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Abstract

Money, which provides liquidity, is distinct from debt. The introduction of a
bank that issues money in exchange for debt and pays out its pro�t as dividend
to shareholders modi�es the model of overlapping generations. Monetary policy
can set, alternatively, the nominal rate of interest or the circulation of real
balances. The set of equilibrium paths, their dynamic properties, as well as the
scope and e�ectiveness of monetary policy are signi�cantly altered: (1) there is
a continuum of Pareto comparable steady state paths, indexed by the nominal
rate of interest; (2) for a set level of real balances, the associated steady state
may be stable or unstable, but cyclical 
uctuations do not arise; and, (3) though
low rates of interest are associated with superior steady state allocations, they
may account for unstable steady states or stable endogenous cycles.

Keywords: Overlapping Generations Models, Money, Liquidity Constraints,
Debt, Dynamics.
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1 Introduction

The model of overlapping generations of Allais [1] and Samuelson [59] abstracts
from the role of money in the provision of liquidity, and it does not distinguish
between debt and money; it may be inadequate for the study of monetary
equilibria and the analysis of monetary policy.

The introduction of a monetary-�scal authority that issues money in ex-
change for debt and pays out its pro�t as dividend to shareholders modi�es
the model of overlapping generations: it distinguishes money, which provides
liquidity, from debt, which does not.

Monetary policy can target, alternatively, the nominal rate of interest or the
supply of money.

A monetary authority lends money in exchange for interest bearing bonds;
also, it accepts deposits and pays depositors the same rate of interest which
they charge on loans; equivalently, there are interest bearing nominal assets
that dominate money as a store of value, which is not the case in Grandmont
and Laroque [34], [35].

The distinction between money, which provides liquidity services and is is-
sued by a bank that distributes its pro�t as dividend, and debt, a store of value,
modi�es the set of equilibrium paths, their dynamic properties, as well as the
scope and e�ectiveness of monetary policy:

1. there is a continuum of Pareto comparable steady state paths, indexed by
the nominal rate of interest;

2. for a set level of real balances, the associated steady state may be stable
or unstable, but cyclical 
uctuations do not arise; and,

3. though low nominal interest rates are associated with superior steady state
allocations, they may account for unstable steady states or stable endoge-
nous cycles.

In a recent papers, Dr�eze and Polemarchakis [26] and Bloise, Dr�eze and
Polemarchakis [13], [14] have put forward a simple extension of the model of
general competitive equilibrium 1 that encompasses monetary economies.

All initial holdings of money are the counterpart of debts to the monetary
authority. In the vocabulary of monetary economics, this is a model of inside
money, as is appropriate for economies with properly functioning central banks
that only issue money in exchange for o�setting nominal claims. Nevertheless,
it allows for a well de�ned supply of money. The conundrum, pointed out
by Hahn [38], according to which money cannot maintain a positive price at
equilibrium, derives from a false distinction between inside and outside money.
Once it is recognized that in an economy with an explicitly, if simply, modeled
banking sector money is issued in exchange for bonds or other stores of value,
the distinction between inside and outside money is a moot point.

1Arrow and Debreu [4], McKenzie [47].
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Alternative formulations are possible. In Dubey and Geanakoplos [27], [28],
individuals hold outside money, whose valuation absorbs the seignorage that
accrues to the monetary authority. In Lucas [43], Lucas and Stokey [44] and
Woodford [68], �scal policy e�ects the transfer of seignorage; in Lerner [41], the
accounts of the private sector and the monetary-�scal authority are consolidated
and outside balances are taxed at a terminal date, possibly at in�nity.

Competitive equilibria exist, which ensures the consistency of the speci�-
cation. Nevertheless, even though there is a well de�ned money market, com-
petitive equilibrium allocations are indeterminate: they can be indexed by the
nominal rates of interest, as pointed out in Sargent and Wallace [60], and they
may be pareto comparable.

The optimality 2 and determinacy 3 of competitive equilibrium allocations,
which obtain in an economy without an operative transactions technology, fail
in a monetary economy. Similarly, the optimality 4 and determinacy 5 of steady
state allocations, which characterize economies of overlapping generations, fail
when, unlike debt, money provides liquidity services.

There exist alternative ways of modeling the cost and inconvenience of non-
monetary transactions 6. Most simply, they are captured by a cash-in-advance
constraint of Clower [18], modi�ed by a parameter that re
ects the exogenous
velocity of circulation of money balances; in Dr�eze and Polemarchakis [26], a
versatile speci�cation allows for generality and, in particular, as suggested by
Baumol [9] and Tobin [62], an interest elastic velocity of circulation.

Economies that extend over an in�nite horizon and are characterized by an
operative cash-in-advance constraint have been extensively employed in theoret-
ical macroeconomics and monetary theory | Grandmont and Youn�es [36],[37],
Lucas and Stokey [44] or Woodford [68].

