
Krz Vpdoo Vkrfnv dqg Khwhurjhqhrxv
H{shfwdwlrqv fdq Fuhdwh Vzlqjv lq wkh

H{fkdqjh Udwh�

Wruvwhq Voûn| dqg Mhqv Shwhu Vûuhqvhq}

Iheuxdu| 5:/ 4<<:

Devwudfw

Zkdw fdq h{sodlq wkh shuvlvwhqw  xfwxdwlrqv revhuyhg lq qrq0�{hg h{0

fkdqjh udwhvB Zh xvh d yhuvlrq ri wkh Nduhnhq0Zdoodfh wzr0frxqwu| ryhu0

odsslqj jhqhudwlrqv prgho wr h{sodlq wklv hpslulfdo skhqrphqrq1 Wkh

djhqwv xvh dq dgdswlyh ohduqlqj uxoh wr iruhfdvw h{shfwhg sulfhv lq erwk

frxqwulhv lqvwhdg ri kdylqj shuihfw iruhvljkw dv lq wkh ruljlqdo Nduhnhq dqg

Zdoodfh prgho1 Wkhuh duh gl�huhqw exw frqvwdqw vshhgv ri dgmxvwphqw lq wkh

wzr frxqwulhv1 Wkh frqvwdqw vshhg ri dgmxvwphqw frpelqhg zlwk d vpdoo

vkrfn wr wkh prqh| vxsso| lq rqh ri wkh frxqwulhv fuhdwhv vzlqjv lq wkh

h{fkdqjh udwh1 Wklv lv looxvwudwhg lq ydulrxv frpsxwdwlrqdo h{shulphqwv1
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41 Lqwurgxfwlrq

Wkh hfrqrplfv ri h{fkdqjh udwhv kdv jhqhudwhg d ydvw olwhudwxuh ryhu wkh odvw
ghfdghv/ zkhuh d qxpehu ri txhvwlrqv kdyh ehhq dgguhvvhg vxfk dv wkh h!flhqf|
ri h{fkdqjh udwh pdunhwv/ wkh ghwhuplqdwlrq ri h{fkdqjh udwhv/ wkh h�hfwlyhqhvv ri
lqwhuyhqwlrq lq iruhljq h{fkdqjh pdunhwv hwf1/ vhh h1j1 Iuhqnho dqg Ud}lq +4<<5,/
Iudqnho +4<<6, dqg Wd|oru +4<<8, iru uhfhqw ryhuylhzv1 Wkh hpslulfdo olwhudwxuh rq
h{fkdqjh udwhv lq jhqhudo vkrzv wkh h{lvwhqfh ri shuvlvwhqw  xfwxdwlrqv lq h{fkdqjh
udwhv/ dqg wkdw wkhvh pryhphqwv duh qrw uhodwhg wr ixqgdphqwdov vxfk dv prqh|
vxsso|/ JQS/ frqvxpswlrq hwf1/ vhh h1j1 Phhvh dqg Urjr� +4<;6,/ dqg Gruqexvfk
dqg Iudqnho +4<;;,1 Lw kdv ehhq gl!fxow wr h{sodlq wkhvh revhuyhg pryhphqwv lq
h{fkdqjh udwhv zlwklq wkh h{lvwlqj wkhruhwlfdo iudphzrun1 Lq wklv sdshu zh wu| wr
jlyh dq h{sodqdwlrq ri wkhvh shuvlvwhqw  xfwxdwlrqv revhuyhg lq h{fkdqjh udwhv1

Wkh olwhudwxuh kdv ehhq ghdolqj zlwk wklv lvvxh iru vrph wlph1 Zdoodfh +4<:<,
vwdwhv wkdw vlqfh �dw prqh| lv lqwulqvlfdoo| xvhohvv wkhuh lv qr ixqgdphqwdo ydoxh
ri rqh fxuuhqf| lq whupv ri wkh rwkhu1 Wkh uhvxow lv wkdw doo wudgh zlwk fxuuhqflhv
lv sxuho| vshfxodwlyh dqg wkh htxloleulxp h{fkdqjh udwh lv lqghwhuplqdwh1 Nduhnhq
dqg Zdoodfh +4<;4, vkrz wklv lqghwhuplqdf| zlwklq d ghwhuplqlvwlf wzr0frxqwu|
ryhuodsslqj jhqhudwlrqv prgho1 Wklv lv grqh xqghu wkh dvvxpswlrq ri iuhh wudgh/
qr fdslwdo uhvwulfwlrqv/ qr lqwhuyhqwlrq iurp wkh jryhuqphqw lq wkh iruhljq h{0
fkdqjh pdunhw/ dqg lw lv dvvxphg wkdw doo djhqwv kdyh shuihfw iruhvljkw1 Krzhyhu/
dq lpsruwdqw ihdwxuh lv wkdw wkh djhqwv duh lqgl�huhqw ehwzhhq kroglqj wkh gli0
ihuhqw fxuuhqflhv/ l1h1 dq htxloleulxp +duelwudjh, frqglwlrq uhtxluhv wkh udwhv ri
uhwxuq ri wkh wzr fxuuhqflhv wr eh htxdo1 Wkh shuihfw iruhvljkw dvvxpswlrq dqg
wkh htxloleulxp frqglwlrq uhvxow lq d frqvwdqw h{fkdqjh udwh/ dqg wkhuh duh qr
 xfwxdwlrqv lq wkh h{fkdqjh udwh1 Khqfh wkh shuihfw iruhvljkw htxloleuld ri wklv
prgho gr qrw doorz iru wkh srvvlelolw| ri wkh h{fkdqjh udwh wr  xfwxdwh1

Lq rughu wr prgho h{fkdqjh udwh  xfwxdwlrqv/ Pdqxhool dqg Shfn +4<<3, lqwur0
gxfh xqfhuwdlqw| lq wkh hqgrzphqwv dqg vkrz wkh h{lvwhqfh ri yrodwloh h{fkdqjh
udwhv zlwklq d udwlrqdo h{shfwdwlrqv iudphzrun1 Ioxfwxdwlrqv lq wkh h{fkdqjh
udwh ruljlqdwh iurp wkh vwdwlvwlfdo surshuwlhv ri wkh hqgrzphqw surfhvvhv/ dqg wkh
vwrfkdvwlf htxloleuld frxog hdvlo| dv zhoo eh rewdlqhg iurp vxqvsrw surfhvvhv dv
Pdqxhool dqg Shfn h{sodlq1 Krzhyhu/ vxqvsrw surfhvvhv duh h{rjhqhrxvo| jlyhq
lq wkh vhqvh wkdw wkh| gr qrw jlyh dq h{sodqdwlrq ri zk| dqg krz djhqwv frrugl0
qdwh rq d sduwlfxodu vxqvsrw htxloleulxp1 Nlqj/ Zdoodfh dqg Zhehu +4<<5, vkrz
vlplodu uhvxowv lq d prgho zlwk lq�qlwho|0olyhg djhqwv/ frqvwudlqwv rq zkdw w|sh ri
prqh| wkh djhqwv fdq krog dqg qrq0ixqgdphqwdo xqfhuwdlqw| +vxqvsrw surfhvvhv,1
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H{fkdqjh udwh prghov xvxdoo| dvvxph wkdw djhqwv kdyh udwlrqdo h{shfwdwlrqv1
Krzhyhu/ gdwd vhhpv wr uhmhfw wkh udwlrqdo h{shfwdwlrqv k|srwkhvlv rq iruhljq h{0
fkdqjh pdunhwv/ vhh h1j1 Gruqexvfk +4<;<,1 Hydqv +4<;9, vxjjhvwv wkdw wkh  xfwx0
dwlrqv lq wkh vwhuolqj0groodu udwh ehwzhhq 4<;404<;7 duh uhodwhg wr �glvhtxloleulxp
h{shfwdwlrqv�1 Jrogehuj dqg Iu|gpdq +4<<9, dovr dujxh wkdw d srwhqwldo vrxufh
iru  xfwxdwlrqv dqg wkh srru uhvxow wkdw vwdqgdug h{fkdqjh udwh prghov kdyh lq
h{sodlqlqj h{fkdqjh udwh  xfwxdwlrqv/ lv olqnhg wr wkh irupdwlrq ri h{shfwdwlrqv
lq iruhljq h{fkdqjh pdunhwv1 Vdujhqw +4<<6, vxevwlwxwhv wkh shuihfw iruhvljkw
djhqwv zlwk erxqghgo| udwlrqdo djhqwv zlwklq wkh Nduhnhq dqg Zdoodfh iudph0
zrun1 Djhqwv xvh d ohdvw vtxduhv ohduqlqj uxoh wr xsgdwh rq wkhlu vdylqjv dqg
sruwirolr fkrlfhv1 Lq wklv fdvh wkh h{fkdqjh udwh sdwk lv ghwhuplqdwh/ wkh uhfxuvlyh
ohduqlqj uxoh frqyhujhv wr d vwdwlrqdu| udwlrqdo h{shfwdwlrqv htxloleulxp dqg wkh
vshhg ri frqyhujhqfh lv txlwh idvw1 Krzhyhu/ wkh h{fkdqjh udwh sdwk lv ghshqghqw
rq wkh lqlwldo frqglwlrqv/ l1h1 d gl�huhqw vhw ri lqlwldo frqglwlrqv jlyh d gl�huhqw
olplw ydoxh ri wkh h{fkdqjh udwh/ wkxv lw lv �klvwru|0ghshqghqw� dv Vdujhqw +4<<6,
zulwhv1 Vlqfh wkh h{fkdqjh udwh vhwwohv grzq wr wkh vwhdg| vwdwh ydoxh udwkhu idvw/
 xfwxdwlrqv lq wkh h{fkdqjh udwh duh holplqdwhg zlwklq d ihz shulrgv1 Lq Dulirylf
+4<<9, wkh djhqwv xvh d jhqhwlf dojrulwkp wr xsgdwh rq wkhlu vdylqjv dqg sruwirolr
fkrlfhv lqvwhdg ri kdylqj shuihfw iruhvljkw dv lq wkh Nduhnhq dqg Zdoodfh prgho1
Dulirylf vkrzv wkdw wkh vwdwlrqdu| udwlrqdo h{shfwdwlrqv htxloleulxp h{fkdqjh udwh
lv xqvwdeoh xqghu wkh jhqhwlf dojrulwkp1 Wkh ghwhuplqdwlrq ri wkh h{fkdqjh udwh
ghshqgv rq wkh sruwirolr fkrlfh dqg wkh sruwirolr fkrlfh lv xsgdwhg wkurxjk wkh
jhqhwlf dojrulwkp1 Krzhyhu/ wkh jhqhwlf dojrulwkp lqwurgxfhv xqfhuwdlqw| lq wkh
prgho lq d yhu| vshfl�f zd| dqg pd| vhhp dv dq rgg zd| wr xsgdwh |rxu eholhiv
uhjduglqj vdylqjv dqg sruwirolr fkrlfhv1 Lq idfw wkh sruwirolr fkrlfh zloo dfwxdoo|
dozd|v  xfwxdwh zlwklq Dulirylf*v vhwwlqj/ exw wkh vdylqjv udwh frqyhujhv wr d
sduhwr0rswlpdo vwhdg| vwdwh1

