuqphqwv/ iurp ryhueruurzlqj lv dq hpslulfdo pdwwhu15 Uhvwulfwlrqv

duh wkrxjkw wr eh frxqwhusurgxfwlyh ehfdxvh wkh| whqg wr eh sduwlfxoduo| vhyhuh rq frxq0

wulhv zkrvh hfrqrplhv duh lq uhfhvvlrq1 Vxfk frxqwulhv whqg wr uxq d uhodwlyho| kljk gh�flw/

dqg lpsrvlqj vdqfwlrqv rq wkhp iru grlqj vr zrxog djjudydwh wkhlu vlwxdwlrq1

Wklv frxqwhusurgxfwlylw| lv klqwhg dw lq Ehhwvpd dqg Xkolj +4<<<,/ zkr dqdo|vh d

irupdo/ exw kljko| vw|olvhg/ prgho ri wkh VJS1 Lq wklv sdshu/ zh h{whqg wklv dqdo|vlv

lqwr d ydulhw| ri gluhfwlrqv/ sd|lqj sduwlfxodu dwwhqwlrq wr krz wr ryhufrph wkh srvvleoh

frxqwhusurgxfwlylw| ri d vwdelolw| sdfw +d sdfw wkdw pd| rwkhuzlvh eh qhfhvvdu| dv fdslwdo

pdunhwv fdqqrw suhyhqw ryhueruurzlqj lq rxu vhwxs,1 Dv lq Ehhwvpd dqg Xkolj +4<<<,/

4Wkh H{fhvvlyh Gh�flw Surfhgxuh dqg wkh VJS duh ghvfulehg lq pruh ghwdlo lq/ iru h{dpsoh/ Duwlv dqg
Zlqnohu +4<<;,/ Exwl dqg Vdslu +4<<;,/ Hlfkhqjuhhq dqg Z|sorv} +4<<;, dqg Jurv dqg Wk|jhvhq +4<<;,1

5Rqh pd| qrwh wkdw klvwrulfdo hylghqfh rq dq hduo| hslvrgh ri Hxurshdq prqhwdu| frrshudwlrq � wkh
jrog vwdqgdug xs xqwlo Zruog Zdu L � vxjjhvwv wkdw wkh pdunhw0edvhg shqdow| rq lqwhuhvw udwhv sdlg e|

kljko|0lqghewhg frxqwulhv zdv wrr orz= �111lw fdqqrw eh uholhg xsrq h{foxvlyho| wr surylgh eruurzhuv zlwk

dssursuldwh lqfhqwlyhv� +Iodqguhdx hw do1/ 4<<;/ s1 47;,1
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jryhuqphqwv idfh uh0hohfwlrq xqfhuwdlqw| dqg dv d frqvhtxhqfh wkh| lvvxh wrr pxfk ghew1

Wklv lv ehfdxvh dq| uhvrxufhv ohiw iru wkh ixwxuh pd| eh vshqw e| dqrwkhu jryhuqphqw

rq sxeolf jrrgv wkdw duh qrw ydoxhg e| wkh fxuuhqw jryhuqphqw1 Wkh uhvxowlqj ghew +ru

gh�flw, �eldv� lv wr vrph h{whqw nhsw lq fkhfn ehfdxvh kljkhu ghew fdxvhv kljkhu ixwxuh

lq dwlrq1 Krzhyhu/ lq d prqhwdu| xqlrq wkh lq dwlrqdu| h�hfwv ri d xqlodwhudo lqfuhdvh lq

sxeolf ghew duh rqo| sduwo| lqwhuqdolvhg/ zklfk h{dfhuedwhv wkh ghew eldv1 Dq dssursuldwh

vwdelolw| sdfw fdq fruuhfw wklv dgglwlrqdo ghew eldv1

Lq frqwudvw wr Ehhwvpd dqg Xkolj +4<<<,/ lq wklv sdshu wkh vdqfwlrqv iru uxqqlqj d

wrr orrvh exgjhwdu| srolf| duh pdgh ghshqghqw xsrq wkh fxuuhqw hfrqrplf vlwxdwlrq ri d

frxqwu|1 Wklv khosv wr ryhufrph wkh sureohp wkdw d vwdelolw| sdfw djjudydwhv wkh vlwxdwlrq

ri d frxqwu| wkdw lv douhdg| lq d suhfdulrxv vlwxdwlrq ehfdxvh lw kdv ehhq klw e| d edg

hfrqrplf vkrfn1 Vshfl�fdoo|/ wklv lv dfklhyhg e| pdnlqj wkh uhihuhqfh gh�flw ohyhov/ deryh

zklfk frxqwulhv sd| d �qh/ frqwlqjhqw rq wkh hfrqrplf vlwxdwlrq1 Pruhryhu/ wklv frqwlq0

jhqf| dssolhv qrw mxvw lq yhu| vshfldo flufxpvwdqfhv dv zrxog eh wkh fdvh zlwk wkh dfwxdo

VJS16 Zh wkhq vkrz wkdw e| vhohfwlqj wkh dssursuldwh h{whqw wr zklfk vdqfwlrqv duh vkrfn

frqwlqjhqw/ d vwdelolw| sdfw fdq dfwxdoo| surylgh iru shuihfw ulvn vkdulqj ri lglrv|qfudwlf

hfrqrplf vkrfnv/ zkloh vwloo ghwhuulqj jryhuqphqwv iurp lvvxlqj wrr pxfk ghew rq dyhudjh1

Li doo frxqwulhv duh +h{ dqwh, lghqwlfdo/ wkhq wkhlu jryhuqphqwv xqdqlprxvo| djuhh rq

d sdfw= wkh| vljq d sdfw wkdw fruuhfwv wkh dgglwlrqdo ghew eldv dulvlqj iurp prqhwdu|

xql�fdwlrq dqg wkdw vlpxowdqhrxvo| surylghv iru shuihfw ulvn vkdulqj1 Zkhq frxqwulhv kdyh

gl�huhqw lqlwldo ghew srvlwlrqv/ wkhuh pd| eh glvdjuhhphqw derxw wkh suhihuuhg sdfw1 Txlwh

sdudgr{lfdoo|/ frxqwulhv zlwk kljk lqlwldo ghew zloo eh pruh lq idyrxu ri vdqfwlrqv wkdq

orz0ghew frxqwulhv1 Wkh uhdvrq lv wkdw wkh iruphu jurxs ri frxqwulhv lv irufhg wr uxq orzhu

gh�flwv dq|zd|/ ehfdxvh ri wkh lqwhuwhpsrudo jryhuqphqw exgjhw frqvwudlqw1

Li wkh hfrqrplf vlwxdwlrq ri d frxqwu| lv dovr d�hfwhg e| wkh �glvflsolqh� h{huwhg e|

lwv jryhuqphqw/ dqg lq vxfk d zd| wkdw glvflsolqh dqg h{rjhqrxv hfrqrplf vkrfnv duh qrw

vhsdudwho| revhuydeoh/ wkhq frqwlqjhqw vdqfwlrqv pd| ohdg wr prudo kd}dug1 �Glvflsolqh�

lv d fdwfk0doo whup wkdw/ iru h{dpsoh/ lqfoxghv d vwulfwhu prqlwrulqj ri wkh kdqglqj rxw ri

ehqh�wv dqg vwuxfwxudo uhirup ri wkh hfrqrp| +ghuhjxodwlrq/ hwfhwhud,17 Li vxfk glvflsolqh

lv srolwlfdoo| frvwo| +h1j1 ehfdxvh lw pd| ohdg wr sxeolf rssrvlwlrq,/ jryhuqphqwv zloo kdyh

dq lqfhqwlyh qrw wr h{huw vx!flhqw glvflsolqh ehfdxvh wkh| nqrz wkdw wkh| zloo/ dw ohdvw

6Wkdw wkhvh flufxpvwdqfhv zrxog lqghhg eh yhu| vshfldo lv vxssruwhg e| wkh �qglqjv ri Hlfkhqjuhhq
dqg Z|sorv} +4<<;,1 Wkh| uhsruw wkdw iru wkh jurxs ri RHFG frxqwulhv gxulqj wkh shulrg 4<880<9/ rqo|

lq vhyhq lqvwdqfhv glg d frxqwu| h{shulhqfh d idoo lq JGS vr odujh wkdw vdqfwlrqv zrxog dxwrpdwlfdoo| eh
zdlyhg1

7Khqfh/ lq wklv sdshu/ pruh glvflsolqh lv qrw v|qrq|prxv zlwk orzhu gh�flwv +ru ghew,/ dowkrxjk/ fhwhulv

sdulexv/ lw zloo eh hdvlhu wr nhhs gh�flwv orz li glvflsolqh lv kljk1
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sduwo|/ eh frpshqvdwhg iru d edg hfrqrplf vlwxdwlrq e| qhw wudqvihuv iurp deurdg18 Khqfh/

lq udlvlqj wkh ghjuhh ri frqwlqjhqf| ri wkh vdqfwlrqv wr wkh revhuyhg hfrqrplf vlwxdwlrq d

wudgh0r� lv pdgh ehwzhhq lqfuhdvhg prudo kd}dug dqg hqkdqfhg ulvn vkdulqj19

Zlwk xqrevhuydeoh glvflsolqh/ zh vkrz wkdw li doo frxqwulhv duh h{ dqwh lghqwlfdo/ lw lv

rswlpdo wr pdnh vdqfwlrqv dw ohdvw wr vrph h{whqw frqwlqjhqw rq wkh revhuyhg hfrqrplf

vlwxdwlrq1 Li frxqwulhv duh h{ dqwh gl�huhqw/ wkhq wkrvh wkdw kdyh wkh vwurqjhvw surfolylw|

wrzdugv glvflsolqh vx�hu prvw iurp wkh vslooryhuv fdxvhg e| prudo kd}dug lq rwkhu frxqwulhv

dqg wkh| pd| wkhuhiruh uhixvh wr vljq d vwdelolw| sdfw zlwk vdqfwlrqv frqwlqjhqw rq wkh

frxqwulhv* hfrqrplf vlwxdwlrqv1 Wklv pd| h{sodlq zk|/ lq sudfwlfh/ wkh vdqfwlrqv lpsrvhg

xqghu wkh VJS duh vxssrvhg wr eh oliwhg rqo| lq yhu| vshfldo flufxpvwdqfhv1

Wkh olwhudwxuh rq wkh VJS/ dqg exgjhwdu| uxohv lq jhqhudo/ lv jurzlqj udslgo|1 Djhoo

hw do1 +4<<9, dovr dqdo|vh d prgho/ gl�huhqw iurp rxuv/ lq zklfk phpehuvkls ri HPX

pd| ohdg wr dq lqfuhdvh lq �vfdo gh�flwv1 Wklv ohdgv wkhp wr dujxh lq idyrxu ri uhvwulfwlqj

�vfdo srolf|1 Plohvl0Ihuuhwwl +4<<;, dqdo|vhv uhvwulfwlrqv rq gh�flwv lq d prgho lq zklfk

jryhuqphqwv kdyh wkh srvvlelolw| wr klgh sduw ri wkhlu vshqglqj +�fuhdwlyh dffrxqwlqj�,1

Uhvwulfwlrqv rq gh�flwv vkrxog wkhq eh hyhq wljkwhu lq rughu wr r�vhw sduw ri wkh h�hfwv ri

fuhdwlyh dffrxqwlqj1 Rwkhu uhodwhg zrun lv e| Fkdul dqg Nhkrh +4<<:, zkr h{soruh wkh

qhhg iru ghew uhvwulfwlrqv lq d wzr0frxqwu| prgho ri prqhwdu| xqlrq1 Jlrydqqhwwl hw do1

+4<<:, h{whqg wkhlu prgho e| doorzlqj iru gl�huhqfhv lq lqlwldo ghew ohyhov dqg/ wkhuhiruh/

gl�huhqfhv lq wkh prvw suhihuuhg prqhwdu| srolf| dfurvv frxqwulhv1 Rxu prgho gl�huv lq d

qxpehu ri lpsruwdqw uhvshfwv iurp wkh prghov hpsor|hg e| Fkdul dqg Nhkrh +4<<:, dqg

Jlrydqqhwwl hw do1 +4<<:,1 Iluvw/ lq frqwudvw wr wkhvh prghov/ wkh ghew +ru gh�flw, eldv lq

rxu prgho dulvhv iurp d srolwlfdo glvwruwlrq1 Vhfrqg/ dv lq Ehhwvpd dqg Xkolj +4<<<,/ wkh

exgjhwdu| uxohv lq rxu prgho wdnh wkh irup ri judgxdwhg sxqlvkphqwv udwkhu wkdq uljlg

wdujhwv ru fhlolqjv rq wkh sxeolf ghew1 Ilqdoo|/ zh doorz dovr iru vwrfkdvwlf vkrfnv dqg iru

hqgrjhqrxv glvflsolqh wr lq xhqfh wkh h�hfwv ri wkh vkrfnv1

Wkh uhpdlqghu ri wklv sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh edvlf prgho1

Lq Vhfwlrq 6 zh ghprqvwudwh krz d zhoo0ghvljqhg vwdelolw| sdfw lq zklfk vdqfwlrqv duh

frqwlqjhqw rq vkrfnv fdq surylgh iru ulvn vkdulqj/ zkloh vwloo ehlqj deoh wr uhgxfh wkh ghew

eldv1 Vhfwlrq 7 lqwurgxfhv xqrevhuydeoh glvflsolqh lqwr wkh prgho1 Wklv xqrevhuydelolw|

jlyhv ulvh wr prudo kd}dug lq h{huwlqj glvflsolqh/ zklfk uhqghuv d sdfw zlwk vdqfwlrqv

8Wkh srwhqwldo iru prudo kd}dug lq uhglvwulexwlyh vfkhphv lq jhqhudo kdv/ ri frxuvh/ ehhq uhfrjqlvhg
iru d orqj wlph> vhh/ h1j1/ ydq ghu Sorhj +4<<4, dqg Z|sorv} +4<<4, lq uhodwlrq wr Hxurshdq prqhwdu|

xql�fdwlrq1 Wr wkh ehvw ri rxu nqrzohgjh/ krzhyhu/ rxu sdshu lv wkh �uvw irupdo dqdo|vlv ri wkh lvvxh lq
wkh frqwh{w ri d prqhwdu| xqlrq zlwk d vwdelolw| sdfw

9Vhh Shuvvrq dqg Wdehoolql +4<<9, iru d vlplodu wudgh0r� lq d prgho zlwk orfdo dqg ihghudo �vfdo dx0

wkrulwlhv/ dqg lq zklfk lqvxudqfh surylghg e| wkh odwwhu ohdgv wr �ulvn|� dfwlrqv e| wkh iruphu1
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frqwlqjhqw rq wkh revhuyhg hfrqrplf vlwxdwlrq ri d frxqwu| ohvv dwwudfwlyh1 Vhfwlrq 8

frqfoxghv wkh pdlq erg| ri wkh sdshu1

51 Wkh edvlf prgho

Wkhuh duh wzr shulrgv/ � dqg 2/ dqg ? � � frxqwulhv1 Qdwlrqdo prqhwdu| srolf|pdnlqj

fruuhvsrqgv wr wkh vshfldo fdvh ri ? ' �/ zkloh prqhwdu| xqlrq fruuhvsrqgv wr ? :

�1 Xqohvv h{solflwo| vwdwhg rwkhuzlvh/ lq wkh vhtxho zh dvvxph wkdw ? : �1 Xqghu d

xqlrq/ prqhwdu| srolf| lv fhqwudolvhg/ zkloh �vfdo srolf| lv frqgxfwhg dw wkh qdwlrqdo ohyho1

Frxqwulhv duh dvvxphg wr eh lghqwlfdo erwk lq wkhlu hfrqrplf dqg srolwlfdo vwuxfwxuh dqg

lq wkhlu suhihuhqfhv1 Hdfk frxqwu| kdv wzr srolwlfdo sduwlhv/ I dqg J1

Zh iroorz Dohvlqd dqg Wdehoolql +4<<3, lq dvvxplqj wkdw wkh wzr sduwlhv gl�hu lq whupv

ri wkhlu suhihuhqfhv iru wkh frpsrvlwlrq ri sxeolf vshqglqj1 Lq sduwlfxodu/ sduw| I dwwdfkhv

xwlolw| rqo| wr wkh surylvlrq ri d sxeolf jrrg fdoohg 8 / zkloh sduw| J rqo| fduhv derxw

sxeolf jrrg C1 Txdolwdwlyho| vshdnlqj/ wklv srodulvdwlrq ri suhihuhqfhv zloo eh zlwkrxw dq|

frqvhtxhqfh iru rxu uhvxowv1 Krzhyhu/ lw zloo hdvh h{srvlwlrq1 Wkh xwlolwlhv ri wkh sduwlhv

I dqg J lq frxqwu| � duh jlyhq e|/ uhvshfwlyho|/

L8� E�� ' H
k
�Es��� n �Es2��� Z2*E2��

l
c +4,

LC� E�� ' H
k
�E}��� n �E}2��� Z2*E2��

l
c +5,

zkhuh s|� � f dqg }|� � f/ uhvshfwlyho|/ duh vshqglqj rq sxeolf jrrgv 8 dqg C lq shulrg

|1 Sduwlhv dovr fduh derxw lq dwlrq/ Z/ erwk zkhq wkh| duh lq dqg rxw ri r!fh1 Lq dwlrq

lv ghwhuplqhg lq wkh vhfrqg shulrg +vhh ehorz,1 Sdudphwhu � : f lv wkh +lqyhuvh ri, wkh

ghjuhh ri lq dwlrq dyhuvlrq1 Ixuwkhupruh/ Hd�o lv wkh h{shfwdwlrqv rshudwru frqglwlrqdo

rq wkh lqirupdwlrq dydlodeoh dw wkh vwduw ri wkh jdph1 Ixqfwlrq � lv wzlfh frqwlqxrxvo|

gl�huhqwldeoh zlwk �� : f dqg ��� 	 f1 Iru frqyhqlhqfh/ zh dvvxph wkdw �Ef� ' f1 Qrwh

wkdw zh devwudfw iurp glvfrxqwlqj> wklv lv zlwkrxw dq| frqvhtxhqfhv iru wkh uhvxowv1

Wkh exgjhw frqvwudlqwv ri wkh jryhuqphqw lq frxqwu| �/ ;�/ lq shulrgv � dqg 2 duh/

uhvshfwlyho|/

s�� n }�� ' � n "� n K�� � Kf� � �
�
_�� � 7_��

�
n �

?3�

?[
�'�c� �'�

�
_�� � 7_��

�
c +6,

s2� n }2� ' �� E� n Ze � Z�K�� � �
�
_2� � 7_2�

�
n �

?3�

?[
�'�c� �'�

�
_2� � 7_2�

�
� +7,

Lq hdfk shulrg/ jryhuqphqwv uhfhlyh dq h{rjhqrxv hqgrzphqw ri �1 Iluvw0shulrg uhvrxufhv/
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krzhyhu/ duh klw e| "� zklfk lv d phdq0}hur vkrfn zlwk erxqghg vxssruw d"uc "
L o/ "u 	

f 	 "L / dqg yduldqfh j21: Xqohvv h{solflwo| vwdwhg rwkhuzlvh/ wkh vkrfnv duh dvvxphg wr eh

xqfruuhodwhg/ l1h1/ Hd"�"�o ' fc ;�c � G � 9' �1 Wkh lqlwldo dprxqw ri ghew lq frxqwu| � lv jlyhq

e| Kf�/ zkloh K�� lv wkh dprxqw ri ghew rxwvwdqglqj dw wkh hqg ri shulrg �1 Zh dvvxph wkdw

Kf� � fc ;��

Wklv lv wkh prvw uhdolvwlf fdvh/ hvshfldoo| zkhq wkh prgho lv glvfxvvhg lq wkh frqwh{w ri

HPX1 Zh h{foxgh wkh srvvlelolw| ri ghew ghidxow dqg dvvxph wkdw dw wkh hqg ri shulrg 2 doo

ghew lv sdlg r�/ l1h1/ K2� ' f1 Doo ghew lv vlqjoh0shulrg/ qrplqdo jryhuqphqw ghew vrog rq wkh

zruog fdslwdo pdunhw1 Zh dvvxph wkdw wkh h{0dqwh uhdo lqwhuhvw udwh/ zklfk lv h{rjhqrxvo|

ghwhuplqhg rq wkh zruog fdslwdo pdunhw/ lv }hur1 Wklv lv zlwkrxw dq| frqvhtxhqfhv iru rxu

uhvxowv1 Yduldeoh Ze lv wkh vxemhfwlyh/ lq htxloleulxp udwlrqdo/ h{shfwdwlrq wkdw lqyhvwruv

lq jryhuqphqw erqgv irup derxw wkh xqlrq0zlgh lq dwlrq udwh1 Khqfh/ iru lqyhvwruv wr eh

zloolqj wr krog jryhuqphqw erqgv/ wkh qrplqdo lqwhuhvw udwh pxvw htxdo Ze1 Wkh h{0srvw

uhdo lqwhuhvw udwh wkhuhiruh iroorzv dv Ze � Z1;

Wkh qh{w0wr0odvw whupv duh judgxdwhg �qhv +ru uhzdugv, dvvrfldwhg zlwk jryhuqphqw

gh�flwv/ _|� � K|� � K|3�c�/ uh hfwlqj wkh suhvhqfh ri vrph �H{fhvvlyh Gh�flw Surfhgxuh�

zkhqhyhu � : f1 Lq wklv surfhgxuh/ 7_|� vhuyhv dv d uhihuhqfh ohyho iru frxqwu| �*v gh�flw1 Li

_|� : 7_|�/ jryhuqphqw � sd|v d �qh �E_|� � 7_|�� lq shulrg |1 Rq wkh rwkhu kdqg/ li _|� 	 7_|�/

jryhuqphqw � uhfhlyhv d uhzdug htxdo wr ��E_|�� 7_|��1 Qrwh wkdw/ lq frqwudvw wr wkh dfwxdo

VJS/ wkh vfkhph lv qrw glvfrqwlqxrxv exw lqyroyhv d frqvwdqw pdujlqdo frvw ri gh�flwv dw

doo gh�flw ohyhov1 Pruh lpsruwdqwo|/ dqg dovr lq frqwudvw wr wkh dfwxdo VJS/ zh dvvxph wkdw

lq shulrg � wkh uhihuhqfh gh�flw ohyho ghshqgv rq wkh uhvrxufh vkrfn1 Krzhyhu/ lq shulrg

2/ lw lv frqvwdqw/ ehfdxvh wkhuh lv qr vkrfn lq wkdw shulrg=

7_�� ' 7_� B"� dqg 7_2� ' 7_c +8,

zkhuh B lv zkdw zh zloo whup wkh ghjuhh ri vkrfn frqwlqjhqf|1< Li B : f/ wkhq/ lq uhvsrqvh

:Zkhqhyhu uhohydqw/ wkh vxssruw ri �l lv lpsolflwo| dvvxphg wr eh vx!flhqwo| uhvwulfwhg wkdw sxeolf
vshqglqj fdqqrw eh qhjdwlyh lq htxloleulxp1

