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Abstract: This paper analyzes intertemporal effort provision in two-
stage tournaments. A principal with a fixed budget for prizes faces two
risk-neutral agents. He observes noisy signals of effort in both periods.
His goal is to maximize either total efforts (perfect substitutes) or the
product of first- and second-period efforts (imperfect substitutes). He
decides (i) how to weigh performance in the two periods when award-
ing the second period prize, (ii) how to spread prize money across the
two periods, and (iii) whether to reveal performance after the first pe-
riod. Under very general conditions, the principal puts positive weight
on both periods in period two. Furthermore, he sets no first-period
prize provided the observations in period one are too noisy. The infor-
mation revelation policy depends on the third derivative of the effort
cost function.
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1 Introduction

This paper analyzes incentives for intertemporal effort provision in organiza-
tions. It is common practice to use tournament-like incentive systems in such
contexts rather than providing agents with contracts that are based explicitly
on their own performance. A well-known argument for why tournaments are
often used is that they are less prone to manipulation by the principal than
standard contractual incentives: When performance is not verifiable, a prin-
cipal may claim that performance was low to save on performance pay. With
relative performance measures such as tournaments, this incentive is reduced,
because the total payments to the agents are independent of performance.

We contribute to a substantial literature that has analyzed the effects
of different designs of such contests on effort provision. We allow for two
possible objectives of the principal. First, in line with the existing literature,
we consider the case that a principal regards efforts in different periods and
by different agents as perfect substitutes and is therefore interested in the
maximization of total effort. Second, contrary to most of the existing litera-
ture, we also consider the case that the principal regards efforts in different
periods as imperfect substitutes, so that he wants them to be sufficiently
balanced across periods.? This is plausible when per-period profits are a
concave function of efforts in the same period. We use a particularly simple
way to capture such a situation: We assume that the principal maximizes
the product of the period efforts. This can be rationalized if period profits
are logarithmic functions of efforts.

Specifically, we consider a two-period setting with two risk-neutral agents
with identical and known abilities. In each period, the principal can conduct
a tournament with a fixed prize; we allow for the degenerate case that one
of the prizes is zero. The principal chooses a three-dimensional incentive
system. First, he decides how to spread a given total prize budget over
the two periods. Second, he chooses to which extent first-period performance
plays a role in the evaluation of agents in the second period. In particular, he
decides whether to give more weight to first- or second-period performance.

Third, the principal may or may not reveal information about perfomance in

2 Aoyagi (2010) also allows for more general objective functions.



the first period to the agents. After observing the policy, the agents choose
effort levels in each period. The principal observes the performance of each
agent, which is an imperfect measure of his effort. In period 1, he awards
the prize (if any) to the agent with the higher performance. In the revelation
regime, he communicates the performance in the first period to the agents.
In the no revelation regime, he neither communicates performance, nor who
the winner was. In period 2, the agents choose efforts again. The principal
then observes the second-period performance levels. He allocates the prize
to the agent for whom a weighted sum of first-period and second-period
performance is highest. We allow for negative and positive weights. To
sum up, the principal commits to an incentive system consisting of the prize
distribution, the information revelation regime and the weight of first-period
performance in the second-period tournament. Given this incentive system,
the agents choose their effort strategies.

We first characterize the equilibrium behavior of the agents for a given
incentive system, then we discuss the optimal choices of the principal.

In the revelation regime, every first-period performance vector results in a
second-period strategic situation that is equivalent to an ordinary asymmetric
all-pay auction with noise. The asymmetry comes from potential differences
in measured first-period performance. The larger the asymmetries resulting
from the first period, the lower the sequentially rational second-period efforts.
Moreover, both agents choose the same effort levels in the second period.
First-period efforts are identical as well. Second-period asymmetry therefore
results exclusively from error realizations. Potentially, first-period efforts
have two effects on expected second-period payoffs. First, there is a direct
effect: If, for instance, there is a positive weight of first-period performance on
the probability of winning the second-period prize, then for any given second-
period effort vector an increase in first-period effort increases the expected
second-period payoff. Second, there is an indirect (strategic) effect: Any
effort increase in period 1 affects the second-period behavior of the opponent
and thus own payoffs. In the symmetric weakly perfect Bayesian equilibrium,
the indirect effect vanishes. As a result, the characterization of first-period
efforts becomes simple, resulting from equating marginal effort costs with

the marginal benefits that consist only of the increased chances of winning



the first-period prize and the direct effect on the chances of winning the
second-period prize.

In the no-revelation regime, the two players have to commit to both effort
levels. As a result, second-period efforts are chosen based on the expected
first-period performance rather than the actual performance. Strategic effects
of own first-period choices on the second period choices of others are therefore
absent. As in the revelation regime, the marginal benefit of higher first-
period efforts therefore consists only of the direct effects. It thus turns out
that first-period efforts are the same as in the revelation regime.

The preceding discussion has several implications for the optimal choice of
the incentive system. First, for any given choice of the remaining instruments,
the information revelation regime only affects the expected second-period
effort, but not the first-period effort. The sign of the difference between the
expected effort levels depends on third derivatives of the effort cost function.
With quadratic effort costs, there is no difference between the two cases.
When the third derivative of the effort cost function is positive, then expected
efforts are lower with revelation than without; conversely for negative third
derivative. For both types of objectives, this implies that the principal favors
the no revelation policy for a positive third derivative, while he favors the
full revelation policy for a negative third derivative. These results generalize
previous results of Aoyagi (2010) who considers only the case that there is
no first-period prize and the principal gives equal weight to efforts in both
periods in the second period prize. By considering the optimal choices of
relative prize sizes and the weights of the two periods in the second period
prize, we next show under which circumstances Aoyagi’s (2010) simplification
is justified in the sense that it arises endogenously.

We show that, for both types of objectives and general cost functions
as well as observation error distributions, the optimal weight of first-period
performance in the second-period tournament is strictly positive. This re-
sult holds for both revelation regimes. The analysis is particularly simple for
quadratic cost functions and normally distributed observation errors. The
optimal choice of the first-period weight for perfect substitutes is then com-
pletely determined by the relative precision of the first-period and second-

period observations: It is the ratio of the variances of the second-period obser-



vation error differences and first-period-period observation error differences.
An interesting implication of this result is that it holds independently of the
distribution of first- and second-period prizes. For imperfect substitutes, the
optimal weight is the ratio of the standard deviations of second-period obser-
vation error differences and first-period-period observation error differences,
given that the principal assigns no first-period prize. Moreover, because of
the previous result that expected efforts are independent of the revelation
regime in this simple case, the same weights should be applied in both reve-
lation regimes.

Finally, we consider the optimal prize distribution. For both revelation
regimes and for perfect and imperfect substitutes, the optimal first-period
prize will be zero if the distribution of the first-period observation error dif-
ference is not too concentrated near zero, that is, sufficiently noisy. For
quadratic cost functions and normally distributed observation errors, the
optimal first-period prize is zero for perfect substitutes, given that the first-
period weight is chosen optimally, while it is always strictly positive for im-
perfect substitutes.

The paper is organized as follows. In Section 2, we introduce the model.
In Section 3, we analyze the behavior of agents for given policies. Section 4
characterizes optimal policy. Section 5 introduces a simple example. In Sec-
tion 6, we discuss our contribution in the light of existing literature. Section

7 concludes.

2 The Model

We consider a class of two-stage tournaments. Given a fixed budget W for
effort provision, a principal chooses an incentive system I, which is a tuple
(n, Wi, p) € (—00,00) x [0, W] x {0,1} to be explained below. For given Z,
agents 7 € {1,2} choose effort levels e; > 0 (t € {1,2}).*> The properties of
the effort cost function Kj; (e;;) are summarized as follows:

Assumption 1: The effort cost function K; is symmetric and time-

3In the following, the use of i and/or j as an index always implies i,j € {1,2} and

i # .



invariant, satisfies K;; (0) =0 and K}, (0) = 0, and is increasing and strictly
convex. K[ (e;r) >0 or Kl (e;) <0 must hold globally.