Lq wklv sdshu zh iroorz Vdujhqw dqg Dulirylf e| dvvxplqj wkdw doo djhqwv duh
erxqghgo| udwlrqdo1 Lq rxu vhw0xs wkh djhqwv xvh dq dgdswlyh ohduqlqj uxoh wr iruh0
fdvw ixwxuh sulfhv1 Wkh dgdswlyh ohduqlqj uxoh lv xvhg h{whqvlyho| lq rwkhu sduwv
ri wkh pdfurhfrqrplf olwhudwxuh wr vkrz frqyhujhqfh wrzdugv d udwlrqdo h{shfwd0
wlrqv htxloleulxp/ vhh h1j1 Hydqv dqg Krqndsrkmd +4<<8e, iru dq ryhuylhz1 Zh
zloo xvh wklv olqh ri dssurdfk lq wkh h{fkdqjh udwh prgho ri Nduhnhq dqg Zdoodfh1
Wkh dgdswlyh ohduqlqj uxoh kdv vhyhudo qlfh ihdwxuhv/ lw lv vlpsoh dqg frqyhujhqfh
wr d udwlrqdo h{shfwdwlrqv htxloleulxp xqghu ohduqlqj fdq eh txlwh idvw1 Zh gr qrw
glvfxvv wkh udwh ri frqyhujhqfh lq wklv sdshu/ exw jlyh frqglwlrqv iru wkh vwhdg|
vwdwh wr eh vwdeoh xqghu ohduqlqj1 Zh kdyh khwhurjhqhlw| dprqj djhqwv* h{shfwd0
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wlrqv zlwklq d fodvv ri dgdswlyh ohduqlqj uxohv1 Wkh vwdelolw| frqglwlrq fruuhvsrqgv
qrw vxusulvlqjo| wr wkh vwdelolw| frqglwlrq zlwk krprjhqrxv djhqwv1 Zh lqwurgxfh
xqfhuwdlqw| lq wkh prgho wkurxjk d vpdoo4 vkrfn wr wkh prqh| vxsso| lq rqh ri
wkh wzr frxqwulhv1 Wkh vwhdg| vwdwh lv ghshqghqw rq wkh glvwulexwlrq ri wkh vkrfn/
wkxv zh kdyh d �qrlv|� vwhdg| vwdwh fruuhvsrqglqj wr wkh vwhdg| vwdwh zlwkrxw
qrlvh1 Wkh frpelqdwlrq ri dgdswlyh ohduqlqj uxohv dqg wkh vwrfkdvwlf vkrfn wr wkh
prqh| vxsso| jhqhudwhv shuvlvwhqw h{fkdqjh udwh  xfwxdwlrqv1

Wkh prgho lv frpsduhg wr wkh shuvlvwhqw  xfwxdwlrqv wkdw kdv ehhq revhuyhg lq
iru h{dpsoh wkh Gxwfk dqg Ehojldq h{fkdqjh udwh ylv0d0ylv wkh G0Pdun1 Krzhyhu/
zh gr qrw *whvw* iru h{dpsoh wkh jrrgqhvv ri �w ri wkh prgho ehwzhhq dfwxdo
dqg vlpxodwhg h{fkdqjh udwh vlqfh wkhuh lv qr reylrxv zd| wr gr wklv1 Vhfwlrq 5
ghvfulehv wkh prgho dqg lq vhfwlrq 6 wkh ohduqlqj uxohv duh lqwurgxfhg dqg wkh
frqglwlrqv iru d vwhdg| vwdwh h{fkdqjh udwh wr eh vwdeoh xqghu ohduqlqj duh irxqg1
Wkh vlpxodwlrq ri wkh prgho dqg wkh lqlwldo frqglwlrqv duh h{sodlqhg lq vhfwlrq 71
Lq vhfwlrq 8 wkh vlpxodwlrq uhvxowv duh frpsduhg wr wkh h{fkdqjh udwh pryhphqwv
ehwzhhq QOJ2GHP dqg EHI2GHP1 Vhfwlrq 9 frqfoxghv1

51 Wkh Prgho

Frqvlghu d wzr0frxqwu|/ ryhuodsslqj jhqhudwlrqv prgho1 Dw wlph |/ | � 4/ wkhuh
duh eruq � djhqwv lq hdfk frxqwu|/ dq djhqw olyhv iru wzr shulrgv1 Wkhuh lv dq rog
jhqhudwlrq dw wlph | @ 4 fdoohg jhqhudwlrq 31 Wkhuh lv rqh jrrg/ wkh jrrg lv wkh
vdph lq erwk frxqwulhv dqg fdq eh wudghg ehwzhhq wkh djhqwv lq erwk frxqwulhv
zlwkrxw dq| uhvwulfwlrqv1 Wkhuh duh wzr w|shv ri fxuuhqflhv lq hdfk shulrg1 Rqh
iru hdfk frxqwu|1 Wkh djhqwv fdq krog erwk w|shv ri fxuuhqflhv zlwkrxw dq|
uhvwulfwlrqv1 Wkhuh lv iuhh0wudgh/ qr fdslwdo uhvwulfwlrqv dqg qr lqwhuyhqwlrq lq wkh
iruhljq h{fkdqjh pdunhw1

Dq djhqw ri jhqhudwlrq |c | � �c ri frxqwu| �/ � @4/5 kdv wkh hqgrzphqw /� ri
wkh jrrg dw wlph | dqg /2 ri wkh jrrg dw wlph |n�1 Wkh suhihuhqfhv duh jlyhq e|
�ES�c|E|�c S�c|E| n ��� @ *? S�c|E|� n *? S�c|E| n ��/ zkhuh S�c|E|� lv wkh frqvxpswlrq dw
wlph | dqg S�c|E|n �� lv frqvxpswlrq dw wlph |n � ri wkh djhqw eruq dw wlph | lq
frxqwu| �1 Wkh djhqw vroyhv wkh iroorzlqj pd{lplvdwlrq sureohp =

