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GAUSSIAN APPROXIMATION OF SUPREMA OF

EMPIRICAL PROCESSES

VICTOR CHERNOZHUKOV, DENIS CHETVERIKOV, AND KENGO KATO

Abstract. We develop a new direct approach to approximating suprema
of general empirical processes by a sequence of suprema of Gaussian pro-
cesses, without taking the route of approximating empirical processes
themselves in the sup-norm. We prove an abstract approximation the-
orem that is applicable to a wide variety of problems, primarily in sta-
tistics. Especially, the bound in the main approximation theorem is
non-asymptotic and the theorem does not require uniform boundedness
of the class of functions. The proof of the approximation theorem builds
on a new coupling inequality for maxima of sums of random vectors, the
proof of which depends on an effective use of Stein’s method for normal
approximation, and some new empirical processes techniques. We study
applications of this approximation theorem to local empirical processes
and series estimation in nonparametric regression where the classes of
functions change with the sample size and are not Donsker-type. Impor-
tantly, our new technique is able to prove the Gaussian approximation
for the supremum type statistics under considerably weak regularity con-
ditions, especially concerning the bandwidth and the number of series
functions, in those examples.

1. Introduction

1.1. Overview. This paper is concerned with the problem of approximating
suprema of empirical processes by a sequence of suprema of Gaussian pro-
cesses. To formulate the problem, let X1, . . . ,Xn be i.i.d. random variables
taking values in a measurable space (S,S) with common distribution P .
Suppose that there is a sequence Fn of classes of measurable functions S →
R, and consider the empirical process Gnf = n−1/2

∑n
i=1(f(Xi)−E[f(X1)])

indexed by Fn. For a moment, we implicitly assume that each Fn is “nice”
enough and leave the measurability question. This paper tackles the prob-
lem of approximating Zn = supf∈Fn

Gnf by a sequence of random vari-

ables Z̃n equal in distribution to supf∈F Bnf , where each Bn is a centered
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2 GAUSSIAN APPROXIMATION OF SUPREMA

Gaussian process indexed by Fn with covariance function E[Bn(f)Bn(g)] =
E[f(X1)g(X1)] for f, g ∈ Fn. We look for conditions under which there is a

sequence of such random variables Z̃n with

|Zn − Z̃n| = OP(rn), (1.1)

where rn → 0 as n→∞ is a sequence of constants.
The study of (asymptotic and non-asymptotic) behaviors of the supre-

mum of the empirical process is one of the central issues in probability
theory, and dates back to the classical work of [22]. The (tractable) distri-
butional approximation of the supremum of the empirical process is of par-
ticular importance in statistics. A leading example is uniform inference in
nonparametric estimation, such as construction of uniform confidence bands
and specification testing in nonparametric density and regression estimation
where critical values are given by quantiles of supremum type statistics [see,
for example, 2, 25, 35, 20, 19]. Another interesting example appears in
econometrics where there is an interest in estimating a parameter that is
given as the extremum of an unknown function such as a conditional mean
function. [8] proposed a precision corrected estimate for such a parameter.
In construction of their estimate, approximation of quantiles of a supre-
mum type statistic is needed, to which the Gaussian approximation of the
supremum type statistics plays a crucial role.

A related but different problem is that of approximating empirical pro-
cesses themselves by a sequence of Gaussian processes in the sup-norm. This
problem is stronger than (1.1). Indeed, (1.1) is implied if there is a sequence
of versions of Bn (which we denote by the same symbol Bn) such that

‖Gn −Bn‖Fn := sup
f∈Fn

|(Gn −Bn)f | = OP(rn). (1.2)

There is a large literature on the problem (1.2). Notably, Komlós et al. [24]

(henceforth, abbreviated as KMT) proved that ‖Gn−Bn‖F = Oa.s.(n
−1/2 log n)

for S = [0, 1], P = uniform distribution on [0, 1], and F = {1[0,t] : t ∈ [0, 1]}.
See [29] and [5] for refinements of KMT’s result. [30], [23] and [35] developed
extensions of the KMT construction to more general classes of functions.

The KMT construction is a powerful tool in addressing the problem
(1.2), but when applied to general empirical processes, it requires side con-
ditions on classes of functions and distributions. For examples, Rio [35]
required that Fn are classes of functions of uniformly bounded variations
on S = [0, 1]d, and P has a continuous and positive Lebesgue density on
[0, 1]d. Such side conditions are essential to the KMT construction since
it depends crucially on the Haar approximation of indicator functions and
binomial coupling inequalities of Tusnády. [13], [1] and [36] considered the
problem of Gaussian approximation of general empirical processes with dif-
ferent approaches and thereby without such side conditions. [13] used a
finite approximation of a (possibly uncountably) infinite class of functions
and apply a coupling inequality of [42] to the discretized empirical process
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(more precisely, Dudley and Philipp used a version of Yurinskii’s inequality
proved by [11]). [1] and [36], on the other hand, used a coupling inequality of
[43] instead of Yurinskii’s and some recent empirical process techniques such
as Talagrand’s [39] concentration inequality, which leads to refinements of
Dudley and Philipp’s results in some cases. However, the “global” rates that
[11], [1] and [36] established do not lead to tight conditions for the Gaussian
approximation to, say, the supremum deviation of kernel type statistics.

We develop here a new direct approach to the problem (1.1), without
taking the route of approximating empirical processes themselves in the
sup-norm and with different technical tools than those used in the afore-
mentioned papers. We prove an abstract approximation theorem (Theorem
2.1) that leads to results of type (1.1) in several situations. The proof of
the approximation theorem builds on a number of technical tools that are of
interest in their own rights: notably, 1) a new coupling inequality for max-
ima of sums of random vectors (Theorem 4.1), in which Stein’s method for
normal approximation, originally due to [37, 38], plays an important role; 2)
a deviation inequality for suprema of empirical processes that only requires
finite moments of envelope functions (Theorem 5.1), due essentially to the
recent work of [3], complemented with a new “local” maximal inequality for
the expectation of suprema of empirical processes that extends the work of
[41] (Theorem 5.2). We study applications of this approximation theorem to
local empirical processes and series estimation in nonparametric regression.
We find that our new technique is able to prove the Gaussian approxima-
tion for the supremum type statistics under considerably weak regularity
conditions, especially concerning the bandwidth and the number of series
functions, in those examples.

It is instructive to briefly summarize here the key features of the main
approximation theorem. First, the theorem establishes a non-asymptotic

bound between Zn and its Gaussian analogue Z̃n. The theorem requires
that each Fn is pre-Gaussian (that is, there is a version of Bn that is a
tight Gaussian random element in `∞(Fn); see below for the notation), but
allows for the case in which the “complexity” of Fn increases with n and
even the Gn process does not have a limit process (in a suitable sense) in the
asymptotic situation. Second, the theorem only requires finite moments of
the envelope function, which should be contrasted with [23, 35, 1, 36] where
the class of functions must be uniformly bounded. Hence the theorem is
applicable to an even wide class of problems to which the previous results
in those works are not applicable. Third, the bound in Theorem 2.1 is
able to exploit the “local” property of the class of functions, thereby, when
applied to, say, the supremum deviation of kernel type statistics, it leads to
tight conditions on the bandwidth for the Gaussian approximation (see the
discussion after Theorem 2.1 for the detail about these features).

In this paper, we substantially rely on modern empirical process theory.
For general references on empirical process theory, we refer to [27], [40] and
[12]. Especially, [12], Section 9.5, gives excellent historical remarks on the
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Gaussian approximation of empirical processes. For a textbook treatment
of Yurinskii’s and KMT’s couplings, we refer to [34], Chapter 10.

1.2. Organization. The rest of the paper is organized as follows. In Sec-
tion 2, we present the main approximation theorem (Theorem 2.1). We give
a proof of Theorem 2.1 in Section 6. In Section 3, we study applications of
Theorem 2.1 to local empirical processes and series estimation in nonpara-
metric regression. Sections 4 and 5 are devoted to developing some technical
tools needed to prove Theorem 2.1. In Section 4, we prove a new coupling
inequality for maxima of sums of random vectors, and in Section 5, we prove
some inequalities for empirical processes. We put some proofs in Appendix.

1.3. Notation. We shall obey the following notation. Let (Ω,A,P) de-
note an underlying probability space. We assume that the probability space
(Ω,A,P) is “rich enough” in the sense that there is a uniform random vari-
able on (0, 1) defined on (Ω,A,P) independent of the sample at hand. For a

real-valued random variable ξ, let ‖ξ‖q = (E[|ξ|q])1/q , 1 ≤ q < ∞. For two
random variables ξ and η, we write

ξ
d
= η

if they have the same distribution.
For any probability measure Q on a measurable space (S,S), we use the

notation Qf :=
∫
fdQ. Let Lp(Q), p ≥ 1 denote the space of all measurable

functions f : S → R such that ‖f‖Q,p := (Q|f |p)1/p < ∞. We also use the
notation ‖f‖∞ := supx∈S |f(x)|. Denote by eQ the L2(Q)-semimetric:

eQ(f, g) = ‖f − g‖Q,2, f, g ∈ L2(Q).

For an arbitrary set T , let `∞(T ) denote the space of all bounded functions
T → R, equipped with the uniform norm ‖f‖T := supt∈T |f(t)|. We endow
`∞(T ) with the Borel σ-field induced from the norm topology. A random
element in `∞(T ) refers to a Borel measurable map from Ω to `∞(T ). For
ε > 0, an ε-net of a semimetric space (T, d) is a subset Tε of T such that
for every t ∈ T there exists a tε ∈ Tε with d(t, tε) ≤ ε. The ε-covering
number N(T, d, ε) of T is the infimum of the cardinality of ε-nets of T , that
is, N(T, d, ε) := inf{Card(Tε) : Tε is an ε-net of T}.

The standard Euclidean norm is denoted by | · |. For a smooth func-
tion f : Rp → R, we use the notation ∂jf(x) = ∂f(x)/∂xj , ∂j∂kf(x) =
∂2f(x)/∂xj∂xk, and so on.

For a subsetA of a semimetric space (U, ρ), let Aδ denotes the δ-enlargement
of A, that is, Aδ = {x ∈ S : ρ(x,A) ≤ δ} where ρ(x,A) = infx∈A ρ(x, y).

We write a . b if there is a universal constant C > 0 such that a ≤ Cb.
For a given parameter q, a .q b if there is a constant C(q) > 0 depending
only on q such that a ≤ C(q)b. For a, b ∈ R, a ∨ b = max{a, b}, a+ = a ∨ 0.
Unless otherwise stated, c > 0 and C > 0 denote universal constants of
which the values may change from line to line.
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2. Abstract approximation theorem

We begin with reviewing the setup. Let X1, . . . ,Xn be i.i.d. random vari-
ables taking values in a measurable space (S,S) with common distribution
P . In all what follows, we assume n ≥ 3. Suppose that there is a class
F of measurable functions S → R, to which a a measurable envelope F is
attached, that is, F is a non-negative measurable function S → R such that

F (x) ≥ sup
f∈F
|f(x)|, ∀x ∈ S.

