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GAUSSIAN APPROXIMATION OF SUPREMA OF
EMPIRICAL PROCESSES

VICTOR CHERNOZHUKOV, DENIS CHETVERIKOV, AND KENGO KATO

ABSTRACT. We develop a new direct approach to approximating suprema,
of general empirical processes by a sequence of suprema of Gaussian pro-
cesses, without taking the route of approximating empirical processes
themselves in the sup-norm. We prove an abstract approximation the-
orem that is applicable to a wide variety of problems, primarily in sta-
tistics. Especially, the bound in the main approximation theorem is
non-asymptotic and the theorem does not require uniform boundedness
of the class of functions. The proof of the approximation theorem builds
on a new coupling inequality for maxima of sums of random vectors, the
proof of which depends on an effective use of Stein’s method for normal
approximation, and some new empirical processes techniques. We study
applications of this approximation theorem to local empirical processes
and series estimation in nonparametric regression where the classes of
functions change with the sample size and are not Donsker-type. Impor-
tantly, our new technique is able to prove the Gaussian approximation
for the supremum type statistics under considerably weak regularity con-
ditions, especially concerning the bandwidth and the number of series
functions, in those examples.

1. INTRODUCTION

1.1. Overview. This paper is concerned with the problem of approximating
suprema of empirical processes by a sequence of suprema of Gaussian pro-
cesses. To formulate the problem, let X1,..., X, be i.i.d. random variables
taking values in a measurable space (S,S) with common distribution P.
Suppose that there is a sequence F,, of classes of measurable functions S —
R, and consider the empirical process G, f = n~"/2 3" (f(X;) —E[f(X1)])
indexed by F,,. For a moment, we implicitly assume that each F, is “nice”
enough and leave the measurability question. This paper tackles the prob-
lem of approximating Z,, = supscz, Gnf by a sequence of random vari-

ables Zn equal in distribution to supscr By f, where each B, is a centered
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2 GAUSSIAN APPROXIMATION OF SUPREMA

Gaussian process indexed by F,, with covariance function E[B,(f)B.(g)] =
E[f(X1)g(X1)] for f,g € F,,. We look for conditions under which there is a

sequence of such random variables Z,, with
| Zn — Zn| = Op(rn), (1.1)

where r,, — 0 as n — oo is a sequence of constants.

The study of (asymptotic and non-asymptotic) behaviors of the supre-
mum of the empirical process is one of the central issues in probability
theory, and dates back to the classical work of [22]. The (tractable) distri-
butional approximation of the supremum of the empirical process is of par-
ticular importance in statistics. A leading example is uniform inference in
nonparametric estimation, such as construction of uniform confidence bands
and specification testing in nonparametric density and regression estimation
where critical values are given by quantiles of supremum type statistics [see,
for example, 2, 25, 35, 20, 19]. Another interesting example appears in
econometrics where there is an interest in estimating a parameter that is
given as the extremum of an unknown function such as a conditional mean
function. [8] proposed a precision corrected estimate for such a parameter.
In construction of their estimate, approximation of quantiles of a supre-
mum type statistic is needed, to which the Gaussian approximation of the
supremum type statistics plays a crucial role.

A related but different problem is that of approximating empirical pro-
cesses themselves by a sequence of Gaussian processes in the sup-norm. This
problem is stronger than (1.1). Indeed, (1.1) is implied if there is a sequence
of versions of B,, (which we denote by the same symbol B,,) such that

HGn - BnH]—'n = fsup ‘(Gn - Bn)f| = O]P’(Tn)' (1'2)
There is a large literature on the problem (1.2). Notably, Komlds et al. [24]
(henceforth, abbreviated as KMT) proved that |G, —By||7 = Oa.s.(n"'/?logn)
for § = [0,1], P = uniform distribution on [0, 1], and F = {1jg4 : t € [0, 1]}.
See [29] and [5] for refinements of KMT’s result. [30], 23] and [35] developed
extensions of the KMT construction to more general classes of functions.
The KMT construction is a powerful tool in addressing the problem
(1.2), but when applied to general empirical processes, it requires side con-
ditions on classes of functions and distributions. For examples, Rio [35]
required that JF,, are classes of functions of uniformly bounded variations
on S = [0,1]%, and P has a continuous and positive Lebesgue density on
[0,1]%. Such side conditions are essential to the KMT construction since
it depends crucially on the Haar approximation of indicator functions and
binomial coupling inequalities of Tusnddy. [13], [1] and [36] considered the
problem of Gaussian approximation of general empirical processes with dif-
ferent approaches and thereby without such side conditions. [13] used a
finite approximation of a (possibly uncountably) infinite class of functions
and apply a coupling inequality of [42] to the discretized empirical process
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(more precisely, Dudley and Philipp used a version of Yurinskii’s inequality
proved by [11]). [1] and [36], on the other hand, used a coupling inequality of
[43] instead of Yurinskii’s and some recent empirical process techniques such
as Talagrand’s [39] concentration inequality, which leads to refinements of
Dudley and Philipp’s results in some cases. However, the “global” rates that
[11], [1] and [36] established do not lead to tight conditions for the Gaussian
approximation to, say, the supremum deviation of kernel type statistics.

