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41 Lqwurgxfwlrq

Lq wkh odvw ghfdgh Hxursh kdv zlwqhvvhg d kxjh h{sdqvlrq ri wkh Whohylvlrq Lq0
gxvwu| dqg lw lv h{shfwhg wr frqwlqxh lqwr wkh qh{w Fhqwxu|> h1j1 *Eurdgfdvwlqj
krxuv lq wkh HX duh h{shfwhg wr ulvh iurp suhvhqw ohyhov ri 4 ploolrq krxuv wr ryhu
618 ploolrq e| wkh hqg ri wkh Fhqwxu|1* ^HX uhsruw 4<<: s1 4`1 Wklv ghyhorsphqw
lv odujho| gxh wr whfkqrorjlfdo lpsuryhphqwv +vhh h1j1 Ruhmd 4<<:, wkdw kdyh lq0
fuhdvhg qrw rqo| wkh vxsso| ri eurdgfdvwlqj krxuv exw dovr wkh rssruwxqlwlhv wr
vhoo wkh surgxfw1

D WY eurdgfdvw lv qr orqjhu d +sxuh, sxeolf jrrg/ l1h1 qrq0ulydo dqg qrq0
h{foxgdeoh/ ehfdxvh ri wkh hphujhqfh ri fdeoh WY/ vfudpeohuv/ hwf1 wkdw kdyh
pdgh lw srvvleoh wr h{foxgh vrph krxvhkrogv iurp zdwfklqj d eurdgfdvw1 Wkxv/
iru sulydwh WY vwdwlrqv sd| whohylvlrq kdv ehfrph dq dwwudfwlyh dowhuqdwlyh wr sxuh
dgyhuwlvlqj �qdqfhg whohylvlrq dqg lq jhqhudo lw lv ehfrplqj lqfuhdvlqjo| frpprq
wr fkdujh krxvhkrogv gluhfwo| iru zdwfklqj d vshfl�f fkdqqho ru d fhuwdlq hyhqw1
Wklv sdshu frqfhqwudwhv rqo| rq wkh vhfrqg w|sh ri sd| whohylvlrq/ l1h1 zkdw lv
fdoohg *sd|0shu0ylhz* eurdgfdvwlqj/ iru wkh iroorzlqj uhdvrqv= Iluvw/ wkh frqvh0
txhqfhv rq qxpehu ri fkdqqhov/ qxpehu ri ylhzhuv/ surjudp txdolw|/ zhoiduh/ hwf1
ri kdylqj zkroh fkdqqhov �qdqfhg e| sd| vxevfulswlrq lqvwhdg ri sxuh dgyhuwlvlqj
duh uhodwlyh zhoo nqrzq +vhh h1j1 Vshqfh ) Rzhq 4<:: dqg Rzhq ) Zlogpdq
4<<5, dqg d edq ri sd| whohylvlrq lq jhqhudo lv qrw rq wkh sudfwlfdo srolf| djhqgd1
Vhfrqg/ dowkrxjk sd|0shu0ylhz eurdgfdvwlqj lv udwkhu qhz lq Hxursh/4 lw zloo eh
pruh dqg pruh frpprq lq wkh ixwxuh hvshfldoo| ehfdxvh ri wkh hphujhqfh ri gljlwdo
eurdgfdvwlqj zklfk fdq surylgh sd|0shu0ylhz surjudpv *pxfk pruh hdvlo|* +Wkh
Hfrqrplvw 53272<9 s1 86,1 Ilqdoo|/ wkh qhz HX �Whohylvlrq zlwkrxw iurqwlhuv�
Gluhfwlyh djuhhg xsrq e| wkh Frqfloldwlrq Frpplwwhh ri wkh Hxurshdq Sduoldphqw
dqg wkh Frxqflo rq Dsulo 49/ 4<<:5 zloo lq wkh ixwxuh suhyhqw sd|0shu0ylhz eurdg0
fdvwlqj ri fhuwdlq pdmru +pdlqo| vsruwlqj, hyhqwv rffxuulqj rq qdwlrqdo olvwv pdgh
e| hdfk phpehu vwdwh16

Wklv sdshu dqdo|vhv wkh zhoiduh dqg glvwulexwlrqdo frqvhtxhqfhv ri d edq ri
sd|0shu0ylhz eurdgfdvwlqj1 Pruh vshfl�fdoo|/ zh frqvlghu d whohylvlrq vwdwlrq wkdw
fdq dftxluh wkh vroh eurdgfdvwlqj uljkwv wr dq +rxwvwdqglqj, hyhqw dqg frpsduhv
wkh rxwfrph ri vhoolqj wkh hyhqw rq d sd|0shu0ylhz edvlv +lqfoxglqj frpphufldov,

4H1j1 wkh �uvw sd|0shu0ylhz eurdgfdvw lq Ghqpdun zdv d er{lqj �jkw ehwzhhq Oduu| Krophv

dqg Euldq Qlhovhq wkh 57wk ri Mdqxdu| 4<<:1
5Vhh h1j1 lqwhuqhw dgguhvv= kwws=22hxursd1hx1lqw2hq2frpp2gj432dysrolf|2wzi24937<:hq1kwpo1
6Vxfk olvw h{lvwv douhdg| lq wkh XN zkhuh wkh 4<<9 Eurdgfdvwlqj Dfw surklelw sd|0shu0ylhz

eurdgfdvwlqj ri ; hyhqwv/ h1j1 wkh Zlpeohgrq Whqqlv Fkdpslrqvklsv1
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zlwk vhoolqj wkh hyhqw rq d sxuh frpphufldo edvlv1 Wklv vhhpv wr eh wkh wzr
dowhuqdwlyhv lq pdq| fdvhv1 Pdwwhuv duh pruh frpsolfdwhg li sxeolf whohylvlrq lv
lqfoxghg dv dq dowhuqdwlyh> lw lv kdug wr ghwhuplqh wkh *dprxqw ri lqh!flhqf|*
fuhdwhg e| kdylqj d eurdgfdvw �qdqfhg wkurxjk wkh ryhudoo wd{ v|vwhp1

D qdwxudo dqdo|wlfdo vwduwlqj srlqw iru dq hfrqrplf shuvshfwlyh pxvw eh wr
orrn dw wrwdo vxusoxv +zhoiduh,1 Lqwxlwlyho|/ lw lv whpswlqj wr frqfoxgh iurp wkh
deryh glvfxvvlrq wkdw d edq ri sd|0shu0ylhz zloo lpsuryh zhoiduh vlpso| ehfdxvh d
WY eurdgfdvw lv d qrq0ulydo jrrg +l1h1 pdujlqdo frvwv duh }hur,1 Qrw vxusulvlqjo|
lq wkh oljkw ri wkh Wkhru| ri Wkh Vhfrqg Ehvw wklv frqfoxvlrq lv zurqj= Dowkrxjk
sd|0shu0ylhz pd| uhgxfh wkh qxpehu ri ylhzhuv zdwfklqj wkh hyhqw lw pd| dovr
uhgxfh wkh qxpehu ri frpphufldov zklfk pd| lpsuryh hfrqrplf h!flhqf|1 Rxu
uhvxowv duh qrw pxfk lq idyrxu ri d edq rq jurxqgv ri hfrqrplf h!flhqf|= +l, Wzr
fdvhv h{lvw zkhuh sd|0shu0ylhz |lhogv kljkhvw zhoiduh/ qdpho| zkhq d eurdgfdvw
fdqqrw eh �qdqfhg sxuho| e| frpphufldov dqg zkhq doo srwhqwldo ylhzhuv zdwfk
wkh hyhqw1 +ll, Wkh zhoiduh frpsdulvrq lv dpeljxrxv lq wkh jhqhudo prgho zkhq
wkhvh frqvwudlqwv duh qrq0elqglqj exw orrnlqj dw vshfl�f ixqfwlrqdo irupv lqglfdwhv
wkdw wkh srwhqwldo orvv ri d edq lv pxfk odujhu wkdq wkh srwhqwldo jdlq1 Wkh
glvwulexwlrqdo lpsolfdwlrqv ri d edq duh xqdpeljxrxv= frqvxphu vxusoxv lqfuhdvhv
dqg wkh surfhhgv iurp wkh surshuw| uljkw ri wkh hyhqw ghfolqh1 Wkxv/ glvwulexwlrqdo
uhdvrqv pd| mxvwli| d edq li lw lv lpsrvvleoh wr dfklhyh d ghvluhg glylvlrq ri wrwdo
vxusoxv rewdlqhg xqghu sd|0shu0ylhz1