By Assumption 1, we can write K = K;;. The agents are risk-neutral
and their utility is additively separable in (expected) period-specific income
and costs. At the end of each period ¢, the principal observes performance,
which is an imperfect measure s;; = e;; +;; of effort, where the error term e;;
is independently distributed across agents and periods. In each period, the
error distribution is identical for both agents. However, we allow for different
error distributions in both periods.

Based on the first-period performance, the principal awards the first-
period prize W; to agent 4 if and only if s;; > s;1.* The second-period prize

Wy =W — W is awarded to agent ¢ if and only if
Sig + M8i1 > Sj2 + NSj1.

7 is the first-period weight chosen by the principal and can be interpreted as
the influence of the past on the chance of winning in the second period.

In the revelation regime (p = 1), the principal communicates his per-
formance assessment of both players to the agents before they choose their
second-period efforts. In the no-revelation regime (p = 0), the principal does
not communicate the performance assessment; he does not even communicate
who won the first-period prize.

The following notation is helpful to describe the solution of the game.

Definition 1 The error difference of player i in period t (t = 1,2) is
Aey = ey —¢€ji, his relative first-period performance is As;; = s;1—sj1 =

Aej + Agyy, where Aey = e — €5y

Clearly, Ae;y = —Aeji, Acyy = —Acjy, Asy = —Asj.

We make the following assumption on the error distributions:

Assumption 2 Agy; is distributed as F; (s) with a symmetric and con-
tinuously differentiable density f; (s), for which f; (s) > 0Vs € R and that is

4In case of a tie, the principal assigns the prize to each agents with probability one
half.



single-peaked at s = 0.

The assumption implies that f; (s) = fi (—s), f/ (s) = —f; (—s) and that
E (Aegit) = 0.

We assume that the efforts of different agents within periods are perfect
substitutes for the principal. However, we allow first- and second period ef-
forts to be either perfect or imperfect substitutes. For perfect substitutes,
the principal chooses the incentive system so as to maximize expected to-
tal efforts. For imperfect substitutes, he maximizes the expected product
of first and second-period efforts. To motivate these two different objective
functions, one should think of the principal as maximizing total profits. If
per-period profits are linear functions of total efforts in the same period,
the perfect substitutes assumption is appropriate; the imperfect substitutes
case corresponds to a logarithmic relation between efforts and profits in each

period, which is a simple example of a concave relation.’

3 Behavior of the agents

We first analyze the equilibrium behavior of agents for given policy regime.
A simple auxilliary results will often be used. The proof is straightforward

and will be omitted.

Lemma 1 (Z) P(Sil > Sjl) =F (61'1 — ejl)
(ZZ) P (Sig + ns;1 > Sj2 + T]Sjl) = Fg (nASil + €9 — €j2)

In this section, we do not yet make the principal’s budget constraint

Wy =W — W explicit and simply write W5 for the second-period prize.

3.1 Full revelation

We first analyze the behavior of the agents in the revelation regime in period

2, then in period 1. In period 2, a player’s information set consists of all

°Tt is straightforward to show that it is sufficient to make this assumption for one player,
as this immediately implies the statement for the other player.

6Maximizing In(ej; +e21) + In(e;z+egn) is equivalent to maximizing
(e11 + e21) (e12 + e22).



combinations of period 1 efforts and error differences that are consistent with
the own first-period effort e;; and the observed relative performance As;;.
We use the solution concept of Weak Perfect Bayesian Equilibrium (WPBE)
to deal with this imperfect information. The task is simplified by the fact
that period 1 enters player i’s payoffs only via As;; and e;;, so that the
unobservable aspects of previous play are irrelevant for the players’ choices.
A strategy o; consists of a first-period choice e;; and a function F;; mapping
information sets (As;1, €;1) to actions e;. Given a strategy o; = (ej1, Ej2), a
player who played e;;, observes As;; and assumes that player j plays o, will
assign probability one to the event that Ae;; = As;; — Ae;r. In the following,
we will always assume that beliefs are formed in this way, without specifying

them explicitly.

3.1.1 Second-period efforts

Using Lemma 1(ii), the expected second-period payoff of agent i, conditional

on As;; and Ae;o, is”
Uiz (612, €52, Asiim, W2) = I (UASM + Aeiz) Wy — K (612) . (1)

Thus, the first period influences the second-period payoff via the first-period

relative performance As;;. The corresponding first-order condition is
fo(nAsi1 + Aep)Wy = K' (e40) . (2)
The following inequality will function as a global second-order condition:
Jo (nAsi + Aein) Wo < K" (€;5) VAs; € R, €j9,€j2 € RT, (3)
By Assumptions 1 and 2, (3) always holds if nAs;; + Ae;n > 0, that is, agent

1 is ahead of agent j in terms of the sum of period 1 performance and period

2 effort differential. (3) requires K to be sufficiently convex.®

"Since the case of a tie has zero measure, we ignore it in the formulation of the payoff
function.

8If f} is bounded above, as for standard distributions, (3) holds globally if K" has a
sufficiently high lower bound.



Though the game does not have any proper subgames because information
sets in period 2 are not singletons, payoffs in period 2 are independent of
the concrete node within an information set. We use this in the following

definition.

Definition 2 The second-period effort game induced by As;, is the game
with players i = 1,2 strategy spaces X; = RT and payoffs given by (1) for
(€i2>€j2) € Xz X Xj.

We obtain the following result:

Proposition 1 Suppose (3) holds. For any As;1, the second-period effort
game induced by As;; has a unique NE (e35(As;1;n, Wa, 1), €55 (Asi;n, Wa, 1)).

This equilibrium is symmetric, with
€n (Asi;n, Wa, 1) = (K,)il [f2 (nAsir) Wa] >0 (4)

Proposition 1 has some simple but important comparative statics impli-

cations.

Corollary 1 Suppose p =1, n # 0 and Wy > 0. Then e}, is decreasing in

|Asi| and n, and increasing in Ws.

The result on |As;;| implies that, if a laggard (an agent with As;; < 0)
increases own effort or his competitor decreases efforts marginal in period 1,
the competitor increases his effort in period 2, whereas the converse statement
holds for a leader (an agent with As;; > 0). The other two results identify
the straightforward effects of policy changes. In particular, increasing the

first-period weight 1 comes at the cost of reducing second-period efforts.

3.1.2 First-period efforts

The expected second-period utility, conditional on first-period performance
and second-period efforts, is given by (1). The expected payoff, conditional
on first-period effort choices can thus be written as

Uz*2 (eilu €515 1, WQ) = EAEil Ui2(e;<2 (Asil; 7, WZ) ) 6;2 (_As’il; 7, WQ) )
Asirsn, Wa).

9



With the characterization (4) of efforts in period 2, it is possible to char-
acterize the expected marginal effect of first-period payoff on second-period
payoff, which consists of two components. First, suppose n > 0. ? For
any given second-period effort vector, the expected second-period payoff is
increasing in first-period effort. This is the direct effect of first-period effort.
Second, there is an indirect (strategic) effect: Any effort increase in period
1 affects the second-period behavior of the opponent and thus own payoffs.
For any choice of efforts and any realization of first-period error differences
where As;; > 0, a higher As;; would have led to lower ej,. Hence, if player
7 had anticipated As;; correctly, he would have had a strategic incentive to
increase e;;. Conversely, for As;; < 0 there would have been a strategic in-
centive to reduce e;;. However, even if player ¢ has certain beliefs that player
J chooses e;1, he only knows the distribution of As;;. In particular, he knows
that As;; > 0 is more likely if Ae;; > 0. As a result, if player ¢ has chosen
ei1 > e;1, a marginal increase in first-period effort makes the second-period
contest less competitive on expectation and thereby induces less effort of the
opponent (Corollary 1). Conversely, starting from a situation where player i
has chosen e;; < e;1, marginally higher effort reduces the expected asymme-
try, which tends to increase second-period effort of the opponent. The effects
just described cancel out when first-period efforts are identical, so that the
strategic effect is zero. Using (1), the expected marginal effect of first-period

effort on second-period payoff simplifies to

= 2nWs f2(ns) f1(s)ds (5)

Using Lemma 1(i), agent i’s optimization problem in period 1 is

max F1 (62'1 — €j1) W1 + U:Q (61‘1, €151, WQ) — K (62‘1) .

