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Abstract

This paper studies the robust estimation and inference of threshold models with integrated regres-
sors. We derive the asymptotic distribution of the profiled least squares (LS) estimator under the
diminishing threshold effect assumption that the size of the threshold effect converges to zero. Depend-
ing on how rapidly this sequence converges, the model may be identified or only weakly identified and
asymptotic theorems are developed for both cases. As the convergence rate is unknown in practice, a
model-selection procedure is applied to determine the model identification strength and to construct
robust confidence intervals, which have the correct asymptotic size irrespective of the magnitude of
the threshold effect. The model is then generalized to incorporate endogeneity and serial correlation
in error terms, under which, we design a Cochrane-Orcutt feasible generalized least squares (FGLS)
estimator which enjoys efficiency gains and robustness against different error specifications, including
both I(0) and I(1) errors. Based on this FGLS estimator, we further develop a sup-Wald statistic to
test for the existence of the threshold effect. Monte Carlo simulations show that our estimators and

test statistics perform well.
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1 Introduction

Threshold models, in which the model parameters switch when the value of a certain variable crosses
a threshold, have received much attention over the past two decades. Given their ability to capture a
very rich set of stylized facts of modern economics, such as multiple states, asymmetries and cyclical
effects, the use of threshold models has been advocated in many empirical applications. Examples
include the analysis of asymmetries in persistence in US output growth (Potter, 1995), nonlinearities in
unemployment rates (Hansen, 1997), and multiple states in cross-country growth regressions (Durlauf
and Johnson, 1995, Hansen, 2000), among numerous others. The estimation and asymptotics for
variants of threshold models have been well established by Chan (1993), Hansen (1996, 2000), Tsay
(1998), Gonzalo and Pitarakis (2002), and Seo and Linton (2007) etc.. More recently, Yu (2012)
studies likelihood-based estimation and inference for a parametric discontinuous threshold regression
model while Li and Ling (2012) study the least squares (LS) estimator of the multiple-regime threshold
autoregressive (TAR) model.

However, most of the aforementioned studies maintain a restrictive assumption that the data should
be either ii.d. or stationary processes. Two exceptions are Caner and Hansen (2001) who study
a threshold autoregressive model with a unit root and Gonzalo and Pitarakis (2006) who design a
Wald statistic to test the threshold effect in a cointegrating regression. To the best of our knowledge,
the asymptotic properties of threshold estimators, when all or some of the regressors are integrated
processes, have not been established. In this paper, we investigate the robust estimation of threshold
models with integrated regressors and establish its asymptotic properties allowing for different model
identification strengths, endogenous regressors and serially correlated error terms, including both I(0)
and I(1) errors.

Specifically, we consider a threshold model of the following form:

iy — { 01:19% + ug, ?f at <7 (1)
asxy + uyg, if g > g

where z; is a dj-dimensional vector of integrated process of order 1 (I(1)) and y; is the dependent
variable.! The error term, which will be specified more precisely later, is denoted by wus, and ¢; is the
threshold variable. The threshold value vy € [7,7] is an unknown parameter pending estimation. If
ug is a stationary process, Equation (1) can be regarded as a special case of nonlinear cointegration
models,? see Karlsen et al. (2007), Wang and Phillips (2009), Gao et al. (2009a, 2009b), Bierens and
Martins (2010) and Choi and Saikkonen (2010).

Equation (1) can be rewritten as

yr = x4+ 8z I (g < o) + we,s (2)

'The model could be to extended to include an intercept term and stationary regressors.
*Loosely speaking, if the response variable y; is generated by a nonlinear transformation of integrated regressors x:
plus a stationary error term, then there exists a nonlinear cointegrating relationship between y; and ;.



where @ = a3 and 0 = a3 — az. Here I(¢ < 7) is an indicator function taking the value one if
gt < 7o and zero otherwise. The vector (1, —«) can be regarded as a benchmark long-run relationship
between y; and z; and the term dx:/(q: < 7) captures the deviation from the linear equilibrium. In
the literature, ¢ is often assumed to be a deterministic sequence converging to zero at some rate as the
sample size n increases. This assumption is not only convenient for deriving the asymptotic distribution
of threshold estimators as in Hansen (2000), but is also relevant in many empirical applications. For
example, an important issue in the empirical finance literature is to investigate whether fundamental
variables, such as the dividend-price ratio and the earning-price ratio, can predict asset returns. Linear
prediction models have been extensively studied, but have failed to generate any unanimous conclusion
(for more detail, refer to Campbell and Yogo, 2006).> Recently, Gonzalo and Pitarakis (2012) document
a regime-specific predictability of S&P 500 index returns from the dividend ratio based on a threshold
model. However, as is well known, stock returns commonly behave as martingale differences, while
fundamental variables are highly persistent (integrated or nearly integrated processes). This imbalance
on the order of integration implies that such predictive relationship should be very weak, which happens
if and only if @ = 0 and ¢ is around zero in Equation (2).

In this paper, we follow the literature by assuming the size of threshold effect converges to zero.
Depending on how rapidly this sequence converges, the threshold value v, may be identified or only
weakly identified and we develop asymptotic theorems for both cases.* In the first case, we show that the
profiled LS estimator is consistent and that its confidence intervals (CIs) can be constructed through
inversion of certain standard test statistics; whereas in the second case, the profiled LS estimator
is inconsistent and its limiting distribution depends on some inestimable nuisance parameters. The
standard method to construct Cls does not control the coverage probability. We take the supremum
of quantiles for all possible values of nuisance parameters and then construct the least favorable Cls.
These Cls have the correct asymptotic size under the weak identification case, but can be unnecessarily
long when the model is identified. Motivated by Cheng (2008) and Shi and Phillips (2012), we then
propose a model-selection procedure to choose the Cls. It can be shown that the Cls chosen by this
method have approximately correct coverage probability irrespective of the magnitude of the threshold
effect.

Furthermore, in a generalized model, we consider endogeneity and serial correlation, which are
common in empirical studies with integrated regressors. Following Saikkonen (1991), we assume the
error term to be an autoregressive (AR) process, and use leads and lags of innovations as extra re-
gressors to deal with endogeneity. We then design a Cochrane-Orcutt feasible generalized least squares
(FGLS) estimator to estimate the model. It is well known that, in linear cointegration models, the
FGLS estimator cannot improve the estimation efficiency, as Phillips and Park (1988) demonstrate by

establishing their asymptotic equivalence. However, this equivalence does not hold when there exists

3Marmer (2008) shows that linear regression techniques actually may lead to spurious forecasts if there exist small
departures from the linear structure, but improvements of the forecast accuracy are possible if the nonlinear components
are properly considered.

*See Elliott and Miiller (2007) and Caner (2007) for weak identification in break-point models; Cheng (2008) and Shi
and Phillips (2012) for weak identification in general nonlinear models.



a threshold effect and we analytically and numerically show that the FGLS estimation achieves more
efficiency compared to the profiled LS estimation. The method to construct the robust Cls of the LS
estimator can also be generalized for the FGLS estimator.

Another attraction of the FGLS estimator is its robustness with respect to different error specifica-
tions, including both I(0) and I(1) errors. This robustness allows us to design a sup-Wald statistic to
test for the existence of threshold effects without any requirement on the stationarity of the regression
error term and thus avoid the so-called joint hypothesis test problem in such models (see Balke and
Fomby, 1997). The idea is similar to Perron and Yabu (2009), who consider testing for structural
changes in the trend function of a time series using a quasi-FGLS procedure, without any requirement
on whether the noise component is stationary or integrated. In our case, we use the sup-Wald test
statistic based on the FGLS estimator to test for the existence of a threshold effect and the critical
values are generated from a bootstrap method. Monte Carlo simulations show that the FGLS estimator
and the test statistic perform very well, even the error is an I(1) process.

The remainder of the paper is organized as follows. Section 2 presents the basic model. Section 3
considers the estimator and its asymptotics for the basic model. Section 4 generalizes the basic model
to allow for serially correlated errors and model endogeneity. Monte Carlo simulations are discussed in
Section 5. Section 6 concludes the paper. All proofs are in the appendices.

Throughout the paper, [ns] denotes the integer part of ns. The symbol 2 represents convergence
in probability, ‘=" represents weak convergence, and “3 represents almost sure convergence. All
limits are defined as the sample size n — oo unless otherwise stated. For a vector x, || - || signifies the
Euclidean norm, i.e., [|z|| = 3 2. For a matrix A, |A| = (tr(A’A))'/? denotes the Euclidean norm and

A’ denotes its transpose. [ denotes integration from 0 to 1.

2 The Basic Model

The basic model we consider in the paper is given by

v = ahwe + g, if g < g
t — .
O/th + Uy, if gt > Yo

where x; is a dj-dimensional vector of unit root processes whose generating mechanism is given by
Ty =T¢1+ v, t=1,2,...mn

and we set xg = 0 for convenience, although z¢ = 045 (1/n) is sufficient for the asymptotic results.
For the component time series u; and v¢, we define the following partial sums as
[ns]

= —Zut, and V,,(

Before going further, we make the following assumptions.

S\

[ns
Z (3)



(A1) sup,epo ) [[(Un(s), Va(s)) — (Bu(s), Bu(s))]| %0 as n — oo, where (By(s), B,(s)) is a vector
of Brownian motions with a positive definite long-run covariance matrix.

(A2) The error term wu; satisfies: i) E(u;) = 0, E|ug|* < oo; ii) For each n, there exists a filtration
Fnt t=1,..,n,such that {(u, F ) : t > 1} is a stationary and ergodic martingale difference sequence
with E(uZ|F nt—1) = 02 < oo almost surely for all ¢ = 1,...,n; iii) The term (g:, ;) is adapted to the
filtration F -1, t=1,...,n.