Vxusulvlqjo|/ wkh hfrqrplf frqvhtxhqfhv ri sd|0shu0ylhz eurdgfdvwlqj lv uho0
dwlyh xqh{soruhg1 Wr rxu nqrzohgjh/ rqo| rqh sdshu h{lvwv rq wkh lvvxh/ qdpho|
Kroghq +4<<6,1 Rxu dqdo|vlv gl�hu lq wzr uhvshfwv1 Iluvw/ Kroghq +4<<6, frqvlg0
huv rqo| wkh h�hfwv rq frqvxphu vxusoxv zkhuhdv zh dovr dqdo|vh h�hfwv rq wrwdo
vxusoxv1 Vhfrqg/ Kroghq +4<<6, frqvlghuv wkh srvvlelolw| ri vhfrqg ghjuhh sulfh
glvfulplqdwlrq fdxvhg e| doorzlqj sd|0shu0ylhz/ l1h1 wkh vwdwlrq rewdlqv uhyhqxh
�uvw e| vhoolqj wkh hyhqw wr vrph ylhzhuv rq d sd|0shu0ylhz edvlv dqg odwhu e|
pdnlqj d sxuh dgyhuwlvlqj eurdgfdvw ri wkh hyhqw wr rwkhu ylhzhuv17 Rxu pdlq
dqdo|vlv frqvlghuv lqvwhdg wkh fdvh zkhuh d odwhu eurdgfdvw ri wkh hyhqw kdv }hur
ydoxh wr wkh frqvxphuv +h1j1 zkdw lv wkh ydoxh ri zdwfklqj d irrwedoo pdwfk wkh
gd| diwhu |rx nqrz wkh uhvxowB$,1 Zh eholhyh wklv wr eh d pruh qdwxudo vwduwlqj
srlqw iru d edvlf dqdo|vlv ri wkh lvvxh1 Zh gr/ krzhyhu/ eulh | frqvlghu wkh hi0

7Dfwxdoo|/ Kroghq +4<<6, fdoov lw wklug ghjuhh sulfh glvfulplqdwlrq1 Krzhyhu/ lq wkh dqdo|vlv

wkh vwdwlrq fdqqrw vhsdudwh gluhfwo| wkh wzr jurxsv1 Lw kdv wr pd{lpl}h sur�wv vxemhfw wr dq LF
frqvwudlqw vshfli|lqj zkhq wkh �uvw jurxs zloo fkrvh wkh sdfndjh lqwhqghg iru wkh vhfrqg jurxs1

Wklv lv lq idfw vhfrqg ghjuhh sulfh glvfulplqdwlrq dffruglqj wr wkh gh�qlwlrq lq Wluroh +4<;<,1
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ihfw rq wrwdo vxusoxv ri lqfoxglqj vhfrqg ghjuhh sulfh glvfulplqdwlrq1 Vlpxodwlrqv
vxjjhvw wkdw rxu zhoiduh frqfoxvlrqv duh xqfkdqjhg zkhq lqfoxglqj wklv hohphqw1

Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq suhvhqwv wkh edvlf prgho
dqg fkdudfwhulvhv wkh lqwhulru vroxwlrqv ri ohwwlqj wkh eurdgfdvw ri dq hyhqw eh
frqwuroohg e| d sxuh dgyhuwlvlqj vwdwlrq/ d sd|0shu0ylhz vwdwlrq/ dqg d vrfldo
sodqqhu1 Wkh wklug vhfwlrq frpsduhv wkhvh rxwfrphv1 Wkh irxuwk vhfwlrq xvhv d
vshfl�f h{dpsoh wr lqglfdwh wkh uhodwlyh vl}h ri wrwdo vxusoxv/ frqvxphu vxusoxv/
dqg wkh ydoxh ri wkh eurdgfdvwlqj uljkwv xqghu sd|0shu0ylhz dqg sxuh dgyhuwlvlqj1
Wkh vshfl�f h{dpsoh lv dovr xvhg wr hoderudwh rq wkh frqvhtxhqfhv ri vhfrqg ghjuhh
sulfh glvfulplqdwlrq1 Wkh odvw vhfwlrq glvfxvvhv vrph srolf| lpsolfdwlrqv ri wkh
uhvxowv1

51 D Edvlf Whohylvlrq Prgho

Dq djhqw srvvhvvhv wkh �ohjdo� +prqrsro|, uljkwv wr eurdgfdvw dq rxwvwdqglqj
hyhqw18 Wkh djhqw lv zloolqj wr vhoo wkh uljkwv li wkh sulfh l lv dw ohdvw �l � f19 Zh
dvvxph wkdw wkhuh lv lq�qlwh pdq| whohylvlrq vwdwlrqv hdfk elglqj iru wkh uljkwv
wr eurdgfdvw wkh hyhqw dv orqj dv wkh| h{shfw qrq0qhjdwlyh sur�wv1 Wkh sulfh ri
wkh frqwudfw zloo htxdo wkh kljkhvw elg1 Wkh srwhqwldo ylhzhuv ri wkh hyhqw duh
lqgh{hg e| % 5 dfc 7%o vxfk wkdw wkh zloolqjqhvv wr sd| ri wkh ylhzhuv duh ghfolqlqj
lq wkh lqgh{1 Wkh zloolqjqhvv wr sd| ri wkh pdujlqdo ylhzhu zlwk qr frpphufldov
lv ghqrwhg e| l E%�1 Lw lv dvvxphg wkdw wklv ixqfwlrq lv qrw *wrr frqyh{*/ l1h1
l �� E%�%*l � E%� : ��/ zklfk lv vx!flhqw +exw qrw qhfhvvdu|, wr hqvxuh wkdw dq|
srlqw vdwlvi|lqj wkh �uvw rughu frqglwlrqv lv lqghhg d vroxwlrq +li wkh vroxwlrq lv
lqwhulru,1: Doo ylhzhuv kdyh wkh vdph glvxwlolw| ri frpphufldov phdvxuhg lq prqh|
whupv/; # E@�/ zklfk lv vwulfwo| lqfuhdvlqj dqg frqyh{ lq wkh ohyho ri dgyhuwlvlqj/ @/
l1h1 #� E�� : fc #�� E�� � f1 Wklv lpsolhv wkdw wkh lqyhuvh ghpdqg fxuyh idflqj wkh
whohylvlrq vwdwlrq iru d jlyhq ohyho ri dgyhuwlvlqj wdnhv wkh iroorzlqj vhsdudeoh irup/
R E%c @� � l E%� � # E@�1 Zh dvvxph wkdw dq| vroxwlrq E%c @� ixo�oov R E%c @� � f>
wklv vwdwhv wkdw lw lv lpsrvvleoh wr sd|2vxevlgl}h d ylhzhu wr zdwfk wkh hyhqw1 Wkh

8Wkh djhqw frxog eh XHID srvvhvvlqj wkh uljkwv wr wkh Hxur Fxs Ilqdo lq irrwedoo ru surprwhu

Grq Nlqj rzqlqj wkh uljkwv wr er{lqj pdwfkhv lqyroylqj Plnh W|vrq1
9Lq wkh fdvh zkhuh surprwhu Grq Nlqj rzqv wkh uljkwv wr d er{lqj pdwfk lqyroylqj Plnh

W|vrq wklv frxog uh hfw wkh uhvhuydwlrq sulfh ri Plnh W|vrq1
:Lq wkh Dsshqgl{/ lw lv vkrzq wkdw wkh vhfrqg rughu frqglwlrqv duh vdwlv�hg iru doo sureohpv

xqghu frqvlghudwlrq1
;Wklv uhsuhvhqwv wkh gluhfw glvsohdvxuh ri ehlqj lqwhuuxswhg dqg *hqirufhg* wr orrn dw frp0

phufldov qhw ri dq| hyhqwxdo jdlq +h1j1 ehfdxvh ri wkh lqirupdwlrqdo frqwhqw,1
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vwdwlrq vhoov frpphufldov jlylqj d qhw uhyhqxh ri � E@� shu ylhzhu iru d jlyhq ohyho ri
dgyhuwlvhphqw> � E@� lv dvvxphg lqfuhdvlqj dqg frqfdyh/ l1h1 �� E�� : fc ��� E�� � f1
Zh frqvlghu wzr srvvleoh zd|v ri vhoolqj wkh hyhqw> wkurxjk sxuh dgyhuwlvlqj ru
sd|0shu0ylhz1 Lq wkh sxuh dgyhuwlvlqj fdvh doo uhyhqxhv duh rewdlqhg iurp vhoolqj
frpphufldov zkhuhdv lq wkh sd|0shu0ylhz fdvh uhyhqxhv vwhp iurp frpphufldov
dv zhoo dv gluhfw sd|phqw iurp wkh ylhzhuv1 Iru frpsdulvrq/ zh dovr frqvlghu
wkh fdvh ri d vrfldo sodqqhu rswlpl}lqj wrwdo vxusoxv xqghu wkh vdph frqvwudlqwv1
Lq wkh iroorzlqj wkuhh vxevhfwlrqv/ zh fkdudfwhul}h wkh lqwhulru vroxwlrqv ri hdfk
fdvh/ dqg lq wkh qh{w vhfwlrq zh zloo frpsduh wkh wkuhh fdvhv dovr wdnlqj lqwr
frqvlghudwlrq wzr srvvleoh frqvwudlqwv wkdw pd| jlyh ulvh wr erxqgdu| vroxwlrqv>
+l, wkh htxloleulxp frqwudfw sulfh pxvw eh dw ohdvw htxdo wr wkh uhvhuydwlrq sulfh
ri wkh vxssolhu �l/ +ll, wkh qxpehu ri ylhzhuv fdqqrw h{fhhg wkh srwhqwldo qxpehu
ri ylhzhuv 7%1

