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ESTIMATING THE QUADRATIC COVARIATION MATRIX
FROM NOISY OBSERVATIONS:
LOCAL METHOD OF MOMENTS AND EFFICIENCY

By MARKUS BIBINGER*, NIKOLAUS HAUTSCH*, PETER MALEC*
AND MARKUS REISS*

Humboldt- Universitat zu Berlin

An efficient estimator is constructed for the quadratic covaria-
tion or integrated covolatility matrix of a multivariate continuous
martingale based on noisy and non-synchronous observations under
high-frequency asymptotics. Our approach relies on an asymptot-
ically equivalent continuous-time observation model where a local
generalised method of moments in the spectral domain turns out to
be optimal. Asymptotic semiparametric efficiency is established in
the Cramér-Rao sense. Main findings are that non-synchronicity of
observation times has no impact on the asymptotics and that major
efficiency gains are possible under correlation. Simulations illustrate
the finite-sample behaviour.

1. Introduction. The estimation of the quadratic variation or inte-
grated volatility of a semi-martingale is a key question, both from a theo-
retical viewpoint as well as for applications, particularly in finance. Here we
treat the multi-dimensional case, where the quadratic covariation or inte-
grated covolatility matrix is the quantity of interest. It turns out that the
richer geometry, e.g. due to non-commuting matrices, generates new effects
and calls for a deeper mathematical understanding. Covariation estimates
are particularly important in various financial applications, for instance, as
inputs in portfolio allocation problems, quantification of risk, hedging or as-
set pricing. The availability of high-frequency data opens up new ways for
inference. As the data is typically polluted by observational noise, e.g. by
microstructure frictions, estimation in these models is far from obvious and
furnishes unexpected results.

*Financial support from the Deutsche Forschungsgemeinschaft via SFB 649
Okonomisches Risiko and FOR 1735 Structural Inference in Statistics: Adaptation and
Efficiency is gratefully acknowledged.
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Keywords and phrases: adaptive estimation, asymptotic equivalence, asynchronous ob-
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We focus on the fundamental statistical model where the d-dimensional
discrete-time process

(€0) v O =xO+lo<i<m1<i<a,
is observed with the d-dimensional continuous martingale
t
X; = Xy +/ »12(s)dBs, t € [0,1],
0

in terms of a d-dimensional standard Brownian motion B and the squared
(instantaneous or spot) covolatility matrix

S(t) = (Sir(t) 1<y g € R

The signal part X is assumed to be independent of the observation noise €.
The observation errors (51@), 1<1<d,1<1i<n, are assumed to be mu-
tually independent and centered normal with variances 7. The observation
times are given via quantile transformations as ¢t} = F;"*(i/n;) for some dis-
tribution functions F;. While this model is certainly an idealisation of many
real data situations, its precise analysis delivers a profound understanding
and thus serves as a basis for developing procedures in more complex models.

Covariation estimation is a core research topic in current financial econo-
metrics and various approaches exist. Let us mention the quasi-maximum-
likelihood method by Ait-Sahalia et al. [1], realised kernels by Barndorff-
Nielsen et al. [3], pre-averaging by Christensen et al. [5] and the local spec-
tral estimator by Bibinger and Reif} [4]. In contrast to the univariate case,
however, the asymptotic properties are very involved, difficult to compare
and a lower efficiency bound was lacking as a benchmark.

Building on the idea of locally constant approximations, we propose a
local method of moments (LMM) estimator in the spectral domain which
is shown to be asymptotically efficient. We perform an asymptotic analysis
where the sample sizes ni,...,ng tend to infinity. In Section 2 (strong)
asymptotic equivalence in Le Cam’s sense is established by Theorem 2.4
with the signal-in-white-noise model

(&1) dY; = Xy dt + diag(Hp (1)) 1<i<a dWy , t € [0,1],

where W is a standard d-dimensional Brownian motion independent of B
and the local noise level is given by

Hia(t) = mn (1) (L1)
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The imposed regularity condition is that X(¢) is the sum of an L?-Sobolev
function of regularity 4 and an L?-martingale and the size of 3 accommo-
dates for asymptotically separating sample sizes (n;)1<;<d.

Let us recall that if two sequences of statistical experiments are asymp-
totically equivalent, then any statistical procedure in one experiment has a
counterpart in the other experiment with the same asymptotic properties
for bounded loss functions, see Le Cam and Yang [17] for a thorough in-
troduction. Our proof is constructive such that the procedure that we shall
develop for (£1) has a concrete counterpart in (£y) with the same asymptotic
properties.

A remarkable theoretical consequence of this result is that under noise the
asynchronicity of the data does not affect the asymptotically efficient pro-
cedures (it is of smaller asymptotic order). In model (£;) the distribution
functions F} only generate a varying local noise level H,,;(t), but the shift
between observation times of different processes does not matter. This is in
sharp contrast to the noiseless setting where the variance of the Hayashi-
Yoshida estimator [12] suffers from errors due to asynchronicity, which car-
ries over to the preaveraged version by Christensen et al. [5] designed for
the noisy case.

In Section 3 we consider the continuous-time model (£;) and go over to
a block-wise constant approximation. Empirical Fourier coefficients yield
local spectral statistics (Sjx) in the spirit of Reif8 [19]. On each block we
apply locally a generalised method of moments, using a weighted sum of
the empirical covariance matrices Sijka € R4 and a bias correction. The
optimal weighting for estimating an entry of the covariation matrix combines
in general all entries of Sijka. The non-commutativity of different Fisher
information matrices then implies in particular that the volatility estimation
for one coordinate process X gains in efficiency when using data for all
other potentially correlated processes X (), see Sections 4.2 and 5 for details
and the improvement with respect to the approach in Bibinger and Reif [4].
Note the contrast with i.i.d. observations of a Gaussian vector where the
empirical variance of one component is an efficient estimator and using the
other entries cannot improve the variance estimator unless the correlation
is known, cf. the classical Example 6.6.4 in Lehmann and Casella [18].

In Theorem 3.2 a multivariate central limit theorem (CLT) is provided for
an oracle LMM (Local Method of Moments) estimator, using the unknown
optimal weights and an information-type matrix for normalisation. Specify-
ing to sample sizes of the same order n, Corollary (3.3) yields a CLT with
rate n'/4 and a covariance structure between matrix entries, which is given
explicitly by concise matrix algebra. Using pre-estimated weight matrices, a
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fully adaptive version of the LMM-estimator is obtained, which by Theorem
3.4 shares the same asymptotic properties as the oracle estimator.

Another main result of this work is that the asymptotic covariance struc-
ture of the LMM-estimators is optimal in a semiparametric Cramér-Rao
sense. In Section 4 a lower bound proof is achieved by a combination of
space-time transformations and advanced calculus for covariance operators.
The concrete form of the asymptotic variance is discussed for some key set-
tings, thus generalising the univariate optimality theory by Gloter and Jacod
[10] and Reif [19] to the multivariate case. The discretisation and implemen-
tation of the estimator for model (&) is briefly described in Section 5 and
presented together with some numerical results for a simple toy model and
a more complex and realistic scenario. The finite sample behaviour of the
LMM estimators is well predicted by the asymptotic theory (even in cases
where it does not apply formally) and some comparison with competing
procedures is provided.

2. From discrete to continuous-time observations.

2.1. Setting. First, let us specify different regularity assumptions. For
functions f : [0,1] = R™, m > 1 or also m = d x d for matrix values, we
introduce the L2-Sobolev ball of order a € (0, 1] and radius R > 0

HY(R) = {f € H*([0,1], R™)|[|f||zr= < R} where [[f[[ge := max |[fil| e,

1<i<m
which for matrices means || f||ge := maxi<; j<q || fij||me. We also consider
Holder spaces C“([0,1]) and Besov spaces By, ([0,1]) of such functions.
Canonically, for matrices we use the spectral norm | - || and we set

[1flloo := supyepo, 1y 1/ (£

In order to pursue asymptotic theory, we impose that the deterministic
samplings in each component can be transferred to an equidistant scheme
by respective quantile transformations independent of n;,1 <1 < d.

ASSUMPTION 2.1.-(a) Suppose that there exist differentiable distribution
functions Fy € C*([0,1]), 1 <1 < d, with F;(0) =0, F;(1) =1 and F] > 0,

such that the observation times in (&) are generated by tz(l) = F(i/ny),
0<i<n,1<I<d.

We gather all assertions on the instantaneous covolatility matrix function
Y (t), t € [0,1], which we shall require at some point.
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ASSUMPTION 2.2. Let ¥ : [0,1] — R¥™? be a possibly random function
with values in the class of symmetric, positive semi-definite matrices, inde-
pendent of X and the observational noise, satisfying:

(i-3) ¥ € HA([0,1]) for > 0.
(ii-a) ¥ = £B + M with 8 € Bt ([0,1]) for a > 0 and YM o matriz-
valued L?-martingale.
(113-X) 3(t) > X for a strictly positive definite matriz X and all t € [0,1].