4@ 
S�c|E|�cS�c|E|n��c6�c2E|�c6�c2E|�

*? S�c|E|� n *? S�c|E|n ��

vxemhfw wr

4Zkdw lv phdqw e| d vpdoo vkrfn zloo eh gh�qhg ehorz1
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S�c| E|� n
6�c� E|�

R� E|�
n

6�c2 E|�

R2 E|�
� /� +514,

S�c| E|n �� � /2 n
6�c� E|�

Re� E|n ��
n

6�c2 E|�

Re2 E|n ��
+515,

S�c| E|� � fc S�c|E|n �� � fc6�c�E|� �c6�c2E|� � f

zkhuh6�c� E|� lv wkh djhqw*v ghpdqg iru fxuuhqf| 4 dw wlph |1 6�c2 E|� lv wkh djhqw*v
qrplqdo kroglqjv ri fxuuhqf| 5 dftxluhg dw wlph |1 R� E|� lv wkh qrplqdo sulfh ri
wkh jrrg lq whupv ri fxuuhqf| 4 dw wlph |1 R2 E|� lv wkh qrplqdo sulfh ri wkh jrrg
lq whupv ri fxuuhqf| 5 dw wlph |1 Wkh h{shfwhg sulfhv lq frxqwu| 4 dqg 5 dw wlph
|n� duh ghqrwhg e| Re� E|n �� dqg Re2 E|n ��/ zkhuh Re� E|n �� lv wkh iruhfdvw pdgh
e| wkh djhqw lq frxqwu| 4 dqg Re2 E|n �� lv wkh iruhfdvw pdgh e| wkh djhqw lq
frxqwu| 551 Dq djhqw*v vdylqjv/ r� E|�/ lq wkh �uvw shulrg ri olih/ duh htxdo wr wkh
vxp ri uhdo kroglqjv ri fxuuhqf| 4/ 6�c� E|� *R� E|� dqg uhdo kroglqjv ri fxuuhqf| 5/
6�c2 E|� *R2 E|�1

Wkh h{fkdqjh udwh lv gh�qhg dv .E|� ' R� E|� *R2 E|�1 Nduhnhq dqg Zdoodfh
+4<;4, dvvxph wkdw djhqwv duh lqgl�huhqw ehwzhhq wkh wzr fxuuhqflhv/ wkxv uhtxlu0
lqj wkdw wkh dfwxdo udwhv ri uhwxuq ri wkh fxuuhqflhv duh htxdo1 Zh dvvxph wkdw
wkh h{shfwhg udwhv ri uhwxuq vkrxog eh htxdo1 Ohw -e

� E|� ghqrwh wkh h{shfwhg jurvv
uhdo udwh ri uhwxuq ehwzhhq shulrg | dqg |n � lq frxqwu| �/ wkhq

-e
� E|� ' -e

2 E|� +516,

zkhuh

-e
� E|� '

R� E|�

Re� E|n ��
/ � ' 4/5 +517,

Lq rwkhu zrugv wkh h{shfwhg uhdo lqwhuhvw udwhv duh htxdo lq wkh wzr frxqwulhv61
Uhduudqjlqj +516, xvlqj +517, jlyhv wkh iroorzlqj h{suhvvlrq

5Wkh djhqwv lq frxqwu| 4 nqrz wkh iruhfdvw lq frxqwu| 5 dqg ylfh yhuvd1 Wklv pljkw vhhp

rgg/ exw lw grhv qrw fkdqjh wkh uhvxowv li zh dvvxph wkdw djhqwv lq frxqwu| 4 + frxqwu| 5, pdnh

wkhlu rzq h{shfwdwlrqv derxw wkh sulfh lq frxqwu| 5 +frxqwu| 4,1
6Wkh dvvxpswlrq lv xvhixo lq �qglqj wkh whpsrudu| htxloleulxp frqglwlrqv ehorz1 Krzhyhu

li zh gr qrw xvh wklv dvvxpswlrq wklv grhv qrw pdnh vljql�fdqw fkdqjhv lq wkh whpsrudu|

htxloleulxp frqglwlrqv1
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Re� E|n ��

Re2 E|n ��
'

R� E|�

R2 E|�

zklfk vwdwhv wkdw wkh h{shfwhg h{fkdqjh udwh htxdov wkh fxuuhqw dfwxdo h{fkdqjh
udwh

.e E|n �� ' . E|�

D frqvhtxhqfh ri wkh frqglwlrq +516, lv wkdw wkh h{shfwhg h{fkdqjh udwh lv htxdo
wr wkh dfwxdo h{fkdqjh udwh1 +516, lv dq lpsruwdqw dvvxpswlrq lq wkh prgho1
Nduhnhq dqg Zdoodfh +4<;4, dvvxph wkdw doo djhqwv kdyh shuihfw iruhvljkw vxfk
wkdw Re� E| n �� ' R�E| n ��� Lq wklv fdvh wkh frqglwlrq lv -�E|� @ -2 E|� vxfk wkdw
.E|n �� ' .eE|n �� dqg

.E|n �� ' .E|� ,

.E|� ' . / iru doo w � f�

Khqfh wkh h{fkdqjh udwh lv frqvwdqw/ dqg wklv duelwudjh frqglwlrq xqghu shuihfw
iruhvljkw lv h{dfwo| zkdw uhqghuv wkh h{fkdqjh udwh lqghwhuplqdwh dv vkrzq lq wkh
dsshqgl{1

5141 Vroylqj wkh krxvhkrogv* pd{lplvdwlrq sureohp

Zh fdq uhzulwh wkh exgjhw frqvwudlqwv iru wkh frqvxphu xvlqj +516,/ vxfk wkdw
frqvxpswlrq dw wlph | . 4 lv d ixqfwlrq ri frqvxpswlrq dw wlph |/ wkh lqlwldo
hqgrzphqwv dqg wkh h{shfwhg uhdo lqwhuhvw udwh/ wkxv

S�c| E|n �� ' /2 n-e
� E|�/

� �-e
� E|� S�c| E|� / sJo � ' �c 2� +518,

Jlyhq +518,/ wkh �uvw0rughu frqglwlrq iru wkh krxvhkrogv* pd{lplvdwlrq sureohp lv
jlyhq e|

�

S�c| E|�
�

-e
� E|�

/2 n-e
� E|�/

� � -e
� E|� S� E|�

' f ,

S� E|� '
�

2

#
/� n

�

-e
� E|�

/2

$
/ sJo � @ 4/51

9



Wkh vdylqjv iru dq djhqw eruq dw wlph | ri frxqwu| � lv

r�E|� ' /� � S�c| E|� '
�

2

#
/� �

�

-e
� E|�

/2

$
c � ' �c 2 +519,

Zh dvvxph /� lv vx!flhqwo| odujh frpsduhg wr /2 wr ryhufrph wkh sureohp wkdw
vdylqjv pljkw eh qhjdwlyh1

Dvvxpswlrq 41 /�  /21

Djjuhjdwh uhdo vdylqjv lq frxqwu| � duh jlyhq e|

7� E|� ' �r�E|�c � ' �c 2 +51:,

Wkh zruog wrwdo uhdo vdylqjv htxdov

7 E|� ' 7� E|� n 72 E|� ' � Er�E|� n r2E|��

Wkh htxloleulxp frqglwlrq -e
� E|� ' -e

2 E|� ghwhuplqhv zruog vdylqjv dv

7 E|� ' �i/� �
�

-e
� E|�

/2j�

Ohw M�E|� ghqrwh wkh prqh| vxsso| lq frxqwu| �c � ' �c 2 dw wlph |1 Wkh djjuhjdwhg
uhdo prqh| vxsso| �r htxdov

�r '
M� E|�

R� E|�
n

M2 E|�

R2 E|�
'

M� E|�

R� E|�
n

M2 E|�

R� E|�
. E|�

vlqfh .E|� ' R�E|�*R2E|�1 Wkh uhdo prqh| vxsso| lv ghqrplqdwhg lq wkh sulfh ohyho
ri frxqwu| 4/ krzhyhu wklv frxog dovr eh grqh lq whupv ri R2E|�1

5151 Htxloleulxp

Lq dq htxloleulxp zh kdyh wkdw uhdo vdylqjv htxdov uhdo prqh| vxsso|=

�

#
/� �

/2

-e
� E|�

$
'

M�E|�

R� E|�
n

M2E|�

R� E|�
. E|� ,

R� E|� '
/2

/�
Re� E|n �� n

M�E|� nM2E|�. E|�

�/�

:



Wkh sulfh ohyho lq frxqwu| 5 fdq eh ghwhuplqhg lq wkh vdph zd|/ zkhuh wkh prqh|
vxsso| lv ghqrwhg lq frxqwu| 5 sulfhv/ �r @ M�E|�*ER2E|�.E|��nM2E|�*R2E|�1 Wkh
whpsrudu| htxloleulxp frqglwlrqv duh jlyhq e|