5141 Dgyhuwlvlqj

Wkh dgyhuwlvlqj prqrsrolvw lv surklelwhg iurp fkdujlqj wkh ylhzhuv dqg wkxv
fkrrvhv rqo| dgyhuwlvlqj ohyho @ lq rughu wr pd{lpl}h sur�wv/

�El� ' � E@� � %� lc +514,

vxemhfw wr wkh iroorzlqj lqyhuvh uhodwlrqvkls ehwzhhq wkh qxpehu ri ylhzhuv dqg
wkh dprxqw ri dgyhuwlvlqj/

l E%�� # E@� ' f� +515,

Pd{lpl}dwlrq |lhogv wkh iroorzlqj �uvw rughu frqglwlrq/

�� E@� ' � #� E@�

l � E%�%
� E@� � +516,

Htxdwlrq +516, vwdwhv wkdw wkh dgyhuwlvlqj prqrsrolvw fkrrvhv wkh dgyhuwlvlqj
ohyho vxfk wkdw pdujlqdo uhyhqxh shu ylhzhu ri lqfuhdvhg dgyhuwlvlqj +wkh OKV,
htxdov pdujlqdo frvwv +wkh UKV , frqvlvwlqj ri uhgxfhg qxpehu ri ylhzhuv iurp
lqfuhdvhg dgyhuwlvlqj wlphv wrwdo dgyhuwlvlqj uhyhqxh shu ylhzhu1 Dq htxloleulxp
E%�c @�cl�� wkdw lv lqwhulru lv fkdudfwhul}hg e| +515,/ +516,/ dqg �El� ' f1
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5151 Sd|0shu0ylhz

Wkh sd|0shu0ylhz prqrsrolvw fkrrvhv sulfh dqg dgyhuwlvlqj ohyho lq rughu wr pd{0
lpl}h/<

�El� ' El E%�� # E@�� %n � E@�%� lc +517,

zkhuh wkh �uvw wzr whupv uhsuhvhqw uhyhqxhv iurp *sd|0shu0ylhz* dqg frpphufldov/
uhvshfwlyho|1 Qrwh/ wkdw d vroxwlrq wr wklv sureohp grhv qrw |lhog ohvv sur�wv wkdq
wkh dgyhuwlvlqj vroxwlrq1 Wr eh dq lqwhulru vroxwlrq/ zh uhtxluh d vwulfwo| srvlwlyh
sd|0shu0ylhz sulfh/ l E%� � � # E@� � : f/ zklfk zh dvvxph wr eh ixo�oohg lq wkh
iroorzlqj1 Wkh xqltxh pd{lpxp E%� c @� � lv wkhq fkdudfwhul}hg e| wkh �uvw rughu
frqglwlrqv/

l E%�� # E@� n l � E%�% ' �� E@� c +518,

�� E@� ' #� E@� � +519,

Wkh vhfrqg frqglwlrq vwdwhv wkdw wkh rswlpdo ohyho ri dgyhuwlvlqj lv fkrvhq zkhuh
pdujlqdo uhyhqxh shu ylhzhu htxdov pdujlqdo glvxwlolw| shu ylhzhu1 Wkh pdujlqdo
glvxwlolw| shu ylhzhu lv dovr wkh pdujlqdo frvwv ri wkh whohylvlrq vwdwlrq dv lw phd0
vxuhv krz pxfk wkh vwdwlrq kdv wr uhgxfh wkh sulfh shu ylhzhu iru d jlyhq qxpehu
ri ylhzhuv1 Wkh �uvw frqglwlrq lv wkh vwdqgdug pdujlqdo uhyhqxh htxdov pdujlqdo
frvwv frqglwlrq ri d prqrsrolvw> wkh OKV uhsuhvhqwv wkh pdujlqdo uhyhqxh iurp
sd|0shu0ylhz sd|phqwv ri jhwwlqj rqh pruh ylhzhu htxdo wr wkh sulfh shu ylhzhu
+wkh �uvw wzr whupv, dqg wkh orvv lq uhyhqxh iurp uhgxflqj wkh sulfh lq rughu wr jhw
rqh pruh ylhzhu> wkh UKV uhsuhvhqwv pdujlqdo uhyhqxh iurp dgyhuwlvlqj ri jhwwlqj
rqh pruh ylhzhu/ l1h1 qhjdwlyh pdujlqdo frvwv143 Dq htxloleulxp E%� c @� cl� � wkdw
lv lqwhulru lv fkdudfwhul}hg e| +518,/ +519,/ dqg �El� ' f1

<Zh glvuhjdug dq| gluhfw frvwv ri fkdujlqj wkh ylhzhuv1 Vxfk frvwv duh uhodwlyh orz dqg zloo

suredeo| eh lq�qlwhvlpdo lq d ixwxuh zlwk Gljlwdo Eurdgfdvwlqj1
43Wkxv/ dq lqwhulru vroxwlrq olhv dozd|v rq wkh lqhodvwlf sduw ri wkh ghpdqg fxuyh surylghg

wkdw vxfk duhd h{lvwv1 Li qrw wkh qxpehu ri ylhzhuv htxdov wkh xsshu erxqg �{ zklfk lv dqdo|vhg

lq wkh qh{w vhfwlrq1
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5161 Vrfldo Sodqqhu

Iru frpsdulvrq/ zh ghulyh wkh rxwfrph ri d vrfldo sodqqhu wkdw fkrrvhv E%c @� wr
pd{lpl}h wrwdo vxusoxv gh�qhg dv/44

` �
] %

f

l Er� _r� # E@�%n � E@� %� �lc +51:,

Pd{lpl}lqj +51:, wdnlqj lqwr frqvlghudwlrq wkh frqvwudlqw l E%�� # E@� � f |lhogv
wkh xqltxh vroxwlrq E%7c @7� vdwlvi|lqj wkh iroorzlqj frqglwlrqv/

l E%�� # E@� ' fc +51;,

�� E@� ' � #� E@�

l � E%� %
� E@� n #� E@� � +51<,

Wkh �uvw frqglwlrq vwdwhv wkdw wkh vrfldoo| rswlpdo sd|0shu0ylhz sulfh lv }hur/ l1h1
wkh pdujlqdo frvwv ri rqh pruh ylhzhu lv }hur1 Wkh vhfrqg frqglwlrq lv lghqwlfdo
wr wkh dgyhuwlvlqj vroxwlrq +516, h{fhsw iurp wkh odvw whup zklfk uhsuhvhqwv wkh
lqfuhdvhg glvxwlolw| wr wkh ylhzhuv ri d kljkhu dgyhuwlvlqj ohyho1 Wklv h�hfw zdv
qrw wdnlqj lqwr dffrxqw e| wkh dgyhuwlvlqj prqrsrolvw wkxv fuhdwlqj d qhjdwlyh
h{whuqdolw| rq wkh ylhzhuv1 D vroxwlrq E%7c @7� wkdw lv lqwhulru lv fkdudfwhul}hg e|
+51;, dqg +51<,1

61 Sd|0shu0ylhz yv1 Sxuh Dgyhuwlvlqj

Lq wklv vhfwlrq/ zh frpsduh wkh rxwfrph ri wkh wzr lqvwlwxwlrqv1 Lq grlqj vr/ zh
zdqw wr wdnh lqwr frqvlghudwlrq wkh srvvlelolw| ri erxqgdu| vroxwlrqv1 Wzr qdwxudo
frqvwudlqwv pd| jlyh ulvh wr erxqgdu| vroxwlrqv> +l, wkh htxloleulxp frqwudfw sulfh
pxvw eh dw ohdvw htxdo wr wkh uhvhuydwlrq sulfh ri wkh vxssolhu/ l1h1 l � �l> +ll, wkh
vroxwlrq pxvw lpso| wkdw wkh qxpehu ri ylhzhuv lv ohvv wkdq wkh srwhqwldo qxpehu
ri ylhzhuv/ l1h1 % � 7%1 Zh vwduw e| irfxvlqj rq lqwhulru vroxwlrqv zkhuh wkhvh
frqvwudlqwv duh qrw elqglqj1 Lw lv suredeo| txlwh lqwxlwlyh wkdw wkh dgyhuwlvlqj