(A3) i) The threshold parameter v, € [y,7]; ii) The threshold variable ¢ is strictly stationary,
ergodic and a—mixing with mixing coefficients ., satisfying > ", a%n_% < oo for r > 2; iii) ¢; has a
continuous distribution F(-) and f(-) is the corresponding density function satisfying 0 < f(7) < f < oo
for all v € [v,7].

(A4) The d; dimensional (1) vector x; is not cointegrated.

Assumption (A1) considers a strong approximation for (U,(s), V,,(s)), which is needed to derive the
convergence rate of the threshold estimator. This assumption is stronger than the weak convergence
result established by the multivariate invariance principle, but it is quite common in the literature,
see Park and Phillips (2001), Kasparis (2008), Wang and Phillips (2009a, 2009b) and Shi and Phillips
(2012), among others. Sufficient conditions to derive the strong approximation are also well developed
in the literature. For example, Park and Hahn (1999) establish conditions of strong approximations
for general linear processes. Shao and Lu (1987) and Cai et al. (2009) provide conditions of strong
approximations for an a—mixing process.

Assumption (A2) supposes {(us, F nt) 1t > 1} to be a martingale difference sequence and (g¢, z¢) is
adapted to the filtration F ,;—1, t = 1,...,n. Under this assumption, ¢; and x; become predetermined
given the filtration f,¢—1. One natural example of F; is the c—field generated by the information
set {(ui, @i+1,xiv1) : 1 < i < t}. This assumption might be restrictive in linear cointegration models,
but it is common in fully specified cointegrating regression models. It allows for arguments based on
the martingale central limit theory to establish a weak convergence result for the empirical process
21[5181] Ii(¢ < v)u; as in Caner and Hansen (2001).° Assumption (A42) does not allow for serially
correlated errors and model endogeneity. However, in Section 4, we relax this assumption by adopting
the so-called “leads and lags” approach or dynamic OLS estimator proposed by Saikkonen (1991).

(A3) is very conventional in the literature of threshold models. The threshold variable ¢ is assumed
to be strictly stationary and strong mixing for asymptotic purposes. The assumption excludes the
case where ¢ is a unit root process, under which one may need to use another technique such as
the triangular array asymptotics proposed by Andrews and McDermott (1995). Assumption (A4) is
standard in the literature of regressions with integrated processes.

Following Caner and Hansen (2001), we define W (s, 1) as a two-parameter Brownian motion on

’The assumption (A2) can be relaxed under certain circumstances. For instance, u; could be generalized to follow a
linear moving average process of finite order [. However, fully generalizing the model to allow for serially correlated errors
would involve substantial added complexity (see Gonzalo and Pitarakis, 2006).



(s, 1) € [0,1]2, which is a zero-mean Gaussian process with covariance given by

E(W (s1, 1)W (82, H2)) = (51 A 52) (g A pa)-

The two-parameter Brownian motion is a special tool to derive the limiting distribution in threshold
models with integrated processes. Note that when p = 1, we have W (s, 1) = W(s), which is a Brownian
motion on s € [0, 1].

Moreover, we can define the following stochastic integration with respect to W (s, u) on the first

argument (s) while holding the second argument (u) constant as

3100 = [ Bl (s, = tim 3B, (Wi - W), (@
t=1

n—o0 n n

where J;(u) is a Gaussian process with an almost surely continuous sample path and the covariance

kernel
BT (1)1 (12)) = (g A i) / B, (s)B) (5)ds.

3 Main Results

3.1 Profiled LS Estimation and Asymptotics

For ease of manipulation, we rewrite Equation (2) in a more compacted form:

ye = 0"Ay(o) + ue, (5)

where Ay(v9) = (2, 24(70))', 2(70) = eI (@ < 7p), and 0 = (o, ¢")".
9g

For any fixed v € [v,7], the following model is estimated:

ye = 0(7) Ac(y) + (),

where 5(7) is given by

n -1

> A Ay

t=1

Z Ay (’Y)yt] .

t=1

The sum of squared residuals is defined as

§5Ru() = W) =3 (- 00 4 (6)

t=1 t=1

and we define the profiled LS estimator of -y, as the value that minimizes SSR,(7), i.e.,

v, =arg min SSR, (7).
YE[]



The term SSR,, (y) is not differentiable due to the presence of the indicator functions; thus, we
can not write 7, in closed form from first-order conditions. Following Hansen (2000), we adopt a
grid-searching method. Specifically, we divide [y,7] into N quantiles and let 'y = {q1,q2,...qn }.
The estimator 7y = argminyer, SSR, (7) is a good approximation to 7, when N is large enough.
The other parameters are then estimated by using the point estimate 7, via 0 = g(ﬁn) and 62 =
S S

In what follows, we set § = 8,, = n~ /277§, where —1/2 <7 <1/2and Jy € R is a fixed parameter.

Under this assumption, the size of the threshold effect converges to zero with the rate no1/2-T

, Where
the value of 7 determines the identification strength of the threshold value ,. We exclude the case
with 7 > 1/2 since the nonlinear term is negligible asymptotically. In addition, when 7 < —1/2, the
nonlinear term is explosive and is also excluded. We also exclude the case of 7 = —1/2 to focus on the
limiting behavior of 7,, when §,, — 0.

The following theorem states the limiting results for 7,, according to the value of 7.

THEOREM 3.1 Under Assumptions (A1) —(A4) and 6, = n='/2778, the following limiting results hold:
Case 1: if =1/2 <1 < 1/2, then

n 2, = 70l = Op(1).

Furthermore,

1
n' NG =) =" = arg max (A(r) = |r]),

re(—00,00)

where
_ 50 (J Bu(s)Bi,(5)ds) do fo

2 9
u

A

g

with fo = f(vg) and A(r) is a two-sided Brownian motion on the real line defined as:

Ai(r) if r >0
AP)={ 0  ifr=0 . (7)
Ao(=r) if r <0

The processes Ai(r) and Aa(r) are two independent standard Brownian motions on [0, 00).
Case 2: if T = 1/2, then 7, = Y(79,00) and Y(7vg,00) is a random variable that mazimizes
Q(’.% 707 50)7 where

1

-1
Q0110:00) = sy ) ([ BoBL@Is) T 0

with



and

I(y) =0, / B, (s)d [W (s, F(7)) — F()W(s)] . (10)

Theorem 3.1 shows that the convergence results for 7, depend critically on the value of 7, which
characterizes the convergence speed of §,,.%
If —1/2 <7 < 1/2, the threshold effect is identifiable and 7,, is a consistent estimator. The rate of

1=27 " which is decreasing in 7. The limiting distribution of 7, has the same form as

convergence is n
that found for the stationary threshold model in Hansen (2000), but the scale factor A is different. Note
that fp is the density of ¢; at 7. Intuitively, a larger fp implies more data points around 7y, making 7
more accurate.

To generate the confidence interval of v, we invert the following likelihood ratio statistic for the null

hypothesis v = 7, given by

SSRy, (v9) =SSRy (7,,)
SSR, (7,) ’

where 7,, is the profiled LS estimator. Following Hansen (2000), it can be shown that LR,(vy,) =
SUD;¢(—o0,00) (2A(1) —[r]). Denote q§71_a as the 1—a quantile of the random variable sup, ¢ (_ s o0) (2A(r) —
|r|) and q,ilfa can be calculated by the formula q,ilfa = —2In(1—+/1 — a). Thus, the a—level confidence

interval of v in the case of identification can be expressed as

CI! (o) ={y:LR,(7) < ¢} 1 .} (12)

If 7 = 1/2, the threshold effect is only weakly identified. The profiled LS estimator 7,, converges to
a random variable (7, do), reflecting the lack of information. Since v, and Jy are not estimable, any
statistical inference based on them is impossible. Following Cheng (2008) and Shi and Phillips (2012),
we define the least favorable CI which is large enough for all possible v, and dp. Denote q%_ «(70590)
as the 1 — a quantile of |y(vq,d0) — 7o for each v € [7,7] and dg € R. The a-level CI, given v, and do,

is then defined as

CIV.(1 = a,79,00) = {7 : A — 7 < &1 _a(70:00)}- (13)

Since v, and d¢p are two unknown variables, we define a robust quantile by taking the supremum of all

possible v, and dg. Let

o= sup sup ¢, (7o, 00). (14)
o€l 7] S0€R

The a—level least favorable CI in the case of weak identification is then defined as

CLY () = {7 : 7 =71 < &0} (15)

Tn an early version of this paper, we have also established the limiting distribution of the coefficient estimators 0 F,)-
We show that, if —1/2 < 7 < 1/2, the limiting distribution of the coefficients estimators is mixed normal, which makes
conventional ¢-test and chi-square tests applicable, whereas if 7 = 1/2, the limiting result contains a bias term I1(7,,, 7, d0)
due to the inconsistency of 7,,.




3.2 Robust Confidence Interval

In empirical studies, 7 is unknown, raising the question of which CI should be used. In this subsection,
based on a model selection procedure, we construct a robust CI which has approximately correct
coverage probability irrespective of the value of 7.

For a fixed v € [y,7], let X(7) = (z1(7),22(7), ..., 2n (7)) and X = (21, 22, ..., 2,)". The Wald test

statistic for testing Hy : 0, = 0 can be defined as

To() = 60(7) (X(V) (I = Pu)X (7)dn(7) /52, (16)

where P, is the projection matrix of X, given by P, = X(X'X)~1X'. Following Hansen (1996), we
define the sup-Wald test statistic as

T, = sup T,(7).
YE[MT]

The following theorem explores the limiting behaviors of the sup-Wald statistic under different

model identification strengths.

THEOREM 3.2 Under Assumptions (A1) — (A4) and 6, = n~'/2778y, where 8y is a nonzero constant,
the following limiting results hold:

i) if —1/2 < 7 < 1/2, then T), 2 .

it) if T =1/2, then

1 /! / d -
Tn=T = sup Ti(v) = w?{% I (7)1 = F(W))FI(V) </ B, (s)B,(s) 8) Li(7), (17)

where T'1 () is defined by Equation (9).