Let us briefly discuss the different function spaces, see e.g. Cohen [7,
Section 3.2] for a survey. First, any a-Hélder-continuous function lies in the
L?-Sobolev space H* and any H¢-function lies in the Besov space B &
where differentiability is measured in an L'-sense. The important class of
bounded variation functions (e.g., modeling jumps in the volatility) lies in
Bll’oo, but only in H® for v < 1/2. In particular, part (ii-a), o < 1, covers
L?-semi-martingales by separate bounds on the drift (bounded variation)
and martingale part. Beyond classical theory in this area is the fact that
also non-semi-martingales like fractional Brownian motion B with hurst
parameter H > 1/2 give rise to feasible volatility functions in the results
below, using B € Cf—¢n Bfoo for any € > 0 from Ciesielski et al. [6].

In the sequel the potential randomness of ¥ is often not discussed addi-
tionally because by independence we can always work conditionally on X.
Finally, let us mention that we could also weaken the Holder-assumptions
on Fi,..., F; towards Sobolev or Besov regularity at the cost of tightening
the assumptions on X. For the sake of clarity this is not pursued here.

Throughout the article we write Z,, = Op(d,) and Z, = op(d,) for a
sequence of random variables Z, and a sequence 6, to express that 6,17,
is bounded or tends to zero in probability, respectively. Analogously O (or
equivalently <) and o refer to deterministic sequences. We write Z,, < X, if
Z, = O0p(Y,) and Y,, = Op(Z,) and the same for deterministic quantities.
E4 denotes the d-dimensional unit matrix and 6,4, = 1(p = ¢) equals 1 for
p = q and 0 otherwise.

2.2. Continuous-time experiment.

DEFINITION 2.3. Let 5’0((m)1§l§d,ﬂ,R) with n; € IN,,B S (O, 1],R >
0, be the statistical experiment generated by observations from (&y) with
¥ € HP(R). Analogously, let £1((n;)1<i1<a, B, R) be the statistical experiment
generated by observing (1) with the same parameter class.

As we shall establish next, experiments & and £ will be asymptotically
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equivalent as n; — oo, 1 <1 < d, at a comparable speed, denoting

Tonin, = lrélllgd ny and Nypge = 1rglagid ny.
THEOREM 2.4. Grant Assumption 2.1-(5) on the design. The statis-
tical experiments Ey((ny)i1<i<a, B, R) and E1((ny)i1<i<a, B, R) are asymptot-
ically equivalent for any 5 € (0,1/2] and R > 0, provided

Nmin — 0,  MNmaz = O((nmin)H_ﬁ)-

More precisely, the Le Cam distance A is of order
d
A (Eo((m)1<i<d; B, R), E1((m)1<i<a; B, R)) = O <R2 <Z nl/ﬂ?) ”;z%;ﬁ> :
=1

By inclusion, the result also applies for 8 > 1/2 when in the remain-
ing expressions f is replaced by min(/3,1/2). A standard Sobolev smooth-
ness of ¥ is 5 almost 1/2 for diffusions with finitely many or absolutely
summable jumps. In that case, the asymptotic equivalence result holds if
Nunaz Erows more slowly than nfr{lzn Theorem 2.4 is proved in the appendix
in a constructive way by warped linear interpolation, which yields a readily
implementable procedure, cf. Section 5 below.

3. Localisation and method of moments.

3.1. Construction. We partition the interval [0, 1] in blocks [kh, (k+1)h)
of length h. On each block a parametric MLE for a constant model could be
sought for. Its numerical determination, however, is difficult and unstable
due to the non-concavity of the ML objective function and its analysis is
quite involved. Yet, the likelihood equation leads to spectral statistics whose
empirical covariances estimate the quadratic covariation matrix. We there-
fore prefer a localised method of moments (LMM) for these spectral statistics
where for an adaptive version the theoretically optimal weights are deter-
mined in a pre-estimation step, in analogy with the classical (multi-step)
GMM (generalised method of moments) approach by Hansen [11].

As motivated in Reifl [19], consider the L?([0,1])-orthonormal system
(pjk) and its antiderivatives (®jy):

2 L .
Pik(t) = \/;COS (Fmh ™" (8 = kh)) Lign, sy (8,5 > 1, (3.1a)

V2h .
Dji(t) = G S (Fmh ™" (t = kR)) L, g1y (£),5 > 1. (3.1D)
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In each component local spectral statistics are defined by

) Y (k+1)h . ) L
SY = mjn- [Ch o) dYO(), 5> 1,k=0,...,h'~ 1,1 <1 < d,(3.2)
from the continuous-time experiment &£;. In order to design our estimator,
we consider a locally constant approximation of the general non-parametric
model.

DEFINITION 3.1, Set fi(t) := h=t [F £(s)ds for t € [kh, (k + 1)h),
k € No, a function f on [0,1] and h € (0,1). Assume h™! € N and let
Xt =Xo+ [3 2_],11/2(5) dBs with a d-dimensional standard Brownian motion
B. Define the process

= h ] —
(&) d¥i=Xdt +ding (VEZ(0) AWt €[0.1],
where W is a standard Brownian motion independent of B and with noise

level (1.1). The statistical model generated by the observations from (&) for
Y e HB(R) is denoted by Ex((n)1<i<d, h, B, R).

In experiment £ we thus observe a process with a covolatility matrix
which is constant on each block [kh, (k+1)h), k= 0,1,...,h~1 —1, and cor-
rupted by noise of block-wise constant magnitude. Our approach is founded
on the idea that for small block sizes h and sufficient regularity this piecewise
constant approximation is close to &;.

A basic ingredient to derive the covariance structure are the joint moments
for a d-dimensional random vector X ~ N (0, Q). For (I,7,p,q) € {1,...,d}*
we have by Isserlis [13]:

E [X(Z)X(T)X(p)X(Q)] — erqu + leQ’r‘q + quQrp 9 (33)

in particular Var((X®)2) = 2Q%, Var(XW X ®)) = Q;Q,, + Q%p.

The LMM estimator is built from the data in experiment &1, but designed
for the block-wise parametric model &. In &, the L?-orthogonality of (¢ji)
as well as that of (®;;) imply (cf. Reif [19] in the scalar case)

Sir ~ N (0,Cjx) independent for all (j, k) (3.4)
with covariance matrix

Cje =S 725202 diag(HEN)?, S = Sy, (kh), H = (H2,,5,(kh))2.(3.5)
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In the multivariate central limit theorem we are facing covariances between
entries of the covariation matrix estimator, which we shall formalise by in-
terpreting matrices as vectors: for a matrix A € R**? we consider the vector
of its entries

N
vec(A) = (A, Ao1,..., Aar, A1z, Ao, .. Az, - Agaa—t) Aaa) € RY.

The natural estimator for vec(Cjy) is the empirical covariance vec(S; Ska)

We employ Kronecker (tensor) product calculus, where A ® B € R x4 for
A, B € R¥ ig given by

(A® B)pd—1)tep/(d-1)+¢ = AppBegs p,a,0d =1,....d.
We evaluate the covariance matrix of vec(Sijka) in model & by introducing
Z =COV(vec(ZZ")) for Z ~ N(0, Ey) (3.6)
and applying the rule vec(ABC) = (CT @ A)vec(B), see e.g. Fackler [9]:
COVe, (vec(SjiSjy)) = COV(vee(C} 22T C}{?)) = (Cjr ® Cjp) 2. (3.7)

We have used the commutativity of Z with (Cj ® Cjk)1/2 = (0%2 ® 0%2),
which is easily checked using the actual form of Z derived from (3.3)

Zp(d-1)+qp/(d-1)+¢ = (1 + 5P,f1)5{p,q}7{p’7q’}’p’q’p,’ ¢=1,...4d

or the equivalent property Zvec(A) = vec(A+ AT) for all A € R¥¥?, Let us
further introduce the Fisher information-type matrices

oo
Lr=CpleCy!, L= Ly, j>1k=0,...h"-1
7j=1

Our local method of moments estimator with oracle weights LMMgﬂl) uses

that on each block a natural second moment estimator of X is given as a
convex combination of the bias-corrected empirical covariances:

h1-1 o

2,2 .
LMM™ .= > R Wikvee (Sijka — 54~ diag ((Hﬁff)Q)lSlSd) . (3.8)
k=0 j=1
The optimal weight matrices W, in the oracle case are obtained as

Wy = I ' L € RO (3.9)

Note that Cj, Ik, I and Wy, all depend on (n;)1<i<q and h, which is omit-
ted in the notation. Finally, observe that (3.5) and >, Wy, = Eg imply

that LMMEﬁ) is unbiased under &;.
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3.2. Asymptotic properties of the estimators. We formulate the main re-
sult that the oracle estimator (3.8) and also a fully adaptive version for the
integrated volatility matrix satisfy central limit theorems.

THEOREM 3.2. Let Assumptions 2.1-(a), 2.2(ii-«) and 2.2(iii-X) with
a > 1/2 hold true for observations from model & . The oracle estimator

(3.8) wields a consistent estimator for vec( [y X(s )ds) as Nupin, — 00 and
h = honmm/1 with hg — oo. Moreover, if Nmaz = 0(n? and h = O(nm}l&),

then a multivariate central limit theorem holds:

mzn )

1
I./2 (LMMg’p —vec ( / z(s)ds>> £5N(0,2) in& (3.10)
0

with Z from (3.6) and I, = Y 0_ B_l Rt

1/4

We give a typical illustration with convergence rate n,. and asymptotic

covariance matrix.