;Rxu dlp lv wr vwxg| wkh ehkdylrxu ri jryhuqphqwv zkhq d prqhwdu| xqlrq kdv douhdg| ehhq iruphg
dqg dvvhvv wkh h�hfwv ri srwhqwldo gl�huhqfhv lq frxqwulhv* lqlwldo frqglwlrqv zkhq wkh xqlrq wdnhv r�1

Lqlwldo ghew ohyhov duh wkxv wdnhq dv jlyhq1 Lq wkdw fdvh/ lqwurgxflqj lq dwlrq lq wkh �uvw shulrg dovr grhv

qrw dgg pxfk lq whupv ri qhz lqvljkw1 Iluvw0shulrg lq dwlrq zrxog d�hfw wkh uhdo uhwxuq rq lqlwldo ghew
+dvvxplqj wkdw wkh lqlwldo ghew lv qrplqdo,1 Lpsolflwo|/ zh wkhq dvvxph wkdw wkh lqyhvwruv* h{shfwdwlrq

derxw �uvw0shulrg lq dwlrq zdv fruuhfw zkhq wkh lqlwldo vwrfn ri sxeolf ghew zdv lvvxhg1 Wkhuhiruh/ wkh

uhdolvhg qhw uhwxuq rq lqlwldo ghew lv }hur1
<Lqwurgxflqj d uhvrxufh vkrfn lq wkh vhfrqg shulrg dovr/ dqg pdnlqj �g5l frqwlqjhqw rq wklv vkrfn zrxog
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wr d edg vkrfn/ l1h1 "� 	 f/ wkh uhihuhqfh gh�flw ohyho 7_�� lv udlvhg/ vr wkdw iru d jlyhq gh�flw/

_��/ wkh jryhuqphqw sd|v d orzhu �qh +ru uhfhlyhv d odujhu vxevlg|,1 Wklv fdswxuhv wkh lghd

wkdw jryhuqphqwv lq vhyhuh �vfdo glvwuhvv vkrxog eh sxqlvkhg ohvv vhyhuho| iru uxqqlqj d

jlyhq gh�flw1 Ylfh yhuvd/ lq uhvsrqvh wr d jrrg vkrfn/ "� : f/ wkh uhihuhqfh gh�flw ohyho lv

orzhuhg1

Wkh �qdo whupv rq wkh uljkw0kdqg vlghv ri +6, dqg +7, duh wkh uhedwhv wr frxqwu| � ri

wkh �qhv sdlg e| wkh rwkhu xqlrq phpehuv1 Wkh vxp ri wkh �qhv dqg wkh uhedwhv ryhu doo

frxqwulhv lv }hur lq hdfk shulrg1 Qrwh wkdw wkhvh uhedwhv surylgh frxqwulhv zlwk orz gh�flwv

zlwk dq lqwhuhvw lq wkh h{0srvw hqirufhphqw ri wkh sdfw rq rwkhu frxqwulhv1 Krzhyhu/ pdq|

grxew wkdw wkh VJS zloo eh vwulfwo| hqirufhg lq sudfwlfh +h1j1/ vhh Exlwhu dqg Vlehuw/ 4<<:,1

Qhyhuwkhohvv/ lq zkdw iroorzv/ zh dvvxph wkdw wkh vdqfwlrqv lpsolflw lq +6,0+7, duh ixoo|

fuhgleoh1 Wkh idfw wkdw vdqfwlrqv xqghu wklv vfkhph duh judgxdoo| lqfuhdvlqj lq wkh vl}h ri

wkh gh�flw pd| ohqg lw pruh fuhglelolw| wkdq wkh dfwxdo VJS/ zkrvh glvfrqwlqxrxv qdwxuh

frxog ohdg wr orvv ri srolwlfdo suhvwljh +�vwljpdwlvdwlrq�, ri wkrvh frxqwulhv wkdw duh vxemhfw

wr vdqfwlrqv dqg wkhuhiruh wr vwurqjhu srolwlfdo suhvvxuhv iru qrw lpsrvlqj wkhp1

D Frpprq Fhqwudo Edqn +FFE, vhwv prqhwdu| srolf| iru wkh hqwluh xqlrq1 Iru vlp0

solflw|/ zh dvvxph wkdw wkh FFE frqwurov wkh lq dwlrq udwh gluhfwo|1 Xqghu �frpsohwh

lqghshqghqfh/� lwv remhfwlyh lv wr pd{lplvh �Z2*E2��1 Wklv zrxog uh hfw wkh vslulw ri wkh

Pddvwulfkw Wuhdw|/ zklfk vwlsxodwhv wkdw sulfh vwdelolw| eh wkh ryhuulglqj jrdo iru wkh Hxur0

shdq Fhqwudo Edqn +HFE,1 Krzhyhu/ pdq| frpphqwdwruv grxew wkdw lq sudfwlfh wkh HFE

zloo eh dv lqghshqghqw dv lw lv rq sdshu143 Wkhuhiruh/ zh frqvlghu wkh fdvh lq zklfk wkh

FFE lv qrw frpsohwho| lqghshqghqw1 Wkh dvshfw ri lqghshqghqfh wkdw kdv uhfhlyhg prvw

dwwhqwlrq lq wkh Pddvwulfkw Wuhdw| lv wkdw wkh HFE vkrxog eh lqvxodwhg iurp suhvvxuhv wr

edlo rxw frxqwulhv lq exgjhwdu| sureohpv1 Dffruglqjo|/ lq rxu prgho/ wkh ghjuhh ri lqgh0

shqghqfh ri wkh FFE lv ghwhuplqhg e| wkh h{whqw wr zklfk wkh FFE lv deoh wr ljqruh wkh

jryhuqphqwv* exgjhwdu| srvlwlrqv144 Pruh vshfl�fdoo|/ wkh FFE dwwdfkhv d uhodwlyh zhljkw

f � b � � wr lwv remhfwlyh xqghu frpsohwh lqghshqghqfh dqg d uhodwlyh zhljkw �� b wr wkh

dyhudjh dprxqw ri uhvrxufhv dydlodeoh wr wkh jryhuqphqwv lq shulrg 2 +l1h1/ zkhq lq dwlrq

lv ghflghg,1 Wkh FFE*v remhfwlyh ixqfwlrq lv wkhq jlyhq e|

qrw dgg pxfk lqvljkw wr wkh dqdo|vlv1 Iru vlpsolflw|/ zh wkhuhiruh doorz iru �uvw0shulrg vkrfnv rqo|1
43Vhh/ iru h{dpsoh/ Wkh Hfrqrplvw/ Mdqxdu| 58/ 4<<:/ phqwlrqlqj �ryhuw Iuhqfk h�ruwv wr vhw xs d

srolwlfdo frxqflo wr wudfn/ ru jxlgh/ wkh vxssrvhgo| lqghshqghqw Hxurshdq +Fhqwudo, edqn� +s1 58,1
44Dv zloo eh fohdu ehorz/ rxu prgho lv wkxv lq frqfhuw zlwk Hlfkhqjuhhq dqg Z|sorv} +4<<;, zkr lq

uhodwlrq wr prqhwdu| xql�fdwlrq lq Hxursh vwdwh= �Wkh prvw frpshoolqj dujxphqw iru wkh Vwdelolw| Sdfw lv

dv h{wud surwhfwlrq iru wkh HFE iurp suhvvxuh iru dq lq dwlrqdu| ghew edlorxw� +s1 :4,1
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zkhuh k � E��b��*b � f/ dqg zkhuh wloghv deryh yduldeohv ghqrwh furvv0frxqwu| dyhudjhv1

Iru h{dpsoh/ �K� � �

?

S?
�'� K��1 Wkhuhiruh/ b ' � ru/ htxlydohqwo|/ k ' f fruuhvsrqgv wr

dq h{wuhpho| lqghshqghqw FFE zklfk lv deoh wr frpplw wr }hur lq dwlrq/ zkloh b 	 � ru

k : f fruuhvsrqgv wr d FFE zklfk wr vrph h{whqw lv yxoqhudeoh wr srolwlfdo suhvvxuhv iurp

wkh jryhuqphqwv ri wkh phpehu frxqwulhv1

61 Ghew srolf| dqg ulvn vkdulqj wkurxjk d vwdelolw| sdfw

Wkh wlplqj lq wkh prgho lv dv iroorzv1 Zlwkrxw dq| orvv ri jhqhudolw|/ lw lv dvvxphg

wkdw sduw| I lv lq srzhu lq shulrg � lq hdfk frxqwu|1 Iluvw/ d vwdelolw| sdfw lv vljqhg1

Wkhq/ wkh vkrfnv "�/ ;�/ rffxu1 Diwhu wklv/ hdfk jryhuqphqw lvvxhv ghew/ K��/ ;�/ wdnlqj

dv jlyhq wkh dprxqwv ri ghew lvvxhg e| wkh rwkhu jryhuqphqwv/ dqg lq dwlrq h{shfwdwlrqv

duh ghwhuplqhg1 Dw wkh vdph wlph/ �uvw0shulrg �qhv duh sdlg dqg uhglvwulexwhg/ dqg �uvw0

shulrg sxeolf vshqglqj wdnhv sodfh145 Wkh vhfrqg shulrg vwduwv zlwk wkh hohfwlrq ri wkh

qhz jryhuqphqw1 Lq hdfk frxqwu| wkh lqfxpehqw jryhuqphqw lv dvvxphg wr eh uh0hohfwhg

zlwk suredelolw| f � R 	 �1 Ilqdoo|/ wkh FFE vhohfwv wkh lq dwlrq udwh/ vhfrqg0shulrg �qhv

duh sdlg dqg uhglvwulexwhg/ dqg vhfrqg0shulrg sxeolf vshqglqj wdnhv sodfh1

Wkh htxloleulxp ri wkh prgho lv irxqg e| edfnzdugv lqgxfwlrq1 Wkh FFE wdnhv wkh

h{shfwhg lq dwlrq udwh dqg wkh dyhudjh dprxqw ri ghew lvvxhg lq shulrg � dv jlyhq dqg

pd{lplvhv +9, ryhu Z1 Wklv |lhogv

Z ' k�K�� +:,

Khqfh/ lq dwlrq lv sursruwlrqdo wr wkh dyhudjh ghew ohyho lq wkh xqlrq1 Ehfdxvh lq dwlrq

h{shfwdwlrqv � dqg wkxv wkh qrplqdo lqwhuhvw udwh � duh jlyhq/ wkhq/ dv orqj dv wkhuh duh

srolwlfdo suhvvxuhv rq wkh FFE +l1h1/ k : f,/ d kljkhu dyhudjh xqlrq ghew ohyho surylghv d

vwurqjhu lqfhqwlyh iru wkh FFE wr udlvh wkh lq dwlrq udwh/ vr dv wr uhgxfh uhdo ghew0vhuylflqj

frvwv1

Qrz/ frqvlghu wkh ghflvlrq sureohp ri wkh �uvw0shulrg jryhuqphqw/ zklfk wkxv lv iruphg

e| sduw| I1 Ehfdxvh ghew lv vhohfwhg diwhu wkh vkrfnv kdyh pdwhuldolvhg/ exw ehiruh wkh

45Zkhwkhu zh irupxodwh wkh jryhuqphqwv* ghflvlrq sureohp lq whupv ri fkrrvlqj ghewv ru gh�flwv lv
luuhohydqw1 Iru frqyhqlhqfh/ zh vwlfn wr wkh iruphu1 Krzhyhu/ zkhwkhu wkh irupxodwlrq ri wkh vdqfwlrqv lv

lq whupv ri ghewv ru gh�flwv lv qrw luuhohydqw1

:



xqfhuwdlqw| derxw wkh lghqwlw| ri wkh vhfrqg0shulrg jryhuqphqw lv uhvroyhg/ wkh �uvw0shulrg

jryhuqphqw pd{lplvhv=

�Es��� n R�Es o
2� �� Z2*E2��c +;,

zkhuh s�� lv wkh uljkw0kdqg vlgh ri +6,/ zkloh s o
2� lv gh�qhg dv vshqglqj rq jrrg 8 li sduw|

I lv uh0hohfwhg1 Lw lv jlyhq e| wkh uljkw0kdqg vlgh ri +7, zlwk wkh udwlrqdo0h{shfwdwlrqv

uhtxluhphqw Ze ' Z vxevwlwxwhg146 Wklv remhfwlyh ixqfwlrq wdnhv lqwr dffrxqw wkdw/ lq dq|

jlyhq shulrg/ doo sxeolf vshqglqj zloo idoo rq wkh sxeolf jrrg suhihuuhg e| wkh sduw| wkdw

kdsshqv wr eh lq r!fh lq wkdw shulrg1

Vxevwlwxwlqj +8, dqg _|� � K|��K|3�c� +| ' �c 2, lqwr +6, dqg +7,/ zlwk Ze ' Z vxevwlwxwhg/

dqg uhzulwlqj |lhogv/

s�� ' � n�"n�K� � �Kf n
�

?
?3�

� � �
� k�

�K� � K��
�
�
�
�Kf � Kf�

�l
n
�

?
?3�

�B � �
�
E�"� "�� c +<,

s o
2� ' �� �K� n

�
�� ?

?3�
�
� �

�K� � K��
�
� +43,

Lq wkh vhtxho/ zh frqvlghu rqo| sxqlvkphqw vfkhphv wkdw lpso| wkdw wkh h�hfw ri dq lqfuhdvh

lq lqglylgxdo ghew eh|rqg wkh dyhudjh ghew ohyho grhv qrw ohdg wr d uhgxfwlrq lq �uvw0shulrg

vshqglqj1 Wkdw lv/ zh uhvwulfw dwwhqwlrq wr

f � � � ?3�

?
� +44,

Zh h{foxgh qhjdwlyh ydoxhv ri B/ ehfdxvh wkh| lpso|/ iru d jlyhq gh�flw/ d ixuwkhu

wljkwhqlqj ri wkh vdqfwlrqv lq uhvsrqvh wr d edg vkrfn1 Lq uhdolw|/ wklv zrxog vxuho| eh

srolwlfdoo| xqdffhswdeoh1 Dovr/ zh dvvxph wkdw/ luuhvshfwlyh ri wkh ydoxh ri � dgplwwhg

e| +44,/ wkh lqgluhfw h�hfw rq sxeolf vshqglqj ri d fkdqjh lq wkh uhihuhqfh gh�flw ohyho lq

uhvsrqvh wr d edg vkrfn grhv qrw rxwzhljk wkh gluhfw h�hfw ri wkh vkrfn1 Khqfh/ zh lpsrvh

wkh iroorzlqj uhvwulfwlrq rq B=

f � B � �� +45,

Qrz/ vxevwlwxwh +:,/ +<, dqg +43, lqwr +4,1 Hdfk jryhuqphqw wkhq pd{lplvhv +;, zlwk

uhvshfw wr K��/ wdnlqj dv jlyhq doo rwkhu frxqwulhv* ghew ohyhov1 Zh dvvxph +lpsolflwo|,

wkdw wkh ixqfwlrq � dqg wkh prgho sdudphwhuv duh vxfk wkdw jryhuqphqwv gr qrw kdyh

dq lqfhqwlyh wr lvvxh pruh ghew wkdq wkh| fdq srvvleo| uhsd| dw wkh hqg ri shulrg 51

46Zkhq wkh| vhohfw wkh dprxqw ri ghew wkh| zdqw wr lvvxh/ �uvw0shulrg jryhuqphqwv wdnh lqwr dffrxqw
wkdw/ lq htxloleulxp/ lq dwlrq h{shfwdwlrqv duh udwlrqdo dqg/ khqfh/ wkdw wkh| dgmxvw zlwk wkh dprxqw ri

ghew wkdw lv lvvxhg1

;



Iru h{dpsoh/ lq wkh devhqfh ri gh�flw vdqfwlrqv/ lqlwldo ghew dqg vwrfkdvwlf vkrfnv/ d

vx!flhqw frqglwlrq iru wklv lv wkdw ��E2� 	 R��Ef�1 Wkh +qhfhvvdu| dqg vx!flhqw, �uvw0

rughu frqglwlrqv fdq wkhq eh zulwwhq dv

�� Es��� E�� �� ' R�� Es o
2� � E�� �� n k2�K�* E�?� c ;�c +46,

zlwk s�� dqg s o
2� jlyhq e|/ uhvshfwlyho|/ +<, dqg +43,1 Frqglwlrq +46, kdv d qdwxudo lq0

whusuhwdwlrq1 Jryhuqphqwv vhohfw �uvw0shulrg ghew vr dv wr htxdwh wkh pdujlqdo jdlq ri

dgglwlrqdo �uvw0shulrg sxeolf vshqglqj ^wkh ohiw0kdqg vlgh ri +46,` zlwk wkh dvvrfldwhg h{0

shfwhg pdujlqdo frvw lq wkh vhfrqg shulrg ^wkh uljkw0kdqg vlgh ri +46,`1 Wklv pdujlqdo frvw

lv wkh vxp ri wkh h{shfwhg orvv lq whupv ri orzhu vhfrqg0shulrg sxeolf frqvxpswlrq dqg

wkh orvv iurp kljkhu ixwxuh lq dwlrq1

Hdfk �uvw0rughu frqglwlrq +46, lpsolflwo| fkdudfwhulvhv wkh rswlpdo fkrlfh ri K�� dv d

ixqfwlrq ri Kf�/ wkh dyhudjh ghew ohyho lq wkh xqlrq/ wkh frpprq vkrfn frpsrqhqw/ �"/ dqg

wkh frxqwu|*v lglrv|qfudwlf vkrfn frpsrqhqw/ �" � "�1 Frpelqhg/ wkhvh uhdfwlrq ixqfwlrqv

fkdudfwhulvh wkh htxloleulxp �uvw0shulrg dyhudjh ghew ohyho/ zklfk lqvhuwhg edfn lqwr hdfk

uhdfwlrq ixqfwlrq doorzv xv wr fkdudfwhulvh wkh jryhuqphqwv* Qdvk htxloleulxp fkrlfhv ri

K��/ ;�1

Lq wkh iroorzlqj vxe0vhfwlrqv zh h{dplqh lq pruh ghwdlo wkh pdlq ihdwxuhv ri wkh htxl0

oleulxp lpsolhg e| +46, vr dv wr kljkoljkw wkh srwhqwldo lqh!flhqflhv wkdw pd| eh fruuhfwhg

e| dq dssursuldwh vwdelolw| sdfw1 Krzhyhu/ �uvw zh vwdwh wzr ohppdwd wkdw duh xvhixo iru

wkh hqvxlqj dqdo|vlv=

Ohppd 41 Vxssrvh wkdw dq htxloleulxp h{lvwv1 Li � 	 ?3�

?
/ wkh htxloleulxp lv xqltxh1 Li

� ' ?3�

?
dqg "� ' �"/ ;�/ dq lq�qlw| ri htxloleuld h{lvw/ exw sxeolf vshqglqj ohyhov lq erwk

shulrgv/ wkh dyhudjh ghew ohyho dqg/ khqfh/ h{shfwhg �uvw0shulrg jryhuqphqwv* xwlolwlhv duh

wkh vdph dfurvv doo wkhvh htxloleuld dqg dfurvv doo frxqwulhv1

Surri1 Vhh Dsshqgl{ D1

Ohppd 51 Ohw Kf� ' �Kf/ ;�/ dqg "� ' �"/ ;�1 Vxssrvh wkdw dq htxloleulxp h{lvwv1 Li

� 	 ?3�

?
/ wkh htxloleulxp lv v|pphwulf/ l1h1/ K�� ' �K�/ ;�1

Surri1 E| Ohppd 4 wkh htxloleulxp lv xqltxh1 Jxhvv wkdw wkh htxloleulxp lv v|pphwulf

dqg vxevwlwxwh K�� ' �K� lqwr +46,/ ;�1 Iru doo �/ wklv uhgxfhv wr wkh vdph frqglwlrq/ zklfk

fdq eh vroyhg iru �K�1
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6141 Lghqwlfdo lqlwldo ghew ohyhov dqg lghqwlfdo vkrfnv

Iluvw/ zh frqvlghu wkh vlwxdwlrq lq zklfk frxqwulhv kdyh lghqwlfdo lqlwldo ghew ohyhov/ l1h1/

Kf� ' �Kfc ;�/ dqg duh klw e| d frpprq vkrfn/ l1h1/ "� ' �"/ ;�1 Iru wkh uhpdlqghu ri wklv

vxevhfwlrq/ lw zloo suryh xvhixo �uvw wr ghwhuplqh wkh vroxwlrq wkdw zrxog eh fkrvhq e|

d +frqvwudlqhg, sodqqhu zkr wdnhv wkh shuvshfwlyh ri vrph �uvw0shulrg jryhuqphqw dqg

fkrrvhv wkh rswlpdo K�� ' �K�c ;� +zh rqo| qhhg wr frqvlghu v|pphwulf htxloleuld � vhh

ehorz,1 Wklv surylghv d ehqfkpdun iru wkh fdvh lq zklfk wkh jryhuqphqwv duh lqyroyhg

lq d Qdvk jdph/ vxemhfw wr d vwdelolw| sdfw/ zkhq vhohfwlqj ghew1 D vwdelolw| sdfw zloo eh

rswlpdo iurp wkh shuvshfwlyh ri d �uvw0shulrg jryhuqphqw li lw lpsolhv wkh sodqqhu*v fkrlfh

ri �K� iru dq| jlyhq uhdolvdwlrq ri �"1

Vxevwlwxwlqj +<,/ +43, dqg +:, lqwr +4, dqg dvvxplqj wkdw K�� ' �K�c ;�/ rqh rewdlqv d

�uvw0shulrg jryhuqphqw*v xwlolw| dv d ixqfwlrq ri �K�=

�
�
� n�"n�K� � �Kf

�
n R�

�
�� �K�

�
�
�
k�K�

�2
* E2�� � +47,

Wklv h{suhvvlrq lv d vwulfwo| frqfdyh ixqfwlrq ri �K�1 Khqfh/ hdfk �uvw0shulrg jryhuqphqw

zrxog suhihu wkh ghew ohyho �K� ' �KW� wkdw vroyhv

��
�
� n�"n�K� � �Kf

�
' R��

�
�� �K�

�
n k2�K�*�� +48,

Qrz uhwxuq wr wkh Qdvk jdph lq zklfk wkh jryhuqphqwv vhohfw wkhlu ghew lq d ghfhq0

wudolvhg idvklrq1 Ohppdwd 4 dqg 5 lpso| wkdw li lqlwldo ghew ohyhov dqg vkrfnv duh wkh

vdph dfurvv frxqwulhv/ wkhq K�� ' �K�c ;�/ dqg s�� ' � n �" n �K� � �Kf dqg s o
2� ' � � �K�/ ;�1