R� E|� '
/2

/�
Re� E|n �� n

#
M�E|� nM2E|�

Re� E|n ��

Re2 E|n ��

$
�

�/�

R2 E|� '
/2

/�
Re2 E|n �� n

#
M�E|�

Re2 E|n ��

Re� E|n ��
nM2E|�

$
�

�/�

zkhuh zh lqvhuw .E|� ' .eE|n ��1 Lq d whpsrudu| htxloleulxp wkh dfwxdo sulfh lq
frxqwu| �c � ' �c 2 lv d ixqfwlrq ri wkh h{shfwhg sulfhv lq erwk frxqwulhv dqg wkh
qrplqdo prqh| vxsso| lq erwk frxqwulhv=

R� E|� ' 8 ERe�E|n ��c Re2E|n ��c M�E|�c M2E|�� +51;,

R2 E|� ' CERe�E|n ��c Re2E|n ��c M�E|�c M2E|�� +51<,

Ohw wkh prqh| vxsso| i M�E|�c M2E|� j
"

|'f
eh jlyhq e| wkh vhtxhqfh ri eholhiv

i Re�E|�c R
e
2E|� j

"

|'f dqg gh�qh dq htxloleulxp sulfh vhtxhqfh iR�E|�c R2E|�j
"

|'f e|
+51;, dqg +51<,1 Iurp wkh sulfh vhtxhqfh zh jhw wkh h{fkdqjh udwh/ vdylqjv/ frq0
vxpswlrq dqg zhoiduh1

Gh�qlwlrq 41 D shuihfw iruhvljkw htxloleulxp lv d vhtxhqfh iR�E|�c R2E|�j
"

|'f zkhuh

Re�E|n �� ' R�E|n ��

Re2E|n �� ' R2E|n ��

dqg iR�E|�c R2E|�j
"

|'f vdwlv�hv +51;, dqg +51<,1

Li wkh prqh| vxsso| lv frqvwdqw/ M�E|� ' M� dqg M2E|� ' M2 iru doo | � 3c wkh
vwhdg| vwdwh sulfhv ER�c R2� duh jlyhq e|

R� ' 8 ER�c R2cM�cM2� ' 8 ER�c R2�� +5143,

R2 ' CER�c R2c M�c M2� ' CER�c R2�� +5144,

Wkh vwhdg| vwdwh h{fkdqjh udwh lv jlyhq e| e ' R�*R2�

;



5161 Xqfhuwdlqw| lq wkh prqh| vxsso|

Zh dvvxph wkhuh lv xqfhuwdlqw| derxw wkh prqh| vxsso| lq rqh ri wkh wzr frxq0
wulhv1 Irupdoo| wkh prqh| vxsso| iroorzv wkh iroorzlqj surfhvv iru frxqwu| 4 dqg
5 uhvshfwlyho|

M�E|� ' M� / iru doo | � f� +5145,

M2E|� ' M2 n 0E|�/ iru doo | � f� +5146,

zkhuh 0E|� lv dq l1l1g1 vkrfn wr wkh prqh| vxsso| lq frxqwu| 51 Lw lv qrw qhfhvvdu| wr
dovr kdyh xqfhuwdlqw| lq frxqwu| 4*v prqh| vxsso| lq rughu wr jhqhudwh  xfwxdwlrqv
lq wkh h{fkdqjh udwh1 Ohw wkh prqh| vxsso| eh jlyhq e| +5145, dqg +5146,/ wkhq
wkh gh�qlwlrq ri d vwhdg| vwdwh ghshqgv rq wkh glvwulexwlrq ri wkh vkrfn1

Gh�qlwlrq 51 Wkh vwhdg| vwdwh surfhvv ER�E0�c R2E0�� lv jlyhq e|

R�E0� ' 8 ER�ED�c R2ED�c 0�

R2E0� ' CER�ED�c R2ED�c 0�

zkhuh D kdv wkh vdph glvwulexwlrq dv 0E|��

Hydqv dqg Krqndsrkmd +4<<8d, vkrz wkdw wkh �qrlv|� vwhdg| vwdwh lq gh�qlwlrq
5 fruuhvsrqgv wr wkh ghwhuplqlvwlf vwhdg| vwdwh ER�c R2� surylghg wkdw wkh udqjh ri
wkh vkrfn lv qrw wrr �odujh�/ l1h1 vxssrvh 0E|� kdv d erxqghg vxssruw/ wkhq wkh
ohqjwk ri wkh vxssruw lv vx!flhqwo| vpdoo1

61 Wkh ohduqlqj uxohv

Wkh pdlq srlqw ri wklv sdshu lv wr wudfn wkh h�hfwv ri wkh vkrfn wr wkh prqh|
vxsso| dqg lqyhvwljdwh wkh fdvh zkhuh wkh djhqwv gr qrw kdyh shuihfw iruhvljkw +ru
udwlrqdo h{shfwdwlrqv,/ exw xsgdwh wkhlu eholhiv dffruglqj wr dq dgdswlyh ohduqlqj
uxoh1 Wkh ohduqlqj ehkdylrxu lv xvhg h{whqvlyho| lq wkh pdfurhfrqrplf olwhudwxuh
wr vkrz frqyhujhqfh wr d udwlrqdo h{shfwdwlrqv htxloleulxp/ vhh h1j1 Eud| +4<;5,/
Oxfdv +4<;9, dqg Vdujhqw +4<<6,1 Li wkh dgdswlyh ohduqlqj uxoh frqyhujhv wrzdugv
d udwlrqdo h{shfwdwlrqv htxloleulxp wkh udwh ri frqyhujhqfh lv xvxdoo| txlwh idvw/
vhh h1j1 Eud| dqg Vdylq +4<;9, dqg Pdufhw dqg Vdujhqw +4<<8,1 Lq wklv uhvshfw
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wkh dgdswlyh ohduqlqj uxoh lv txlwh �vhqvleoh�1 Dgdswlyh ohduqlqj kdv dovr ehhq
sursrvhg dv d vhohfwlrq ghylfh zkhq wkhuh duh pxowlsoh udwlrqdo h{shfwdwlrqv htxl0
oleuld1 Wkh ohduqlqj uxoh whqgv wr slfn d vhqvleoh vroxwlrq/ vhh h1j1 Pdulprq dqg
Vxqghu +4<<6, dqg Hydqv dqg Krqndsrkmd +4<<8f,1 Krzhyhu/ dv Zrrgirug +4<<3,
vkrzv/ frqyhujhqfh pd| qrw dozd|v eh wr d vwdwlrqdu| udwlrqdo h{shfwdwlrqv htxl0
oleulxp1

Wkh ohduqlqj ehkdylrxu zh xvh lq wklv sdshu lv nqrzq dv dgdswlyh ru hfrqrphw0
ulf ohduqlqj1 Dq djhqw eruq dw wlph | lq frxqwu| � iruhfdvw rq wkh sulfh wrpruurz
lq frxqwu| �/ Re� E|n ��/ dffruglqj wr wkh dgdswlyh ohduqlqj uxoh jlyhq e|

Re� E|n �� ' Re� E|� n @�E|� ER� E|� ��� Re� E|�� c � ' �c 2 +614,

Qrwlfh khuh wkdw zh xvh R�E|��� lqvwhdg ri R�E|�/ wklv lv grqh wr dyrlg vlpxowdqhlw|
lq ghwhuplqlqj Re� E| n ��/ vlqfh R�E|� ghshqg rq Re�E| n �� dqg Re2E| n �� dffruglqj
wr wkh whpsrudu| htxloleulxp frqglwlrqv +51;, dqg +51<,1 Wklv lv qrw hvvhqwldo iru
wkh uhvxowv/ exw lv grqh wr vlpsoli| wkh vwdelolw| dqdo|vlv1 Wklv ohduqlqj uxoh fdq
eh ylhzhg dv li wkh djhqwv lq frxqwu| � nqrz wkh hfrqrp| lv lq d vwhdg| vwdwh/ exw
gr qrw nqrz wkh dfwxdo ydoxh ri wkh vwhdg| vwdwh1 Wkh djhqw lv wu|lqj wr hvwlpdwh
wklv ydoxh xvlqj d zhljkwhg dyhudjh ri sdvw revhuydwlrqv ri wkh sulfh lq frxqwu| �=