COROLLARY 3.3. Under the assumptions of Theorem 3.2 suppose
Nmin/Mp — vy € (0,1] for p = 1,...,d and introduce H(t) =
dlag(np 1/2 F/( )~ 1/2)p c R4 gnd 2%2 — 7‘[(7‘[_127{_1)1/27'[. Then

mzn

ni/4 (LMM(" —vec <%)1 Y(s) ds)) £ N (0, I_IZ) in & (3.11)

with )
1! — 2/ (S xnY?+ 02 e n)¢) dt.
0

In particular, the entries satisfy for p,q=1,...,d
1/4
7r{zn ((LMM( p(d—1)+ / qu d3> (312)

N (0,204 850) [ (Sl5300+ zqq<z”2>pp + 250 (S} (0 )

The variance (3.12) will coincide with the lower bound obtained in Section
4 below. The local noise level in #(t) depends on the observational noise

level 77, and the local sample size v, 1F1;(t), p=1,...,d, after normalisation
by Tmin. It is easy to see that in the case npin/n, — 0 the asymptotic
variance vanishes for all entries (p,q), ¢ =1,...,d. In general, also all other

asymptotic variances are then reduced because the estimator profits from
correlation. In Section 4.2 the effect of H on X is discussed and illustrated
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in Figure 1. We infer the structure of the asymptotic covariance matrix using
block-wise diagonalisation in Appendix B.

For a feasible estimator the optimal weight matrices Wj;, = Wj(Ekh) and
the information-type matrices Ij; = I;(X*") are estimated in a preliminary
step from the same data. To reduce variability in the estimate, a coarser
grid of r~! equidistant intervals, r/h € IN is employed for ij. As derived
in Bibinger and Reif} [4] for supremum norm loss and extended to L!-loss
and Besov regularity using the L'-modulus of continuity as in the case of
wavelet estimators (Cor. 3.3.1 in Cohen [7]), a preliminary estimator 3(t)
of the instantaneous covolatility matrix ¥(¢) exists with

155 = Bl = Op (npel ) (3.13)

min

for ¥ € BY ,([0,1]). For k with kh € [mr, (m + 1)r) we set

Wie = W;(S™), Ly, = L(S) with 5™ = 5, (mr), S5 = 53, (k).
The quadratic covariation matrix estimator with adaptive weights is then
given by

h~1-1 oo

A 2.2
LMMY = 3 by Wigvee (SjuSh, — T diag (HE), ) - (3.14)
k=0 j=1 -
We estimate the total covariance matrix via
R h1-1 o 1
I'=3 h2( Ijk) . (3.15)
k=0 j=1

For j — oo the weights W;(X) and the matrices I;(X) decay like j7* in
norm, compare Lemma C.1 below, such that in practice a finite sum over
frequencies j suffices. By a tight bound on the derivatives of ¥ — W;(3) we
show in Appendix C.4 the following general result.

THEOREM 3.4. Suppose ¥ € B ([0,1]) for a € (1/2,1] satisfying

a/(2a + 1) > log(nmaz)/ l0g(nmin) — 1. Choose h,r — 0 such that hy =
hni{fﬂ = log(nmin) and n;;é(zaﬂ) <7 < (Nmin/Momaz) /2, B4 r Y r/h €

IN. If the pilot estimator ¥ satisfies (3.13), then under the conditions of
Theorem 3.2 the adaptive estimator (3.14) satisfies

. 1
fl/2 <LMM§;> —Uec(/ Z(S)ds>> £3N(0,2), (3.16)
0

with 1, from (3.15).
Moreover, Corollary 3.3 applies equally to the adaptive estimator (3.14).
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Since the estimated I, appears in the CLT, we have obtained a feasible
limit theorem and (asymptotic) inference statements are immediate.

Some assumptions of Theorem 3.4 are tighter than for the oracle estima-
tor. To some extent this is for the sake of clarity. Here, we have restricted
Assumption 2.2(7i-a) to the Besov-regular part. A generalisation of the pilot
estimator to martingales seems feasible, but is non-standard and might re-
quire additional conditions. We have also proposed a rather concrete choice
of h and r, less is used in the proof, see e.g. (C.3) below.

The lower bound for « in terms of the sample-size ratio nmqz/Mmin is due
to bounding norms of (estimated) information-type matrices separately. For
a =1 (bounded variation case) the restriction imposes 7,4, to be somewhat
i{?n. By the Sobolev embedding Bioo C HP for all B < 1/2
the restriction nygz = O(n,lntg
this case.

smaller than n

) from Theorem 2.4 is clearly also satisfied in

It is not clear whether a more elaborate analysis can avoid these restric-
tions. Still, to the best of our knowledge, a feasible CLT for asymptotically
separating sample sizes has not been obtained before. The inclusion of pos-
sible jumps in ¥ by measuring regularity only in the Besov scale is already
in the scalar case a significant improvement over Reif3 [19].

4. Semiparametric efficiency.

4.1. Semiparametric Cramér-Rao bound. We shall derive an efficiency
bound for the following basic case of observation model (&;):

1 t
dY, = Xy dt + — dW;, X, :/ S(s)2dB,, te[0,1], (4.1)
vn 0

where
Y(t) = Xo(t) + eH(t), Eo(t)1/2 = O(t)TA(t)O(t). (4.2)

We assume Yo(t) and H(t) to be known symmetric matrices, O(t) orthogonal
matrices, A(t) = diag(A1(t),...,\q(t)) diagonal and consider ¢ € [—1,1] as
unknown parameter. Furthermore, we require Assumption 2.2(i7i-X) for all
Y. Finally, we impose throughout this section the regularity assumption that
the matrix functions O(t), H(¢), A(¢) are continuously differentiable.

The key idea is to transform the observation of dY; in such a manner that
the white noise part remains invariant in law while for the central parameter
Y (t) = Xo(t) the process X is transformed to a process with independent co-
ordinates and constant volatility. It turns out that this can only be achieved



12 M. BIBINGER, N. HAUTSCH, P. MALEC & M. REISS

at the cost of an additional drift in the signal. The construction first ro-
tates the observations via O(t), which diagonalises ¥y (¢), and then applies a
coordinate-wise time-transformation, corrected by a multiplication term to
ensure L2-isometry such that the white noise remains law-invariant.

We introduce the coordinate-wise time changes by

) = I and (To)0) = (0, )

for g = (g1,...,94) : R = R Moreover, we set
_ 1 _
A= / A(s)ds, R'(t) := A'A(t) = diag(r,(¢), ..., 7 (1)).
0

LEMMA 4.1. By transforming dY = T,Tl./\/l(R/)_uzodY, the observation
model (4.1), (4.2) is equivalent to observing

dY (t) = S(t)dt +

s =1 (®)7( [

0

dW (t) with (4.3)

Si-

((R)720Y (5)X (s)ds+ [ (R(5))720(5) dX(5)) ) (1)
fort €[0,1]. At e =0 the observation dY (t) reduces to

t - /N — n—1/ / s)ds A D i T
(/0 T (R)H(R)20) X)(s) ds + RB(1)) A+ d (D). (44)

Here W and B are Brownian motions obtained from W and B, respectively,
via rotation and time shift, as defined in (D.1) below.

If we may forget in (4.4) the first term, which is a drift term with respect to
the martingale part AB(t), then the central observation is indeed a constant
volatility model in white noise. The lemma is proved in Appendix D.1.

Let us introduce the multiplication operator M g := Ag and the inte-
gration operator

1 t
Ig(t) = —/ g(s) ds and its adjoint I*g(t) = —/ g(s) ds.
t 0

The covariance operator C,, . on L?(]0,1],R?) obtained from observing the
differential in (4.3) is then given by

C’n75 — T:M(R/)I/QOI*MEO+E]HIMOT(R/)l/QTT‘ + TL_l Id .
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The covariance operator @, when omitting the drift part is given by
Qne = Quo + " T My T, I with M(t) := (R)~?0HO™ (R")~/?)(t)

where for € = 0 the one-dimensional Brownian motion covariance operator
Cpayr appears

QWO = diag(Xu-C’BM + nt Id)lgz‘gd, Cpy =171

We set Cp = (Cn,s - Cn,())/6 and QO = (Qn,s - Qn,O)/E'

Standard Fisher information calculations for the finite-dimensional Gaus-
sian scale model, e.g. [18, Chapter 6.6], transfer one-to-one to the infinite-
dimensional case of observing N(0, @, <) and yield as Fisher information for
the parameter € at € = 0 the value

—1/2 —1/2
Z*HQ QoQn s

because Q;j)/ QanaQ;}) /? is differentiable at £ = 0 in Hilbert-Schmidt norm.
In Appendix D.2 we show by Hilbert-Schmidt calculus, the Feldman-Hajek
Theorem and the Girsanov Theorem that the models with and without drift
do not separate:

LEMMA 4.2. We have
hmsup||Q 1/2Q Q 172 _ 1/2000 ||HS < 0.

Lemma 4.2 implies that the drift only contributes the negligible order
O(1) = o(y/n) to the Fisher information. By identifying the hardest para-
metric subproblem for observations N (0, Q) we thus establish in Appendix
D.3 a semiparametric Cramér-Rao bound for estimating any linear func-
tional of the covolatility matrix. Further classical asymptotic statements
like the local asymptotic minimax theorem would require the LAN-property
of the parametric subproblem.