€120
The corresponding first-order conditions is

*
0 72
861‘1

f1 (Aeﬂ) W1 + = K, (61‘1) . (6)

9For n < 0, the argument is reversed.

10



The second-order condition is

K” (e“) >f{ (A(Eﬂ) W1 (7)
W / fo (15) [ (5 + Aew) — f1 (s — Aexy)] ds

i W2/ f2(ns) f5 (ns) [fi <S+A€zl)+f1( — Aej)]

ds
K" (K™ (f2(ns) Wa))

\V/Gil, ej1 € R

The left-hand side of (7) is increasing in K”, while the right-hand side is
decreasing in K. For given policy parameters and distributions, it therefore
holds as long as K is sufficently convex.!’

The following condition is needed to exclude corner solutions in period 1:

£1(0) Wi + 20V, / " Fa () i (s) ds > 0. (8)

(8) is only binding for negative 7. For these, it essentially guarantees that the
punishment by weighting first-period performance negatively in the second
period is not prohibitively high. We will actually show in the later analysis
that the principal will never choose negative values for 7.

We are now ready to characterize the WPBE:

Proposition 2 Suppose (3), (7) and (8) hold. For p =1 (full revelation),
the game has a unique symmetric WPBE. Second-period efforts are given as

in Proposition 1. First-period efforts satisfy
0 Wi Wa, 1) = (K7 |fu O Wat 20iWa [ fa(ns) i (9)ds| >0 (9)
0

Plugging the equilibrium efforts (9) in period 1 into the equilibrium efforts
(4) of the effort game and taking the expectation over Ae;;, we obtain:

10 A5 for the second-period effort games, the first-order condition can be guaranteed to
hold if if K" has a sufficiently high lower bound, whenever the slopes of f; and fy are
bounded.

11



Corollary 2 The expected efforts in period 2 under the full revelation regime

satisfy
B (¢} (1, Wa, 1)) = 2 / () [fa (15) Wa) fr (s) ds (10)

3.2 No revelation

In the no-revelation regime, the maximization problem boils down to a simul-
taneous choice of first- and second-period efforts. The optimization problem

of agent i is thus

max F1 (Aeﬂ) W1 + (11)

€i1>0,e;2>0

W /_OO Fy(n(Aej + s) + Aep) fi(s)ds — K (en) — K (e52) .

[e.e]

In this term, the integral is the probability of winning in the second period,
conditional on first-period effort choice and second-period effort choice.!!

This leads to a simple characterization of the Nash equilibrium (NE).

Proposition 3 Suppose that (8) and the SOC (34), (35), and (36) hold. For
p =0 (no revelation), the game has a unique symmetric NE. The equilibrium

efforts satisfy

¢ W Wa0) = (K| 12 (0) Wi + 20, [ R a0 ds} (12)

¢ Wa0) = (K |2, / " fans)  (9) ds} -0 (13)

Both effort levels reflect standard cost-benefit calculations. Here, the
marginal benefit of first-period efforts contains the increased winning prob-
ability in period 2. In the appendix, we show that in equilibrium (34), (35),

and (36) are automatically implied by the convexity of the cost function.

"UThis follows from Lemma 1(ii).

12



3.3 Comparing full and no revelation efforts

First-period efforts are equal under both revelation regimes, reflecting the
fact that the positive marginal effect of first-period effort on expected second
period payoffs is identical. Intuitively, a marginal increase of e;; has beneficial
second-period effects if it suffices to tip the balance in period 2 in favor
of player i. The probability that this happens is independent on whether
information on As;; is revealed to players before they choose second-period
efforts, which is captured by 2 [° f2 (7s) f1 (s) in both cases.'” From now
on, we simply write ej (1, Wy, W3) for first-period equilibrium efforts. Using

Jensen’s inequality, we can compare the (expected) second-period efforts.

Proposition 4 (i) Vn, YWy > 0, e} (n, W2,0) > E (€5 (n, Wa, 1)) if K" > 0.
(“) VnaVWQ > 07 6; (777 W270) <FE (63 (777 W27 1)) Zf K" <0.

This result implies that second-period efforts are equal in expected value
for quadratic costs under both revelation regimes. Intuitively, the role of K"
is an immediate consequence of the fact that second-period efforts are the
inverse of the expectation of marginal costs for p = 0 and the expectation
of the inverse of marginal costs for p = 1. Thus, concavity (convexity) of
the inverse marginal costs is decisive for which regime yields higher efforts

on expectation.

4 Optimal policy

We now characterize the optimal policy of the principal. To this end, we fix
the total budget as W, so that Wy, = W — W, must hold. Since the effort
profile is always symmetric, we can write the principal’s objective in terms of
the efforts of only one agent. Taking into account that first-period efforts are

non-stochastic, the principal’s objective functions for perfect and imperfect

12In this argument, it is important to start from the respecive equilibria, with equal
efforts in both periods.

13



substitutes, respectively, are:

VP (n;Whp) = eT (777W17W_W1)+E(€; (7]7W_W17p)) (14)
VI (nanyp) 61( (n7W17W_W1)'E(e; (/’77W_W17p)) (15)

4.1 Choosing the revelation regime

Since first-period efforts are non-stochastic and equal under both revela-
tion regimes, the choice of the revelation policy hinges on whether it in-
duces higher (expected) second-period efforts, no matter whether efforts
are perfect or imperfect substitutes. Proposition 4 applies to all values of
n and Wi and, in particular, to those that maximize e} (n, W — Wy,0) or
E (e5(n,W —Wi,1)). Thus, even if the principal has chosen the optimal
parameters for a given revelation policy, switching to the other revelation
policy is beneficial if the corresponding condition on K" holds. Hence, we

have proven:

Corollary 3 The optimal revelation policy is the same for perfect and imper-
fect substitutes. Maximizing expected payoff implies setting p = 0 if K" >0
and p =1 if K" < 0. For K" =0, expected payoffs are independent of the

revelation regime.

4.2 Optimal policy choice for given revelation regime

For information revelation regimes p = 0 and p = 1 with perfect substitutes,
we denote the optimal choice of 1 conditional on W; as n (W1, p) and the
optimal choice of W, conditional on  as W (n, p). For imperfect substitutes,
we write nf (W1, p) and W (n, p).

4.2.1 Full revelation

We obtain the following results on the performance weight 7.

14



Proposition 5 (i) n”(Wy,1) > 0 and n! (Wy,1) > 0 for all W, < W.
(ii) Suppose K" =0 and W1 = 0. Then n*(Wy,1) > 1 if and only if

/Ooofg(s)fl(s)ds>2

/0 sty (s) () ds (16)

Result (i), states that, no matter how high the share of period 1 of the
overall prize sum is, there should still be a positive weight of past perfor-
mance in the second-period contest. This result holds because, for n = 0, the
marginal effect of n on first-period effort is bounded away from zero, while
its marginal effect on second-period effort is zero. To understand the second-
period effect of 7, it is important to note why increasing 7 has an adverse
effect on second-period efforts for n > 0. As n increases, any first-period
outcome is effectively translated into a more asymmetric second-period con-
test, with weaker competition; the size of the effect is driven by the slope of
the density at nAs;; = nAe;;. As this slope tends to zero with 7, so does
the adverse effect of higher weight of the past. Result (ii) addresses the spe-
cific setting where there is only a second-period prize and asks which period
should get higher weight in the contest. The trade-off is clear: A lower period
one weight intensifies second-period competition, but reduces first-period in-
centives. (16) describes how this trade-off should be resolved. As before,
the left-hand side captures increases in first-period incentives from a higher
weight 7, which are particularly high when close outcomes are likely. The
right-hand side captures the reduction in second-period incentives arising
from making the second-period contest less competitive.