We develop here a new direct approach to the problem (1.1), without
taking the route of approximating empirical processes themselves in the
sup-norm and with different technical tools than those used in the afore-
mentioned papers. We prove an abstract approximation theorem (Theorem
2.1) that leads to results of type (1.1) in several situations. The proof of
the approximation theorem builds on a number of technical tools that are of
interest in their own rights: notably, 1) a new coupling inequality for max-
ima of sums of random vectors (Theorem 4.1), in which Stein’s method for
normal approximation, originally due to [37, 38], plays an important role; 2)
a deviation inequality for suprema of empirical processes that only requires
finite moments of envelope functions (Theorem 5.1), due essentially to the
recent work of [3], complemented with a new “local” maximal inequality for
the expectation of suprema of empirical processes that extends the work of
[41] (Theorem 5.2). We study applications of this approximation theorem to
local empirical processes and series estimation in nonparametric regression.
We find that our new technique is able to prove the Gaussian approxima-
tion for the supremum type statistics under considerably weak regularity
conditions, especially concerning the bandwidth and the number of series
functions, in those examples.

It is instructive to briefly summarize here the key features of the main
approximation theorem. First, the theorem establishes a non-asymptotic
bound between Z,, and its Gaussian analogue Z,,. The theorem requires
that each F,, is pre-Gaussian (that is, there is a version of B, that is a
tight Gaussian random element in (>°(F,); see below for the notation), but
allows for the case in which the “complexity” of F, increases with n and
even the G,, process does not have a limit process (in a suitable sense) in the
asymptotic situation. Second, the theorem only requires finite moments of
the envelope function, which should be contrasted with [23, 35, 1, 36] where
the class of functions must be uniformly bounded. Hence the theorem is
applicable to an even wide class of problems to which the previous results
in those works are not applicable. Third, the bound in Theorem 2.1 is
able to exploit the “local” property of the class of functions, thereby, when
applied to, say, the supremum deviation of kernel type statistics, it leads to
tight conditions on the bandwidth for the Gaussian approximation (see the
discussion after Theorem 2.1 for the detail about these features).

In this paper, we substantially rely on modern empirical process theory.
For general references on empirical process theory, we refer to [27], [40] and
[12]. Especially, [12], Section 9.5, gives excellent historical remarks on the
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Gaussian approximation of empirical processes. For a textbook treatment
of Yurinskii’s and KMT’s couplings, we refer to [34], Chapter 10.

1.2. Organization. The rest of the paper is organized as follows. In Sec-
tion 2, we present the main approximation theorem (Theorem 2.1). We give
a proof of Theorem 2.1 in Section 6. In Section 3, we study applications of
Theorem 2.1 to local empirical processes and series estimation in nonpara-
metric regression. Sections 4 and 5 are devoted to developing some technical
tools needed to prove Theorem 2.1. In Section 4, we prove a new coupling
inequality for maxima of sums of random vectors, and in Section 5, we prove
some inequalities for empirical processes. We put some proofs in Appendix.

1.3. Notation. We shall obey the following notation. Let (2, .4,P) de-
note an underlying probability space. We assume that the probability space
(©,A,P) is “rich enough” in the sense that there is a uniform random vari-
able on (0, 1) defined on (12, A, P) independent of the sample at hand. For a
real-valued random variable ¢, let [|£]|, = (E[|€]9])!/9, 1 < ¢ < oo. For two
random variables ¢ and 7, we write

§

d
=1
if they have the same distribution.