Consider the (uniform) entropy integral

J(δ) = J(δ,F , F ) =
∫ δ

0
sup
Q

√
1 + logN(F , eQ, ε‖F‖Q,2)dε,

where the supremum is taken over all distributions (note: supQ can be
replaced by the supremum over all finite discrete distributions). In this
section the sample size n is fixed, and hence the possible dependence of F
and F (and other quantities) on n is dropped.

We make the following assumptions.

(A1) The class F is pointwise measurable, that is, it contains a countable
subset G such that for every f ∈ F there exists a sequence gm ∈ G
with gm(x)→ f(x) for every x ∈ S.

(A2) For some q ≥ 2, F ∈ Lq(P ).
(A3) J(1,F , F ) <∞.

Assumption (A1) is made to avoid a measurability complication. See
Section 2.3.1 of [40] for further discussion. This assumption ensures that,
for example, supf∈F Gnf = supf∈G Gnf , and hence the former supremum is
a measurable map from Ω to R. Assumptions (A2) and (A3) in particular
ensure that F is P -pre-Gaussian:

Lemma 2.1. Under assumptions (A2) and (A3), the class F is P -pre-
Gaussian, that is, there is a tight Gaussian random element GP in `∞(F)
with mean zero and covariance function E[GP (f)GP (g)] = P (f − Pf)(g −
Pg) for f, g ∈ F .

Proof. This is a standard fact. For the sake of completeness, we shall verify
this lemma in Appendix. �

Here is the main theorem. For the notational convenience, let us write

Hn(ε) = log(N(F , eP , ε‖F‖P,2) ∨ n).
Also, write M = max1≤i≤n F (Xi) and F · F = {fg : f ∈ F , g ∈ F}.

Theorem 2.1. Suppose that assumptions (A1), (A2) with q ≥ 3, and (A3)
are satisfied. Let Z = supf∈F Gnf . Let κ > 0 be any positive constant

such that κ3 ≥ E[supf∈F n
−1
∑n

i=1 |f(Xi)|3]. Then for every ε ∈ (0, 1] and
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γ ∈ (0, 1), there is a random variable Z̃
d
= supf∈F GP f such that

P

{
|Z − Z̃| > K(q)∆n(ε, γ)

}

≤ γ
[
1 +

1

4
P [(F/κ)31(F/κ > cγ−1/3n1/3Hn(ε)

−1/3)]

]
+
C log n

n
,

where K(q) > 0 is a constant that depends only on q and

∆n(ε, γ) = J(ε)‖F‖P,2 + n−1/2ε−2J2(ε)‖M‖2
+ γ−1/qε‖F‖P,2 + n−1/2γ−1/q‖M‖q + n−1/2γ−2/q‖M‖2
+ n−1/4γ−1/2(E[‖Gn‖F·F ])

1/2H1/2
n (ε) + n−1/6γ−1/3κH2/3

n (ε).

Proof. See Section 6. �

Remark 2.1. 1. Theorem 2.1 is a non-asymptotic result. In applications
F and F (and even S) may change with n, that is, F = Fn and F = Fn.
In that case, assumption (A3) is interpreted as J(1,Fn, Fn) < ∞ for each
n, but it allows for the case in which J(1,Fn, Fn) diverges as n→∞.

2. The factor 1/4 on the right side has no special meaning. It can be
replaced by a smaller positive constant, but at the cost of increasing the
constant K(q). We do not pursue the generality in this direction.

3. By [12], Theorem 3.1.1, one can extend GP to the linear hull of F in
such a way that GP has linear sample paths. Hence

‖Gn‖F = sup
f∈F∪(−F)

Gnf, ‖GP ‖F = sup
f∈F∪(−F)

GP f,

where−F := {−f : f ∈ F}, from which one can readily deduce the following
corollary.

Corollary 2.1. The conclusion of Theorem 2.1 continues to hold with Z

replaced by Z = ‖Gn‖F , Z̃ replaced by Z̃
d
= ‖GP ‖F , and with different

constants.

Henceforth we only deal with supf∈F Gnf .
When applying Theorem 2.1, one has to derive suitable bounds on

E

[
sup
f∈F

1

n

n∑

i=1

|f(Xi)|3
]

and E[‖Gn‖F·F ].

We can simply bound these terms by

E

[
sup
f∈F

1

n

n∑

i=1

|f(Xi)|3
]
≤ ‖F‖3P,3, E[‖Gn‖F·F ] . J(1,F , F )‖F‖2P,4 .

The latter estimate is deduced from Theorem 2.14.1 of [40] together with
the fact that

sup
Q
N(F · F , eQ, 2ε‖F 2‖Q,2) ≤ sup

Q
N2(F , eQ, ε‖F‖Q,2). (2.1)
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See Lemma A.1 in Appendix. These simple bounds are, however, too
crude when PF 3 and PF 4 are significantly larger than the “weak” mo-
ments supf∈F P |f |3 and supf∈F Pf

4, respectively, which is the case for all
the examples studied in Section 3. The following lemma will be useful for
handling such cases.

Lemma 2.2. Suppose that assumptions (A1), (A2) with q = 4, and (A3)
are satisfied. For k = 3, 4, let δk ∈ (0, 1] be any positive constant such that
δk ≥ supf∈F ‖f‖P,k/‖F‖P,k. Then

E

[
sup
f∈F

1

n

n∑

i=1

|f(Xi)|3
]
− sup

f∈F
P |f |3 . ‖M‖

3
3J

2(δ
3/2
3 ,F , F )

nδ33
,

and

E[‖Gn‖F·F ] . J(δ24 ,F , F )‖F‖2P,4 +
‖M‖24J2(δ24 ,F , F )√

nδ44
.

Proof. See Appendix. �

Armed with Lemma 2.2, Theorem 2.1 is relatively easy to apply for con-
crete examples. Before going to the applications, we discuss the key features
of Theorem 2.1. First, Theorem 2.1 does not require the uniform bound-
edness of F , and requires only finite moments of the envelope function.
At first, this sounds not surprising. However, most papers working on the
Gaussian approximation of empirical processes in the sup-norm, such as
[23, 35, 1, 36], required that the class of functions at hand is uniformly
bounded. The uniform boundedness of the class of functions is a strong
assumption in, say, statistical applications, and the generality of Theorem
2.1 in this direction will turn out to be useful. The cost of this generality
is that γ, which in applications we take as γ = γn → 0, is typically at most
O(n−1/6), and hence Theorem 2.1 gives only “in probability bounds” rather
than “almost sure bounds” (inspection of the proof shows that the n−1 log n
term can be replaced by n−2, at the cost of increasing the constant K(q)).
However, this should be considered as a consequence of the generality of
allowing for non-uniformly bounded classes of functions, and should not be
considered as a genuine drawback of the theorem. The second feature of
Theorem 2.1 is that it is able to exploit the “local” property of the class of
functions F . By Lemma 2.2, typically, we may take κ3 ≈ supf∈F P |f |3, and
E[‖Gn‖F·F ] ≈ supf∈F

√
Pf4 (up to a log term). In some applications, for

example, the supremum deviation of kernel type statistics, the class F = Fn

changes with n and supf∈Fn
P |f |k with k = 3, 4 decrease to 0 (but the en-

velope Fn is such that PF k
n = O(1) for k = 3, 4). The bound in Theorem

2.1 can effectively exploit this information and lead to tight conditions on,
say, the bandwidth, for the Gaussian approximation. This feature will turn
out to be clear from the proofs for the applications in the following section.
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3. Applications

This section studies applications of Theorem 2.1 to local empirical pro-
cesses and series estimation in nonparametric regression. All the proofs in
this section are gathered in Appendix. In both examples, the classes of func-
tions change with the sample size n and the corresponding Gn processes do
not have tight limits. Hence regularity conditions for the Gaussian approx-
imation for the suprema will be of interest.

3.1. Local empirical processes. This section applies Theorem 2.1 to the
supremum deviation of kernel type statistics. Let (Y1,X1), . . . , (Yn,Xn) be
i.i.d. random variables taking values in the product space U × R

d, where
(U,U) is an arbitrary measurable space. Suppose that there is a class G
of measurable functions U → R. Let k(·) be a kernel function on R

d. By
“kernel function”, we simply mean that k(·) is integrable with respect to the
Lebesgue measure on R

d. We do not ask k(·) to be non-negative nor the
integral of k(·) over R

d to be 1. Let hn be a sequence of positive constants
such that hn → 0 as n → ∞, and let I be an arbitrary Borel subset of Rd.
Consider the kernel-type statistics

Sn(x, g) =
1

nhdn

n∑

i=1

g(Yi)k(h
−1
n (Xi − x)), (x, g) ∈ I × G.

When the kernel function k(·) is such that
∫
Rd k(t)dt = 1, under suitable

regularity conditions, Sn(x, g) will be a consistent estimator of E[g(Y1) |
X1 = x]p(x), where p(·) denotes a Lebesgue density of the distribution of
X1. For example, when g ≡ 1, Sn(x, g) will be a consistent estimator of
p(x); when U = R and g(y) = y, Sn(x, g) will be a consistent estimator of
E[Y1 | X1 = x]p(x); and when U = R and g(·) = 1(· ≤ y), y ∈ R, Sn(x, g)
will be a consistent estimator of P(Y1 ≤ y | X1 = x)p(x). In statistical
applications, it is often of interest to approximate the distribution of the
following quantity:

Wn = sup
(x,g)∈I×G

cg(x)
√
nhdn(Sn(x, g) − E[Sn(x, g)]),

where cg(x) is a suitable normalizing constant. A typical choice of cg(x)
would be such that

Var(
√
nhdnSn(x, g)) = cg(x)

−2 + o(1).

Limit theorems on Wn are developed in [2], [25], [10], [35], [15], and [28],
among others.

[15] called the process g 7→
√
nhdn(Sn(x, g) − E[Sn(x, g)]) a “local” em-

pirical process at x (the original definition of the local empirical process
in [15] is slightly more general in that hn is replaced by a sequence of bi-
measurable functions). With a slight abuse of terminology, we also call the

process (x, g) 7→
√
nhdn(Sn(x, g)− E[Sn(x, g)]) a local empirical process.



GAUSSIAN APPROXIMATION OF SUPREMA 9

We consider the problem of approximating Wn by a sequence of suprema
of certain Gaussian processes. For each n ≥ 1, let Bn be a centered Gaussian
process indexed by I × G with covariance function

E[Bn(x, g)Bn(x̌, ǧ)]

= h−d
n cg(x)cǧ(x̌)Cov[g(Y1)k(h

−1
n (X1 − x)), ǧ(Y1)k(h−1

n (X1 − x̌))]. (3.1)

Intuitively, it is expected that under suitable regularity conditions, there is a

sequence W̃n of random variables such that W̃n
d
= sup(x,g)∈I×G Bn(x, g) and

as n→∞, |Wn−W̃n| P→ 0. We shall argue the speed of this approximation.
Before stating the assumptions, we recall the notion of VC type class.