An important question in the theory of monetary policy concerns the appro-
priate targets and instruments for a monetary authority: an interest rate policy
sets the nominal rate of interest and accommodates the demand for balances;
alternatively, according to the real bills doctrine, the monetary authority con-
trols the supply of balances, and the nominal rate of interest adjusts to maintain
equilibrium. The question has been studied in reduced form models, Poole [55],
Sargent and Wallace [60], that facilitate the application of control techniques,
but are not explicit on individual optimization and market clearing; among oth-
ers, do not allow for welfare comparisons. In a monetary economy of overlapping
generations, the question can be analyzed in an equilibrium framework, and the
results that obtain are of obvious relevance for the conduct of monetary policy.

The indeterminacy of equilibrium paths for a set path of real balances or,
alternatively, of the rate of interest is most interesting under uncertainty, which,
here, is absent. It depends, �rst on the distinction introduced in Woodford [68]:
at a Ricardian policy, in Dr�eze and Polemarchakis [26] or Bloise, Dr�eze and

2Arrow [2], Debreu [19].
3Debreu [21].
4Cass [15], Balasko and Shell [8], Benveniste and Cass [12].
5Kehoe and Levine [39].
6Kiyotaki and Wright [40], Ostroy and Starr [50].
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Polemarchakis [13], [14], the monetary-�scal authority is restricted to satisfy a
budget constraint at all date-events, while at a non-Ricardian policy, in Dubey
and Geanakoplos [27], [28] or Woodford [68], the monetary-�scal authority
may violate the budget constraint and accumulate debt at terminal date-events,
possibly at in�nity. It also depends on the �nancial policy adopted by the
monetary-�scal authority, as analyzed in Nakajima and Polemarchakis [49] or
the stationarity of monetary policy, as in Stokey and Lucas [44].

With a cash-in-advance constraint the nominal rate of interest is an ad val-
orem tax on purchases, while the distribution of seignorage in the form of a
dividend acts as a lump sum transfer: indeed, the reduced form of the equilib-
rium conditions coincides with those in an economy with debt and �scal policy
that taxes the purchase of commodities but distributes tax revenue as lump sum
transfers to individuals.

The simple model of overlapping generations, in which individuals are active
over two dates, poses a problem of interpretation when short run matters are
concerned: if a date is understood as half of the economic life-span of a gener-
ation, cash holdings should correspond to a negligible fraction of consumption
expenditures at a date. The point here, is, however, a simple observation: the
distinction between debt, a store of value, and balances, a medium of exchange,
alters established intuitions concerning the dynamics of monetary economies
and optimal policy; it should be the subject of subsequent work to establish
the empirical relevance of this observation. An alternative justi�cation of the
approach would rely on the derivation of the model of overlapping generations
as the reduced form of a model with longer life-spans but operative �nance con-
straints, as suggested in Woodford [67]; the generality and robustness of this
argument are, however, problematic.

Economies of overlapping generations have provided an appropriate frame-
work for the study of endogenous cycles, Benhabib and Day [11] and Grandmont
[33]. The point made is twofold: stationary economies may have cyclical equi-
librium paths and, as a structural parameter, such as the elasticity of savings
with respect to the real rate of interest varies, the economy may switch from an
economy in which the steady state is stable in the equilibrium dynamics to one
where a cycle of arbitrary order is attractive.

When money provides liquidity and the nominal rate of interest along an
equilibrium path is indeterminate, it is possible to study the dynamic properties
of equilibrium paths for di�erent levels of real balances or, alternatively, of the
nominal rate of interest: structural change is the outcome of a policy decision,
such as the targeted nominal rate of interest or the money supply.

If monetary policy targets the supply of real balances, the stability of the
steady state cannot be guaranteed; nevertheless, cyclical 
uctuations do not
arise.

If, alternatively, monetary policy targets the nominal rate of interest, a trade-
o� emerges: though low rates of interest are associated with higher levels of
welfare at the steady state 7, they are associated with troublesome dynamic

7Friedman [30].
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properties of the equilibrium path: either the steady state is unstable or an
attractive two-period cycle emerges as the nominal interest rate tends to zero.

2 The Economy

Discrete time, t; extends into the in�nite future as well as, possibly, the in�nite
past. One, perishable commodity is exchanged and consumed at each date. The
price of the commodity is pt > 0: The rate of in
ation is

�t+1 =
pt+1

pt
� 1:

The economy is stationary: individuals di�er only on the dates at which they
are active, and the rate of growth of population, n; is a constant. An individual,
t; is active at dates t and t+ 1: A generation, t; consists of

nt = (1 + n)t

identical individuals.
The preferences of an individual are described by an intertemporally sepa-

rable utility function
u(xt) + v(yt+1);

where xt is the consumption of an individual at the �rst date that he is active
and yt+1 the consumption at the second. The cardinal utility indices, u and v;
are smooth, strictly monotonically increasing and concave functions that satisfy
the boundary conditions limx!0 u

0(x) =1 and limy!0 v
0(y) =1:

The endowment of an individual is x > 0; at the �rst date that he is active,
while it is y > 0 at the second date that he is active.