For any probability measure ) on a measurable space (S,S), we use the
notation Qf := [ fdQ. Let LP(Q),p > 1 denote the space of all measurable
functions f : S — R such that || f|lg, := (Q|f[P)"/? < co. We also use the
notation ||f|ls := sup,cg|f(x)|. Denote by eg the £3(Q)-semimetric:

eQ(f7g) = ||f _gHQ,Qa f7g € [’Q(Q)

For an arbitrary set T', let £°°(T") denote the space of all bounded functions
T — R, equipped with the uniform norm || f||7 := sup;cr |f(t)|. We endow
¢°(T) with the Borel o-field induced from the norm topology. A random
element in (°°(T') refers to a Borel measurable map from 2 to ¢>°(T'). For
e > 0, an e-net of a semimetric space (T, d) is a subset T, of T" such that
for every t € T there exists a t. € T, with d(t,t.) < e. The e-covering
number N(T,d,e) of T is the infimum of the cardinality of e-nets of T', that
is, N(T,d,¢) := inf{Card(T;) : T is an e-net of T'}.

The standard Euclidean norm is denoted by |- |. For a smooth func-
tion f : R? — R, we use the notation 0;f(z) = 0f(x)/0z;, 0;0,f(x) =
0% f(x)/0z 0z, and so on.

For a subset A of a semimetric space (U, p), let A° denotes the d-enlargement
of A, that is, A° = {x € S: p(z, A) < §} where p(z, A) = infrea p(z,y).

We write a < b if there is a universal constant C' > 0 such that a < Cb.
For a given parameter ¢, a S, b if there is a constant C(q) > 0 depending
only on ¢ such that a < C(q)b. For a,b € R, a Vb = max{a,b}, ay =a V0.
Unless otherwise stated, ¢ > 0 and C > 0 denote universal constants of
which the values may change from line to line.
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2. ABSTRACT APPROXIMATION THEOREM

We begin with reviewing the setup. Let Xi,..., X, beii.d. random vari-
ables taking values in a measurable space (S5,S) with common distribution
P. In all what follows, we assume n > 3. Suppose that there is a class
F of measurable functions S — R, to which a a measurable envelope F' is
attached, that is, F' is a non-negative measurable function S — R such that

F(z) > sup |f(x)|, Yz € S.
fer

Consider the (uniform) entropy integral

é
16) = JGFF) = [ sup 1+ 1og N (Freq.elFloa)e
0 Q

where the supremum is taken over all distributions (note: supg can be
replaced by the supremum over all finite discrete distributions). In this
section the sample size n is fixed, and hence the possible dependence of F
and F' (and other quantities) on n is dropped.

We make the following assumptions.

(A1) The class F is pointwise measurable, that is, it contains a countable
subset G such that for every f € F there exists a sequence g¢,, € G
with g, () — f(x) for every z € S.

(A2) For some q > 2, F € LI(P).

(A3) J(1,F,F) < oc.

Assumption (Al) is made to avoid a measurability complication. See
Section 2.3.1 of [40] for further discussion. This assumption ensures that,
for example, supsc r Gp f = supscg Gn f, and hence the former supremum is
a measurable map from 2 to R. Assumptions (A2) and (A3) in particular
ensure that F is P-pre-Gaussian:

Lemma 2.1. Under assumptions (A2) and (A3), the class F is P-pre-
Gaussian, that is, there is a tight Gaussian random element Gp in (*°(F)
with mean zero and covariance function E[Gp(f)Gp(g)] = P(f — Pf)(g —

Pg) for f,g € F.

Proof. This is a standard fact. For the sake of completeness, we shall verify
this lemma in Appendix. O

Here is the main theorem. For the notational convenience, let us write
H,(e) =log(N(F,ep,e||F|p2) Vn).
Also, write M = maxj<ij<, F(X;) and F- F ={fg: f € F,g € F}.