Definition 3.1. Let F be a class of measurable functions on a measurable
space (S,S), to which a measurable envelope F is attached. We say that F
is VC type with envelope F if there are constants a > 0 and v > 0 such that
supQN(F , eQ, ε‖F‖Q,2) ≤ (a/ε)v for all 0 < ε ≤ 1.

We make the following assumptions.

(B1) G is a pointwise measurable class of functions U → R uniformly
bounded by a constant b > 0, and is VC type with envelope ≡ b.

(B2) k(·) is a bounded and continuous kernel function on R
d, and such

that the class of functions K = {t 7→ k(ht + x) : h > 0, x ∈ R
d} is

VC type with envelope ≡ ‖k‖∞.
(B3) The distribution of X1 has a bounded Lebesgue density p(·) on R

d.
(B4) hn → 0 and log(1/hn) = O(log n) as n→∞.
(B5) CI×G := sup(x,g)∈I×G |cg(x)| <∞. Furthermore, for every (xm, gm) ∈

I×G with xm → x ∈ I and gm → g ∈ G pointwise, cgm(xm)→ cg(x).

We first assume that G is uniformly bounded, which will be relaxed later.
[33], Lemma 22, gives simple sufficient conditions under which K is VC type.

Proposition 3.1. Suppose that assumptions (B1)-(B5) are satisfied. Then
for every n ≥ 1, there is a tight Gaussian random element Bn in `∞(I ×G)
with mean zero and covariance function (3.1), and there is a sequence W̃n

of random variables such that W̃n
d
= sup(x,g)∈I×G Bn(x, g) and as n→∞,

|Wn − W̃n| = OP{(nhdn)−1/6 log n+ (nhdn)
−1/4 log5/4 n+ (nhdn)

−1/2 log3/2 n}.
Even when G is not uniformly bounded, a version of Proposition 3.1 con-

tinues to hold provided that suitable restrictions on the moments of the
envelope of G are assumed. Instead of assumption (B1), we make the fol-
lowing assumption.

(B1)’ G is a pointwise measurable class of functions U → R with mea-
surable envelope G such that E[Gq(Y1)] < ∞ for some q ≥ 4 and
supx∈Rd E[G4(Y1) | X1 = x] < ∞. Furthermore, G is VC type with
envelope G.

Then we have the following proposition.
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Proposition 3.2. Suppose that assumptions (B1)’ and (B2)-(B5) are sat-
isfied. Then the conclusion of Proposition 3.1 continues to hold, except for
that the speed of approximation is

OP{(nhdn)−1/6 log n+ (nhdn)
−1/4 log5/4 n+ (n1−2/qhdn)

−1/2 log3/2 n}.
Remark 3.1. It is instructive to compare Propositions 3.1 and 3.2 with the
implications of Theorem 1.1 of Rio [35].

1. Apparently, Rio’s Theorem 1.1 is not applicable to the case in which
G is not bounded. Hence Proposition 3.2 is not implied by that theorem.
Indeed, we do not are of any previous result that leads to the conclusion of
Theorem 3.2, at least in this generality.

2. In the special case of kernel density estimation (that is, g ≡ 1), Rio’s
Theorem 1.1 implies (subject to some regularity conditions) that |Wn −
W̃n| = Oa.s.{(nhdn)−1/(2d)

√
log n + (nhdn)

−1/2 log n} for d ≥ 2 (the d = 1
case is formally excluded from [35]). Hence Rio’s rates are better than ours
when d = 2, 3, but worse when d ≥ 4 (aside from the difference between “in
probability” and almost sure bounds).

3. On the other hand, consider, as a second example, kernel regres-
sion estimation (that is, U = R and g(y) = y). In order to formally
apply Rio’s Theorem 1.1 to this example, we need to assume that the
joint distribution of (Y1,X1) is supported on [0, 1]d+1 (this condition can
be weakened in such a way that the support of (Y1,X1) is a bounded rect-
angular in R

d+1), and admits a continuous and positive Lebesgue density
on [0, 1]d+1. Subject to such side conditions, Rio’s Theorem 1.1 leads to

|Wn − W̃n| = Oa.s.{(nd/(d+1)hdn)
−1/(2d)

√
log n + (nhdn)

−1/2 log n}. See, for
example, [8], Theorem 8. Hence, aside from the difference between “in prob-
ability” and almost sure bounds, as long as hn = O(n−a) for some a > 0,
our rates are always better when d ≥ 2. When d = 1, ignoring logs, our rate
is better as long as nh4n → 0 (and vice versa).

Remark 3.2. Importantly, both Propositions 3.1 and 3.2 require only mild
restrictions on the bandwidth hn. Ignoring the log terms, Proposition 3.1
requires nhdn → ∞, and Proposition 3.2 requires n1−2/qhdn → ∞. Interest-
ingly, they essentially coincide with the conditions on the bandwidth used
in establishing exact rates of uniform strong consistency of kernel type esti-
mators in [16, 17].

3.2. Series estimation. This section considers an application of Theorem
2.1 to series estimation in nonparametric regression. Consider a canonical
nonparametric regression model

Yi = m(Xi) + ηi, E[ηi | Xi] = 0, E[η2i | Xi] = σ2 > 0, 1 ≤ i ≤ n,
where Yi is a scalar response variable, Xi is a d-vector of covariates of which
the support = [0, 1]d, and ηi is a scalar unobservable error term. We assume
that the data (Y1,X1), . . . , (Yn,Xn) are i.i.d. The parameter of interest is
the conditional mean function m(x) = E[Y1 | X1 = x].
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We consider series estimation of m(x). Suppose that for each K ≥ 1,
there are K basis functions ψK,1, . . . , ψK,K defined on [0, 1]d. Let ψK(x) =

(ψK,1(x), . . . , ψK,K(x))T . Examples of such basis functions are Fourier se-
ries, splines, Cohen-Daubechies-Vial (CDV) wavelet bases [9], Hermite poly-
nomials and so on. Let Kn be a sequence of positive constant such that
Kn → ∞ as n → ∞. The idea of series estimation is to approximate m(x)

by
∑Kn

j=1 θKn,jψK,j(x) and to estimate the vector θKn = (θKn,1, . . . , θKn,Kn)
T

by the least squares method:

θ̂Kn = arg min
θKn∈RKn

n∑

i=1

(
Yi − ψKn(Xi)

T θKn
)2
.

The resulting estimate of m(x) is given by m̂(x) = ψKn(x)T θ̂Kn.
The asymptotic properties of the series estimate have been thoroughly

investigated in the literature. Importantly, under suitable regularity condi-
tions, m̂(x) admits an asymptotic linear form

m̂(x)−m(x) ≈ ψKn(x)T (E[ψKn(X1)ψ
Kn(X1)])

−1

[
1

n

n∑

i=1

ηiψ
Kn(Xi)

]
.

See, for example, [32]. [To make this approximation precise, we have to use
undersmoothing to make the effect of the bias negligible relative to the right
side. However, we skip the discussion on control of the bias since it is out
of the scope of this paper.] Redefining ψKn(x) by

ψKn(x)← (E[ψKn(X1)ψ
Kn(X1)])

−1/2ψKn(x),

we have the following formal approximation:

√
n(m̂(x)−m(x))

σ|ψKn(x)| ≈ 1

σ
· ψ

Kn(x)T

|ψKn(x)|

[
1√
n

n∑

i=1

ηiψ
Kn(Xi)

]
=:

1

σ
Sn(x).

Therefore, for the purpose of making uniform inference on m(x) over a
Borel subset I of [0, 1]d, it is desirable to have a (tractable) distributional
approximation of the following quantity:

Wn = sup
x∈I

Sn(x).

We address this problem in what follows. Let Bn be a centered Gaussian
process indexed by I with covariance function

E[Bn(x)Bn(x
′)] = σ2αKn(x)

TαKn(x
′), (3.2)

where αK(x) = ψK(x)/|ψK(x)|. Intuitively, it is expected that under suit-

able regularity conditions, there is a sequence W̃n of random variables such

that W̃n
d
= supx∈I Bn(x) and as n → ∞, |Wn − W̃n| P→ 0. We shall argue

the speed of this approximation.
We make the following assumptions.
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(C1) For eachK ≥ 1, E[ψK(X1)ψ
K(X1)] = IK , bK := supx∈[0,1]d |ψK(x)|∨

1 <∞, and the map x 7→ ψK(x)/|ψK(x)| =: αK(x) is Lipschitz con-
tinuous with Lipschitz constant ≤ LK(≥ 1), that is,

|αK(x)− αK(x′)| ≤ LK |x− x′|, ∀x, x′ ∈ [0, 1]d.

(C2) log bKn = O(log n) and logLKn = O(log n) as n→∞.

For many commonly used basis functions such as Fourier series, splines
and CDV wavelet bases, bK = O(

√
K) as K →∞. See [32]. The Lipschitz

continuity of αK(x) is implied if infx∈[0,1]d |ψK(x)| > 0 and ψK(x) is Lips-

chitz continuous. Condition (C2) states mild growth restrictions on Kn and
LKn and is usually satisfied.

Proposition 3.3. Suppose that assumptions (C1) and (C2) are satisfied.
Furthermore, suppose either (i) η1 is bounded, or (ii) E[|η1|q] <∞ for some
q ≥ 4 and supx∈[0,1]d E[η

4
1 | X1 = x] < ∞. Then for every n ≥ 1, there is a

tight Gaussian random element Bn in `∞(I) with mean zero and covariance

function (3.2), and there is a sequence W̃n of random variables such that

W̃n
d
= supx∈I Bn(x) and as n→∞,

|Wn − W̃n|

=

{
OP{n−1/6b

1/3
Kn

log n+ n−1/4b
1/2
Kn

log5/4 n+ n−1/2bKn log
3/2 n}, (i),

OP{n−1/6b
1/3
Kn

log n+ n−1/4b
1/2
Kn

log5/4 n+ n−1/2+1/qbKn log
3/2 n}, (ii).

Proposition 3.3 is a new result. Suppose that bK = O(
√
K) as K → ∞.

Ignoring the log terms, Proposition 3.3 requires Kn/n → 0 in case (i) and

Kn/n
1−2/q → 0 in case (ii). These requirements are mild, in view of the

fact that at least Kn/n → 0 is needed for consistency (in the L2-norm)
of the series estimator [see 21]. Another approach to deduce a result sim-
ilar to Proposition 3.3 is to apply Yurinskii’s coupling to random vectors
ηiψ

Kn(Xi), i = 1, . . . , n, which, however, requires a rather stringent restric-

tion on Kn, namely K5
n/n → 0 (up to logs), for ensuring |Wn − W̃n| P→ 0.