THEOREM 4.3. For a continuous matriz-valued function A : [0,1] —
R4 consider the estimation of

ﬁ::AI<A(t) S(8)) s dt = /”Z:IA” S(t)dt R, (4.5)

Then a hardest parametric subproblem in model (4.1), (4.2) is obtained for
the perturbation of ¥y by

H*(t) = (So(A+ AT)SY? + 224+ AT)S0) (8).
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There any estimator O, of ¥, which is asymptotically unbiased in the sense
A (Eg[0n) — ) — 0, satisfies as n — oo

2+ 0(1))
N

4.2. Discussion. The Cramér-Rao bound of Theorem 4.3 coincides with
the asymptotic variance obtained in Corollary 3.3 in the case H(t) = Ejy.
For different, but constant in time noise levels H, we can apply a rescaling
argument and replace in the lower bound model X(¢) by H !X (¢)H ! and
A(t) by HA(t)H. This gives the more general Cramér-Rao bound

(2+o(1))
Jn

with 2(1)7/72{ = H(H'SoH1/2H, as in Corollary 3.3. If H(t) depends on
t, rescaling generates another drift term, but if it varies smoothly in ¢, we
expect to obtain again a lower bound that matches the asymptotic variance
of our estimator. Let us discuss the efficient asymptotic variance AVAR
further, concentrating on the homogeneous case H(t) = Eg.

The efficient asymptotic variance for estimating [, ,,(t) dt is

Var._o(dn) > /O (S0 Sy 215V 9%0) Zvec(A), Zvee(A))(t)dt.

Vare—o(dy,) > /) (2o ®21/2 +El/2 ®3)Zvec(A), Zvec(A))(t)dt

AVAR ( / Spplt) dt) = 8/ Spp (D) (S12(2))p it
For the asymptotic variance of estimating fo Ypq(t) dt we obtain
2 Al((zlﬂ)ppzqq + (ZY2)4qSpp + 2(52) 5 ) (8) .
Let us calculate specific examples. First, in the case d = 1, ¥ = o2 this

simplifies to
AVAR ( / ) dt) = 8 /

which agrees with the efﬁmency bound in Reif} | 19] For p # ¢ in the inde-
pendent case ¥ = diag(o )1<p<d we find

AVAR ( /zpq 1) dr) _2/ (020, + 0,02) (1) dt.

In the case d = 2 with spot volatilities 0%(¢) = 03(t) = o2(t) and general
correlation p(t), i.e. o12(t) = (po1o2)(t), we obtain

101 dt —4/ \/1+p +\/1—p(t))dt
AVAR(/O1 o1a(t) dt) = 21} 3)((1 1 p(O)*% 4 (1 — p()/2) dt.

AVAR ( A
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Fic 1. Asymptotic variances of LMM for wolatility o3 (left) and covolatility o1 (right)
plotted against correlation p and noise level 12 (constant in time).

With time-constant parameters these bounds decay for o (resp. grow for
012) in |p| from 803 (resp. 403) at p = 0 to 4v/203 at |p| = 1 for both cases.

All the preceding examples can be worked out for different noise levels in
H, let us just highlight the bound for AVAR( [y Z,q(t)dt):

V12 1/2 1/2
2 [ ()0 + (g T + 2(TH o) (8)

which matches the asymptotic variances obtained in Corollary 3.3. In general
all noise levels enter for a fixed entry (p, q) via the matrix root (H~1XH~1)1/2
which only in the case of a diagonal covolatility matrix ¥ = diag(ag)p de-
couples as diag(np_ 10p)p and where the bound simplifies to

1 1
p#q: 2/0 (npapag + 7’]q0'q0'§>(t) dt; p=gq: 81) (npaz) (t)dt.

Figure 1 illustrates the general dependence of the asymptotic variance on
the noise level via ¥4 in the case d = 2. The two volatilities are o1 = g9 = 1,
the covolatility is 012 = p (constant in time) and the first noise level isn; = 1.
The left plot shows the asymptotic variance of the estimator of o7 as a
function of p and 7. We see the significant gain of using observations from
the other process for larger values of p. If the noise level 72 for the second
process is small, then the asymptotic variance can even approach zero. The
plot on the right shows the same dependence for estimating the covolatility
012. For comparable size of 7o and 7; the asymptotic variance increases
in p which is explained by the fact that also the value to be estimated
increases. For small values of 75, however, the efficiency gain by exploiting
the correlation prevails.
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For larger dimension d the variance can even be of order O(1/v/d); in the
concrete case where all volatilities and noise levels equal 1, the asymptotic
variance for estimating o? can be reduced from 8 (using only observations
from the first component or if ¥ is diagonal) down to 8/v/d (in case of perfect
correlation).

We can also investigate the estimation of the entire quadratic covariation
matrix [, $(t) dt and measure its loss with respect to the squared d x d-
Hilbert-Schmidt norm. Summing up the variances for each entry, we obtain
the asymptotic risk

\;%Al (tface(El/Q)trace(E)+trace(23/2))(t) gt

This can be compared with the corresponding Hilbert-Schmidt norm error
L (trace(X)? + trace(X?)) for the empirical covariance matrix in an i.i.d.
Gaussian N(0, X)-setting.

For nonlinear functionals the Cramér-Rao bound is obtained by lin-
earisation. Consider the prominent example of estimating power varia-
tions of the form [) (2,,)?/?(t)dt for some p > 0 (p = 4 yields the so-

called quarticity). Linearisation of the perturbation yields 2%2 = (Zo)py + /2

(20),0/2— eHp, + o(e) provided (3g)p; > 0. We thus consider A(t) =
£(Xo(t ))p/2 1(5(p,q)7(p/,q/))p/7q/ and obtain the lower bound

2 / 1/2)pp(20)qq + (E(l)ﬂ)qq(EO)pp + 2(2(1)/2)pq(20)p¢1) (t) dt.

For p = ¢ this reduces to 2p? fol((25/2)1,1,(20)5;1)(15)(11&, which is independent
of 3¢ only if p = 1/2 and ¥ is diagonal. In that case asymptotic equivalence
with a homoskedastic Gaussian shift in terms of the mean function (t)/*
holds, derived by independence of coordinates from Reif} [19], but for non-
diagonal ¥ a variance-stabilising transform or even an equivalence result is
not apparent.

5. Implementation and numerical results.

5.1. Discrete-time estimator. The construction to transfer discrete-time
to continuous-time observations in the proof of Theorem 2.4 paves the way
to the discrete approximation of the local spectral statistics (3.2). Using the
interpolated process and integration by parts yields

t(l) l Y(l)

o (DAY O (2) / LA LN
/ ’ Z tJ — "

1
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FIG 2. Variances of estimators of oi (left) and 12 (right) in time-constant scenario
(n = 30,000).

Hence, for discrete-time observations from (&)) we use the local spectral
statistics

n, @ )
Sk = th_l(zl: (YV(Z) - YV(Z—)l)q)j’“(tV_l;U))1<l<d' (5-1)

v=1

The noise terms in (3.5) translate from & to & via substituting
n; ! k(sﬂ)h(Fl’(s))_l ds by 32 kh<t,(,”<(k+1)h(t’(’l) - tg)_l)z. The discrete sum
times ™! can be understood as a block-wise quadratic variation of time in
the spirit of Zhang et al. [20]. The bias is discretised analogously.

For the adaptive estimator we are in need of local estimates of n;F], ¥
and estimators for nl2, 1 <11 <d. Itis well known how to estimate noise
variances with faster ,/n;-rates, see e.g. Zhang et al. [20]. Local observation
densities can be estimated with block-wise quadratic variation of time as
above, which then yield estimators lﬁljf’} of Hy; around time kh. Uniformly
consistent estimators for X(t),¢ € [0, 1], are feasible, e. g. averaging spectral

statistics for j = 1,...,J over a set K; of K adjacent blocks containing ¢:
—~ J A
S(t) =K 'Y TS (S, — 7%5%h 7 diag((HEHT)) (5.2)
ke j=1

We refer to Bibinger and Reifl [4] for details on the non-parametric pilot
estimator with J = 1.

5.2. Simulations. We examine the finite-sample properties of the LMM
for the case d = 2 in two scenarios. First, we compare the finite-sample vari-
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ance with the asymptotic variances from Sections 3 and 4, i.e. for a para-
metric setup with 77 = 93 = 0.1, 01 = 02 = 1 and constant correlation p.
We simulate n; = ny = 30,000 synchronous observations on [0, 1]. For esti-
mating o7 and 012 = p, Figure 2 displays the rescaled Monte-Carlo variance
based on 20, 000 replications of the oracle and adaptive LMM (LMM,, and
LMM,q), as well as the adaptive spectral estimator (SPEC,4) by Bibinger
and Reif} [4], which relies on the same spectral approach, but uses only scalar
weighting instead of the full information matrix approach.

In practice the pilot estimator from (5.2) for J not too large performed
well. As configuration we use h~' = 10, J = 30 and K = 8, which turned
out to be an accurate choice, but the estimators are reasonably robust to
alternative input choices. For the LMM of o2, we observe the already familiar
variance reduction effect associated with a growing signal correlation p, while
the simulation-based variances of both LMM,, and LMM,4 are close to their
theoretical asymptotic counterpart (Theor). The results for 012 underline
the precision gains compared to SPEC,; with univariate weights when p
increases.