44Lq wklv gh�qlwlrq/ lw lv dvvxphg wkdw wkhuh h{lvwv d gluhfw zhoiduh jdlq ri kdylqj frpphufldov
htxdo wr wkh gl�huhqfh ehwzhhq uhyhqxh iurp frpphufldov dqg ylhzhu glvxwlolw| ri frpphufldov1

Rqh pljkw dujxh wkdw wkh uhyhqxh grhv qrw frqwulexwh zlwk dq| vxusoxv ru hyhq wkdw zh vkrxog

dgg d qhjdwlyh whup uhsuhvhqwlqj ixuwkhu qhjdwlyh h�hfwv> h1j1 ehfdxvh vhhplqjo| lghqwlfdo surg0
xfwv duh *glyhuvl�hg* e| frpphufldov wkhuhe| uhgxflqj wkh frpshwlwlyhqhvv dprqj �upv ex|lqj

dgyhuwlvlqj wlph1 Lqfoxglqj vxfk h�hfwv zrxog vwuhqjwkhq rxu ryhudoo frqfoxvlrq frqfhuqlqj

zhoiduh1
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ohyho zloo eh kljkhvw lq wkh fdvh ri sxuh dgyhuwlvlqj zkhq frpsdulqj wkh sd|0shu0
ylhz/ dgyhuwlvlqj/ dqg vrfldoo| rswlpdo vroxwlrq1 Lw lv/ krzhyhu/ ohvv fohdu erwk
lqwxlwlyho| dqg dqdo|wlfdoo| wkdw wkh qxpehu ri ylhzhuv zloo eh orzhvw zlwk sd|0
shu0ylhz dv wkh dgyhuwlvlqj ohyho pd| eh vr odujh lq wkh sxuh dgyhuwlvlqj fdvh wkdw
pdujlqdo frqvxphuv suhihu wkh sd|0shu0ylhz sulfh lq frpelqdwlrq zlwk d orzhu
dgyhuwlvlqj ohyho1 Wr ghdo zlwk wklv dpeljxlw|/ lw lv xvhixo wr uhzulwh dqg frpelqh
wkh �uvw rughu frqglwlrqv ri wkh suhylrxv vhfwlrq wr jhw wkh iroorzlqj uhodwlrqvklsv

l E%� � n l � E%� �%� ' � d� E@� �� # E@� �o c +614,

l E%�� n l � E%��%� ' �
�
#� E@��

�� E@��
� E@��� # E@��

�
c +615,

l E%7� n l � E%7� %7 ' �
�

#� E@7�

�� E@7�� #� E@7�
� E@7�� # E@7�

�
c +616,

zkhuh +614, iroorzv gluhfwo| e| lvrodwlqj wkh % whupv lq wkh sd|0shu0ylhz htxdwlrq
+518,> +615, duh ghulyhg e| uhzulwlqj dqg dgglqj wkh dgyhuwlvlqj htxdwlrqv +515, dqg
+516,> +616, duh ghulyhg e| uhzulwlqj dqg dgglqj wkh htxdwlrqv +51;, dqg +51<, zklfk
fkdudfwhul}h wkh vrfldoo| rswlpdo vroxwlrq1 Xvlqj wkhvh htxdwlrqv dqg wkh htxdwlrqv
ghwhuplqlqj wkh dgyhuwlvlqj ohyho +l1h1 +516,/ +519,/ dqg +51<,/ uhvshfwlyho|,/ pdnhv
lw srvvleoh wr looxvwudwh wkh frpsdulvrq judsklfdoo|1 Wklv lv grqh lq Iljxuh 4 zkhuh
sdqho d looxvwudwhv wkh uhvxow ri frpsdulqj qxpehu ri ylhzhuv % dqg sdqho e wkh
uhvxow ri frpsdulqj dgyhuwlvlqj ohyhov @1

+Iljxuh 4 khuh,

Wkh sd|0shu0ylhz vroxwlrq lv lqwxlwlyho| vwudljkwiruzdug lq wklv gldjudp> @�
pd{lpl}h wkh gl�huhqfh ehwzhhq � E@� dqg # E@� dqg %� lv vhw zkhuh pdujlqdo
uhyhqxh +ehiruh dgyhuwlvlqj/ l1h1 # E@� lv pryhg wr wkh UKV, htxdov pdujlqdo frvwv1
Wkh wzr rwkhu vroxwlrqv duh pruh frpsolfdwhg> wkh OKV ri +615, dqg +616, grhv qrw
uhsuhvhqw pdujlqdo uhyhqxh exw lqvwhdg wkh pdujlqdo djjuhjdwh sd| zloolqjqhvv ri
wkh ylhzhuv +ehiruh glvxwlolw| ri dgyhuwlvlqj,1 Wkh vkdgrz ydoxh ri d fkdqjh lq
wkh djjuhjdwh zloolqjqhvv wr sd|/ dl E%�� # E@�o%/ lv rqh lq wkh fdvh ri sd|0shu0

ylhz +dv lw htxdov wkh uhyhqxh iurp sd|0shu0ylhz sd|phqwv/ R�%� , exw ��E@��

#�E@��

dqg ��E@7�3#
�E@7�

#�E@7�
lq wkh wzr rwkhu fdvhv/ uhvshfwlyho|1 Lq wkh dgyhuwlvlqj fdvh lw

wudqvirupv d orvv lq djjuhjdwh sd| zloolqjqhvv lqwr d orvv lq dgyhuwlvlqj uhyhqxh
qhfhvvdu| wr rewdlq dq lqfuhdvh lq wkh qxpehu ri ylhzhuv1 Lq wkh fdvh ri wkh
vrfldo sodqqhu lw wudqvirupv d orvv lq djjuhjdwh sd| zloolqjqhvv lqwr d orvv2jdlq lq

:



djjuhjdwh zhoiduh iurp wkh uhgxfwlrq lq dgyhuwlvlqj ohyho qhfhvvdu| wr rewdlq dq
lqfuhdvh lq wkh qxpehu ri ylhzhuv1 Wkh lqyhuvh ri wkhvh vkdgrz ydoxhv rffxu dw
wkh UKV ri +614, 0 +616, dqg duh wkh rqo| wklqj vhsdudwlqj wkh htxdwlrqv iurp hdfk
rwkhu1 Wklv ihdwxuh lv xvhg ehorz zkhq surylqj wkh rxwfrph looxvwudwhg lq Iljxuh
4 dqg vwdwhg lq iroorzlqj wkhruhp/

Wkhruhp 6141 Dvvxph wkdw wkh htxloleulxp frqwudfw sulfh zlwk sxuh dgyhuwlvlqj

lv odujhu wkdq ru htxdo wr wkh uhvhuydwlrq sulfh dqg wkdw qxpehu ri ylhzhuv xqghu

sd|0shu0ylhz lv ohvv wkdq wkh srwhqwldo qxpehu ri ylhzhuv1 Wkhq sd|0shu0ylhz lp0

solhv ohvv ylhzhuv wkdq sxuh dgyhuwlvlqj zklfk lpsolhv ohvv ylhzhuv wkdq wkh vrfldoo|

rswlpdo vroxwlrq1 Sd|0shu0ylhz lqyroyhv dq lqwhuphgldwh ohyho ri frpphufldov> ohvv

wkdq sxuh dgyhuwlvlqj exw pruh wkdq wkh vrfldoo| rswlpdo vroxwlrq1 Wkh vrfldoo|

rswlpdo vroxwlrq kdv kljkhvw zhoiduh ohyho> exw wkh rxwfrph ri d zhoiduh frpsdulvrq

ri sd|0shu0ylhz yhuvxv sxuh dgyhuwlvlqj lv lqghwhuplqdeoh1 Irupdoo|= Li l� � �l
dqg %� 	 7% wkhq %� 	 %� 	 %7c @7 	 @� 	 @�/ dqg 4@ E`�c`� � 	 `71

Surri1 Qrwh wkdw l� � �l lpsolhv l� � �l1 Zh vwduw e| ghulylqj wkh uhvxow zkhq
wkh frqvwudlqw %� � 7% lv qrw elqglqj1 Iluvw/ zh frpsduh wkh dgyhuwlvlqj vroxwlrq
E%�c @�� dqg wkh sd|0shu0ylhz vroxwlrq E%� c @� �1 Li M E@� � � E@� #�E@�

��E@�
�# E@� wkhq

lw iroorzv iurp wkh frqfdylw| ri � E��/ wkh frqyh{lw| ri # E��/ dqg wkh htxdwlrq +519,
wkdw M E@� � ' � E@� �� # E@� � dqg M E@� : � E@� �� # E@� � / @ : @� 1 Wkh OKV
ri +614, dqg +615, duh ghfolqlqj lq wkh dujxphqw |lhoglqj wkh lpsolfdwlrq/