Debt held by individuals at their �rst date of activity, b1t ; is only used to
�nance the �rst period money holdings, m1

t ; and bears nominal interest rt � 0:
Debt held by individuals at their second date of activity, b2t+1; �nances the
second period money holdings, m2

t+1, and serves as a store of value between
dates t and t+1. It bears nominal interest rt+1 � 0: The real rate of interest is

�t+1 =
1 + rt+1

1 + �t+1
� 1;

and indexed debts are

�1t =
b1t
pt
; and �2t+1 =

b2t+1

pt+1

respectively.
Money provides liquidity services and serves as a store of value that bears

no interest; balances, m1
t and m

2
t+1; are issued at dates t� 1 and t and provide

liquidity at dates t and t+ 1; respectively. Real balances are

�1t =
m1

t

pt
; and �2t+1 =

m2
t+1

pt+1
:
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The budget constraints of an individual, t; are

m1
t + b1t = 0;

ptxt +m2
t+1 + b2t+1 = ptx+ (1 + rt)b

1
t +m1

t ;

pt+1yt+1 = pt+1y + (1 + rt+1)b
2
t+1 +m2

t+1 + Tt+1;

where Tt+1 is the pro�t of the monetary authority redistributed as a lump sum
transfer to the individual at his second date of activity (the precise expression
will be given below). These constraints reduce to the intertemporal budget
constraint

xt +
yt+1

1 + �t+1
+

rt+1

1 + �t+1
�2t+1 + rt�

1
t = x+

y

1 + �t+1
+

�t+1

1 + �t+1
;

where �t+1 =
Tt+1
pt+1

.

Liquidity constraints are operative in both periods that an individual is
active; they are described by


ptxt � m1
t ; and Æpt+1yt+1 � m2

t+1;

or, equivalently,

xt � �1t ; and Æyt+1 � �2t+1

where 1 � 
; Æ > 0 are the reciprocal of the velocity of circulation of balances.
Unless otherwise mentioned, 
 > 0 and Æ > 0: For 
 = 0 and Æ = 0 the liquidity
constraints vanish. As long as the nominal rate of interest is positive, rt > 0;
the liquidity constraints are binding.

Per-capita aggregate real balances at t are

�t = �

�
�1t +

1

1 + n
�2t

�
;

where

�2t =

�
x+

y

1 + n
�
�1t



�
Æ(1 + n); and � =

1 + n

2 + n
:

Whenever Æ = 
; the path of aggregate real balances is constant through
time: at all dates,

�t = Æ�

�
x+

y

1 + n

�
:

To avoid such a degenerate situation, we assume Æ 6= 
: Though this poses
problems if the parameters 
 and Æ are to be interpreted as the reciprocal of
the velocity of circulation of balances, it is natural that individuals at di�erent
stages of their life cycle face di�erent liquidity constraints.

At dates t�1 and t; a monetary authority issues per-capita balances, m1
t � 0

and m2
t+1 � 0, that provide liquidity at dates t and t+1 respectively. The rate

of growth of per capita balances is

�t+1 =
m1
t+1

m1
t

� 1 =
m2

t+1

m2
t

� 1:
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The monetary authority supplies balances in exchange for debt through open
market operations; part of the debt issued by the old individuals, ~b2t+1, is the
counterpart of second period balances:

m2
t+1 +

~b2t+1 = 0:

The total amount of debt issued by individuals at their �rst date of activity is
the counterpart of �rst period balances: ~b1t = b1t and m1

t + b1t = 0: The pro�t
of the monetary authority out of open market operations at date t that are
concluded at date t+ 1 is seignorage,

rt+1(m
1
t+1(1 + n) +m2

t+1);

which is distributed as dividend to individuals at their second date of activity
at date t+ 1: Hence

Tt+1 = rt+1(m
1
t+1(1 + n) +m2

t+1):

We denote the supplies of real balances per-capita by

�1t =
m1

t

pt
; �2t+1 =

m2
t+1

pt+1
;

and the real per-capita dividends by

rt�
1
t ; rt+1�

2
t+1:

The budget constraint of the �scal authority that manages the debt is

(�2t+1 + �2t+1)(1 + rt+1) =
1 + �t+1

1 + n
(�2t + �2t )(1 + rt):

2.1 Equilibrium

A competitive equilibrium is a path,

((xt; yt; �
1
t ; �

2
t ; �

1
t ; �

2
t ; �

1
t ; �

2
t ; �t; rt) : t = : : : ; 0; 1; : : :);

such that

1. (xt; yt+1; �
1
t ; �

2
t+1; �

1
t ; �

2
t+1) is a solution to the optimization problem of

individual t at real rate of interest �t+1; nominal rate of interest rt+1; and
real dividends rt�

1
t ; and rt+1�

2
t+1;

2. xt +
yt
1+n = x+ y

1+n ; and

3. �1t = �1t ; and �2t = �2t :
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The debt market clears as a residual.