Next, we consider a complex and realistic stochastic volatility setting that
relies on an extension of the widely-used Heston model, as e. g. employed by
Ait-Sahalia et al. [1], accounting for both leverage effects and an intraday
seasonality of volatility. The signal process for [ = 1,2 evolves as

dx{" = pi(t) ou(t) dZ",  dof(t) = oy (ju — 0P (1)) dt + Gy ou(t) AV,

where Zt(l) and Vt(l) are standard Brownian motions with dZt(l)dZt(Q) = pdt

and dZt(l)dV;(m) = Om Y dt. @i(t) is a non-stochastic seasonal factor with
fol (p?(t) dt = 1. The unit time interval can represent one trading day, e.g.
6.5 hours or 23,400 seconds at NYSE.

We initialise the variance process Ulz(t) by sampling from its stationary
distribution F(Z oy /v ] (2041)) and vary the value of the instantaneous
signal correlation p, while setting (u;, oy, ¥, v) = (1,6,0.3,—0.3), I = 1,2,
which under the stationary distribution, implies IE[ IRCAGEAG) dt] =1.
The seasonal factor ¢;(t) is specified in terms of intraday volatility functions
estimated for S&P 500 equity data by the procedure in Anderson and Boller-
slev [2]. p1(t) and ¢a(t) are based on cross-sectional averages of the 50 most
and 50 least liquid stocks, respectively, which yields a pronounced L-shape
in both cases (see Figure 3). We add noise processes that are i.i.d. N(O, n?)

and mutually independent with 7, = 0.1(E [fol o} (t) ot (t) dt])1/4, computed
under the stationary distribution of 012(15). Finally, asynchronicity effects are

introduced by drawing observation times tz(l), 1<i<n,1l=1,2, from two
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F1G 3. Non-stochastic volatility seasonality factors (left) and RMSE for estimators of
fol P31 (t)oi(t)dt (right) in stochastic volatility scenario.

independent Poisson processes with intensities Ay = 1 and Ay = 2/3 such
that, on average, n; = 23,400 and ny = 15, 600.

As a representative example, Figure 3 depicts the root mean-squared er-
rors (RMSEs) based on 40,000 replications of the following estimators of
[ 0}(t) o1 (t) dt: the oracle and adaptive LMM using h~! = 20, J = 15 and
K = 8, the quasi-maximum likelihood (QML) estimator by Ait-Sahalia et.
al. [1] as well as an oracle version of the widely-used multivariate realised
kernel (MRK,, ) by Barndorff-Nielsen et al. [3]. For the latter, we employ the
average univariate mean-squared error optimal bandwidth based on the true
value of [y i (t)of(t)dt, | = 1,2. Further, we include the theoretical vari-
ance from the asymptotic theory (Theor), which is computed as the variance
(3.12) averaged across all replications.

Three major results emerge. First, the LMM offers considerable precision
gains when compared to both benchmarks. Second, a rising instantaneous
signal correlation p is associated with a declining RMSE of the LMM, which
is due to the decreasing variance, and thus confirms the findings from Section
3 in a realistic setting. Finally, the adaptive LMM closely tracks its oracle
counterpart.

In summary, the simulation results show that the estimator has promising
properties even in settings which are more general than those assumed in
(&1), allowing, for instance, for random observation times, stochastic intra-
day volatility as well as leverage effects. Even if the latter effects are not yet
covered by our theory, the proposed estimator seems to be quite robust to
deviations from the idealised setting.
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APPENDIX A: FROM DISCRETE TO CONTINUOUS EXPERIMENTS

PROOF OF THEOREM 2.4. To establish Le Cam equivalence, we give a
constructive proof to transfer observations in & to the continuous-time
model &£ and the other way round. We bound the Le Cam distance by es-
timates for the squared Hellinger distance between Gaussian measures and
refer to Section A.1 in [19] for information on Hellinger distances between
Gaussian measures and bounds with the Hilbert-Schmidt norm. The crucial
difference here is that linear interpolation is carried out for non-synchronous
irregular observation schemes. Consider the linear B-splines or hat functions

bin(t) = Lji=1 i1y (¢) min (1 +n <t - %) ,1—n <t - %)) .

n

3

Define bl(t) := b, (Fi(t)),1 <4 < ny,1 <1 < d, which are warped spline
+0

functions satisfying b (ti,)) = diyip- A centered Gaussian process Y is de-
rived from linearly 1nterpolating each component of Y:

ny
Z v (t) Z X Gheie) + > el (A.1)
b =1

The covariance matrix function E [thfg] of the interpolated process Y is
determined by

o ng ny ™
E[V0v0)] = z;yzlal D Aty bl()b’;(s)+6z,rn?;b§(t)bﬁ(8)

t
with A(t) = (ai(t))ir=1,..d =/ ¥(s) ds
0

For any g = (¢M, ..., ¢/ T € L2([0, 1], R%) we have
d . 2
Bl 1) =E[( L6 v) |
l d mn

Zd:i:i: l <(l) bl br +ZZ (l 2[2.

=lv 1=11i=1

The sum of the addends induced by the observation noise in diagonal terms
is bounded from above by

d 2
n

2’

d
2
-l
=1
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since by virtue of 0 < >, b;, <1, [b;, =1/n and Jensen’s inequality:

ny

1 &Lt
RN O R(CLEY o B D
L= /0

i=1
1 /1 B 2 1o (g!)?
< Do~ (F~ 1Y) = i/
= Jo ((g oIy ) < l )) n Jo Fvl/

On the other hand, we have

E[(g, diag(H, 1)1 dW)] Z lg"V H.

for a d-dimensional standard Brownian motion W. Consequently, a process
Y with continuous-time white noise and the same signal part as Y can be
obtained by adding uninformative noise. Introduce the process

ny
_ ! :
- (2; th@bl(t)) oy B+ diag (g ()1 ci<adWe, (A2)

and its associated covariance operator C : L? — L?, given by

d n; ny
= (X X et n )+ (Hua@000), i,

r=1i=1v=1

In fact, it is possible to transfer observations from our original experiment &
to observations of (A.2) by adding N (0, C - C)—noise, where C' : [? — L2

is the covariance operator of Y. Now, consider the covariance operator

Cy(t) = %)1 (%)Mu Al#) d8> 9(u) du+ <nl;;§(t)g(l)(t)> 1<i<d

associated with the continuous-time experiment &;.
We can bound C~1/2 on L?([0,1],R%) from below (by partial ordering of
operators) by a simple matrix multiplication operator:

c—1/? < Mdiag(Hn,z(t))z'

Denote the Hilbert-Schmidt norm by || - [lus. The asymptotic equivalence
of observing Y and Y in & is ensured by the Hellinger distance bound

H? (£(Y) , £(v)) <207 (C=C) ¢
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1 1 d d
<2 A A (;;Hn,xtr?m,r(t)‘?

ny N 2
(ZZ@ZT OB, (5) — an(t A s)) >dtds
i=1v=1
d d nlnr
SIA»>
I=1r= 1 oy
ng np 2
(353t AV bin, ()b, (2) — ai (7 () A B (2))) ) dudz
i=1v=1

d d
9 —2-2
= O(R4 Z Z n 2y tgnen, B).
I=1r=1
The estimate for the L2-distance between the function (t,s) — A(F;"(t) A
F71(s)),(l,r) € {1,...,d}?, and its coordinate-wise linear interpolation by

@) (n;ﬁ; \/n;jf) relies on a standard approximation result on a rectangular
grid of maximal width (nmm)_1 based on the fact that this function lies
in the Sobolev class H'*5([0,1]?) with corresponding norm bounded by
2R*. This follows immediately by the product rule from A’ = ¥ € HP
and (F; ') € CP, together with an L%-error bound at the skewed diagonal
{(t,s) : Fi(t) = Fr(s)}.

Next, we explicitly show that &£ is at least as informative as &. To this
end we discretise in each component on the intervals I;; = | L L2

[0,1] for i = 0,...,n;. Define

ny 2n;’ nyg

2m]

0) 1 (0 1 (1) 1 W)
Y/ :—/ Fl(t)dY, :—/ XOF(t)dt + &
( ) ’Ii,l’ Fl_l(fi,l) l( ) ! |Ii,l‘ Fl_l(fz',z) ! l( )

1 ¥

— 0
a |Ii,l‘ I; F(u) du+€i ’ (A3)

for 0 <4 < n; with i.i.d.random variables:
1 1 1) ii.d.
D= [ O AN ). (A
‘IZJ’ Fl ([z',l)

The covariances are calculated as

E [(Yi’)(l)(YV’)( alr E-Y)) dudu + 6,6 ,m7

| I;

Ll

We obtain for the squared Helhnger distance between the laws of observation

H2 (£ ((Yi(l))lzl ..... dsi=0,..., nl) L (((Yil)(l))lzl,...,d;i:O,...,nl))
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d 2711 Ny
<SS (g [ a0 A F )
l,r=1 i=0 v=0 ity Jig S,

— ay(F7 i/ Av/ny) dudu’)2.