Next, we ask under which circumstances there should only be one prize.
The result will rely on the assumption that K" < 0. This is not a seri-
ous restriction: Proposition 4 states that K" < 0 is the case in which full

revelation is optimal.

Proposition 6 Suppose K" < 0.
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(i) WE(n,1) =0 (WL (n,1) =W) for alln > 0 if

R0 <) (&7 (2 [T Re9n@ds) an

+2 /0 b (K'Y (fa (ns) W) f1(s) ds} .
(ii) WiE(n,1) = 0 for all n > 0 if
ﬁ«D<%AmhMQfM$%. (18)

Otherwise Wl(n,1) € (0,W).

For perfect substitutes (i), it is never optimal to have two prizes. To
understand the intuition for when the money is allocated to period 1 or 2,
respectively, note that W f; (0) is the marginal benefit for the agent from
exerting first-period effort when there is no second-period prize; hence, f; (0)
is the increase in this marginal benefit that is induced by a marginal increase
in the first-period prize. Thus, when the left-hand side of (17) is small and
hence a close first-period outcome is unlikely in the symmetric equilibrium,
higher first-period prizes do not improve first-period effort incentives much.
The right-hand side of (17) captures increases in incentives from higher W.
Intuitively, a small increase in second-period effort is valuable for the agent
when there is a high probability that the overall performance of the agents
after two periods is similar, that is, when it is likely that one player has a
lead of approximately s from period 1 and the other player has a lead of 7s
in period 2. The right-hand side of (17) tends to be large when such close

outcomes are likely.!?

13More precisely, suppose W = W,. Moreover, for simplicity, consider the benchmark
case that K" = 0, so that the right-hand side of (17) simplifies to

[ L AN ATS YRS FRC O CL AV ATSIACTY

w
When there is no first-period prize, 2n fooo fa (ms) f1(s) ds is the effect of a higher prize on
the marginal payoff of the principal from higher first-period effort and fooo fa(ns) f1(s)ds
is the effect of a higher prize on the expected marginal payoff from increasing second-period
efforts. Thus increases in these marginal payoffs lead to an increase in the right-hand side.
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For imperfect substitutes (ii), interior solutions are possible, reflecting
the importance of an even intertemporal effort distribution. The conditions
under which the prize budget is nevertheless concentrated on period 2 are
similar to those for perfect substitutes: (18) requires that first-period error
differences near zero are not too common, whereas error differences from

period 1 and period 2 often cancel out approximately.

4.2.2 No revelation

In the revelation case, it is also true that first-period weights should be

positive.
Proposition 7 ¥ (W1,0) > 0 and n'(Wy,0) > 0 for all W, < W.

The intuition for the result is as in the case of full revelation. We now ask
how the prize money is optimally spread across periods. Again, we restrict
the third derivative of the cost function in such a way that the revelation

regime is optimal by Proposition 4.

Proposition 8 Suppose K" > 0.
(i) W{(n,0) =0 if

f1(0 —277f0 f2(ns) f1(s)ds

K" (K™ (20W [5° fa(ns) f1(s) ds)] "
B 2fooof2 ns) fi(s)ds
T O [ 5 ) 1 ]
(it) W{(n,0) =W if
fi(0) =20 J7" f2(s) fi(s)ds 2 [ fa(ns) fr(s)ds >0.  (20)

K [(K) (1 (0) W)] K7 (0)
(iii) If neither (19) nor (20) holds, W € [0, W].

Again, the reason for W; > 0 is analogous to Proposition 5. In particular,
a sufficient condition for W(n,0) = 01is f1 (0) —2n [;° f2 (ns) f1 (s)ds < 0.
Arguing as in the discussion of Proposition 5, the condition is fulfilled if the
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density does not have too much weight near 0, and it is likely that a lead

from period 1 is approximately cancelled out after period 2..

5 Example

We introduce a simple normal-quadratic example which allows us to obtain
explicit solutions for the equilibrium efforts and the optimal policy in terms
of primitives.

Example E1: The cost function is K (e;) = %(eit)Q. The error differ-
ence Aey is normally distributed with variance o?. Furthermore,

w

k> 21
" 03/2mexp (1) 21
w | 1

k>

> + =
oiv/2mexp(l) o303 (2%)% Vexp (1) F

Example E1 satisfies assumptions 1 and 2 directly, and satisfies the second-

(22)

order conditions (3) and (7) (see the proof of Corollary 4).

Corollary 4 In E1, a WPBE exists. The first-period equilibrium efforts for
p=0and p=1 are
Wy nWs

+ | (23)
ho1v/2m /ﬂ\/ﬂ\/(%)2 + (01)*

6? (777 Wb W2) =

The second period efforts for p = 0 and the expected second-period efforts for

p=1are
Wy
kv 27r\/(02)2 + (01)2 n?

6; (7]7 W27 0) =E (63 (777 W27 1)) = (24)

Comparative statics for second-period efforts are straightforward. Lower
effort costs, higher second-period prize, lower first-period weight and higher
second-period precision work in favor of high second-period efforts. Analo-

gous results hold for period one. More interestingly, first-period efforts also
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increase if the second-period precision increases, given n > 0: The parameter
change makes first-period effort more worthwhile, because the positive effect
on winning the second-period prize increases. The effect of prizes on first-
period efforts is slightly more subtle. If the budget constraint (W; + Ws)
is not taken into account, both prizes have positive effects on first-period
efforts. However, the positive effect of an increase in the first-period prize
is always stronger than the negative effect of an identical decrease in the

second-period prize. As a result, the following result holds.
Corollary 5 When the total budget is fized at W, €7 is increasing in Wi.

Corollary 4 immediately leads to a simple characterization of the optimal
first-period weight and the optimal first-period prize for the principal who

regards efforts as perfect substitutes or as imperfect substitutes.

Corollary 6 For the normal-quadratic case,
(i) 0" (W,0) = (Wi, 1) = B ¥ Wi > 0, WP (%,0) = WP (4,1) = 0.
(i) n' (0,0) = 7' (0,1) = &, W' (n,0) = W' (n,1) >0V n > 0.

The corollary sharpens the general results of Section 4. It shows that
there is only one prize, with the weight of period 1 determined entirely by

the relative precision of the two performance measures.

6 Discussion and Related Literature

Previous literature has addressed some of the issues we deal with in this
paper.

For instance, several papers have asked whether a principal should re-
veal interim information or not. Most closely related is Aoyagi (2010) whose
framework is similar to ours. In particular, there is only one prize. Both pe-
riods always receive equal weights, so both handicapping and reverse handi-
capping are excluded by assumption. With these restrictions, he also obtains
the result that third derivatives determine whether information should be
revealed. Our contribution to the information revelation discussion can be

seen as complementary to the one of Aoyagi: We show that the assumptions
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of Aoyagi can be endogenized under certain conditions. However, we also
provide clear conditions (in particular, for the normal quadratic case) under
which a principal would optimally give different weights to the two periods.
However, Aoyagi is also more general in some respects: He allows for par-
tial information revelation where the agents obtain incomplete performance
signals.'*

Another strand of literature has dealt with the issue of whether handi-
capping or reverse handicapping of first-period winners should take place in
settings with one prize, that is, whether the first-period weight should be
lower or higher than the second-period weight. These papers usually focus
on a setting where information is revealed. For instance, Meyer (1992) con-
siders a setting similar to ours, but with risk-averse agents. She shows that
reverse handicapping, that is, favoring the first-period winner, is optimal.

Gershkov and Perry (2009) address both the information revelation deci-
sion and the handicapping decision. However, they consider only the infor-

mation who is ahead of the other one after one period.

7 Conclusion

This paper analyzes intertemporal effort provision in two-stage tournaments.
A principal with a fixed budget for prizes faces two risk-neutral agents. He
observes noisy signals of effort in both periods. He aims at maximizing either
total efforts (perfect substitutes) or the product of first- and second-period
efforts (imperfect substitutes). He decides (i) how to weigh performance in
the two periods when awarding the second period prize, (ii) how to spread
prize money across the two periods, and (iii) whether to reveal performance
after the first period. Under very general conditions, the principal puts
positive weight on both periods in period two. Furthermore, he sets no
first-period prize provided the observations in period one are too noisy. The
information revelation policy depends on the third derivative of the effort

cost function.