Khqfh/ d �uvw0shulrg jryhuqphqw*v xwlolw| lv jlyhq e| +47,1 Wkhuhiruh/ d vwdelolw| sdfw wkdw

lpsolhv �K� ' �KW� zloo eh rswlpdo iurp wkh shuvshfwlyh ri hdfk ri wkh lqglylgxdo �uvw0shulrg

jryhuqphqwv1

Zh vkdoo qrz fkdudfwhulvh wkh Qdvk htxloleulxp ghew srolflhv +zklfk pd|/ ri frxuvh/ eh

vxerswlpdo, iru d jlyhq vwdelolw| sdfw1 Dvvxplqj wkdw dq htxloleulxp h{lvwv/ zh vwxg| wkh

h�hfwv rq ghew ri ydu|lqj wkh prgho*v sdudphwhuv1 Wkh uhvxowv duh rewdlqhg e| lpsolflw

gl�huhqwldwlrq ri +46, durxqg d v|pphwulf htxloleulxp1 Zh ghihu wkh surriv wr Dsshqgl{

H +dydlodeoh xsrq uhtxhvw, dqg irfxv rq wkh lqwxlwlrq khuh1 Iluvw/ zh h{dplqh wkh fdvh

zlwkrxw vkrfnv1 Wkhq/ zh frqvlghu vkrfnv wkdw duh wkh vdph dfurvv frxqwulhv1

Lq wkh devhqfh ri vkrfnv/ rqh kdv=

Uhvxow +l,= Ohw "� ' fc ;�c dqg Kf� ' �Kfc ;�1 Lq dgglwlrq/ dvvxph wkdw � ' f1 Wkhq/

+d, Li �Kf ' f dqg R $ �c wkhq K�� ' f/ ;�1
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+e, D idoo lq R lpsolhv d kljkhu K��/ ;�1 Li k : f/ YK��*Y? : f/ ;�1

Li wkh lqfxpehqw jryhuqphqw lv fhuwdlq derxw uh0hohfwlrq +R $ �,/ wkhq/ lq wkh devhqfh

ri vkrfnv dqg lqlwldo ghew/ lw kdv qr lqfhqwlyh wr lvvxh ghew dqg dydlodeoh uhvrxufhv duh

htxdoo| edodqfhg dfurvv wkh wzr shulrgv1

Krzhyhu/ wkh pruh lqwhuhvwlqj fdvh lv zkhq wkhuh lv xqfhuwdlqw| derxw uh0hohfwlrq1 Wklv

xqfhuwdlqw| lqfuhdvhv wkh olnholkrrg wkdw ixwxuh uhvrxufhv zloo eh vshqw e| wkh rwkhu sduw| rq

wkh jrrg wkdw wkh lqfxpehqw dwwdfkhv qr xwlolw| wr1 Lq d vhqvh/ wkh lqfxpehqw*v �h�hfwlyh�

glvfrxqw idfwru lv uhgxfhg e| wkh xqfhuwdlqw| derxw wkh hohfwlrq rxwfrph1 Wklv ohdgv wr dq

lqfuhdvh lq �uvw0shulrg sxeolf vshqglqj dqg ghew1 Wklv �srolwlfdo glvwruwlrq� surylghv wkh

udwlrqdoh iru wkh vwdelolw| sdfw lq wkh prgho= wkh lqfuhdvh lq ghew dv d uhvxow ri jryhuqphqwv

qrw ehlqj vxuh derxw uh0hohfwlrq lv h{dfhuedwhg lq d prqhwdu| xqlrq zlwk d FFE wkdw lv

rqo| sduwldoo| lqghshqghqw +l1h1/ k : f,1 Wklv iroorzv e| Sduw +e,/ zklfk vwdwhv wkdw ghew

dffxpxodwlrq lv lqfuhdvlqj lq wkh qxpehu ri xqlrq sduwlflsdqwv1 Wkh uhdvrq lv wkdw d odujhu

xqlrq uhgxfhv wkh h�hfw ri dq lqglylgxdo frxqwu|*v ghew srolf| rq wkh frpprq/ xqlrq0zlgh

lq dwlrq udwh1 Khqfh/ wkh lqfhqwlyh wr uhvwudlq ghew dffxpxodwlrq iru wkh sxusrvh ri nhhslqj

ixwxuh lq dwlrq orz lv zhdnhu lq d odujhu xqlrq +vhh dovr Ehhwvpd dqg Eryhqehuj/ 4<<</ dqg

Ehhwvpd dqg Xkolj/ 4<<<,147 Dyhudjh ghew dffxpxodwlrq dqg lq dwlrq wkhuhiruh lqfuhdvh

zlwk wkh vl}h ri wkh xqlrq1 Wklv lv wkh uhvxow ri d w|slfdo qrq0frrshudwlyh lqh!flhqf|/48 dv

hdfk lqglylgxdo jryhuqphqw ljqruhv wkh qhjdwlyh lqwhuqdwlrqdo h{whuqdolwlhv iurp lwv rzq

dfwlrqv1 Wkh lqh!flhqf| fdq eh revhuyhg lpphgldwho| e| frpsdulqj +46, dqg +48, dqg

frqfoxglqj wkdw wkh ydoxh ri K�� ' �K� wkdw vroyhv +46, lv vwulfwo| odujhu +li ? : �, wkdq wkh

rqh wkdw vroyhv +48,1

Dv Uhvxow +l, ghprqvwudwhv/ lqfrpsohwh FFE lqghshqghqfh lpsolhv pruh ghew dffxpx0

odwlrq xqghu d xqlrq +l1h1/ ? : �, wkdq zlwk qdwlrqdo prqhwdu| srolf|pdnlqj +l1h1/ ? ' �,1

Wkhuhiruh/ zh wxuq wr wkh txhvwlrq zkhwkhu wkh lqwurgxfwlrq ri gh�flw vdqfwlrqv pd| uhgxfh

dyhudjh ghew1 Rqh kdv=

Uhvxow +ll,= Ohw "� ' fc ;�c dqg Kf� ' �Kfc ;�1 Wkhq/ YK��*Y� 	 f/ xqohvv k ' f/ lq zklfk

fdvh YK��*Y� ' f1

Lw lv lqvwuxfwlyh wr dvvxph �uvw wkdw k ' f1 Wkdw lv/ wkh FFE lv frpsohwho| lqghshqghqw1

Dq lqfuhdvh lq � kdv wzr lqwhuwhpsrudo h�hfwv1 Rq wkh rqh kdqg/ lw udlvhv wkh �qh dvvrfldwhg

47Fdopiruv +4<<;, lqyhvwljdwhv d phfkdqlvp vlplodu wr wklv rqh lq wkh frqwh{w ri oderxu pdunhw uhirup1

Dv lv wkh fdvh zlwk d ghew uhgxfwlrq khuh/ wkh ehqh�w ri dq lqglylgxdo frxqwu|*v oderxu pdunhw uhirup lq
whupv ri orzhu lq dwlrq lv vpdoohu lqvlgh wkdq rxwvlgh d prqhwdu| xqlrq1 Wkhuhiruh/ oderxu pdunhw uhirup

zloo eh vpdoohu lq d prqhwdu| xqlrq1 Vhh dovr Vlehuw dqg Vxwkhuodqg +4<<<,1
48Wr �{ whuplqrorj|/ zkhq phqwlrqlqj �lqh!flhqflhv� zh wdnh wkh shuvshfwlyh ri d �uvw0shulrg jryhuq0

phqw/ udwkhu wkdq vrflhw| dw odujh1
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zlwk uxqqlqj d gh�flw lq wkh �uvw shulrg1 Khqfh/ �uvw0shulrg jryhuqphqw vshqglqj ehfrphv

pruh h{shqvlyh uhodwlyh wr vhfrqg0shulrg jryhuqphqw vshqglqj/ zklfk lqgxfhv jryhuqphqwv

wr uhgxfh ghew dffxpxodwlrq1 Rq wkh rwkhu kdqg/ iru d jlyhq dprxqw ri hqg0ri0shulrg 2

ghew +lq wklv fdvh= }hur,/ dq lqfuhdvh lq �uvw0shulrg ghew uhgxfhv wkh vhfrqg0shulrg gh�flw

e| wkh vdph pdjqlwxgh dqg wkxv ohdgv wr d uhzdug lq wkh vhfrqg shulrg1 D kljkhu � udlvhv

wklv uhzdug dqg wkhuhiruh vwlpxodwhv ghew dffxpxodwlrq wr dq h{whqw wkdw h{dfwo| r�vhwv

wkh h�hfw ri wkh �uvw0shulrg gh�flw sxqlvkphqw1 Lq rwkhu zrugv/ wkh lqwhuwhpsrudo wudgh0r�

ehwzhhq frqvxpswlrq lq shulrgv � dqg 2 lv ohiw xqdowhuhg e| �1 Khqfh/ li/ lq sudfwlfh/ wkh

HFE wxuqv rxw wr eh dv lqghshqghqw dv wkh Pddvwulfkw Wuhdw| hqylvdjhv/ wkhq wkh gh�flw

vdqfwlrqv suhvfulehg e| wkh VJS zloo eh uhgxqgdqw1 Hyhq wkrxjk ghew ru gh�flwv pd| eh

wrr kljk iurp d vrfldo shuvshfwlyh ehfdxvh ri srolwlfdo glvwruwlrqv/ wkh VJS fdqqrw fruuhfw

wklv1

Qrz/ ohw xv wxuq wr wkh suredeo| pruh uhdolvwlf fdvh lq zklfk wkh FFE lv qrw frpsohwho|

lqghshqghqw +l1h1/ k : f,1 Zkloh dq lqfuhdvh lq � uhgxfhv wkh �uvw0shulrg xwlolw| jdlq dqg

wkh vhfrqg0shulrg xwlolw| orvv iurp dq dgglwlrqdo xqlw ri ghew wr wkh vdph h{whqw/ lw grhv

qrw d�hfw wkh dgglwlrqdo orvv lq whupv ri ixwxuh lq dwlrq wkdw lv dvvrfldwhg zlwk sxeolf

ghew1 E| kdylqj k : f/ wkh qhw ixwxuh frvw ri dq dgglwlrqdo xqlw ri ghew lv lqfuhdvhg1 Wr

djdlq htxdwh wkh fxuuhqw jdlq iurp dq dgglwlrqdo xqlw ri ghew zlwk lwv ixwxuh frvw/ ghew

qhhgv wr eh uhgxfhg1

Wkdw vdqfwlrqv iru h{fhvvlyh gh�flwv gr qrw dowhu wkh lqwhuwhpsrudo wudgh0r� ehwzhhq

sxeolf frqvxpswlrq lq shulrgv � dqg 2 lv lpsruwdqw iru rxu hqvxlqj uhvxowv1 Lw lpsolhv � dv

zh zloo vkrz ehorz � wkdw d vwdelolw| sdfw fdq eh ghvljqhg h{foxvlyho| iru wkh sxusrvh ri

fruuhfwlqj wkh lqwhuqdwlrqdo lqh!flhqf| +iurp wkh shuvshfwlyh ri �uvw0shulrg jryhuqphqwv,

dulvlqj iurp hdfk jryhuqphqw qrw ixoo| lqwhuqdolvlqj wkh h�hfw ri lwv ghew rq wkh xqlrq0

zlgh lq dwlrq udwh/ zlwkrxw glvwruwlqj wkh jryhuqphqwv* lqwhuwhpsrudo doorfdwlrq ri sxeolf

vshqglqj149

Wklv sduwlfxodu dvshfw dsshduv wr eh dq dujxphqw lq idyrxu ri vdqfwlrqv edvhg rq h{0

fhvvlyh gh�flwv udwkhu wkdq rq h{fhvvlyh ghewv1 Zlwk vdqfwlrqv edvhg rq h{fhvvlyh ghew lq

erwk shulrgv/ d jlyhq dprxqw ri ghew dffxpxodwlrq zrxog |lhog ohvv �uvw0shulrg frqvxps0

wlrq ri sxeolf jrrgv wkdq zlwkrxw d sdfw1 Krzhyhu/ dv wkh ghew lqfuhdvh lv fduulhg ryhu lqwr

wkh qh{w shulrg/ wkhuh zloo eh dq dgglwlrqdo frvw lq whupv ri qh{w shulrg*v frqvxpswlrq ri

49Lqwhuwhpsrudo frqvxpswlrq vprrwklqj lpsolhv wkdw lq d prgho zlwk pruh wkdq wzr shulrgv/ dq lqfuhdvh
lq �uvw0shulrg ghew ohdgv wr dq lqfuhdvh lq vhfrqg0shulrg ghew dv zhoo +zkhuhdv lq wklv prgho wkh h�hfw

rq vhfrqg0shulrg ghew lv }hur,1 Khqfh/ wkh lqfuhdvh lq wkh �uvw0shulrg gh�flw h{fhhgv wkh uhgxfwlrq lq
wkh vhfrqg0shulrg gh�flw1 Wkhq/ wr ohdyh wkh lqwhuwhpsrudo wudgh0r� ri sxeolf frqvxpswlrq xqfkdqjhg/

dgglwlrqdo fruuhfwlyh phdvxuhv +h1j1/ d uhdo lqwhuhvw udwh vxevlg|, pd| eh qhhghg/ ehfdxvh wkh vhfrqg0shulrg

uhzdug rq dgglwlrqdo �uvw0shulrg ghew pd| eh lqvx!flhqw wr uhvwruh wkh ruljlqdo lqwhuwhpsrudo wudgh0r�1
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sxeolf jrrgv1 Dowkrxjk dyhudjh ghew dffxpxodwlrq zrxog idoo/ vxfk d vfkhph zrxog fohduo|

glvwruw wkh lqwhuwhpsrudo wudgh0r� ri sxeolf frqvxpswlrq e| uhgxflqj wkh fxuuhqw pdujlqdo

jdlq iurp lvvxlqj ghew/ zkloh dw wkh vdph wlph hqkdqflqj lwv ixwxuh pdujlqdo frvw1

Qrz/ zh uhlqwurgxfh frpprq vkrfnv dqg hvwdeolvk wkh iroorzlqj uhvxow=

Uhvxow +lll,= Ohw Kf� ' �Kf dqg "� ' �"c ;�1 Wkhq/

+d, Y�K�*Y�" 	 f1

+e, Li � lv txdgudwlf/4: Y�K�*Y�" ghfuhdvhv zlwk ? dqg lqfuhdvhv zlwk �1

Wkh h�hfw ri �" rq �K� lv wkh uhvxow ri vwdqgdug lqwhuwhpsrudo frqvxpswlrq vprrwklqj= d

edg vkrfn +�" 	 f, fuhdwhv d qhhg iru +dgglwlrqdo, eruurzlqj1 Pruh lqwhuhvwlqj/ krzhyhu/

lv wkh h�hfw ri dq lqfuhdvh lq wkh xqlrq vl}h rq wkh uhvsrqvh wr d jlyhq vkrfn �"/ fi1 Sduw

+e,1 Wklv h�hfw lv dqdorjrxv wr rxu hduolhu Uhvxow +l,+e, wkdw/ lq wkh devhqfh ri vkrfnv/

ghew lqfuhdvhv lq ?1 Wkh uhvsrqvh ri �K� wr �" lv wr vrph h{whqw prghudwhg/ ehfdxvh/ wkurxjk

lwv h�hfw rq ghew/ �" ohdgv wr zhoiduh0frvwo| pryhphqwv lq wkh ixwxuh frpprq lq dwlrq

udwh1 Krzhyhu/ lq d odujhu xqlrq/ hdfk jryhuqphqw lqwhuqdolvhv wklv frvw rqo| wr d ohvvhu

h{whqw1 Wkhuhiruh/ wkh uhvsrqvh ri �K� wr �" zloo eh pruh dfwlyh lq d odujhu xqlrq dqg/ khqfh/

wkh yduldqfh ri lq dwlrq zloo eh kljkhu/ wkh odujhu lv ?1 Djdlq/ wklv uhsuhvhqwv d qrq0

frrshudwlyh lqh!flhqf| dv hdfk jryhuqphqw ljqruhv wkh srwhqwldoo| qhjdwlyh lqwhuqdwlrqdo

h{whuqdolwlhv ri lwv rzq dfwlrqv1 Sduw +e, ri Uhvxow +lll, dovr vd|v wkdw wkhvh h{whuqdolwlhv

pd| eh plwljdwhg e| udlvlqj �1 D pruh vhyhuh vkrfn +l1h1/ d idoo lq �" 	 f, zrxog fdoo iru

dq lqfuhdvh lq �K�1 D kljkhu � udlvhv wkh frvw ri lqfuhdvlqj ghew dw wkh lqglylgxdo ohyho

+qrwh wkdw hdfk lqglylgxdo jryhuqphqw ljqruhv wkdw wkh rwkhu jryhuqphqwv duh lq wkh vdph

srvlwlrq dqg zrxog dovr olnh wr udlvh wkhlu ghew/ lq zklfk fdvh wkh �qhv zrxog fdqfho,1

Khqfh/ dq lqfuhdvh lq � lpsolhv d pruh �frqvhuydwlyh� uhvsrqvh wr wkh frpprq vkrfn/ �"1

6151 Lghqwlfdo lqlwldo ghew ohyhov dqg lglrv|qfudwlf vkrfnv

Zh qrz uhod{ wkh dvvxpswlrq wkdw frxqwulhv duh klw e| lghqwlfdo vkrfnv1 Iluvw/ qrwh wkdw

zlwk frpprq vkrfnv rqo|/ wkh vkrfn0frqwlqjhqf| sdudphwhu B grhv qrw d�hfw wkh rxwfrph

iru ghew1 Wklv fdq eh vhhq lpphgldwho|/ ehfdxvh lq wkdw fdvh B fdqfhov iurp wkh �uvw0shulrg

jryhuqphqw exgjhw frqvwudlqw/ +<,1 Krzhyhu/ zlwk gl�huhqfhv lq vkrfnv dfurvv frxqwulhv/

B grhv kdyh dq h�hfw rq ghew dffxpxodwlrq1 Lq sduwlfxodu/ zh zloo vhh wkdw B d�hfwv wkh

uhvsrqvh ri d jryhuqphqw*v ghew fkrlfh wr wkh lglrv|qfudwlf vkrfn frpsrqhqw �"� "�1

4:Ixqfwlrq x ehlqj txdgudwlf lv d vx!flhqw frqglwlrq/ exw qrw d qhfhvvdu| rqh1 E| frqwlqxlw|/ wkh uhvxow

dovr krogv li x333 lv vx!flhqwo| forvh wr }hur1
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Wkh iroorzlqj uhvxow lv frqfhuqhg zlwk wkh h�hfw ri d phdq0suhvhuylqj vsuhdg lq wkh

lglrv|qfudwlf vkrfnv rq wkh furvv0vhfwlrqdo vsuhdg lq ghew srvlwlrqv dqg krz wklv vsuhdg lv

d�hfwhg e| wkh vwdelolw| sdfw sdudphwhuv=

Uhvxow +ly,= Ohw f � � 	 ?3�

?
1 Ohw Kf� ' �Kfc;�c dqg vxssrvh wkdw/ lqlwldoo|/ "� ' �"c ;�1

Qrz/ frqvlghu d pdujlqdo lqfuhdvh gE�"� "��/ zkloh gE�"� "�� ' � �

?3�
gE�"� "��/ ;� 9' �1

Wklv zd| �" lv nhsw frqvwdqw1 Wkhq/

+d, K�� � �K� lv lqfuhdvlqj lq �"� "�1

+e, Li � lv txdgudwlf/ YEK�� � �K��*YE"� � �"� lv lqfuhdvlqj lq �1

+f, Li � lv txdgudwlf/ YEK�� � �K��*YE"� � �"� lv ghfuhdvlqj lq B1

Sduw +d, ri wkh uhvxow lv djdlq h{sodlqhg e| wkh qhhg iru frqvxpswlrq vprrwklqj= d

uhodwlyho| orz uhdolvdwlrq ri "� +l1h1/ "� 	 �", ohdgv jryhuqphqw � wr lvvxh d kljkhu0wkdq0dyhudjh

dprxqw ri ghew1

Wkh pdlq gl�huhqfh zlwk wkh fdvh ri lghqwlfdo vkrfnv lv wkh zd| lq zklfk ghew srolf|

lv d�hfwhg e| wkh vwdelolw| sdfw sdudphwhuv1 Frqvlghu �uvw dq lqfuhdvh lq �1 Dv vwdwhg

e| Sduw +e,/ wklv pd| ohdg wr d vwurqjhu uhvsrqvh ri ghew wr vkrfnv1 Wkh lqwxlwlrq lv wkh

iroorzlqj1 Vxssrvh wkdw frxqwu| � lv klw e| d uhodwlyho| edg vkrfn +l1h1/ "� 	 �",1 Khqfh/ lwv

jryhuqphqw lvvxhv d odujhu wkdq dyhudjh dprxqw ri ghew +l1h1/ K�� : �K�,1 Wklv uhvxowv lq d qhw

�qh lq wkh �uvw shulrg dqg d qhw uhzdug lq wkh vhfrqg shulrg1 Krzhyhu/ wkh �uvw0shulrg �qh

uhgxfhv �uvw0shulrg uhvrxufhv ixuwkhu/ zkloh wkh vhfrqg0shulrg uhzdug udlvhv vhfrqg0shulrg

uhvrxufhv1 Wklv lqgxfhv wkh jryhuqphqw wr lvvxh hyhq pruh ghew lq wkh �uvw shulrg14; Dv

phqwlrqhg lq wkh Lqwurgxfwlrq/ wklv fruuhvsrqgv wr zkdw kdv ehhq dq lpsruwdqw vrxufh ri

fulwlflvp rq wkh VJS= sxqlvklqj h{fhvvlyh gh�flwv pd| ohdg wr d ixuwkhu ghwhulrudwlrq ri wkh

exgjhwdu| srvlwlrq ri d jryhuqphqw zklfk lv douhdg| lq d uhodwlyho| zhdn �qdqfldo srvlwlrq

dqg/ khqfh/ h{dfhuedwh wkh gh�flw1 Wklv zd|/ d vwdelolw| sdfw pd| eh frxqwhusurgxfwlyh1

Sduw +f, lpsolhv wkdw wklv srwhqwldo frxqwhusurgxfwlylw| ri d sdfw lq whupv ri h{dfhu0

edwlqj furvv0frxqwu| gl�huhqfhv lq ghew +dqg gh�flwv, fdq eh uhgxfhg e| pdnlqj vdqfwlrqv

frqwlqjhqw rq wkh vkrfnv1 Wkh lqwxlwlrq lv dv iroorzv1 Li "� 	 f/ dq lqfuhdvh lq B udlvhv

wkh uhihuhqfh gh�flw ohyho dqg wkxv uhgxfhv wkh �qh iru uxqqlqj d jlyhq h{fhvvlyh gh�flw1

Wkh qhw �qh idoov dqg/ khqfh/ wkurxjk wklv fkdqqho �uvw0shulrg uhvrxufhv ulvh li �"� "� : f1