See, for example, [8], Theorem 7.

4. A coupling inequality for maxima of sums of random vectors

The main ingredient in the proof of Theorem 2.1 is a new coupling in-
equality for maxima of sums of random vectors, which is stated as follows.

Theorem 4.1. Let X1, . . . ,Xn be independent random vectors in R
p with

mean zero and finite absolute third moments, that is, E[Xij ] = 0 and E[|Xij |3] <
∞ for all 1 ≤ i ≤ n and 1 ≤ j ≤ p. Consider the statistic

Z = max
1≤j≤p

n∑

i=1

Xij.
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Let Y1, . . . , Yn be independent random vectors in R
p such that

Yi ∼ N(0,E[XiX
T
i ]), 1 ≤ i ≤ n.

Then for every β > 0 and δ > 1/β, there is a random variable Z̃
d
=

max1≤j≤p
∑n

i=1 Yij such that

P(|Z − Z̃| > 2β−1 log p+ 3δ) ≤ ε+ Cβδ−1(B1 + β(B2 +B3))

1− ε ,

where ε = εβ,δ is given by

ε =
√
e−α(1 + α) < 1, α = β2δ2 − 1 > 0,

and

B1 = E

[
max

1≤j,k≤p
|

n∑

i=1

(XijXik − E[XijXik])|
]
,

B2 = E

[
max
1≤j≤p

n∑

i=1

|Xij |3
]
,

B3 =

n∑

i=1

E

[
max
1≤j≤p

|Xij |3 · 1
(
max
1≤j≤p

|Xij | > β−1/2

)]
.

The following corollary is useful for many applications. Recall n ≥ 3.

Corollary 4.1. Consider the same setup as in Theorem 4.1. Then for every

δ > 0, there is a random variable Z̃
d
= max1≤j≤p

∑n
i=1 Yij such that

P(|Z−Z̃| > 16δ) . δ−2(B1+δ
−1(B2+B4) log(p∨n)) log(p∨n)+

logn

n
, (4.1)

where B1 and B2 are as in Theorem 4.1, and

B4 =

n∑

i=1

E

[
max
1≤j≤p

|Xij |3 · 1
(
max
1≤j≤p

|Xij | > δ/ log(p ∨ n)
)]

.

Proof of Corollary 4.1. In Theorem 4.1, take β = 2δ−1 log(p ∨ n). Then
α = β2δ2 − 1 = 4 log2(p ∨ n) − 1 ≥ 2 log(p ∨ n) (recall n ≥ 3 > e), so that
ε ≤ 2 log(p ∨ n)/(p ∨ n) ≤ 2n−1 log n. This completes the proof. �

Remark 4.1. Inspection of the proof shows that the n−1 log n term on the
right side can be replaced by n−a for any a > 0, with changing the constant
“16” on the left side.

Theorem 4.1 is a coupling inequality similar in nature to Yurinskii’s [42].
Before proving Theorem 4.1, let us first recall Yurinskii’s coupling inequality.

Theorem 4.2 ([42]; see also [26]). Consider the same setup as in Theorem
4.1. Let Sn =

∑n
i=1Xi. Then for every δ > 0, there is a random vector

Tn
d
=
∑n

i=1 Yi such that

P(|Sn − Tn| > 3δ) . B0

(
1 +
| log(1/B0)|

p

)
,
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where

B0 = pδ−3
n∑

i=1

E[|Xi|3].

For the proof, see [34], Section 10.4. Because of the general fact that
max1≤j≤n |xj | ≤ |x| for x ∈ R

p, one has

| max
1≤j≤p

(Sn)j − max
1≤j≤n

(Tn)j| ≤ max
1≤j≤p

|(Sn − Tn)j| ≤ |Sn − Tn|.

Hence if we take Z̃ = max1≤j≤p(Tn)j ,

P(|Z − Z̃| > 3δ) . B0

(
1 +
| log(1/B0)|

p

)
. (4.2)

Unfortunately, when p is large, the right side is typically too crude. This is
because B0 is proportional to

∑n
i=1 E[|Xi|3] and this quantity may be larger

than what we want.
To better understand the difference between (4.1) and (4.2), consider the

situation in which p is indexed by n and p = pn →∞ as n→∞. Moreover,
consider the simple case in which Xij = xij/

√
n and |xij | ≤ b (xij are

random; b is a fixed constant). Then

B1 = O(n−1/2 log1/2 pn), B2 +B4 = O(n−1/2).

The former estimate is deduced from the fact that, using the symmetrization
and Pisier’s inequality conditional on X1, . . . ,Xn, one has

B1 .
√

log(1 + p)E

[
max
1≤j≤p

(

n∑

i=1

X4
ij)

1/2

]
.

On the other hand,

pn

n∑

i=1

|Xi|3 = O(n−1/2p5/2n ).

Therefore, the former (4.1) allows pn to be of an exponential order (pn can

be as large as log pn = o(n1/4); hence, for example, pn can be of order en
α

for 0 < α < 1/4), while the latter (4.2) restricts pn to be pn = o(n1/5).

Remark 4.2. The importance of Theorem 4.1 in the context of the proof of
Theorem 2.1 is described as follows. In the proof of Theorem 2.1, we make
a finite approximation of F by a minimal ε‖F‖P,2-net of (F , eP ) and apply
Theorem 4.1 to the “discretized” empirical process; hence in this application,
p = N(F , eP , ε‖F‖P,2). The fact that Theorem 4.1 allows for “large” p is
translated into that a “finer” discretization is possible, and as a result, the
bound in Theorem 2.1 depends on the covering number N(F , eP , ε‖F‖P,2)
only through its log: logN(F , eP , ε‖F‖P,2).

We will use a version of Strassen’s theorem to prove Theorem 4.1. We
state it for the reader’s convenience.
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Lemma 4.1. Let µ and ν be Borel probability measures on R. Let ε > 0 and
δ > 0 be two positive constants. Suppose that µ(A) ≤ ν(Aδ) + ε for every
Borel subset A of R. Let V be a random variable with distribution µ. Then
there is a random variable W with distribution ν such that P(|V − W | >
δ) ≤ ε.

Proof. By Strassen’s theorem [see 34, Section 10.3], there are random vari-
ables V ∗ andW ∗ with distributions µ and ν such that P(|V ∗−W ∗| > δ) ≤ ε.
V ∗ may be different from V . Let F (w | v) be a regular conditional distribu-
tion function of W given V = v. Denote by F−1(τ | v) the quantile function
of F (w | v), that is, F−1(τ | v) = inf{w : F (w | v) ≥ τ}. Generate a uniform
random variable θ on (0, 1) independent of V and take W (ω) = F−1(θ(ω) |
V (ω)). Then it is routine to verify that (V,W )

d
= (V ∗,W ∗). �

Proof of Theorem 4.1. For the notational convenience, write eβ = β−1 log p.
By Lemma 4.1, the conclusion follows if we can prove that for every Borel
subset A of R,

P(Z ∈ A) ≤ P(Z̃ ∈ A2eβ+3δ) +
ε+ Cβδ−1(B1 + β(B2 +B3))

1− ε .

Without loss of generality, we may assume that X1, . . . ,Xn and Y1, . . . , Yn
are independent. Let

Sn =

n∑

i=1

Xi, Tn =

n∑

i=1

Yi.

Fix any Borel subset A of R. We divide the proof into several steps.
Step 1: We approximate the non-smooth map x 7→ 1A(max1≤j≤p xj) by a

smooth function. The first step is to approximate the map x 7→ max1≤j≤p xj
by a smooth function. Consider, as in [6], the function Fβ : Rp → R defined
by

Fβ(x) = β−1 log




p∑

j=1

eβxj


 ,

which gives a smooth approximation of max1≤j≤p xj. Indeed, an elementary
calculation gives the following inequality: for every x = (x1, . . . , xp)

T ∈ R
p,

max
1≤j≤p

xj ≤ Fβ(x) ≤ max
1≤j≤p

xj + β−1 log p. (4.3)

Hence we have

P(Z ∈ A) ≤ P(Fβ(Sn) ∈ Aeβ) = E[1Aeβ (Fβ(Sn))].

Step 2: The next step is to approximate the indicator function t 7→ 1A(t)
by a smooth function. This step is rather standard.
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Lemma 4.2. Let β > 0 and δ > 1/β. For every Borel subset A of R,
there is a smooth function g : R → R such that ‖g′‖∞ ≤ δ−1, ‖g′′‖∞ ≤
Cβδ−1, ‖g′′′‖∞ ≤ Cβ2δ−1, and

(1− ε)1A(t) ≤ g(t) ≤ ε+ (1− ε)1A3δ (t), ∀t ∈ R,

where ε = εβ,δ is given by

ε =
√
e−α(1 + α) < 1, α = β2δ2 − 1 > 0.

Proof of Lemma 4.2. The proof is due to [34], Lemma 10.18 (p. 248). Let
ρ(·, ·) denote the Euclidean distance on R. Then consider the function h(t) =
(1−ρ(t, Aδ)/δ)+. Note that h is Lipschitz continuous with Lipschitz constant
≤ δ−1. Construct a smooth approximation of h(t) by

g(t) =
β√
2π

∫

R

h(s)e−
1

2
β2(s−t)2ds =

1√
2π

∫

R

h(t+ β−1s)e−
1

2
s2ds.

Then the map t 7→ g(t) is infinitely differentiable, and

‖g′‖∞ ≤ δ−1, ‖g′′‖∞ ≤ Cβδ−1, ‖g′′′‖∞ ≤ Cβ2δ−1.

The rest of the proof is the same as [34], Lemma 10.18. Hence we omit the
detail. �

Apply Lemma 4.2 to A = Aeβ to construct a suitable function g. Then

E[1Aeβ (Fβ(Sn))] ≤ (1− ε)−1
E[g ◦ Fβ(Sn)].

Step 3: The next step uses Stein’s method to compare

E[g ◦ Fβ(Sn)] and E[g ◦ Fβ(Tn)].

The following argument is inspired by [7], Theorem 7. We first make some
complimentary computations.