Re� E|n �� ' @�E|�R� E|� �� n E�� @�E|��@�E|� ��R� E|� 2� +615,

nE�� @�E|��E�� @�E|� ���@�E|� 2�R� E|� �� n ����

zkhuh +615, lv +614, uhzulwwhq lv whupv ri sdvw sulfhv1 Wkh sdudphwhu @�E|� lv wkh
jdlq sdudphwhu nqrzq dv wkh vshhg ri dgmxvwphqw ru wkh udwh ri frqyhujhqfh1
Wkh jdlq sdudphwhu vwdwhv krz pxfk zhljkw wkh djhqwv sodfh rq wkh �huuru� whup
R� E|� ���Re� E|�1 Wkh udwh ri frqyhujhqfh lv h{rjhqhrxvo| ghwhuplqhg1 Hydqv dqg
Krqndsrkmd +4<<6, dqg Pdufhw dqg Qlfrolql +4<<9, glvfxvv d fulwhuld iru fkrrvlqj
dq rswlpdo udwh ri frqyhujhqfh/ @�E|�/ dqg zkhwkhu @�E|� vkrxog eh frqvwdqw ru
wlph0yduldqw/ l1h1 ghfuhdvlqj lq | G

@�E|� ' @� / iru doo | ru

@�E|� '
@�
|
/ iru doo |�

Li @�E|� lv frqvwdqw wkh ohduqlqj uxoh fdq wudfn fkdqjhv ehwwhu wkdq d ghfuhdvlqj
udwh ri frqyhujhqfh/ vlqfh d frqvwdqw udwh ri frqyhujhqfh sodfh pruh zhljkw rq
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uhfhqw revhuydwlrqv/ zkloh d ghfuhdvlqj udwh ri frqyhujhqfh sodfh pruh zhljkw rq
sdvw revhuydwlrqv1 Ehorz zkhq zh lqwurgxfh qrlvh lq wkh prqh| vxsso| zh glvfxvv
wkh fkrlfh ehwzhhq d frqvwdqw ru d ghfuhdvlqj jdlq sdudphwhu uhjduglqj vwdelolw|
lvvxhv1 Wkh *fkrlfh* ri dq rswlpdo udwh ri frqyhujhqfh lv ohiw iru ixwxuh zrun1

Prvw w|shv ri iruhfdvwlqj uxohv duh dg krf1 Krzhyhu/ dgdswlyh ohduqlqj sur0
ylghv d idluo| vlpsoh phdqv ri prghoolqj h{shfwdwlrqv lq hfrqrplf wkhru| zklovw
srvwxodwlqj d prgh ri ehkdylrxu xsrq wkh sduw ri wkh hfrqrplf djhqwv zklfk
vhhpv hylghqwo| vlpsoh1 Wkh eholhi wkdw djhqwv ohduq iurp h{shulhqfh lv reylrxvo|
d pruh vhqvleoh vwduwlqj srlqw wkdq erwk 4, wkh lpsolflw dvvxpswlrq wkdw wkh| duh
wrwdoo| ghyrlg ri phpru|/ vwdwlf h{shfwdwlrqv/ ru 5, wkdw wkh| kdyh nqrzohgjh ri
hyhu|wklqj/ shuihfw iruhvljkw1

Oderudwru| h{shulphqwv frqgxfwhg e| Pdulprq dqg Vxqghu +4<<6, dqg Hydqv/
Krqndsrkmd dqg Pdulprq +4<<9,/ vxjjhvw wkdw djhqwv xvh dq dgdswlyh ohduqlqj
uxoh1 Krzhyhu/ Pdulprq dqg Vxqghu +4<<6, duh lqfrqfoxvlyh rq zkdw w|sh ri
dgdswlyh ohduqlqj uxoh wkh djhqwv xvh1 Lq vrph h{shulphqwv frqgxfwhg e| Pdulprq
dqg Vxqghu wkh hylghqfh zdv iru dq dgdswlyh ohduqlqj uxoh olnh +614,/ exw lq rwkhu
h{shulphqwv dqrwkhu w|sh ri dgdswlyh ohduqlqj uxoh zdv xvhg/ iru h{dpsoh dq h{wud
odj dgghg wr +614, ru shukdsv xvh lqirupdwlrq edvhg rq wlph | � 2 lqirupdwlrq
lqvwhdg ri lqirupdwlrq edvhg rq wlph |� � dv lq +614,1 Lw pljkw eh xvhixo wr doorz
iru pruh wkdq rqh w|sh ri ohduqlqj uxoh lq wkh prgho1 Krzhyhu wklv lv ohiw iru
ixwxuh uhvhdufk1

Zh vkrxog qrwh wkdw djhqwv xvlqj wkh dgdswlyh ohduqlqj uxoh duh erxqghgo|
udwlrqdo/ vlqfh wkh| duh plv0vshfl�hg zkloh wkh| duh ohduqlqj/ l1h1 wkh| duh rxwvlgh
d udwlrqdo h{shfwdwlrqv htxloleulxp1

Zh pdnh wkh iroorzlqj dvvxpswlrq rq wkh vshhg ri dgmxvwphqw @�E|� dqg @2E|�
lq wkh wzr frxqwulhv1

f 	 @�E|� � @2E|� � ��

"[
|'�

@�E|� '4c � ' �c 2�

Zh doorz iru wkh srvvlelolw| ri kdylqj gl�huhqw vshhgv ri dgmxvwphqw lq wkh wzr
frxqwulhv1 Wklv lv qrw hvvhqwldo iru wkh uhvxowv/ dv orqj dv zh kdyh gl�huhqw lqlwldo
frqglwlrqv zh vwloo kdyh wr nhhs wudfn ri wkh djhqwv* iruhfdvwv lq erwk frxqwulhv
gxulqj wkh ohduqlqj wudqvlwlrq1 Lw vkrxog eh qrwhg wkdw zlwk frqvwdqw vshhgv wkh
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ohduqlqj uxohv gr qrw frqyhujh1 Qrwlfh dovr wkdw wkh h�hfw iurp Re�E|� rq Re2E|n ��
wkurxjk R2E| � �� ' CERe�E|�c R

e
2E|�� lv ohvv wkdq wkh h�hfw iurp Re2E|� rq Re�E| n ��

wkurxjk R�E| � �� ' 8 ERe�E|�c R
e
2E|��1 Zh pljkw lqwhusuhw wklv dv d frpelqdwlrq

ri d �elj� frxqwu| yhuvxv d �vpdoo� frxqwu|/ zkhuh wkh vpdoo frxqwu| lv pruh
ghshqghqw rq wkh �elj� frxqwu| wkdq wkh rssrvlwh1 Iru h{dpsoh/ lq wkh fdvh zlwk
Ehojlxp ylv0d0ylv Jhupdq| wkhuh frxog eh d gl�huhqfh lq wkh vshhg ri dgmxvwphqw1

6141 Wkh orfdo vwdelolw| ri wkh vwhdg| vwdwh xqghu ohduqlqj

Zh �qg wkh frqglwlrqv iru d vwhdg| vwdwh wr eh orfdoo| vwdeoh xqghu ohduqlqj1 Ohw
M�E|� ' M�/ M2E|� ' M2 dqg @�E|� ' @�/ @2E|� ' @2 iru doo |1 Wkh g|qdplf v|vwhp
lv jlyhq e| wkh whpsrudu| htxloleulxp frqglwlrqv +51;,/ +51<, dqg wkh ohduqlqj
uxohv +614, =

Re�E|n �� ' Re� E|� n @� E8 ER
e
�E|�c R

e
2E|��� Re� E|�� +616,

Re2E|n �� ' Re2 E|� n @2 ECER
e
�E|�c R

e
2E|��� Re2 E|�� +617,

dqg zh kdyh d ixoo| uhfxuvlyh v|vwhp lq Re�E|� dqg Re2E|�1 Lq rughu wr vkrz wkdw wkh
uhfxuvlyh v|vwhp jlyhq e| +616, dqg +617, frqyhujh wr d vwhdg| vwdwh +R�c R2,/ zh
olqhdulvh +616, dqg +617, durxqg +R�c R2, dqg �qg wkh hljhqydoxhv ri wkh Mdfreldq
ri +616, dqg +617, hydoxdwhg dw +R�c R2,1 Wkh Mdfreldq lv jlyhq e|

aER�c R2� '

#
� n @�E8�ER�c R2�� �� @�82ER�c R2�

@2C�ER�c R2� � n @2EC2ER�c R2�� ��

$

zkhuh 8�ER�c R2� lv wkh sduwldo ghulydwlyh ri 8 z1u1w1 Re�E|� hydoxdwhg dw ER�c R2�
hwf1 Li wkh hljhqydoxhv ri aER�c R2� duh ohvv wkdq 4 lq devroxwh ydoxh/ wkh g|qdplf
v|vwhp +616, dqg +617, lv orfdoo| vwdeoh xqghu ohduqlqj/ dqg frqyhujh wr wkh vwhdg|
vwdwh ER�c R2� iru qhdue| vwduwlqj ydoxhv1 D frqglwlrq iru wkh hljhqydoxhv wr eh ohvv
wkdq 4 lq devroxwh ydoxh lv jlyhq e| D}duldglv +4<<6,=