A steady state is a competitive equilibrium that is stationary: at all dates,

xt = x; yt = y:

Competitive equilibria are fully described by paths of nominal rates of in-
terest and per-capita aggregate supplies of real balances. Equilibria are of two
kinds: with debt, or autarkic.

Paths along which debt held by the old individuals exceeds bonds holdings
that �nance the provision of liquidity:

0 < xt <
x

1 + 
rt
; or else 0 < yt � xt
rt(1 + n) < y;

are equilibria with debt.
Paths along which all bonds holdings �nance the provision of liquidity:

xt(1 + 
rt) = x; or else yt � xt
rt(1 + n) = y;

are autarkic.

Lemma 1 A path of nominal rates of interest and per-capita aggregate supplies

of real balances determines a competitive equilibrium path with debt if and only

if
u0(xt)

v0(yt+1)
= (1 + �t+1)

(1 + 
rt)

(1 + Ært+1)
;

where

xt =
�1t



=
�t � Æ�(x+ y

1+n )

�(
 � Æ)
;

yt+1 =
�2t+1

Æ
;

�1t = ��1t ;

�2t+1 =

�2t+1
Æ

(1� Æ � Ært+1)� y � rt+1�
1
t+1(1 + n)

1 + rt+1
;

1 + �t+1 = (1 + n)
x�

�1t+1



(1 + 
rt+1)

x�
�1
t



(1 + 
rt)

= (1 + n)

�2t+1
Æ
� rt+1�

1
t+1(1 + n)� y

�2
t

Æ
� rt�1t (1 + n)� y

;
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equivalently,

u0
�
�t�Æ�(x+

y

1+n
)

�(
�Æ)

�

v0
�
(x+ y

1+n �
�t+1�Æ�(x+

y

1+n
)

�(
�Æ) )(1 + n)

� =

(1 + 
rt)

(1 + Ært+1)
(1 + n)

0
B@x�

�t+1�Æ�(x+
y

1+n
)

�(
�Æ) (1 + 
rt+1)

x�
�t�Æ�(x+

y

1+n
)

�(
�Æ) (1 + 
rt)

1
CA :

Along an equilibrium path with debt, the rate of growth of real balances is

1 + �t+1 =
1 + rt+1

1 + n

x�
�1t


(1 + 
rt)

x�
�1
t+1



(1 + 
rt+1)

�1t+1

�1t
;

and the rate of in
ation is

1 + �t+1 =
1 + rt+1

1 + n

x�
�1t


(1 + 
rt)

x�
�1
t+1



(1 + 
rt+1)

:

2.2 Stationary states

A constant path of nominal rates of interest and supplies of real balances,

(r; �);

determines a steady state with debt if and only if

u0

 
�� Æ�(x+ y

1+n )

�(
 � Æ)

!
=

v0

 
(x+

y

1 + n
�
��Æ�(x +

y
1+n )

�(
 � Æ)
)(1 + n)

!
1 + 
r

1 + Ær
(1 + n):

At a steady state with debt, the real rate of interest coincides with the rate
of growth of population:

� = n;

the rate of in
ation coincides with the rate of growth of per capita balances:

� = �:

Alternatively, a constant path of nominal rates of interest determines an
autarkic steady state with

xt =
x

1 + 
r
; yt+1 = y +

x
r

1 + 
r
(1 + n); �t = �

�
x


1 + Ær

1 + 
r
+

yÆ

1 + n

�
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if and only if

u0
�

x

1 + 
r

�
= v0

�
y +

x
r

1 + 
r
(1 + n)

�
1 + 
r

1 + Ær
(1 + �):

The real rate of interest indexes the one-dimensional continuum of autarkic
steady states.

Proposition 1 There exists a one-dimensional continuum of distinct steady

states with debt indexed by the per-capita aggregate supply of real balances or the

nominal rate of interest, and a one-dimensional continuum of autarkic steady

states indexed by the nominal rate of interest. A steady state with debt is pareto

superior to a steady state with debt with a higher nominal rate of interest; in

particular, the steady state with debt with nominal rate of interest r = 0 is pareto
superior to all other steady states.

Proof At a steady state with debt, for any given aggregate supply of real
balances, �; the corresponding nominal rate of interest is

r =
v0(y + (1 + n)(x� x))(1 + n)� u0(x)

Æu0(x) � 
v0(y + (1 + n)(x� x))(1 + n)
;

where

x =
�� Æ�(x+ y

1+n )

�(
 � Æ)
:

From the boundary behavior and the concavity of the cardinal utility indices
and since Æ 6= 
; it follows that there exists an interval of non-negative rates of
interest, [0; r); in which there is a one-to-one relation between the nominal rate
of interest and the allocation of resources and money balances at the associated
steady state.