Theorem 3.2 shows that Tj, 2 co if —1/2 < 7 < 1/2 and T}, < oo if 7 = 1/2. This result enables us
to develop the following model selection procedure. We define {k, : n > 1} as a sequence of constants
that diverge to infinity as n — oo. The parameter k, is referred to as a tuning parameter and we

require the sequence k, to diverge to infinity at a rate slower than n” for any v > 0, i.e.,
n"Vkl? 0. (18)

Suitable choices of , include d (In(n))? where d is a positive constant, in accordance with BIC. The
model selection procedure is designed to choose the model with the identified threshold effect if T;, > &,
and to choose the model with the weakly identified threshold effect otherwise. We use the CI chosen
through this procedure as the final CI.

Specifically, for each confidence level a, define

1! if T), > kn,
CI%n(a,) _ { C %n(a)a 1 > K } ‘

W .
Cl17,(a), if T, < Ky,



We focus on the smallest finite sample coverage probability of C'I,,(a) over the whole parameter

space, which can be approximated by the following asymptotic size

AsySZ,(a) =lim inf inf inf Pr(y e CIL,,(a)). (19)
n—00§oc R v€[y,7]

The following theorem shows that the robust CI has the correct asymptotic size.

THEOREM 3.3 Under Assumptions (Al) — (A4), for any a € (0,1), we have AsySZ.(a) = a.

4 The Generalized Model

In many economic applications of cointegration, error terms are serially correlated and correlated with
regressors. Under these conditions, it is well known that the ordinary least squares (OLS) estima-
tor contains a second-order bias in linear cointegration models. Several efficient estimators have been
proposed, such as the fully modified (FM) OLS estimator of Phillips and Hansen (1990), the canoni-
cal cointegrating regressions (CCR) estimator of Park (1992) and the dynamic ordinary least squares
(DOLS) estimator proposed by Saikkonen (1991) and Stock and Watson (1993). In the following, we
generalize the basic model in Section 2 to allow for serial correlation and model endogeneity.

More formally, we introduce Assumptions (A1) and (A2") to replace Assumptions (A1) and (A2).
Assumptions (A3) and (A4) are applicable to the generalized model.

(A1") In Equation (1), u; can be decomposed as

dy K

uy = Z Z Bijvig—j +ny = Bz +ny, (20)
i=1 j=—K

N = P+ e, with pe (=1,1],

where z; = (V14K Vaye+x) and 8 = (81 _g, -, Bgy k). The error term e, satisfies i) E(e;) = 0,
Elei|* < oo; ii) For each n, there exists a filtration f 4, t = 1,...,n, such that {(e;, F ns) 1t > 1} is a
stationary and ergodic martingale difference sequence with E(e?|F ,,4—1) = 02 < oo almost surely for
all t = 1,...,n; iii) The term (g, z;) is adapted to the filtration F 1, t =1,...,n.

(A2) Let €,(s) = = S0 e and sup,e(o .y [(4(5), Va(5)) = (B (s), Bu(9))]| “¥ 0 as n — o0, where

(B:(s),B,(s)) is a vector of Brownian motions with a positive definite long-run covariance matrix.

Under Assumption (A1’), the model endogeneity can be fully captured by /3’2, where z; is a vector
of leads and lags of Ax;. The parameter K can diverge to infinity as the sample size increases. The idea
of using leads and lags to deal with endogeneity in cointegration models was proposed by Saikkonen
(1991). We assume f remains constant to focus on the threshold effect occurring in the cointegrating
relationship. The extension allowing 8 to be regime-sensitive would be interesting and is left to future

study. The term 7, is assumed to be AR(1) and p controls the stationarity of n,. If p = 1, 7, is a

10



unit root process and the model describes a structural spurious relationship,” while if p < 1, 1, is a
stationary process and the model is a cointegrating relationship.

To estimate a regression with serial correlation, the Cochrane-Orcutt FGLS procedure is usually
adopted. In linear cointegration models, as shown in Phillips and Park (1988), the FGLS estimator
and the OLS estimator are equivalent in asymptotics. The Cochrane-Orcutt FGLS estimator also
works for spurious regressions, as Phillips and Hodgson (1994) demonstrate by proving the asymptotic
equivalence of the FGLS estimator to the OLS estimator when the error is an I(1) process. However, in
the presence of threshold effects, there is no asymptotic equivalence between FGLS and OLS estimators.
The following simple sketch may help to illustrate this difference.

For a linear cointegrating regression after transformation,

Y — pye—1 = & (2 — pre—1) + (1, — py_1),

and it follows that

n(@rgrs —a) = (Z(l’t T G Pfﬂ't—l)/> (Z(ﬂft — pxe1) (1 = ,0"7t_1)>

t=1 t

=1
= (a-o2 [ Bu<s>B;<s>ds>1 (= [ Buls)an (s

_ < / B,,(s)B;,(s)ds> B / B, (5)dBy(s),

which is the same as the limiting result of the OLS estimator.

However, for a cointegrating regression with a threshold effect after transformation,

Yo — pyi—1 = o (x — pri_1) + 0 (xe(y) — pre—1(v)) + (0 — p1y_1)
= T+ 6,T(y) + (0, — pPne_1)s

where p can not be canceled in the limiting result because
S EOEO) = (14 AFG) = 20Fr(7,7) [ Bu(o)Bl(s)ds,
t=1

which depends on p, the marginal distribution function F(y) = Pr(¢; < ) and the joint distribution
Fi(7,7) = Pr(q <7, qi-1 < ), whereas

S ) 0 — o) = (1— ) / B, (s)dB, (s).
t=1

TStructural spurious regressions can be due to integrated measurement errors and missing integrated regressors. See
Choi et al. (2008).
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4.1 FGLS Estimator

To obtain a feasible GLS estimator, we first estimate the threshold value 7, through the profiled
LS estimator without considering serial correlation and endogeneity. Then we estimate p from the
estimated error terms. Finally, we construct the Cochrane-Orcutt FGLS estimator based on p.

Specifically, we estimate 7y, using

5, = arg min SSR, (v),
Y€l

where SSR,, () is the sum of squared residuals for the regression
R ~ ~/ ~
ye = Q'we + 6,2 (qr <) + B 2 + 7

By estimating the AR model
0 (Yn) = P0—1(Vn) + &1,

~/

the OLS estimator p is estimated, where 7,(7,,) = y: — &' (3,,) Tt — E;Wn):ntl(qt <7,) =B #,)z.

The following theorem establishes the consistency and the convergence rate of p.

THEOREM 4.1 Under Assumptions (Al’), (A2'), (A3) and (A4), p — p as n — oo. Furthermore,
p—pl= Op(”71/2> if p<1, and [p—1] = Op(n~") if p=1.

Theorem 4.1 shows that p is consistent even when p = 1, i.e., the regression is a spurious relationship.
The convergence rates are different due to the different convergence speeds of integrated and stationary
processes. Moreover, we find that the limiting behavior of p is not affected by the identification strength
of the threshold effect. The intuition is as follows. If 7 < 1/2, 4 can be consistently estimated by 7,,.
In each regime, if p < 1, the coeflicients can be consistently estimated as well and thus it is obvious
that p LN p. If p =1, the coefficient estimators are not consistent; however, this inconsistency implies
that the residual term 7j,(7,,) is a unit root and that p & p = 1. If 7 = 1/2, 7, is not consistent as
shown in Theorem 3.1; however, the nonlinear term Slnzntl (¢ < ) decays to zero so fast that it has no
impact on the estimation of p asymptotically. Following Choi et al. (2008), the consistency of p can
also be obtained.

Based on the consistent estimator p, we construct the following Cochrane-Orcutt FGLS estimators.

We first define y; = y: — py—1, and 2, 2y, 7, in the same way. For each v € [v,7], define

() = e (qr <) — pre—1d(qe—1 < 7).

Let Ay () = (&, 7:(v)',Z)) and stack @y, Jr, 3, Z¢(v) and Ay(7) to get the matrices: X, Y, Z, X ()
and A; (7).

After the transformation,

~ ~ ~ ~ ~ ~/ 0y ~
U =T+ 0,3(y) + % + 1 = 0 Au(y) + 7y, (21)
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where 0 = (o, 8,8
Using Equation (21), for each ~y, we can define

n -1 n
0(v) = | > Au(m) Au(y) ZAU(V)?%] , (22)
t=2 t=2
and the FGLS threshold estimator can be defined as
Y, = arg_min (SSR(7)),
YEN]
where S/'S’T%n (7) is the sum of squared residuals given by
— n = 2
53Ru(0) = Y- (7 -0 T ) (23)
t=2
The following theorem establishes the limiting results of the FGLS estimator.
THEOREM 4.2 Under Assumptions (Al"), (A2'),(A3) and (A4), the following results hold
Case 1: if —=1/2 <1 < 1/2, then n'=275,, — | = Op(1). Furthermore,
1-275 (> * 1
n A, — o) =77 = arg pax )(A(r) = 5I7D;
re(—o0,00
(24)

)

where
5 _ (147°) (9 Buls)Bi(5)dsdo) fo
o2

and A(r) is defined by Equation (7).
Case 2: if T = 1/2, then 7,, = J(v0,00) and Y(7y,00) is a random variable that mazimizes
Q(7;70,00) where

, " " _ . -1
Q70 00) =T1 (%) (@2(7) - < gz;g; ) ( gzg;z ) 1 ( g;zg; )) T1(v),
with B S L
=t (G- (&0 ) (882) (&)
" = ~ Gu() ) [ GG\ [ 40
””:%W‘<émw)<é%é%) (%m)’ %)
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N 611(7)7512(7)7513(’7) B %(7)
where the random matriz G(y) = égl('y), Goao (), égg(’y) and the random vector ¢(7y) = 52 ()
631(7), 632(7)7 533(7) 53(7)

are specified in Lemma B./J of the appendix.