Theorem 2.1. Suppose that assumptions (A1), (A2) with ¢ > 3, and (A3)
are satisfied. Let Z = supscr Gpnf. Let k > 0 be any positive constant

such that K* > Elsupsern=t >0 [f(Xi)[’]. Then for every e € (0,1] and
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v € (0,1), there is a random variable z4 supser Gpf such that

{17~ 71> K@)}
Clogn

<~ [1 + EPKF/FU)?’MF/& > oy A ()T ] | 4+ ==

n

where K(q) > 0 is a constant that depends only on q and
An(e,7) = J(@)||Fllp2 +n~ e 21%(e) || M]|2
+y Ve Fllpa + 07 Py V9 Mg + 02y M
+n TR RG] P HY P () + 0Oy TR €).
Proof. See Section 6. O

Remark 2.1. 1. Theorem 2.1 is a non-asymptotic result. In applications
F and F' (and even S) may change with n, that is, 7 = F,, and F = F,.
In that case, assumption (A3) is interpreted as J(1,F,, F,,) < oo for each
n, but it allows for the case in which J(1, F,, F},) diverges as n — oo.

2. The factor 1/4 on the right side has no special meaning. It can be
replaced by a smaller positive constant, but at the cost of increasing the
constant K(q). We do not pursue the generality in this direction.

3. By [12], Theorem 3.1.1, one can extend Gp to the linear hull of F in
such a way that Gp has linear sample paths. Hence

[Gnllr=sup Guf, |Gpllr= sup Gpf,
FEFU(-F) FEFU(—F)
where —F := {—f : f € F}, from which one can readily deduce the following
corollary.

Corollary 2.1. The conclusion of Theorem 2.1 continues to hold with Z
replaced by Z = ||GyllF, Z replaced by Z 4 IGpllz, and with different
constants.

Henceforth we only deal with sup;cr Gy, f.
When applying Theorem 2.1, one has to derive suitable bounds on

sup — Z\f ]andE[llGan-f]-

fern
We can simply bound these terms by

sup — Z\f I’

< |IFlps, EllGnllrz] S J(1,F, F)|Flpa-
fern

The latter estimate is deduced from Theorem 2.14.1 of [40] together with
the fact that

sgpN(f'f, eq,2¢||F?(|g2) < SgpNz(}'a e@ellFllq.2)- (2.1)
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See Lemma A.1 in Appendix. These simple bounds are, however, too
crude when PF3 and PF*? are significantly larger than the “weak” mo-
ments sup s P|f |> and sup rer P f2, respectively, which is the case for all
the examples studied in Section 3. The following lemma will be useful for
handling such cases.

Lemma 2.2. Suppose that assumptions (A1), (A2) with ¢ = 4, and (A3)
are satisfied. For k = 3,4, let 0 € (0,1] be any positive constant such that

0k = suprer | fllpk/I|Fllpr- Then

1 MBI F F
E lsup - Z |f(Xz)|3 H ||3 ( 3 )

—sup P|fP> <
feF

fern P né??; ’
and
[M|3.7%(0%, F, F)
El[Gullz7) < J(85, F, )| Flpa+ -
! ’ Vndj
Proof. See Appendix. O

Armed with Lemma 2.2, Theorem 2.1 is relatively easy to apply for con-
crete examples. Before going to the applications, we discuss the key features
of Theorem 2.1. First, Theorem 2.1 does not require the uniform bound-
edness of F, and requires only finite moments of the envelope function.
At first, this sounds not surprising. However, most papers working on the
Gaussian approximation of empirical processes in the sup-norm, such as
[23, 35, 1, 36], required that the class of functions at hand is uniformly
bounded. The uniform boundedness of the class of functions is a strong
assumption in, say, statistical applications, and the generality of Theorem
2.1 in this direction will turn out to be useful. The cost of this generality
is that v, which in applications we take as v = =, — 0, is typically at most
O(n~'/%), and hence Theorem 2.1 gives only “in probability bounds” rather
than “almost sure bounds” (inspection of the proof shows that the n=!logn
term can be replaced by n=2, at the cost of increasing the constant K(q)).
However, this should be considered as a consequence of the generality of
allowing for non-uniformly bounded classes of functions, and should not be
considered as a genuine drawback of the theorem. The second feature of
Theorem 2.1 is that it is able to exploit the “local” property of the class of
functions F. By Lemma 2.2, typically, we may take x3 ~ sup rer PIf 3, and

E[|Gy|l7.7] = supser / Pf* (up to a log term). In some applications, for
example, the supremum deviation of kernel type statistics, the class F = F,
changes with n and sup;cz, P| fI¥ with k = 3,4 decrease to 0 (but the en-
velope F}, is such that PF¥ = O(1) for k = 3,4). The bound in Theorem
2.1 can effectively exploit this information and lead to tight conditions on,
say, the bandwidth, for the Gaussian approximation. This feature will turn
out to be clear from the proofs for the applications in the following section.
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3. APPLICATIONS

This section studies applications of Theorem 2.1 to local empirical pro-
cesses and series estimation in nonparametric regression. All the proofs in
this section are gathered in Appendix. In both examples, the classes of func-
tions change with the sample size n and the corresponding G,, processes do
not have tight limits. Hence regularity conditions for the Gaussian approx-
imation for the suprema will be of interest.