Alternatively, for a given nominal rate of interest, r; the corresponding sup-
ply of real balances is given implicitly by

u0(x) = v0(y + (1 + n)(x � x))
1 + 
r

1 + Ær
(1 + n):

At the autarkic steady state, the real rate of interest is given by

(1 + �) =
u0
�

x
1+
r

�
1+Ær
1+
r

v0
�
y + x
r

1+
r (1 + n)
� :

For the optimization problem

max
r

u(x(r)) + v(y(r));

where x(r) and y(r) are the steady state values of consumption with debt, the
derivative of the objective function is

u0(x(r))

�
�0(r)

�(
 � Æ)

�
+ v0(y(r))

�
��0(r)

�(
 � Æ)

�
(1 + n);

9



which reduces to

�0(r)v0(y(r))
(1 + n)

�

r

1 + Ær
:

Since u0(x(r)) = (1 + n)[(1 + 
r)=(1 + Ær)]v0(y(r)); one �nds that

�0(r) =
(1 + n)� (
�Æ)2

(1+
r)2 v
0(y(r))

u00(x(r)) + (1+
r)
(1+Ær) (1 + n)2v00(y(r))

< 0:

Consequently, for any positive rate of interest, the derivative of the objective
function is negative, and the unique solution to the maximization problem is
r = 0: As � = n at any steady state with debt, the corresponding optimal level of
in
ation is �n=(1+ n): Moreover, since the derivative of the objective function
is negative, the lower the nominal rate of interest the higher the welfare at the
steady state.

2

The allocation of resources at autarkic steady states with di�erent nominal
rates of interest are distinct as well.

The nominal interest rate r for which � = n at the associated autarkic steady
state is implicitly given by

u0
�

x

1 + 
r

�
1 + Ær

1 + 
r
= v0

�
y +

x
r

1 + 
r
(1 + n)

�
(1 + n):

It corresponds to a limit point of the set of steady states with debt. Indeed, a
steady state with debt is characterized by aggregate real balances and nominal
rates of interest, (�; r); for which debt is not only the counterpart of money:
�2 6= ��2; while, in an autarkic steady state, debt is exactly the counterpart of
money: �2 = ��2:

Since, at a steady state with debt, the rate of in
ation coincides with the
rate of growth of the supply of balances while the real rate of interest coincides
with the rate of growth of population,

1 + r = (1 + �)(1 + n);

the rate of growth of per capita balances indexes the one-dimensional continuum
of steady states with debt.

3 Monetary policy and dynamics

Monetary policy can be conducted to control the aggregate supply of real bal-
ances, or alternatively, the nominal rate of interest.

The argument considers only equilibria with debt.

10



3.1 Controlling the circulation of real balances

The monetary authority sets the aggregate supply of real balances, � > 0; con-
stant over time, and the nominal rate of interest adjusts to maintain equilibrium.

The path of the nominal interest rate (rt : t = : : : ; 0; 1; : : :) along an equilib-
rium with debt is described by the initial rate, r0; and the �rst order, non-linear
equation

u0
�
��Æ�(x+ y

1+n
)

�(
�Æ)

�

v0
�
(x + y

1+n �
��Æ�(x+ y

1+n
)

�(
�Æ) )(1 + n)

� =

(1 + 
rt)

(1 + Ært+1)
(1 + n)

0
B@x�

��Æ�(x+ y

1+n
)

�(
�Æ) (1 + 
rt+1)

x�
��Æ�(x+ y

1+n
)

�(
�Æ) (1 + 
rt)

1
CA :

A �rst order approximation at a steady state (�; r) yields the path of linear
deviations (~rt) from the steady state nominal rate of interest; it is described by
the equation

~rt+1 = A~rt;

where

A =

�
1 + Ær

1 + 
r

�

x

Æx+ x(
 � Æ)
; and x =

�� Æ�(x+ y
1+n )

�(
 � Æ)
:

For 
 = 0; and with real balances constant over time, the nominal rate of interest
is necessarily constant as well; for 
 6= 0; the dynamics in the nominal interest
rate is not trivial. The coeÆcient A is always positive, since, with debt, x > x:
The system is stable for A < 1; but unstable for A > 1; cyclical behavior cannot
arise.

3.2 Interest rate policy

The monetary authority sets the rate of interest, r > 0; constant over time, and
accommodates the demand for real balances; prices adjust and markets clear.

Equivalently, the monetary authority sets the rate of growth of the per capita
supply of balances, �; constant over time; this is the case, since, along an equi-
librium path with debt, the rate of interest is determined by the rate of growth
of the supply of balances and vice-versa.

The path of the aggregate supply of real balances (�t : t = : : : ; 0; 1; : : :)
along an equilibrium with debt is described by the initial supply, �0; and the
�rst order, non-linear equation

u0
�
�t�Æ�(x+

y

1+n
)

�(
�Æ)

�

v0
�
(x + y

1+n �
�t+1�Æ�(x+

y

1+n
)

�(
�Æ) )(1 + n)

� =
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(1 + 
r)

(1 + Ær)
(1 + n)

0
B@x�

�t+1�Æ�(x+
y

1+n
)

�(
�Æ) (1 + 
r)

x�
�t�Æ�(x+

y

1+n
)

�(
�Æ) (1 + 
r)

1
CA :

A �rst order approximation at a steady state (�; r) yields the path of linear
deviations (~�t) from the steady state aggregate supply of real balances; it is
described by the equation

~�t+1 = A~�t;

where

A =
1 + U

x

x�x(1+
r)
1+
r

1� V
y

(1+n)(x�x(1+
r))
1+
r

;

with

x =
�(r) � Æ�(x+ y

1+n )

�(
 � Æ)
;

y

1 + n
= x+

y

1 + n
� x:

For computational reasons, one restricts attention to the case 
 = 0 and
y = 0, under which

A =
1 + U x�x

x

1� V
; and x = x�

�

Æ�
;

and a parametric speci�cation of the preferences of the individuals.