Write Af (u,u) = alr(Ff (u) A FY(u')) and note A € H'™*A([0,1]?) due
to A’ =% € H? and F, ', F7' € CP. For (i,v) ¢ C := {(0,0), (0,n,), (ny,0),
(ng,ny)} the rectangle I;; x I, is symmetric around (i/n;,v/n,) such that
the integral in the preceding display equals (V denotes the gradient)

Josun, (a8 (e o(em) o). o )
<VA” (nz’m) ) (“ o — *)>) dddudu.

Using Jensen’s inequality we thus obtain further the bound for the squared
Hellinger distance:

d 2711 ny ng\/nr
VAL (i/ng + O(u —i/my),
2 2 2 T /1/ 174/ + 9 = /)

v/ne +90 —v/n,)) — VAL (i/ng,v/n.)1((i,v) ¢ C)|* dV dudu’

4 2
ZU—Q —QL’”QO (R4(nl A nr)iw) =0 <R4 (Z nl/mQ) ”r_ri;zﬁ>

(ng V) P

where the order estimate is due to |[VAL ||y < R? and a standard L
approximation result for Sobolev spaces, observing that for the four corner
rectangles in C the boundedness of the respective integrals only adds the
total order 4nmm < nnyn mf; 28 ]

APPENDIX B: ASYMPTOTICS IN THE BLOCK-WISE CONSTANT
EXPERIMENT

PRrROOF OF THEOREM 3.2. As we have seen, the estimator is unbiased in
&,. For the covariance structure we use the independence between blocks
and frequencies and the commutativity with Z to infer

h—1-1 00
COVe,(L/2LMMEY) =1}/ kzo hQZIWJ'kCOV& (vee (SjrSjy)) Wi Iy/?
0 =
h=1-1
=1/ Y n'1z==z. (B.1)

k=0
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Since the local Fisher-type informations are strictly positive definite and thus
invertible by Assumption 2.2(ii4), the multivariate CLT (3.10) for the oracle
estimator follows by applying a standard CLT for triangular schemes as
Theorem 4. 12 from [14]. The Lindeberg condition is implied by the stronger
Lyapunov condition which is easily verified here by bounding moments of
order 4.

In Appendix C below we prove that in experiment &£ the estimator
LMMY” has an additional bias of order (’)(nfq/ 2) + Op(h) and a differ-

mwn
ence in the covariance of order (’)(hn;;f) + Op(h?) under our Assumption

2.2(ii-«v),(191-2), which by Slutsky’s lemma yields an asymptotically negli-
gible term compared to the best attainable rate (in any entry) m_n%f, cf.
Theorem 4.3. 0

PrOOF OF COROLLARY 3.3. An important property of our oracle esti-
mator is its equivariance with respect to invertible linear transformations

A;. on each block k in the sense that for observed statistics S'jk = ApSji ~
N(0,Cjy) under & we obtain (A~ := (A7)~ for short)

Cik = A Ci AL T, L = (A Ay) T L (Ap®@Ar), I = (A@Ay) T T(Ap®Ay)

and hence
h=1-1
LMM, n) = Z h Ak & Ak II Z I]k Ak (9 Ak)vec(Sij»k)
— 7>0
h*l—l
= Z (A @ Ag)™ ( Zlkvec ]k ))
k=0 7>0

For the covariance we use commutativity with Z and obtain likewise

h=1-1
COVe,(LMM) = 3= h% (A, ® Ap) (A @ Ap) T 2. (B.2)
k=0
We use this property to diagonalise the problem on each block. In terms
of the noise level matrix H; = diag(Hl’fn)lzlw,d, let O be an orthogonal
matrix such that

A = O SR O (B.3)

is diagonal. Note that A*" grows with n, but we drop the dependence on n
in the notation for all matrices A**, Oy and Hj,. Use Ay, = Ok’H,;l to obtain
the spectral statistics (3.2) transformed:

S'jk = OklelSjk ~ N (0, éjk) independent for all (j, k)
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which yields a simple-structured diagonal covariance matrix:

Cjx = OxH; ' CipHy ' Of = AM' + T B,

A key point is that the covariance structure (3.7) in R4 >4 ig for indepen-
dent components Sjj also diagonal, up to symmetry in the volatility matrix
entries. Summing I, over j is explicitly solvable and gives for p,q = 1,...,d

(hf pq—( 12 jk c pq)_l

= (n7! Z(A’”Umrjh 2 TH AR 4 725272 )_1

7j=1
_ (Aot /) = S conn /) 1y
2 /ARG — A) AT

= 203 VAG + AR (1+ (VI 1 aff gy )

using A*? > (ming, n F} ()0 32 2 nminEa, h*nmin — 0o and coth(z) =
1+ O(e™2®) for x — co. We thus obtain uniformly over k

M= (24 0(1)(AM @ VAR 4 VAR @ AP,
By formula (B.2) we infer in terms of (Zl;_lh)l/Q — Hk(lelzth;)lmHk
h 11

COVe, (LMMY) = (2 + o(1 Z h(SFh @ (TEPY1/2 4 (5EmY1/2 @ sikh) 2

The final step consists in combining nnannl(t) — H;(t) uniformly in ¢

together with a Riemann sum approximation to conclude

lim  nY2 COVe, (LMM®™)

Numin —+00 UL

= 2(/0 (E ® (H(’H_IE%—l)l/Q?{) + (H(’H_IE%_l)UQ?{) ® Z) (1) dt)Z
O

APPENDIX C: PROOFS FOR CONTINUOUS MODELS

C.1. Weight matrix estimates. We shall often need general norm
bounds on the weight matrices Wjy.
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LEMMA C.1. The oracle weight matrices satisfy uniformly over (j,k)
and the matrices XF" with |SF oo + [[(ZF) 7o S 1

Wil < ho' (1 + 5% /hg) ™.

PROOF. From the proof of Corollary 3.3 we infer
Wik = (H,Op ® HyOL)Wik(OpHy ' @ (OgH,. ') with
Wik = 2+ 0(1)h~ (AP C3Y) @ (VARCRY) + (VARCRY) @ (A C3Y).
We evaluate one factor in Wj;, using
IH O A ClOpH | = S (E* 4w a2 H) | S (145°h 20y )
By ||A® B|| < ||A||||B|| and \/Wéj_kl = (A/\":h(’j’j_kl)(Akh)_l/2 (the matrices
are diagonal), we infer

Wikl S hH 1+ j2he®) 2| HR O (AT 20 .

To evaluate the last norm, despite matrix multiplication is non-commutative,
we note

_1 T _1 _ _ _ _ _
(OF (A ~20,H, 1) O (A 20 H ' = H, ' Of (AM) 1O Hy = (5917
whence by polar decomposition |O]] (A*)=1/20, H, 71| = ($F")~1/2 implies

IS 1
105 (A 7205 H Y| = [|(ZF") 72 S 1.

-1/2

Together with ||H| < n,,;," this yields

Wikl S b~ (1 + 52y %) 20, 102

min

which gives the result. O

Moreover, for the adaptive estimator we have to control the dependence
of the weight matrices Wj, = W;(X*) on $*'. We use the notion of matrix
differentiation as introduced in [9]: define the derivative dA/dB of a matrix-
valued function A(B) € R°*P with respect to B € R?*" as the R°?*?" matrix
with row vectors (d/dBgp)vec(A),1 <a<gq,1<b<r.

LEMmMA C.2. For the derivatives of the oracle weight matrices Wj(Ekh),
assuming || X | o + [|(ZF) 7| o < 1, we have uniformly over (j,k):

d _ Ay —d—
| (=] < mgta+ gy ©1)
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PROOF. Since the notion of matrix derivatives relies on Vectorisation, the
identities vec(I; ' Ij) = (Ep @ I, Mvec(I;) = (I " @ Egp)vec(I; ') give rise
to the matrix differentiation product rule

d ar;t 1y ALk
rzkh ij = (I]k &® Ed2) dzkh (Ed2 ® Ik ) rzkh .

Applying the mixed product rule (A® B)(C® D) = (AC® BD) repeatedly,
and the differentiation product rule and chain rule to I = C’jk ® C} ko We
obtain

(C.2)

d
o (Chrocy)=—((Ch ocy') @ (Chl @) (((Cir ® Ea® Eg)

+H(Ep ® Eq® Cji)) (Eq ® Caa ® Eq)((vec(Eq) ® Eg)+(Eg ® vec(Ey)))),
with the so-called commutation matrix Cy4 = Z — Ez2. By orthogonality

of the last factors in both addends, ||[A @ B|| = ||A||||B]|, and the mixed
product rule, we infer for the norm of the second addend in (C.2)

dljy,
i) ]| <2 ) 1t @ )]
=2 [Well | €5 | S 1l -
By virtue of )
dly, dl,;
(I7'® EdQ)dEkh ~(Ee ® In)

it follows with the mixed product rule that
dI;tjdskh = —(1;7 @ 1Y) (dIg /dSFh).
This yields for the norm of the first addend in (C.2)

ar;! T d,Ik < dIjiy
]/
SIWoll (3 IWil) S I1Wil
j/
since we can differentiate inside the sum by the absolute convergence of
> IWji||. This proves our claim by Lemma C.1. O
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C.2. Bias bound. Using the formula 1 — 2sin?(x) = cos(2z) and It6
isometry, the (dx d)-matrix of (negative) biases (in the signal) of the addends
in (3.8) as an estimator of ¥ in experiment &; is given by

kDR o
Bjj = 2h / S (t) cos(2jmh = (¢ — kh)) dt,
kh

which has the structure of a j-th Fourier cosine coefficient. We introduce
the corresponding weighting function in the time domain:

Gr(u) =2 Z Wi cos(2jmu) € RT” e [0,1].
j=1

Parseval’s identity then shows for the d?-dimensional block-wise bias vector
of (3.8):

o0 (k+1)h

S Wigvee(Bj ) = / WGy (h (¢ — kh))vee(S(1)) dt.
‘ kh

Jj=1

The vector of total biases of (3.8) is then the linear functional of X:

h~1-1 oo

> Y Wowee(By) = [ G oec(s(0) dr
k=0 j=1 0
where for ¢ € [kh, (k+ 1)h))

G"(t) = Gr(h ™' (t — kh)) =2 Wy, cos(2mjh™'t).
j=1
For X in the Besov space Bf,([0,1]), 0 < a < 1, the L'-modulus of
continuity satisfies wr1((o,17)(%,9) < [[X] sy _d%, see e.g. [7, Section 3.2]. We
have for § € (0,1) and s € [0,1 — J]

M)avec(z(tﬂ))cos(?y)dt‘ :% /Oéfoauec(z(t+s)—z(u+s))du

é
cos(23t) dt‘ < sup / lvec(S(t + 8) — X(t + v+ 5))| dt < wri((s sqa)) (5 6)-
0<v<5 /0
This shows for the total bias in estimation of the volatility in X by the

bound on |[Wj|| in Lemma C.1

1 h~1-1 o
[ G ety at] <23 S MWkl e (S 1)
k=0 j=1
S hg (1 (ho/)") M (R/5)™ = (h/ho)™ = npil?.
j=1



EFFICIENT QUADRATIC COVARIATION MATRIX ESTIMATION 29

We thus have a bias of order O(n;l?f) Remark that it is quite surprising
that this bias bound is independent of h, which is also at the heart of the
quasi-maximum likelihood method [1].

If vec(X) is a (vector-valued) square-integrable martingale, then we use
that martingale differences are uncorrelated and write for the total bias

/ LG (Byvec(S(1)) dt = / " Gh(@vee(s(t) — S([h-tIh)) dt,
0 0

using [ G = 0. This expression is centred with covariance matrix
h1—1

Z /kh (+1)h]2 Ut = kh)E[vec(S(t) — S(kh))vee(S(s) — B(kh)) ]

Gr(h™Y(s — kh)) dtds.
The expected value in the display is smaller than (in matrix ordering)
E[vec(S((k+1)h)—X(kh))vec(X((k+1)h)—X(kh)) ). Because of ||Gy|loo <
the covariance matrix (in any norm) is of order O(R2E[||X(1) — 2(0)|?]) =
O(h?).
If ¥ = %8 + $M is the sum of a function £ in Bf ([0,1]) and a square-
integrable martingale ¥ then the preceding estimations apply for each

nyel?) + Op(h).

C.3. Variance for general continuous-time model. The covariance
for the estimator under model & can be calculated as under model &, but
we lose independence between different frequencies 7, 7/ on the same block.
For that we use the formula for Gaussian random vectors A, B

COV(vec(AAT),vec(BBT)) = (COV(B, B) ® COV(A, B) + COV(A, A)®
COV(A,B) + COV(A, B) ® COV(A, A) + COV(A, B) ® COV(B, B)) Z/4,
obtained by polarisation. This implies
[COVg, (LMM™) — COVg, (LMMM) ||
h T

S D Z IWirkl[[IWjr(COVe, (Sjk, Sir) ® COVe, (Sjrs Sirie) -
k=0 7,3'=1

From Lemma C.1 and ||A ® B|| < ||Al|||B]| for matrices A, B we infer that
the series over 7, 7’ is bounded in order by

— , D ()P (¢
ha2(1+ 7 /ho)~4(1 + §/ho) / (5 - 55) dt
Z oS fhay ™+ 3/h0) (| ||<I>]kuLzH<I>/kHL2 |

+ H/ diag(Hy ; — H?n1.0)(t) 05 (t)pjn(t) dtH)'

summand and the total bias has maximal order O(
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The identities 2cos(a)cos(b) = cos(a + b) + cos(a — b), 2sin(a)sin(b) =
cos(a — b) — cos(a + b) and the same bound as in Section C.2 imply for
S, (F)7 L (F) T e B ([0,1]) (note that even (F))~! e C([0,1]))

(I) ()(I)/kt h h(1—5’7’/) @
JAGEESL ool A5 G+ =)

XISl By (ko +1)m))

and similarly the bound

i/ h o R(1=6; )\,
1 ) 2
W o) e maxl (FD g en )

for the norm over Hg,r Putting all estimates together gives
ICOVe, (LMMY) — COVe, (LMMGY))||

Sk hgA(L+ 5 ho) HA + 5/ho) PRI+ |5 — 5') (1 + 5i'hg ).
J,j'=1

By comparison with the double integral (in terms of x ~ j/hg, y =~ j'/hg)

/) A 1+ )41+ 2) 2z — y[~(1 + 2y) dady < 1
we conclude

|COVe, (LMM{)) — COVe, (LMM)|| < hn, /2.

min

Arguing exactly as in Section C.2 for the case of ¥ being a sum of a Bf -
function and an L?-martingale, the difference of covariances is in general of

order O(hn a/2) + Op(h?).

min

C.4. Proof of Theorem 3.4. Let us denote the rate of convergence of

)y by 6, = nr_n% (42F2) For later use we note the order bounds

On = 0 (125 (i 1maz) ), 00 = 0 (1 (Mamin /maz) /) - (C.3)
First, we show that

ILMM) — MM || = op(n2) (C.4)

mam
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which by Slutsky’s Lemma implies the CLT with normalisation matrix I.
This in turn is already sufficient for obtaining the result of Corollary 3.3 for
LMM((IZ). Let us start with proving that

r~1-1 (m+1)r/h—1 oo

mr=| Xoh X3 (WET) - WHE) 2| = opnnl)

k=mr/h J=1
where the random variables

Zji, = vec (S sl kT 2j2h =2 diag ((H, kh)2) - Ekh)

1<1<d
are independent, Eg,[Z;;] = 0, COVg, (Z;i) = Ij_klz. We have

(m+1)r/h—1

| >z

=mr/

(C.5)

Z h Z |y — Wz

since the weight matrices do not depend on k on the same block of the coarse
grid. Using Lemma C.2 and that ||> — EHL1 = Op(d,), we obtain

[wism) = w(zm)

< maxH HHEW S|

W
=0p ((ho " AR§T™) 1 I1% = Sl L (fmr (mr 1)) -

For the second factor in (C.5) we employ [|[COVg,(Z;)|| = 2||Cjk||* such
that || Z.]| = Op(||Cjk||). Consequently, (C.3) implies for 77" the bound

r—1-1 o)

Z h Z Op ((hal A hgj_él)r_lHi - EHLl([rrw,(erl)r])(’r/h)l/Q(l \ J2h62))

= Op (r™2h'25,) = op(n,12).

max

The asymptotics (C.4) follow if we can ensure that the coarse grid ap-
proximations of the weights induce a negligible error, i.e. if also

r~1_1 (m+1)r/h—1 00

Z Yoo Y (Wi(ER) = Wi(E™)) Zik = 0p(npdd)

m=0  k=mr/h Jj=1
holds. The term is centred and its covariance matrix is bounded in norm by

r~1_1(m+1)r/h—1

PO w2y Wi - wiem)|”

m=0 k=mr/h 7j=1

-1
155 [I
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From Lemma C.2, Hl;kl|| = 2|0l $ 1+ j*he* and X € B ([0, 1]) we
derive the upper bound

h—l-1 00

o ¥ g ) Y = 0(npier®) = o)

by the choice of r and a > 1/2.
Another application of Slutsky’s Lemma yields the CLT with normalisa-
tion matrix I,, provided Il/ q,12 E 2 in probability. The proof of Lemma

C.2, more specifically the bound on the last term in (C.2), yields also

Hdzkh (Skh H < hgt(1+j4hg )7t

This implies Y, ;|| Lk — Lixl = Op(h™16,). Using A= — A1 = A~1(A -
A)A=V and || 171 < by, we infer

h=1-1 [e’e] _ ') o
o2 T (S ) - (S ) ortaui?)
k=0 7j=1 7j=1

The smallest eigenvalue of I,;! equals ||I,||~' which has order at least
N The global Lipschitz constant L, of f(z) = z'/2 for x > ||L,||~! is
therefore of order n%ﬁx The perturbation result from [16] for functional

calculus therefore implies

ILE42 — Byl < Lol T2~ 10 = Op (nkf2,h6,5).

max

The order is (nmax/nmm)l/zhalén and tends to zero by (C.3).