Theorem 4.2 establishes the convergence results for the FGLS estimator 7,,. If —1/2 < 7 < 1/2, the
threshold value can be consistently estimated and its limiting distribution depends on the persistence
parameter p. Note that A= (1 + p2) A, implying that the FGLS estimator is more efficient than the

profiled LS estimator when p # 0. The simulations in Section 5 demonstrate this result.

4.2 Generalized Sup-Wald Statistics

Testing for the existence of the threshold effect in a cointegration regression is challenging since it is a
joint hypothesis problem (see Balke and Fomby, 1997). For example, when testing for the existence of
threshold effects, the statistics based on error correction models (ECM) need to assume the model is
a cointegrating regression. Therefore, the rejection of the null hypothesis does not necessarily indicate
that there is a threshold effect. It may mean that the regression is a spurious relationship. Thanks to
the robustness of the FGLS estimator, we can design a generalized sup-Wald test statistic based on this
estimator to test for the existence of threshold effects, without any requirement on the stationarity of
the error term.
The null hypothesis is
Hy: 6, =0,

and the alternative is
Hl . (Sn 75 0.

Under the null, after transformation, the model is
Ui = T+ % + 7, (26)

while under the alternative, the transformed model is

U = o'+ 0,T(yo) + %+
~ ~ .
= 0 Ay(vo) + 1 (27)

Let V) = ()? , Z ), then a generalized Wald statistic can be defined as

To(v) = 60(7) (X(9)I = P(7)) X (4))00(7) /52,

where P(v) is the projection matrix for V; and &2 = Sﬁn(’y)/n
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The generalized sup-Wald statistic is defined as

T, = sup Tn(’y).

S
Y€

THEOREM 4.3 Under Assumptions (Al'), (A2"), (A3), (A4) and Hy : 6, = 0, the following limiting
result holds:

T, = T= sup T(v)
vElA
- ;o I 1
=  sup if/(,y) 622(,”_ €21<7) €117€13 glg("y) f(*y)
YE[ Y] o2 Gas(7) Gs1,Gs3 Gsa2(7) )

where T(y) is defined by Equation (25).

Theorem 4.3 establishes the limiting distribution of the generalized sup-Wald test statistic, which is
nonstandard and we generate the critical values using a parametric bootstrap method. We first estimate
g using Equation (26) under the null. Then, we obtain the residual terms {%tﬁn)}?ﬁ using Equation
(27) under the alternative. We draw a random variable 7’ from the sample {ﬁtﬁn)}?:z forallt =2,...,n,
and generate a new sequence {7V}, by 70 = QT + B'th + ﬁf Define 3¢ = y; and ? = 97 + pyb_,
for all t = 2,...,n. Let T ,l{ be the sup-Wald test calculated from the new data set {yf,mt,zt,qt}?:2.
Under the null, the distribution of T,’; approximates the distribution of fn The bootstrap p-value is
obtained by calculating the frequency of simulated Tnb that exceeds T}, when the number of simulations
is sufficiently large. Following Hansen (1996), one can show that the generated p-value converges to
the true size.

One can use the generalized sup-Wald statistic T, n to construct robust Cls for the threshold model

following the procedures described in Section 3.2.

5 Simulations

This section demonstrates the finite sample performance of the estimators and test statistics through

two simulation experiments.

Simulation 1: We examine the consistency of the profiled LS estimator and the FGLS estimator
under different model settings. We make comparisons between these two estimators to demonstrate
the advantage of the FGLS estimator when serial correlation and model endogeneity exist.

We consider the simple regression model
Yt = axt + 0nz(qr < Yp) + Bor + ut,

where x; = x;_1 + v; and u; = puy—1 + 4. The threshold variable ¢; is generated by an AR(1) process:
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gt = 0.5¢;—1 + €;. The innovation processes vy, ¢; and ¢; follow i.i.d. N(0,1) and are independent of
each other. The true threshold value is set as 75 = 0 and the coefficient « is set as 1. The parameter
B is set as 0 or 0.5, which controls the correlation between x; and u;. To check the impact of the serial
correlation of u; on the estimation, we set p as either 0, 1, 0.95 or —0.95. Moreover, we set the size
of the threshold effect as §, = 2n~1/2=7 with 7 chosen as either 0 or 0.5, corresponding to the case
with identification or the case with weak identification. The number of replications is N = 1000. The
sample size n is set as 100, 200 or 400. We let the number of lags K = 5 in the FGLS estimator.?
Tables 1a and 1b report the mean square errors (MSE) of the profiled LS and the FGLS estimators

for the threshold value and regression coefficients, respectively.
Here insert Tables 1a and 1b

Specifically, Table 1a compares the performance of the profiled LS and the FGLS estimators of the
threshold value under different model settings. Panel A displays the results when 7 = 0 (the case with
identification). The profiled LS estimator 7 is consistent when p < 1 (the error term u; is stationary)
no matter whether there exists regressor endogeneity or not, but it is inconsistent when p = 1 (the
error term wu; is a unit root process). On the other hand, the FGLS estimator 7 is always consistent.
Of particular interest is that the FGLS estimator performs better than the profiled LS estimator when
serial correlation and regressor endogeneity exist, which is consistent with the theoretical result. Panel
B reports the results when 7 = 0.5 (the case with weak identification). Both profiled LS and FGLS
estimators are inconsistent since their MSE do not converge to zero as the sample size increases to
infinity. However, the FGLS estimators still have smaller MSE than the profiled LS estimators in
most cases. Similar conclusions can be drawn from Table 1b, which reports the MSE of the regression

coefficient estimators.

Simulation 2: In this experiment, we examine the performance of the sup-Wald test statistics and
the model selection procedure. The data generating process is the same as in Simulation 1, but we
consider an additional case with d,, = 0 to evaluate the size performance of the test statistics.

Table 2a reports the size performance of the sup-Wald statistic T,, and the generalized sup-Wald
statistic fn, which are based on the profiled LS estimator and the FGLS estimator, respectively. Com-
paring Panel A with Panel B, one can see that T,, has better size performance than 7, when serial
correlation or regressor endogeneity exists. In an unreported result with the sample size n = 1000, the
rejection rate of T, is close to the size, but not for T},. Thus, we suggest that the generalized sup-Wald

statistic 7, n should be used in practice.
Here insert Table 2a

Tables 2b through 2d report the power performance for 7, and fn with different sample sizes. In
all three tables, Panel A shows the results for the case with identification and Panel B shows the case

with weak identification.

8Other values for K, such as 10 and 15, are also applied with little change in the results.
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Here insert Tables 2b, 2c¢ and 2d

When the threshold effect is identified, both T}, and Tn seem to be consistent since their power
converges to one as the sample size increases. In particular, Tn performs better than 7, when there
exists serial correlation, model endogeneity or both; the advantage of the generalized sup-Wald statistic
is confirmed.

However, when the threshold effect is only weakly identified, both statistics seem to have low power
even when the sample size is 400, which is consistent with the theoretical results. In practice, one may
use the model selection procedure described in Section 3.2 to detect the case with weak identification.
We choose (In(n))? as the tuning parameter &, and judge that the model is weakly identified if T}, or
T, is smaller than k,. From the columns corresponding to (In(n))? in Tables 2b-2d, one can find that

the model selection procedure based on fn works very well in all cases.

6 Conclusion

In the literature, statistical theory for threshold models with stationary explanatory variables has been
well developed by Hansen (1996, 2000). However, in empirical macroeconomics and finance, many
explanatory variables are nonstationary. This paper establishes statistical theory for threshold models
with nonstationary regressors under the diminishing threshold effect assumption. Our work can also
be related to the literature of nonlinear cointegration. The proposed approach offers some flexibility of
the cointegrating structure such that it can capture threshold effects in the long-run relationship. The
merits of the method have been successfully demonstrated through Monte Carlo simulations.

There are several directions open for further work. First, it may be interesting to develop a more
general model with multiple threshold effects, each with a different identification strength. A sequential
procedure can be applied to determine the number of regimes and their identification strengths. Second,
the model can be extended to allow for stationary regressors. Moreover, there are many interesting
applications. For example, one can use the model to study the regime-sensitive Taylor rule (Taylor,
1993), where the dependent variable y; could be the short-term interest rate, the explanatory variables
x¢ could be macroeconomic variables such as the inflation rate and the unemployment rate, and the
threshold variable ¢; could be the GDP growth rate. Another application is to model the regime-
dependent predictability of the fundamental ratios, such as the dividend-price ratio and the earning-
price ratio, to equity returns. The threshold variable could be a variable indicating the status of the

economy. All these are left for future studies.
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Appendix

In this appendix, Part A provides the proofs related to the basic model while Part B is for the generalized model.
To save space, we skip the details for some intermediary results and a more detailed presentation can be found in
Chen (2013).

Part A

Lemma A.1: Under Assumptions (A1) —(A3), for any v € [v,7], we have f Z ”6 Ii(q: < Y)ur = o, W (s, F(7)).
Lemma A.2: Under Assumptions (A1) — (A4), for any v € [v,7], we have

fzxtft Jui = o [ Bus)aW (s, ()

Lemma A.3: Under Assumptions (A1) — (A4), for any v € [,7], as n — oo, we have
a) n=2 30 Ad(y)Ay(y) = M () + Oa.s(l)v

e [By(s
b) n 1Zt=1At(7)ut:>0u < fB dWs F( )) >7

where A;(7) is defined in Equation (5) and M(y) = ( IP}B s)ds §)ds §EZ;§EUES;E%2332 > .

»

Lemma A.4: Under Assumptions (A1) — (A4), we have

[By(s

n(0(v0) = ) = ouM (7o)~ ( I By(s dW (s F(’Yo)) ) .