Lemma 4.3. Let β > 0. For every g ∈ C3(R),

p∑

j,k=1

|∂j∂k(g ◦ Fβ)(x)| ≤ ‖g′′‖∞ + 2‖g′‖∞β, (4.4)

p∑

j,k,l=1

|∂j∂k∂l(g ◦ Fβ)(x)| ≤ ‖g′′′‖∞ + 6‖g′′‖∞β + 6‖g′‖∞β2. (4.5)

Furthermore, letting D(β−1) = {y ∈ R
p : |yj| ≤ β−1, 1 ≤ ∀j ≤ p},

p∑

j,k,l=1

sup
y∈D(β−1)

|∂j∂k∂l(g ◦ Fβ)(x+ y)|

≤ C(‖g′′′‖∞ + ‖g′′‖∞β + ‖g′‖∞β2). (4.6)
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Proof of Lemma 4.3. Let δjk = 1(j = k). A direct calculation gives

∂jFβ(x) = πj(z), ∂j∂kFβ(x) = βwjk(x), ∂j∂k∂lFβ(x) = β2qjkl(x),

where

πj(x) = eβxj/
∑p

k=1e
βxk ,

wjk(x) = (πjδjk − πjπk)(x),
qjkl(x) = (πjδjlδjk − πjπlδjk − πjπk(δjl + δkl) + 2πjπkπl)(x).

By these expressions, we have

πj(x) ≥ 0,

p∑

j=1

πj(x) = 1,

p∑

j,k=1

|wjk(x)| ≤ 2,

p∑

j,k,l=1

|qjkl(x)| ≤ 6.

Inequalities (4.4) and (4.5) follow from these relations and the following
computation.

∂j(g ◦ Fβ)(x) = (g′ ◦ Fβ)(x)πj(x),

∂j∂k(g ◦ Fβ)(x) = (g′′ ◦ Fβ)(x)πj(x)πk(x) + (g′ ◦ Fβ)(x)βwjk(x),

∂j∂k∂l(g ◦ Fβ)(x) = (g′′′ ◦ Fβ)(x)πj(x)πk(x)πl(x)

+ (g′′ ◦ Fβ)(x)β(wjk(x)πl(x) + wjl(x)πk(x) + wkl(x)πj(x))

+ (g′ ◦ Fβ)(x)β
2qjkl(x).

For the last inequality (4.6), it is standard to see that when |yj | ≤ β−1, 1 ≤
∀j ≤ p,

πj(x+ y) ≤ e2πj(x),
from which the desired inequality follows. �

For i = 1, . . . , n, let X ′
i be an independent copy of Xi. Let I be a uniform

random variable on {1, . . . , n} independent of all the other variables. Define

S′
n = Sn −XI +X ′

I .

For λ ∈ R
p,

E[e
√
−1λTS

′

n ] =
1

n

n∑

i=1

E[e
√
−1λT (Sn−Xi+X′

i)]

=
1

n

n∑

i=1

E[e
√
−1λT (Sn−Xi)]E[e

√
−1λTX′

i ]

=
1

n

n∑

i=1

∏

j 6=i

E[e
√
−1λTXj ]× E[e

√
−1λTXi ]

=

n∏

i=1

E[e
√
−1λTXi ]

= E[e
√
−1λTSn ].
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Hence

S′
n

d
= Sn.

Also, with Xn
1 = {X1, . . . ,Xn},

E[S′
n − Sn | Xn

1 ] = E[X ′
I −XI | Xn

1 ]

=
1

n

n∑

i=1

E[X ′
i −Xi | Xn

1 ] = −n−1Sn, (4.7)

and

E[(S′
n − Sn)(S′

n − Sn)T | Xn
1 ] = E[(X ′

I −XI)(X
′
I −XI)

T | Xn
1 ]

=
1

n

n∑

i=1

E[(X ′
i −Xi)(X

′
i −Xi)

T | Xn
1 ]

=
1

n

n∑

i=1

(E[XiX
T
i ] +XiX

T
i )

=
2

n

n∑

i=1

E[XiX
T
i ] +

1

n

n∑

i=1

(XiX
T
i − E[XiX

T
i ])

=
2

n

n∑

i=1

E[XiX
T
i ] + n−1V, (4.8)

where V is the p× p matrix defined by

V = (Vjk)1≤j,k≤p =
1

n

n∑

i=1

(XiX
T
i − E[XiX

T
i ]).

For the notational convenience, write f = g ◦ Fβ. Consider

h(x) =

∫ 1

0

1

2t
E[f(
√
tx+

√
1− tTn)− f(Tn)]dt.

Then Lemma 1 of [31] implies

p∑

j=1

xj∂jh(x) −
p∑

j,k=1

n∑

i=1

E[XijXik]∂j∂kh(x) = f(x)− E[f(Tn)],

and especially

E[f(Sn)]− E[f(Tn)] = E




p∑

j=1

n∑

i=1

Xij∂jh(Sn)




− E




p∑

j,k=1

n∑

i=1

E[XijXik]∂j∂kh(Sn)


 . (4.9)
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Denote by ∇h(x) and Hessh(x) the gradient vector and the Hessian ma-
trix of h(x), respectively. Let

R = h(S′
n)− h(Sn)− (S′

n − Sn)T∇h(Sn)
− 2−1(S′

n − Sn)T (Hessh(Sn))(S′
n − Sn).

Then one has

0 = nE[h(S′
n)− h(Sn)] (S′

n
d
= Sn)

= nE[(S′
n − Sn)T∇h(Sn) + 2−1(S′

n − Sn)T (Hess h(Sn))(S′
n − Sn) +R]

= nE
[
E[(S′

n − Sn)T | Xn
1 ]∇h(Sn)

+ 2−1Tr
(
(Hessh(Sn))E[(S

′
n − Sn)(S′

n − Sn)T | Xn
1 ]
)
+R

]

= E


−

p∑

j=1

n∑

i=1

Xij∂jh(Sn) +

p∑

j,k=1

n∑

i=1

E[XijXik]∂j∂kh(Sn)




+ E


1
2

p∑

j,k=1

Vjk∂j∂kh(Sn) + nR


 (by (4.7) and (4.8))

= −E[f(Sn)] + E[f(Tn)] + E


1
2

p∑

j,k=1

Vjk∂j∂kh(Sn) + nR


 , (by (4.9))

that is,

E[f(Sn)]− E[f(Tn)] = E


1
2

p∑

j,k=1

Vjk∂j∂kh(Sn) + nR


 .

Using Lemma 4.3, one has

|
p∑

j,k=1

Vjk∂j∂kh(Sn)| ≤ max
1≤j,k≤p

|Vjk|
p∑

j,k=1

|∂j∂kh(Sn)|

≤ Cβδ−1 max
1≤j,k≤p

|Vjk|,

and letting ∆i := (∆i1, . . . ,∆ip)
T := X ′

i −Xi,

|E[nR]| =

∣∣∣∣∣∣
E


1
2

n∑

i=1

p∑

j,k,l=1

∆ij∆ik∆il(1− θ)2∂j∂k∂lh(Sn + θ∆i)



∣∣∣∣∣∣

(θ ∼ U(0, 1) independent of all the other variables)

≤ 1

2
E




n∑

i=1

p∑

j,k,l=1

|∆ij∆ik∆il| · |∂j∂k∂lh(Sn + θ∆i)|


 . (4.10)
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Let χi = 1(max1≤j≤p |∆ij | ≤ β−1) and χc
i := 1− χi. Then

(4.10) =
1

2
E

[
n∑

i=1

χi∗
]
+

1

2
E

[
n∑

i=1

χc
i∗
]

=:
1

2
[(A) + (B)] .

Observe that

(A) ≤ E




p∑

j,k,l=1

max
1≤i≤n

(χi · |∂j∂k∂lh(Sn + θ∆i)|) × max
1≤j,k,l≤p

n∑

i=1

|∆ij∆ik∆il|




≤ Cβ2δ−1
E

[
max

1≤j,k,l≤p

n∑

i=1

|∆ij∆ik∆il|
]

(by (4.6))

≤ Cβ2δ−1
E

[
max
1≤j≤p

n∑

i=1

|∆ij |3
]

≤ Cβ2δ−1
E

[
max
1≤j≤p

n∑

i=1

|Xij |3
]
= Cβ2δ−1B2,

and

(B) ≤ Cβ2δ−1
n∑

i=1

E

[
χc
i max
1≤j≤p

|∆ij |3
]

(by (4.5))

≤ Cβ2δ−1
n∑

i=1

E

[
χc
i max
1≤j≤p

|Xij |3
]
. (by symmetry)

Because

χc
i ≤ 1

(
max
1≤j≤p

|Xij | > β−1/2

)
+ 1

(
max
1≤j≤p

|X ′
ij | > β−1/2

)
,

we have

E

[
χc
i max
1≤j≤p

|Xij |3
]
≤ E

[
max
1≤j≤p

|Xij |3 · 1
(
max
1≤j≤p

|Xij | > β−1/2

)]

+ E

[
max
1≤j≤p

|Xij |3
]
· P
(
max
1≤j≤p

|Xij | > β−1/2

)
. (4.11)

We recall the following lemma.

Lemma 4.4. Let ϕ and ψ be two functions defined on an interval I in R.
Let ξ be a random variable such that P(ξ ∈ I) = 1. Suppose that E[|ϕ(ξ)|] <
∞,E[|ψ(ξ)|] < ∞ and E[|ϕ(ξ)ψ(ξ)|] < ∞. Then Cov(ϕ(ξ), ψ(ξ)) ≥ 0 if ϕ
and ψ are monotone in the same direction, and Cov(ϕ(ξ), ψ(ξ)) ≤ 0 if ϕ
and ψ are monotone in the opposite direction.
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Proof of Lemma 4.4. Denote by µ the distribution of ξ. Then

Cov(ϕ(ξ), ψ(ξ)) =

∫

I
ϕ · ψdµ −

∫

I
ϕdµ ·

∫

I
ψdµ

=
1

2

∫

I

∫

I
(ϕ(t)− ϕ(s))(ψ(t) − ψ(s))dµ(s)dµ(t).

The conclusion of the lemma is deduced directly from this expression. �

Since the maps t 7→ t3 and t 7→ 1(t > β−1/2) are non-decreasing on [0,∞),
the second term on the right side of (4.11) is not larger than the first term.
Hence

(B) ≤ Cβ2δ−1
n∑

i=1

E

[
max
1≤j≤p

|Xij |3 · 1
(
max
1≤j≤p

|Xij | > β−1/2

)]
= Cβ2δ−1B3.

Therefore,

|E[f(Sn)]− E[f(Tn)]| ≤ Cβδ−1(B1 + β(B2 +B3)).

Step 4: Combining Steps 1-3, one has

P(Z ∈ A) ≤ (1− ε)−1
E[g ◦ Fβ(Tn)] +

Cβδ−1(B1 + β(B2 +B3))

1− ε

≤ P(Fβ(Tn) ∈ Aeβ+3δ) +
ε+ Cβδ−1(B1 + β(B2 +B3))

1− ε
(by construction of g)

≤ P(Z̃ ∈ A2eβ+3δ) +
ε+ Cβδ−1(B1 + β(B2 +B3))

1− ε . (Lemma 4.3)

This completes the proof. �

5. Inequalities for empirical processes

In this section, we shall prove some inequalities for empirical processes
that will be used in the proof of Theorem 2.1. These inequalities are of
interest in their own rights. Consider the same setup as in Section 2, that
is, let X1, . . . ,Xn be i.i.d. random variables taking values in a measurable
space (S,S) with common distribution P . Let F be a pointwise measurable
class of functions S → R, to which a measurable envelope F is attached.
Consider the empirical process Gnf = n−1/2

∑n
i=1(f(Xi)−Pf). Let σ2 > 0

be any positive constant such that

sup
f∈F

Pf2 ≤ σ2 ≤ ‖F‖2P,2.