Proposition 2 If the intertemporal utility function is

u(xt) + v(yt+1) =
1

�
x�t +

�

�
y�t+1; � < 1; 0 < �;

then there exists a value of the nominal rate of interest,

r =
1

Æ

 
�(1 + n)�

�
�
1� �

1 + �

�1��

� 1

!
;

that determines the dynamic behavior of real balances along an equilibrium path

with debt:

1. the associated path of linear deviations from the steady state supply of real

balances is unstable if and only if r < r or � > �1 : the elasticity of the

marginal utility of consumption is less than 2, and

2. in the linear case, there is no equilibrium path of supplies of real balances

with �0 6= �(r) whenever r < r.

Proof A �rst order approximation at a steady state, (r; �); yields the path
of linear deviations (~�t : t = : : : ; 0; 1; : : :) from the steady state supply of real

12



balances; it is described by the initial deviation, ~�0; and the �rst order, linear
equation

~�t+1 = A~�t;

where

A =
1 + (1� �) �

xÆ���

�
;

and the steady state value of real balances is

� = �(r) = Æ

�
�(1+n)�

1+Ær

� 1
1��

x�

1 +
�
�(1+n)�

1+Ær

� 1
1��

:

The sign and magnitude of the coeÆcient A determine the dynamic behavior
of deviations or, equivalently, the local dynamic behavior of the supply of real
balances.

The path of linear deviations from the steady state supply of real balances
is unstable if and only if jAj > 1; by direct computation, this is the case if and
only if � > �1 or r < r:

2

Proposition 2 reports only the linear case as the nonlinear dynamics associ-
ated with this speci�cation is not well de�ned over an unrestricted domain.

The minimal nominal rate of interest that prevents instability of the steady
state increases with the rate of time preference, �; and it decreases with the
velocity of circulation of Æ: In particular, any nominal rate of interest allows for
stability if

�
�
1� �

1 + �

�1��

�(1 + n)� � 1;

while, if the last inequality is reversed, rates of interest suÆciently close to the
�rst best rate lead to instability.

In the case of no growth, n = 0; and for � 2 (�100;�1); rates of interest
suÆciently close to 0 lead to instability as long as � > :13:

Figure 1 below shows the relationship between � and r; the minimal rate of
interest that eliminates instability, for Æ = 0:5; n = 0:02 and � = 0:98:

With a policy of low nominal rates, any supply of real balances other than
the one corresponding to the steady state may eventually lead to a failure of
feasibility.

13



-100 -80 -60 -40 -20

10

20

30

40

50
r

�

Figure 1

For any value of the nominal rate of interest below the curve
or for � > �1; the steady state is unstable.

More generally, the elasticity of the marginal utility of consumption di�ers
in the two dates of activity of the individual and the elasticity of intertemporal
substitution is not constant.

The intertemporal utility function is

u(xt) + v(yt+1) =
1

�
x�t +

�

�
y�t+1; � < 1; � < 1; 0 < �:

It is necessary to assign values to the parameters. Let � = �1 and � = �3:
If the intertemporal utility function is

u(xt) + v(yt+1) = �x�1t �
�

3
y�3t+1; � > 0;

then the steady state value of real balances is

�(r) =
Æ�

1 + n

�
x

�
�(1 + n)

1 + Ær

� 1
2

+
�

4(1 + Ær)(1 + n)

� 1
2

�

1

2

�
�

(1 + Ær)(1 + n)

� 1
2

:

The associated path of linear deviations from the steady state supply of real
balances is unstable if and only if r < r; where

r =
1

Æ

�
�

(1 + n)3
4

x2
� 1

�
:

If x > 2(�=(1 + n)3)
1
2 ; no choice of the nominal rate of interest leads to

instability.
Low endowments x are compatible with asymptotic stability in the devia-

tions of the supply of real balances for high values of the nominal rate of interest
only.
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Alternatively, preferences display constant elasticity of the marginal utility
of consumption at the �rst day an individual is active but constant partial
elasticity of the marginal utility of consumption at the second date.