Khqfh/ wkh qhhg wr lvvxh ghew lq wkh �uvw shulrg lv uhgxfhg1 Wklv h�hfw ri dq lqfuhdvh lq B

fdq eh vhhq iurp htxdwlrq +<,1 Khqfh/ e| lqwurgxflqj gh�flw vdqfwlrqv wkdw duh frqwlqjhqw

4;Wklv h{dfhuedwlrq ri ghew dffxpxodwlrq fdxvhg e| wkh orvv ri uhvrxufhv uhvxowlqj iurp wkh vdqfwlrqv/
lv devhqw zkhq vkrfnv kdsshq wr eh htxdo dfurvv frxqwulhv1 Wkh uhdvrq lv wkdw lq wkdw fdvh wklv gluhfw orvv

ri uhvrxufhv lv h{dfwo| r�vhw e| wkh uhedwhv ri wkh rwkhu frxqwulhv* �qhv1
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rq wkh h{rjhqrxv vkrfnv/ d vwdelolw| sdfw fdq dffrpsolvk d uhgxfwlrq lq h{shfwhg ghew df0

fxpxodwlrq +vhh Uhvxow +ll,, zlwkrxw ehlqj frxqwhusurgxfwlyh lq wkh vhqvh ghvfulehg deryh1

Dfwxdoo|/ ehfdxvh wkh uhihuhqfh gh�flw ohyho lv dgmxvwhg iru wkh hfrqrplf vkrfnv wkdw klw

frxqwulhv/ d vwdelolw| sdfw fdq surylgh iru ulvn vkdulqj dprqj wkh xqlrq sduwlflsdqwv/ dv

zh zloo vhh ehorz1

Kdylqj h{soruhg wkh txdolwdwlyh h�hfwv ri d vwdelolw| sdfw rq htxloleulxp ghew dffxpx0

odwlrq/ zh wxuq wr wkh txhvwlrq zkdw sdfw zloo eh vhohfwhg zkhq wkh lqlwldo ghew ohyhov duh

lghqwlfdo1 Dvvxplqj wkdw lw lv wkh �uvw0shulrg jryhuqphqwv zkr edujdlq ryhu d vwdelolw|

sdfw/ zh wdnh wkhlu shuvshfwlyh zkhq glvfxvvlqj wkh fkrlfh ri wkh sdfw1

Ehfdxvh lqlwldo ghew ohyhov duh htxdo dfurvv frxqwulhv/ doo frxqwulhv duh h{ dqwh lghqwlfdo

dw wkh prphqw wkdw wkh sdfw lv vljqhg1 Khqfh/ doo jryhuqphqwv djuhh rq wkh vdph/ rswlpdo

sdfw=

Sursrvlwlrq 41 Vxssrvh wkdw wkh lqlwldo ghew ohyhov duh lghqwlfdo/ l1h1/ Kf� ' �Kfc ;�1

+d, Wkh �uvw0shulrg jryhuqphqwv xqdqlprxvo| djuhh rq wkh sdfw fkdudfwhulvhg e| E�c B� '

E?3�

?
c ��1

+e, Wklv sdfw lpsuryhv vwulfwo| xsrq prqhwdu| xql�fdwlrq zlwkrxw d sdfw +l1h1/ � ' f,1

Surri1 +d, Wr vhh wkdw wkh sursrvhg sdfw lv rswlpdo iurp wkh �uvw0shulrg jryhuqphqwv*

shuvshfwlyh/ �uvw vxevwlwxwh B ' ?3�

?
*� lqwr +<,1 Iru dq| jlyhq/ qrq0}hur ydoxh ri � wklv

holplqdwhv wkh whup lqyroylqj �"� "�/ zklfk lv xqfruuhodwhg zlwk �"1 Khqfh/ dq rswlpdo sdfw

uhtxluhv wkdw B ' ?3�

?
*�1 Wkhq/ vxevwlwxwlqj � ' ?3�

?
+zklfk lpsolhv B ' �, lqwr +<, dqg

+43, dqg vxevwlwxwlqj wkh vshqglqj ohyhov lqwr +46,/ zh vhh wkdw wklv frqglwlrq ehfrphv

lghqwlfdo wr +48,1 +e, Iurp wkh �uvw0rughu frqglwlrqv +46, lw iroorzv wkdw vhwwlqj � ' f

ohdgv wr d ohyho ri ghew �K� wkdw gl�huv iurp wkh rqh wkdw vroyhv +48,1 Frpelqhg zlwk wkh

vwulfw frqfdylw| ri �/ lw iroorzv wkdw h{shfwhg xwlolw| +dw wkh prphqw wkh sdfw lv vljqhg,

zloo eh vwulfwo| orzhu iru doo jryhuqphqwv1

Iurp Sursrvlwlrq 4 lw vkrxog eh fohdu wkdw wkh vwdelolw| sdfw fdq eh ghvljqhg wr ixo�oo

wzr pdmru urohv1 Wkh �uvw uroh/ zklfk zh h{soruhg hduolhu lq wklv vhfwlrq lv wkdw/ zkhq

vkrfnv duh htxdo dfurvv frxqwulhv/ dq dssursuldwh fkrlfh ri � +l1h1/ � ' ?3�

?
,/ holplqdwhv

wkh lqwhuqdwlrqdo lqh!flhqflhv +iurp wkh shuvshfwlyh ri �uvw0shulrg jryhuqphqwv, wkdw dulvh

lq d prqhwdu| xqlrq iurp wkh jryhuqphqwv* idloxuh wr ixoo| lqwhuqdolvh wkh frqvhtxhqfhv ri

wkhlu lqglylgxdo ghew srolflhv erwk iru wkh ohyho dqg wkh yrodwlolw| ri wkh frpprq lq dwlrq
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udwh14<

Wkh vhfrqg uroh ri wkh sdfw lv wkdw wkurxjk wkh dssursuldwh fkrlfh ri wkh dgmxvwphqw

ri wkh uhihuhqfh gh�flw ohyhov wr wkh vkrfnv/ frxqwu|0vshfl�f pryhphqwv lq sxeolf vshqglqj

duh frpsohwho| holplqdwhg1 Lq rwkhu zrugv/ lpsolflwo|/ wkurxjk wkh dgmxvwphqw ri wkh

uhihuhqfh gh�flw ohyhov/ wkh sdfw fdq surylgh iru shuihfw furvv0frxqwu| ulvn vkdulqj1 Wr vhh

wkh lqwxlwlrq iru wklv uhvxow/ uhphpehu wkdw dq lqfuhdvh lq B lpsolhv d uhgxfwlrq lq wkh

qhw �qh wkdw iroorzv d uhodwlyho| edg vkrfn +l1h1/ "� 	 �",1 E| pdnlqj B odujh hqrxjk/ wklv

uhgxfwlrq fdq r�vhw wkh gluhfw h�hfw ri d uhodwlyho| edg vkrfn rq jryhuqphqw �*v �uvw shulrg

uhvrxufhv1 Dv d uhvxow/ erwk �uvw0 dqg vhfrqg0shulrg sxeolf vshqglqj zloo eh htxdo dfurvv

frxqwulhv1

6161 Gl�huhqfhv lq wkh lqlwldo ghew ohyhov

Sursrvlwlrq 4 surylghv dq rswlplvwlf ylhz rq wkh vfrsh iru ghvljqlqj d vwdelolw| sdfw wkdw

ohdyhv doo jryhuqphqwv ehwwhu r�1 Krzhyhu/ wklv uhvxow klqjhv fuxfldoo| rq wkh dvvxpswlrq

wkdw frxqwulhv duh h{ dqwh lghqwlfdo1 Zh zloo qrz uhod{ wklv dvvxpswlrq dqg doorz iru

gl�huhqfhv lq lqlwldo ghew1 D sulrul/ rqh pd| wkhq h{shfw jryhuqphqwv wr gl�hu lq wkhlu

suhglvsrvlwlrq wrzdugv d vwdelolw| sdfw1 Ehorz/ zh zloo vkrz wkdw wklv lv lqghhg wkh fdvh1

Ehfdxvh sxeolf ghew ohyhov gl�hu vxevwdqwldoo| dfurvv Hxursh/ wklv pd| khos wr h{sodlq zk|

qrw doo wkh HPX sduwlflsdqwv kdyh ehhq htxdoo| hqwkxvldvwlf derxw wkh lghd ri d vwdelolw|

sdfw1

Lq wkh qh{w sursrvlwlrq zh vkrz wkdw li wkh yduldqfh ri wkh lglrv|qfudwlf vkrfnv wkdw klw

wkh �uvw0shulrg jryhuqphqw exgjhw frqvwudlqwv lv vx!flhqwo| vpdoo +vr wkdw srwhqwldo ulvn

vkdulqj wkurxjk d sdfw |lhogv rqo| plqru jdlqv, dqg li wkh FFE*v ghjuhh ri lqghshqghqfh lv

vx!flhqwo| kljk +vr wkdw wkh h{dfhuedwlrq ri ghew dffxpxodwlrq iurp prqhwdu| xql�fdwlrq

lv vx!flhqwo| vpdoo dqg wkh fruuhfwlrq ri wklv h{dfhuedwlrq |lhogv rqo| d plqru jdlq,/ vrph

jryhuqphqwv pd| rssrvh vljqlqj d vwdelolw| sdfw1 Pruh suhflvho|/

Sursrvlwlrq 51 Vxssrvh wkdw lqlwldo ghew ohyhov gl�hu/ l1h1/ Kf� 9' �Kfc iru vrph �1 Ohw k $ f

dqg j2 $ f1 Wkhq/ dw ohdvw rqh ri wkh jryhuqphqwv lv vwulfwo| zruvh r� e| vljqlqj d sdfw

zlwk � : f1

Surri1 Xqghu wkh vwdwhg dvvxpswlrqv/ wkh lqgluhfw xwlolw| ri wkh �uvw0shulrg jryhuqphqwv

4<Qrwh wkdw ehfdxvh wkh rswlpdo sdfw fdoov iru d frqvwdqw pdujlqdo shqdow| rq gh�flwv/ wkh vfkhph lv

vrphzkdw uhodwhg wr wkh olqhdu lq dwlrq frqwudfwv wkdw ihdwxuh lq wkh olwhudwxuh rq fhqwudo edqn lqgh0
shqghqfh +Zdovk/ 4<<8,1 Lqghhg/ Shuvvrq dqg Wdehoolql +4<<8, h{dplqh krz vxfk frqwudfwv pd| lqgxfh

frrshudwlyh ehkdylrxu lq lqwhuqdwlrqdo vhwwlqjv1
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dv d ixqfwlrq ri wkh vwdelolw| sdfw sdudphwhuv fdq eh zulwwhq dv=

T8�E�c B� � H" d�Es��� n R�Es2��o c ;�c

zkhuh H" d�o ghqrwhv wkh h{shfwdwlrqv rshudwru zlwk uhvshfw wr wkh vkrfnv E"�c ���c "?� dqg

zkhuh s�� dqg s o
2� duh jlyhq e| +<,/ zlwk "� ' �" ' f/ dqg +43,/ uhvshfwlyho|/ dqg zkhuh wkh

K�� duh lpsolflwo| jlyhq e| +46,1 Li k $ f/ wklv uhgxfhv wr �� Es��� ' R�� Es o
2� �1 Zh wkhq �qg

YT8�E�c B�

Y�
' H"

%
?

?3�
� E�� Es���� R�� Es o

2� ��
Y�K�
Y�

n
�
�� ?

?3�
�
�
E�� Es���� R�� Es o

2� ��
YK��
Y�

n ?
?3�

E�� Es���� R�� Es o
2� ��

�
�K� � K��

�
� ?

?3�
�� Es���

�
�Kf � Kf�

�l
c

zklfk/ e| xvh ri �� Es��� ' R�� Es o
2� �/ uhgxfhv wr

YT8�E�c B�

Y�
' � ?

?3�

�
�Kf � Kf�

�
H" d�

� Es���o c ;��

Khqfh/ YT8�E�c B�*Y� 	 E:� f li Kf� 	 E:� �Kf1 Lw wkhq iroorzv wkdw li Kf� vwulfwo| gl�huv

iurp �Kf/ iru vrph �/ dw ohdvw rqh ri wkh jryhuqphqwv lv vwulfwo| zruvh r� e| d pdujlqdo

lqfuhdvh lq � vwduwlqj dw � ' f1

E| frqwlqxlw|/ wkh uhvxow ri Sursrvlwlrq 5 dovr krogv li k dqg j2 duh srvlwlyh/ exw duh

vx!flhqwo| vpdoo1 Wkh sursrvlwlrq vwdwhv wkdw frxqwulhv zlwk lqlwldo ghew ohyhov ehorz wkh

xqlrq dyhudjh pd| eh zruvh r� vljqlqj d sdfw wkdw sxqlvkhv h{fhvvlyh gh�flwv/ l1h1/ � : f/

zkhuhdv frxqwulhv zlwk kljkhu0wkdq0dyhudjh lqlwldo ghew ohyhov zloo eh pdgh ehwwhu r� e|

wkh sdfw1 Vxfk d frq lfw ri lqwhuhvw pd| vhulrxvo| frpsolfdwh ru hyhq suhyhqw wkh dgrswlrq

ri d vwdelolw| sdfw iru frxqwulhv iruplqj d prqhwdu| xqlrq1

Dw �uvw jodqfh/ wkh uhvxow wkdw frxqwulhv zlwk kljkhu0wkdq0dyhudjh ghew duh uhodwlyho|

ehwwhu r� xqghu d sdfw pd| vhhp frxqwhulqwxlwlyh/ dv frpprq zlvgrp suredeo| vxjjhvwv

wkdw lw lv lq sduwlfxodu uhodwlyho| �srru� frxqwulhv +l1h1/ wkh frxqwulhv zlwk kljkhu0wkdq0

dyhudjh lqlwldo ghew, wkdw zrxog rssrvh d vfkhph surprwlqj �vfdo uhvwudlqw1 Krzhyhu/

rqh pd| wklqn ri wkh �srruhu� frxqwulhv dv kdylqj xvhg xs prvw ri wkhlu urrp iru �vfdo

pdqrhxyuh1 Khqfh/ wkh| duh irufhg wr uxq d orzhu gh�flw ohyho +qrwh wkdw zh kdyh h{0

solflwo| h{foxghg ghew ghidxow, dqg/ wkxv/ vx�hu ohvv iurp d vfkhph wkdw lpsrvhv �qhv rq

h{fhvvlyh gh�flwv1 Lqghhg/ Dsshqgl{ E vkrzv irupdoo| wkdw/ li Kf� : Kf� +dqg � 9' ?3�

?
,/

wkhq jryhuqphqw � uxqv d orzhu gh�flw wkdq jryhuqphqw � lq htxloleulxp1 Krzhyhu/ lw lv

frqfhlydeoh wkdw kdg zh irfxvvhg rq d vwdelolw| sdfw zlwk ghew0edvhg vdqfwlrqv/ lw zrxog

eh wkh uhodwlyho| �srru� frxqwulhv +l1h1/ wkrvh zlwk kljk lqlwldo ghew, wkdw zrxog rssrvh wkh
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sdfw +dv wkh| zrxog kdyh uhodwlyho| kljk ghew ohyhov lq wkh ixwxuh hyhq wkrxjk wkh| zrxog

eh uxqqlqj uhodwlyho| orz gh�flwv,1

Wkdw uhodwlyho| kljko|0lqghewhg frxqwulhv zrxog eh pruh lq idyrxu ri vdqfwlrqv +dvvxp0

lqj vdqfwlrqv duh edvhg rq h{fhvvlyh gh�flwv, wkdq frxqwulhv zlwk orz lqlwldo ghew/ lv qrw dv

xquhdolvwlf dv lw pd| vhhp wr eh1 Vxfk d sdfw pljkw eh idyrxuhg e| wkh jryhuqphqw ri d

kljko|0lqghewhg frxqwu| dv d zd| ri w|lqj lwv kdqgv wr d vwulqjhqw exgjhwdu| srolf|1 Vxfk

dq h{whuqdo frpplwphqw phfkdqlvp zrxog eh sduwlfxoduo| xvhixo li wkhuh lv d orw ri sxeolf

rssrvlwlrq wr exgjhw fxwv1

Qhyhuwkhohvv/ wkh uhvxow rq zkhwkhu h{0dqwh gl�huhqw frxqwulhv zrxog eh lq idyrxu ri

gh�flw0edvhg vdqfwlrqv ru qrw/ uholhv wr vrph h{whqw rq wkh dvvxpswlrq wkdw wkh vkrfnv

klwwlqj wkh ydulrxv xqlrq sduwlflsdqwv duh lghqwlfdoo| glvwulexwhg1 Kdg zh doorzhg iru

gl�huhqw phdqv ri wkh vkrfnv/ iru h{dpsoh e| ohwwlqj wkh suredelolw| ri ehlqj klw e| dq

dgyhuvh vkrfn wr eh lqfuhdvlqj lq wkh lqlwldo ghew ohyho +vd|/ ehfdxvh kljk lqlwldo ghew lv

wkh uhvxow ri dq hfrqrplf ru srolwlfdo vwuxfwxuh wkdw lv frqgxflyh wr ghew dffxpxodwlrq,/

wklv frxog pdnh frxqwulhv zlwk kljk lqlwldo ghewv uhoxfwdqw wr vljqlqj d sdfw/ dv wkh| nqrz

wkh| zloo eh olnho| wr uxq d odujh gh�flw � dqg sd| d qhw �qh � lq shulrg �1

Lq dq| fdvh/ wkh frpelqdwlrq ri Sursrvlwlrqv 4 dqg 5 vxjjhvwv wkdw wkh olnholkrrg wkdw

doo frxqwulhv zrxog djuhh rq d vwdelolw| sdfw lv juhdwhu wkh odujhu lv k : f +ehfdxvh wkh

jdlq iurp wkh sdfw lq whupv ri r�vhwwlqj wkh h{dfhuedwlrq ri wkh srolwlfdo glvwruwlrq lq ghew

dffxpxodwlrq lv odujhu, dqg wkh odujhu lv j2 : f +ehfdxvh wkh ehqh�w ri d sdfw lq whupv ri

ulvn vkdulqj zloo lqfuhdvh li vdqfwlrqv duh pdgh vkrfn0frqwlqjhqw,1

71 Prudo kd}dug dqg glvflsolqh

Dv phqwlrqhg lq Vhfwlrq 5/ lq sudfwlfh/ zkhqhyhu wkh H{fhvvlyh Gh�flw Fulwhulxp zloo eh

ylrodwhg/ wkh vdqfwlrqv lpsrvhg xqghu wkh VJS wdnh lqwr dffrxqw rqo| lq d yhu| urxjk dqg

lpsuhflvh zd| wkh h{rjhqrxv vkrfnv wkdw klw d frxqwu|1 Suredeo|/ wkh ehvw h{sodqdwlrq

iru zk| wkh frqwlqjhqflhv ri wkh vdqfwlrqv duh qrw pruh ghwdlohg lv wkdw wkh h{rjhqrxv

vkrfnv wkdw lpslqjh rq wkh Hxurshdq hfrqrplhv duh yhu| kdug wr revhuyh ru wr yhuli|1 Wkh

uhohydqw gdwd iru dvvhvvlqj d frxqwu|*v hfrqrplf vlwxdwlrq +iru h{dpsoh/ xqhpsor|phqw

gdwd, duh xvxdoo| surylghg e| lwv rzq dxwkrulwlhv/ zkr kdyh dq lqwhuhvw lq wkh srwhqwldo

oliwlqj ri vdqfwlrqv1 Wklv pdnhv wkhvh vwdwlvwlfv surqh wr pdqlsxodwlrq1 Lq dgglwlrq/ hyhq

li wkh vwdwlvwlfv uh hfw wkh fxuuhqw vwdwh0ri0d�dluv dffxudwho|/ lw lv riwhq gl!fxow wr whoo wr

zkdw h{whqw dq xqidyrxudeoh hfrqrplf vlwxdwlrq lv fdxvhg e| od{lw| rq wkh vlgh ri wkh

dxwkrulwlhv dqg wr zkdw h{whqw lw lv fdxvhg e| wuxo| h{rjhqrxv flufxpvwdqfhv1
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Zh zloo wu| wr fdswxuh wkhvh qrwlrqv e| h{whqglqj wkh edvlf prgho1 Zh dvvxph wkdw/

diwhu wkh h{rjhqrxv vkrfn "� kdv pdwhuldolvhg/ wkh jryhuqphqw ri frxqwu| � kdv wkh srvvlelo0

lw| wr wdnh fhuwdlq phdvxuhv wkdw uhgxfh wkh lpsdfw ri wkh vkrfn1 Zh oxps wkhvh phdvxuhv

wrjhwkhu xqghu wkh whup glvflsolqh/ zklfk zh ghqrwh e| e�1 Hqkdqfhg glvflsolqh plwljdwhv

wkh h�hfwv ri d edg vkrfn +vhh ehorz,1 H{dpsohv ri pruh glvflsolqh duh hqkdqflqj wkh h!0

flhqf| ri wkh sxeolf lqvwlwxwlrqv/ vwulfwhu prqlwrulqj ri wkh kdqgrxw ri ehqh�wv/ vwuxfwxudo

hfrqrplf uhirup +iru h{dpsoh/ oderxu pdunhw uhirup dqg ghuhjxodwlrq, dqg uhgxfwlrqv lq

shunv dqg sulylohjhv iru wkh jryhuqlqj sduw|*v frqvwlwxhqf| ru iru vshfldo lqwhuhvw jurxsv1

H{huwlqj glvflsolqh riwhq lqyroyhv wdnlqj xqsrsxodu phdvxuhv dqg pd| wkhuhiruh ohdg

wr d uhgxfwlrq lq wkh srolwlfdo vxssruw ri d jryhuqphqw wkdw lpsrvhv wkhp1 Zh fdswxuh

wkhvh srolwlfdo frvwv e| dvvxplqj wkdw jryhuqphqw �*v xwlolw| lv qrz jlyhq e|=

L8� E�� ' H
k
���Ee�� n �Es��� n R�Es2��� Z2*E2��

l
c +49,

zkhuh ���� : f dqg ���Ee�� ' f iru vrph e� ' V�1 Khqfh/ V� lv jryhuqphqw �*v suhihuuhg dprxqw

ri glvflsolqh1 Iru h{dpsoh/ d orzhu V� pd| fruuhvsrqg wr d odujhu vkduh ri srsxodwlrq

olylqj rq ehqh�wv ru d frxqwu| zlwk vwurqjhu vshfldo lqwhuhvw jurxsv1 Fhwhulv sdulexv/ wkh

jryhuqphqw zrxog eh ohvv lqfolqhg wr lpsohphqw d jlyhq dprxqw ri glvflsolqh1

E| h{huwlqj glvflsolqh +l1h1/ e� : f, wkh gluhfw h�hfwv ri d edg vkrfn +l1h1/ "� 	 f, fdq eh

plwljdwhg1 Wkh vlpsohvw zd| ri prghoolqj wklv lv wr kdyh glvflsolqh hqwhu wkh �uvw0shulrg

jryhuqphqw exgjhw frqvwudlqw olqhduo|1 Wr irfxv rq wkh h{whqvlrq dw kdqg/ iurp qrz rq

zh dvvxph wkdw lqlwldo ghew ohyhov duh }hur iru doo frxqwulhv/ l1h1/ Kf� ' fc ;�1 Dv d uhvxow/