Let

M = max
1≤i≤n

F (Xi).
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Theorem 5.1. Suppose that F ∈ Lq(P ) for some q ≥ 2. Then for every

t ≥ 1, with probability > 1− t−q/2,

‖Gn‖F ≤ (1 + α)E[‖Gn‖F ] +K(q)
[
(σ + n−1/2‖M‖q)

√
t

+ α−1n−1/2‖M‖2t
]
, ∀α > 0,

where K(q) > 0 is a constant depending only on q.

Remark 5.1. Theorem 5.1 gives a deviation inequality for suprema of em-
pirical processes that only requires finite moments of envelope functions.
Talagrand’s [39] inequality gives an exponential type deviation inequality
for the supremum but requires uniform boundedness of F , which is violated
in our applications. Another known deviation inequality similar in nature to
Theorem 5.1 is a Fuk-Nagaev type inequality proved in [14] (see their The-
orem 3.1). For the purporse of this paper, however, Theorem 5.1 is more
suitable.

Proof of Theorem 5.1. The theorem essentially follows from [3], Theorem
12, which states that

‖(‖Gn‖F − E[‖Gn‖F ])+‖q .
√
q(Σ + σ) + qn−1/2(‖M‖q + σ),

where Σ2 = E[‖n−1
∑n

i=1(f(Xi)−Pf)2‖F ]. By Lemma 7 of the same paper,

Σ2 ≤ σ2 + 64n−1/2‖M‖2E[‖Gn‖F ] + 32n−1‖M‖22.
Hence, using the simple inequality 2

√
ab ≤ βa+ β−1b,∀β > 0, one has

‖(‖Gn‖F − E[‖Gn‖F ])+‖q .
√
qβE[‖Gn‖F ] +

√
q(1 + β−1)n−1/2‖M‖2

+
√
qσ + qn−1/2(‖M‖q + σ).

Therefore, by Markov’s inequality, for every t ≥ 1, with probability> 1−t−q,

‖Gn‖F ≤ E[‖Gn‖F ] + (‖Gn‖F − E[‖Gn‖F ])+
≤ (1 + C

√
qβt)E[‖Gn‖F ]

+ C
√
q(1 + β−1)n−1/2‖M‖2t

+ C
√
qσt+Cqn−1/2(‖M‖q + σ)t, ∀β > 0.

The final conclusion follows from taking β = C−1q−1/2t−1α. �

Theorem 5.1 will be complemented with the following moment inequality
for suprema of empirical processes, which is an extension of [41], Theorem
2.1, to possibly unbounded classes of functions.

Theorem 5.2. Suppose that F ∈ L2(P ). Let δ = σ/‖F‖P,2. Then

E[‖Gn‖F ] . J(δ,F , F )‖F‖P,2 +
‖M‖2J2(δ,F , F )

δ2
√
n

.

We give a full proof of Theorem 5.2 for the sake of completeness. We first
prove the following preliminary lemma.
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Lemma 5.1. Write J(δ) for J(δ,F , F ). Then (i) the map δ 7→ J(δ) is
concave; (ii) J(cδ) ≤ cJ(δ), ∀c ≥ 1; (iii) the map δ 7→ J(δ)/δ is non-

increasing; (iv) the map R+ × (0,∞) 3 (x, y) 7→ J(
√
x/y)
√
y is concave.

Proof. Let λ(ε) = supQ
√
1 + logN(F , eQ, ε‖F‖Q,2). Part (i) follows from

the fact that the map ε 7→ λ(ε) is non-increasing. Part (ii) follows from the
inequality ∫ cδ

0
λ(ε)dε = c

∫ δ

0
λ(cε)dε ≤ c

∫ δ

0
λ(ε)dε.

Part (iii) follows from the identity

J(δ)

δ
=

∫ 1

0
λ(δε)dε.

The proof of part (iv) uses some facts in convex analysis. Proofs of the
following lemmas can be found in, for example, [4], Section 3.2.

Lemma 5.2. Let D be a convex subset of R
n, and let f : D → R be a

concave function. Then the perspective (x, t) 7→ tf(x/t), {(x, t) ∈ R
n+1 :

x/t ∈ D, t > 0} → R, is also concave.

Lemma 5.3. Let D1 be a convex subset of Rn, and let gi : D1 → R, 1 ≤
i ≤ k be concave functions. Let D2 denote the convex hull of the set
{(g1(x), . . . , gk(x)) : x ∈ D}. Let h : D2 → R be concave and nondecreasing
in each coordinate. Then f(x) = h(g1(x), . . . , gk(x)),D1 → R, is concave.

Let h(s, t) = J(s/t)t, g1(x, y) =
√
x and g2(x, y) =

√
y. Then h is concave

and nondecreasing in each coordinate, and gi, i = 1, 2 are concave. Hence
J(
√
x/y)
√
y = h(g1(x, y), g(x, y)) is concave. �

We will use a version of the contraction principle for Rademacher averages.
Recall that a Rademacher random variable is a random variables taking ±1
with equal probability.

Lemma 5.4. Let ε1, . . . , εn be i.i.d. Rademacher random variables inde-
pendent of X1, . . . ,Xn. Then

E

[∥∥∥∥∥

n∑

i=1

εif
2(Xi)

∥∥∥∥∥
F

]
≤ 4E

[
M

∥∥∥∥∥

n∑

i=1

εif(Xi)

∥∥∥∥∥
F

]
.

Proof. See [27], Theorem 4.12, and the discussion following the theorem. �

We will also use the following form of the Hoffmann-Jørgensen inequality.

Theorem 5.3. Let ε1, . . . , εn be i.i.d. Rademacher random variables inde-
pendent of X1, . . . ,Xn. Then for every 1 < q <∞,

(
E

[∥∥∥∥∥

n∑

i=1

εif(Xi)

∥∥∥∥∥

q

F

])1/q

.q E

[∥∥∥∥∥

n∑

i=1

εif(Xi)

∥∥∥∥∥
F

]
+ ‖M‖q.

Proof. See, for example, [27], Theorem 6.20. �
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We are now in position to prove Theorem 5.2.

Proof of Theorem 5.2. Without loss of generality, we may assume that F
is everywhere positive. Let Pn denote the empirical distribution that as-
signs probability n−1 to each Xi. Let σ2n = supf∈F n

−1
∑n

i=1 f
2(Xi). For

i.i.d. Rademacher random variables ε1, . . . , εn independent of X1, . . . ,Xn,
the symmetrization inequality gives

E[‖Gn‖F ] ≤ 2E

[∥∥∥∥∥
1√
n

n∑

i=1

εif(Xi)

∥∥∥∥∥
F

]
.

Here the standard entropy integral inequality gives

E

[∥∥∥∥∥
1√
n

n∑

i=1

εif(Xi)

∥∥∥∥∥
F
| X1, . . . ,Xn

]

≤ C
∫ σn

0

√
1 + logN(F , ePn , ε)dε

≤ C‖F‖Pn,2

∫ σn/‖F‖Pn,2

0

√
1 + logN(F , ePn , ε‖F‖Pn,2)dε

≤ C‖F‖Pn,2J(σn/‖F‖Pn,2).

Hence by Lemma 5.1 (iv) and Jensen’s inequality,

Z := E

[∥∥∥∥∥
1√
n

n∑

i=1

εif(Xi)

∥∥∥∥∥
F

]
≤ C‖F‖P,2J(

√
E[σ2n]/‖F‖P,2).

By the symmetrization inequality, the contraction principle (Lemma 5.4)
and the Cauchy-Schwarz inequality,

E[σ2n] ≤ σ2 + E

[∥∥∥∥∥
1

n

n∑

i=1

(f2(Xi)− Pf2)
∥∥∥∥∥
F

]

≤ σ2 + 2E

[∥∥∥∥∥
1

n

n∑

i=1

εif
2(Xi)

∥∥∥∥∥
F

]

≤ σ2 + 8E

[
M

∥∥∥∥∥
1

n

n∑

i=1

εif(Xi)

∥∥∥∥∥
F

]

≤ σ2 + 8‖M‖2


E



∥∥∥∥∥
1

n

n∑

i=1

εif(Xi)

∥∥∥∥∥

2

F






1/2

.

Here by the Hoffmann-Jørgensen inequality (Theorem 5.3),

E



∥∥∥∥∥
1

n

n∑

i=1

εif(Xi)

∥∥∥∥∥

2

F






1/2

. E

[∥∥∥∥∥
1

n

n∑

i=1

εif(Xi)

∥∥∥∥∥
F

]
+ n−1‖M‖2,
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so that, √
E[σ2n] ≤ C‖F‖P,2(∆ ∨

√
DZ),

where ∆2 := max{σ2, n−1‖M‖22}/‖F‖2P,2 ≥ δ2 andD := ‖M‖2/(
√
n‖F‖2P,2).

Therefore, using Lemma 5.1 (ii), we have

Z ≤ C‖F‖P,2J(∆ ∨
√
DZ)

We consider the following two cases:
(i)
√
DZ ≤ ∆. In this case, J(∆ ∨

√
DZ) ≤ J(∆), so that Z ≤

C‖F‖P,2J(∆). Since the map δ 7→ J(δ)/δ is non-increasing (Lemma 5.1
(iii)),

J(∆) = ∆
J(∆)

∆
≤ ∆

J(δ)

δ
= max

{
J(δ),

‖M‖2J(δ)√
nδ‖F‖P,2

}
.

Since J(δ)/δ ≥ J(1) ≥ 1, the last expression is bounded by

max

{
J(δ),

‖M‖2J2(δ)√
nδ2‖F‖P,2

}
.

(ii)
√
DZ ≥ ∆. In this case, J(∆∨

√
DZ) ≤ J(

√
DZ), and since the map

δ 7→ J(δ)/δ is non-increasing (Lemma 5.1 (iii)),

J(
√
DZ) =

√
DZ

J(
√
DZ)√
DZ

≤
√
DZ

J(∆)

∆
≤
√
DZ

J(δ)

δ
.

Therefore,

Z ≤ C‖F‖P,2
√
DZ

J(δ)

δ
,

that is

Z ≤ C‖F‖2P,2D
J2(δ)

δ2
=
C‖M‖2J2(δ)√

nδ2
.

This completes the proof. �

The bound in Theorem 5.2 will be explicit as soon as a suitable bound
on the covering number is available. For example, the following corollary is
an extension of [18], Proposition 2.1.

