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Abstract

How should the world economy adapt to the increased demand for exhaustible resources from

countries like China and India? To address that issue, this paper presents a dynamic model of the

world economy with two technologies for production; a resource technology, which uses an exhaustible

resource as an input and an alternative technology, which does not. I find that both the time path of

resource extraction and the adoption of the alternative technology depend on the optimal allocation of

capital across the technologies, and on the size of the capital stock in relation to the resource stock. In

particular, if the capital stock is low, only the resource technology is used initially and the alternative

technology is adopted with a delay. Next, I use the model to analyze the effects of industrialization of

developing countries on the extraction of oil and technology choice for energy production. As a result

of industrialization, the alternative technology for energy production is adopted earlier.
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1 Introduction

In recent years, the industrialization of large developing countries such as China and India has generated a

considerable increase in demand for exhaustible resources, for example copper, aluminum, iron ore and oil.

ABARE (2008) reports that China and India accounted for about 35 percent of global steel consumption

in 2007 and China alone accounted for about one third of world consumption of aluminum. Between 1990

and 2006, China’s and India’s total oil consumption increased by about 180 percent.1 The increase in

resource use has resulted in increases in the extraction of resources and through higher resource prices it

has had an impact on resource-importing countries in the rest of the world.

“China’s hunger for natural resources has set off a global commodity boom. Developed coun-

tries worry about being left high and dry ”

The Economist, March 13th 2008

A study by Gordon et al. (2006) estimates that the global stock of copper is insuffi cient to make

the standard of developed countries available to the total world population. Using data on per person

copper use in countries such as the US, the authors find that extending that use to the world population

requires more copper than even the most generous estimate of available resources. They find that the

same holds for zinc, and possibly aluminum. Several studies of this kind have contributed to a renewed

interest in the management of exhaustible resources from academics as well as from policymakers. In

light of the possibility that demand exceeds total supply, at what rate should these exhaustible resources

be extracted? When will exhaustible resources be substituted for renewable resources and how will the

transition take place? In an attempt to address such issues from an optimal policy perspective, this paper

constructs a dynamic model of the world economy that exhibits two production technologies; a resource

technology which uses an exhaustible resource as input, and an alternative technology which captures

the use of renewable resources. The motivation for modelling two production technologies is that in

many real-world applications, a substitute to an exhaustible resource does require a different production

technology or production method. For example, one use of tin is tin-plated steel containers for food

packaging and preservation, commonly referred to as tin cans. In 2003, a new type of carton package

was developed from coated paperboard, and it has become an important substitute for tin cans.2 The

production of food containers from paperboard is quite distinct from production of tin cans and requires

an entirely different technology. Hence, both capital and labor must be separately allocated to each of the

technologies. Similarly, in the case of fossil fuels, production of energy from solar or hydro power requires

a production technology which is quite different from production of energy from oil. This model feature

is important, because given that production factors are scarce, the decision of how to allocate capital and

labor across technologies could play an important role in determining the equilibrium paths of the use of

exhaustible as well as renewable resources.
1Energy Information Administration, www.eia.doe.gov.
2The carton package was developed by the company Tetra Pak. For more information, see www.tetrapak.com
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The main finding of this paper is that both the time path of extraction and technology adoption do

depend on the size of the capital stock in relation to the resource stock, and on the optimal allocation of

capital across the two technologies. More specifically, if the capital stock is high in relation to the resource

stock, the alternative technology is immediately adopted. The two technologies coexist until the resource

is abandoned, and there is a complete switch to the alternative technology. If, instead, the capital stock is

low, only the resource technology is used initially and the alternative technology is adopted with a delay.

The intuition for this result is that if the resource technology is used it is optimal to allocate capital to

that technology first, in order to operate it at a constant resource-capital ratio. If the capital stock is

initially low in relation to the resource stock, all capital will be allocated to the resource technology until,

over time, capital accumulation yields a suffi ciently high level of the capital stock that the alternative

technology is adopted. Similarly, the time path of resource extraction depends on the relative sizes of

capital and resource stocks. If the capital stock is high in relation to the resource stock, resource extraction

is decreasing over time. If, instead, the capital stock is low, resource extraction has the shape of an inverse

U; it is first increasing and then decreasing. With a low capital stock, part of the resource extraction is

deferred to the future when the capital stock is higher and consequently more capital can be allocated to

the resource technology.

The paper also analyzes the effects of industrialization of developing countries on one of our most

important exhaustible resources: oil. The term industrialization in this context refers to the process by

which developing countries transform their economies to use more advanced technologies and processes

which increase output. The model shows that as a result of industrialization of developing countries, the

alternative technology for energy production is adopted earlier. This finding is explained by two factors;

industrialization tilts the path of oil extraction to the present, and it increases the aggregate capital stock.

There is an extensive literature on exhaustible resources.3 One of the first models of optimal extraction

of exhaustible resources introducing an alternative to the exhaustible resource, a backstop technology, was

formulated by Nordhaus (1973). He described the backstop technology as an ultimate technology using

a superabundant resource and capital as inputs. In subsequent articles, several economists have included

backstop inputs in models of exhaustible resources. Examples are Dasgupta and Heal (1974), Kamien

and Schwartz (1978), and Dasgupta and Stiglitz (1981). In these examples, the backstop input simply

delivers a given stream of utility, or is a perfect substitute for the exhaustible resource in production. The

models allow for an uncertain arrival of the backstop input. In Dasgupta and Heal (1974) and Dasgupta

and Stiglitz (1981), the process is exogenous, while in Kamien and Schwartz (1978), it is determined by

investments in R&D. Nevertheless, as soon as the backstop input has arrived, the exhaustible resource

is abandoned. Chakravorty et al. (1997) analyze substitution between different coexisting sources of

energy in a partial equilibrium model, and Tahvonen and Salo (2001) develop a general equilibrium

model of renewable and nonrenewable energy resources. In the latter model both resources exist from

the beginning of time, but in similarity with the studies above, are perfect substitutes in the production

function. The authors find that the renewable and the nonrenewable resource will be used simultaneously

3See Krautkraemer (1998) for an overview.
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during a transition period and that the use of nonrenewable resources starts at zero, reaches a maximum,

and then approaches zero. Tsur and Zemel (2003) also present a model where the exhaustible resource

and the backstop input exist from the beginning of time, and are perfect substitutes. The cost of using the

backstop input can be gradually reduced by investment in R&D, and the authors analyze the optimal path

of R&D. Tsur and Zemel (2005) insert this framework into a growth model, and find that the exhaustible

resource and the backstop are used simultaneously until the resource is depleted. Just et al. (2005) study

technology adoption in a setting with backstop inputs of different quality coupled with uncertainty. They

find that the option value of waiting for a better backstop can be suffi ciently large that adoption never

takes place. Cunha-e-Sá and Reis (2007) analyze the optimal timing of adoption of a cleaner technology.

The adoption is modelled as an increase in the productivity of the existing technology. In their model,

the optimal timing depends on the marginal utility of environmental quality with respect to consumption.

A large strand of this literature has focused on the relationship between exhaustible resources and

long run growth, in an endogenous growth framework. Examples are Bovenberg and Smulders (1995),

Bretschger (1998), Aghion and Howitt (1998), Smulders (2000), Grimaud and Rouge (2003), Bretschger

and Smulders (2003), Goeschl and Perino (2007), and Groth and Schou (2007). Several of these articles

focus on polluting exhaustible resources. Some work has incorporated directed technical change; for ex-

ample Smulders and de Nooij (2003) and Grimaud and Rouge (2008). For simplicity, the model presented

here features no long run growth. However, this analysis focuses on transitions; technology adoption and

the effects of industrialization of developing countries.

Most of the models described above (one exception is Tahvonen and Salo (2001)) either assume that

resource extraction is costless or model the cost as a function of the extraction rate only. However, the cost

of extraction depends on the remaining stock of resource in a given deposit, as well as on the extraction

rate. Several factors account for a negative relationship between extraction cost and the remaining stock.

As reported by Young (1992), in the case of minerals the most accessible parts of a deposit are extracted

first. Depletion of the stock forces the firm to move to less accessible parts, where unfavorable roof and/or

floor conditions increase the extraction costs. In the case of oil and gas, the increase in extraction costs

stems from a decrease in pressure in the oil or gas field, as the amount of remaining oil or gas decreases.