%� 	 %� / @� 	 @��

Zh zloo qrz hvwdeolvk wkdw %� 	 %�1 Dvvxph wkh rssrvlwh lv wuxh/ %� � %�
dqg wkhuhiruh dovr wkdw @� � @�1 Wkh uhvhuydwlrq sulfh ri wkh pdujlqdo ylhzhu/
R E%c @� � l E%� � # E@�/ zloo wkhq eh fkdudfwhul}hg e| R E%� c @� � � R E%�c @�� ' f
zklfk frqwudglfwv wkh idfw wkdw wkhuh h{lvwv dq lqwhulru vroxwlrq wr wkh sd|0shu0
ylhz sureohp/ l1h1 R E%� c @� � : f1 Wkxv/ %� 	 %� dqg @� 	 @�1 Wkh lqhtxdolw|/
@7 	 @� / iroorzv gluhfwo| e| frpsdulqj +519, zlwk +51<,1 Wkdw %� 	 %7 iroorzv
iurp @7 	 @� dqg wkh htxdwlrqv +515, dqg +51;,1 Wkh zhoiduh uhvxow iroorzv iurp
wkh idfw wkdw erwk prqrsrolvwv fkrrvh kljkhu dgyhuwlvlqj ohyho wkdq wkh vrfldo
sodqqhu dqg wkdw wkh vrfldo sodqqhu pd{lpl}hv xqghu wkh vdph frqvwudlqwv dv wkh
sd|0shu0ylhz prqrsrolvw1 Xqwlo qrz zh kdyh vnlsshg wkh srvvlelolw| wkdw wkh frq0
vwudlqw %� � 7% lv elqglqj1 Krzhyhu/ lw lv fohdu iurp Iljxuh 4 wkdw wkh uhvxowv duh
vwloo ydolg iru wklv fdvh dv %� 	 7% 1

;



Wkxv/ li dq hyhqw fdq eh �qdqfhg e| sxuh dgyhuwlvlqj dqg wkh frqvwudlqw rq wkh
qxpehu ri ylhzhuv lv qrq0elqglqj zlwk sd|0sd|0ylhz wkhq d edq ri sd|0shu0ylhz
eurdgfdvwlqj zloo lqfuhdvh wkh qxpehu ri ylhzhuv wrzdugv wkh vrfldoo| rswlpdo
vroxwlrq exw dovr lqfuhdvh wkh dgyhuwlvlqj ohyho ixuwkhu dzd| iurp wkh vrfldoo|
rswlpdo vroxwlrq1 Wkhuhiruh/ wkh h�hfw rq wrwdo vxusoxv lv lqghwhuplqdeoh1 Zh zloo
ixuwkhu hoderudwh rq wklv zhoiduh frpsdulvrq lq wkh qh{w vhfwlrq1

Uhdghuv idploldu zlwk wkh Vzdq lqyduldqfh wkhruhp +vhh h1j1 Wluroh 4<;< s1
435, pd| eh sx}}ohg e| wkh frqfoxvlrq wkdw wkh sd|0shu0ylhz prqrsrolvw dgyhuwlvh
pruh wkdq vrfldoo| rswlpdo> wkh djjuhjdwh glvxwlolw| ri frpphufldov/ # E@�%/ dfw
dv olqhdu *surgxfwlrq* frvwv lq wkh sur�w h{suhvvlrq zklfk qrupdoo| uhvxow lq dq
h!flhqw fkrlfh ri @1 Wklv grhv qrw rffxu lq rxu fdvh ehfdxvh ri wkh dvvxpswlrq
wkdw lw lv lpsrvvleoh wr vxevlgl}h ylhzhuv wr zdwfk dq hyhqw/ R E%c @� � f1 Wkh
sd|0shu0ylhz dgyhuwlvlqj ohyho zrxog frlqflgh zlwk wkh vrfldo sodqqhuv li wkh vrfldo
sodqqhu frxog vshqg vrph ri wkh surfhhgv iurp dgyhuwlvlqj wr vxevlgl}h shrsoh
qrupdoo| xqzloolqj wr zdwfk wkh hyhqw145

Wkh deryh wkhruhp lqfoxghg rqh erxqgdu| vroxwlrq/ qdpho| zkhq wkh dgyhu0
wlvlqj vroxwlrq zdv frqvwudlqhg e| wkh qxpehu ri srwhqwldo ylhzhuv1 Wkh iroorzlqj
wkhruhp fryhuv wkh uhpdlqlqj srvvlelolwlhv/

Wkhruhp 6151 Dvvxph hlwkhu wkdw lw lv lpsrvvleoh wr �qdqfh dq hyhqw wkurxjk

sxuh dgyhuwlvlqj ru wkdw wkh frqvwudlqw rq wkh qxpehu ri ylhzhuv lv elqglqj zlwk

shu0shu0ylhz1 Wkhq sd|0shu0ylhz zloo |lhog odujhu zhoiduh wkdq sxuh dgyhuwlvlqj1

Irupdoo|= Li l� ' f ru %� ' 7% wkhq `� � `�1

Surri1 Fohduo|/ li l� ' f dqg %� � 7% wkhq rqh ri wzr wklqjv pd| kds0
shq> d, sd|0shu0ylhz lv sur�wdeoh dqg |lhogv srvlwlyh wrwdo vxusoxv> e, sd|0shu0
ylhz lv qrw sur�wdeoh dqg wkxv wkh hyhqw zloo qrw eh eurdgfdvwhg dw doo1 Li
%� ' 7% dqg l� : �l wkhq %� ' %� ' 7%1 Qrz/ lw iroorzv iurp +51:,/ wkdw
`� � `� / # E@��� # E@� � � � E@��� � E@� �1 Rqh ri wzr wklqjv pd| kdsshq=
Ohw �@ eh gh�qhg e| #� E�@� ' �� E�@�1 d, Li @� : �@ wkhq @� ' �@ 	 @� dqg wkxv
`� : `�1 e, Li @� ' �@ wkhq @� ' @� ' �@ lpso|lqj wkdw `� ' `�1

45Judsklfdoo|/ wkh qxpehu ri ylhzhuv/ {V / zrxog eh ghwhuplqhg lq Iljxuh 4d e| vhwwlqj wkh
zloolqjqhvv wr sd| ri wkh pdujlqdo ylhzhu/ � +{,/ htxdo wr qhw pdujlqdo frvwv � +dS , � # +dS ,1
Reylrxvo|/ vxfk vroxwlrq lv fkdudfwhul}hg e| d qhjdwlyh zloolqjqhvv wr sd| ri wkh pdujlqdo ylhzhu/
� +{V,/ lpso|lqj d frqwudfw vshfli|lqj wkdw wkh ylhzhu zloo zdwfk wkh hyhqw lq h{kdqjh ri prqh|1

Zh dvvxph wkdw vxfk frqwudfwv duh lpsrvvleoh wr hqirufh1

<



Wkh lqwxlwlrq ri wkhvh uhvxowv duh vwudljkwiruzdug= Sd|0shu0ylhz fdq �qdqfh
hyhqwv wkdw duh qrw sur�wdeoh e| sxuh dgyhuwlvlqj wkxv jlylqj vrph vxusoxv lqvwhdg
ri qrqh1 Zkhq wkh sd|0shu0ylhz vroxwlrq lv frqvwudlqhg e| wkh qxpehu ri srwhqwldo
ylhzhuv vr lv wkh dgyhuwlvlqj vroxwlrq1 Wkxv/ wkh qxpehu ri ylhzhuv lv lghqwlfdo lq
zklfk fdvh sd|0shu0ylhz |lhogv wkh odujhvw zhoiduh ehfdxvh ri d orzhu dgyhuwlvlqj
ohyho +fi1 Iljxuh 4e,1 Vr idu zh kdyh rqo| frqvlghuhg h�hfwv rq wrwdo vxusoxv1
Wxuqlqj wr glvwulexwlrqdo lpsolfdwlrqv/ lw lv douhdg| fohdu wkdw sd|0shu0ylhz |lhogv
d odujhu frqwudfw sulfh +l1h1 wudqvihu iurp wkh WY vwdwlrq wr wkh rzqhu ri wkh
hyhqw, wkdq sxuh dgyhuwlvlqj/ l� � l�1 Ixuwkhupruh/ zh kdyh/

Fruroodu| 6161 Dvvxph lw lv srvvleoh wr �qdqfh dq hyhqw wkurxjk sxuh dgyhuwlv0

lqj1 Wkhq sxuh dgyhuwlvlqj |lhogv odujhu frqvxphu vxusoxv wkdq sd|0shu0ylhz1

Surri1 Wkh frqvxphu vxusoxv htxdov

�7� �
%�]
f

dl Er�� # E@��o _r '

%�]
f

dl Er�� l E%��o _rc +617,

�7� �
%�]
f

dl Er�� # E@� �� Ro _r '

%�]
f

dl Er�� l E%� �o _rc +618,

zlwk sxuh dgyhuwlvlqj dqg sd|0shu0ylhz/ uhvshfwlyho|1 Iurp Wkhruhp 4 dqg Wkh0
ruhp 5/ zh kdyh %� � %� , �7� � �7� 1