+6, lv uhsodfhg zlwk

s�� n }�� ' � n "� n e� n K�� � �
�
_�� � 7_��

�
n �

?3�

?[
�'�c� �'�

�
_�� � 7_��

�
c +4:,

zkhuh/ qrz/

7_�� ' 7_� B E"� n e�� dqg 7_2� ' 7_� +4;,

Wklv zd| ri prghoolqj glvflsolqh iroorzv Loolqj +4<<8, dqg lv lq dffrugdqfh zlwk uhfhqw

olwhudwxuh rq vshfldo lqwhuhvw srolwlfv +vhh/ h1j1/ Shuvvrq dqg Wdehoolql/ 4<<</ dqg Shuvvrq

hw do1/ 4<<<,1 Iru h{dpsoh/ rqh pd| dowhuqdwlyho| lqwhusuhw �e� dv wkh uhqw wkh jryhuqphqw

h{wudfwv iurp wkh exgjhw1 Wkhq/ d orz ydoxh ri V� frpsulvhv qrw rqo| d vhoi0lqwhuhvwhg

jryhuqphqw/ exw dovr d srolwlfdo v|vwhp iru zklfk uhqw0h{wudfwlrq/ doo wklqjv htxdo/ lv hdv|1

Lq rxu whuplqrorj|/ krzhyhu/ d orz ydoxh ri V� zloo fkdudfwhulvh d uhodwlyho| �xqglvflsolqhg0

w|sh� jryhuqphqw/ zkloh d kljk ydoxh ri V� fkdudfwhulvhv d uhodwlyho| �glvflsolqhg0w|sh�
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jryhuqphqw1

Zh dvvxph wkdw "� dqg e� duh vhsdudwho| revhuydeoh wr jryhuqphqw �/ zkloh wkh rwkhu

jryhuqphqwv rqo| revhuyh "�ne�1 Dq h{dpsoh ri "�ne� 	 f zrxog eh dq lqfuhdvh lq vshqglqj

rq xqhpsor|phqw ehqh�wv +zklfk ohdyhv ihzhu uhvrxufhv iru vshqglqj rq wkh sxeolf jrrgv

8 ru C,1 Dowkrxjk wkh lqfuhdvh lq wkh qxpehu ri lqglylgxdov uhfhlylqj ehqh�wv pd| eh

revhuydeoh/ lw zrxog eh kdug wr lqihu zklfk sduw ri wklv lqfuhdvh lv gxh wr d wuxo| h{rjhqrxv

edg vkrfn +h1j1/ d fkdqjh lq zruog pdunhw sulfhv iru wkh frxqwu|*v h{sruwv, dqg zklfk sduw

lv gxh wr od{lw| rq wkh vlgh ri wkh jryhuqphqw +h1j1/ qrw lpsohphqwlqj d vx!flhqwo| uljrurxv

oderxu pdunhw uhirup,1

Ehfdxvh "� dqg e� duh rqo| revhuydeoh dv d vxp/ wkh uhihuhqfh gh�flw ohyho fdq qr orqjhu

eh gluhfwo| dgmxvwhg iru wkh frxqwu|0vshfl�f vkrfn/ exw lv pdgh frqwlqjhqw rq "� n e�/

dv uh hfwhg lq +4;,1 Lq sudfwlfh/ wklv zrxog fruuhvsrqg wr dgmxvwlqj wkh vhyhulw| ri wkh

vdqfwlrqv xqghu wkh VJS wr revhuyhg xqhpsor|phqw ru rxwsxw jurzwk/ iru h{dpsoh1 Dv

zh zloo vhh/ dgmxvwlqj wkh uhihuhqfh gh�flw ohyho dv lq +4;, zloo ohdg wr prudo kd}dug1

Dq dowhuqdwlyh wr kdylqj 7_�� frqwlqjhqw rq "�ne�/ zrxog eh wr pdnh 7_�� frqwlqjhqw rq dq

hvwlpdwh 	"� ri "� wkdw lv iruphg zlwk wkh khos ri wkh revhuydwlrq ri "�ne�1 Wkh dxwkrulw| dw

wkh ihghudo ohyho wkdw pljkw eh uhvsrqvleoh iru wkh h{hfxwlrq ri wkh sdfw zrxog eh idfhg zlwk

d vljqdo0h{wudfwlrq sureohp153 Lqvwhdg ri dvvxplqj wkdw wklv vljqdo0h{wudfwlrq sureohp lv

vroyhg dw wkh ihghudo ohyho/ zh vwlfn zlwk wkh fxuuhqw irupxodwlrq/ zklfk/ iru wkh iroorzlqj

uhdvrqv/ zh eholhyh zrxog eh pruh uhdolvwlf1 Iluvw/ h{lvwlqj duudqjhphqwv lq Hxursh wkdw

wudqvihu uhvrxufhv dfurvv erughuv +iru h{dpsoh/ wkh vr0fdoohg Vwuxfwxudo Ixqgv, duh edvhg rq

revhuydeoh vwdwlvwlfv olnh rxwsxw dqg xqhpsor|phqw/ krzhyhu vhqvlwlyh wkhvh vwdwlvwlfv pd|

eh wr edg srolflhv1 Vhfrqg/ dq| sdvv iurp wkh revhuyhg "�n e� wr dq hvwlpdwh 	"� lv olnho| wr

ohdg wr glvdjuhhphqw dprqj frxqwulhv derxw wkh phwkrgv wkdw duh xvhg wr wudqvodwh "�n e�

lqwr 	"�1 Vxfk glvdjuhhphqw zrxog uhgxfh wkh ihdvlelolw| ri wkh phfkdqlvp1

Ehorz zh zloo vhh wkdw wkh uhdolvdwlrqv ri sxeolf vshqglqj ghshqg rq wkh lglrv|qfudwlf

vkrfn frpsrqhqwv/ �"�"�1 Wklv vxjjhvwv wkdw dv dqrwkhu dowhuqdwlyh wr pdnlqj 7_�� frqwlqjhqw

rq "� n e�/ rqh frxog pdnh 7_�� frqwlqjhqw rq s��/ ru d frpelqdwlrq ri "� n e� dqg s��/ dqg

dyrlg wkh prudo kd}dug sureohp1 Wklv lv qrw wuxh/ krzhyhu1 Lq idfw/ Dsshqgl{ I +dydlodeoh

xsrq uhtxhvw, vkrzv wkdw vxfk d vfkhph +li olqhdu, wxuqv rxw wr eh h{dfwo| vdph dv wkh

vfkhph lpehgghg lq +4:,1

53D yhu| vlplodu vljqdo0h{wudfwlrq sureohp lv suhvhqw lq Ehhwvpd dqg Eryhqehuj +4<<;,/ lq zklfk kdylqj

furvv0frxqwu| wudqvihuv edvhg rq �l . hl |lhogv h{dfwo| wkh vdph rxwfrphv dv vroylqj wkh vljqdo0h{wudfwlrq
sureohp dqg kdylqj wkhvh wudqvihuv edvhg rq a�l1
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Ehiruh frqwlqxlqj/ qrwh wkdw �uvw0shulrg sxeolf vshqglqj rq jrrg 8 lv qrz jlyhq dv=

s�� ' � n�"n �en�K� n
�

?
?3�

� � �
� �

�K� � K��
�
n
�

?
?3�

�B � �
�
dE�"� "�� n E�e� e��o c +4<,

zkloh vhfrqg0shulrg sxeolf vshqglqj iurp wkh �uvw0shulrg jryhuqphqw*v shuvshfwlyh/ li lw

lv uh0hohfwhg/ lv vwloo jlyhq e| +43,1 Dv ehiruh/ lq dwlrq zloo eh jlyhq e| +:,1

Wkh �uvw0rughu frqglwlrqv iru wkh jryhuqphqw ri frxqwu| � duh qrz jlyhq e|=

H� d�
�Es���o E�� �� ' H� dR�

�Es2��o E�� �� n H�

k
k2�K�* E�?�

l
c ;�c +53,

��� Ee�� ' H� d�
�Es���o E�� �B� c ;�c +54,

zkhuh H� d�o ghqrwhv wkh h{shfwdwlrqv rshudwru zlwk uhvshfw wr doo vkrfnv "�/ � 9' �1

7141 Prgho vroxwlrq dqg fkdudfwhulvdwlrq ri wkh htxloleulxp

Iurp qrz rq/ zh dgrsw wkh iroorzlqj txdgudwlf vshfl�fdwlrqv iru � dqg �=

�Ee�� ' Ee� � V��
2*2c +55,

�Es|�� ' �E1 � �� Es|��
2 *2 n 1s|�c zkhuh 1 : � dqg f � s|� 	 1*E1 � ��� +56,

Pruhryhu/ zh lpsrvh wkh qrupdolvdwlrq wkdw
S?

�'� V� ' f1 D jryhuqphqw zlwk V� : f EV� 	

f� zloo wkxv eh d �glvflsolqhg� +�xqglvflsolqhg�, w|sh1 Wkh txdgudwlf vshfl�fdwlrqv hqdeoh

xv wr rewdlq forvhg0irup vroxwlrqv wkdw fdq eh hdvlo| dqdo|vhg dqg wkdw duh frqyhqlhqw iru

h{sodlqlqj wkh lqwxlwlrq ehklqg wkh uhvxowv1

Zlwk ixqfwlrqv � dqg � vshfl�hg dv lq +55, dqg +56,/ uhvshfwlyho|/ jryhuqphqw �*v �uvw0

rughu frqglwlrqv uhdg dv=

H� d�E1 � ��s�� n 1o E�� �� ' RH� d�E1 � ��s2� n 1o E�� �� n
k
k2* E�?�

l
H�

k
�K�
l
c+57,

e� � V� ' H� d�E1 � ��s�� n 1o E�� �B� � +58,

Dsshqgl{ J +dydlodeoh xsrq uhtxhvw, vkrzv krz wr vroyh iru wkh +Ed|hvldq, Qdvk htxlole0

ulxp1 Wkh rxwfrphv iru sxeolf ghew dqg glvflsolqh duh jlyhq e|/ uhvshfwlyho|=

K�� ' �� n��"� n ��V�c +59,

e� ' �2 n�2"� n �2V�� +5:,

zkhuh �� 	 f/ �2 	 f/ �� � f dqg �2 : f1 Wkh h{suhvvlrqv iru ��/ �2/ ��/ �2/ �� dqg
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�2 duh frqwdlqhg lq Dsshqgl{ F1 Frpelqlqj +4<,/ +43, dqg +F14,0+F19,/ rqh rewdlqv=

s�� ' � n�"n �en�K� ng� E"� � �"� n u�V�c +5;,

s o2� ' �� �K� ng2 E"� � �"� n u2V�� +5<,

zkhuh g�cg2c u�c u2 � f1 Wkh h{suhvvlrqv iru g�/ g2/ u� dqg u2 duh dovr irxqg lq

Dsshqgl{ F1

Qrwh iurp wkh h{suhvvlrqv iru �� dqg �2 lq Dsshqgl{ F wkdw Hd�eo : f/ exw wkdw Hd�K�o lv

qr orqjhu jxdudqwhhg wr eh srvlwlyh1 Krzhyhu/ ehfdxvh wkhvh duh wkh prvw lqwhuhvwlqj dqg

hpslulfdoo| uhohydqw rqhv/ lq wkh vhtxho zh frqfhqwudwh rq fdvhv lq zklfk Hd�K�o : f154 Wkh

sdudphwhu uhvwulfwlrq wkdw wklv frqglwlrq uhtxluhv lv vwurqjhvw lq wkh devhqfh ri d vwdelolw|

sdfw1 Khqfhiruwk/ zh dvvxph wkdw

R1 	 �c

zklfk kdv dq lqwxlwlyh lqwhusuhwdwlrq1 Lw vd|v wkdw wkh xwlolw| ixqfwlrq vkrxog eh sdudph0

whulvhg lq vxfk d zd| wkdw wkh jdlqv iurp sxeolf frqvxpswlrq +txdqwl�hg e| wkh sdudphwhuv

R dqg 1, vkrxog qrw eh wrr kljk uhodwlyh wr wkh frvwv ri h{huwlqj glvflsolqh +qrwh wkdw/ iru

frqyhqlhqfh/ wkh frh!flhqw ri wkh txdgudwlf whup lq +55, kdv ehhq vhw dw xqlw|,1 Rwkhuzlvh/

d jryhuqphqw frxog udwkhu hdvlo| iuhh xs uhvrxufhv iru sxeolf frqvxpswlrq e| h{huwlqj pruh

glvflsolqh/ wkhuhe| reolwhudwlqj wkh qhhg iru ghew �qdqfh1

Wkh prgho sxwv vrph dgglwlrqdo frqglwlrqv rq wkh sdudphwhuv1 Iluvw/ lw vhhpv qdwxudo

wr lpsrvh wkdw wkh pdujlqdo xwlolw| ri sxeolf vshqglqj eh srvlwlyh iru dq| ohyho ri ghew wkdw

fdq eh uhsdlg xqghu wkh lqwhuwhpsrudo exgjhw frqvwudlqw1 Khqfh/ zh dvvxph wkdw=

1 	 2�

Wklv lv d qhfhvvdu| frqglwlrq/ dowkrxjk qrw qhfhvvdulo| d vx!flhqw rqh1 Vhfrqg/ dv ehiruh/

zh dvvxph lpsolflwo| wkdw sdudphwhuv duh vxfk wkdw wkh �uvw0rughu frqglwlrqv +57, dqg

+58, gr qrw |lhog d ghew ohyho wkdw lv kljkhu wkdq fdq eh uhsdlg xqghu wkh lqwhuwhpsrudo

exgjhw frqvwudlqw1 Iru h{dpsoh/ lq wkh devhqfh ri vkrfnv +l1h1/ "� ' f/ ;�,/ wkh devhqfh ri

gl�huhqfhv lq jryhuqphqw glvflsolqh w|shv +l1h1/ V� ' f/ ;�, dqg wkh devhqfh ri d vwdelolw|

sdfw +l1h1/ � ' B ' f,/ wklv uhtxluhv wkdw 1E� n 1R� : 21 Lq frpelqdwlrq zlwk wkh suhylrxv

uhvwulfwlrqv/ wklv sxwv d orzhu erxqg rq R1 Lq pruh jhqhudo fdvhv/ zh wkxv dvvxph wkdw vkrfn

yduldqfhv dqg gl�huhqfhv lq glvflsolqh w|shv duh vx!flhqwo| vpdoo wkdw wkh lqwhuwhpsrudo

54Li/ iru h{dpsoh/ htxloleuld zhuh fkdudfwhulvhg e| H^�e4` ? 3/ lw iroorzv e| +:, wkdw wkh h{shfwhg sulfh
ohyho zrxog eh idoolqj zlwklq wkh xqlrq1 Lq whupv ri dwwdlqlqj wkh sulfh0vwdelolw| remhfwlyh/ lw zrxog wkxv

eh ghvludeoh wr hqfrxudjh ghew dffxpxodwlrq1 Iru rxu sxusrvhv wklv lv qrw d yhu| lqwhuhvwlqj fdvh1
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exgjhw frqvwudlqw qrw eh ylrodwhg1

Wkh iroorzlqj uhvxow dgguhvvhv wkh h�hfw ri wkh vwdelolw| sdfw rq wkh +h{shfwhg, furvv0

frxqwu| dyhudjh ri sxeolf ghew dqg glvflsolqh +wkh surri ri wklv uhvxow dqg wkh hqvxlqj rqhv

ri wklv vxevhfwlrq duh frqwdlqhg lq Dsshqgl{ K> dydlodeoh xsrq uhtxhvw,=

Uhvxow +y,=

+d, YHd�K�o*YB : f dqg YHd�eo*YB 	 f�

+e, +e14, Li B ' k ' f/ YHd�K�o*Y� ' YHd�eo*Y� ' f1

+e15, Li k ' f dqg B : f/ YHd�K�o*Y� : f dqg YHd�eo*Y� 	 f1

+e16, Li B ' f dqg k : f/ YHd�K�o*Y� 	 f dqg YHd�eo*Y� : f1

Sduw +d, ri Uhvxow +y, looxvwudwhv wkh prudo kd}dug sureohp dvvrfldwhg zlwk d sdfw lq zklfk

vdqfwlrqv duh pdgh frqwlqjhqw rq wkh revhuydeoh txdqwlw| e� n "�1 Lq h{shfwhg whupv/ wkh

dyhudjh ghjuhh ri glvflsolqh lq wkh xqlrq ghfuhdvhv li wkh ghjuhh ri frqwlqjhqf| B ri wkh

uhihuhqfh gh�flw ohyho wr fkdqjhv lq e� n "� lv udlvhg1 Wkh prudo kd}dug sureohp dulvhv

ehfdxvh d xqlodwhudo uhgxfwlrq lq glvflsolqh udlvhv wkh h{shfwhg qhw wudqvihu ri uhvrxufhv

iurp wkh rwkhu frxqwulhv155 Iru d jlyhq uhgxfwlrq lq glvflsolqh/ wkh ulvh lq wkh h{shfwhg

qhw wudqvihu lv lqfuhdvlqj lq B1 Lq rwkhu zrugv/ d kljkhu B zhdnhqv wkh lqfhqwlyh wr h{huw

glvflsolqh1 Wr uhedodqfh uhvrxufhv ryhu wlph/ +h{shfwhg, dyhudjh ghew kdv wr lqfuhdvh1

Dv uhjdugv wr wkh h�hfw ri d fkdqjh lq wkh pdujlqdo gh�flw sxqlvkphqw �/ uhphpehu

iurp wkh suhylrxv vhfwlrq wkdw li k ' f/ wkhuh lv qr lqwhuqdwlrqdo lqh!flhqf| wr eh fruuhfwhg

dqg/ khqfh/ Hd�K�o dqg Hd�eo duh xqd�hfwhg e| � li B ' f1 Li/ lq dgglwlrq/ B : f/ wkhuh lv rqo|

wkh prudo kd}dug h�hfw iurp kdylqj frqwlqjhqw vdqfwlrqv dqg/ khqfh/ YHd�eo*Y� 	 f dqg

YHd�K�o*Y� : f1 Lq rwkhu zrugv/ li k ' f/ wkdw lv/ li wkh FFE lv frpsohwho| lqghshqghqw/

d vwdelolw| sdfw zlwk frqwlqjhqw vdqfwlrqv hvwdeolvkhv h{dfwo| wkh rssrvlwh ri zkdw lw lv

vxssrvhg wr gr$ Zlwk k : f dqg B ' f/ dq lqfuhdvh lq wkh pdujlqdo ghew sxqlvkphqw

irufhv +h{shfwhg, dyhudjh ghew grzq1 Wklv fruuhvsrqgv wr Uhvxow +ll, lq Vhfwlrq 6 iru wkh

yhuvlrq ri wkh prgho zlwkrxw hqgrjhqrxv glvflsolqh1 Pruhryhu/ e| pdnlqj lw pruh frvwo|

wr vkliw uhvrxufhv iurp wkh ixwxuh wr wkh suhvhqw +wkurxjk d kljkhu �,/ wkh lqfhqwlyh wr

h{huw glvflsolqh lv vwuhqjwkhqhg1

Zh wxuq qrz wr wkh txhvwlrq krz wkh ghjuhh ri frqwlqjhqf| ri wkh vdqfwlrqv wr wkh

revhuyhg hfrqrplf vlwxdwlrq d�hfwv wkh uhvsrqvhv ri ghew dqg glvflsolqh wr wkh vkrfnv=

Uhvxow +yl,=

55Zh vd| �h{shfwhg� ehfdxvh/ zkhq fkrrvlqj glvflsolqh/ d jryhuqphqw rqo| revhuyhv lwv rzq vkrfn/ exw

qrw wkh vkrfnv wkdw klw wkh rwkhu frxqwulhv1
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+d, Y��*YB : f�

+e, Y�2*YB : f�

Iluvw/ frqvlghu Sduw +e, ri Uhvxow +yl, zklfk lv voljkwo| ohvv frpsolfdwhg wkdq Sduw +d,1

Edvlfdoo|/ wkh uhvxow vkrzv wkdw wkh prudo kd}dug sureohp wkdw zh hvwdeolvkhg lq Uhvxow

+y, iru wkh fdvh ri +h{shfwhg, dyhudjh glvflsolqh dovr fduulhv ryhu wr wkh uhvsrqvh ri glvflsolqh

wr lglrv|qfudwlf vkrfnv1 Vxssrvh wkdw frxqwu| � lv klw e| d uhodwlyho| edg vkrfn +"� 	 f,1

Lwv jryhuqphqw uhdfwv zlwk dq lqfuhdvh lq glvflsolqh +ehfdxvh �2 	 f,1 D kljkhu B uhgxfhv

wkh h{shfwhg qhw lqfuhdvh lq uhvrxufhv iurp d jlyhq lqfuhdvh lq glvflsolqh dqg/ khqfh/ wkh

uhvsrqvh ri glvflsolqh wr vkrfnv zloo ehfrph ohvv dfwlyh1

Wkh h�hfw ri B rq wkh uhvsrqvh ri sxeolf ghew +Sduw +d, ri Uhvxow +yl,, wr lglrv|qfudwlf

vkrfnv lv voljkwo| pruh frpsolfdwhg/ ehfdxvh lw lv wkh uhvxow ri wzr h�hfwv wkdw zrun lq

rssrvlwh gluhfwlrqv1 Djdlq/ vxssrvh wkdw frxqwu| � lv klw e| d edg vkrfn +"� 	 f,1 Glvflsolqh

lv udlvhg/ exw wklv lqfuhdvh lv prghudwhg e| wkh kljkhu ghjuhh ri frqwlqjhqf| B/ fi1 Sduw

+e,1 Wklv uhtxluhv d ixuwkhu lqfuhdvh lq frxqwu| �*v sxeolf ghew1 Dssduhqwo|/ krzhyhu/ wklv

h�hfw lv grplqdwhg e| wkh lqfuhdvh lq wkh h{shfwhg qhw wudqvihu iurp wkh rwkhu frxqwulhv

lq wkh v|vwhp/ zklfk fdoov iru d uhgxfwlrq lq ghew1

Zh lqyhvwljdwh qrz krz wkh ghjuhh ri frqwlqjhqf| ri wkh vdqfwlrqv rq wkh revhuyhg

hfrqrplf vlwxdwlrq d�hfwv wkh v|vwhpdwlf gl�huhqfhv lq ghew dffxpxodwlrq dqg glvflsolqh

uhvxowlqj iurp gl�huhqfhv lq jryhuqphqw w|shv dfurvv frxqwulhv/ V�1

Uhvxow +yll,= Ohw � 	 ?3�

?
dqg B 	 �1 Wkhq/

+d, Y��*YB : f1

+e, Y�2*YB : f1

Lqwhuhvwlqjo|/ dv Sduw +e, pdnhv fohdu/ gl�huhqfhv lq glvflsolqh/ uhvxowlqj iurp gl�huhqfhv

jryhuqphqw w|shv/ V�/ duh h{dfhuedwhg e| lqfuhdvhv lq B1 Lq rwkhu zrugv/ wkh frxqwulhv wkdw

kdyh wkh ohdvw glvflsolqhg jryhuqphqwv/ ehfrph hyhq uhodwlyho| ohvv glvflsolqhg li wkh ghjuhh

ri frqwlqjhqf| ri wkh vdqfwlrqv rq wkh revhuyhg hfrqrplf vlwxdwlrq lqfuhdvhv1 Lq frqwudvw

wr gl�huhqfhv lq glvflsolqh/ gl�huhqfhv lq ghew dffxpxodwlrq ehfrph vpdoohu dv B lqfuhdvhv1