A number of empirical studies have found that extraction costs increase as the remaining stock decreases,

for example the works by Pesaran (1990) and Lin (2008) on oil extraction. Halvorsen and Smith (1991)

and Young (1992) analyze the metal mining industry and find significant stock effects.

The contribution of this paper is that it analyzes optimal resource use in a general equilibrium model

with the following features: two separate production technologies and stock-dependent extraction costs for

the exhaustible resource. The former is a feature of many real-world applications of exhaustible resources

and substitutes for them, and the latter has been confirmed by extant empirical studies. Both features

are important for the equilibrium outcomes. As described above, the results show that the allocation of

capital across the two technologies is a determinant of resource extraction paths and technology adoption.

Stock-dependent extraction costs affect extraction paths and also allow for a characterization of the point

in time when the economy transitions from using a combination of exhaustible and renewable resources
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to relying solely on the latter.

This paper is organized as follows. Section 2 describes the model. Section 3 characterizes the equi-

librium in a two-period setting. First, a baseline model is constructed, for which it is possible to derive

analytical solutions. The restrictive assumptions of the baseline model are then relaxed in the full model

and the implications for technology choice and extraction paths are analyzed. Section 4 extends the model

to an infinite time horizon. Section 5 entails an analysis of the effects of industrialization of developing

countries on the choice of technology for energy production and on oil extraction. Section 6 concludes.

2 The Model

The economy has a stock of capital, denoted K, an endowment of labor, denoted L, and a stock of an

exhaustible natural resource in the ground, denoted Q. The resource can be extracted at a flow cost

R(M,Q), which is a function of the remaining stock of resource and the extraction rate, denoted M .

There is no growth in the labor force. The economy has two technologies available for production of

output. First, a resource technology, denoted F (M,K,L), which uses the exhaustible resource, capital

and labor as inputs and second, an alternative technology, denoted G(K,L), which has capital and labor

as inputs. The resource technology has the following functional form

F (M,K,L) = B((K −KA)θ(L− LA)1−θ)α1Mα2 (1)

where KA is the amount of capital allocated to the alternative technology and LA is the amount of labor

allocated to the alternative technology. B > 0, α1 ∈ (0, 1), α2 ∈ (0, 1) and θ ∈ (0, 1). The alternative

technology has the following functional form

G(K,L) = AKθ
AL

1−θ
A (2)

where A > 0.4 Implicit in this formulation are the assumptions that capital is not technology-specific

and that capital and labor are used in the same proportions in both technologies. Both assumptions are

made for simplicity. However, as a robustness check, I relax the latter assumption in Section 5 and the

main results are robust to this change. The flow cost of resource extraction, R(M,Q), has the following

functional form

R(M,Q) = C(Q1−σ − (Q−M)1−σ) (3)

where C > 0 and σ ∈ (0, 1). The cost function has the following properties: RM (M,Q) > 0, RMM (M,Q) >

0, RQ(M,Q) < 0 and RQQ(M,Q) > 0. The cost of extraction increases as the stock of resource decreases,

and the incremental cost due to stock effects rises with the depletion of the stock. In addition, it is

assumed that the cost of extracting the very last amount of a resource is prohibitively high, which follows

from the specification of the extraction cost function:

lim
M→Q

∂R(M,Q)

∂M
→∞. (4)

4To make the problem interesting, the productivity of the alternative technology, A, must be such that if the resource is

abundant, the resource technology is used.
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The economy has one representative consumer, whose utility function is U(c), where c denotes con-

sumption. The model is solved for the centralized equilibrium. Given initial conditions K0 and Q0, the

social planner faces the following optimization problem

max
{Mt,KA,t,LA,t,Kt+1}∞t=0

∞∑
t=0

βtU(ct)

s.t.

Qt+1 = Qt −Mt

ct = AKθ
A,tL

1−θ
A,t +B((Kt −KA,t)

θ(L− LA,t)1−θ)α1Mα2
t

−C(Q1−σ
t − (Qt −Mt)

1−σ)−Kt+1

0 ≤Mt ≤ Qt, 0 ≤ KA,t ≤ Kt, 0 ≤ LA,t ≤ L

ct ≥ 0

∀t. (5)

In each time period t, the social planner chooses extraction rate Mt, the amount of capital allocated to

the alternative technology KA,t, the amount of labor allocated to the alternative technology LA,t, and

the aggregate capital stock to enter next period Kt+1, so as to maximize the utility of the representative

consumer. Savings are chosen in terms of the aggregate capital stock and in the subsequent time period,

the social planner determines its division between the two technologies. There is a borrowing constraint,

such that savings cannot exceed output.

The model does not incorporate emissions of carbon dioxide, an important consequence of the use of

a category of exhaustible resources; fossil fuels. Modelling emissions of carbon dioxide and the effects of

climate change is computationally complicated and for purely computational reasons, emissions of carbon

dioxide are not included in the model. However, I argue that the model can still give important insights

into the optimal extraction of exhaustible resources in general, and into the effects of industrialization

of developing countries on extraction of fossil fuels. The first part of the analysis describes the optimal

paths of resource extraction and technology choice over time and pertains to all exhaustible resources; for

example copper, zinc, aluminum, tin etc. In these cases, there is no need to consider emissions of carbon

dioxide. When it comes to fossil fuels, the equilibrium outcomes in this first part of the analysis should

be seen as a benchmark result against which we can compare the outcomes when measures are taken

to reduce emissions of carbon dioxide on a global scale. The second part of the analysis in this paper

considers the effects of industrialization of developing countries on the time path of resource extraction

and on technology choice. The model is calibrated for oil and therefore climate change considerations

should affect oil extraction. However, in this case the model is used to analyze changes: namely how oil

extraction and adoption of alternative technologies change qualitatively with industrialization. Therefore,

I argue that as long as climate change considerations are stable, the main results from this analysis would

not be affected by taking global warming into account. I will return to the effects of this simplification of

the model in Section 5.
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3 Two time periods

To illustrate the factors affecting the optimal choices of extraction rate and technology, the optimization

problem is first cast in a two-period setting and thereafter time is extended to an infinite horizon. In a

two-period setting, the optimization problem in (5) is

max
{Mt,KA,t,LA,t,Kt+1}2t=1

U(c1) + βU(c2)

s.t.

Q2 = Q1 −M1

c1 = AKθ
A,1L

1−θ
A,1 +B((K1 −KA,1)θ(L− LA,1)1−θ)α1Mα2

1

−C(Q1−σ
1 − (Q1 −M1)1−σ)−K2

c2 = AKθ
A,2L

1−θ
A,2 +B((K2 −KA,2)θ(L− LA,2)1−θ)α1Mα2

2

−C(Q1−σ
2 − (Q2 −M2)1−σ)

0 ≤M1 ≤ Q1, 0 ≤ KA,1 ≤ K1, 0 ≤ LA,1 ≤ L

0 ≤M2 ≤ Q2, 0 ≤ KA,2 ≤ K2, 0 ≤ LA,2 ≤ L

c1, c2 ≥ 0 (6)

The optimal allocations are now described in turn, starting with the interior solutions.

3.1 Interior solutions

In an interior solution in period 2, M∗2 ∈ (0, Q2), K∗A,2 ∈ (0,K2), and L∗A,2 ∈ (0, L) satisfy the following

system of equations

α2B((K2 −KA,2)θ(L− LA,2)1−θ)α1Mα2−1
2 = (1− σ)C(Q2 −M2)−σ (7)

AKθ−1
A,2 L

1−θ
A,2 = α1B(K2 −KA,2)θα1−1(L− LA,2)(1−θ)α1Mα2

2 (8)

AKθ
A,2L

−θ
A,2 = α1B(K2 −KA,2)θα1(L− LA,2)(1−θ)α1−1Mα2

2 . (9)

Equations (7), (8) and (9) are conditions for production effi ciency. In (7), the marginal product of the

resource is equalized to the marginal cost of extracting the resource. The equations in (8) and (9) equalize

the marginal product of capital and labor, respectively, across the two technologies.