Corollary 5.1. Consider the same setup as in Theorem 5.2. Suppose that
there exist constants a ≥ e and v ≥ 1 such that

sup
Q
N(F , eQ, ε‖F‖Q,2) ≤ (a/ε)v , 0 < ∀ε ≤ 1.

Then

E[‖Gn‖F ] .
√
vσ2 log

(
a‖F‖P,2

σ

)
+
v‖M‖2√

n
log

(
a‖F‖P,2

σ

)
.
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Proof. We observe that

J(δ) =

∫ δ

0

√
1 + v log(a/ε)dε ≤ a

√
v

∫ ∞

a/δ

√
1 + log ε

ε2
dε.

An integration by parts gives

∫ ∞

c

√
1 + log ε

ε2
dε =

[
−
√
1 + log ε

ε

]∞

c

+
1

2

∫ ∞

c

1

ε2
√
1 + log ε

dε

≤
√
1 + log c

c
+

1

2

∫ ∞

c

√
1 + log ε

ε2
dε,

by which we have

∫ ∞

c

√
1 + log ε

ε2
dε ≤ 2

√
1 + log c

c
≤ 2
√
2
√
log c

c
, if c ≥ e.

Since a/δ ≥ a ≥ e, we have

J(δ) ≤ 2
√
2vδ
√

log(a/δ).

Applying Theorem 5.2, we obtain the desired conclusion. �

6. Proof of Theorem 2.1

We make use of Lemma 4.1 to prove the theorem. Construct a tight
Gaussian random element GP in `∞(F) given in Lemma 2.1, indepen-
dent of X1, . . . ,Xn. We note that one can extend GP to the linear hull
of F in such a way that GP has linear sample paths [see 12, Theorem
3.1.1]. Let {f1, . . . , fN} be a minimal ε‖F‖P,2-net of (F , eP ) with N =
N(F , eP , ε‖F‖P,2). Then for every f ∈ F , there is a function fj, 1 ≤ j ≤ N
such that eP (f, fj) ≤ ε‖F‖P,2. Define

Zε = max
1≤j≤N

Gnfj, Z̃ = sup
f∈F

GP f, Z̃
ε = max

1≤j≤N
GP fj,

and Fε = {f − g : f, g ∈ F , eP (f, g) ≤ ε‖F‖P,2}. It is standard to see that

|Z − Zε| ≤ ‖Gn‖Fε , |Z̃ε − Z̃| ≤ ‖GP ‖Fε .

We shall apply Corollary 4.1 to Zε. Recall that log(N ∨ n) = Hn(ε).
Then for every Borel subset A of R and δ > 0,

P(Zε ∈ A) ≤ P(Z̃ε ∈ A16δ)

+ C

[
δ−2(B1 + δ−1(B2 +B4)Hn(ε))Hn(ε) +

log n

n

]
,
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where

B1 = n−1
E

[
max

1≤j,k≤N
|

n∑

i=1

(fj(Xi)fk(Xi)− P (fjfk))|
]
,

B2 = n−3/2
E

[
max

1≤j≤N

n∑

i=1

|fj(Xi)|3
]
,

B4 = n−1/2
E

[
max

1≤j≤N
|fj(X1)|3 · 1

(
max

1≤j≤N
|fj(X1)| > δ

√
nHn(ε)

−1

)]
.

Clearly

B1 ≤ n−1/2
E[‖Gn‖F·F ], B2 ≤ n−1/2κ3,

and

B4 ≤ n−1/2P [F 31(F > δ
√
nHn(ε)

−1)].

Hence choosing δ > 0 in such a way that

Cδ−2n−1/2
E[‖Gn‖F·F ]Hn(ε) ≤

γ

4
, Cδ−3n−1/2κ3H2

n(ε) ≤
γ

4
,

that is,

δ ≥ Cmax
{
γ−1/2n−1/4(E[‖Gn‖F·F ])

1/2H1/2
n (ε), γ−1/3n−1/6κH2/3

n (ε)
}
,

one has

P(Zε ∈ A) ≤ P(Z̃ε ∈ A16δ)+
γ

2
+
γ

4
κ−3P [F 31(F > δ

√
nHn(ε)

−1)]+
C log n

n
.

Note that

δ ≥ cγ−1/3n−1/6κH2/3
n (ε),

so that

P [F 31(F > δ
√
nHn(ε)

−1)] ≤ P [F 31(F/κ > cγ−1/3n1/3Hn(ε)
−1/3)].

Therefore,

P(Zε ∈ A) ≤ P(Z̃ε ∈ A16δ) +
γ

2

+
γ

4
P [(F/κ)31(F/κ > cγ−1/3n1/3Hn(ε)

−1/3)] +
C log n

n

=: P(Z̃ε ∈ A16δ) +
γ

2
+ error. (6.1)

By Theorem 5.1, with probability > 1− γ/4,

‖Gn‖Fε .q E[‖Gn‖Fε ] + (ε‖F‖P,2 + n−1/2‖M‖q)γ−1/q

+ n−1/2‖M‖2γ−2/q.

Here by Theorem 5.2,

E[‖Gn‖Fε ] . J(ε)‖F‖P,2 + n−1/2ε−2J2(ε)‖M‖2.
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Hence

a := (1− γ/4)-quantile of ‖Gn‖Fε .q J(ε)‖F‖P,2 + n−1/2ε−2J2(ε)‖M‖2
+ (ε‖F‖P,2 + n−1/2‖M‖q)γ−1/q

+ n−1/2‖M‖2γ−2/q. (6.2)

On the other hand, by the Borell-Sudakov-Tsirel’son inequality [40, Propo-
sition A.1], with probability > 1− γ/4,

‖GP ‖Fε ≤ E[‖GP ‖Fε ] + ε‖F‖P,2
√

2 log(4/γ).

We can bound the expectation E[‖GP ‖Fε ] by Dudley’s inequality [40, Corol-
lary 2.2.8]:

E[‖GP ‖Fε ] . J(ε)‖F‖P,2.

Hence

b := (1− γ/4)-quantile of ‖GP ‖Fε

. J(ε)‖F‖P,2 + ε‖F‖P,2
√

log(1/γ). (6.3)

Therefore, for every Borel subset A of R,

P(Z ∈ A) ≤ P(Zε ∈ Aa) +
γ

4
(by (6.2))

≤ P(Z̃ε ∈ Aa+16δ) +
3

4
γ + error (by (6.1))

≤ P(Z̃ ∈ Aa+b+16δ) + γ + error. (by (6.3))

The conclusion follows from Lemma 4.1. �

Appendix A. Additional proofs

A.1. Proof of Lemma 2.1. LetGP be a centered Gaussian process indexed
by F with covariance function E[GP (f)GP (g)] = P (f−Pf)(g−Pg). Recall
that F is P -pre-Gaussian if and only if (F , ρP ) is totally bounded and GP

has a version that has sample paths almost surely uniformly ρP -continuous,
where ρP (f, g) :=

√
VarP (f − g) [40, Example 1.3.10]. Dudley’s criterion

for sample continuity of Gaussian processes states that when

∫ ∞

0

√
logN(F , ρP , ε)dε <∞,

there is a version of GP that has sample paths uniformly ρP -continuous
[40, p.100-101]. The lemma readily follows from these observations and the
simple fact ρP ≤ eP . �
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A.2. Proof of Lemma 2.2. Before proving Lemma 2.2, we shall prepare
the following lemmas.

Lemma A.1. Let F and G be classes of measurable functions S → R, to
which measurable envelopes F and G are attached, respectively. Denote by
F · G the pointwise product of F and G. Then

sup
Q
N(F·G, eQ, 2ε‖FG‖Q,2) ≤ sup

Q
N(F , eQ, ε‖F‖Q,2) sup

Q
N(G, eQ, ε‖G‖Q,2).

Proof. Implicit in [40], Section 2.10.3. Hence we omit the detail. �

Lemma A.2. Let F be a class of measurable functions S → R, to which a
measurable envelope F is attached. For every q ≥ 1, let F(q) = {|f |q : f ∈
F}. Then

sup
Q
N(F(q), eQ, qε‖F q‖Q,2) ≤ sup

Q
N(F , eQ, ε‖F‖Q,2), 0 < ∀ε ≤ 1.

Proof. Let us write F/F = {f/F : f ∈ F} with the convention 0/0 = 0.
We first point out that

sup
Q
N(F/F, eQ, ε) ≤ sup

Q
N(F , eQ, ε‖F‖Q,2). (A.1)

Indeed, for a given distribution Q, let {f1, . . . , fN} be an ε‖F‖Q,2-net of F .
Define the new distribution Q′ by dQ′ = (F 2/‖F‖2Q,2)dQ. Then for every

f ∈ F , there is a function fj, 1 ≤ j ≤ N with ‖f − fj‖Q,2 ≤ ε‖F‖Q,2, so
that

‖f/F − fj/F‖Q′,2 ≤ ‖f − fj‖Q,2/‖F‖Q,2 ≤ ε.
Returning to the original problem, for a given distribution Q, define the

new distribution Q′ by dQ′ = (F 2q/‖F q‖2Q,2)dQ. For every f, g ∈ F ,

||f |q − |g|q | ≤ qmax{|f |q−1, |g|q−1}|f − g|
≤ qF q−1|f − g| = qF q|f/F − g/F |.

Hence

‖|f |q − |g|q‖Q,2 ≤ q‖F q|f/F − g/F |‖Q,2

≤ q‖F q‖Q,2‖f/F − g/F‖Q′,2.

This implies that

N(F(q), eQ, qε‖F q‖Q,2) ≤ N(F/F, eQ′ , ε).

Combining (A.1) leads to the desired conclusion. �

Proof of Lemma 2.2. The second inequality is deduced from Theorem 5.2
together with the covering number estimate (2.1). Hence we shall prove the
first inequality. We first observe that

1

n

n∑

i=1

|f(Xi)|3 ≤ P |f |3 +
∣∣∣∣∣
1

n

n∑

i=1

(|f(Xi)|3 − P |f |3)
∣∣∣∣∣ ,
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by which we have

E

[
sup
f∈F

1

n

n∑

i=1

|f(Xi)|3
]
≤ sup

f∈F
P |f |3 + n−1/2

E[‖Gn(|f |3)‖F ].

Let ε1, . . . , εn be i.i.d. Rademacher random variables independent ofX1, . . . ,Xn.
By the symmetrization inequality,

E[‖Gn(|f |3)‖F ] ≤ 2E

[∥∥∥∥∥
1√
n

n∑

i=1

εi|f(Xi)|3
∥∥∥∥∥
F

]
.

By the contraction principle together with the Cauchy-Schwarz inequality,

E

[∥∥∥∥∥

n∑

i=1

εi|f(Xi)|3
∥∥∥∥∥
F

]
. E

[
M3/2

∥∥∥∥∥

n∑

i=1

εi|f(Xi)|3/2
∥∥∥∥∥
F

]

≤ ‖M‖3/23


E



∥∥∥∥∥

n∑

i=1

εi|f(Xi)|3/2
∥∥∥∥∥

2

F






1/2

.