MEderer (2010) introduces incomplete information about ability.
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8 Appendix

8.1 Proof of Proposition 1

By assumption 1, K (e;2) increases beyond bounds as e;5 goes to infinity. As
the expected prize is bounded by W5, the set of undominated effort levels is
contained in the compact interval [0, K—! (W,)]. As expected net payoffs are
continuous in e; and concave by (3), a Nash equilibrium of the second-period
effort game exists.

The first-order condition for agent i in period 2 is (2). Since the density

is symmetric and
— (nAsy1 + Aera) = nAsg + ez — €12,

the left-hand side of (2) is equal for both agents and hence e}, (As;1;1, Wa, 1) =
€59(Asi1;m, W, 1) for any solution. Thus, (2) becomes

f2 (WASM) W2 = KI (61‘2) .

The convexity of the cost function guarantees that K’ is strictly increasing
and thus invertible. As (3) is globally satisfied, (4) thus defines an equi-
librium. The equilibrium must involve positive efforts, because f; > 0 and

K’ (0) = 0.

8.2 Proof of Corollary 1

The inverse function theorem yields

1
K" (K" (f2 (nAsin) Wa))

Y

()] (e (rsi) W) =
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so that (4) implies

Oejy  _ nfs (nAsi) Wa (25)
0As; K" (( N (fa (nAsi) Wg)) 7

dexy _ Agﬂf2 (nAs;) Wo (26)
o K" (K" (f2 (nAsin) Wa))

% _ f2 (nAsi) _ (27)

OW,y K" (K7 (f2 (nAsi) Wa))

From a,ssumption 2,if As;; < (>)0An #0AW,y > 0, then nfs (nAs;) >
(<)0 and thus 5 22 > (<)0 . This implies that e}, is decreasing in |As;;|. As
As;; = Aezl + Aezl we obtain the results for e;; and ej;. Similar arguments
show that 2 ’2 < 0. Since f; > 0, we have 5{2 > 0.

8.3 Proof of Proposition 2

We first derive an expression for 90 for symmetric first-period efforts.

Lemma 2 - o
2 =W [ fa(ns) fis)ds (28)
€1 ei1=e;1 0
02U, o0 , )
(9e )2 = 77W2 fa(ns) [f1 (s + Aeir) — fi (s — Aeq)] ds (29)
il

Y T TRV TS AES TR
K" ((K") 7" (f2 (ns) Wa))

Proof. For the payoff of agent i for a particular As;; in period 2 we write
Us (ASilé n, W2> = Usp (efz (Asil; , WZ) 76;2 (_A5i15 7, W2) Asip, W2) .

Applying the envelope theorem, we obtain

oUu;  0Up 06;2 (—Asi1;n, W) n 0U;s
8A5i1 a aej2 8A5i1 8A5i1'
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Using the symmetry of the density and (25),

86;2 (—Asi;n, Wa) _ 86;2 (Asi;n, Wa) _ nfy (nAsy) Wy
sy sy K" (K" (f2 (nAsi) Wa))

(1) implies

oU;
2 = —fo (nAs; + Aegn) Wa,
86]‘2
oU;
0AS?1 = nfa (nAsiy + Aejn) Wa,

Using Ae, = 0, we obtain

oUs — nfo(nAsi) f3 (1Asn) (Wa)”

0Asi K" ((K') 7 (fa (nAsin) Wa))

+nf2 (nAsi) Wa.
Let
U™ (en, ej1;n, Wa) = Uj (Aen + Aeinyn, Wa).

Taking into account that As;; = Ae;; + Ae;1, we obtain

U™ nfa(nen — e+ Aca) f5 (n (Aean + Aciy)) (Wo)”
den K" (K7 (f2 ( (Dea + Aei)) W)
+nf2 (n(Aein + Agir)) Wo.

As U} (e, ej1;m Wa) = E (UZZ’AE“ (Asi;m, Wg)), integrating over Ag;; and

rearranging yields

Uy /°° [_ nf2 (1 (Deir + 9)) f5 (1 (Deir + 5)) (Wa)*
K" ((K’)_l (f2 (77 (Ae“ + S)) Wg))

de; —00
+nfa (n(Aea + 5)) W2] fi(s)ds

=W, / a0 (Ben + ) i (s) ds

2 [ fa(n(Aea +5)) f3 (n(Aeir + 5))
oo K" ((K") 7" (f2 (0 (Aeins)) Wa))

—n (W2) f1(s)ds.
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Let

=[%b@@%+ﬂﬁ@ﬂ&

B . - > fa(n(Aen + 5)) f5 (7 (Aeq + 5)) £ (s) ds.

oo K7 (KN (fo (0 (Aeg + 5)) Wa))

With this notation, — = nWoA — n(W,)? B. Using the substitution ¢ =

Ae;; + s in A, we obtam
A = /_ o (rt) Fo (t — Aewy) dt
= /_ fa(nt) f1 (t — Aen) dt + /0 fa(nt) fi (t — Ae) dt.

For u = —t, the symmetry of the density implies fo (nt) = f2(nu) and
fi(t —Ae;r) = f1 (u+ Ae;p). Hence,

0 0
/ fo(nt) fr (t — Aeyr) dt = / fo (nu) f1 (u+ Aey) du.
o 0
Thus,

A= [ e dedus [T fi( - de) d
0 0
= | Ra0AC+ A + - A

Similarly, using the substitution t = Ae;; + s in B, we obtain

5 - [TAMAGL du
K%mw 2 () W)
L (ﬂﬁ() (= Bew) [ fa ) fo ) Sy (¢ = Bew)
o KT (RO Wa) o K (R (fa () W)
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For u = —t, the symmetry of the density guarantees that fs (nt) = fa (nu),
15 (nt) = —f} (nu) and fi (t — Aej1) = f1(u+ Ae;p), and we obtain

* fa(nt) f3 (n )fl( Aeﬂ / f2(n f2(77u))f1(u+A€i1)du
oo K" (K7 (f2 (nt) K" (") (fa (u) Wa))

Thus,

B — /Oo —f2 (nu) fé_(?“) Ji(u+ Aeﬂ)du
o K"((K)7 (f2 (nu) W2))
> fa(nt) f5 (Ut) fi(t— Aeil)dt
o K" ((K) " (fa (nt) Wa))
_ [T EDAMIAC ) A0 )
K" ((K") ™ (f2 (nt) Wa))

dt.

With the transformed expressions for A and B, and substituting back s = t,

we obtain
2%{2 = W /0 ) fo 8) [f1 (s + Aeq) + fi (s — Aei)]ds  (30)
2 f2(ns) f5 (ns)
Wy : .
) /0 K" ((K')™ (f2(ns) W2))
[f1 (s + Aen) — fi(s — Aeq)] ds. (31)

With Ae;; = 0, we obtain (28). (29) follows directly from (30). m
Using Lemma 2, we now prove Proposition 2. The second-order condition
is
O*U} (€1, €j1:m, Wa)
(Deir)”

11 (Aey) Wy + < K" (en) Ve, e € RT

Using (29), we obtain (7).

Note that by assumption 1, K (e;;) increases beyond bounds as e;; goes to
infinity. As the expected prize is bounded by W7+ W5, the set of undominated
effort levels is contained in the compact interval [0, K—! (W) + W3)]. As
expected net payoffs are continuous in e;; and concave by (7), an equilibrium
of the WPBE thus exists.
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For Ae;; = 0, we can apply (28) in (6) and obtain

f1(0) Wy + 20, /000 f2(ns) f1(s)ds = K' (e1).

Because K is invertible, we obtain (9).

8.4 Proof of Corollary 2

Symmetry of the equilibrium implies As;; = Ae;;. Hence, ek, (Asiy;n, Wa, 1)
= (K")7" (f2 (nAeiy) Wa) from (4). Taking the expectation over Ag;p, we

obtain
o0

B e (nWa ) = [ (007 (o 9) Wa) £ (5)ds.