In an interior solution in period 1,M∗1 ∈ (0, Q1), K∗A,1 ∈ (0,K1), and L∗A,1 ∈ (0, L) satisfy the following

system of equations

U ′(c1)(α2B((K1 −KA,1)θ(L− LA,1)1−θ)α1Mα2−1
1 − (1− σ)C(Q1 −M1)−σ)

= βU ′(c2)C(1− σ)
(
(Q1 −M1 −M2)−σ − (Q1 −M1)−σ

)
(10)

AKθ−1
A,1 L

1−θ
A,1 = α1B(K1 −KA,1)θα1−1(L− LA,1)(1−θ)α1Mα2

1 (11)

AKθ
A,1L

−θ
A,1 = α1B(K1 −KA,1)θα1(L− LA,1)(1−θ)α1−1Mα2

1 . (12)
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The equation in (10) determines the optimal allocation of resource extraction across the two periods.

The first term on the left-hand side is the marginal product of the resource, weighed by the marginal

utility of consumption in period 1. The second term is the marginal cost of extracting the resource in

period 1, weighed by marginal utility of consumption in period 1. The term on the right-hand side is

the marginal value of not extracting in period 1, which yields a higher resource stock entering period 2

and hence a lower marginal extraction cost in that period. This value is weighed by the marginal utility

of consumption in period 2. The effect of stock-dependent extraction costs on the optimal time path of

resource extraction can easily be seen from this equation; the extraction rate in period 1, M1, directly

affects the cost of extraction in the second period as the decrease in resource stock makes future extraction

more costly. Equations (11) and (12) ensure production effi ciency within the period by equalizing the

marginal products of capital and labor, respectively, across the two technologies.

3.2 Corner solutions

The functional form of R(M,Q) restricts the corner solutions as follows. As seen from (4), M∗ < Q.

Hence, it is never optimal to extract the entire resource stock. However, extraction can be zero. If it

is optimal to set resource extraction to zero, it will also be optimal to allocate all capital and labor to

the alternative technology. Hence, the allocation M∗t = 0, K∗A,t = Kt, and L∗A,t = L is a possible corner

solution. The intuition for the optimality of this corner solution is that with stock-dependent extraction

costs for the resource, even extracting a very small amount can be very costly if the remaining stock is

low. The other possible corner solution arises if the alternative technology is not used at all; K∗A,t = 0

and L∗A,t = 0. Let the optimal extraction in this case be denoted Mc,t, where subscript c indicates the

corner solution. In t = 1, Mc,t is given by (10), with KA,1 = 0 and LA,1 = 0. In t = 2, Mc,t is given by

(7) with KA,2 = 0 and LA,2 = 0. The intuition for the optimality of this corner solution is the following.

If the resource stock is high, extraction costs are low and it is optimal to extract large quantities of the

resource. In order to optimize the resource production technology, the social planner may want to allocate

large quantities of capital and labor to it, such that the entire capital stock is allocated to the resource

technology and the alternative technology is not used. Each of the two corner solutions can arise in each

time period. To obtain more precise predictions for the technology choices made across the two time

periods, additional assumptions are needed.

3.3 Saving

Saving in period 1 is determined by the following equation

U ′(c1) = βθα1B(K2 −KA,2)θα1−1(L− LA,2)(1−θ)α1Mα2
2 U ′(c2)

s.t.

K2 ≤ AKθ
A,1L

1−θ
A,1 +B((K1 −KA,1)θ(L− LA,1)1−θ)α1Mα2

1

−C(Q1−σ
1 − (Q1 −M1)1−σ).
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3.4 A baseline model

For the purpose of deriving analytical solutions for the technology choices in the two-period setting, I

construct a very simplistic baseline model. The baseline model is one where the following holds: there

is no labor, the utility function is linear in consumption, and the discount factor is equal to 1. More

formally, it is assumed that the production functions are

F (M,K) = B(K −KA)α1Mα2 (13)

G(K) = AKA, (14)

and in addition, U(ct) = ct, and β = 1. Given the linear utility function, the parameter restriction

βA = 1 is imposed. Each of these assumptions will be relaxed subsequently.

3.4.1 Interior solutions

In an interior solution in period 2, M∗2 ∈ (0, Q2) and K∗A,2 ∈ (0,K2) satisfy the following system of

equations

α2B(K2 −KA,2)α1Mα2−1
2 = (1− σ)C(Q2 −M2)−σ (15)

A = α1B(K2 −KA,2)α1−1Mα2
2 . (16)

As can be seen from (16), the marginal product of capital is constant in the alternative technology. In

the resource technology, the marginal product is varying with the amount of resource input M . Under

constant returns to scale in the resource technology, an interior solution implies that the ratio of resource

to capital in the resource technology is

M2

K2 −KA,2
=

(
A

α1B

) 1
1−α1

. (17)

The expression in (17) shows that it is optimal to produce using resource and capital in fixed proportions,

irrespective of the level of resource input. This implies that if the resource technology is used, it will be

optimal to first allocate capital to the resource technology in fixed proportion to the resource and then

allocate the remaining capital to the alternative technology. The resource-capital ratio is determined by

the relative productivities of the two technologies. An increase in B decreases the resource-capital ratio, as

more capital is allocated to the resource technology, for a given amount of resource input. Conversely, an

increase in A increases the resource-capital ratio, as more capital is allocated to the alternative technology.

In an interior solution in period 1, M∗1 ∈ (0, Q1) and K∗A,1 ∈ (0,K1) satisfy the following system of

equations

α2B(K1 −KA,1)α1Mα2−1
1 − (1− σ)C(Q1 −M1)−σ

= βC(1− σ)
(
(Q1 −M1 −M2)−σ − (Q1 −M1)−σ

)
(18)

A = α1B(K1 −KA,1)α1−1Mα2
1 . (19)

It can be shown that the economy exhibits constant returns to scale. For details, see Appendix A1.
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3.4.2 Corner solutions

In the baseline model, it is possible to solve analytically for the conditions under which the corner solutions

arise. Starting with the corner solution M∗t = 0, and K∗A,t = Kt the following holds.

Proposition 1 If α1 + α2 = 1, there exists a Q̂ > 0 such that for Q ≤ Q̂, M∗ = 0, where

Q̂ =
A

α1
σ(1−α1)C

1
σ (1− σ)

1
σ

α
1
σ
2 B

1
σ(1−α1)α

α1
σ(1−α1)
1

.

Proof. See Appendix A2.

Provided that the resource technology exhibits constant returns to scale, it will be optimal to refrain

from extracting the resource at all if the resource stock is suffi ciently low. Hence, the model shows that

the resource stock will not be physically depleted, it will be abandoned when it is no longer economically

viable to extract from it. The threshold value Q̂ is increasing in A as higher productivity of the alternative

technology makes it optimal to abandon the resource with more left in the ground. It is decreasing in B,

as higher productivity of the resource technology makes it optimal to extract more before the resource

is abandoned. It is increasing in C and decreasing in σ, as higher costs of extraction make it optimal to

abandon the resource with more left in the ground.

The second corner solution hasK∗A,t = 0 andM∗t = Mc,t. In t = 1,Mc,t is given by (18) withKA,1 = 0,

and in t = 2 by (15) with KA,2 = 0. Under constant returns to scale in the resource technology, there is

a threshold value M̃ such that for Mt ≥ M̃ , K∗A,t = 0, where

M̃ = K

(
A

α1B

) 1
α2

. (20)

The threshold can be reformulated in terms of the capital stock; K∗A,t = 0, if Kt ≤ K̂(Qt), where

K̂(Q) =

(
α1B

A

) 1
α2
(
Q− Q̂

)
. (21)

If the capital stock is suffi ciently low in relation to the resource stock, all capital is allocated to the resource

technology. As described earlier, if the resource technology is used, it is optimal to first allocate available

capital to the resource technology, and such that the resource-capital ratio is constant. The threshold

K̂(Q) is increasing in Q, as a higher resource stock implies a higher total extraction and hence, a higher

capital stock is required. It is possible to derive conditions under which there is an analytical solution for

the total amount of resource extracted over the two periods.