�2 	 AoEaER�c R2�� 	 2 +618,

� � 	 (e|EaER�c R2�� 	 � +619,

zkhuh AoEa� lv wkh wudfh ri wkh a dqg (e|Ea� lv wkh ghwhuplqdqw ri a 1 Wkh
frqglwlrqv +618, dqg +619, duh uhgxfhg wr 8�ER�c R2� 	 � dqg C2ER�c R2� 	 � dv
vkrzq lq wkh dsshqgl{� Zh fdq vxppdulvh rxu uhvxow lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 41 Jlyhq dvvxpswlrq 41 Li 8�ER�c R2� 	 � dqg C2ER�c R2� 	 �/ wkh
g|qdplf v|vwhp +616, dqg +617, frqyhujhv wr d vwhdg| vwdwh1
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Surri1 Vhh dsshqgl{1

Wkh frqglwlrq rq wkh sduwldo ghulydwlyhv lq sursrvlwlrq 4/ 8�ER�c R2� 	 � dqg
C2ER�c R2� 	 � fruuhvsrqgv wr wkh fdvh zlwk krprjhqrxv djhqwv/ vhh h1j1 Hydqv
dqg Krqndsrkmd +4<<8d,1

Lq wklv fdvh wkh g|qdplf v|vwhp +616, dqg +617, frqyhujhv wr d vwhdg| vwdwh
+R�c R2� dqg wkh h{fkdqjh udwh .E|� frqyhujhv wr d vwhdg| vwdwh h{fkdqjh udwh
. ' R�*R21 Wkhuh duh qr  xfwxdwlrqv lq wkh olplw/ dqg li wkh frqyhujhqfh lv �idvw�
wkh h{fkdqjh udwh lv frqvwdqw hyhq diwhu d vkruw zkloh1

6151 Zkhuh gr wkh  xfwxdwlrqv lq wkh h{fkdqjh udwh ruljlqdwh iurpB

Ohw xv dvvxph wkdw wkh prqh| vxsso| lv qr orqjhu frqvwdqw/ exw jlyhq e| +5145,
dqg +5146,1 Wkh g|qdplf v|vwhp +616, dqg +617, lv qrz vwrfkdvwlf dqg ghshqgv
rq wkh glvwulexwlrq ri wkh vkrfn 0E|� +ehorz ghqrwhg mxvw e| 0,=

Re�E|n �� ' Re� E|� n @� E8 ER
e
�E|�c R

e
2E|�c 0�� Re� E|�� +61:,

Re2E|n �� ' Re2 E|� n @2 ECER
e
�E|�c R

e
2E|�c 0�� Re2 E|�� +61;,

Li wkh vkrfn lv vx!flhqwo| vpdoo dqg wkh frqglwlrqv lq Sursrvlwlrq 4 duh vdwlv�hg/
wkh g|qdplf v|vwhp +61:, dqg +61;,  xfwxdwhv durxqg wkh vwhdg| vwdwh ER�c R2�cWklv
lv d uhvxow ri wkh vshhg ri ohduqlqj @� ehlqj frqvwdqw/ vxfk wkdw djhqwv surgxfh
d qrlv| iruhfdvw hyhq lq wkh olplw1 Wkh g|qdplf v|vwhp grhv qrw frqyhujh wr d
vwhdg| vwdwh lq wklv fdvh1 Wr vhh wklv zulwh +61:, dqg +61;, dv

% E|n �� ' % E|� n' E% E|� c 0� +61<,

zkhuh % E|� '

#
Re� E|�

Re2 E|�

$
dqg ' E% E|� c 0� '

#
@� E8 ERe� E|� c R

e
2 E|� c 0�� Re� E|��

@2 E8 ERe� E|� c R
e
2 E|� c 0�� Re2 E|��

$
wkhq

% E|n r� ' % E|� n
|nr[
&'|

' E% E&� c 0�,

% E|n r�� % E|� '
|nr[
&'|

' E% E&� c 0�

Wkh vxp rq wkh uljkw0kdqg vlgh lv qrw �zhljkwhg� zlwk d idfwru wkdw lv ghfuhdvlqj
zkhq | jrhv wr lq�qlw|1 Wklv lv uhtxluhg wr vkrz frqyhujhqfh vhh1 h1j1 Krqndsrkmd
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+4<<9,1 Li zh lqvwhdg dvvxph wkdw @� E|� ' @�*| wkhq iru | odujh/ wkh h�hfw iurp wkh
vkrfn rq wkh h{shfwhg sulfhv lv �holplqdwhg�1 Lq wklv fdvh +61<, lv

% E|n �� ' % E|� n
�

|
' E% E|� c 0�,

% E|n ��� % E|� '
�

|
' E% E|� c 0�

dqg iru | odujh wkh uljkw0kdqg vlgh ehfrphv vpdoo/ dqg wkh vkrfn lv �holplqdwhg�1
Krzhyhu/ zkhq | lv ghfuhdvlqj uhfhqw revhuydwlrqv kdyh ohvv lpsdfw frpsduhg wr
sdvw revhuydwlrqv1 Zlwk d frqvwdqw jdlq sdudphwhu @� uhfhqw revhuydwlrqv kdyh
pruh lpsdfw/ dqg wkh djhqw fdq wudfn fkdqjhv lq wkh h{fkdqjh udwh ehwwhu wkdq
zlwk d ghfuhdvlqj jdlq sdudphwhu1 Wkxv dw wlphv zlwk d yrodwloh h{fkdqjh udwh
lw vhhpv qdwxudo wr xvh d frqvwdqw jdlq sdudphwhu1 Khuh wkh ohduqlqj dojrulwkp
+616, dqg +617, zlwk @� E|� ' @�*| frqyhujhv wr ER�c R2� jlyhq wkh dvvxpswlrq dqg
wkh uhtxluhphqwv rq wkh sduwldo ghulydwlyhv ri 8 dqg C vwdwhg lq sursrvlwlrq 41
Wklv iroorzv iurp d pruh jhqhudo sursrvlwlrq lq Hydqv dqg Krqndsrkmd +4<<8d,
uhjduglqj wkh orfdo frqyhujhqfh ri ohduqlqj dojrulwkpv wr d vwhdg| vwdwh1 Wkhuh duh
vwloo  xfwxdwlrqv lq wkh h{fkdqjh udwh/ ehfdxvh wkh dfwxdo sulfhv lq frxqwu| 4 dqg
5 duh d�hfwhg e| wkh vkrfn wkurxjk wkh h{shfwhg sulfhv Re� E|n �� dqg Re2 E|n �� G

.E|� '
R�E|�

R2E|�
'

8 ERe�E|n ��c Re2E|n ��c 0�

CERe�E|n ��c Re2E|n ��c 0�

Zh dvvxph lq wkh iroorzlqj wkdw wkh vshhg ri ohduqlqj lv frqvwdqw lq erwk frxqwulhv/
vxfk wkdw djhqwv fdq wudfn uhfhqw fkdqjhv idvwhu dw wkh h{shqvh ri d �qrlv|�
iruhfdvw1 Wkh frpelqdwlrq ri d frqvwdqw vshhg ri ohduqlqj lq wkh dgdswlyh ohduqlqj
uxoh dqg wkh prqhwdu| vkrfn fuhdwhv wkh shuvlvwhqw  xfwxdwlrqv lq wkh h{fkdqjh
udwh ehwzhhq wkh wzr frxqwulhv1

71 Vlpxodwlrq uhvxowv

Zh fkrrvh wkh iroorzlqj sdudphwhu ydoxhv iru wkh yduldeohv lq wkh prgho1

Sdudphwhu = @� @2 /� /2 M� M2 �
Ydoxh 317; 318 43 4 433 453 48
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Wkh prqh| vxsso| lq frxqwu| 5 lv jlyhq e| M2E|� ' M2 n 0E|�c zkhuh wkh
vkrfn 0E|� ' ��E|� dqg �E|� lv xqlirupo| glvwulexwhg ryhu wkh lqwhuydo d�2c 2o
zlwk � ' f�fH/ vxfk wkdw wkh udqjh ri wkh vkrfn lv iurp �f��S wr f��S� Lq erwk
vlpxodwlrqv/ Jhupdq| lv Frxqwu| 5/ wkxv zh dvvxph wkhuh lv d vpdoo vkrfn wr wkh
Jhupdq prqh| vxsso|1 Frxqwu| 4 lv Ehojlxp dqg Qhwkhuodqgv/ uhvshfwlyho|1