—0o0

From the symmetry of the density, we get (10).

8.5 Proof of Proposition 3

The first-order conditions are

f1(Aein) Wi (32)
+TIW2/_ fo(n(Qen +5) + Aeig) fi(s)ds = K'(eq);

W2 /_oo f2 (?7 (Aeil + S) + Aeig) f1 (8) ds = KI (62‘2) . (33)
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Second-order conditions are

IN

IN

<

f1 (Aen) Wi+ n* W,y /oo fo(n(Aey +8) + Aein) f1(s)ds  (34)
K" (e;1)Veu, e, ej1, ej;ooe R*

Wy /00 I3 (n(Aeq + s) + Aeir) f1(s)ds (35)
K" (e_:; Veir, i, €1, €2 € RT

K" (i) Wa /°° fs (n(Aeir + s) + Aepn) fi(s)ds

K e). (30
{f{ (Aeq) Wi+ n* W /Z fo (n(Aei + s) + Deig) f1(s) ds

—f1 (Aey) WiW, /OO fo(n(Aen + s) + Aeiz) f1(s)ds

K" (ei1) K" (ei2) Veir, €i, €51, €50 € RT

We now show that they hold for given policy parameters and distributions

as long as K is sufficiently convex. In case of (34) and (35), this is obvious,

as their right-hand sides are increasing in K” (). To see that it also holds for

(36), let

W2 /OO fé (77 (Aeﬂ + S) + Aeig) f1 (8) ds
= f1(Dea) W+ 1*Ws /°° fo (N (Aeir + 5) + Aeiz) f1 (s)ds

= (D) Wi / TR (Ben +5) + Aew) i (s) ds

With this notation, (36) can be written as

K” <€i1) . A + K” (61‘2) - B + C S K” (eil) K” <€i2) (37)

Now suppose that (36) does not hold for some K. Let

D=K"(en) A+ K" (es3) - B4+ C — K" (es1) K" (e12) (38)
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and K (e) = K (e) + e?, so that

K" () = K" (1) + k. (39)

K is a cost function which is made more convex than K by adding a quadratic
term. (39) allows to write (37) for K as

K" (en) - A+ K" (en) - B+C+k(A+ B) <
f?” (61'1) f?” (62'2) + k?f?” (62'1) + kk” (61'2) + ]{32

Using (38), we obtain

K" (e:1) K" (es2)+D+k (A+ B) < K" (1) K" (e12) +kK" (1) +kK" (ein)+k>

or, cancelling out and rearranging,

D<k (f( (ei) + K" (e) — A — B) + R (40)

For all A and B, the right-hand side of (40) can be made arbitrarily high by
increasing k, so that (40) and thus (36) eventually hold. Consequently, it is
always possible to fulfill (36) by making K sufficiently convex.

We next show that in equilibrium the SOC are automatically implied

by the convexity of cost functions. Using the symmetry of the density and
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taking into account that f] (0) = 0, we can write (34), (35) and (36) as

W, / £ (ns) fu (s) ds < (41)

K” (61) Veﬂ, €2, €j1, €j2 < RJF
W, / f(ns) fi (s) ds < (42)

K” (62) Veﬂ, €i2, €41, €52 € R+
Ly / " (ns) fu (s) ds (43)

I S
1 o0
™ [ B9 f)ds <

+
1Ve;1, €i2, €41, €20 € R

Because fi (s) = fi (=) and f§(ns) = —f3 (5s), we have [, f4(1s) -
f1(s)ds = 0, so that the left-hand sides of (41), (42) and (43) are all 0 and
the inequalities hold automatically.

We now show existence of a NE. Note that by assumption 1, K (e;)
and K (e;2) increase beyond bounds as e;; and e go to infinity. As the
expected prize is bounded by W; + W5, the set of undominated effort levels
is contained in the compact set [0, K ! (W) + W5)]?. As expected net payoffs
are continuous in e;; and e;» and concave by (34), (35) and (36), a NE thus
exists.

Finally, for the symmetric case Ae;; = Ae;n = 0, (32) and (33) yield

£ (0) Wi + 20V / TR A()ds = K (er):

2, / T hms) fu(s)ds = K'(ea).

Inverting K’ yields (12) and (13).
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8.6 Proof of Proposition 4

From (13) and (10),

6; (naW_ leo) —E(@; (U»W— W171)) =

)7 (20 [ Rl £ 00 ) <2 [ TR G W) f 0) s

0

Because of the symmetry of the density, the right-hand side can be written

as

(W [T R fids) - [T RS G W) (o)

o0

Substituting g (s) = W fs (ns) we obtain
6; (na W — Wlao) - K (6; (777W - Wl: 1)) =

K ([Taeneas) - TR e Re

o0 —00

According to Jensen’s inequality, this difference is weakly negative (weakly
positive) if K'~! is convex (concave), which is the case if and only if K’ is

concave (convex), which, in turn, is the case if and only if K" < 0 (K" > 0).

8.7 Proof of Proposition 5

(i) From (9) and (10),

VP Wa1) = (K <f1 O+ 2007~ ) | " ) i (9) ds)

2 [ () OV = W) () s
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We first show that 7 < 0 never maximizes V¥ (n, Wy, 1). Suppose n; > 0 and
Ny = —1y. Since fo (ny8) = f2(n,5), we have

VP (7717W1,1) _VP (7727W171) = (44)
(K/)_l (fl (0) Wi+ 2n, (W - Wl) /OOO f2 (7713) fi (5) ds)
(&) (fl O~ 20,07 =) [ a9 £ 9 ds)

As (K')7! is strictly increasing from K” > 0, the second term in (44) is
strictly smaller than the first term. Thus, for every n < 0, —n > 0 yields
strictly higher expected payoffs, so that all n < 0 are strictly dominated. To
see that the optimal > 0, note that

avP (777 Wla 1) _
) - (45)
2(W =) [Jy fa(ns) fi(s)ds +n 5 sf3 (ns) f1 (s) ds]
K" [(K)7 (fu () Wa+ 20 (W = Wh) [§° fa (ns) fi (s) ds)]
~ sfy (ns) (W —Wh)
+2 1 1(s)ds
| wE s v
Hence,
oVt (n,W1,1) _ 2(W —Wh) f2(0) [5° f1 (s
o n=0 K" [(K)™ A (0) W }
/ Sf2 W W) fi(s) o
K" [(K) ™ (f2(0) (W = Wh))]
(W — Wl)fz( )
K”[( A0y WA
where the second equality follows from f;(0) = 0 and [° fi (s)ds = §. As
K" >0, %;;’V“l) L > 0 provided W; < W. Hence, n > 0 is always

optimal for W; < W.
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From (9) and (10),

V! (0, W, 1) =AW”(h@ﬂ%ﬁﬂnmﬁ—wﬂémbOw%ﬁOﬂ%)-
2AwK*UﬂmMW—W®HM$%

We first show that < 0 never maximizes V7 (n, Wy, 1). Suppose 1, > 0 and
Ny = —1,. Since fo (ny8) = f2(1y5), we have

Vi, Wi, 1) = VE(n,, Wy, 1) = (46)
K (s w2 07 =W [T R ) i)
& (oW =2 =) [T R i ()5
2[R (fa1s) OV = W) £ (5) s

As (K')' is strictly increasing from K” > 0, the second term in the first
bracket in (46) is strictly smaller than the first term. Thus, for every n < 0,
—n > 0 yields strictly higher expected payoffs, so that all n < 0 are strictly
dominated. To see that the optimal n > 0, note that

oV (n, Wi, 1)
on
2(W —Wh) J5~ fo(ns) - fu(s)ds +2n (W — W) Ji" s f5(ns) - fu(s)ds
K" [K'=1 (f1 (0) Wy + 20 (W = W) [ fa(ns) - f1 (s)ds)]

2 [T () (O = W) i ) s

-1 (f1 (0) Wy + 2n (W — Wl)/ooo fa(ns) - fi(s) ds) '

/ sfy (ns) (W —Wh)
K" K= (f2 (ns) (W — Wh))]

fi(s)ds
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Hence,

avl (777 le ) _
’r)_
(W Wl fo f2 1
K [K' 1<f1 / K™ W Wl)) fi (S) ds+
) (W —Wh)
K/ 1 W / Sf2 1 ds =
O | e o >(W w7
(W —wh) fz
K [K' 1 fl K/ 1 W Wl))fl (S)ds
where the second equation follows from f5(0) = 0 and [;° fi (s)ds = 5. As
K" > 0, %’WWI’D . > (0 provided W; < W. Hence, n > 0 is always
’n:

optimal for W; < W.