For any v # v, if —1/2 < 7 < 1/2, we have
"2 (B(v) ~ 0) = M(7) "' (7,70, 60);

if r=1/2,

n(0(y) — 0) = o M(y) " < foB W, F( ) ) + M(y)"MI(v, 79, 00),

where

F(v) = F(vo A7) [ Bu(s)B),(s)ds

Proof of Lemma A.1-A.4: The proofs are standard and are skipped here.

Lemma A.5: If —1/2 <7 < 1/2, we have 7,, 2 7,.
Proof: To establish the consistency of 7,,, we need to prove Pr(|y,, — 79| > €) — 0 for any ¢ > 0. Denote
B(e) = {v: |7 — | > ¢} and B(e) = [,7]\B(¢). By the definition of 7,,, we have

Pr(|7,, — Yol > 6)—PI‘< inf SSR,(y) < inf SSRn(’y)> §Pr( inf SSR,(y )<SSRn(’yO))

Y€B(e) v€EB(e) Y€B(e)

= Pr( inf n*""Y(SSR,(7) — SSR,(7,)) < 0).
YEB(e)

Thus, to prove Pr([y, — 7| > ) — 0, it suffices to show that inf g n*” 1 (SSR,(y) — SSRn(7y)) > 0 with
probability 1.
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Rewrite Equation (2) as a matrix compacted form: Y = X'a 4+ X(v,) 0n + u, where Y, X, X(,) and u stack
Yt T, Tl (g < 7vp) and ug, respectively. Denote X*(v) = (X (), X — X (7)) and define its projection matrix P} =
X*(Y)(X*(y) X* (7))L X* (7). By some simple algebra, we have

SSR,(7) = Y'(I = P)Y = 6, X (7o) (T — PX)X (0)8n + 26, X () (I — P )u+ /(I — PX)u,

where the second equation uses the fact that X'(I — PJ) = 0, since X is a linear combination of (X (v), X — X (7v)).
When v = 7, we have SSR,,(vy) = v (I — Py )u, and it follows that

WSS Ru(y) — SSRa(r)) = m T8 X () (T — PH)X (1) + n 2708, X () (T — P
+n (W (I = Py )u— /(I = Py Ju) = S1+ Sa + S, say. (A1)

Next, we will show that S + S3 + S5 uniformly converges to a function b(v) which is positive for any v € B(e).
Given —1/2 < 7 < 1/2, by Lemma A.3, it can be shown that

1 1
So =0V (01375, ) X () (1 = P =0 V24260 X () (T = P Ju = OplnV/247) Lo,

Sz =n" "2 (u/ (I = PY)u—u'(I — P Ju) = n~ "7 (0 Py u—u' Pju) = Op(n~'27) 0.

Using a similar argument of Lemma A.5 in Hansen(2000), we can show, for any v > 7,

51 =X 0)(T = X080 2 (Flow) = Fo)F) ™ Flody ([ Bulo)BLs)s ) do = )

uniformly. Since (F(vy) — F(70)F(v) ' F(vy)) > 0 and [ B,(s)B/ (s)ds is positive definite random matrix, b1(y) > 0
and the equality holds if and only if v = ~,,.

For v < 7, we can show

S1 % (Flg) — F(1)5) ( / Bv<s>B;<s>ds) 50 = ba()

uniformly, where b2 () > 0 and the equality holds if and only if v = ;. Define b(y) = b1 (V)I(y > 7o) +b2(7) I (v < 7¢),
and we have shown that
n~ T (SSR,(v) = SSRa(v,)) = b(%)

uniformly for any v € [y,7] and b(y) is strictly positive when v € B(e). Thus, Pr(inf,cp( n®™ ' (SSR,(y) —
SSR.(v9)) >0) — 1.

Proof of Theorem 3.1: We first prove the limiting results for the case with —1/2 < 7 < 1/2. Let a,, = n'7?7.
To prove ¥,, converge to v, with rate a,, we need to prove that a,|¥,, — 7| = Op(1), or there exists a constant 7 > 0,
lim,, . Pr(|7,, — 7ol < ¥/an) = 1. For any B > 0, define Vg = {7 : |y — | < B}. When n is large enough, we have
T/a, < B. Since 7, 2 7, according to Lemma A.5, Pr({7,, € Vg}) & 1. Therefore, we only need to examine the
limiting behavior of v in Vp.
Define a subset Vg(v) = {7y : ¥/a, < |y — 7| < B}. Thus, Vi(v) C Vi. To prove Pr(|7,, — vo| < 7/a,) = 1, we
just need to prove Pr(5,, € Vp(v)) = 0. Let 6 and § be the estimation of 5(%) and g(ﬁn) Also, we denote SSRY () =
" (yi—0 Ay(7))? and SSR%(v9) = S, (e —8 A(7,))2. By the definition of 7,,, we have SSR%(3,,) < SSR (7).
Hence, it suffices to prove that for any v € Vg(v), SSR}(v) > SSR}(7°) with probability 1.
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We consider the case of v > ~° first. Using an argument of symmetry, we can, without loss of generality, prove

the result for the case of v < v,. Note that

SSR(7) ~ SSB;(0) = D (e — 0 A)* = (e — 8 A7)
t=1 t=1
= Za 20(7) = (7o) (@ () — 20(70)) 6 — 20, ) = zu(vo))u+ 20 3 (@i(7) = 2(0))(@e(7) — (%)) (B~ 0)
t:l t=1

+2 Z(M 80) (2:(7) — @e(30)) (@ (7) — 20(76))' (B = 6) + 28, — 8 ) > (2e(7) — @i(70))u

Ri — Ry + Rs + Ry + Rs, say.

Next, we show that R1+11242§3'§1§4+R5 converges to a positive random variable almost surely by studying the

limiting behavior for each term specifically. First, note that

Liz}

Qn

= ZZ(SI ze(7) = (7o) (@ (7) = 2:(70)) 6n (F(v)—F(Wo))%/Bv(S)BL(S)dS%+0p(1)

t=1

= 7000 = 2005 ([ BuIBL)S) 40+ 0,01

The last equation uses the first-order Taylor approximation of F(v) around ~,.

Noting that ¥/a, < |y — 7| < B and a, = n'=27 with 7 < 1/2, We have vv < \/@n+/(]7 — 7o|)- Thus, there
exists k > 0, such that

Ry 2005 D (e (y) — zi(yo))u 1 =
an(y —70) Van (Y =) _Op(\/@ (|vao\)) S k/Ve

For any B — 0, there exists ¥ > 0 and N, such that k/vo < f(v,)d, [ B, (s)B,(s)dsdo with probability 1 and
U/an, < B when n > N. Therefore, for any v € Vg(v), we have
Ry Ry

an(Y —0) - an(Y = 70) >0, (A-3)

Furthermore, from Lemma A.4, we have n” /2((0 — 0) = O,(3,, — 7o) and n”T/2(8,, — 8,,) = O,(F,, — 7o), thus

Ry 207*V25 =230 (24(7) — (o) (@e(v) — 2e(70))'n 2 (0 = 6) 0
an(y —70) (v =) = Opln =70) = 0p(1). - (A4)
Ry _ 207 HV2(8 4 6,)'n 2 S0 (@e(7) = 2e(70)) (@e(7) = @(7))'nTH2(8 = 6,)
an(Y = 0) ~ (v =)
= Op(n"2(0 = 6,) = 0,(7, — 7o) = 0p(1), (A.5)
Rs  _ 2n%7(d, — $ )t (@) — wil(rg))u O™ Y23 — 5y 2) —
an(y = 7o) (v — ) Onl (6= 0n) ) =or(D)- (4.6)

Combining the results of Equations (A.3) through (A.6), we have SSR;é:z;ffﬁz (o)

v € V() and 7 > +°. Similarly, we can prove SSR}(y) > SSR(7°) when v < 4° and v € Vg(v) with probability
1.

> 0 with probability 1 for any
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Next, we study the limiting distribution for the estimator 7. Given —1/2 < 7 < 1/2, % is a consistent estimator
with convergence rate a,,, thus, we could focus on its asymptotic behavior in the neighborhood of the true thresholds.

Let v =, + ull By the definition of 7,,, we have
(075

an(n — o) =" = arg _min (SSR:xw

w€(—00,00)

£) - s8m3(0)).

By Equation (A.2), we know SSR (v, + ) SSR(v9) = R1 — Re+ R3 + Ry + Rs, with «y replaced by 7, —|— —

Next, we turn to study the limiting behav10r for each term. We only provide the proof for the case where w > O as

the proof for the case with w < 0 is analogous. Given w > 0, we have

r = 6gg<xt<vo+;>xt<vo>) (xmﬁ;)xtm))'an

n' =2 hn " Z (xt (70 + —) - xt(70)> (xt(% + ai) - xt(%))I%

n

W25 (F g+ ) = FO) ([ BuoBL9)ds) b+ 0,(1)
2, (o)l ( / Bv<s>B;<s>ds) 5o, (A7)

w
Note that the last equation uses the first-order Taylor expansion of F'(y, + —) around ~y,. For Rs, we have
a

n

n

£y —a0) ) u = -2 Y (w04 )~ o))

t=1 n

R2 = *2 Z 6 <l’t 70
= _2\/(Tn6f)au/Bv(s)d (W(S,F(’)/O + ud
a

’I’L

n

) - W(s,Fm)))

n

) - Jl(F(%))) . (A8)

Note that J;(u) = [ By(s)dW (s, ) is a mean-zero Gaussian process with an almost surely continuous sample

path and with the covariance kernel

BT (1)1 (12)) = (13 A ) / B, (s)B) (5)ds.

Thus, D(w) = /@040, (Jl(F('yO + ai)) - Jl(F('yO))> is also a Brownian motion with

Var(D(w)) = UZan(F('yo—i— —) = F(vo) 5O/B s)dsdg
= Uifow/Bv(s)B;(s)ds+op(1).