3.1. Local empirical processes. This section applies Theorem 2.1 to the
supremum deviation of kernel type statistics. Let (Y1, X1),..., (Y, X,) be
i.i.d. random variables taking values in the product space U x R? where
(U,U) is an arbitrary measurable space. Suppose that there is a class G
of measurable functions U — R. Let k(-) be a kernel function on R%. By
“kernel function”, we simply mean that k(-) is integrable with respect to the
Lebesgue measure on R%. We do not ask k(-) to be non-negative nor the
integral of k(-) over R? to be 1. Let h, be a sequence of positive constants
such that h, — 0 as n — oo, and let I be an arbitrary Borel subset of R
Consider the kernel-type statistics

Sule.9) = 33 S gDk (X = ), (2.9) € Tx .
noi=1

When the kernel function k(-) is such that [p, k(t)dt = 1, under suitable
regularity conditions, S,(x,g) will be a consistent estimator of E[g(Y7) |
X1 = z]p(z), where p(-) denotes a Lebesgue density of the distribution of
Xi. For example, when g = 1, S,,(z,g) will be a consistent estimator of
p(z); when U = R and g(y) = y, Sp(x,g) will be a consistent estimator of
E[Y1 | X1 = z|p(z); and when U = R and g(-) = 1(- < y),y € R, Sy(z,9)
will be a consistent estimator of P(Y; < y | X; = x)p(x). In statistical
applications, it is often of interest to approximate the distribution of the
following quantity:

Wn = sup  cg(x)\/nhi(Sn(z,9) — E[Sn(z,9)]),
(z,9)eIxG
where c4(x) is a suitable normalizing constant. A typical choice of ¢4 (z)
would be such that

Var(y/nhe S, (z,g)) = cg(x) 2+ o(1).

Limit theorems on W,, are developed in [2], [25], [10], [35], [15], and [28],
among others.

[15] called the process g + /nhl(S,(x,g) — E[Sy(z,9)]) a “local” em-
pirical process at x (the original definition of the local empirical process
in [15] is slightly more general in that h,, is replaced by a sequence of bi-
measurable functions). With a slight abuse of terminology, we also call the

process (z,g) — /nhl(S,(z,g) — E[S,(z,g)]) a local empirical process.
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We consider the problem of approximating W,, by a sequence of suprema
of certain Gaussian processes. For each n > 1, let B, be a centered Gaussian
process indexed by I x G with covariance function

E[Bn(z,9)Bn(Z, §)]
= Iy, Yeq(w)eq (@) Covlg(Yi)k(h, ' (X1 — 2)), g(YV1)k(h, ' (X1 — 7)) (3.1)
Intuitively, it is expected that under suitable regularity conditions, there is a

sequence Wn of random variables such that WN/n 4 SUP(z,g)eTxG B, (x,g) and

asn — oo, |W, — Wn| 5 0. We shall argue the speed of this approximation.
Before stating the assumptions, we recall the notion of VC type class.

Definition 3.1. Let F be a class of measurable functions on a measurable
space (S,S8), to which a measurable envelope F' is attached. We say that F
is VC type with envelope F' if there are constants ¢ > 0 and v > 0 such that
supg N(F,eq,el|[Fllg2) < (a/e)’ for all 0 <e < 1.

We make the following assumptions.

(B1) G is a pointwise measurable class of functions U — R uniformly
bounded by a constant b > 0, and is VC type with envelope = b.

(B2) k(-) is a bounded and continuous kernel function on R?, and such
that the class of functions K = {t + k(ht + ) : h > 0,z € R?} is
VC type with envelope = [|k||oo-

(B3) The distribution of X; has a bounded Lebesgue density p(-) on RY.

(B4) h,, — 0 and log(1/h,) = O(logn) as n — oo.