Djdlq/ wklv lv wkh uhvxow ri wzr idfwruv wkdw zrun lq rssrvlwh gluhfwlrqv= rq wkh rqh kdqg/

ehfdxvh gl�huhqfhv lq glvflsolqh lqfuhdvh li B ulvhv/ sxeolf frqvxpswlrq vprrwklqj ryhu

wlph lpsolhv odujhu furvv0frxqwu| gl�huhqfhv lq ghew dffxpxodwlrq1 Rq wkh rwkhu kdqg/ dq

lqfuhdvh lq B udlvhv wkh h{shfwhg qhw wudqvihu iurp glvflsolqhg0w|sh wr xqglvflsolqhg0w|sh

jryhuqphqwv1 Dssduhqwo|/ wkh odwwhu h�hfw grplqdwhv wkh iruphu1

Wkh iroorzlqj uhvxow ghdov zlwk krz uhodwlyh vshqglqj ohyhov ydu| zlwk B1 Rqh kdv
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Uhvxow +ylll,= Ohw � 	 ?3�

?
dqg B 	 �1 Wkhq/

+d, Yu�*YB 	 f1

+e, Yu2*YB 	 f1

Lq rwkhu zrugv/ dowkrxjk d frxqwu| zlwk d glvflsolqhg0w|sh jryhuqphqw kdv uhodwlyho| pruh

wr vshqg rq sxeolf frqvxpswlrq lq erwk shulrgv +u� : f dqg u2 : f,/ wkh gl�huhqfh

lq vshqglqj ehwzhhq frxqwulhv zlwk glvflsolqhg0w|sh dqg xqglvflsolqhg0w|sh jryhuqphqwv

ehfrphv vpdoohu dv B lqfuhdvhv1 Wklv uh hfwv wkh lqfuhdvh lq qhw wudqvihuv iurp frxqwulhv

zlwk glvflsolqhg0w|sh jryhuqphqwv wr frxqwulhv zlwk xqglvflsolqhg0w|sh jryhuqphqwv1 Lq

wkh h{wuhph fdvh ri � ' ?3�

?
dqg B ' �/ rqh kdv=

Uhvxow +l{,= Ohw � ' ?3�

?
dqg B ' �1 Wkhq/

+d, g� ' g2 ' f1

+e, u� ' u2 ' f1

Sduw +e, ri Uhvxow +l{, frq�upv rxu hduolhu �qglqj iru wkh vlpsol�hg prgho zlwkrxw

glvflsolqh/ wkdw wkurxjk dq dssursuldwh ghvljq ri wkh vwdelolw| sdfw/ lw fdq surylgh iru

shuihfw furvv0frxqwu| ulvn0vkdulqj1 Lq dgglwlrq/ iru wkh vdph frpelqdwlrq ri sdudphwhuv/

qhw wudqvihu  rzv frpsohwho| r�vhw gl�huhqfhv lq vshqglqj uhvxowlqj iurp gl�huhqfhv lq

glvflsolqh w|shv1

7151 Duh frqwlqjhqw vdqfwlrqv Sduhwr lpsurylqjB

Lq frqwudvw wr wkh yhuvlrq ri wkh prgho zlwkrxw hqgrjhqrxv glvflsolqh/ dq lqfuhdvh lq wkh

ghjuhh ri ulvn vkdulqj wkurxjk d kljkhu B ^vhh Uhvxow +l{,+d,` pd| eh erxjkw dw wkh frvw ri

srwhqwldoo| kljkhu orvvhv iurp prudo kd}dug ^vhh Uhvxow +y,+d,`1 Lqghhg/ rqh fdq vkrz wkdw

zkhq frxqwulhv duh h{ dqwh lghqwlfdo/ l1h1/ zkhq V� ' f/ ;�/ wkh rswlpdo sdfw lv qr orqjhu

jlyhq e| E�c B� '
�
?3�

?
c �
�
1 Lq sduwlfxodu/ Dsshqgl{ L +dydlodeoh xsrq uhtxhvw, vkrzv wkdw/

dw wklv srlqw/ d jryhuqphqw*v h{shfwhg xwlolw| lv vwulfwo| ghfuhdvlqj lq B156

Wr jhw d kdqgoh rq wkh txhvwlrq dv wr zkhwkhu pdnlqj vdqfwlrqv frqwlqjhqw rq wkh

revhuyhg hfrqrplf vlwxdwlrq lv ghvludeoh dw doo/ zh hydoxdwh zkhwkhu/ iru jlyhq f 	 � � ?3�

?
/

d pdujlqdo lqfuhdvh lq B vwduwlqj dw }hur surgxfhv d �uvw0rughu jdlq lq jryhuqphqw �*v xwlolw|1

Wkdw lv/ iru jlyhq f 	 � � ?3�

?
/ zh hydoxdwh YT8�E�c B�*YBmB'f

/ zkhuh

T8� E�c B� � H"

�
� Ee� � V��

2 *2 n � Es��� n R� Es2���
�
k�K�

�2
* E2��

�
c

56Zlwk gl�huhqfhv lq wkh �l/ wklv lv wkh fdvh iru �l � 31 Khqfh/ iru wkhvh jryhuqphqwv/ wkh sdfw

fkdudfwhulvhg e| +#> �, @
�
q�4

q
> 4
�
lv vxerswlpdo1
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lv jryhuqphqw � *v lqgluhfw xwlolw| dv d ixqfwlrq ri wkh vwdelolw| sdfw sdudphwhuv +s�� dqg

s2� duh xqghuvwrrg wr eh hydoxdwhg lq htxloleulxp, dqg zkhuh � lv gh�qhg e| +56,1 Gl�hu0

hqwldwlqj wklv h{suhvvlrq zlwk uhvshfw wr B dqg hydoxdwlqj dw B ' f |lhogv=

YT8�E��

YB

�����
B'f

' H"

%
� Ee� � V��

Ye�
YB

n ��Es���
Ys��
YB

n R��Es2��
Ys2�
YB

�
k2

�
�K�
Y�K�
YB

&
c +63,

zkhuh wkh uljkw0kdqg vlgh ri +63, lv xqghuvwrrg wr eh hydoxdwhg dw B ' f dqg zkhuh/ xvlqj

+4<, dqg +43,/ uhvshfwlyho|/

Ys��
YB

�����
B'f

' ?
?3�

�
Y�K�
YB

n
�
�� ?

?3�
�
� YK��

YB
n

Ye�
YB

n ?
?3�

� dE�"� "�� n E�e� e��o c

Ys2�
YB

�����
B'f

' � ?
?3�

�
Y�K�
YB

n
�
�� ?

?3�
�
� YK��

YB
�

Vxevwlwxwh wkhvh h{suhvvlrqv lqwr +63,/ zklfk fdq wkhq eh zulwwhq dv=

YT8�E��

YB

�����
B'f

' H"

%
d��Es���� R��Es2��o

?
?3�

�
Y�K�
YB

�
k2

�
�K�
Y�K�
YB

&

nH"

%
d��Es���� R��Es2��o

�
�� ?

?3�
�
� YK��

YB

&

nH" i�
�Es��� dE�"� "�� n E�e� e��oj

?
?3�

�c +64,

zkhuh wkh uljkw0kdqg vlgh ri +64, lv hydoxdwhg dw B ' f/ dqg zkhuh zh kdyh pdgh xvh ri

+58,/ hydoxdwhg dw B ' f/ dqg wkh odz ri lwhudwhg surmhfwlrqv/ H" dH� d%oo ' H" d%o1

Iluvw/ frqvlghu wkh vshfldo fdvh lq zklfk wkh FFE lv frpsohwho| lqghshqghqw/ l1h1/ k ' f1

E| +53,/ wkh �uvw wzr whupv rq wkh uljkw0kdqg vlgh ri +64, gurs rxw1 Lqyrnlqj wkh rxwfrphv

rewdlqhg xqghu rxu xwlolw| vshfl�fdwlrq +56,/ vrph dojheud wkhq |lhogv=

YT8�E��

YB

�����
B'f

' ?
?3�

�H" d�
�Es��� dE�"� "�� n E�e� e��oo

' ?
?3�

�

%
E� n�2� E1 � ��g�H" d�"� "�o

2 � �2u�V
2
� � �2

2R

� n R1
V�

&
c +65,

zkhuh �2/ �2 dqg g� duh hydoxdwhg dw k ' f1 Lw lv hdv| wr vhh iurp +F17, wkdw �n�2 : f1

Wklv h{suhvvlrq wkhq ohdgv xv wr wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 61 Vxssrvh wkdw wkh FFE lv frpsohwho| lqghshqghqw +l1h1/ k ' f,/ wkdw

f 	 � � ?3�

?
lv jlyhq dqg wkdw wkh vkrfnv duh xqfruuhodwhg1 Li V� ' �V ' f/ doo �uvw0shulrg

jryhuqphqwv duh ehwwhu r� e| kdylqj dw ohdvw vrph ghjuhh ri frqwlqjhqf| ri wkh vdqfwlrqv
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rq wkh revhuyhg hfrqrplf vlwxdwlrq +l1h1/ B lv pdujlqdoo| lqfuhdvhg dw B ' f,1 Li V� 9' �V/ wkh

ehqh�w ri pdnlqj vdqfwlrqv frqwlqjhqw lv vpdoohu iru d glvflsolqhg0w|sh jryhuqphqw wkdq

iru dq xqglvflsolqhg0w|sh jryhuqphqw vxfk wkdw V� ' �V� 	 f1

Khqfh/ glvflsolqhg0w|sh jryhuqphqwv whqg wr eh ohvv lq idyrxu ri pdnlqj vdqfwlrqv frq0

wlqjhqw xsrq wkh revhuyhg hfrqrplf vlwxdwlrq1 Lq idfw/ li wkh vkrfn yduldqfh lv vx!flhqwo|

vpdoo +dqg/ khqfh/ wkh ehqh�w iurp furvv0frxqwu| ulvn0vkdulqj wkurxjk wkh vwdelolw| sdfw

lv vx!flhqwo| vpdoo,/ wkhq vxfk jryhuqphqwv zrxog yhwr d sdfw zlwk frqwlqjhqw vdqfwlrqv1

Wkh uhdvrq lv wkdw/ e| h{huwlqj ohvv glvflsolqh/ xqglvflsolqhg0w|sh jryhuqphqwv h�hfwlyho|

uhfhlyh d wudqvihu �qdqfhg e| wkh glvflsolqhg0w|sh jryhuqphqwv1 Vxfk gl�huhqfhv lq �lq0

wulqvlf� glvflsolqh dprqj frxqwulhv pd| h{sodlq zk| wkh VJS dgrswhg dw wkh Dpvwhugdp

Vxpplw lq 4<<: dgmxvwv vdqfwlrqv rqo| lq h{fhswlrqdo fdvhv iru frxqwulhv* revhuyhg hfr0

qrplf vlwxdwlrq1

Qrz wxuq wr wkh fdvh ri k : f1 Wkh iroorzlqj sursrvlwlrq lv suryhq lq Dsshqgl{ M

+dydlodeoh xsrq uhtxhvw,=

Sursrvlwlrq 71 Vxssrvh wkdw vkrfnv duh xqfruuhodwhg1 Zlwk qhlwkhu k : f qru j2 : f

wrr odujh/ zlwk glvshuvlrq lq glvflsolqh w|shv +l1h1/ <� G V� : f, dqg jlyhq f 	 � � ?3�

?
/

rqh ru pruh frxqwulhv rssrvh d pdujlqdo lqfuhdvh +vwduwlqj dw B ' f, lq wkh ghjuhh ri

frqwlqjhqf| ri vdqfwlrqv rq wkh revhuyhg hfrqrplf vlwxdwlrq1

Wklv sursrvlwlrq vd|v wkdw li wkh srwhqwldo ehqh�wv iurp ulvn vkdulqj duh vx!flhqwo|

vpdoo +ehfdxvh j2 lv vx!flhqwo| vpdoo,/ dqg jryhuqphqwv gl�hu lq whupv ri wkhlu glvflsolqh

w|shv/ wkhuh zloo dozd|v eh d jryhuqphqw wkdw zrxog zdqw wr yhwr d fkdqjh lq wkh vwdelolw|

sdfw wkdw lqwurgxfhv vrph ghjuhh ri frqwlqjhqf| ri wkh vdqfwlrqv wr frxqwulhv* hfrqrplf

vlwxdwlrqv1

81 Frqfoxvlrqv

Wklv sdshu kdv h{soruhg wkh vfrsh iru d vwdelolw| sdfw wkdw lpsrvhv vdqfwlrqv rq h{fhvvlyh

gh�flwv1 Li doo frxqwulhv duh lghqwlfdo dqg wkh frpprq fhqwudo edqn lv qrw frpsohwho| lqgh0

shqghqw/ wkh| fdq doo eh ehwwhu r� xqghu vxfk d sdfw1 Wkh sdfw uhgxfhv wkh h{fhvvlyh gh�flw

eldv wkdw dulvhv iurp prqhwdu| xql�fdwlrq dqg pd| surylgh iru ulvn vkdulqj li wkh uhihu0

hqfh gh�flw ohyhov rq zklfk wkh vdqfwlrqv duh edvhg duh pdgh frqwlqjhqw rq wkh revhuyhg

hfrqrplf vlwxdwlrq1 Gl�huhqfhv lq lqlwldo ghew uhgxfh wkh fkdqfhv ri xqdqlprxv vxssruw

iru d sdfw1 Prudo kd}dug uhgxfhv wkh dwwudfwlyhqhvv ri pdnlqj vdqfwlrqv frqwlqjhqw rq wkh

revhuyhg hfrqrplf vlwxdwlrq ri frxqwulhv1 Lq sduwlfxodu/ uhodwlyho| glvflsolqhg jryhuqphqwv
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pd| eh zruvh r� xqghu vxfk d sdfw1 Wklv pd| h{sodlq zk| wkh Vwdelolw| dqg Jurzwk

Sdfw frqfoxghg dw wkh Dpvwhugdp vxpplw lq Mxqh 4<<: doorzv iru vdqfwlrqv wr eh oliwhg

rqo| lq udwkhu h{wuhph vlwxdwlrqv1 Lqghhg/ lq sudfwlfh wkh prudo kd}dug zkhq vdqfwlrqv

duh frqwlqjhqw pd| eh lpsruwdqw ehfdxvh ri wkh jhqhudo odfn ri wudqvsduhqf| lq exgjhwdu|

surfhvvhv1

Wkhuh lv d ydulhw| ri srvvleoh h{whqvlrqv ri wkh dqdo|vlv lq wklv sdshu1 Rqh gluhfwlrq

ri ixuwkhu uhvhdufk zrxog lqyroyh d pruh wkrurxjk dqdo|vlv ri wkh hqirufhphqw sureohpv

zlwk wkh VJS dqg wkhlu h�hfw rq wkh �vfdo srolflhv ri wkh sduwlflsdwlqj frxqwulhv1 Lq idfw/

pdq| hfrqrplvwv kdyh h{suhvvhg wkhlu grxewv derxw wkh hqirufhdelolw| ri wkh VJS +vhh/

h1j1/ Exlwhu dqg Vlehuw/ 4<<:,1

Dsshqgl{

D1 Surri ri Ohppd 4

Iluvw/ frqvlghu wkh fdvh zlwk � 9' ?3�

?
1 Wkhq/ li dq htxloleulxp h{lvwv/ lw lv xqltxh1 Vxevwl0

wxwh +<, dqg +43, lqwr +46,/ zklfk |lhogv d xqltxh vroxwlrq iru K��/ ;�/ dv d ixqfwlrq ri �K�1

Khqfh/ li pxowlsoh htxloleuld h{lvw/ wkh| vkrxog doo eh fkdudfwhulvhg e| gl�huhqw ydoxhv ri

�K�1 Qrz/ vwduw iurp dq htxloleulxp dqg frqvlghu wkh h�hfw ri d fkdqjh lq �K�1 Wuhdw �K� dqg

K�� dv wzr vhsdudwh yduldeohv dqg wrwdoo| gl�huhqwldwh +46,1 Zh wkhq �qg=

YK��

Y�K�
' �

?
?3�

� d���Es��� n R���Es o
2� �o� k2* d�?E�� ��ok

�� ?
?3�

�
l
d���Es��� n R���Es o

2� �o
c ;��

Dv f � � 	 ?3�

?
/ wklv h{suhvvlrq lv qhjdwlyh/ vr wkdw dq lqfuhdvh lq �K� ohdgv wr d idoo lq

K�� iru doo � dqg/ wkhuhiruh/ wr d idoo lq �K�= d frqwudglfwlrq1 Khqfh/ wkhuh h{lvwv qr vhfrqg

frpelqdwlrq K��/ ;�/ zklfk ixo�oov +46,/ ;�1

Lq wkh vshfldo fdvh ri � ' ?3�

?
dqg frpprq vkrfnv rqo|/ "� ' �"/ ;�/ zh �qg wkdw e|

frpelqlqj +<,/ +43, dqg +46,=

��
�
� n�"n�K� � �Kf

�
' R��

�
�� �K�

�
n k2�K�*�c ;��

Fohduo|/ dq lq�qlwh qxpehu ri ghew htxloleuld h{lvw/ doo zlwk wkh vdph dyhudjh ghew ohyho/

�K�1 Krzhyhu/ hdfk ri wkhvh htxloleuld ohdgv wr wkh vdph ohyho ri sxeolf vshqglqj lq shulrgv

� dqg 21
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E1 Frxqwulhv zlwk kljkhu lqlwldo ghew uxq orzhu gh�flwv

Zh vkrz wkdw xqghu wkh frqglwlrqv ri Sursrvlwlrq 5 frxqwulhv zlwk kljkhu lqlwldo ghew

uxq orzhu gh�flwv erwk lq wkh �uvw dqg lq wkh vhfrqg shulrg1 Dfwxdoo|/ zh fdq vkrz wklv

dovr zkloh uhod{lqj wkh dvvxpswlrq wkdw k $ f1 Dvvxplqj wkdw j2
" $ f/ wkh �uvw0rughu

frqglwlrq iru �uvw0shulrg ghew fdq eh zulwwhq dv ^xvlqj +<,/ +43,/ +46, dqg wkh gh�qlwlrq ri

wkh gh�flw`=

��
q
� n �K� � �Kf n

�
?

?3�
� � �

� k
�K� � �Kf � _��

lr
E�� ��

' R��
q
�� �K� n

�
�� ?

?3�
�
� �

�K� � _�� � Kf�
�r

E�� �� n k2�K�* E�?� c ;�� +E14,

Ohw � 9' � dqg dvvxph wkdw Kf� : Kf�1 Zh kdyh wr vkrz wkdw wklv lpsolhv wkdw _�� 	

_��1 Zh gr wklv e| frqwudglfwlrq1 Vxssrvh �uvw wkdw _�� � _�� dqg f � � 	 ?3�

?
1

Wkhq/ OKV�+E14,�OKV�+E14, dqg/ khqfh/ UKV�+E14,�UKV�+E14, +zkhuh OKV�+E14, dqg

UKV�+E14,/ uhvshfwlyho|/ ghqrwh wkh ohiw0 dqg uljkw0kdqg vlgh ri htxdwlrq +E14, iru �,1 Wklv

lpsolhv �K� � _�� � Kf� � �K� � _�� � Kf� dqg wkxv Kf� � Kf� � _�� � _��= d frqwudglfwlrq1

F1 Frh!flhqwv ri rxwfrphv lq wkh prgho zlwk hqgrjhqrxv glvflsolqh

Wkh frh!flhqwv ri wkh vwudwhjlhv lq +59, dqg +5:, duh jlyhq e|

�� ' 13R3E13��E�nRE�3�B��
E13��ndRE13��nk2*�?E�3��od�nE13��E�3�B�o

c +F14,

�2 ' �3�B
�nE13��E�3�B�

d�� E1 � ����o c +F15,

�� ' � E13��E�3��E�3�B�

E13��E�3��2ndE13��E�3��2Rnk2*E�?2�od�nE13��E�3�B�2o
	 fc +F16,

�2 ' ���
�
E13��E�3��2E�nR�nk2*E�?2�

E13��E�3��E�3�B�

�
�� 	 fc +F17,

�� ' �
�3 ?

?3�
�B

E�3 ?

?3�
��i�nRd�nE13��E�3�B�E�3 ?

?3�
�B�oj

� fc +F18,

�2 ' �
E�nR�E�3 ?

?3�
��

�3 ?

?3�
�B

�� : f� +F19,

Wkh frh!flhqwv ri wkh rxwfrphv lq +5;,0+5<, duh jlyhq e|

g� '
�
�� ?

?3�
�
�
�� n

�
�� ?

?3�
�B
�
E� n�2�

'
E13��E�3��E�3B� �

?3�
�ndE13��E�3��2Rnk2*E�?2�oE�3 ?

?3�
�B�

E13��E�3��2ndE13��E�3��2Rnk2*E�?2�od�nE13��E�3�B�2o
� fc +F1:,

g2 ' �
�
�� ?

?3�
�
�
��

'
E13��E�3��E�3 ?

?3�
��E�3�B�

E13��E�3��2ndE13��E�3��2Rnk2*E�?2�od�nE13��E�3�B�2o
� fc +F1;,
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u� '
�
�� ?

?3�
�
�
�� n

�
�� ?

?3�
�B
�
�2

'
RE�3 ?

?3�
�B�

�nRd�nE13��E�3�B�E�3 ?