By Equations (A.4) to (A.6), we have R3 + Ry + Rs = wo,(1) = 0,(1). Combining the convergence results of
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Equations (A.7) and (A.8), we have

SSE; (1) =SSR, () = fuws}, [ Bo(9)B(s)dsdo — 2D(w)

= fowég/Bv(s)BL(s)ds% - QJU\/fowég/Bv(s)Bg(s)dséoAl(w),

where A;(w) is a standard Brownian motion on [0, 00). Making the change of variables as follows

o;
T S (I Bu(5)B,(5)ds) dofo
we have
SSR;, (7) = SSR;, (v9) = 20%(5 — A (). (4.9)

Using continuous mapping theorem, the asymptotic distribution of 7 can be expressed as

R 1
n'TTTANA =) = r* = arg max (A (r) — =|7|).
TE(O,OO) 2

Lastly, we establish the limiting results for 7,, when 7 = 1/2, i.e., the threshold is only weakly identified. By the
definition of 7,,, we have 7,, = argmin,¢[, 5 SSR,(7) = argmax, e[y 5 (SSR, — SSRn(7)), where SSR,, is defined

as the sum of squared residuals by regressing y; to ;. By some standard algebra, we have
SSRy, — SSR,(v) =Y'(I = Po)X(M(X' (M — Pn)X(’Y))ilx/(’Y)(I - P)Y,

where X (v) = (z1(7), 22(7), .., n (7)) and X = (21,22, ..., 7,)". P, = X(X'X)71X’ is the projection matrix of X.
Define I',,(y) = n= ' X'(v)(I — P,)Y. By substituting the true model Y = Xa + X (v,)d, + u, it can be shown that

Tu(y) = 07 X ()X (30)8n — 0 X/ () X (X' X)X/ X (30)60 + 07 X' (9)(I = Py

Given 7 = 1/2, we have nd,, = §p. By Lemma A.3, it can be shown that

) = 0 [ Bu() V(s F) = FOW) + (Pl A7) = FODFG0) ([ BB (s)ds ) b0 = T
Since

WX~ )X () = n X )X () - i X )X (X)X () = FO) - FG)) [ BB s)ds,
by continuous mapping theorem, we can show that

(SSRy = SSRa(7)) = TL(NX' (MU = Pa)X(7)/n*) 7 T(7)
1

~1
- WFQ(V) </ Bv(S)B;(s)d5> T'1(7) = Q7,70 %0)-
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Proof of Theorem 3.2: Note that

T.(7) = 3.(7) (XU = P(y)X(1))dn(7)/52
= (I-P)Y <>< (7)1~ >X<v>>—1x’<v><I—Pn>Y/ai
= () (02X (1) X(7) —n 2X (1) X(X'X) ' XX (7)) Tu(7)/32. (A.10)

By Lemma A.3, we have
nT2X ()X (7) = n X () X (X' X)X X (7) =5 (F(y) = F()?) /BU(S)BL(S)dSo
Next, we consider the limiting result for I',,(y) for different 7. When —1/2 < 7 < 1/2, we have
1 ! 1 ! 1 l ! -1y 1 / 1 / 4 -1y
Mu() = SXG = PY = X' (G)u— X )X (XX) X w4 X ()X ()60 — - X' ()X (X'X) XX (30)3

= Uu/ B, (s)d (W (s, F(7)) = F(MW(s)) + 0> (F(y Avg) = F()F(70)) </ BU(S)BL(S)d5> do
0

= 0,(n* ") 2 .
It follows that T,,(7) = O,(n'=27) % co. When 7 = 1/2, we have
L) = X XX (XX) K w4 X ()X ()8 — X ()X (XX) 7 X X ()3,
= TO)+ (PG Av) = FO)FG0) ([ BuloBLe)ds ) o = Ti(3)

It follows that

-1
100> g —pyi0) ([ BoBLeE) i)

Proof of Theorem 3.3: We prove the equality by showing the following two inequalities: AsySZ,(a) > 1—a
and AsySZ,(a) <1 — a hold simultaneously. We first consider the proof of AsySZ,(a) > 1 —a.

By the definition of AsySZ, (a) as Equation (20), we can find a parameter sequence (6, ,,) such that AsySZ,(a) =
liminfy, o0 Pr(s,, ~,)(Vn € Clyn(a)). Let {b,} be a subsequence of {n} such that AsySZ,(a) = lim,—.cc Pr(s5,  ~, )(7, €
CIL, s, (a)). Denote 65 = nd, where §; € RU{—00, co}. Because the Euclidean space is complete, we can always find
a subsequence {c,} of {b,} such that (c,dc,,7.. ) — (55, 70)-

If 7 = 1/2, we have 6 = nn~'/2775y = §p € R. By Theorem 3.2, we have T,, = O,(n'~%7) = 0,(1) < &, with
probability one. Thus, CI, ,(a) = CI}, (a), and

AsySZ,(a) = lim Prg, ,"/c,,,)(’}/cn €ClL,., (a) = nl;rr;o Prs. . ,%n)(ﬁcn —Ye, | < 21\»1?,/1—@)

n—oo

> lim Pr(5cn ,’yun)(|;y\c" ~ Ve, < Z]\E//I,/lfa(’ym 50)) =1l-a

n—oo

The inequality uses the fact that gl¥; , = SUP,c[y,5] SUPsc R @¥y_o(7,6). The last equation uses the fact that [3, —v,. |
converges to [J(7q,00) — 7ol and @ _,(70,00) is defined as the (1 — a) quantile of the limiting distribution of

7(v0-0) = Yol-
If —1/2 < 17 < 1/2, 6§ = nn~Y?776y = n'/277§, = +oo. Note that n~ry/? = 0 for any v > 0, we have
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T, = Op(n'~?7) > Ky, with probability approaching one. Thus, C1, ., (a) = CI! . (a) and

AsySZy(a) = lim Prs, o (7., € Clyc, (a)) = lim Pr(y, € CI{/,cn(‘I)) = lim Pr(LR(v,,) < a_.).

n—oo n n—oo n—oo

As LR (7,) = SUD,¢(—o0,00)(2A(r) = |7]), LR., (7,,) converges to sup,.c (o o) (2A(r) = |r]) and ¢{_,, is the 1 —a
quantile of sup,.¢_ (2A(r) — |r|). Thus,

00,00)

AsySZ,(a) = lim Pr(LR(y,,) < a_)>1-a.

n—oo

Next, we consider the other side AsySZ,(a) < 1 — a. Let §, = n~'/25y and v,, = v, with o € R/{0}. By
definition, we have
AsySZ.,(a) <lim inf Pre, .y (79 € CL, n(a)).

When 6,, = n~1/25,, we have T}, = Op(n'=27) = Op(n) > £, with probability approaching one. Thus, CI, ,(a) =
C’I,gml(a), and

(a)) =lim inf Pr(LR,(v,) <ql_,)=1-a.

n—oo

lim inf Pres, ~.)(v9 € CL, n(a)) =1lim inf Pr(y, € C'I7 n

where the last equality holds because LR, (7o) = SUP;¢(—oo,00) (2A(7) — [7]).

Part B

Define the moment functionals for the stationary regressors z;

h(v) = E(zd(q: <)), ha(v) = E(zel(qi—1 < 7)), ha(7) = E(ze—11(q: <)),
H = E(zz), H = E(zz,_4).

Lemma B.1; Under Assumptions Al’, A2, A3 and A4, for any v € [7,7], as n — o0,

a) nT32Y L zay(y) = fB/ )ds + 0p(1),
b) n=%/2 Doy ATy 1( 7) [ By (s)ds + op(1),
) n=3ENE iy ) [ B (s)ds + 0p(1),

S

) nT Y aez = H+0p( ),
) nTt 0 i = Hi+ op(1),

D

Lemma B.2: Under Assumptions Al’, A2', A3 and A4, for any v € [y,7] and pu = F(7) as n — 00,

a):n V2R g < )= oW (s, ),
b) :n V2SI g—1 < v)er = oWi(s, p),

) T 30 we(y) e = o [ B (s)dW (s, p),
d):n 30 w1 (7) e = o [ BL(s)dWi (s, p),
e):n V2 2 = 0da,
£)n 1230 2 e = 0,
where J; and J3 are Gaussian random variable with mean zero and variance H. W (s, ) and Wy (s, u) are two

2

two-parameter Brownian motions.
Proof of Lemma B.1-B.2: The proofs are standard and are skipped for space considerations.
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Lemma B.3: If —1/2 < 7 < 1/2, under Assumptions A1/, A2/, A3 and A4, we have 7,, % 7, for any p € (-1,
1].

Proof: We conduct the proof by considering two cases according to the value of p. When p < 1, uy = 8’2, + 1,
is stationary process. The proof is similar to Lemma A.5 and is skipped for brevity. When p = 1, u; = 'z + n,
is nonstationary since 7, is a unit root process. Using a similar argument of Lemma A.5, we only need to show
that n =127 (SSR,, () — SSR.(v,)) uniformly converges to a function b(vy) which is positive when v € B(e), where
B(e) = {7 : |y — | > €} for any € > 0. Note that Equation (A.1) still holds, i.e., n ™27 (SSR,(7) — SSR.(v)) =
Sy + 52 + S3. Next, we will show that both Sy and S3 converge to zero but S; uniformly converges a function b(7y)
which is positive when v € B(e).

First, note that the stationary component 3’z of u; is asymptotically negligible, implying that

Sz =n" "2 (W (I — PY)u—u'(I = P Ju) = n~ 27 (0 Pin — ' PS n) + 0p(1).