Wklv uhvxow lv dovr fohdu iurp Iljxuh 41 Wkh frqvxphu vxusoxv xqghu sd|0shu0
ylhz htxdov wkh wuldqjoh erxqghg e| wkh l E%� 0 fxuyh dqg wkh krul}rqwdo olqh
jrlqj wkurxjk srlqw S1 Vlploduo|/ wkh frqvxphu vxusoxv xqghu dgyhuwlvlqj htxdov
wkh wuldqjoh erxqghg e| wkh l E%� 0 fxuyh dqg wkh krul}rqwdo olqh jrlqj wkurxjk
srlqw D1 Wklv uhvxow vwuhqjwkhqv wkh ryhudoo frqfoxvlrq lq Kroghq +4<<6, zklfk
vkrzhg +xvlqj qxphulfdo h{dpsohv, wkdw sd|0shu0ylhz pd| lqyroyh d odujh orvv ri
frqvxphu vxusoxv1

71 D Xvhixo H{dpsoh

Rqo| rqh frpsdulvrq lq wkh suhfhglqj dqdo|vlv |lhogv dq dpeljxrxv uhvxow/ qdpho|
wkh zhoiduh frpsdulvrq ri sd|0shu0ylhz yhuvxv dgyhuwlvlqj lq Wkhruhp 41 Lq wklv
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vhfwlrq/ zh xvh d vlpsoh h{dpsoh zlwk vshfl�f ixqfwlrqdo irupv wr hoderudwh ixu0
wkhu rq wklv sduw ri Wkhruhp 4 dqg ixuwkhupruh wr jlyh dq lpsuhvvlrq ri wkh
srvvleoh pdjqlwxghv ri wrwdo vxusoxv/ frqvxphu vxusoxv/ dqg frqwudfw sulfh1 Wklv
vhfwlrq dovr dgguhvvhv wkh srvvleoh zhoiduh frqvhtxhqfhv ri vhfrqg ghjuhh sulfh
glvfulplqdwlrq zklfk pd| dulvh zkhq sd|0shu0ylhz lv doorzhg1 Vr idu/ wkh dqdo|vlv
kdv qrw ghdow zlwk wklv lvvxh dv lw wxuqv rxw wr eh gl!fxow wr ghulyh dq| fohdu
uhvxowv xvlqj wkh ohyho ri jhqhudolw| ri wkh suhfhglqj dqdo|vlv1 Lq wklv vhfwlrq/ zh
gr vrph qxphulfdo vlpxodwlrqv edvhg rq wkh vshfl�f h{dpsoh lq rughu wr lqglfdwh
krz wklv hohphqw zrxog dowhu wkh suhylrxv frqfoxvlrqv frqfhuqlqj zhoiduh1

Rxu vshfl�f h{dpsoh lv edvhg rq wkh iroorzlqj ixqfwlrqdo irupv= Wkh zloo0
lqjqhvv wr sd| zlwkrxw frpphufldov lv ghvfulehg e| l E%� ' k � q%/ glvxwlolw|
ri frpphufldov e| # E@� ' �@/ dqg uhyhqxh iurp frpphufldov e| � E@� '

s
@

zkhuh k/ q/ dqg � duh vwulfwo| srvlwlyh sdudphwhuv1 Fdofxodwlqj wkh rswlpdo vr0
oxwlrq E%�c @�� dqg lqvhuwlqj wklv lqwr +51:,/ +617,/ dqg +514, |lhogv zhoiduh ohyho/
frqvxphu vxusoxv/ dqg htxloleulxp frqwudfw sulfh xqghu dgyhuwlvlqj=

`� '
2k

�q

�
k

�
n

u
k

��

�
� �l c �7� '

%2�
2

c l� '
2k

�q

u
k

��
sJo @,, kc qc ��

Wkh sd|0shu0ylhz fdvh kdv wr reh| wkh frqglwlrq R E%c @� : f |lhoglqj wkh iroorzlqj
sdudphwhu uhvwulfwlrq � : �* Eek�1 Zkhq wklv frqglwlrq lv ylrodwhg wkh sd|0shu0
ylhz prqrsrolvw fkrrvhv sulfh htxdo wr }hur dqg vdph dgyhuwlvlqj ohyho dv wkh
dgyhuwlvlqj prqrsrolvw/ l1h1 wkh deryh vroxwlrq1 Zkhq wkh frqglwlrq lv ixo�oohg/
zhoiduh ohyho/ frqvxphu vxusoxv/ dqg htxloleulxp frqwudfw sulfh xqghu sd|0shu0ylhz
duh fdofxodwhg xvlqj +51:,/ +618,/ dqg +517,=
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sJo � : �* Eek� c +716,

zkhuh s Ekc �� ghqrwhv uhodwlyh zhoiduh/ } Ekc �� uhodwlyh frqvxphu vxusoxv/ dqg
� Ekc �� uhodwlyh frqwudfw sulfh1 Sd|0shu0ylhz |lhogv wkh odujhvw +orzhvw, zhoiduh/
frqvxphu vxusoxv/ frqwudfw sulfh zkhq s Ekc ��/ } Ekc ��/ dqg � Ekc �� lv odujhu
+orzhu, wkdq rqh/ uhvshfwlyho|1 Lw lv fohdu iurp wkhvh irupxodv wkdw hdfk frpsdulvrq
duh lqghshqghqw ri q/ l1h1 wkh vorsh ri l E%�1 Wkxv/ wkh frpsdulvrqv fdq eh
ghvfulehg lq d wzr glphqvlrqdo sdudphwhu vsdfh dv grqh lq Iljxuh 51

+Iljxuh 5 khuh,

Lq Iljxuh 5 wkh sdudphwhu vsdfh lv sduwlwlrqhg lqwr 6 duhdv1 Lq wkh eodfn duhd/
wkh frqvwudlqw R E%c @� : f lv ylrodwhg dqg wkh sd|0shu0ylhz vroxwlrq lv lghqwlfdo wr
wkh dgyhuwlvlqj vroxwlrq1 Lq wkh zklwh duhd wkh sd|0shu0ylhz sulfh lv srvlwlyh dqg
dgyhuwlvlqj |lhogv d odujhu zhoiduh ohyho wkdq sd|0shu0ylhz1 Lq wkh jud| duhd wkh
sd|0shu0ylhz sulfh lv srvlwlyh dqg sd|0shu0ylhz lv zhoiduh vxshulru wr dgyhuwlvlqj146

Lq erwk wkh zklwh dqg jud| duhd sd|0shu0ylhz |lhogv odujhu frqwudfw sulfh dqg orzhu
frqvxphu vxusoxv wkdq dgyhuwlvlqj1 Wxuqlqj wr pdjqlwxghv/ lw lv xvhixo wr qrwh
wkdw s Ekc ��/ } Ekc ��/ dqg � Ekc �� duh frqvwdqw zkhq frqvlghulqj frpelqdwlrqv ri
k dqg � ixo�oolqj � ' 4*k zkhuh 4 lv d srvlwlyh frqvwdqw147 Wkxv/ dq| k|shuerod lq
wkh zklwh dqg jud| duhd uhsuhvhqwv dq lvr0uhodwlyh zhoiduh/ frqvxphu vxusoxv/ dqg
frqwudfw sulfh fxuyh1 Wkh �jxuhv rq wkh eDf0olqh lq Iljxuh 5 htxdo wkh ydoxhv ri
s Ekc �� rq wkh k|shuerodv jrlqj wurxjk wkhvh srlqwv dqg wkh �jxuhv lq sduhqwkhvhv
htxdo } E@c �� dqg � Ekc ��/ uhvshfwlyho|1 Lq wkh zklwh duhd/ zh kdyh fkrvhq wkh
orzhvw ydoxh ri s Ekc ��> wkxv doorzlqj sd|0shu0ylhz lq wklv duhd zloo dw prvw jlyh
d zhoiduh orvv htxdo wr DI1 Lq wkh jud| duhd wkh ydoxhv ri s Ekc �� frqwlqxh wr
lqfuhdvh dv zh pryh qruwk0hdvw lq wkh gldjudp dqg wkh �jxuhv vkrz wkdw d zhoiduh
lpsuryhphqw ri xs wr e�I lv srvvleoh li sd|0shu0ylhz lv doorzhg lq wklv duhd148

Orrnlqj dw glvwulexwlrqdo lpsolfdwlrqv/ Iljxuh 5 uhyhdov odujhu uhodwlyh frqwudfw