Proposition 2 If a pair (Q2,K2) is such that K2 > K̂(Q2), then M∗1 +M∗2 = MT ,

where

MT = Q1 − Q̂.
Proof. See Appendix A2.
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Total extraction is equal to MT as long as the alternative technology is used at least in period 2. The

intuition for this result is the following. As long as there is enough capital in at least one of the periods

to enable the resource technology to be operated at the optimal resource-capital ratio, extraction will

continue until it becomes optimal to abandon the resource, which occurs at Q̂.

3.4.3 Saving

Saving in period 1 is determined by

1 = βα1B(K2 −KA,2)α1−1Mα2
2

s.t.

K2 ≤ AKA,1 +B(K1 −KA,1)α1Mα2
1 − C(Q1−σ

1 − (Q1 −M1)1−σ).

Under the parameter restriction βA = 1, the expressions for K2 given by the above equation and (16)

are identical. Hence, the amount of capital allocated to the resource technology can be determined, but

not K2. Consequently, the social planner will be indifferent over initial capital stocks in period 2, as

long as the capital stocks are suffi cient to enable production with the resource technology at the optimal

resource-capital ratio. If the initial capital stock in period 1 is low in relation to the resource stock, it

will be optimal to save. The borrowing constraint implies that for some initial conditions, the amount of

savings will be constrained. In this case, the social planner will not be indifferent over K2; the maximum

feasible value of K2 yields strictly higher utility than any lower value. Hence, if the borrowing constraint

binds, the optimal amount of savings is determined, whereas if it does not, savings are indeterminate.

3.4.4 Technology choice

As discussed previously, several technology combinations can occur in the two-period setting. In the

simple baseline model, it is possible to distinguish between four cases. Each case will now be discussed in

turn.

3.4.5 Case 1

In case 1, there is no extraction of the resource in either period. This case arises if Q1 ≤ Q̂. Naturally, it
follows that Q2 ≤ Q̂. The allocations are M∗1 = 0, K∗A,1 = K1, M∗2 = 0, and K∗A,2 = K2.

3.4.6 Case 2

In case 2, the alternative technology is used in both periods and there is positive resource extraction.

Total extraction over both periods is equal to MT , as defined in Proposition 2. The division of MT into

M1 and M2 cannot be determined; hence there are multiple solutions for M1 and M2. The allocations are

K∗A,1 > 0, K∗A,2 > 0, M∗1 ∈ [0,MT ], and M∗2 ∈ [0,MT ]. The conditions under which case 2 arises are the

following.

Proposition 3 Case 2 arises if a pair (K1, Q1) is such that Q1 > Q̂ and K1 > K̂(Q1).

11



Proof. See Appendix A2.

If the initial value of the capital stock is suffi ciently high in relation to the resource stock, it follows

that the alternative technology is always used in both periods and the social planner is indifferent between

the following extraction paths. First, the extraction of MT in period 1 and zero in period 2, second, the

extraction of zero in period 1 and MT in period 2 and third, any division of total extraction MT such

that extraction is positive in both periods. Hence, it is possible that the resource technology is used in

the first period only, the second period only, or in both periods, while the alternative technology is always

used in both periods. The indifference is due to the functional form for the cost of resource extraction.

The extraction rate affects the extraction costs through its effect on the remaining resource stock and

given linear utility and no discounting, this effect is constant across the two periods.

3.4.7 Case 3

In case 3, the resource technology is used in both periods and consequently extraction is positive in both

periods; M∗1 > 0, and M∗2 > 0. However, the economy may use the alternative technology in both periods

or in either of the time periods; K∗A,1 > 0 and K∗A,2 > 0, or K∗A,1 > 0 and K∗A,2 = 0, or K∗A,1 = 0 and

K∗A,2 > 0. Using the threshold M̃ , it is possible to define the conditions under which case 3 arises as

follows.

Proposition 4 Case 3 arises if a pair (Q1,K1) is such that Q1 > Q̂, K1 ≤ K̂(Q1), and K2 > K̂(Q2),

where

Q2 = Q1 − M̃ , and
K2 = AK1

α1
− C

(
Q1−σ

1 −
(
Q1 − M̃

)1−σ
)
.

Proof. See Appendix A2.

If the capital stock is slightly lower in relation to the resource stock, case 3 arises. The resource

technology is used in both periods. The consumer is indifferent over producing with the alternative

technology in the first period only, producing with the alternative technology in the second period only,

or producing with the alternative technology in both periods. As in case 2, the indifference is due to the

functional form for extraction costs, in combination with linear utility and no discounting.

3.4.8 Case 4

In case 4, the alternative technology is never adopted, while the resource technology is used both periods.

The allocations are K∗A,1 = K∗A,2 = 0, M∗1 > 0, and M∗2 > 0. Again, with the use of M̃ , the conditions

under which case 4 arises can be stated as follows.

Proposition 5 Case 4 arises if a pair (Q1,K1) is such that Q1 > Q̂, K1 ≤ K̂(Q1), and K2 ≤ K̂(Q2),

where

Q2 = Q1 − M̃ , and
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K2 = AK1

α1
− C

(
Q1−σ

1 −
(
Q1 − M̃

)1−σ
)
.

Proof. See Appendix A2.

If the initial capital stock is suffi ciently low in relation to the resource stock that even after saving,

the alternative technology is not adopted in period 2, then case 4 arises.

3.4.9 Numerical example

To illustrate the four cases described above, the model is solved numerically. The parameterization is as

follows. Suppose that the exhaustible resource is fossil fuels. Nordhaus (1992) argues that the share of

energy to GDP is roughly 10 percent and therefore I set α1 = 0.9 and α2 = 0.1. As regards the extraction

cost function, due to the lack of empirical estimations of σ, it is set to an intermediate value; σ = 0.5.

Parameters B and C scale the functions F (M,K) and R(M,Q) and are chosen so as to ensure that all

four cases of technology choice arise within the interval K1 ∈ [0, 6] and Q1 ∈ [0, 6]. Given A = 1, this

implies that B = 1.12 and C = 0.15. Varying these parameters does not affect the characteristics of the

four cases, but the length of vectors K1 ∈
[
Kmin,Kmax

]
and Q1 ∈ [Qmin, Qmax] for which all cases are

represented. Figure 1 depicts the technology choices made across both time periods given initial conditions

K1 and Q1.

Figure 1. Technology choice in the baseline model.

In the figure, area 1 corresponds to case 1, area 2 to case 2, and so forth. The vertical line represents

threshold Q̂. The line separating areas 2 and 3 is given by threshold K̂(Q1) and the line separating areas

3 and 4 is given by threshold K̂(Q2). As seen in the figure, case 1 arises if the initial resource stock is
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low. Case 2 arises if the initial capital stock is high in relation to the initial resource stock. Case 3 arises

if the initial capital stock is lower and finally, case 4 arises if the initial capital stock is even lower.

Figure 1 can illustrate some comparative statics with respect to technology choice. First, consider an

increase in A, the productivity of the alternative technology. An increase in A shifts threshold Q̂ to the

right and threshold K̂(Q1) downwards while the effect on K̂(Q2) is ambiguous. When the alternative

technology has a higher productivity, it is used in both periods for a larger set of initial conditions and

the resource will be abandoned for a larger set of initial conditions. Second, consider an increase in B,

the productivity of the resource technology. An increase in B shifts Q̂ to the left and K̂(Q1) upwards

while the effect on K̂(Q2) is ambiguous. If the productivity of the resource technology increases, the

alternative technology is used in both periods for a smaller set of initial conditions. Similarly, the resource

is abandoned for a smaller set of initial conditions. Third, if the cost of resource extraction increases,

either by an increase in C or a decrease in σ, Q̂ shifts to the right and K̂(Q1) shifts downwards, while

the effect on K̂(Q2) is ambiguous. An increase in extraction costs implies that the alternative technology

will be used in both periods for a larger set of initial conditions and the resource abandoned for a larger

set of initial conditions.

In the baseline model, it is possible to characterize the technology choices made for all combinations of

initial conditions Q1 andK1. The technology choice belongs to one of four possible cases and is determined

by the relative sizes of the capital stock and the resource stock. It is also possible to analyze how parameters

of the production functions and the extraction cost function affect technology choice. However, the model

entails several assumptions which, while enabling analytical solutions, are quite restrictive. Therefore,

these assumptions will be relaxed and labor reintroduced into the model. The next step is to investigate

whether the characterizations of technology choice derived in the baseline model also hold true in the full

model. In the following analysis, it will be necessary to resort to numerical solutions.