Furthermore, by the Hoffmann-Jørgensen inequality,

E



∥∥∥∥∥

n∑

i=1

εi|f(Xi)|3/2
∥∥∥∥∥

2

F






1/2

. E

[∥∥∥∥∥

n∑

i=1

εi|f(Xi)|3/2
∥∥∥∥∥
F

]
+ ‖M‖3/23 .

By Theorem 5.2 together with Lemma A.2, we have

E

[∥∥∥∥∥
1√
n

n∑

i=1

εi|f(Xi)|3/2
∥∥∥∥∥
F

]
. J(δ

3/2
3 ,F , F )‖F 3/2‖P,2

+
‖M3/2‖2J2(δ

3/2
3 ,F , F )√

nδ33
,

by which we have

E

[∥∥∥∥∥

n∑

i=1

εi|f(Xi)|3
∥∥∥∥∥
F

]
− sup

f∈F
P |f |3 . n−1‖M‖33+

n−1/2‖M‖3/23

[
J(δ

3/2
3 ,F , F )‖F‖3/2P,3 +

‖M‖3/23 J2(δ
3/2
3 ,F , F )√

nδ33

]
.

A further simplification is possible. By the simple inequality 2ab ≤ a2 + b2,
the right side is

. n−1‖M‖33 +
‖M‖33J2(δ

3/2
3 ,F , F )

nδ33
.

By Lemma 5.1 (iii), the map δ 7→ J(δ,F , F ) is non-increasing, so that

J2(δ
3/2
3 ,F , F )/δ33 ≥ J2(1,F , F ) ≥ 1. Hence the first term above is not

larger than the second term. This completes the proof. �
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A.3. Proofs of Propositions 3.1-3.3.

Proof of Proposition 3.1. For given x ∈ I, g ∈ G and h > 0, define

fx,g,h(y, t) = cg(x)g(y)k(h
−1(t− x)), (y, t) ∈ U × R

d.

Consider the class of functions Fn = {fx,g,hn
: (x, g) ∈ I × G}. We shall

apply Theorem 2.1 to Fn. Let Zn = supf∈Fn
Gnf . We first note that

|fx,g,h(y, t)| ≤ CI×Gb‖k‖∞ ≡ F . It is not difficult to see that Fn is pointwise
measurable for every n ≥ 1. Using Lemma A.1, we can prove that there are
constants a > 0 and v > 0 such that

sup
Q
N(Fn, eQ, εCI×Gb‖k‖∞) ≤ (a/ε)v , 0 < ∀ε ≤ 1, ∀n ≥ 1. (A.2)

Hence for every n ≥ 1, Fn is pre-Gaussian and there is a tight Gaussian
random element Gn in `∞(Fn) with mean zero and covariance function

E[Gn(f)Gn(f̌)] = Cov(f(Y1,X1), f̌(Y1,X1)), f, f̌ ∈ Fn.

To apply Theorem 2.1, we make some complimentary calculations. By
(A.2), J(δ,Fn, F ) = O(δ

√
log 1/δ) as δ → 0 uniformly in n. Furthermore,

E[|fx,g,hn
(Y1,X1)|3]

= |cg(x)|3
∫

Rd

E[|g(Y1)|3 | X1 = t]|k(h−1
n (t− x))|3p(t)dt

= |cg(x)|3hdn
∫

Rd

E[|g(Y1)|3 | X1 = x+ hnt]|k(t)|3p(x+ hnt)dt

≤ C3
I×Gb

3‖p‖∞hdn
∫

Rd

|k(t)|3dt,

and

E[|fx,g,hn
(Y1,X1)|4]

= |cg(x)|4hdn
∫

Rd

E[|g(Y1)|4 | X1 = x+ hnt]|k(t)|4p(x+ hnt)dt

≤ C4
I×Gb

4‖p‖∞hdn
∫

Rd

|k(t)|4dt.

Thus, by Lemma 2.2,

E

[
sup
f∈Fn

1

n

n∑

i=1

|f(Yi,Xi)|3
]
= O(hdn + n−1 log n)

and

E[‖Gn‖Fn·Fn ] = O(hd/2n

√
log n+ n−1/2 log n).

Choosing κ = κn = const.×(hd/3n + n−1/3 log1/3 n), ε = εn = n−1/6κn and
γ = γn = (log n)−1, we have, after an elementary calculation,

∆n(εn, γn) = O(n−1/6hd/3n log n+ n−1/4hd/4n log5/4 n+ n−1/2 log3/2 n).
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Furthermore, as κnγ
−1/3
n n1/3Hn(εn)

−1/3 →∞, for large n,

1(F > cκnγ
−1/3
n n1/3Hn(εn)

−1/3) = 0.

Therefore, by Theorem 2.1, there is a sequence Z̃n of random variables such

that Z̃n
d
= supf∈Fn

Gnf and as n→∞,

|Zn − Z̃n| = OP(n
−1/6hd/3n log n+ n−1/4hd/4n log5/4 n+ n−1/2 log3/2 n).

This implies the conclusion of the theorem. Indeed, let

Bn(x, g) = h−d/2
n Gn(fx,g,hn

), (x, g) ∈ I × G,

and W̃n = h
−d/2
n Z̃n. Then Bn is the desired Gaussian process, and as

Wn = h
−d/2
n Zn, we have W̃n

d
= sup(x,g)∈I×G Bn(x, g) and

|Wn − W̃n| = h−d/2
n |Zn − Z̃n|

= OP{(nhdn)−1/6 log n+ (nhdn)
−1/4 log5/4 n+ n−1/2h−d/2

n log3/2 n}.
This completes the proof. �

Proof of Proposition 3.2. We shall follow the notation used in the proof of
Proposition 3.1. Take F (y, x) = CI×G‖k‖∞G(y) as an envelope of Fn. A
version of inequality (A.2) continues to hold with CI×Gb‖k‖∞ replaced by
‖F‖Q,2. Let D = supx∈Rd E[G4(Y1) | X1 = x]. Then we have

E[|fx,g,hn
(Y1,X1)|3] ≤ (1 +D)C3

I×G‖p‖∞hdn
∫

Rd

|k(t)|3dt

and

E[|fx,g,hn
(Y1,X1)|4] ≤ DC4

I×G‖p‖∞hdn
∫

Rd

|k(t)|4dt.

Thus, using Lemma 2.2, we have

E

[
sup
f∈Fn

1

n

n∑

i=1

|f(Yi,Xi)|3
]
= O(hdn + n−1+3/q log n)

and

E[‖Gn‖Fn·Fn ] = O(hd/2n

√
log n+ n−1/2+2/q log n).

Choosing κ = κn = const.×(hd/3n + n−1/3+1/q log1/3 n), ε = εn = n−1/6κn
and γ = γn = (log n)−1, we have, after an elementary calculation,

∆n(εn, γn) = O(n−1/6hd/3n log n+ n−1/4hd/4n log5/4 n+ n−1/2+1/q log3/2 n).

We have to check that

E[(F/κn)
31(F/κn > cγ−1/3

n n1/3Hn(εn)
−1/3)] = o(1).

Indeed, the left side is bounded by

κ−3
n (cγ−1/3

n κnn
1/3Hn(εn)

−1/3)3−q
E[F q] = O(n1−q/3κ−q

n ) = o(1).
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The rest of the proof is the same as in the previous one. �

Proof of Proposition 3.3. We only deal with case (ii). For given x ∈ I and
K ≥ 1, define

fx,K(η, t) = ηαK(x)TψK(t), (η, t) ∈ R× [0, 1]d.

Consider the class of functions Fn = {fx,Kn : x ∈ I}. We shall ap-
ply Theorem 2.1 to Fn. Note that Wn = supf∈Fn

Gnf . First, we have
|fx,Kn(η, t)| ≤ bKn |η| =: Fn(η, t). Second, since

|ηαKn(x)
TψKn(t)− ηαKn(x

′)TψKn(t)| ≤ LKnbKn |η||x− x′|, ∀x, x′ ∈ [0, 1]d,

there is a constant a > 0 such that

sup
Q
N(Fn, eQ, ε‖Fn‖Q,2) ≤ (aLKn/ε)

d, 0 < ∀ε ≤ 1, ∀n ≥ 1. (A.3)

Hence, for every n ≥ 1, there is a tight Gaussian random element Gn in
`∞(Fn) with mean zero and covariance function

E[Gn(f)Gn(f̌)] = Cov(f(η1,X1), f̌(η1,X1)), f, f̌ ∈ Fn.

To apply Theorem 2.1, we make some complimentary calculations. Note
that, by (A.3), for every δn ↓ 0 with log(1/δn) = O(log n), J(δn,Fn, Fn) =
O(δn

√
log n). Let D = supx∈[0,1]d E[|η1|4 | X1 = x]. Then for each K ≥ 1,

E[|η1αK(x)TψK(X1)|3] ≤ E[E[|η1|3 | X1]|αK(x)TψK(X1)|3]
≤ (1 +D)bKE[|αK(x)TψK(X1)|2]
≤ (1 +D)bKαK(x)TE[ψK(X1)ψ

K(X1)
T ]αK(x)

= (1 +D)bK ,

and

E[|η1αK(x)TψK(X1)|4] ≤ Db2K .
Thus, using Lemma 2.2, we have

E

[
sup
f∈Fn

1

n

n∑

i=1

|f(ηi,Xi)|3
]
= O(bKn + n−1+3/qb3Kn

log n)

and

E[‖Gn‖Fn·Fn ] = O(bKn

√
log n+ n−1/2+2/qb2Kn

log n).

Choosing κ = κn = const.×(b1/3Kn
+ n−1/3+1/qbKn log

1/3 n), ε = εn = n−1/2

and γ = γn = (log n)−1, we have

∆n(εn, γn) = O(n−1/6b
1/3
Kn

log n+n−1/4b
1/2
Kn

log5/4 n+n−1/2+1/qbKn log
3/2 n).

We have to check that

E[(Fn/κn)
31(Fn/κn > cγ−1/3

n n1/3Hn(εn)
−1/3)] = o(1).
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Indeed, the left side is bounded by

κ−3
n (cκnγ

−1/3
n n1/3Hn(εn)

−1/3)3−q
E[F q

n ] = O(n1−q/3κ−qbqKn
) = o(1).

Finally, let Bn(x) = Gn(fx,Kn), x ∈ I. Then Bn is the desired Gaussian

process, and by Theorem 2.1, there is a sequence W̃n of random variables

such that W̃n
d
= supf∈Fn

Gnf = supx∈I Bn(x) and as n→∞, |Wn − W̃n| =
OP(∆n(εn, γn)). This completes the proof. �
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