46Wkh Iljxuh rqo| vkrzv d vpdoo sduw ri wkh hqwluh sdudphwhu vsdfh +�> �, 5 U51 Li zh frqvlghu

wkh sdudphwhu vsdfh +�> �, 5 ^3> k`
5
zkhq k jrhv wr lq�qlw|/ lw lv hdv| wr vkrz wkdw wkh zklwh

duhd*v vkduh frqyhujhv wr 3 zkhuhdv wkh jud| duhd*v vkduh frqyhujhv wr 41
47Mxvw lqvhuw � @ �@� lqwr +714,/ +715,/ dqg +716, dqg qrwh wkdw wkh irupxodv ehfrph lqghshq0

ghqw ri �1
48Frqvlghulqj wkh hqwluh sdudphwhu vsdfh/ +�> �, 5 U5/ lw lv srvvleoh wr vkrz wkdw wkh zhoiduh

lpsuryhphqw lv erxqghg e| wkh ydoxh 9;6
7
(1 Wklv pd{lpxp rffxuv zkhq frqvlghulqj i +d> �,

dw wkh k|shuerodv � @ �@� iru �$41
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sulfh dqg orzhu uhodwlyh frqvxphu vxusoxv zkhq prylqj qruwk0hdvw lq wkh gldjudp1
Wkh frqvxphu vxusoxv pd| ghfuhdvh e| e�I dqg wkh frqwudfw sulfh pd| lqfuhdvh
e| Df�I li sd|0shu0ylhz lv doorzhg1

Zh hqg wklv vhfwlrq e| eulh | frqvlghulqj wkh zhoiduh lpsolfdwlrqv ri vhfrqg
ghjuhh sulfh glvfulplqdwlrq fdxvhg e| doorzlqj sd|0shu0ylhz eurdgfdvwlqj1 Dv
phqwlrqhg lq wkh lqwurgxfwlrq/ Kroghq +4<<6, dqdo|vhg wklv lvvxh exw orrnhg rqo|
dw glvwulexwlrqdo frqvhtxhqfhv1 Qrz/ zh dvvxph wkdw wkh whohylvlrq vwdwlrq fdq
eurdgfdvw wzr yhuvlrqv ri wkh hyhqw1 Wkh �uvw eurdgfdvw +xvxdoo| olyh, lv vrog rq
d sd|0shu0ylhz edvlv dv lq wkh suhylrxv dqdo|vlv dqg wkh odwhu eurdgfdvw +xvxdoo|
wkh gd| diwhu, rq d sxuh dgyhuwlvlqj edvlv1 Ylhzhuv rewdlq orzhu xwlolw| iurp
zdwfklqj wkh vhfrqg yhuvlrq/ h1j1 ehfdxvh wkh qhzv frqwhqw lv jrqh1 Iroorzlqj
Kroghq +4<<6,/ zh dvvxph wkdw ylhzhu*v zloolqjqhvv wr sd| iru wkh vhfrqg yhuvlrq
htxdo bl E�� zkhuh b 5 Efc ��1 Wkh whohylvlrq vwdwlrq fkrrvhv sd|0shu0ylhz sulfh R/
dgyhuwlvlqj ohyho lq wkh �uvw yhuvlrq @�/ dqg dgyhuwlvlqj ohyho lq wkh vhfrqg yhuvlrq
@2 lq rughu wr pd{lpl}h wkh iroorzlqj/

�ERc @�c @2� ' R%� n � E@��%� n � E@2�%2 � lc

vxemhfw wr wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw +LF,/

l E%��� # E@��� R � bl E%��� # E@2� c

dqg wkh sduwlflsdwlrq frqvwudlqw +SF,/

bl E%� n %2�� # E@2� � fc

zkhuh %2 ghqrwhv wkh qxpehu ri ylhzhuv zdwfklqj wkh vhfrqg yhuvlrq1 Wkh LF
vwdwhv wkdw wkh ylhzhuv zdwfklqj wkh �uvw yhuvlrq prvw rewdlq kljkhu xwlolw| wkdq
zkdw wkh| fdq jhw e| zdwfklqj wkh vhfrqg yhuvlrq1 Wkh SF vwdwhv wkdw rqo| krxvh0
krogv rewdlqlqj srvlwlyh xwlolw| ylhz wkh eurdgfdvw1 Wklv pd{lpl}dwlrq surjudp
lv vroyhg lq Dsshqgl{ xvlqj wkh vdph ixqfwlrqdo irupv dv deryh1 Ohw 5 Ekc �c b�
ghqrwh wkh zhoiduh xqghu sd|0shu0ylhz zlwk 51 ghjuhh sulfh glvfulplqdwlrq uhodwlyh
wr zhoiduh xqghu sxuh dgyhuwlvlqj1 Olnh s Ekc �� wklv ixqfwlrq kdv frqvwdqw ydoxh
dorqj dq| k|shuerod � ' 4*k iru d jlyhq ydoxh ri b1 Wkhuhiruh/ zh zloo surfhhg
e| rqo| frpsdulqj 5 Ekc �c b� dqg s Ekc �� rq wkh eDf0olqh iru d jlyhq ydoxh ri b1
Wklv |lhogv wkh rxwfrph looxvwudwhg lq Iljxuh 6 zkhuh wkh vrolg fxuyh looxvwudwhv
wkh ydoxh ri s Ekc �� ' 5 Ekc �c f� zkhuhdv wkh gdvkhg fxuyhv looxvwudwh 5 Ekc �c b�
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iru vshfl�f fkrlfhv ri b149

+Iljxuh 6 khuh,

Vwduwlqj iurp ohiw/ wkh krul}rqwdo olqh dw rqh fruuhvsrqgv wr wkh eodfn duhd lq
Iljxuh 51 Wkh sduw ri wkh fxuyhv ehorz rqh fruuhvsrqgv wr wkh zklwh duhd dqg wkh
sduw deryh rqh fruuhvsrqgv wr wkh jud| duhd1 Wkh edvlf frqfoxvlrq iurp Iljxuh 6
lv wkdw dq lqfoxvlrq ri vhfrqg ghjuhh sulfh glvfulplqdwlrq grhv qrw frqwulexwh zlwk
dq| vljql�fdqw fkdqjhv wr wkh suhfhglqj uhvxowv1 Doorzlqj sd|0shu0ylhz hqodujhv
wkh uhqw fdsdflw| ri wkh hyhqw lq wzr zd|v> �uvw e| doorzlqj wr fkdujh d sulfh dqg
vhfrqg e| dgplwwlqj vhfrqg ghjuhh sulfh glvfulplqdwlrq1 Rxu h{dpsoh lqglfdwhv
wkdw wkh �uvw h�hfw lv e| idu wkh odujhvw1

81 Srolf| Lpsolfdwlrqv

Wkh sxusrvh ri wkh qhz �Whohylvlrq Zlwkrxw Iurqwlhuv� Gluhfwlyh lv lqglfdwhg e|
wkh iroorzlqj flwdwlrq= *Wkh Hxurshdq Sduoldphqw kdv lqvlvwhg uhfhqwo|/ rq vhyhudo
rffdvlrqv/ rq ohjdo lqwhuyhqwlrq zlwk d ylhz wr hqvxulqj wkdw wkh ylhzlqj sxeolf
fdq frqwlqxh wr kdyh dffhvv wr vxfk hyhqwv rq olyh/ lq0wkh0fohdu/ WY1* ^Ruhmd 4<<:
s1 5`14: Wkxv/ wkhuh lv edvlfdoo| wzr jrdov= �uvw/ dffhvv iru hyhu|erg| wr pdmru
hyhqwv rq olyh WY dqg vhfrqg/ wkdw dffhvv vkdoo eh rq qrq sd| whohylvlrq1 Wkh
dqdo|vlv ri wklv sdshu dgguhvvhv rqo| wkh vhfrqg lvvxh1 Wkdw lv zh dvn wkh txhvwlrq=
Vkrxog sd|0shu0ylhz eh edqqhg jlyhq wkdw hyhu|erg| kdv dffhvvB4; Orrnlqj dw
wrwdo zhoiduh grhv qrw surylgh pxfk uhdvrq iru d edq1 D edq uhgxfhv zhoiduh li
lw lv lpsrvvleoh wr �qdqfh wkh hyhqw wkurxjk sxuh dgyhuwlvlqj ru li doo srwhqwldo
ylhzhuv duh zdwfklqj wkh hyhqw xqghu sd|0shu0ylhz +Wkhruhp 5,1 Rwkhuzlvh/ d
edq pd| ru pd| qrw uhgxfh zhoiduh +Wkhruhp 4, dqg vshfl�f ixqfwlrqdo irupv
lqglfdwh wkdw d edq pd| uhgxfh zhoiduh e| xs wr SHI zkhuhdv lw fdq rqo| lpsuryh
zhoiduh e| dw prvw DI1 Lq wkh dqdo|vlv/ frpphufldov lv wuhdwhg yhu| idyrudeoh e|
lqfoxglqj frpphufldo uhyhqxh lq wrwdo vxusoxv dowkrxjk lw pd| eh txhvwlrqdeoh