Wkh lqlwldo frqglwlrqv iru wkh Ehojldq2Jhupdq fdvh lv fkrvhq dv Re�E�� ' �b�f.2
dqg Re2E�� ' f�b2e dqg wkh vwhdg| vwdwh lv jlyhq e| R� ' �b�b� dqg R2 ' f�b2�
dqg wkh vwhdg| vwdwh h{fkdqjh udwh lv e ' 2f�S21 Wkh lqlwldo frqglwlrqv iru wkh
h{shfwhg sulfh ohyhov duh fkrvhq wr uh hfw wkdw wkh h{fkdqjh udwh lv  xfwxdwlqj
durxqg d vwhdg| vwdwh ohyho 53190531:/ vhh �jxuh 4 zkhuh wkh dfwxdo EHI2GHP
h{fkdqjh udwh lv looxvwudwhg1

Lq wkh Qhwkhuodqgv2Jhupdq| vlpxodwlrq zh fkrrvh wkh iroorzlqj lqlwldo frqgl0
wlrqv Re�E�� @ 41:7 dqg Re2E�� ' 4187:/ wkh vwhdg| vwdwh lv jlyhq e| R� ' ��.D dqg
R2 ' 4187: zlwk wkh h{fkdqjh udwh lv e @ ���2�1

Vlqfh wkh h{fkdqjh udwh sdwkv duh ghshqghqw rq wkh lqlwldo frqglwlrqv/ zh
fkrrvh wkhvh fduhixoo| lq erwk h{shulphqwv1 Wkh lqlwldo frqglwlrqv duh fkrvhq
vxfk wkdw lw ��wv� zlwk wkh dfwxdo ydoxhv ri wkh h{fkdqjh udwhv ehwzhhq Ehojlxp0
Jhupdq| dqg Qhwkhuodqgv0Jhupdq|1 Lq erwk vlpxodwlrqv wkh ydoxhv xvhg iru wkh
vshhg ri ohduqlqj dqg wkh prqh| vxsso| lq Ehojlxp dqg Qhwkhuodqgv zdv wkh vdph/
zh frxog fkdqjh wkhvh sdudphwhuv ydoxhv vxfk wkdw Ehojlxp dqg Qhwkhuodqgv zhuh
gl�huhqw/ exw wkdw grhv qrw fkdqjh wkh uhvxowv1

81 Dq H{dpsoh= Wkh Gxwfk dqg Ehojldq h{shulhqfh

Wkh prgho ghvfulehg deryh fdq jlyh dq h{sodqdwlrq ri wkh shuvlvwhqw  xfwxdwlrqv
wkdw kdyh ehhq revhuyhg iru h{dpsoh lq wkh Ehojldq dqg Gxwfk h{fkdqjh udwh ryhu
wkh odvw |hduv/ vhh �jxuh 4 zkhuh wkh dfwxdo EHI2GHP0h{fkdqjh udwh lv looxvwudwhg
dqg �jxuh 5 zkhuh wkh dfwxdo QOJ2GHP h{fkdqjh udwh lv looxvwudwhg1 Ehojlxp
dqg Kroodqg kdyh pruh ru ohvv kdg wkh vdph ghyhorsphqw lq ixqgdphqwdov dv lq
Jhupdq|/ dqg lw kdv ehhq fhuwdlq wkdw erwk Ehojlxp dqg Kroodqg zrxog eh qdw0
xudo sduwlflsdqwv lq d Hxurshdq Prqhwdu| Xqlrq1 Hyhq wkrxjk wkh ixqgdphqwdov
lq Jhupdq| dqg Ehojlxp2Kroodqg zhuh mxvw derxw lghqwlfdo wkhuh kdv vwloo ehhq
shuvlvwhqw  xfwxdwlrqv lq wkh Gxwfk dqg wkh Ehojldq h{fkdqjh udwh ylv0d0ylv wkh
G0Pdun1 Wklv vlwxdwlrq pdwfkhv rxu wkhruhwlfdo prgho zkhuh wkh  xfwxdwlrqv wdnh
sodfh durxqg d vwhdg| vwdwh1 Qrwh djdlq wkdw vwhdg| vwdwh lv rqo| orfdoo| vwdeoh1

Iljxuh 6 dqg 7 sorwv wkh vlpxodwhg ydoxhv wkh wkhruhwlfdo prgho jhqhudwhv iru
wkh EHI2GHP h{fkdqjh udwh dqg QOJ2GHP h{fkdqjh udwh1 Lw lv hylghqw wkdw
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wkh prgho jhqhudwhv shuvlvwhqw  xfwxdwlrqv dv revhuyhg lq wkh dfwxdo h{fkdqjh
udwh gdwd iru wkh wzr frxqwulhv1 Wkh Ehojldq Iudqf diwhu wkh fulvlv lq Dxjxvw
4<<6 ghsuhfldwhg vkduso| exw uhwxuqhg uhodwlyho| txlfno| wr lwv iruphu ohyho djdlq1
Vlqfh wkhq lw kdv ehhq  xfwxdwlqj durxqg wklv ohyho1 Rqh fdq dovr qrwlfh wkdw lq
wkh shulrg ehiruh wkh euhdngrzq ri wkh HUP/ wkh h{fkdqjh udwh dovr h{klelwhg
 xfwxdwlrqv zlwklq wkh edqgv ri wkh HUP1

Rqh lqwhuhvwlqj dvshfw ri wkh Qhwkhuodqgv0Jhupdq| fdvh lv wkdw wkh  xfwxd0
wlrqv lq wkh h{fkdqjh udwh duh yhu| vpdoo/ wkh h{fkdqjh udwh  xfwxdwhv ehwzhhq
41448 dqg 4145< dv vkrzq e| �jxuh 5/ krzhyhu wkh  xfwxdwlrqv vhhp wr eh shu0
vlvwhqw1 Wkh wlph0vhulhv udqjhv iurp 4<<5 wloo wrgd| dqg fryhuv erwk d shulrg
zkhuh HUP zdv zrunlqj dqg qrz zkhuh wkhuh lv d gh idfwr  rdwlqj h{fkdqjh
udwh uhjlph1 Exw vwloo rxu wkhruhwlfdo prgho fdswxuhv wkh shuvlvwhqw  xfwxdwlrqv
wkdw fdq eh revhuyhg lq doo qrq0�{hg h{fkdqjh udwh uhjlphv1 Dfwxdoo| rqh frxog
frqmhfwxuh wkdw wkh uhjlph lwvhoi +wdujhw }rqh/ iuhh  rdw hwf1, lq wklv prgho lv uhs0
uhvhqwhg e| wkh @� lq wkh ohduqlqj uxoh1 Ru lq rwkhu zrugv wkh djhqwv xvh dgdswlyh
ohduqlqj exw wkh vshhg wkh| dgmxvw zlwk ghshqgv rq zklfk uhjlph wkh| duh lq1

91 Frqfoxvlrq

Lq wklv sdshu zh kdyh irupxodwhg d prgho wkdw fdq jhqhudwh shuvlvwhqw  xfwxdwlrqv
lq wkh h{fkdqjh udwh hvvhqwldoo| vwhpplqj iurp ohduqlqj dqg vkrfnv wr wkh prqh|
vxsso| lq rqh ri wkh frxqwulhv1 Dq lpsruwdqw sduw ri jhqhudwlqj shuvlvwhqw  xf0
wxdwlrqv zdv wkh idfw wkdw h{shfwdwlrqv zhuh iruphg yld dgdswlyh ohduqlqj uxohv
dqg khqfh xqghu wkh dvvxpswlrq ri erxqghg udwlrqdolw|1 Wkh prgho xvhg lv vlp0
soh dqg looxvwudwlyh dqg lq ixwxuh uhvhdufk wkh prgho frxog shukdsv eh h{whqghg
wr lqfoxgh dovr rwkhu sduwv ri wkh hfrqrp| h1j1 wkh jryhuqphqw vhfwru ru oderxu
pdunhw frqvlghudwlrqv1

Wkh wkhruhwlfdo prgho zdv dovr deoh wr fdswxuh wkh ghyhorsphqw ri +dw ohdvw,
wzr h{fkdqjh udwhv1 Zh xvhg wzr h{fkdqjh udwhv forvh wr wkh G0pdun wkdw kdv
kdg mxvw derxw wkh vdph ghyhorsphqw lq ixqgdphqwdov lq dq dwwhpsw wr lvrodwh
wkh vrxufhv ri wkh shuvlvwhqw  xfwxdwlrqv lq wkh h{fkdqjh udwh1