Proposition 3 If the intertemporal utility function is

u(xt) + v(yt+1) = �
1

�
exp(��xt) +

�

�
y�t+1; 0 < �; � < 1; 0 < �;

then there exists a value of the nominal rate of interest,

r =
1

Æ

 
�(1 + n)�

�
�
1 + �

�

���1
exp(�x+ 1 + �)� 1

!
;

that determines the dynamic behavior of real balances along an equilibrium path

with debt:

1. the associated path of linear deviations from the steady state supply of real

balances is unstable if and only if � > �1 or r < r; and

2. according to simulations for � � �1; in the dynamical system in the supply

of real balances, if r < r the steady state is unstable: if �0 6= �(r); then
the equilibrium path with debt of the supply of real balances converges to a

cycle of period two.

Proof By direct computation, the dynamical system (�t : t = : : : ; 0; 1; : : :) is
described by the equation

�t+1 =  (�t; r);

where

 (�t; r) =

 
�(1 + n)

1 + Ær

�
Æ�

1 + n

�1�� exp
�
�
�
x� �t

Æ�

��
�t

!
�
1
�

:

Similarly, the steady state value of real balances is implicitly given by the
equation

�

Æ�
�(r)� �x = ln

 
�(1 + n)

1 + Ær

�
Æ�

1 + n

�1��

�(r)��1

!
:

As the steady state value of � cannot be computed explicitly, it is convenient
to translate  by the steady state value of � for which a bifurcation occurs, as
this value of � is independent of r:

The path of linear deviations from the steady state supply of real balances
is unstable if and only if

j 0(�(r))j > 1;
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by direct computation, this is the case if and only if � > �1 or r < r:

2 4 6 8 10 12 14

-0.1

0.1

0.2

0.3

0.4

�1

r

Figure 2

The bifurcation diagram of  :
�1 are the stable �xed points.

Figure 2 shows the bifurcation diagram of  ; for n = 0:02; � = 0:98; � =
�� = 10 and Æ = 0:5; after 2000 iterations.

For values of the nominal rate of interest below the bifurcation point r; there
is a stable cycle of period two.

2

To show the uniqueness of a stable cycle, one mainly needs to show that the
Schwarzian derivative associated to the underlying dynamical system is negative.
We have not performed such computations here for the map  but the result is
observed through simulations.

Values of the nominal rate of interest that do not allow for instability and,
possibly cycles, are moderate as long as � = �� and � is high. Variations in x
do matter.

Figure 3 below shows the relationship between � and the r; the minimal rate
of interest that eliminates instability, for � = ��; Æ = 0:5; x = 1; n = 0:02; and
� = 0:98:

The speed of convergence to the steady state of the non-linear path increases
with the nominal rate of interest.

With a policy of low nominal rates, any supply of real balances other than
the one corresponding to the steady state may lead to endogenous equilibrium

uctuations.
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Below the curve or for values of � > �1; the steady state is unstable.

4 Remarks

Aspects of the speci�cation of the model play an important role, which should
be brought forward.

The liquidity constraint With the consumption of individuals di�erent
from their net trades at the date that the transactions constraint is operative,
it is possible to impose the cash-in-advance requirement on transactions:

Æpt+1maxf0; (yt+1 � y)g � m2
t+1;

or on consumption:
Æpt+1yt+1 � m2

t+1:

The constraint on transactions is more convincing; it introduces computational
complications which may not be without interest. The constraint on consump-
tion can be rationalized by arguing that the endowment of individuals is labor
which is employed to produce the consumption good with a linear technology.

Transfers The nominal rate of interest acts as a consumption tax, while
the distribution of seignorage to individuals acts as a lump sum transfer that
alleviates the burden of the tax.

We now present an economy with debt and �scal policy that taxes the pur-
chase of commodities but distributes tax revenue as lump sum transfers to
individuals.

Debt, dt+1; serves as a store of value and bears nominal interest, rt+1: The
real rate of interest is �t+1 and indexed debt is �t+1:
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No liquidity constraints are operative and balances that provide liquidity are
absent.

At dates t and t + 1, a �scal authority imposes tax rates, z1t and z2t+1; on
the purchases of the consumption good. It distributes the revenue as lump sum
per capita transfers, w1

t and w2
t+1; to individuals in the corresponding date of

activity; the real per-capita transfers are �1t and �2t+1:
The budget constraints of an individual, t; are

(1 + z1t )ptxt +
1

1+rt+1
dt+1 = ptx+ w1

t ;

(1 + z2t+1)pt+1yt+1 = pt+1y + dt+1 + w2
t+1;

which reduce to the intertemporal budget constraint

(1 + z1t )xt +
1 + z2t+1

1 + �t+1
yt+1 = x+ �1t +

y + �2t+1

1 + �t+1
:

The budget constraints of the �scal authority are

z1t xt = �1t ; z2t+1yt+1 = �2t+1:

A competitive equilibrium is a path

((xt; yt; �t; �
1
t �

2
t ; �t; rt; z

1
t ; z

2
t ) : t = : : : ; 0; 1; : : :);

such that

1. (xt; yt+1; �t+1) is a solution to the optimization problem of individual t at
real rate of interest �t+1; nominal rate of interest rt+1; consumption taxes
z1t and z2t+1 and transfers �1t and �2t+1;

2. xt +
1

1+nyt = x; and

3. �1t = z1t xt and �
2
t+1 = z2t+1yt+1:

A path of tax rates and indexed per capita debt,

((z1t ; z
2
t ; �t) : t = : : : ; 0; 1; : : :);

such that
�t < (1 + n)x;

determines a non-autarkic competitive equilibrium path if and only if

u0(x�
1

1 + n
�t) = v0(y + �t+1)(1 + �t+1)

�
1 + z1t
1 + z2t+1

�
;

where

1 + �t+1 =
�t+1

�t
(1 + n):
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We observe that the equilibrium paths for the monetary economy with oper-
ative liquidity constraints and for the economy with active �scal policy coincide
whenever

z1t = 
rt; z2t+1 = Ært+1:

The monetary authority In the spirit of Wilson [66], one could imagine
that at the beginning of time, a bank, whose value represents the discounted
stream of liquidity services, is owned by an individual with continuous prefer-
ences over streams of consumption and a �nite or in�nite horizon of economic
activity.

Shares to the bank constitute stores of value and absence of arbitrage be-
tween shares and debt is a necessary condition for equilibrium.

The inherent asymmetry of the construction may well prevent the existence
of steady states. The question of interest is whether the optimization of the ini-
tial shareholders of the bank suÆces to guarantee the optimality of competitive
allocations.

5 Extensions

The argument extends to economies with capital. In Rochon [58], the simplest
extension of the Diamond [23] model with bonds, money and a liquidity con-
straint is studied: capital and debt (bonds) are substitute assets that dominate
money which provides liquidity services; this builds on a distinction insisted
upon in Tobin [61]. There are two one-dimensional families of steady states
indexed by the nominal rate of interest or by the growth rate of the money
supply; in one family the real rate of interest is equal to the rate of growth of
population, while in the other debt is the counterpart of money. Policy param-
eters, such as the nominal rate of interest or the rate of growth of the money
supply, characterize the steady states and the dynamics.

The literature on the e�ectiveness of monetary policy has focused, following
Lucas [42], on the information revealed by prices: in a monetary economy with
asymmetrically informed individuals, generic full revelation as in Radner [57]
fails, and, monetary policy, which a�ects the information content of prices, is
e�ective | Polemarchakis and Seccia [52], Polemarchakis and Siconol� [53],
Weiss [65].

Asymmetric information and the incentive compatibility constraints required
to overcome the adverse selection and moral hazard that ensue account both for
the viability of money and the e�ectiveness of monetary policy | Dutta and
Kapur [29].

The model of general competitive equilibrium encompasses economies under
uncertainty either with a complete market in elementary securities, as in Arrow
[3], or a complete market in contingent commodities, as in Debreu [20], or with
an incomplete asset market, as in Radner [56]. When the asset market is incom-
plete, the role of money as a unit of account renders monetary policy e�ective
through its impact on the attainable reallocations of revenue across date-events;
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conditions necessary for the neutrality of money, recognized by Chamley and
Polemarchakis [17] along the lines of Modigliani and Miller [48], fail, which con-
�rms the argument in Tobin [63]. The argument has been developed extensively
in the literature on economies with an incomplete asset market | Balasko and
Cass [7], Cass [16], Geanakoplos and Mas-Colell [31], and Polemarchakis [51],
with inside money, Magill and Quinzii [45], with outside money or Polemar-
chakis and Siconol� [54], with operative transactions constraints that re
ect,
possibly, information asymmetries; in particular, Detêmple, Gottardi and Pole-
marchakis [22] developed the argument for economies of overlapping generations
under uncertainty, but without the distinction between debt and money.

Following the study of self-ful�lling prophecies of Azariadis [5], Azariadis
and Guesnerie [6] observed that two-cycles are limiting sunspot equilibria. In
particular, stationary sunspot equilibria exist in the neighborhood of a periodic
orbit. It would be worth studying the possible existence of sunspots when money
provides liquidity services.

Wealth e�ects and price rigidities or structural constraints on price adjust-
ments, as in Benassy [10] and Dr�eze [24] also make for e�ective monetary
policy. If, at the onset, individuals have nominal positions, debts or credits
denominated in money, variations in the purchasing power of units of account
redistribute purchasing power across individuals and, if the latter are hetero-
geneous, have real e�ects. Similarly, if prices are not free to absorb monetary
shocks, standard arguments for the neutrality of monetary policy fail, as argued
in Dr�eze [25].

The foundations of Keynesian analysis, as for example in Malinvaud and
Youn�es [46], with price rigidities and rationing, or in Geanakoplos and Pole-
marchakis [32], with indeterminate equilibrium paths in economies of overlap-
ping generations, are enriched by the introduction of a bona �de medium of
exchange.

A proper study of in
ation would require an explicit consideration of be-
havior out of equilibrium. The indeterminacy of equilibrium leaves room for a
process of price adjustment, in particular with price setting �rms, that would
absorb some of the degrees of freedom traditionally assigned to the monetary
authority.

The considerations above are absent from the argument here, but well within
the scope of extensions.
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