49Wkh gdvkhg fxuyhv duh doo deryh wkh vrolg krul}rqwdo olqh lq d vpdoo uhjlrq durxqg � @ � @
3=;81 Wklv rffxuv ehfdxvh wkh frqvwudlqw s � 3 lv elqglqj lq wkh edvlf sd|0shu0ylhz fdvh exw qrw

lq wkh fdvh zlwk sulfh glvfulplqdwlrq1 Wkh gdvkhg fxuyhv doo frlqflgh zlwk wkh vrolg fxuyh diwhu
vrph wkuhvkrog ehfdxvh lw lv qrw sur�wdeoh wr eurdgfdvw wkh vhfrqg yhuvlrq1 Wkxv/ wkh vroxwlrq

frlqflghv zlwk wkh vlpsoh sd|0shu0ylhz fdvh1
4:Qrwh/ wkdw lq0wkh0fohdu whohylvlrq lqfoxghv sxuh dgyhuwlvlqj �qdqfhg eurdgfdvwlqj1
4;Lq d qhdu ixwxuh zlwk gljlwdo eurdgfdvwlqj dffhvv zloo suredeo| qrw eh dq lvvxh dq|pruh1
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zkhwkhu wklv uhyhqxh uhsuhvhqwv d gluhfw zhoiduh jdlq +fi1 irrwqrwh 45,1 D ohvv
idyrudeoh wuhdwphqw zrxog ixuwkhu vwuhqjwkhq wkh ryhudoo zhoiduh frqfoxvlrq1

Wkhuh pljkw eh rwkhu uhdvrqv vxssruwlqj d edq1 Li lw lv lpsrvvleoh wr rewdlq
wkh ghvluhg glylvlrq ri wrwdo vxusoxv/ srolf| pdnhuv pljkw idyrxu d edq iru glvwule0
xwlrqdo uhdvrqv1 Wkxv/ d edq pd| dulvh ehfdxvh srolf| pdnhuv duh prvw frqfhuqhg
zlwk wkh zhoiduh ri wkh ylhzhuv dv rxu uhvxowv vwdwh wkdw d edq xqdpeljxrxvo|
lqfuhdvhv frqvxphu vxusoxv +Fruroodu| 4,1 D edq uhgxfhv wkh frqwudfw sulfh/ l1h1
wkh surfhhgv wr wkh lqlwldo rzqhu ri wkh eurdgfdvwlqj uljkwv1 Iljxuh 5 lqglfdwhv
lqfuhdvhv ri xs wr e�I lq frqvxphu vxusoxv dqg uhgxfwlrqv lq frqwudfw sulfh ri xs
wr Df�I1

Li d edq lv fkrvhq iru glvwulexwlrqdo uhdvrqv lw lv lpsruwdqw wr uhfrjql}h wkdw
lw lqyroyhv d ulvn ri d odujh ghdgzhljkw orvv xqohvv rqh kdv suhflvh nqrzohgjh ri
vwuxfwxudo uhodwlrqv1 Wkxv/ lw pd| eh zruwkzkloh wr frqvlghu zkhwkhu glvwulex0
wlrqdo jrdov fdq eh rewdlqhg wkurxjk d wd{ rq wkh whohylvlrq vwdwlrq*v surfhhgv
iurp sd|0shu0ylhz eurdgfdvwlqj ri fhuwdlq hyhqwv lqvwhdg ri surklelwlqj sd|0shu0
ylhz eurdgfdvwlqj hqwluho|1

Wkh odujh h�hfw rq wkh frqwudfw sulfh pd| ohdg wr dqrwkhu zruu| ri wkh qhz
Gluhfwlyh= lw fuhdwhv elj lqfhqwlyhv iru +vsruwlqj, rujdql}dwlrqv wr oree| lq rughu
qrw wr eh lqfoxghg rq wkh qdwlrqdo olvwv1 Wkxv/ lw lv qrw fohdu wkdw wkh srolwlfdo gh0
flvlrq surfhvv uhvxowv lq d ghvludeoh rxwfrph1 Ixuwkhupruh/ lw vhhpv sdudgr{lfdoo|
wkdw +vsruwlqj, rujdql}dwlrqv pd| eh sxqlvkhg hfrqrplfdoo| diwhu juhdw vxffhvv
wkdw vxgghqo| pdnhv wkhlu +vsruwlqj, hyhqwv ri qdwlrqdo lqwhuhvw1 Wkdw lv/ lw lv
ehqh�fldo wr eh srsxodu exw qrw wrr srsxodu1

Uhihuhqfhv

^4` HX uhsruw/ 4<<:/ *Dxglrylvxdo Srolf|*/ zhe0vlwh kwws=22hxursd1hx1lqw2sro2
dy2hq2dy1kwp1

^5` Kroghq/ V/ 4<<6/ *Qhwzrun ru sd|0shu0ylhzB*/ Hfrqrplfv Ohwwhuv/ 76/ ss1 8<0971

^6` Ruhmd/ P1/ 4<<:/ *Frppxqlfdwlrq iurp Pu1 Ruhmd wr wkh Frpplvvlrq1 H{0
foxvlyh Uljkwv iru WY Eurdgfdvwlqj ri Pdmru +Vsruwv, Hyhqwv*/ zhe0vlwh
kwws=22hxursd1hx1lqw2hq2uhfrug2rwkhu2wyhq1kwp1

^7` Rzhq/ E1 P1 )Zlogpdq/ V1 V1/ 4<<5/ *Ylghr Hfrqrplfv*/ Fdpeulgjh= Kduydug
Xqlyhuvlw| Suhvv1
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^8` Vshqfh/ P1 ) Rzhq/ E1/ 4<::/ *Whohylvlrq Surjudpplqj/ Prqrsrolvwlf Frp0
shwlwlrq/ dqg Zhoiduh*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ <4/ ss1 43604591

^9` Wluroh/ M1/ 4<;</ *Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq*/ Fdpeulgjh= PLW
Suhvv1

D1 Dsshqgl{

D141 Vhfrqg rughu frqglwlrq

D14141 Dgyhuwlvlqj

Iurp wkh gh�qlwlrq ri sur�wv/ zh jhw wkh iroorzlqj vhfrqg rughu frqglwlrq
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l � E%�
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Lw lv vhhq iurp +516, wkdw wkh dvvxpswlrq l��E%�%

l�E%�
: �� lv vx!flhqw wr hqvxuh wkdw

wklv lv vdwlv�hg iru E%�c @�� zklfk lv wkhq wkh xqltxh vroxwlrq wr wkh pd{lpl}dwlrq
sureohp1

D14151 Sd|0shu0ylhz

Vhwwlqj xs wkh Khvvldq pdwul{ jlyhv�
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|lhoglqj wkh frqglwlrqv/

2l � E%� � n l �� E%� � %� 	 fc

�#�� E@� � n ��� E@� � 	 f�

Wkh dvvxpswlrq l��E%�%

l�E%�
: �� lv vx!flhqw wr hqvxuh wkdw wkh �uvw frqglwlrq lv

ixo�oohg zkhuhdv wkh vhfrqg lv ixo�oohg e| wkh surshuwlhv ri wkh ixqfwlrqv # E��
dqg � E��1 Wkxv/ surylghg wkdw wkhuh lv dq lqwhulru srlqw vdwlvi|lqj wkh �uvw rughu
frqglwlrqv/ zh nqrz wklv lv wkh xqltxh vroxwlrq wr wkh pd{lpl}dwlrq sureohp1

D14161 Vrfldo sodqqhu

Iurp +51:,/ zh jhw wkh iroorzlqj vhfrqg rughu frqglwlrq
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zklfk lv ixo�oohg li

E�� E@�� #� E@�� %� #� E@�� E@�

l � E%�

l �� E%�%

l � E%�
: f�

Lw lv vhhq iurp +51<, wkdw wkh dvvxpswlrq l��E%�%

l�E%�
: �� lv vx!flhqw wr hqvxuh wkdw

wklv lv vdwlv�hg iru E%7c @7� zklfk lv wkhq wkh xqltxh vroxwlrq wr wkh pd{lpl}dwlrq
sureohp1

4:



D151 Vhfrqg Ghjuhh Sulfh Glvfulplqdwlrq

Dvvxph wkdw LF dqg SF duh elqglqj1 Uhzulwlqj wkhvh frqvwudlqwv xvlqj wkh vshfl�f
ixqfwlrqdo irupv |lhogv

%� '
k

q
� Rn � E@� � @2�

E�� b�q
c +D14,

%2 '
Rn � E@� � @2�

E�� b� q
� �@2

bq
� +D15,

Lqvhuwlqj wkhvh frqglwlrqv dqg wkh vshfl�f ixqfwlrqdo irupv lq wkh sur�w h{suhvvlrq
jlyhv

Z ERc @�c @2� '
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��k

q
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E�� b� q
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Figure 2
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Figure 3

Pay-per-view Vs. Advertising with Standard Price
Setting and Second Degree Price Discrimination
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