3.5 The model with log utility and labor

Now, the assumptions of the baseline model are relaxed. The consumer has the following utility function:

U(ct) = log(ct) and values the future less than the present; β < 1. In addition, labor is reintroduced

into both production functions, as given by equations (1) and (2). The model is solved numerically using

the same parameterization as in the baseline model; α1 = 0.9, α2 = 0.1, σ = 0.5, B = 1.12, C = 0.15,

and A = 1. Nordhaus (1992) uses a labor income share of 0.6 and this paper follows his example. The

parameter θ is set to = 0.33, which yields a capital income share of 0.3 and a labor income share of 0.6

for the resource technology. Following Nordhaus and Yang (1996), the yearly discount rate is 3 percent.

One time period is 10 years, which gives β = 0.74. The supply of labor is set to L = 16.

The more realistic assumptions regarding preferences imply that the consumer wishes to smooth con-

sumption and therefore, K2 is uniquely determined. In addition, the consumer is no longer indifferent

over in what time period extraction takes place. As a consequence, the technology choices in cases 2 and

3 can be more precisely described. In case 2, the alternative technology is used in both periods and the

resource is extracted in period 1 and possibly in period 2 as well. In case 3, the alternative technology
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is not adopted in the first period, but in the second. Let case 2 be denoted the immediate-adoption case

and case 3 be denoted the late-adoption case. The allocations and time paths arising in the immediate-

adoption case and the late-adoption case are illustrated by numerical examples. Figure 2 depicts the time

path for the example of the immediate-adoption case, with K1 = 1 and Q1 = 1.

Figure 2. Example of the immediate-adoption case.

In this case, the initial capital stock is suffi ciently high in relation to the resource stock for the alternative

technology to be adopted in the first period. As seen in Figure 2, almost the entire total resource extraction

takes place in the first period.

Figure 3 depicts the time path for the example of the late-adoption case, with K1 = 1 and Q1 = 8. In

the late-adoption case, all capital in period 1 is allocated to the resource technology. The initial capital

stock is not suffi ciently high for the alternative technology to be adopted immediately, but it is adopted

in period 2. The low initial capital stock implies that a higher share of the total resource extraction is

deferred to period 2.
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Figure 3. Example of the delayed-adoption case.

In sum, introducing more realistic preferences as well as labor into the model implies that there are

still four cases of technology choice to consider. The two most interesting of these cases are the immediate-

adoption case and the late-adoption case. Although the conditions under which each case arises cannot

be explicitly derived, the main features of this version of the model are as those in the baseline model.

The immediate-adoption case arises if the initial capital stock is high in relation to the resource stock,

while the late-adoption case arises if the initial capital stock is relatively low in relation to the resource

stock. This result can be compared to the analysis by Cunha-e-Sá and Reis (2007). In their model of

technology adoption, the optimal adoption of a green technology depends on the capital stock. However,

that model has a different mechanism; adoption depends on the marginal utility of environmental quality

with respect to consumption, and the capital stock affects consumption.

4 Infinite time horizon

This section analyzes the properties of the full model when time is extended to an infinite horizon. As will

be shown below, there is one main effect of extending the number of time periods, namely that irrespective

of initial conditions, the economy will eventually adopt the alternative technology and the resource will

be abandoned. Which case arises initially is determined by the same conditions as in the two-period

model, namely the relative sizes of the capital stock and the resource stock. However, the time path of

resource extraction can now be increasing. In the numerical solution of the infinite horizon model, the
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parameterization is as follows; α1 = 0.9, α2 = 0.1, θ = 0.33, σ = 0.5, β = 0.74, L = 16, and A = 1.35.5

For details on the solution method, see Appendix A3. The time paths for the economy for examples of

different initial conditions K0 and Q0 are shown in Figures 4-6. The figures display the time paths for 10

periods, which is equal to one hundred years.

Figure 4 depicts the time path for the economy for K0 = 3 and Q0 = 3.2. A high initial capital stock

relative to the resource stock implies that the time path of extraction is downward-sloping over the entire

time period. The alternative technology is immediately adopted and the resource is abandoned in period

2.

Figure 4. Time paths for initial conditions K0 = 3 and Q0 = 3.2.

5As described above, parameters B = 1.8 and C = 2.5 are chosen so as to ensure that the different cases of technology

choice arise within the chosen grid for K and Q.
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Figure 5 depicts the time path for the economy for K0 = 1.5 and Q0 = 7. A lower initial capital

stock implies that the time path of resource extraction is initially flat and then downward-sloping. The

alternative technology is not adopted until period 4 and the resource is abandoned in period 5.

Figure 5. Time paths for initial conditions K0 = 1.5 and Q0 = 7.

Figure 6 depicts the time path for K0 = 0.5 and Q0 = 9. A substantially lower initial capital stock

relative to the resource stock implies that the time path of resource extraction is increasing for the first

3 periods and then decreasing. In addition, the time path of the capital stock is increasing for the first 4

periods, as capital is accumulated. The alternative technology is not adopted until period 5. The initial

increase in resource extraction occurs while the capital stock is suffi ciently low that no capital is allocated

to the alternative technology. In fact, the capital stock is suffi ciently low that in order for the resource

technology to be operated at the optimal resource-capital ratio, resource extraction is restricted. Hence,

there is an increase in resource extraction in the first periods. As the capital stock is increased through

savings, the restriction on resource extraction is eased and the slope of the extraction path decreases.

From period 3 and onwards, there is enough capital to extract the optimal amount of resource, and hence

the extraction path slopes downward. In period 5, the capital stock is suffi ciently high that the alternative

technology is adopted. The resource is abandoned in period 6.
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Figure 6. Time paths for initial conditions K0 = 0.5 and Q0 = 9.

The main insights from the two-period model remain when the model is extended to an infinite

horizon. If the initial capital stock is high, the alternative technology is adopted immediately and if the

initial capital stock is low, the alternative technology is adopted with a delay. The intuition for this result

is that if the resource is extracted, capital is first allocated to the resource technology to operate it at the

optimal level of capital relative to the resource input. A high resource stock implies that it is desirable to

extract more of the resource. If the capital stock is low in relation to the resource stock, all capital will be

allocated to the resource technology. Over time, capital is accumulated, the amount of resource extracted

relative to capital in the economy decreases, and eventually the capital stock is suffi ciently high to adopt

the alternative technology.

The infinite horizon model also illustrates how the time path of resource extraction varies with the

size of the capital stock in relation to the resource stock. In contrast to the two-period model, the results

show that with an infinite horizon, the time path of resource extraction can now be increasing. If the

initial capital stock is high, resource extraction is monotonically decreasing over time. However, if the

initial capital stock is low, the time path of resource extraction has the shape of an inverse U; it is first

increasing and then decreasing. In addition, the resource is abandoned at a later point in time. The

initial increase in resource extraction can be explained as follows: the low initial capital stock implies

that in order to operate the resource technology at the optimal level of capital relative to the resource

input, resource extraction must be restricted. The extraction is instead deferred to future periods, when

the capital stock has increased through savings. As capital is accumulated, the restriction on resource

extraction is eased. Eventually, the capital stock is suffi ciently high to extract the optimal amount of

resource and the extraction path starts to slope downward. The deferral of resource extraction to future
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time periods as a result of a low initial capital stock also implies that the resource is abandoned later

compared to when the initial capital stock is high.

5 Industrialization of developing countries

As described in the introduction, the recent industrialization of large developing countries, such as China

and India, has caused an increase in their demand for exhaustible resources, which has had a substantial

impact on the world markets for exhaustible resources. In this section, I use the model to try to answer

the following question: How are the time path of resource extraction and the adoption of an alternative

technology affected by the industrialization of developing countries? The analysis focuses on oil, one of

our most important exhaustible resources.