(B5) Crxg = sup(y g)crxg |¢g(z)| < oo. Furthermore, for every (2, gim) €
I'xG with ,,, = « € I and g,, = g € G pointwise, ¢, (Tpm) = ¢4(2).

We first assume that G is uniformly bounded, which will be relaxed later.

[33], Lemma 22, gives simple sufficient conditions under which K is VC type.

Proposition 3.1. Suppose that assumptions (B1)-(B5) are satisfied. Then
for every n > 1, there is a tight Gaussian random element By, in (*°(I x G)

with mean zero and covariance function (3.1), and there is a sequence W,

of random variables such that W, g SUP(g g)crxg Bn(2,9) and as n — oo,

x7g
|W,, — Wn| = OIE»{(nhfl)_l/6 logn + (nhfl)_l/4 10g5/4 n+ (nhfl)_l/2 log?’/2 n}.

Even when G is not uniformly bounded, a version of Proposition 3.1 con-
tinues to hold provided that suitable restrictions on the moments of the
envelope of G are assumed. Instead of assumption (B1), we make the fol-
lowing assumption.

(B1)’ G is a pointwise measurable class of functions U — R with mea-
surable envelope G such that E[GY(Y1)] < oo for some ¢ > 4 and
sup,cra E[GH(Y1) | X1 = 2] < co. Furthermore, G is VC type with
envelope G.

Then we have the following proposition.
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Proposition 3.2. Suppose that assumptions (B1)’ and (B2)-(B5) are sat-
isfied. Then the conclusion of Proposition 3.1 continues to hold, except for
that the speed of approximation is

Op{(nh)~ % logn + (nh) " *10g®* n + (n'=2/1pd)=1/2 10g%/2 n}.

Remark 3.1. It is instructive to compare Propositions 3.1 and 3.2 with the
implications of Theorem 1.1 of Rio [35].

1. Apparently, Rio’s Theorem 1.1 is not applicable to the case in which
G is not bounded. Hence Proposition 3.2 is not implied by that theorem.
Indeed, we do not are of any previous result that leads to the conclusion of
Theorem 3.2, at least in this generality.

2. In the special case of kernel density estimation (that is, g = 1), Rio’s
Theorem 1.1 implies (subject to some regularity conditions) that |W,, —
Wa| = Ous{(nhd)=1/Cd /logn + (nh?)~2logn} for d > 2 (the d = 1
case is formally excluded from [35]). Hence Rio’s rates are better than ours
when d = 2,3, but worse when d > 4 (aside from the difference between “in
probability” and almost sure bounds).

3. On the other hand, consider, as a second example, kernel regres-
sion estimation (that is, U = R and ¢(y) = y). In order to formally
apply Rio’s Theorem 1.1 to this example, we need to assume that the
joint distribution of (Y1, X7) is supported on [0,1]%+! (this condition can
be weakened in such a way that the support of (Y1, X7) is a bounded rect-
angular in R%*1), and admits a continuous and positive Lebesgue density
on [0,1]%1. Subject to such side conditions, Rio’s Theorem 1.1 leads to

(Wi — Wa| = Ous {(n® @D pd)=1/2d) /logn + (nh)~1/2logn}. See, for
example, [8], Theorem 8. Hence, aside from the difference between “in prob-
ability” and almost sure bounds, as long as h, = O(n~%) for some a > 0,
our rates are always better when d > 2. When d = 1, ignoring logs, our rate
is better as long as nh: — 0 (and vice versa).

Remark 3.2. Importantly, both Propositions 3.1 and 3.2 require only mild
restrictions on the bandwidth h,. Ignoring the log terms, Proposition 3.1
requires nhﬁlZ — 00, and Proposition 3.2 requires n!=2/ thl — 00. Interest-
ingly, they essentially coincide with the conditions on the bandwidth used
in establishing exact rates of uniform strong consistency of kernel type esti-
mators in [16, 17].