?3�
�B�o

� fc +F1<,

u2 ' �

R
u� � f� +F143,

Uhihuhqfhv

Djhoo/ M1/ O1 Fdopiruv dqg J1 Mrqvvrq/ 4<<9/ Ilvfdo Srolf| zkhq Prqhwdu| Srolf| lv Wlhg

wr wkh Pdvw/ Hxurshdq Hfrqrplf Uhylhz 73/ 4746047731

Dohvlqd/ D1 dqg J1 Wdehoolql/ 4<<3/ D Srvlwlyh Wkhru| ri Ilvfdo Gh�flwv dqg Jryhuqphqw

Ghew/ Uhylhz ri Hfrqrplf Vwxglhv 8:/ 73607471

Duwlv/ P1 dqg E1 Zlqnohu/ 4<<;/ Wkh Vwdelolw| Sdfw= Vdihjxduglqj wkh Fuhglelolw| ri wkh

Hxurshdq Fhqwudo Edqn/ Qdwlrqdo Lqvwlwxwh Hfrqrplf Uhylhz 496/ ;:0<;1

Ed|rxpl/ W1 D1/ P1 Jrogvwhlq dqg J1 Zrjorp/ 4<<8/ Gr Fuhglw Pdunhwv Glvflsolqh

Vryhuhljq EruurzhuvB Hylghqfh iurp wkh X1V1 Vwdwhv/ Mrxuqdo ri Prqh|/ Fuhglw/

dqg Edqnlqj 5:/ 43790438<1

Ehhwvpd/ U1 P1 Z1 M1 dqg D1 O1 Eryhqehuj/ 4<<;/ Wkh Rswlpdolw| ri Prqhwdu| Xqlrq

zlwkrxw Ilvfdo Xqlrq/ FHSU Glvfxvvlrq Sdshu/ Qr14<:8

Ehhwvpd/ U1 P1 Z1 M1 dqg D1 O1 Eryhqehuj/ 4<<</ Grhv Prqhwdu| Xql�fdwlrq Ohdg wr

H{fhvvlyh Ghew DffxpxodwlrqB/ Mrxuqdo ri Sxeolf Hfrqrplfv/ iruwkfrplqj1

Ehhwvpd/ U1 P1 Z1 M1 dqg K1 Xkolj/ 4<<</ Dq Dqdo|vlv ri wkh Vwdelolw| dqg Jurzwk Sdfw/

Hfrqrplf Mrxuqdo/ iruwkfrplqj1

Exlwhu/ Z1 K1/ J1 Fruvhwwl dqg Q1 Urxelql/ 4<<6/ H{fhvvlyh Gh�flwv= Vhqvh dqg Qrqvhqvh

lq wkh Wuhdw| ri Pddvwulfkw/ Hfrqrplf Srolf| ;/ 8:04331

Exlwhu/ Z1 K1 dqg D1 Vlehuw/ 4<<:/ Wudqvlwlrq Lvvxhv iru wkh Hxurshdq Prqhwdu| Xqlrq/

plphr/ Xqlyhuvlw| ri Fdpeulgjh dqg Elunehfn Froohjh1

Exwl/ P dqg D1 Vdslu +hgv1,/ 4<<;/ Hfrqrplf Srolf| lq HPX1 D Vwxg| e| wkh Hxurshdq

Frpplvvlrq Vhuylfhv +Foduhqgrq Suhvv/ R{irug,1

Fdopiruv/ O1/ 4<<;/ Xqhpsor|phqw/ Oderxu0Pdunhw Uhirup dqg Prqhwdu| Xqlrq/ Vhplqdu

Sdshu/ Qr1 96</ LLHV/ Vwrfnkrop Xqlyhuvlw|1

Fkdul/ Y1 Y1 dqg S1 M1 Nhkrh/ 4<<:/ Rq wkh Qhhg iru Ilvfdo Frqvwudlqwv lq d Prqhwdu|

Xqlrq/ plphr/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv1

Hfrqrplvw/ Wkh/ 4<<:/ Jhupdq Ihduv derxw HPX/ Mdqxdu| 581

Hlfkhqjuhhq/ E1 dqg F1 Z|sorv}/ 4<<;/ Wkh Vwdelolw| Sdfw= Pruh wkdq d Plqru QxlvdqfhB

Hfrqrplf Srolf|/ Dsulo/ 9804461

Iodqguhdx/ P1/ M1 Oh Fdfkhx{ dqg I1 ]xphu/ 4<<;/ Vwdelolw| Zlwkrxw d SdfwB Ohvvrqv
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iurp wkh Hxurshdq Jrog Vwdqgdug/ 4;;304<47/ Hfrqrplf Srolf|/ Dsulo/ 44804951

Jlrydqqhwwl/ J1/ U1 Pdulprq dqg S1 Whohv/ 4<<:/ Li \rx Gr zkdw \rx Vkrxog qrw= Srolf|

Frpplwphqwv lq d Ghod|hg HPX/ plphr/ Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ Ioruhqfh1

Jurv/ G1 dqg Q1 Wk|jhvhq/ 4<<;/ Wkh Uhodwlrqvkls Ehwzhhq Hfrqrplf dqg Prqhwdu| Lqwh0

judwlrq/ Fkdswhu ; lq Hxurshdq Prqhwdu| Lqwhjudwlrq/ Uhylvhg Hglwlrq +Vw1 Pduwlq*v

Suhvv/ Qhz \run,1

Loolqj/ J1/ 4<<8/ Qrplqdo Erqgv dqg Exgjhwdu| Glvflsolqh lq d Fxuuhqf| Xqlrq/ plphr/

Xqlyhuvlw| ri Edpehuj2Kdjhq1

Plohvl0Ihuuhwwl/ J1 P1/ 4<<;/ Jrrg/ Edg ru Xjo|B Rq wkh H�hfwv ri Ilvfdo Uxohv zlwk

Fuhdwlyh Dffrxqwlqj/ plphr/ Uhvhdufk Ghsduwphqw/ LPI/ Zdvklqjwrq1

Shuvvrq/ W1/ J1 Urodqg dqg J1 Wdehoolql/ 4<<</ Frpsdudwlyh Srolwlfv dqg Sxeolf Ilqdqfh/

plphr/ Xqlyhuvlwlhv ri Vwrfnkrop/ Euxvvhov dqg Erffrql1

Shuvvrq/ W1 dqg J1 Wdehoolql/ 4<<8/ Grxeoh0Hgjhg Lqfhqwlyhv= Lqvwlwxwlrqv dqg Srolf|

Frruglqdwlrq/ lq= J1 P1 Jurvvpdq dqg N1 Urjr�/ hgv1/ Kdqgerrn ri Lqwhuqdwlrqdo

Hfrqrplfv/ Yro1 LLL +Qruwk0Kroodqg/ Dpvwhugdp, 4<:6053631

Shuvvrq/ W1 dqg J1 Wdehoolql/ 4<<9/ Ihghudo Ilvfdo Frqvwlwxwlrqv= Ulvn Vkdulqj dqg Prudo

Kd}dug/ Hfrqrphwulfd 97/ 95609791

Shuvvrq/ W1 dqg J1 Wdehoolql/ 4<<</ Wkh Vl}h dqg Vfrsh ri Jryhuqphqw= Frpsdudwlyh

Srolwlfv zlwk Udwlrqdo Srolwlfldqv/ Hxurshdq Hfrqrplf Uhylhz 76/ 9<<0:681

Sorhj/ I1 ydq ghu/ 4<<4/ Pdfurhfrqrplf Srolf| Frruglqdwlrq Lvvxhv gxulqj wkh Ydulrxv

Skdvhv ri Hfrqrplf dqg prqhwdu| Lqwhjudwlrq lq Hxursh/ Hxurshdq Hfrqrp|/ Vsh0

fldo Hglwlrq 4/ 46904971

Vlehuw/ D1 dqg D1 Vxwkhuodqg/ 4<<</ Prqhwdu| Uhjlphv dqg Oderxu Pdunhw Uhirup/ Mrxu0

qdo ri Lqwhuqdwlrqdo Hfrqrplfv/ iruwkfrplqj1

Zdovk/ F1 H1/ 4<<8/ Rswlpdo Frqwudfwv iru Lqghshqghqw Fhqwudo Edqnhuv/ Dphulfdq Hfr0

qrplf Uhylhz ;8/ 483049:1

Z|sorv}/ F1/ 4<<4/ Prqhwdu| Xqlrq dqg Ilvfdo Srolf| Glvflsolqh/ Hxurshdq Hfrqrp|/

Vshfldo Hglwlrq 4/ 49804;71
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Ulvn vkdulqj dqg Prudo Kd}dug zlwk d Vwdelolw| Sdfw

Urho P1 Z1 M1 Ehhwvpd/ Gxwfk Plqlvwu| ri Hfrqrplf D�dluv dqg FHSU

Khquln Mhqvhq/ Xqlyhuvlw| ri Frshqkdjhq/ FHSU dqg HSUX

Whfkqlfdo Dsshqglfhv

G1 Ghulydwlrq ri L���/ htxdwlrq +9,

Wkh FFE dwwdfkhv d uhodwlyh zhljkw f � b � � wr lwv remhfwlyh xqghu frpsohwh lqghshq0

ghqfh dqg d uhodwlyh zhljkw � � b wr wkh dyhudjh dprxqw ri uhvrxufhv dydlodeoh wr wkh

jryhuqphqwv lq shulrg 2 +l1h1/ zkhq lq dwlrq lv ghflghg,1 Khqfh/ wkh FFE*v remhfwlyh

ixqfwlrq lv jlyhq e|=

L��� ' b

#
�
Z2

2�

$
n E�� b� �

?

?[
�'�

5
7�� E� n Ze � Z�K�� � �

�
_2� � 7_2�

�
n �

?3�

?[
�'�c� �'�

�
_2� � 7_2�

�68
' E�� b�

�

;?
=� Z2

2� E�� b� *b
n �

?

?[
�'�

5
7�� E� n Ze � Z�K�� � �

�
_2� � 7_2�

�
n �

?3�

?[
�'�c� �'�

�
_2� � 7_2�

�68
<@
>

' E�� b�

%
�
Z2

2k
n �� E� n Ze � Z��K�

&
c

zkhuh k � �E�� b�*b � f/ dqg zkhuh zh kdyh xvhg wkdw wkh �qhv dqg wkh uhedwhv fdqfho

rxw lq wkh djjuhjdwh1 Ljqrulqj wkh sursruwlrqdolw| idfwru/ E�� b�/ htxdwlrq +9, iroorzv1

H1 Surriv ri Uhvxowv +l, 0 +ly,

H141 Uhvxow +l,

+d, Xvh +<, dqg +43, wr zulwh wkh �uvw0rughu frqglwlrqv +46, lq wkh devhqfh ri d sdfw dqg

zlwk R $ � dv

�� E� n K�� � Kf�� ' �� E�� K��� n k2�K�* E�?� c ;��

4



Li Kf� ' f/ ;�/ lw iroorzv lpphgldwho| wkdw K�� ' �K� ' f/ ;�1

+e, Zkhq R 	 �/ wkh �uvw0rughu frqglwlrqv duh

�� E� n K�� � Kf�� ' R�� E�� K��� n k2�K�* E�?� c ;��

Rxu dvvxpswlrq wkdw Kf� ' �Kf � f/ ;�/ lpsolhv wkdw K�� ' �K� : f/ ;�1 Ghqrwh wkh vroxwlrq

iru �K� e| �KW�1 Lpsolflw gl�huhqwldwlrq |lhogv

Y�K�
YR

'
��
�
�sW
2

�
l� k2* E�?�

	 fc

zlwk l � ���
�
�sW
�

�
n R���

�
�sW
2

�
	 f dqg zkhuh �sW

� dqg �sW
2 ghqrwh wkh vroxwlrqv iru sxeolf

vshqglqj1 Ilqdoo|/ zh kdyh
Y�K�
Y?

' �
k2�KW�* E�?

2�

l� k2* E�?�
c

zklfk lv srvlwlyh iru k : f1

H151 Uhvxow +ll,

Uhphpehu wkdw wkh dvvxpswlrq Kf� ' �Kf � f/ ;�/ lpsolhv K�� ' �K� : f/ ;� +fi1 Ohppd 5,1

Wkhq/ lpsolflw gl�huhqwldwlrq ri +46, |lhogv

Y�K�
Y�

'
��
�
�sW
�

�
� R��

�
�sW
2

�
lE�� ��� k2* E�?�

�

Xvlqj +46,/ zh uhzulwh wklv dv=

Y�K�
Y�

'
k2�KW�* d�? E�� ��o

l E�� ��� k2* E�?�
	 f�

Fohduo|/ iru k ' f/ Y�K�*Y� ' f1

H161 Uhvxow +lll,

Uhphpehu wkdw wkh dvvxpswlrq Kf� ' �Kf/ ;�/ lpsolhv K�� ' �K�/ ;�1

+d, Lpsolflw gl�huhqwldwlrq ri +46, |lhogv

Y�K�
Y�"

' �
���
�
�sW
�

�
E�� ��

l E�� ��� k2* E�?�
	 f�

+e, Gl�huhqwldwlrq ri wkh h{suhvvlrq iru Y�K�*Y�" deryh dqg xvlqj ���� ' f/ hvwdeolvkhv
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wkdw Y
�
Y�K�*Y�"

�
*Y? 	 f dqg Y

�
Y�K�*Y�"

�
*Y� : f1

H171 Uhvxow +ly,

Zh ydu| E�"� "�� zkloh dvvxplqj wkdw gE�"� "�� ' � �

?3�
gE�"� "��/ ;� 9' �1 Wklv pdqlsxodwlrq

nhhsv �" xqfkdqjhg1 Ixuwkhupruh/ zh dvvxph wkdw/ lqlwldoo|/ "� ' �"1

+d, Wrwdo gl�huhqwldwlrq ri frxqwu| �*v �uvw0rughu frqglwlrq/ +46,/ |lhogv

gK�� '
���
�
�sW
�

� �
?

?3�
�B � �

�
�

?
?3�

� � �
�
l

g E�"� "�� n
?

?3�
�lE�� ��� k2* E�?��
?

?3�
� � �

�
lE�� ��

g�K�c +H14,

zklfk lv hydoxdwhg durxqg wkh lqlwldo/ v|pphwulf htxloleulxp1 Vlploduo|/ wrwdo gl�huhqwld0

wlrq ri frxqwulhv �*v/ ;� 9' �/ �uvw0rughu frqglwlrq/ zkloh xvlqj gE�"� "�� ' � �

?3�
gE�"� "��

dqg hydoxdwlqj durxqg wkh lqlwldo htxloleulxp/ lpsolhv

gK�� ' �
�

?� �

���
�
�sW
�

� �
?

?3�
�B � �

�
�

?
?3�

� � �
�
l

g E�"� "�� n
?

?3�
�lE�� ��� k2* E�?��
?

?3�
� � �

�
lE�� ��

g�K�c ;� 9' �c

+H15,

Qrwh wkdw g�K� '
�

?
gK�� n

�

?

S
� �'�gK�� dqg frpelqh wklv zlwk +H14, dqg +H15, wr lpso| wkdw

g�K� ' f1 Khqfh/

Y
�
K�� � �K�

�
Y E�"� "��

'
��� EsW

� �
�

?
?3�

�B � �
�

�
?

?3�
� � �

�
l

: fc

zkhq f � � 	 ?3�

?
1

+e, Gl�huhqwldwlrq ri wkh h{suhvvlrq iru Y
�
K�� � �K�

�
*Y E�"� "�� deryh/ zkloh xvlqj wkdw

���� ' f uhdglo| hvwdeolvkhv wkdw Y
k
Y
�
K�� � �K�

�
*Y E�"� "��

l
*Y� : f dqg

Y
k
Y
�
K�� � �K�

�
*Y E�"� "��

l
*YB 	 f1

I1 Vfkhphv frqwlqjhqw rq d olqhdu frpelqdwlrq ri s�� dqg "� n e�

Lq wklv dsshqgl{ zh vkrz wkdw vdqfwlrq vfkhphv +olqhduo|, frqwlqjhqw rq s��/ ru d frpel0

qdwlrq ri "� n e� dqg s��/ fdq eh zulwwhq dv +4:, ru/ htxlydohqwo|/ +4<,1 Ohw

s�� ' � n "� n e� n K�� � 	� d_�� n /s�� n > E"� n e��o

n
	�

?3�

?[
�'�c� �'�

d_�� n /s�� n > E"� n e��o c +I14,

+, s�� ' � n "� n e� n K�� � 	� d_�� n > E"� n e��o� 	�/s�� n
	�/
?3�

�
? �s� � s��

�
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n
	�?
?3�

k
�_� n > E�"n �e�

l
�

	�
?3�

d_�� n > E"� n e��o c

+,
�
� n 	�/

�
s�� ' � n "� n e� n K�� � 	� ?

?3�
d_�� n > E"� n e��o

n
	�/
?3�

�
? �s� � s��

�
n

	�?
?3�

k
�_� n > E�"n �e�

l
c

+,
�
� n 	�/ ?

?3�

�
s�� ' � n "� n e� n K�� n 	� ?

?3�

�
�_� � _��

�
n	� ?

?3�
> dE�"� "�� n E�e� e��o n

	�/?
?3�

�s��

Khqfh/ �s� ' �n�"n�en�K�1 Vxevwlwxwh wklv lqwr wkh uljkw0kdqg vlgh ri wkh suhylrxv htxdwlrq

dqg xvh wkdw _�� ' K�� dqg �_� ' �K�1 Wklv |lhogv=

�
� n 	�/ ?

?3�

�
s�� ' � n "� n e� n K�� n 	� ?

?3�

�
�K� � K��

�
n	� ?

?3�
> dE�"� "�� n E�e� e��o n

	�/?
?3�

�
� n�"n �en�K�

�
c

+,
�
� n 	�/ ?

?3�

�
s�� '

�
� n�"n �en�K�

� �
� n 	�/ ?

?3�

�
n 	� ?

?3�

�
�K� � K��

�
n	� ?

?3�
> dE�"� "�� n E�e� e��o n E"� � �"� n Ee� � �e� n

�
K�� � �K�

�
c

+, s�� '
�
� n�"n �en�K�

�
n

	�
?

?3�
3�

�n	�/
?

?3�

�
�K� � K��

�

n
	�

?
?3�

>3�

�n	�/
?

?3�

dE�"� "�� n E�e� e��o �

Wklv lv htxlydohqw wr +4<, li E�c B� duh fkrvhq vxfk wkdw=

	� ?
?3�

� �

� n 	�/ ?
?3�

' � ?
?3�

� �c

	� ?
?3�

>� �

� n 	�/ ?
?3�

' �B ?
?3�

� ��

Wkh vroxwlrq wr wklv v|vwhp lv=

� '
	� E� n /�

� n 	�/ ?
?3�

c B '
/ n >

� n /
�
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Khqfh/ e| dssursuldwho| fkrrvlqj E�c B� iru jlyhq
�
	�c /c >

�
/ rqh fdq zulwh +I14, dv +4<, ru/

htxlydohqwo|/ +4:,1

J1 Ghulydwlrq ri rxwfrphv iru K��/ +59,/ dqg e�/ +5:,

Iru frqyhqlhqfh/ zh uhshdw wkh uhohydqw exgjhw frqvwudlqwv iurp wkh �uvw0shulrg jryhuq0

phqw*v shuvshfwlyh=

s�� ' � n�"n �en�K� n
�

?
?3�

� � �
� �

�K� � K��
�
n
�

?
?3�

�B � �
�
dE�"� "�� n E�e� e��o c +J14,

s o
2� ' �� �K� n

�
�� ?

?3�
�
� �

�K� � K��
�
c +J15,

dqg wkh h{suhvvlrq iru lq dwlrq

Z ' k�K�� +J16,

Lq shulrg �/ hdfk jryhuqphqw vhohfwv ghew dqg h�ruw/ nqrzlqj lwv rzq vkrfn exw qrw

nqrzlqj wkh rwkhu frxqwulhv* vkrfnv1 Wkhvh fkrlfhv duh wdnhq vlpxowdqhrxvo|/ vr zh frqvlghu

d �Frxuqrwldq jdph� iru zklfk zh zdqw wr fkdudfwhulvh wkh +Ed|hvldq, Qdvk htxloleulxp1

Qrwh wkdw wkh idfw wkdw wkh jryhuqphqwv vxevhtxhqwo| fdq revhuyh wkh vxp ri e� dqg "�

lq doo frxqwulhv lv ri qr lpsruwdqfh iru wkh htxloleulxp rxwfrphv= nqrzlqj wkdw |rx jhw

lqirupdwlrq derxw vrphwklqj odwhu lv ri qr xvh qrz +e| wkh odz ri lwhudwhg surmhfwlrqv,1

Jryhuqphqw � pd{lplvhv

L8� E�� ' H�

k
��� Ee�� n �Es��� n R�Es2��� Z2*E2��

l
�

ryhu K�� dqg e�1

J141 Wkh htxloleulxp frqglwlrqv iru d +Ed|hvldq, Qdvk htxloleulxpzlwk txdgudwlf

xwlolw|

Frqvlghu �uvw wkh fkrlfh ri ghew1 Pd{lplvlqj L8� E�� zlwk uhvshfw wr K�� vxemhfw wr +J14,/

+J15,/ dqg +J16,/ wdnlqj dv jlyhq K��/ ;�/ � 9' �/ dv zhoo dv e�/ ;�/ |lhogv wkh iroorzlqj

�uvw0rughu frqglwlrqv=

H� d�
�Es���o E�� �� ' H� dR�

�Es o2��o E�� �� n H�

k
k2�K�* E�?�

l
c ;�� +J17,

Wkh fkrlfh ri glvflsolqh lv fkdudfwhulvhg e| pd{lplvlqj L8� E�� zlwk uhvshfw wr e� vxemhfw

wr +4<,/ +43,/ dqg +:,/ wdnlqj dv jlyhq e�/ ;�/ � 9' �/ dv zhoo dv K��/ ;�1 Wkh qhfhvvdu| �uvw0
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rughu frqglwlrqv duh jlyhq e|

��� Ee�� ' H� d�
�Es���o E�� �B� c ;�� +J18,

Dsso|lqj wkh vshfl�fdwlrqv iru � dqg � dgrswhg lq wkh wh{w/ wkh �uvw0rughu frqglwlrqv

+J17, dqg +J18, ehfrph

H� d1 � E1 � �� s��o ' RH� d1 � E1 � �� so2�o n
k
k2* E�? E�� ���

l
H�

k
�K�
l
c ;�c

e� � V� ' H� d1 � E1 � �� s��o E�� �B� c ;��

Ehfdxvh � dqg � duh txdgudwlf/ wkhvh frqglwlrqv duh qrw rqo| qhfhvvdu|/ exw dovr vx!flhqw1

Qrz xvh wkdw b ' k2* E�? E�� ���1 Khqfh/ wkhvh frqglwlrqv ehfrph=

E�� R� 1 � E1 � ��H� ds��o ' �R E1 � ��H� ds
o
2�o n bH�

k
�K�
l
c ;�c +J19,

e� � V� ' 1 E�� �B�� E1 � �� E�� �B�H� ds��o c ;�� +J1:,

Lq wkh Ed|hvldq Qdvk htxloleulxp zh frqvlghu/ hdfk jryhuqphqw �*v vwudwhj| zloo eh d

ixqfwlrq ri "� dqg lwv hvwlpdwhv derxw rwkhu frxqwulhv* vkrfnv/ dqg hvwlpdwhv derxw rwkhu

jryhuqphqwv* hvwlpdwhv derxw "�/ ;�/ dqg vr rq1 Lq d ?0sod|hu jdph olnh wklv rqh/ wkh

dojheud zrxog ehfrph udwkhu lqwudfwdeoh1 Krzhyhu/ dv zh kdyh dvvxphg wkdw wkh vkrfnv

kdyh }hur phdq/ wdnlqj wklv lwhudwlyh surfhvv lqwr dffrxqw ehfrphv sduwlfxoduo| vlpsoh/

ehfdxvh wkhvh hvwlpdwhv vlpso| ydqlvk1 Dv d uhvxow/ jryhuqphqw �*v vwudwhj| ghshqgv rqo|

rq wkh uhdolvdwlrq ri "�/ exw qrw wkh rwkhu vkrfnv1

Wkhuhiruh/ zh frqmhfwxuh wkh iroorzlqj vhw ri htxloleulxp vwudwhjlhv=

K�� ' �� n��"� n ��V�c +J1;,

e� ' �2 n�2"� n �2V�� +J1<,

Li wklv frqmhfwxuh lv fruuhfw/ wkh uhdolvdwlrqv ri dyhudjh ghew dqg glvflsolqh zloo eh jlyhq

e|/ uhvshfwlyho|/

�K� ' �� n���"c +J143,

�e ' �2 n�2�"c +J144,

zkhuh zh kdyh xvhg wkdw �V ' f1

9



Khqfh/ wkh uhdolvdwlrqv ri sxeolf frqvxpswlrq duh jlyhq e|

s�� ' � n�"n�2 n�2�"n�� n���"n
�

?
?3�

� � �
�
E���"� ��"� � ��V�� +J145,

n
�

?
?3�

�B � �
�
d�"� "� n E�2�"� �2"� � �2V��o �

s o
2� ' �� d�� n���"o n

�
�� ?