I view the industrialization of developing countries as an increase in their levels of human capital,

which results in increases in output. In this model, the contribution of human capital is bundled together

with labor in the production function, and hence the labor supply can be viewed as effective labor supply,

including human capital. Therefore, industrialization is modeled as an increase in the labor supply of

the world economy. Alternatively, one can think of industrialization as an increase in the productivity of

the technologies workers use. In this model, it can be expressed as an increase in the parameters A and

B, which govern productivity of the two technologies. Modeling industrialization as an increase in the

productivity of both production technologies would have a comparable effect in this model. The model

is calibrated to fit the world production of crude oil, which should be a good proxy for the amount of oil

extracted from the ground.

5.1 Calibration and results

Figure 7 displays the world production of crude oil in millions of barrels per day over the period 1970-2007.

I calibrate the model to the period 1990-2000. Over that period, the increase in the world production of

crude oil was 13.2 percent.Hence, the initial values of the capital stock, the resource stock, and the supply

of labor are chosen such that the increase in extraction in the model between 1990 and 2000 equals 13

percent. The combination K1990 = 0.5, Q1990 = 10.4, and L = 15 generates an increase in the extraction

rate equal to 13.3 percent between 1990 and 2000. Given this set of initial conditions, the resulting values

of K2000 and Q2000 are then used to generate time paths for the economy over the period 2000 to 21006 .

6Discretization of the state space implies that there exist other combinations of initial conditions which generate an

increase in extraction rate of 13 % between 1990 and 2000. They result in very similar time paths for the economy.
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Figure 7. World production of crude oil 1970-2007. Source: International Petroleum Monthly,

April 2008, Energy Information Administration.

The time path of the world economy when labor supply is at its initial level L is shown in Figure

8. The calibrated model predicts that the rate of extraction of oil peaks in 2000-2010 and that the

alternative technology is adopted in 2040-2050. The two technologies are used simultaneously until oil is

abandoned in 2050-2060. I argue that these predictions are broadly in line with forecasts on the trends

in future energy supply. As regards the time path for oil extraction, the model does generate a peak in

extraction, corresponding to the so-called "peak oil", the point in time when the maximum rate of world

oil production is reached.7 As regards the model’s predictions on adoption of the alternative technology

and the abandonment of oil, they correspond roughly to forecasts by the IPCC and Fisher et al. (2006)

even though the exact timing differs8 . I then use this calibration example to analyze the effects of the

permanent increase in labor supply; L′ > L, which takes place in the decade 2000-2010. I set L′ = 19,

which corresponds to an increase in labor supply of about 30 percent.

7Numerous studies have made forecasts of “peak oil”, and estimates vary. See Witze (2007) for an overview. Given the

uncertainty surrounding these forcasts, it is diffi cult to assess the fit of the calibration.
8 In Sims et al. (2007), the IPCC predicts that hydro power can contribute to 17% of total electricity generation by

2030, solar power 1%, and wind power about 7%. Fisher et al. (2006) predict that under a “partnership technology + CCS

scenario”, roughly 46% of total electricity in the Asia Pacific Partnership countries (USA, Australia, Japan, China, India,

and Korea) will be generated by non-fossil fuels in 2050.
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The time path of the world economy over the time period 2000 to 2100 when labor supply is L′ is

displayed in Figure 8.

Figure 8. Time paths of the world economy when labor supply is L and L′.

As a result of the increase in labor supply, the rate of extraction of oil is higher in the first decades, while

the total amount of oil extracted is not affected. Most importantly, the alternative technology is adopted

a decade earlier. The two technologies are then used simultaneously until oil is abandoned, which occurs

a decade earlier. The initial increase in the rate of oil extraction is caused by the increase in output of

energy from oil and the change in the steady-state level of capital in the economy which increases capital

accumulation. A higher capital stock and an initial increase in the rate of oil extraction both imply that

the alternative technology is adopted at an earlier point in time.

One must bear in mind that a factor which affects the use of oil for energy production is the emission

of carbon dioxide. Attempts to curb global warming, such as introducing taxes on fossil fuel, emissions

trading systems, subsidies to non-fossil energy production etc., increase the costs of producing energy from

oil. They can also be expected to intensify developments of alternative technologies for energy production.

Both measures can affect the time path of oil extraction and the adoption of alternative technologies. If

climate change considerations were incorporated in this model in a way that is constant over time it would

have the following effects: the initial calibration example, as shown by the dashed line in Figure 8, would

change. However, the qualitative results on the effects of industrialization would not. For example, the
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model shows that the alternative technology is adopted earlier and that oil is abandoned earlier. If climate

change considerations are not altered simultaneously with industrialization, these results would still hold.

In addition, I argue that despite the fact that the social planner does not take externalities from

fossil fuel use into account, the outcome of one type of efforts to reduce such externalities can still be

analyzed in the present model. That is introduction of taxes, emissions trading systems or other ways to

increase the cost of emitting carbon dioxide9 . The introduction of a tax on emissions of carbon dioxide

can be interpreted as a decrease in the productivity of the resource technology relative to the alternative

technology. This corresponds to a decrease in the parameter B, and it would have the following effects.

Oil would be abandoned at a higher level of world oil reserves which means that in total, less oil is used

and emissions of carbon dioxide decrease. In addition, less capital will be allocated to producing energy

from oil since it now has lower productivity relative to alternative technologies such as hydro power and

wind power, and these technologies will be adopted sooner than without a tax.

A weakness of this model, which it shares with many other models featuring both exhaustible resources

and alternatives, is that it does not account for exploration of new reserves. The entire stock of resource

is known at the beginning of time and the optimal time path of extraction is determined on basis of that

stock. However, in the case of oil, there is constant exploration for new reserves. In terms of this model,

any change in reserves that was unanticipated in the 1990’s would imply that optimal decisions are revised

during the time period of simulation.

5.2 Robustness checks

As described earlier, the parameter σ in the extraction cost function is set to 0.5 in the parameterization

of the model. This intermediate value was chosen due to lack of empirical estimates. As a robustness

check, the model is therefore solved for a range of values: σ ∈ [0.4, 0.6]. The main results are unaffected

by this variation in σ. A lower value of σ increases threshold Q̂ and shifts the time path of extraction

downwards. When extraction becomes more costly, it is optimal to leave more of the resource in the

ground. Conversely, a higher value of σ reduces threshold Q̂ and and shifts the time path of extraction

upwards. In addition, I have performed robustness checks with regard to the productivity of the alternative

technology, for A ∈ [1.25, 1.45]. A lower productivity implies that the alternative technology is adopted

later, oil as an energy source is abandoned later and at a lower level of the remaining stock. Conversely, a

higher productivity of the alternative technology implies that it is adopted earlier, oil is abandoned earlier

and at a higher level of the remaining stock.

In the model, capital and labor are used in the same proportions in the two technologies. Consequently,

the coeffi cient on capital is θα1 in the resource technology and θ in the alternative technology, respectively.

α1 < 1 implies a higher coeffi cient on capital in the alternative technology. To investigate whether that

difference could affect the results, I use the following functional form; G(K,L) = AKθA
A L1−θA

A , where

θA = θα1. I find that the main results of the model are robust to this change.

9Other types of efforts, such as investments in R&D to reduce emissions of carbon dioxide from fossil fuels cannot be

analyzed in this framework, as it does not allow for R&D investment.
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6 Concluding comments

What is the optimal path of extraction of exhaustible resources over time? At what point in time will

an alternative technology be adopted? How are the time path of extraction and the adoption of the

alternative technology affected by the industrialization of developing countries? In this paper, I find

that the optimal time paths of resource extraction and technology adoption both depend on the size of

the capital stock in relation to the resource stock, as well as on the allocation of capital across the two

technologies. The results illustrate the interaction between resource extraction and the economy’s capital

stock in general equilibrium and underscore the importance of including accumulation of capital over time

as well as its allocation within a given time period in models of resource extraction.