(ii) To understand the condition for = 1, note that (45) implies that

%;7‘%’1) > 0 if and only if

/Ooofz(ﬁS)fl (S)ds+(n+1)/ooosfé(n5)f1 (s)ds > 0.

Inserting n = 1 gives the result.

8.8 Proof of Proposition 6
(i) We have

ovVE (n, Wy, 1)
oW,
f1(0) =20 [7 f2(ns) fi (s) ds
K" (K7 (fu (0) Wi+ 20 (W = Wh) [7° f2 (ns) fi (s) ds)]

f2 (ns) s)ds
[ K LK) (e ys) 0 =]+
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and

R2VP (n. W (£1(0)=2n [5° f2(ns) f1(s)ds)’
(777 1 ) _ X (47)

OW1)? (B [ED) (A OWit2a(W W) [5° f2(ns) fi(s)ds)] )
KM [ -1 (f1 W1 +277 W W1 / f2 ns fl( )d5>:|

o - (2 (n5))’ )
o (K" (f2 (ns) (W —W1))])
K" [(K >‘1 <f2 < $) (W = W) fi(s) ds

K" < 0 implies % > (0. Thus, there is no interior optimum. For

Wi =0 and W; = W, the principal’s expected payofts are

VP (,0.1) = (K'Y (mw [ rw s )
+2/0°° Yo (ns) W) fu () ds

VE 1) = (K (0 ).
Therefore
VP (n,0,1) = VT (nW,1) =
w0 (2 [ faas) 900
w2 [0 R W) i 6)ds - (K (£ 0)W)

Hence, V¥ (n,0,1) — V¥ (n,W, 1) > 0 if and only if (17) holds.
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(ii) We have

(9VI (7], Wl, 1) .
oW, B
f10) =20 Jy~ f2(ns) - f1 (s) ds

K" K=Y (f1 (0) Wy + 20 (W = Wh) [5° 2 (ns) - fu (s)ds)]
2 /O K" (f2 (ns) (W = W) fu (s) ds

K (Wt 20w [T )i (5)ds)

> f2(ns)
2/0 KR (fy () W — W)

fi(s)ds

36



and

02V (n, Wy, 1) B
(OWy)?
_ (f1(0) =20 [ f2(ns) - f1 (s)ds)’ .
(K" K (fu () Wi 120 (W —Wh) [ o (s) - 12 () d5)])°

K" [K"l (fl( )Wy +2n (W — W) /Oon (ns) - fi (s)ds)}-

/ K" (f2 (ns) (W = Wh)) 1 (s) ds

f2(ns)
/ K K/ 1 f2 T]S W Wl))]fl (S)ds'
f1(0) —277f0 f2(ns) - f1(s)ds
K" [K'=Y (f1 (0) Wy + 20 (W = W) [1° f2 (ns) - f1(s) ds)]
B J1(0) =20 7 f2(ns) - f1(s)ds .
K" [K' ! (fl( )W1+277(W Wl)fooofz (ns) - f1(s)ds)]

—K"! (fl( ) Wi+ 20 (W — W) /Ooofz(ns)-fl(s)ds).

[ HACD) N
o (K" [(K")" (fa(ns) (W —Wnh))])
K" TR (Fa (05) (O = WA)| i (s) ds

Collecting terms, we obtain
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02V (n, Wy, 1) B
(OW,)>
(£10) = 20 [;° fo (ns) - fi () ds)’ .
(K" K1 (1 (0) Wi £ 20 (W —Wh) [ 2 (s) - 12 (3)d3)])°

K" [K"l (f1 (0) Wy + 2n (W — W) /OO f2(ns) - f1(s) ds)] :

/ K" (f2 (ns) (W = Wh)) 1 (s) ds

f2(ns)
| oE G O
J1(0) =2 [5F f2(ns) - f1(s)ds
K" [K' 1(f1< ) Wi+ 2n (W — Wh) fooof2 (ns) - f1 (S)ds)}

& (O Wz =) [T R i 6)ds)

[ (s (19 i}
0 (K“ [(K’)_l (f2 (ns) (W — Wlm)

K" [()7 (f2 (ns) (W = W) fu (s) ds

K" < 0 implies V(a(% > 0if f1(0) — 20 [7° f2 (nt) - f1 (t) dt < 0. Thus,
there is no interior optimum. Since V! (n, W, 1) = 0, W, = W is never opti-

mal. Thus, the principal always chooses W; = 0. For f; (0) — 27 fooo fa (ns) -
f1(s)ds > 0, we know that W; € [0, V).

8.9 Proof of Proposition 7

From (12) and (13),

V0,0 = ) (AW 20w [T 9 i ) ds)
) (200 = w0 [T ) 1 0) )
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We first show that 7 < 0 never maximizes V¥ (n, Wy,0). Suppose n; > 0 and
Ny = —1;. Since fo (1,8) = fa (1,5), we have

VP (7717 Wlu O) - VP (7727 Wl? 0) = (48)

) (5O Wet 2,8 =) [ folio) 1 (5) )
) (AW =20 W) [T ) i (5)ds)

As (K")"is strictly increasing from K” > 0, the second term in (48) is strictly
smaller than the first term. Consequently, for every n < 0, —n > 0 yields
strictly higher expected payoffs, so that all n < 0 are strictly dominated. To
see that the optimal > 0, note that

VP (7, W1,0) _ 2(W =Wh) [[5~ fo(ns) 1 (s)ds +1 5~ 55 () i (5) ds]
on K" (K7 (£ (0) Wy + 20 (W = Wh) [ fa (ns) f1 (s) ds)]
. 2(W —Wh) [[7sf5 (ns) fi(s)ds
K" (KN~ (2(W = Wh) [7° fa (1s) fu (s) ds)]

We have
aVP (n;WhO) _ (W W1 f2 f() fl
I n=0 K" [(K")™" f1(0) 1]
207 W) 7SRO S (s
K" [(K)™H (2 (W = Wh) 57 £2(0) f1(s) ds)]
(W —W1) f2(0)
A ORFAONAN
where the second equation follows from f5(0) = 0 and [;° fi (s)ds = 5. As
K" > 0, %7’7%’0)‘ . > 0 provided W; < W. Hence, n > 0 is always
77:

optimal for W; < W.
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From (12) and (13),

VI (5, W3,0) :AW*(ﬁ@ﬂ%ﬁanmﬁ—wﬂémbOw%ﬁ@ﬂw)-
) 2w [T ) )

We first show that 1 < 0 never maximizes V' (n, W1,0). Suppose 7, > 0 and
1y = —1;. Since f2 (158) = fo(115), we have
VI (7717 le O) - VI (7]27 Wb 0) = (49)

K (w2 =) [T R A9
& (W= 0= w) [T R fi(as )]
) 208 =) [ fa o) 1 (9]

As (K’ )71 is strictly increasing by K” > 0, the second term in the first
bracket in (49) is strictly smaller than the first term. Consequently, for every
n < 0, —y > 0 yields strictly higher expected payoffs, so that all n < 0 are
strictly dominated. To see that the optimal > 0, note that

avl (777 W17 0) _

2(W =W) [ falns) - f ()d8+277(W Wi) Jo~ s f3(ns) - fi(s)ds
K" K"~ 1(f1 (0) Wh+2n (W —Wh) [5° f2 (ns) - f1(s) ds)]

)
1[2W Wl/ f2773f1(>d5}+

. (f1 (0) Wy + 25 (W — WI)/O fo (1) - f1 (s) ds) _

2V = W) J;°sh (ns) i ()ds
K" [(K) 7 (2(W = W) 7 fa () 1 (s) ds)]
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We have

avl (777 Wlu O)
on

= 2(W—W1) [y f2(0) - f1 (s) ds.
K" [K/—l (fl (0) WI)]

n=0

) 2w = w) [T RO 66 ds] +

K™ (fi (0)Wh) - 2(W — W) [ 55 (0) fi(s)ds
K" (KN (2(W = Wh) ;7 f2(0) fi (s) ds)]
(W —Wh) f2(0) - (K')"" [2(W = WA) £ (0)]

K"K (f1(0) Wh))]

where the second equation follows from f5(0) = 0 and [;° fi (s)ds = 5. As

K" > 0, %’Tm > 0 provided W; < W. Hence, n > 0 is always
n=0

optimal for W; < W.