?3�
�
�
E���"���"� � ��V�� � +J146,

Wr yhuli| wkh frqmhfwxuhg vwudwhjlhv dqg wr vroyh iru lwv frh!flhqwv/ zh qhhg wr frpsxwh

wkh h{shfwdwlrqv ri wkhvh h{suhvvlrqv/ frqglwlrqdo xsrq jryhuqphqw �*v lqirupdwlrq vhw1

Iurp +J145, zh �qg=

H� ds��o ' � n�"n�2 n�2

�

?
"� n�� n��

�

?
"�

n
�

?
?3�

� � �
��

��

�

?
"� � ��V� ���"�

�

n
�

?
?3�

�B � �
� ��

?
"� � "� n�2

�

?
"� � �2V� ��2"�

�

dqg wkxv

H� ds��o ' � n�� n�2 n
�
� n�� n�2

?

�
"� �

�
?

?3�
� � �

��
��V� n��

?� �

?
"�

�

�
�

?
?3�

�B � �
� �?� �

?
E� n�2� "� n �2V�

�

' � n�� n�2 �
�

?
?3�

� � �
�
��V� �

�
?

?3�
�B � �

�
�2V�

n
�
� n�� n�2

?
�
�

?
?3�

� � �
�
��

?� �

?
�
�

?
?3�

�B � �
� ?� �

?
E� n�2�

�
"�c

dqg wkxv

H� is��j ' � n�� n�2 �
�

?
?3�

� � �
�
��V� �

�
?

?3�
�B � �

�
�2V� +J147,

n dE� n�2� E�� �B� n�� E�� ��o "��

Vlploduo|/ zh �qg wkh h{shfwhg sxeolf frqvxpswlrq lq shulrg wzr e| xvh ri +J146,=

H� ds
o
2� o ' ��

�
�� n��

�

?
"�

�

n
�
�� ?

?3�
�
��

��

�

?
"� � ��V� � ��"�

�

dqg wkxv

H� ds
o
2� o ' ���� �

�
�� ?

?3�
�
�
��V� � �� E�� �� "�� +J148,

:



Ilqdoo|/ zh qhhg wr �qg jryhuqphqw �*v h{shfwdwlrq ri dyhudjh ghew1 Wklv iroorzv e| xvh

ri +J143, dv

H�

k
�K�
l
' �� n��

�

?
"�� +J149,

J151 Yhul�fdwlrq ri frqmhfwxuhv dqg vroxwlrq

Lqvhuw wkh h{suhvvlrqv iru H� ds��o/ H� ds
o
2� o dqg H�

k
�K�
l
lqwr wkh �uvw0rughu frqglwlrqv1 Wklv

|lhogv ^dovr xvlqj wkh frqmhfwxuh iru e�/ htxdwlrq +J1<,`=

E�� R� 1 � E1 � ��
k
� n�� n�2 �

�
?

?3�
� � �

�
��V� �

�
?

?3�
�B � �

�
�2V�

n dE� n�2� E�� �B� n�� E�� ��o "�o

' �R E1 � ��
k
���� �

�
�� ?

?3�
�
�
��V� � �� E�� �� "�

l
nb

�
�� n��

�

?
"�

�
c +J14:,

dqg

�2 n �2V� n�2"� � V�

' 1 E�� �B�� E1 � �� E�� �B�
k
� n�� n�2 �

�
?

?3�
� � �

�
��V� �

�
?

?3�
�B � �

�
�2V�

n dE� n�2� E�� �B� n�� E�� ��o "�o � +J14;,

J15141 Vroxwlrq iru vkrfn frh!flhqwv

Dv +J14:, dqg +J14;, pxvw krog iru doo ydoxhv ri "�/ zh kdyh wkdw wkh iroorzlqj pxvw krog=

� E1 � �� dE� n�2� E�� �B� n�� E�� ��o ' R E1 � ���� E�� �� n b��

�

?
c +J14<,

�2 ' � E1 � �� E�� �B� dE� n�2� E�� �B� n�� E�� ��o � +J153,

Wkhvh h{suhvvlrqv xqltxho| lghqwli| frh!flhqwv �� dqg �21 E| lqvhuwlqj +J153,*v lpsolhg

ydoxh iru E� n�2� E�� �B� n�� E�� �� lqwr +J14<,/ zh jhw

�2

E�� �B�
' R E1 � ���� E�� �� n b��

�

?
c

ohdglqj wr d ydoxh ri �2/ jlyhq ��/

�2 ' �� E�� �B�
�
R E1 � �� E�� �� n b

�

?

�
� +J154,

;



Lqvhuwlqj wklv ydoxh edfn lqwr +J14<, wkhq jlyhv

� E1 � ��
��

� n�� E�� �B�
�
R E1 � �� E�� �� n b

�

?

��
E�� �B� n�� E�� ��

�

' ��

�
R E1 � �� E�� �� n b

�

?

�

Zh lvrodwh �� rq wkh ohiw0kdqg0vlgh wr jhw=

��

�
�
k
E1 � �� E�� �B�2 n �

l �
R E1 � �� E�� �� n b

�

?

�
� E1 � �� E�� ��

�
' E1 � �� E�� �B� �

Khqfh/ wkh vroxwlrq lv

�� ' �
E1 � �� E�� �B�k

E1 � �� E�� �B�2 n �
l k
R E1 � �� E�� �� n b �

?

l
n E1 � �� E�� ��

	 f� +J155,

Frpelqhg zlwk +J154,/ zh wkhq uhfryhu wkh h{suhvvlrq iru �2=

�2 ' �
E1 � �� E�� �B�2

k
R E1 � �� E�� �� n b �

?

l
k
E1 � �� E�� �B�2 n �

l k
R E1 � �� E�� �� n b �

?

l
n E1 � �� E�� ��

	 f� +J156,

J15151 Vroxwlrq iru dyhudjh h�ruw dqg ghew

Qrz/ zlwk �� dqg �2 jlyhq e| +J155, dqg +J156,/ uhvshfwlyho|/ +J14:, dqg +J14;, uhgxfh

wr

E�� R� 1 � E1 � ��
k
� n�� n�2 �

�
?

?3�
� � �

�
��V� �

�
?

?3�
�B � �

�
�2V�

l
' �R E1 � ��

k
�� �� �

�
�� ?

?3�
�
�
��V�

l
n b��c +J157,

dqg

�2 n �2V� � V�

' 1 E�� �B�

� E1 � �� E�� �B�
k
� n�� n�2 �

�
?

?3�
� � �

�
��V� �

�
?

?3�
�B � �

�
�2V�

l
�

Zh qrz zdqw wr ghwhuplqh ��/ �2/ ��V� dqg �2V�1 Iru wklv sxusrvh zh vxp doo wkh ohiw0

kdqg dqg uljkw0kdqg vlghv ri wkhvh 2? htxdwlrqv +dqg glylgh wkh uhvxowv e| ?,1 Zh wkxv

kdyh wkh iroorzlqj wzr frqglwlrqv +dv �V ' f,=

E�� R� 1 � E1 � �� E� n�� n�2� ' �R E1 � �� E�� ��� n b��c +J158,

<



dqg

�2 ' 1 E�� �B�� E1 � �� E�� �B� E� n�� n�2� � +J159,

Wkhvh htxdwlrqv lghqwli| �� dqg �21 Iurp +J159, zh rewdlq wkh iroorzlqj vroxwlrq iru �2=

�2 '
1 E�� �B�� E1 � �� E�� �B� E� n���

� n E1 � �� E�� �B�
� +J15:,

Zh wkhq soxj wkh vroxwlrq iru �2 iurp +J15:, edfn lqwr +J158, vr dv wr lghqwli| ��=

E�� R� 1 � E1 � ��

%
� n�� n

1 E�� �B�� E1 � �� E�� �B� E� n���

� n E1 � �� E�� �B�

&

' �R E1 � �� d����o n b���

Lvrodwlqj wkh �� sduw jlyhv=

%
�

E1 � ��

� n E1 � �� E�� �B�
� R E1 � ��� b

&
��

' � E�� R� 1 n E1 � ��

%
� n

E�� �B�

� n E1 � �� E�� �B�

&
� R E1 � ��

/

%
�

E1 � ��

� n E1 � �� E�� �B�
� R E1 � ��� b

&
��

' R� 1 n
E1 � �� E� n 1 E�� �B��

� n E1 � �� E�� �B�
�

Dqg wkhuhe|

�� '

R� 1 n
E1 � �� E� n 1 E�� �B��

� n E1 � �� E�� �B�

�
E1 � ��

� n E1 � �� E�� �B�
� R E1 � ��� b

'
E1 � R� E� n E1 � �� E�� �B��� E1 � �� E� n 1 E�� �B��

E1 � �� n ER E1 � �� n b� E� n E1 � �� E�� �B��

'
1 � R� E1 � �� E� n R E�� �B��

E1 � �� n ER E1 � �� n b� E� n E1 � �� E�� �B��
� +J15;,

Lqvhuwlqj wklv ydoxh ri �� edfn lqwr +J15:, wkhq surylghv wkh vroxwlrq iru �2=

�2 '
E�� �B�

� n E1 � �� E�� �B�

%
��

E1 � �� d1 � R� E1 � �� E� n R E�� �B��o

E1 � �� n ER E1 � �� n b� E� n E1 � �� E�� �B��

&
� +J15<,
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J15161 Vroxwlrq iru frxqwu|0vshfl�f glvflsolqh dqg ghew

Kdylqj ghulyhg wkhvh dyhudjhv/ zh fdq qrz jr edfn wr hdfk jryhuqphqw �*v rswlpdolw|

frqglwlrqv dqg �qg wkh �lglrv|qfudwlf� frpsrqhqwv ri wkh vwudwhjlhv1 Ohw xv uhshdw wkh

frqglwlrqv=

E�� R� 1 � E1 � ��
k
� n�� n�2 n ��V�

�
�� � ?

?3�

�
n �2V�

�
�� �B ?

?3�

�l
' �R E1 � ��

k
���� � ��V�

�
�� � ?

?3�

�l
n b��c +J163,

dqg

�2 n ��V� � V� +J164,

' 1 E�� �B�� E1 � �� E�� �B�
k
� n�� n�2 n ��V�

�
�� � ?

?3�

�
n �2V�

�
�� �B ?

?3�

�l
�

Iurp wklv v|vwhp ri htxdwlrqv zh vxewudfw +J158,0+J159,/ wr |lhog=

� E1 � ��
k
��V�

�
�� � ?

?3�

�
n �2V�

�
�� �B ?

?3�

�l
' R E1 � ����V�

�
�� � ?

?3�

�
c +J165,

dqg

�2V� � V� ' � E1 � �� E�� �B�
k
��V�

�
�� � ?

?3�

�
n �2V�

�
�� �B ?

?3�

�l
� +J166,

Iurp +J165, zh wkhq lpphgldwho| �qg

E� n R���V�
�
�� � ?

?3�

�
' ��2V�

�
�� �B ?

?3�

�
c

dqg wkxv

��V� ' �
�� �B ?

?3��
�� � ?

?3�

�
E� n R�

�2V�� +J167,

Wklv lv wkhq lqvhuwhg edfn lqwr +J166, wr vroyh iru �2V�=

�2V� � V� ' � E1 � �� E�� �B�
R

� n R

�
�� �B ?

?3�

�
�2V�c

dqg wkhuhiruh

�2V�

5
7� n E1 � �� E�� �B� R

�
�� �B ?

?3�

�
� n R

6
8 ' V�c
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ohdglqj wr

�2 '
� n R

� n Rn E1 � �� E�� �B� R
�
�� �B ?

?3�

� � +J168,

Lqvhuwhg edfn lqwr +J167, zh wkhq vroyh iru ��=

�� ' �
�� �B ?

?3��
�� � ?

?3�

� k
� n Rn E1 � �� E�� �B� R

�
�� �B ?

?3�

�l � +J169,

K1 Surri ri uhvxowv +y, 0 +l{,

K141 Uhvxow +y,

+d, Rqh fdq uhzulwh

�� ' E�� ��
�� R d� n E1 � �� E�� �B�o

E�� �� E1 � �� i� n R d� n E1 � �� E�� �B�ojn Ek2*�?� d� n E1 � �� E�� �B�o
�

Khqfh/

Y��

YB
2 R E1 � ��� E�� �� E1 � �� i� n R d� n E1 � �� E�� �B�oj

nR E1 � ���
�
k2*�?

�
d� n E1 � �� E�� �B�o

n
k
E�� �� E1 � �� R E1 � ��� n

�
k2*�?

�
E1 � ���

l
i�� R d� n E1 � �� E�� �B�oj

2 R
q
E�� �� E1 � �� i� n R d� n E1 � �� E�� �B�ojn

�
k2*�?

�
d� n E1 � �� E�� �B�o

r
n
k
E�� �� E1 � �� Rn

�
k2*�?

�l
i�� R d� n E1 � �� E�� �B�oj

' R E�� �� E1 � �� i� n R d� n E1 � �� E�� �B�oj

n
k
E�� �� E1 � �� Rn

�
k2*�?

�l
� E�� �� E1 � �� R2 d� n E1 � �� E�� �B�o

' R E�� �� E1 � �� n R2 E�� �� E1 � �� d� n E1 � �� E�� �B�o

n
k
E�� �� E1 � �� Rn

�
k2*�?

�l
� E�� �� E1 � �� R2 d� n E1 � �� E�� �B�o

' R E�� �� E1 � �� n E�� �� E1 � �� Rn
�
k2*�?

�
: f�

zkhuh wkh v|pero 2 lv xvhg wr lqglfdwh wkdw wkh uljkw0kdqg vlgh kdv wkh vdph vljq dv wkh

ohiw0kdqg vlgh1 Ixuwkhu/

Y�2

YB
' � �

d�nE13��E�3�B�o2
d�� E1 � ����o n

k
�3�B

�nE13��E�3�B�

l
Yd�3E13����o

YB
�
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Ehfdxvh � � E1 � ���� : f +wklv lv hdv| wr vkrz,/ wkh �uvw whup rq wkh uljkw0kdqg vlgh

lv qhjdwlyh1 Lq dgglwlrq/ iurp wkh uhvxow wkdw Y��

YB
: f +dqg wkh uhvwulfwlrqv lpsrvhg rq

wkh sdudphwhuv,/ lw iroorzv wkdw wkh vhfrqg whup rq wkh uljkw0kdqg vlgh lv dovr qhjdwlyh1

Khqfh/ Y�2

YB
	 f1

+e14, Lpphgldwh/ ehfdxvh qhlwkhu �� qru �2 ghshqgv rq �1

+e15, Li B : f dqg k ' f/ zh fdq zulwh=

�� '
�� R d� n E1 � �� E�� �B�o

E1 � �� i� n R d� n E1 � �� E�� �B�oj
�

Khqfh/ � hqwhuv �� dqg �2 rqo| wkurxjk wkh frpelqdwlrq �B1 Khqfh/ iurp Uhvxow +y,+d,/

zklfk krogv lq sduwlfxodu dovr li k ' f/ wkh ghvluhg uhvxow iroorzv lpphgldwho|1

+e16, Li B ' f dqg k : f/ zh fdq zulwh=

�� '
�� R1

E1 � �� E� n R1� n dk2*�? E�� ��o 1
�

Xvlqj wkdw R1 	 �/ wkh uhvxowv iroorz lpphgldwho|1

K151 Uhvxow +yl,

+d, Rqh fdq zulwh �� dv=

�� ' � E1 � �� E�� ��

#
+

�f n ��+
2

$
c

zkhuh

+ � E�� �B� : fc

�f � E1 � �� E�� ��2 E� n R� n k2*�?2 : fc

�� �
k
E1 � �� E�� ��2 Rn k2*�?2

l
E1 � �� : f�

Khqfh/
Y��

Y+
' � E1 � �� E�� ��

%
�f � ��+

2

E�f n ��+
2�2

&
�

Khqfh/ Y��

YB
: f lv htxlydohqw wr �f : ��+

2/ zklfk lv htxlydohqw wr=

E1 � �� E�� ��2 E� n R� n k2*�?2 :
k
E1 � �� E�� ��2 Rn k2*�?2

l
E1 � �� E�� �B�2 �

Jlyhq wkh sdudphwhu frqglwlrqv wkdw kdyh ehhq lpsrvhg/ wklv frqglwlrq lv ixo�oohg1
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+e, Zh fdq zulwh=

�2 ' �

#
��+

2

�f n ��+
2

$
c

Dq lqfuhdvh lq B uhgxfhv + dqg/ khqfh/ wkh uhvxow iroorzv1

K161 Uhvxow +yll,

+d, Rqh kdv=

Y��

YB
2 ?

?3�
�
�
�� ?

?3�
�
� q

� n R
k
�� E�� 1� E�� �B�

�
�� ?

?3�
�B
�lr

n
�
�� ?

?3�
�
�
R E1 � ��

k
� E�� �B� ?

?3�
� �

�
�� ?

?3�
�B
�
�
l �

�� ?
?3�

�B
�

2 ?
?3�

�
�� ?

?3�
�
�
n ?

?3�

�
�� ?

?3�
�
�
R
k
� n E1 � �� E�� �B�

�
�� ?

?3�
�B
�l

�R E1 � �� ?
?3�

�
�� ?

?3�
�
�
E�� �B�

�
�� ?

?3�
�B
�

�R
�
�� ?

?3�
�
�
E1 � ��

�
�� ?

?3�
�B
�2

' ?
?3�

�
�� ?

?3�
�
�
E� n R��

�
�� ?

?3�
�
�
E1 � ��

�
�� ?

?3�
�B
�2

R

'
�
�� ?

?3�
�
� �

?
?3�

E� n R�� R E1 � ��
�
�� ?

?3�
�B
�2�

: f�

+e, Lpphgldwh1

K171 Uhvxow +ylll,

+d, Rqh kdv=

Yu�

YB
2 � ?

?3�
�
q
� n R

k
� n E1 � �� E�� �B�

�
�� ?

?3�
�B
�lr

nR E1 � ��
k
E�� �B� ?

?3�
� n

�
�� ?

?3�
�B
�
�
l �

�� ?
?3�

�B
�

' � ?
?3�

� E� n R�� ?
?3�

�R E1 � �� E�� �B�
�
�� ?

?3�
�B
�

nR E1 � �� E�� �B� ?
?3�

�
�
�� ?

?3�
�B
�
n R E1 � ���

�
�� ?

?3�
�B
�2

2 � ?
?3�

E� n R� n R E1 � ��
�
�� ?

?3�
�B
�2

' � �

?3�
E� n R�� � n R

�
E1 � ��

�
�� ?

?3�
�B
�2

� �
�

	 f�

+e, Lpphgldwh/ xvlqj Uhvxow +ylll,+d,1
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K181 Uhvxow +l{,

+d, Lpphgldwh1

+e, Lpphgldwh1

L1 Surri wkdw iru V� � f lw lv qr orqjhu rswlpdo wr kdyh E�c B� ' E?3�

?
c ��

Jryhuqphqw �*v lqgluhfw xwlolw| dv d ixqfwlrq ri wkh vwdelolw| sdfw sdudphwhuv lv jlyhq e|=

T8� E�c B� � H"
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zkhuh s�� dqg s2� duh xqghuvwrrg wr eh hydoxdwhg iru wkh htxloleulxp rxwfrphv1 Gl�huhq0

wldwlqj wklv h{suhvvlrq zlwk uhvshfw wr B dqg hydoxdwlqj dw wW � E�c B� ' E?3�
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zkhuh wkh vxevfulsw �m wW � lv xvhg wr lqglfdwh wkdw wkh h{shfwdwlrq rq wkh uljkw0kdqg vlgh
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Ohw xv fkhfn wkh vljq ri wklv h{suhvvlrq e| lqyhvwljdwlqj lwv uljkw0kdqg vlgh whup e|

whup=
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eh vljqhg xqdpeljxrxvo|/ lq jhqhudo1 Krzhyhu/ iru vpdoo hqrxjk j2 lw lv qhjdwlyh

dqg lw fdq eh eurxjkw duelwudulo| forvh wr }hur e| pdnlqj k vpdoo hqrxjk1
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whup lv srvlwlyh1 Krzhyhu/ lw fdq eh eurxjkw duelwudulo| forvh wr }hur e| pdnlqj j2

vpdoo hqrxjk1

71 Wkh irxuwk whup= �2 dqg u� duh erwk srvlwlyh dqg erxqghg dzd| iurp }hur dv k dqg

j2 duh uhgxfhg wr }hur1 Li V� : f wkh irxuwk whup lv qhjdwlyh dqg erxqghg dzd| iurp

}hur dv k dqg j2 duh uhgxfhg wr }hur1
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Wklv whup/ dv zhoo dv �2 : f lv erxqghg dzd| iurp }hur dv k dqg j2 duh uhgxfhg wr

}hur1 Khqfh/ li V� : f wkh �iwk whup lv qhjdwlyh1

Khqfh/ li wkhuh h{lvwv dq � vxfk wkdw V� : f/ wkhq/ li k dqg j2 duh vx!flhqwo| vpdoo/

h{suhvvlrq +M15, lv qhjdwlyh iru frxqwu| �1 Ixuwkhu/ qrwh wkdw/ li k ' f/ h{suhvvlrq +M15,

uhgxfhv wr htxdwlrq +65, lq wkh wh{w1
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