The model shows that if the initial capital stock is high in relation to the resource stock, the alternative

technology is immediately adopted, and the time path of resource extraction is strictly decreasing. If,

instead, the initial capital stock is low in relation to the resource stock, adoption of the alternative

technology is delayed. In addition, the time path of resource extraction has the shape of an inverse U:

first decreasing and then increasing. This follows from the result that if the resource technology is used it

is optimal to allocate capital to that technology first, in order to operate it at a constant resource-capital

ratio. A low capital stock in relation to the resource stock implies that there is little capital available in

relation to the optimal level of extraction. As a result, both alternative technology adoption and part of

resource extraction is deferred to the future, in which more capital has been accumulated. Consequently,

the speed of accumulation of capital in the economy affects the speed of adoption of technologies using

renewable resources. In the model, capital markets are perfect and savings are directly channeled to

capital investments. If that were not the case, a low initial capital stock would imply that adoption of the

alternative technology was delayed even further than the current results indicate. Hence, the functioning

of capital markets is important for technological change; capital market imperfections reduce capital

accumulation and slow down the transition from exhaustible to renewable resources. The International

Energy Agency (2008) also emphasizes investments in the transition from fossil fuels to renewables in

the global energy sector. In the "ACT scenario", which projects a return of carbon dioxide emissions to

current levels by 2050, the International Energy Agency estimates the additional investment needs in the

energy sector to be USD 17 trillion. Insuffi cient access to capital could have a large impact on transitions

in such a scenario.

This paper analyzes the effects of industrialization of developing countries on one of our most important

exhaustible resources: oil. The model shows that as a result of industrialization of developing countries,

the alternative technology for energy production is adopted earlier. Industrialization shifts the path

of oil extraction to the present and enlarges the aggregate capital stock, which increases the speed of

transition to alternative technologies. Hence, according to this model, the concern that industrialization

of developing countries leads to a severe shortage of resources which impedes global production could be

unwarranted.

The model presented in this paper features extraction costs that depend not only on extraction flow

but also on the resource stock, motivated by a multitude of empirical evidence. This feature indeed
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turns out to influence the results. In the model, stock-dependent extraction costs affect the time paths

of resource extraction, and can give a steeper downward slope as a result of the low extraction costs

at high levels of the resource stock. It will then be optimal to allocate more capital and labor to the

resource technology than would otherwise be the case. Therefore, my conjecture is that late adoption of

the alternative technology may occur for higher levels of the capital stock with stock-dependent extraction

costs, compared to without. In addition, stock-dependent extraction costs allow for a characterization of

the switching point at which the economy goes from using a combination of exhaustible and renewable

resources to relying solely on renewable resources. Hence, stock-dependent extraction costs may affect

the timing of technology choices such as when to adopt alternative technologies and when to abandon the

exhaustible resource. The latter is indeed what Gerlagh (2010) finds in a model where resource owners

maximize revenue in the presence of a perfect backstop substitute.

The analysis pertains to a model that is solved for the centralized equilibrium. Hence, it shows the

optimal extraction paths and technology choices for the world economy as a whole, when there is cooper-

ation across countries. These results give insights in themselves, but perhaps more importantly, serve as

a benchmark for comparison. A drawback is that the analysis does not take into account country differ-

ences in resource endowments, nor the behavior of individual countries that act in isolation. Therefore,

it would be interesting to carry out the analysis in this paper at the country level as well. An avenue for

future research is to extend the model to a world with two countries, a resource-exporting country and

a resource-importing country, and analyze how that affects technology choice and extraction paths. In

addition, it would be possible to analyze how industrialization of developing countries affects resource-

exporters and resource-importers, respectively. The outcome of that analysis could be contrasted to the

results presented in this paper, which would then be a natural benchmark.

Another feature of the model is that the productivity of the alternative technology is exogenous. It

is reasonable to believe that the productivity can be increased by investment in R&D and that this

investment, in turn, depends on the prices of exhaustible resources. The productivity of the alternative

technology naturally influences the timing of its adoption. Hence, another avenue for future research is

to allow for investment in R&D to increase the productivity of the alternative technology and to analyze

how R&D investment affects technology choice.
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Appendix

A1 Constant returns to scale

To show that there are constant returns to scale, I multiply the initial stocks with a number N > 1. If

the economy has constant returns to scale, the optimal allocations should be independent of N . Suppose

therefore that the initial amount of capital is multiplied byN > 0 and that there areN identical deposits of

the exhaustible resource, with initial stock Q1, so that initial conditions are the following: the capital stock

isNK1 and the sum of deposits of the resource stock isNQ1. I denote total extraction from all deposits M̄t,

for t ∈ {1, 2}. Since all deposits are identical, the optimal extraction will be the same for all of them and

hence extraction from each deposit n ∈ N will then beMt,n = M̄t

N . Qt now denotes stock per deposit, and

the total resource stock at time t is NQt. Hence, the evolution over time for one deposit is Qt+1 = Qt− M̄t

N .

The total flow cost of extraction from all deposits is R(M,Q) = NC

(
Q1−σ
t −

(
Qt − M̄t

N

)1−σ
)
, which is

just the cost per deposit multiplied by the number of deposits.

The optimization problem is now

max
{M̄t,KA,t,LA,t,Kt+1}2

t=1

c1 + c2

s.t.

NQ2 = NQ1 − M̄t

c1 = AKA,1 +B(NK1 −KA,1)α1M̄α2
1

−NC
(
Q1−σ

1 −
(
Q1 −

M̄1

N

)1−σ)
−K2

c2 = AKA,2 +B(K2 −KA,2)α1M̄α2
2

−NC
(
Q1−σ

2 −
(
Q2 −

M̄2

N

)1−σ)
0 ≤ M̄1 ≤ NQ1, 0 ≤ KA,1 ≤ NK1, 0 ≤ LA,1 ≤ L

0 ≤ M̄2 ≤ NQ2, 0 ≤ KA,2 ≤ K2, 0 ≤ LA,2 ≤ L

c1, c2 ≥ 0

In an interior solution in period 2, M̄∗2 ∈ (0, NQ2) and K∗A,2 ∈ (0,K2) satisfy

α2B(K2−KA,2)
α1M̄α2−1

2 = (1− σ)C

(
Q2 −

M̄2

N

)−σ
A = α1B(K2−KA,2)

α1−1
M̄α2

2 .

Given α1 + α2 = 1, the system yields

α2B
1

1−α1 α
α1

1−α1
1

A
α1

1−α1
= (1− σ)C

(
Q2 −

M̄2

N

)−σ
. (22)
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Solving the system of equations in the baseline model, as given by

α2B(K2 −KA,2)α1Mα2−1
2 = (1− σ)C(Q2 −M2)−σ

A = α1B(K2 −KA,2)α1−1Mα2
2 .

yields

α2B
1

1−α1 α
α1

1−α1
1

A
α1

1−α1
= (1− σ)C (Q2 −M2)

−σ (23)

given α1 + α2 = 1. Since the extraction rate for each deposit n is M2,n = M̄2

N , (22) is identical to (23)

and hence, the allocation is independent of N .

In an interior solution in period 1, M̄∗1 ∈ (0, NQ1) and K∗A,1 ∈ (0, NK1) satisfy

α2B(NK1−KA,1)
α1M̄α2−1

1 −(1− σ)C

(
Q1−

M̄1

N

)−σ
= βC(1− σ)

((
Q1−

M̄1

N
−M̄2

N

)−σ
−
(
Q1−

M̄1

N

)−σ)
A = α1B(NK1−KA,1)

α1−1
M̄α2

1 .

Given α1 + α2 = 1, the system yields

α2B
1

1−α1 α
α1

1−α1
1

A
α1

1−α1
−(1− σ)C

(
Q1−

M̄1

N

)−σ
= βC(1− σ)

((
Q1−

M̄1

N
−M̄2

N

)−σ
−
(
Q1−

M̄1

N

)−σ)
. (24)

Solving the system of equations in the baseline model, as given by

α2B(K1 −KA,1)α1Mα2−1
1 − (1− σ)C(Q1 −M1)−σ

= βC(1− σ)
(
(Q1 −M1 −M2)−σ − (Q1 −M1)−σ

)
A = α1B(K1 −KA,1)α1−1Mα2

1 .

yields, given α1 + α2 = 1,

α2B
1

1−α1 α
α1

1−α1
1

A
α1

1−α1
− (1− σ)C(Q1 −M1)−σ = βC(1− σ)

(
(Q1 −M1 −M2)−σ − (Q1 −M1)−σ

)
. (25)

Since M1,n = M̄1

N and M2,n = M̄2

N , (24) is identical to (25) and hence, the allocation is independent of

N .
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A2 Proofs

Proof of Proposition 1

Suppose that extraction is M = ε where ε → 0. Inserting (19) into the expression for consump-

tion gives c = A

(
K −

(
A

α1Bεα2

) 1
α1−1

)
+ B

(
A

α1Bεα2

) α1
α1−1

εα2 − R(ε,Q). By defining D0 = AK and

D1 = −A
(

A
α1B

) 1
α1−1

+ B
(

A
α1B

) α1
α1−1 , consumption can be written as c = D0 + D1ε

α2
1−α1 − R(ε,Q).