8.10 Proof of Proposition 8
We have

ovVE (n,W1,0)
oW,
f1(0) =20 [;° fa(ns) f1(s)ds
K" [(K)™ (fu (0) Wi+ 20 (W = WA) [5° f2 (ns) fi (s) ds)]
B 2 fy fo(ns) fi(s)ds
K" (KN (2(W = Wh) 57 f2 (9s) fi (5) ds)]
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and
82VP (77,W1,0) o
oWy
B (f1(0) =20 [ f2(ns) f1 (s)d ) _
(K [(K) ™ (o (0) Wi + 20 (W = Wh) J5° fa (ns) fi (s) ds)])’

K [ (R0 W+ 2008 =) [ fa 9 i (5) s )|

(257 f2(ns) fi (s)ds)”
(K" [(K/)*l (2(W =Wh) [ f2(ns) f1(s)ds)])

w7 (200 =) [ i (0)ds)|

. . 2y P
K" > 0 implies? V(al(;;l)/gl’o) < 0.

(i) Thus, the principal will set W; = 0 provided

3

0VP (77, Wl, 0)
oW,

_ f1 (0 —277f0 f2(ns) f1(s)ds
wimo K" [(K)TH(20W [7° f2(ns) f1(s) ds)]
B 2f0 f2(ns) fi(s)ds
K" [(K) ™ (2W [5° f2 (ns) i (s)ds)]

(ii) He will set Wy = W provided

_f _277f0 f2

aVP (777 Wla 0)
oW,

(ns) f1(s)ds

f1 () W)]
2fo fz (ns) f1(s)ds

K" 0] -

Wy K" [(

8.11 Proof of Corollary 4

For E1,

K (eit) =

) = e () 52
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We first provide some auxiliary results. From (52),

" (s) 5 5 n 2s s 53 52
s) = —exp|—== —exp|—==)——Fexp|—==
! o? P 202 o? P 202 o} P 202

With s = —o (the solution to f/'(s) =0 and f/” (s) < 0) and s = o (the
solution to f;' (s) = 0 and f/” (s) > 0), (53) yields

, B 1
e fils) = o?y/2mexp (1) (54
min f; (s) = — ! (55)
st o2\/2mexp (1)

From (54) and (55),

() < ngvxeR (56)
Rerm S Ao o
< = \/szp(l)vs,xeR (58)
‘am:exipm < fl(s+a)+ f(s—w) (59)
< 2 Vs,z € R (60)

o2/2mexp (1)

Furthermore, (52) implies
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| e = o (61)
| s fits)as = — (62)
: 22\ (02)? + (00) 2
| pmas =~y (63)
From (51),

K"(¢) = k (64)

K’"(e) - 0 (65)

K0 = 1 (66)

Next, we show that the second-order conditions are fulfilled. Using (64),
(3) can be written as

W,f! (z) < kVz € R (67)
From W, < W and (56),
%4
W, f! < 68
e (@) < o2/2mexp (1) (68)

(67) and (68) imply that a sufficient condition for (3) to hold is (21).
Similarly, using (64), (7) can be written as

£ (2) Wa + W, / TR st~ fi(s—a)ds  (69)

2 ]
ndVz/O Fo(08) fos) [l (s + )+ £l (s — x)]ds < k¥z € R

+

Using (56), (57) and (59), we obtain
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fl@w <

Wi Vr € R
o2+/2mexp (1)

nt/ L) [f (s +2)— fi(s— )] ds <

27rexp / fa(ns)ds|Vx € R
2
i / R R
0
2

\/W k (ns) fo (ns)ds|Vz € R

(73)

With (70), (72) and (73), we obtain for the left-hand side of (69)

£ (2) Wi+ s / R s) Uf] (s +2) — £l (s — )] ds
S [ R ) 5 09) [ s )+ £ (5 = )]s <

Wi 2
+ W
o2\/2mexp (1) 01\/27Texp 2|1
2
S S
Ul\/m l{? / f2 n f2(77)
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With (61) and (63), the right-hand side of (74) can be written as

W, N 2Wy ‘ 1 ‘
o3y/2mexp (1) o3y 2mexp (1) 772!77\
n 2 m; B 1 _
ot amexp(1) k| 4o}

Wi W

+
o3\ 2rexp (1) o2/ 2mexp (1)

_l’_
olv/2mexp (1) 5202 (27r)g exp (1)

where the last inequality in (76) follows from W; + Wy = W and Wy < W.
(69), (74) and (76) thus imply that a sufficient condition for (7) to hold is
(22).

With (65), Proposition 4 implies that efforts under both revelation regimes
are equal in expected value. With (52), (62) and (66), (9) and (10) yield (23)
and (24).

8.12 Proof of Corollary 5
With Wy, = W — W3, Corollary 4 yields

W1 T](W — Wl)

el (n,W,W —Wq) = + :
1 1 1 ko’l\/ﬂ k\/ﬁ\/(02)2+(01)27]2

Thus,
dey 1 n

oWy koyV2rm - k\/%\/<02)2+ (01)2?72

> 0.

8.13 Proof of Corollary 6

(i) With (65), Proposition 4 allows to write V¥ (n, W,0) = VF (n, Wy,1) =
v (7% W1)7 so that TIP (Who) = 77P (lel) = 77P (Wl) and Wlp (7770> =
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Wi (n,1) = Wi (n). (23) and (24) imply

Wi n (n+1) (W —Wh)
k2T () + (@)

VP (777 Wl) -

From Proposition 5, 7 (W) > 0 for W; < W. The optimal solution must
satisfy

avP (777 Wl)
an
W-W) (@)W -W)(0) 2 _

kv2m (02 + (02 2T ((02)* + () 2)°

= (78)

0

2
The only solution to (78) is n = (g—j) =n" (Wy). With (51), (52), (62) and

2
(66), the condition for W' (n,1) = 0 in (17) for n = (2) can be written as

g1
1 o2\’ 1
<|12(— | +2
o1V 2T ( (01) ) 2 o

2
which is equivalent to o5 < 1/(02)” + (61)>. Thus, W <<Z—f) ) =0.
(ii) With (65), Proposition 4 allows to write V' (n, Wy,0) = VI (n, Wy, 1) =
V1 (n, W), so that o' (W1, 0) = n' (W3, 1) =5’ (W1) and WY (n,0) = WY (n,1)
=W/ (n). (23) and (24) imply

k2T e (o0 + () e
(W —W)
VT (02" + (1)

Thus

47



I _ nWw?
V (7]70) - 27’(’]@’2 (<0_2)2 + (0_1)2 772)

From Proposition 5, n’ (0) > 0. The optimal solution must satisfy

ovr(n,0) W2
on k2 ((02)2 + (01)° n?) (79)
0 (01)" W?

k2 ((02)2 + (1) 772)2
The only positive solution to (79) is n = 2 = ' (0). Next, observe that
with (52) and (62), (18) can be written as
1 - n
TV (o + ()

which is equivalent to (02)2 < 0, a contradiction. Consequently, W{ (n) >
0 for n > 0. Since V1 (0,0) = 0, we conclude W] (n) > 0 for n > 0.
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