Denote B,(s) as a Brownian motion such thatﬁn[m] = B, (s). By Lemma B.1, we have

= X () (X () X () T X (9)'n = n’zn’X*( )(n’2X*(7)’X*(v))’1n’2Xi‘(v)’n
l -1
_ ( F(v) [y Boy(s)By(s)ds ) ( fB L0 ) < F(y) [y Bu(s)By(s)ds )H Q
(1= F()) [y Bu(s)B,(s)ds 0, ( fB (s)ds (1= F()) [y Bu(s)B,(s)ds g
( F(7) Jy Bu(s)By(s)ds )( (/ Bu(s)B)(s)ds) ﬁ B, (s) B, (s)ds >+o<1>
— F(7)) Jy Bu(s)By(s)d (/ Bu(s)B,(s)ds) ™ [y Bu(s)By(s)ds '

([ mmir) (fmme) ([ i)

which is unrelated to . Thus, 7' Pyn—1'P; 7 = 0,(1) and it follows that S3 = n™""7 (5 PXn—n' P n)+0,(1) = 0p(1).

To prove Sy converge to zero almost surely, we first consider the case where v > ~,. For the case where v < ~,,the

proof is similar and not repeated here. Given v > ~,, We have
n2X' (1) X (79) = 072X (70) X (70) = F (7o) /BU(S)BL(S)dS +op(1),

n X (1) (X = X(7)) =0

(X — X(70)) X () = (F(7) — F()) / B, (s)B/(s)ds + op(1).

It follows that

F(vo) [ Bo(s)B,(s )ds

"_QX*(%)/X*”){<F<v>—F(vo»va(s)B;(s)ds 1~ F()) [ By (s)B) (3)ds )”p“)'

Furthermore, it can be shown that

n T8, X (o) = 2000 3 (o) = 2024 ( a ’ (Zﬁif»Bf S)fz(;)?id ) torth
P o v(8)By(s)ds
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and
F(vy) fB VB! (s )ds 0
s)ds

n71+276/ *n — n1/2+75l

2 o X (o) P =2 ( ﬂwwm< W(8)ds, (1= F(3)) [ Bu(s
fB 5)ds, 0 f B, (5)By(s)ds

0, ( f B WS B” 9

n1/2+75/ Yo) fB (s)ds ) o .
? (a— %JB oB(syds ) TV

Thus,
B X (30) Py + 0y(1) = 0,(1).

Sz =07 1T28, X () (1 = P)E = 0717272687, X () — 2

Using a similar argument in Lemma A.5, we can show S; 2 b(v) uniformly and b(y) is strictly positive when

~ € B(e). Combining the convergence results for S, So and S3, we complete the proof.

Proof of Theorem 4.1: Under Assumption A1’, the model can be rewritten as
yi = &'z + Gwe(vo) +ue = 0127 () + 17,

= (o/ +0,,0/, ") and nf = n, + 01 (27 (70) — 27 (7))-

where 7 (§) = (24(7), ) — ¢}(3), )’
%(D=5®mm—%ﬁﬂWﬂmwﬁ:m+%mwm—%(ﬂTmL&%mmm(Mw

Since 0} (x (1) —
be expressed as
0:(3) = ye — 01(3) 2y (3) = my + 8 (we(v0) — 2 (7)) +
Next, we conduct the proof by considering two cases according to the value of 7
Case 1: —1/2 < 7 < 1/2, by Lemma B.3, we have 7 2 , and &/, = O,(n~'/277) = 0,(1). Thus &/, (z:(7,) — z:(7))
(51 (7) — 01)'z; (%) is also a unit root process

(6:3) - 61)'z; 3)-

op(1).
If p =1, n, is a unit root; thus, 7,(F) = n, + &, (z: (7o) — (7)) +

and it can be shown that p = 1+ Op(;;).
If p < 1, 7, is stationary. Since 3 % v, it can be shown that D, (6;(3) — 6;) = 0,(n=1/?), where D
01(3) =01 Du D 5 ) - .

diag{n'/?I,,,n'/?1,,,I4,} is a weighting matrix.
It follows that 7,(7) = 1, + 8, (2¢(v0) —2¢(3)) + (01(7) — 01) 2 (3) = 1, + 0p(1) + (61
As 7, is assumed to be 1, = pn,_; + &, it can be shown that p = p + Op(ﬁ)'
— do, we have &), (z1(79) — 24(7) = Op(%) = 0,(L). It

Case 2: 7 = 1/2, 7 is inconsistent. Noting that nd,,
(%) is an I(1) process and it can be shown that

p =1, the term 7,(3) = n, + 8, (z:(v0) — (7)) + B1(3) — 61z
P3) =1+ 0,(1).

If p < 1, using a similar argument of Lemma A.2, we can show that D, (61(7) — 6;) = O,(n~"'/2). Thus,
the following convergence still holds: 7,(3) = n, + 0, (z:(v9) — (7)) + 6,(7) — 0.)z(7) & n,, implying that

p=p+ Op(ﬁ)-
Lemma B.4: For any p € (—1, 1], there exists a nonrandom weighting matrix D,, such that

a) :n ' D Ay (y) Ai(7) Dyt = Gly) + 0p(1),
b) : V2D AL ()T = o ().
where G(v) and ¢(7) are defined below.
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Proof: When p < 1, define the weighting matrix D, = diag{n'/2I,,,n*/%I;,, 15}

f By ( s)ds  F(v) [ By(s)By(s)ds
G(v) = f B s)ds  F(y) [By(s)B(s)ds (/B
0 h(¥) (f B;,(s)ds)
fB dS F(v) [ By(s)B,(s)ds
Gi(y) = fB s)ds  Fi(7) [ Bu(s)Bi(s)ds ([ Bu(
0 hi(7) (/B (s)ds)

and
N o [ By( dW(s)
o(v) =] o [By(s dW(&F(W)) ;
oJ

0

where W (s) = (1 — p)W(s), W(s,v) = W(s,F(7)) — pWi(s, F(v)) and J = J, — pJs.

By Lemmas B.1, B.2 and Theorem 4.1, it can be shown that

_1ZD LAy (y) A (v)' Dt = _1ZD "1 (1)An(7) Dyt 4+ n” PQZD YAy_1(7)Are1 () Dyt
—PZD LA () Are—a( . —pZD YAy 1 (7) A (7)' Dt
% G() +p*G() = p(Gi(v) + G’l(v)) :
By Lemmas B.1, B.2 and Theorem 4.1, we can also show that
n N " n_l Zgzl Etﬁt _
n=V2Y D (i = | nT S D EO, | = 60
— n—1/2 Z?:l ztﬁt
When p = 1, define the weighting matrix D, = {I4,,n* Idl ay }
H (h(7) = () [ B’ H— H,
GOy) = | (/Bu(s)ds) (h(y) = hi(v))  2(F(y) fB ( Jds [y Bu(s)ds (2h(7) = ha(y) = ha(7))’
H — H (2h(7) — hl( ) - fo B/ (s)ds °H — H, — H|
and
O’JQ
o) =| o f; Bu(s)dW(s,7)
oJ

Using a similar argument for the case of p < 1, we can establish the convergence results a) and b).

Proof of Theorem 4.2: The proof is similar to that of Theorem 3.1 and is skipped for brevity.

Proof of Theorem 4.3: The proof is similar to that of Theorem 3.2 and is skipped for brevity.
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Table 1a: The Mean Squared Errors (MSE) of Threshold Estimators

| n=100 | n =200 | n=400
Panel A: 7=0
p B |MSE(R) MSE®) | MSE(R) MSE(}) | MSE(}) MSE()
0 0 | .012 .019 .004 .0040 .0021 .0022
0 5 .013 .009 .004 .0020 .0008 .0003
1 0 | .191 .002 221 .0056 .2030 .0002
1 b | 314 .005 197 .0019 .2340 .0002
.95 0 | .129 .019 .097 .0010 .0320 .0001
.95 5 .125 .002 .129 .0031 .0310 .0004
—-.95 0 | .093 .004 .043 .0002 .0270 .0002
—-.95 5] .171 .020 .095 .0031 .0230 .0003
Panel B: 7=0.5
0 0 | .365 379 485 4720 .4540 4550
0 5 1 .519 .509 518 4880 .5100 4540
1 0 | 1.17 .592 .654 .5270 7170 .4080
1 .5 | .435 .302 .460 .3890 .5440 4290
.95 0 | .586 410 572 .3800 .5220 .4040
.95 51 .375 .359 RLYe .4400 4940 .3670
—.95 0 | .800 .608 422 .3640 .6060 4120
—.95 5| .742 .530 532 4200 .6220 .3560

Note: The model is y; = axy + dnxe(q < 7o) + Pve + up with &y = x—1 + v, up = pug—1 + & and
gt = 0.5¢;—1 + e;, where vy, g, and e; are i.i.d. N(0,1). The true threshold value is set as 7, = 0 and «
is set as 1. Parameter p is set as either 0, 1, 0.95 or —0.95. Parameter 3 is set as 0 or 0.5. The size of
the threshold effect ¢,, is set as §,, = 2n*1/2*7, where 7 is 0 or 0.5. MSE(%) is the MSE calculated for the
profiled LS estimator of v, and MSE(7) is for the FGLS estimator. The sample size n takes either 100,
200 or 400. The replication number is 1000.
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Table 1b: The Mean Squared Errors of Coefficients Estimators
| n=100 | n=200 | n =400

Panel A: =0

p 3 | MSE(6) MSE(6) | MSE(4) MSE(§) | MSE(d) MSE(6)
0 | 3.70e73  4.50e73 | 8.40e* 9.3e7* | 2.13e % 2.10e7*
51590e 3 550e3 | 1.14e73  8.40e™* | 2.60e™* 2.13e7*
0 | 1.34 2.60e"1 | 1.25 1.40e~t | 1.27 6.80e ™2
51 1.39 2.10e7! | 9.80e! 1.30e7! | 9.97e7!  9.10e~2