We get that ∂c
∂ε = α2

1−α1D1ε
α2

1−α1
−1 − ∂R(ε,Q)

∂ε . Now, if α1 + α2 = 1, then ∂c
∂ε = α2

1−α1D1ε
0 − ∂R(ε,Q)

∂ε . If

limε→0
∂R(ε,Q)
∂ε > α2

1−α1D1, it follows that ∂c∂ε < 0, and it is optimal to setM∗ = 0. limε→0
∂R(ε,Q)
∂ε = C(1−σ)

Qσ .

Hence, there exists a Q̂ > 0, such that C(1−σ)

Q̂σ
> α2

1−α1D1. An interior solution to the optimization prob-

lem in period 1 satisfies (18) and (19). Solving for K1 − KA,1 from (19) and inserting it in (18) gives

α2B
1

1−α1 α

α1
1−α1
1 M

α1+α2−1
1−α1

A
α1

1−α1
= (1−σ)C(Q1−M1)−σ+βC(1−σ)(Q1−M1−M2)−σ−βC(1−σ)(Q1−M1)−σ.

Now, if α1 +α2 = 1 and β = 1, the expression simplifies to α2B
1

1−α1 α

α1
1−α1
1

A
α1

1−α1
= C(1−σ)(Q1−M1−M2)−σ.

Solving for M∗1 + M∗2 yields M
∗
1 + M∗2 = Q1 − A

α1
σ(1−α1)C

1
σ (1−σ)

1
σ

α
1
σ
2 B

1
σ(1−α1) α

α1
σ(1−α1)
1

. M∗1 + M∗2 = 0 if Q1 = Q̂, where

Q̂ = A
α1

σ(1−α1)C
1
σ (1−σ)

1
σ

α
1
σ
2 B

1
σ(1−α1) α

α1
σ(1−α1)
1

.

Proof of Proposition 2

If K2 > K̂(Q2), it follows that K∗A,2 > 0 and K∗A,1 = 0 or K∗A,1 > 0. As long as K∗A,1 > 0, it

follows from Proposition 1 that M∗1 + M∗2 = Q1 − Q̂. Now, suppose that K∗A,1 = 0. M∗2 is given by

M∗2 = Q2 − A
α1

σ(1−α1)C
1
σ (1−σ)

1
σ

α
1
σ
2 B

1
σ(1−α1) α

α1
σ(1−α1)
1

, but by definition, Q2 = Q1 −M∗1 . Consequently, M∗1 +M∗2 is given by

M∗1 +M∗2 = Q1 − A
α1

σ(1−α1)C
1
σ (1−σ)

1
σ

α
1
σ
2 B

1
σ(1−α1) α

α1
σ(1−α1)
1

.

Proof of Proposition 3

If K1 > K̂(Q1), it follows that K∗A,1 > 0. Hence, M∗1 +M∗2 = MT . If Q1 > Q̂ it follows that MT > 0.

Given that Q2 ≤ Q1, it must be the case that K∗A,2 > 0. Since the optimal solution only determines MT

and not the division into M∗1 and M
∗
2 , M

∗
1 can take any value in [0,MT ] and the utility of the consumer

is maximized. Then, M∗2 = MT −M∗1 .

Proof of Proposition 4

The condition Q1 > Q̂ implies thatM∗1 +M∗2 > 0. The conditionK2 > K̂(Q2) implies thatM∗1 +M∗2 =

MT . The optimal amount of saving given M1 = M̃ is: K2 = AK1

α1
− C

(
Q1−σ

1 −
(
Q1 − M̃

)1−σ
)
, and

next period’s resource stock is Q2 = Q1 − M̃ . For M1 = M̃ , K∗A,1 = 0 and since K2 > K̂(Q2), we have

that K∗A,2 > 0. For M1 < M̃ , K∗A,1 > 0. If the resulting K2 and Q2 are such that K2 < K̂(Q2), then

K∗A,2 = 0. Otherwise, K∗A,2 > 0. Hence, the allocations are either K∗A,1 = 0, K∗A,2 > 0 or K∗A,1 > 0,
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K∗A,2 = 0 or K∗A,1 > 0, K∗A,2 > 0. K1 ≤ K̂(Q1) is equivalent to M̃ < MT . This implies that M∗2 > 0

for all M1, since M∗2 = MT −M∗1 . Is M∗1 > 0? Suppose that M∗1 = 0, then Q2 = Q1 and, given A = 1,

K2 = K1. But then K2 < K̂(Q2). Consequently, M1 = 0 implies that KA,2 = 0 and then utility is not

maximized. Therefore, M∗1 > 0 and M∗2 > 0.

Proof of Proposition 5

The condition Q1 > Q̂ implies that M∗1 + M∗2 > 0. Since K2 ≤ K̂(Q2), Proposition 2 does not hold,

and we have that M∗1 +M∗2 < MT . Therefore, it follows from the first-order conditions that it cannot be

optimal to set K∗A,1 > 0. Hence, M∗1 > 0 and K∗A,1 = 0. Similarly, it cannot be optimal to allocate capital

to the alternative technology in period 2, and M∗2 > 0 and K∗A,2 = 0.

A3 Numerical solution method for the infinite time horizon
For the purpose of solving the model for an infinite time horizon, the social planner’s maximization

problem is recast in a recursive manner, with value function V (K,Q) and policy functions Ei(K,Q),

i ∈ {Q′,KA, LA,K
′}, where Q′ and K ′ are next period’s resource stock and capital stock, respectively.

This is a stationary problem and therefore, the value function and the policy functions are independent

of time. The optimization problem is

1. ∀(K,Q), V (K,Q) solves

V (K,Q) = max
Q′,KA,LA,K′

(log(c) + βV (K ′, Q′))

s.t.

c = AKθ
AL

1−θ
A +B((K −KA)θ(L− LA)1−θ)α1Mα2

− C(Q1−σ − (Q′1−σ)−K ′

M = Q−Q′

2. ∀(K,Q), Ei(K,Q) = arg maxi V (K,Q), i ∈ {Q′,KA, LA,K
′}.

The social planner has four choice variables; Q′ (which is equivalent to choosing this period’s extraction

rate M), KA, LA, and K ′. They are chosen so as to maximize the right-hand side of the expression for

V (K,Q) for all values of K and Q.

The model is solved using discretization of the state space and backward induction methods. The

discretization of the state space implies that the social planner can choose next period’s resource stock Q′

and capital stock K ′ in discrete amounts Q′ ∈Q and K ′ ∈ K , where Q and K are grids [Q1 < Q2 < ... <

QN ] and [K1 < K2 < ... < KN ]. There are natural limits on the lower endpoints; Q1 = 0 and K1 = 0.

Since the sequence {Qt}∞t=0 is weakly decreasing, Q
N can be set to the maximum initial value for which

the model is to be solved. KN must be set such that it well exceeds the steady-state level of capital when

the resource is abandoned.
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The backward induction solution method is then applied as follows. Starting from the last time period,

T , the value function V (K,Q, T ) and the policy functions Ei(K,Q, T ) are given by the last period solution

to the two-period problem. Using V (K,Q, T ) and Ei(K,Q, T ), it is possible to solve backwards for the

optimal policy functions Ei(K,Q, T − τ) and value function V (K,Q, T − τ) for each grid point in the

two-dimensional grid, for τ = 1, ..., T . As in the two-period model, both interior and corner solutions exist.

The backward-solving procedure is repeated until ‖V (K,Q, T − τ)− V (K,Q, T − τ − 1)‖ < ε ∀(K,Q),

where ε is a small number.
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