Lq ixwxuh zrun/ zh zloo ghyhors wkh prgho lq dq dwwhpsw wr h{sodlq wkh  xf0
wxdwlrqv lq wkh XVG2GHP h{fkdqjh udwh diwhu 4<;:1 Wklv h{fkdqjh udwh vhhpv
wr  xfwxdwh ehwzhhq wzr vwhdg| vwdwh ydoxhv/ wkxv wkhuh pljkw eh d f|folfdo eh0
kdylrxu lq wkh h{fkdqjh udwh1 Rqh zd| wr fdswxuh wklv zrxog eh wr lqwurgxfh
d jryhuqphqw lq erwk frxqwulhv/ wkdw �qdqfh d �{hg dprxqw ri vshqglqj e| iru
h{dpsoh e| d oxps vxp wd{1 Lq wklv fdvh wkh prgho kdv wzr lqwhulru vwhdg| vwdwhv1
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Li wkh djhqwv xvh wkh ohduqlqj uxoh frpelqhg zlwk d vpdoo vkrfn wr wkh prqh|
vxsso| wkh hfrqrp| zloo  xfwxdwh ehwzhhq wkh wzr vwhdg| vwdwhv ghshqglqj rq
wkh vl}h ri wkh vkrfn1

Zh zloo dovr wu| wr lqfrusrudwh khwhurjhqhrxv djhqwv/ wklv frxog eh grqh lq
ydulrxv zd|v/ iru h{dpsoh e| xvlqj gl�huhqw ohduqlqj uxohv1 Wkh vlpsohvw zd|
zrxog eh wr kdyh rqh w|sh ri ohduqlqj uxoh lq frxqwu| 4 dqg dqrwkhu lq frxqwu|
5/ exw lw vhhpv pruh uhdvrqdeoh dovr wr kdyh gl�huhqw ohduqlqj uxohv zlwklq wkh
frxqwulhv1 Wklv lv dovr lq olqh zlwk wkh h{shulphqwdo hylghqfh1
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D1 Surri ri sursrvlwlrq 6141

Wkh frqglwlrqv iru wkh hljhqydoxhv ri a wr eh ohvv wkdq 4 lv jlyhq e|

�2 	 AoEaER�c R2�� 	 2 +D14,

� � 	 (e|EaER�c R2�� 	 � +D15,

zkhuh AoEa� lv wkh wudfh ri wkh a dqg (e|Ea� lv wkh ghwhuplqdqw ri a 1 Ohw xv
ehjlq zlwk +D14,

AoEa� ' � n @�E8�ER�c R2�� �� n � n @2EC2ER�c R2�� ��

' 2� E@� n @2� n @�8�ER�c R2� n @2C2ER�c R2� : f

vlqfh sduwldo ghulydwlyhv duh jlyhq e|=

8�ER�c R2� '
/2

/�
n

�

�/�

M2

R2
: f�

C2ER�c R2� '
/2

/�
n

�

�/�

M�

R�
: f�

dqg @� 	 � dqg @2 	 ��

A oEa� ' � n @�E8�ER�c R2�� �� n @2EC2ER�c R2�� �� 	 2,

@�E8�ER�c R2�� �� n � n @2EC2ER�c R2�� �� 	 f +D16,

Zh dvvxphg wkdw 8�ER�c R2� 	 � dqg C2ER�c R2� 	 �/ wkxv +D16, lv vdwlv�hg1

Wkh vhfrqg frqglwlrq +D15, lv hdv| wr yhuli|1 (e|Ea� lv jlyhq e| =

(e|Ea� ' d� n @�E8�ER�c R2�� ��o d� n @2EC2ER�c R2�� ��o

�@�@282ER�c R2�C�ER�c R2�
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Lq rughu wr yhuli| +D15, zh kdyh wr orrn forvhu dw wkh sduwldo ghulydwlyhv =

82ER�c R2� ' �
R�
R2

M2

R2

�

�/�
	 f

C�ER�c R2� ' �
R2
R�

M�

R�

�

�/�
	 f

wkxv

�@�@282ER�c R2�C�ER�c R2� ' �@�@2
M2

R2

�

�/�

M�

R�

�

�/�
	 f

Vlqfh 8�ER�c R2� 	 � dqg C2ER�c R2� 	 �/ wkh �uvw whup lq (e|Ea� lv ohvv wkdq �
dqg (e|Ea� 	 �� Zh rqo| kdyh wr vkrz wkdw �� 	 (e|Ea�� Vlqfh 8�ER�c R2� 	 �
dqg C2ER�c R2� 	 � wkhq (e|Ea� : �

�

�/�

M2

R2
	 � dqg

�

�/�

M�

R�
	 �

dqg

�� 	 � @�@2
M2

R2

�

�/�

M�

R�

�

�/�

Khqfh wkh �uvw whup lq (e|Ea� lv srvlwlyh dqg (e|Ea� : ���

E1 Wkh lqghwhuplqdf| sursrvlwlrq1

Wkh lqghwhuplqdf| sursrvlwlrq irupxodwhg lq Nduhnhq dqg Zdoodfh lv dv iroorzv1
Zh dvvxph djhqwv kdyh shuihfw iruhvljkw1 Li . lv dq h{fkdqjh udwh zklfk vxvwdlqv
d prqhwdu| htxloleulxp zkhuh erwk fxuuhqflhv duh ydoxhg/ wkhq iru dq| rwkhu h{0
fkdqjh udwh f 	 h. 	4 wkhuh h{lvwv d prqhwdu| htxloleulxp zkhuh erwk fxuuhqflhv
duh ydoxhg1 Lq rughu wr vhh wklv/ fkrrvh dq h{fkdqjh udwh h. 9' . zlwk wkh sulfh
vhtxhqfhv ihR�E|�c hR2E|�j| / zkhuh R�E|� 9' hR�E|�c iru � ' �c 2 dqg | � f vxfk wkdw

M�E|�

R�E|�
n

M2E|�

R2E|�
'

M�E|�hR�E|� n
M2E|�hR2E|� +E14,

zh fdq uhduudqjh +E14, wr h{suhvv hR�E|� dv d ixqfwlrq ri R�E|�/ h. dqg .
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hR�E|� ' M�E|� n h.M2E|�

M�E|� n.M2E|�
R�E|� +E15,

hR2E|� ' hR�E|�* h. +E16,

Li wkh prqh| vxsso| lv frqvwdqw lq erwk frxqwulhv/ M�E|� ' M� / � ' 4/5/ wkh sulfh
vhtxhqfhv ihR�E|�j c ihR2E|�j gh�qhg e| +E15, dqg +E16, jlyh wkh vdph uhdo udwh ri
uhwxuqv dv wkh sulfh vhtxhqfh iR�E|�c R2E|�j| G

h-�E|� '
hR�E|�hR�E|n ��

'

�
M�E|� n h.M2E|�

�
R�E|�

M�E|� n.M2E|�

M�E|n �� n.M2E|n ���
M�E|n �� n h.M2E|n ��

�
R�E|n ��

'
R�E|�

R�E|n ��
' -�E|� / � ' �c 21 +E17,

Vlqfh vdylqjv/ lqglylgxdo dqg djjuhjdwh/ ghshqg rq wkh uhdo udwh ri uhwxuq dffrug0
lqj wr +519, dqg +51:,/ wkh sulfh vhtxhqfhv ihR�E|�j c ihR2E|�j jlyh wkh vdph vdylqjv
dv wkh sulfh vhtxhqfhv ihR�E|�j c ihR2E|�j1 Wklv lqghwhuplqdf| uhvxow ghshqgv xsrq
wkh dvvxpswlrq ri shuihfw iruhvljkw vxfk wkdw wkh h{fkdqjh udwh .E|� ' . lv frq0
vwdqw1 Zh frxog dovr doorz iru jurzwk lq wkh prqh| vxsso|/ iru h{dpsoh d �{hg
shufhqwdjh hdfk shulrg vxfk wkdw

M�E|n �� ' E� n ���M�E|� / � ' �c 2

Li �� ' �2/ wkhq +E17, vwloo krogv/ exw wkh jurzwk lq prqh| vxsso| kdv wr eh frru0
glqdwhg ehwzhhq wkh wzr frxqwulhv1 Vdujhqw +4<<6, lqwurgxfhv erqgv dv zhoo dqg
jlyhv frqglwlrqv iru zklfk wkh lqghwhuplqdf| uhvxow krogv1 Nduhnhq dqg Zdoodfh
jlyh frqglwlrqv iru wkh htxloleulxp wr eh ghwhuplqdwh/ exw wklv lqyroyhv fdslwdo
uhvwulfwlrqv dqg wudgh uhvwulfwlrqv1
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