3.2. Series estimation. This section considers an application of Theorem
2.1 to series estimation in nonparametric regression. Consider a canonical
nonparametric regression model

Yi=m(X;) +m, Elni | Xi] =0, Elpf | X;]=0°>0, 1<i<n,

where Y; is a scalar response variable, X is a d-vector of covariates of which
the support = [0, 1]¢, and 7; is a scalar unobservable error term. We assume
that the data (Y7, X1),..., (Y, X,,) are i.i.d. The parameter of interest is
the conditional mean function m(z) = E[Y; | X1 = z].
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We consider series estimation of m(x). Suppose that for each K > 1,
there are K basis functions ¥ 1, ..., %k k defined on [0,1]%. Let ¥ (z) =
(Vi 1(x),..., YK k(z))T. Examples of such basis functions are Fourier se-
ries, splines, Cohen-Daubechies-Vial (CDV) wavelet bases [9], Hermite poly-
nomials and so on. Let K, be a sequence of positive constant such that
K, — oo as n — oco. The idea of series estimation is to approximate m(x)
by ZJKZ"I Or, ;UK ;() and to estimate the vector 05" = (0k, 1,...,0k, K, )T
by the least squares method:

n

2
9En — arga 71}161]11{3[(” ; (YZ — pfn (Xi)TaKn)

The resulting estimate of m(x) is given by m(x) = f» (x)TgK”.
The asymptotic properties of the series estimate have been thoroughly

investigated in the literature. Importantly, under suitable regularity condi-
tions, m(x) admits an asymptotic linear form

in(z) — m(z) = ¢ (@) (BT (X1 (X1)) [ Zm%bK” ]

See, for example, [32]. [To make this approximation precise, we have to use
undersmoothing to make the effect of the bias negligible relative to the right
side. However, we skip the discussion on control of the bias since it is out
of the scope of this paper.] Redefining ¢ (z) by

P (@) (™ (X)) (X)) 729K (2),
we have the following formal approximation:
V(i) —m(z)) 1 ¢F(z Z” W (X
olpfn ()| o WK"
Therefore, for the purpose of making uniform inference on m(z) over a

Borel subset I of [0,1]%, it is desirable to have a (tractable) distributional
approximation of the following quantity:

Wy, = sup Sy, ().
zel

=: %Sn(x).

We address this problem in what follows. Let B,, be a centered Gaussian
process indexed by I with covariance function

E[B,(2)Bn(a")] = o*ak, (¢)T ax, (2'), (3.2)
where ag(z) = & (z)/[" (z)|. Intuitively, it is expected that under suit-

able regularity conditions, there is a sequence W, of random variables such

that W, < sup,cr Bn(z) and as n — oo, |W,, — Wn\ % 0. We shall argue
the speed of this approximation.
We make the following assumptions.
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(C1) For each K > 1, E[p" (X1)9" (X1)] = Ik, b = sup,¢[o 1ja [ (2) |V
1 < o0, and the map z — ¢ (2)/[® (z)| =: ax () is Lipschitz con-
tinuous with Lipschitz constant < Lx (> 1), that is,

lag (z) — ag(z)| < Li|z — 2|, Yz, 2’ € [0,1]%.

(C2) log by, = O(logn) and log Lk, = O(logn) as n — oo.

For many commonly used basis functions such as Fourier series, splines
and CDV wavelet bases, by = O(VK) as K — co. See [32]. The Lipschitz
continuity of ak(z) is implied if inf (g 1)a |95 (z)| > 0 and ¥X () is Lips-
chitz continuous. Condition (C2) states mild growth restrictions on K,, and
Ly, and is usually satisfied.

Proposition 3.3. Suppose that assumptions (C1) and (C2) are satisfied.
Furthermore, suppose either (i) m is bounded, or (i) E[|n1]|9] < oo for some
q > 4 and supy¢o,1)a E[nt | X1 = 2] < oco. Then for every n > 1, there is a
tight Gaussian random element By, in (>°(I) with mean zero and covariance
function (3.2), and there is a sequence Wn of random wvariables such that

W, < sup,er Bn(z) and as n — oo,

|Wn_ﬁ7n|

B Op{n_l/ﬁb}(/j’ logn + n_1/4b}(/3 log®*n +n"12bg log®?n}, (i),
Op{n_l/ﬁb}(/:’ logn + n_1/4b}(/3 log®*n + n~1/2H /b log®? n},  (ii).

Proposition 3.3 is a new result. Suppose that bx = O(VK) as K — oc.
Ignoring the log terms, Proposition 3.3 requires K, /n — 0 in case (i) and
K, /n'=2/% — 0 in case (ii). These requirements are mild, in view of the
fact that at least K,/n — 0 is needed for consistency (in the L2mnorm)
of the series estimator [see 21]. Another approach to deduce a result sim-
ilar to Proposition 3.3 is to apply Yurinskii’s coupling to random vectors
™7 (X;), i = 1,...,n, which, however, requires a rather stringent restric-
tion on K,, namely K>/n — 0 (up to logs), for ensuring |W,, — W,,| 5o.
See, for example, [8], Theorem 7.