95 0 | 1.66e~! 4.68¢72 | 3.80e72 1.70e72 | 1.70e"2 5.70e73
5
0
5

== O O

1.81e”!  4.57¢72 | 4.10e72 1.60e72 | 1.50e"2  5.90e3
3.50e72 1.34e73 | 2.43e73 3.50e* | 1.29¢73  9.80e®
420e72 1.70e73 | 1.93e73 4.98¢7* | 1.89¢73 1.08¢¢
Panel B: 7 = 0.5
0 0 | 1.36e72 1.44e2 | 3.19¢73 3.49¢73 | 6.89¢ % 1.00e—3
51 1.60e 2 1.44e 2 | 4.20e73 3.70e73 | 1.13¢™3  9.50e~*
0 | 1.88 2.0le~! | 1.09 1.05e71 | 9.62¢71  6.15¢72
5| 1.66 2.10e! | 1.50 1.4le™! | 9.80e™!  6.56e2
95 0 | 1.8le”! 4.89¢72 | 7.50e 2 2.14e2 | 2.11e72 6.30e73
5
0
5

2.40e 1 5.29¢72 | 9.50e 2 1.81e 2 | 2.48¢2 5.93¢73
1.40e~1  5.70e3 | 3.22¢72  1.59¢73 | 5.90e 3  2.66¢*
1.06er  5.20e3 | 2.25¢72  1.43e 3 | 7.40e3 1.16e*

Note: The model is y; = axy + dnxi(qr < 7o) + Sop + up with p = z—1 + vy, up = pug—1 + & and
gt = 0.5¢;—1 + e, where vy, ¢, and e; are i.i.d. N(0,1). The true threshold value is set as 75 = 0 and « is
set as 1. Parameter p is set as either 0, 1, 0.95 or —0.95. Parameter ( is set as 0 or 0.5. The size of the
threshold effect &, is set as &, = 2n~ /27 where 7 is 0 or 0.5. MSE(/Q\) is defined as the sum of MSE(a)

~ ~

and MSE(d,,), where MSE(a) is the MSE calculated for the profiled LS estimator of @ and MSE(d,,) is

MSE calculated for the profiled LS estimator of §. MSE(0) is defined as the sum of MSE(a) and MSE(d,,),

where MSE(a) is the MSE for the FGLS estimator of a and MSE(J,,) is for the FGLS estimator of d,,. The
sample size n takes either 100, 200 or 400. The replication number is 1000.
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Table 2a: Size Performance

n =100 n = 200 n = 400

p o B [10% 5% 1% | 10% 5% 1% | 10% 5% 1%
Panel A: T,

0 0 0 |.078 .028 .005|.114 .056 .018 | .098 .046 .008
0 0 .5].120 .092 .034 | .084 .050 .008 |.076 .052 .010
1 0 0 ].132 .082 .030 |.064 .034 .014 |.068 .044 .013
1 0 .5].086 .052 .022 | .134 .074 .022|.112 .076 .018
.95 0 0 |.128 .073 .042 | .178 .072 .030 | .104 .046 .008
.95 0 .5].134 .075 .020 | .146 .064 .004 | .132 .061 .016
-9 0 0 |.120 .072 .010|.106 .060 .018 |.093 .042 .015
-9 0 .5].070 .034 .008 | .118 .064 .006 | .092 .039 .006
Panel B ’f‘n

0 0 0 |.110 .072 .030 | .102 .062 .022 |.098 .047 .010
0 0 .5|.144 .084 .028 |.076 .044 .014 | .088 .046 .008
1 0 0 |.084 .058 .020 | .112 .038 .018 |.104 .054 .014
1 0 .5].130 .062 .014 | .082 .042 .014 | .116 .055 .012
.95 0 0 |.114 .062 .002 | .072 .060 .008 | .082 .042 .008
.95 0 .5.128 .064 .032|.132 .076 .020 |.094 .037 .008
—-95 0 0 |.086 .036 .016 | .142 .078 .024 | .090 .044 .010
-9 0 .5|.116 .066 .022|.089 .046 .016 |.091 .058 .015

Note: The model is y; = axy + dnxe(q < 7o) + Pve + up with xp = xp—1 + v, up = pug—1 + ¢ and
gt = 0.5¢:—1 + e, where v, g¢ and e; are i.i.d. N(0,1). The true threshold value is set as 7y = 0 and « is
set as 1. Parameter p is set as either 0, 1, 0.95 or —0.95. Parameter ( is set as 0 or 0.5. The size of the

threshold effect 9,, is set as 0 to check the size performance. n is the sample size. The replication number

is 1000.
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Table 2b: Power Performance

n=100 | T, | T,

Panel A: 7 =0

p B 110% 5% 1% > (In(n))?|10% 5% 1% > (In(n))?
0 0 | 1.00 .994 .984 .956 1.00 .998 .988 .970
0 5 .992 980 968 .904 998 994 984 952
1 0 | .478 .436 .360 .462 998 996 .982 .958
1 5| .506 460 .312 .486 1.00 .998 .992 .970
95 0 |.796 .720 .564 .610 986 986 .968 .968
95  5|.830 .772 .654 .636 996 .996 .994 978
—95 0 |.956 .922 .884 464 1.00 .998 .994 .994
—95 5|.856 .802 .708 .444 1.00 1.00 .998 .996
Panel B: 7 = 0.5

0 0 |.322 224 .074 .024 324 206 .110 .034
0 5 .258 150 .030 .020 206 .090 .030 .032
1 0 |.164 .098 .050 .100 278 190 .078 .044
1 5 .090 .043 .010 .030 208 240 .100 .048
95 0 |.070 .034 .010 .018 296 .206 .118 .068
95  5].322 234 072 .024 268 196 .084 .072
—95 0 |.296 .236 .146 .002 550 434 182 110
—95 5].308 .198 .050 .004 500 .392 266 .088

Note: The model is y; = axi + dnxi(qr < 7o) + Sor + up with ©p = z_1 + viy, up = pug—1 + & and
gt = 0.5¢;—1 + e, where vy, €, and e; are i.i.d. N(0,1). The true threshold value is set as 7y = 0 and «
is set as 1. Parameter p is set as either 0, 1, 0.95 or —0.95. Parameter 3 is set as 0 or 0.5. The size of

the threshold effect 8, is set as 6, = 2n~Y/277_ where 7 is 0 or 0.5. n is the sample size. The replication

number is 1000.
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Table 2c: Power Performance

n=200 | T, | T,

Panel A: 7 =0

p B 110% 5% 1% > (In(n))?|10% 5% 1% > (In(n))?
0 0 | 1.00 1.00 .998 .982 1.00 1.00 .998 .984
0 5 1.00 1.00 .996 .974 1.00 1.00 1.00 .990
1 0 | .854 .836 .816 .328 1.00 1.00 1.00 .992
1 5| .668 614 540 .346 1.00 1.00 1.00 .988
95 0 | .856 .820 .732 .624 1.00 1.00 1.00 .986
95  5].790 .750 .708 .584 1.00 1.00 1.00 .992
—95 0 |.962 .950 .912 .506 1.00 1.00 1.00 1.00
—95 5].964 .956 .906 .502 1.00 1.00 1.00 1.00
Panel B: 7 = 0.5

0 0 |.284 222 .098 .004 256 .198 .108 .004
0 5| .254 144 078 .002 250 170 .066 .008
1 0 |.098 .050 .016 .000 280 212 .126 .080
1 5| .116 .050 .010 .030 292 174 072 .014
95 0 |.082 .034 .016 .000 428 336 .194 .020
95  5].078 .044 .002 .034 308 228 .068 .016
—95 0 |.318 .220 .124 .000 442 352 268 .034
—95 5|.110 .050 .016 .000 402 292 .160 .030

Note: The model is y; = axi + dnxi(qr < 7o) + Sor + up with ©p = z_1 + viy, up = pug—1 + & and
gt = 0.5¢;—1 + e, where vy, €, and e; are i.i.d. N(0,1). The true threshold value is set as 7y = 0 and «
is set as 1. Parameter p is set as either 0, 1, 0.95 or —0.95. Parameter 3 is set as 0 or 0.5. The size of
the threshold effect 8, is set as 6, = 2n~Y/277_ where 7 is 0 or 0.5. n is the sample size. The replication
number is 1000.
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Table 2d: Power Performance

n=400 | T, | T,

Panel A: 7 =0

p B 110% 5% 1% > (In(n))?|10% 5% 1% > (In(n))?
0 0 | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0 5 1.00 1.00 1.00 .994 1.00 1.00 1.00 .998
1 0 | .742 692 .586 .234 1.00 1.00 1.00 1.00
1 5| 546 488 410 .266 1.00 1.00 1.00 .998
95 0 |.910 .884 .820 .722 1.00 1.00 1.00 1.00
95 5] .942 916 .868 .668 1.00 1.00 1.00 .998
—95 0 |.994 .98 .958 .596 1.00 1.00 1.00 1.00
—95 5].996 .984 .958 .648 1.00 1.00 1.00 1.00
Panel B: 7 = 0.5

0 0 |.294 .196 .042 .002 264 166 .052 .000
0 5 ].166 .124 .054 .000 272 192 .108 .002
1 0 | .38 .312 .160 .000 248 162 .052 .000
1 5 1.020 .012 .002 .012 228 146 .050 .002
95 0 |.074 .026 .004 .002 264 186 .068 .002
95  .5].094 .052 .010 .000 292 210 .082 .000
—95 0 |.092 .042 .020 .000 546 448 .302 .010
—95 5|.134 .064 .018 .000 320 204 134 .010

Note: The model is y; = axi + dnxi(qr < 7o) + Sor + up with ©p = z_1 + viy, up = pug—1 + & and
gt = 0.5¢;—1 + e, where vy, €, and e; are i.i.d. N(0,1). The true threshold value is set as 7y = 0 and «
is set as 1. Parameter p is set as either 0, 1, 0.95 or —0.95. Parameter 3 is set as 0 or 0.5. The size of

the threshold effect 8, is set as 6, = 2n~Y/277_ where 7 is 0 or 0.5. n is the sample size. The replication

number is 1000.
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