APPENDIX D: PROOF OF THE LOWER BOUND

D.1. Proof of Lemma 4.1. Since M(R/)l/QTr is an isometry on
L%([0,1]; R%), we obtain directly for the adjoint T} = T,Tl./\/l(R/)_l. We ob-
serve in a formal differential notation:

T:M(R/)l/zody = TrflM(R/)71/20(th + \}dW)
= _Tr_lj*(M((R/)—l/Qo)/th + M(R/)—l/QodX) + ﬁdW
= —I*T:(M((R/)—l/QO)/th + M(R/)—l/QodX) + ﬁdW

Here, we use that T M(R’)l/zO is an L?-isometry and we introduce the
independent Brownian motions W, B via the differentials

dW - T:M(R/)l/QO C“/V, ClB - T:M(R/)l/2o dB
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or alternatively (apply —I*) via their coordinates i = 1,...,d as

Z/ (5)1/204(s) AW (s), (D.1)

and B;(u) analogously.

The formal derivations are made rigorous by duality, that is testing
stochastic differentials with deterministic L2-functions. We infer from the
coordinate-wise definition of W for f € L?(]0,1]; RY) (e.g., check via indica-
tor functions f)

1 1 -
| OO R@VATH®.aW) = [ (). aW (w)

and equally for B. Now consider for functions g € L?([0,1]; R?) the real
observations

1 1
| o0 RO Tg0.av) = [ (00T R )T 19)(0),dv)

0
B 01<(0(t)TR'(t)1/2(Tr19))’ —(O() "R (&)1 (T 19)(t), Xy) dt

1 1 , /
e [OOTR O T 0),aw)
[0 R ()Y (T dg) (1), X d

0

1 1 1
- / OO R (1) (T 1) (1), aX0) + = [ o), i)
= [[-0wT R Y 1190, X di

/ (S0 200 RO (@ 10,8 + - [ ot
0

For £ = 0 we use (R')"/2A(R')~'/2 = A and evaluate the first two terms of
the last display as

1

[ 0T R 19) 0, %0 b~ [T AT 1)) (), dBu).

0

As A is constant in time, the second term is equal to — fol (Ig, AdB) and the
formal derivations above are confirmed.
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D.2. Proof of Lemma 4.2. In a first step note that for general oper-
ators A, B we have

|AA* — BB*||%q = %H(QA +B—-A)(A-B)*+(2A+B—-A)"(A-B)|lus
<2||A|||A = Bllms + |4 = Bll#s:
Hence, it suffices to show

10,6 QMTI S 1 and (1Qn 0 * Q)T — Co*CM s S 1.

A further reduction is achieved by splitting terms to obtain

HQ—1/2 1/2_0;(1)/2 1/2HHS<HId 0—1/2 1/2HHSHQ—1/2 1/2H

+lC 1/2 1/2 1/2 1/2HHId om 12 1/2

1 s

—1/2 1/2 —1/2 1/2
n,0

Owing to ||C oll <1+ |Id— 0|l s it remains to show

”Q—1/2 1/2 %<1, |1d- C—1/2 1/2 2|l s < 1 and |[1d — Q—1/2 1/2 s < 1.

Finally, we can use Qn1 — @Qno = Qoo,1 — Qo000 @n,1 = Qoo,1 in operator
order (and similarly for Cy, ;) as well as |a — 1| < |a? — 1| for @ > 0 implying
|A—1d||gs < ||AA* —1d||gs for positive operators A. We are thus left with
proving that the following three quantities are uniformly bounded

1@nd”@ult 1€ (@0~ Coo ) Colf s, 10201 (CIL3 QUL QY s

By the Feldman-Hajek Theorem for Gaussian measures, see e.g. [8], the lat-
ter two quantities are finite iff the Gaussian laws N (0, Co ) and N(0, Qoo ¢ ),
are equivalent for e € {0,1}. Using again differential notation, these are the
laws of

ZC = T:M(R/)l/QOX’ ZQ = *I*T:M(R/)flﬂodX

where dX = ¥'2dB for the e at hand. Both processes are images in
C([0,1], RY) under the linear (and thus measurable) map 7,7} = T Mp
of the respective processes

ZC = M(R,),l/QOX, ZQ = _I*M(R/)—l/QOdX-
By the product rule we see
Zc(t) - _I*{M(R’)*l/QOdX + M((R/)—1/20)1X}(t)
. ¢
= 29(t) + / (R)~120)(s)X (s) ds.
0
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Hence, Z€ equals the Brownian martingale Z9 plus an adapted linear drift
in X. By Girsanov’s theorem, noting that all deterministic quantities are
continuous and bounded away from zero, the laws of Z€ and Z© are equiv-
alent, e.g. use Thm. 3.5.1. together with Cor. 3.5.16 in [15]. Hence, so are
the laws of their images Z¢ and Z¥, as required.

1/2 41/2

Let us finally consider Q,, ¢ . Its squared norm equals

n,1

(Qnrf, f) (Mpr-11208,07 (my-12 T L T F) + 51 1P
sup ——~"L = sup

rer2 (@nof, f)  jer2 1112+ %11 f112
<(1+ ||M|’oo)l.§11axd||(7’fl)/||oo-

=1l,...,

This uniform bound is finite under our regularity assumptions.

D.3. Proof of Theorem 4.3. Without loss of generality we may as-
sume that A(t) is symmetric for all ¢ because X(¢) is symmetric. Owing to

Zvec(A) = 2vec(A) and (Xp ® 2(1)/2)1166(14) = vec(E(l)/zAEo), we thus have
to show in terms of the Hilbert-Schmidt scalar product

(8+0(1))
NG

Since Cpy is a positive operator on L2([0,1];R), we can define the
bounded self-adjoint operator

5 1 12 «l/2
Vare—o(dn) > [) (Zo® T2 1+ 252 @ £0)A) (1), A(t)) st

n =

1 1
A% = I(c*Cpp + —1d) ' T* = (6 1d+-Cjg;,) .
n n

Cpu is Hilbert-Schmidt and so is AZ. We identify its kernel 67 : [0,1]2 — R
(or Green function) as

(Sg(t, S) = 2O_Cosh\/?o_\/ﬁ)(Sth(O'\/ﬁ(l — |S — t|)) + Slnh(O'\/’E(t + s — 1))) .
This can be formally derived from the properties CE}W = —D? on its domain,

42 in the domain (i.e. §72(0,s) = 0, (69)'(1,s) = 0) and 67 (t,s) = A%d4(¢).
Alternatively use the eigenvalue-eigenfunction decomposition of Cgys and
apply functional calculus. The main observation is that J7 has all the prop-
erties of a smoothing kernel, which for n — oo concentrates on the diagonal
{t = s}, where it approximates the uniform law. This is best seen by the
approximation for large n

571, 5) = X (expl-0/ils — )+ sgn(t +5 — 1) explaallt+ 5 — 1]~ 1))
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observing |t + s — 1| —1 < |s —t| + |2t — 1| — 1 such that the second
exponential asymptotically only contributes at the corners (0,0) and (1,1)
of the diagonal.

We shall see, however, that for the Hilbert-Schmidt norm evaluation we
face (07)? as the operator kernel, which also behaves like a smoothing kernel
on the diagonal, but needs to be rescaled by ||67 |2, = (1 + o(1))y/n/(45?).

Consequently, in terms of A, = diag(AQ“’)i:l,_,_,d and its kernel d,,(¢, s) =
diag (02 (¢, 5))i=1, .4, the Fisher information evaluates as

9 = 10 Qo@n s
= % trace(T,1Q, oI * T My T IQ, (I T Moy
1trace((TA TO)OMpy (T AT ) Moy)

= / / tracepaxd (6, (r(£), 7(s)) M ()5 (r(s), r(£)) M (t)) dtds.

We now use [y M(s)ane=5l0nds = 2M (¢)(1 + o(1)) uniformly over t €
[bn, 1 — b,] whenever a,, — 00, anb, — 0o and M (t) is continuously differ-
entiable. Together with the asymptotic behaviour of J7 we obtain

[ 88 0, )My (950 15 5) 01 ds

n 1 _
=1+ O(l))4]\iiAjJ /o exp(—v/n(Ayri(t) + Ay (1) [t — s) M (s) ds
i
2045 (A (t) + Ajﬂ’} (t)
_ VAM ()1 + o(1)
QAii[_ij()\i(t) + )\j(t))

= (1+o0(1)) M;;(t)

with ©(1) uniformly in n and ¢t € [n™P,1 — n™P] for any p € (0,1/2) to infer

Q- v Zd: AGIACE 1(A<(t)+A-(t))—1Mij(t)2(1+o(1))dt

ij=1 0
d )2
1+0 / Z (OHO
= (t) dt.
B =Y )

Asymptotically for n — oo neglecting terms of smaller order, this bound
is obtained by the worst parametric perturbation H*(t) = EOAE(l)/ >+
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nl/ 2AZO, which we evaluate using duality with respect to the scalar product

fO Zi,j AZ]( ) 1]( )dt as
(Jo ,] 1 Ay (H)Hy;(t) dt)? (fo u 1 Aij () (t) dt)?

Sup OHO OH*O
H:H()=H(6)T ffo Y 1A1T+,\,)§,l\l( ) dt ffO Shimt A(ICTM))%( ) dt
L(SASY2 £ SY2AR () g dt.
- / )(1))

Finally, remark that the Cramér-Rao inequality, e.g. [18, Thm. 2.5.10], i
applicable since (N(0, @ ¢))e forms an exponential family in (Q;, 1)E, Wthh
is differentiable at ¢ = 0, and thus the models (N(0,Qy.)). as well as
(N(0,Cpe))e are regular.
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