4. A COUPLING INEQUALITY FOR MAXIMA OF SUMS OF RANDOM VECTORS

The main ingredient in the proof of Theorem 2.1 is a new coupling in-
equality for maxima of sums of random vectors, which is stated as follows.

Theorem 4.1. Let X1,...,X,, be independent random vectors in RP with
mean zero and finite absolute third moments, that is, E[X;;] = 0 and E[| X;;|?] <
oo foralll <i<n andl < j <p. Consider the statistic
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Let Y1,...,Y, be independent random vectors in RP such that
Y; ~ N(0,E[X;X1]),1<i<n.

Then for every 5 > 0 and 6 > 1/B, there is a random wvariable z 4
maxi<j<p 2 iy Yi; such that
e+ CB6~(B1 + B(Bz + Bs))

P(|Z — Z| > 28 " logp + 38) < 1 ,
—€

where € = g5 is given by

e=ve(l+a)<1l, a=p%2-1>0,

and

1<5,k<p —

n
By =E X3
: [mZ' s ]

n
B3 = E E [max ‘XZ]| <1I£ljaé(p|XU‘ > 51/2>:| .
1=1 -

1<5<

B, = [ max |Z (X3 Xk — Xinik])|] )

The following corollary is useful for many applications. Recall n > 3.

Corollary 4.1. Consider the same setup as in Theorem 4.1. Then for every

§ > 0, there is a random variable Z < maxi<j<p > iy Yij such that

~ log
P(|Z—Z| > 166) < 6 2(B1+6 ' (By+By) log(pvn)) log(p\/n)+— (4.1)

where By and By are as in Theorem 4.1, and

By = ZE [max | X% <1I£l;l<xp|Xij‘ > 0/log(p V n))} .
i=1 ==

1<5<p

Proof of Corollary 4.1. In Theorem 4.1, take 8 = 206 'log(p V n). Then
a = 3202 —1 =4log?(pVn) —1>2log(pVn) (recall n > 3 > ¢), so that
e <2log(pVn)/(pVn)<2n tlogn. This completes the proof. O
Remark 4.1. Inspection of the proof shows that the n~!logn term on the

right side can be replaced by n~% for any a > 0, with changing the constant
“16” on the left side.

Theorem 4.1 is a coupling inequality similar in nature to Yurinskii’s [42].
Before proving Theorem 4.1, let us first recall Yurinskii’s coupling inequality.

Theorem 4.2 ([42]; see also [26]). Consider the same setup as in Theorem
4.1. Let S, = > 1 X;. Then for every 6 > 0, there is a random vector

T, 4 Yo, Y: such that

log(1/B
P(|S, — Tp| > 35) < By <1+W>,
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where
n
By =p5~*Y E[Xif]
i=1
For the proof, see [34], Section 10.4. Because of the general fact that

maxi<j<n |z;| < |z| for € RP, one has

i — < _ | < _ )
| max (Sn); — max (Tn);| < max |(Sn =)l < |Sn = Tl

Hence if we take Z = maxlgjgp(Tn)j,
. log(1/B
P(|Z — Z| > 36) < By <1+M>. (4.2)
P

Unfortunately, when p is large, the right side is typically too crude. This is
because By is proportional to > i ; E[|X;|] and this quantity may be larger
than what we want.

To better understand the difference between (4.1) and (4.2), consider the
situation in which p is indexed by n and p = p,, = o0 as n — oco. Moreover,
consider the simple case in which X;; = z;;//n and |z;;] < b (x;; are
random; b is a fixed constant). Then

By =0 ?log"? p,), By + By = O(n~?).

The former estimate is deduced from the fact that, using the symmetrization
and Pisier’s inequality conditional on X7,..., X, one has

< 4y1/2
By < V/log(1l +p)E 1??%(13(2 Xij) ] :

On the other hand,

n
pr Y |Xil* = O(n2p)?).
i=1

Therefore, the former (4.1) allows p,, to be of an exponential order (p,, can
be as large as log p, = o(n'/4); hence, for example, p, can be of order ™"
for 0 < a < 1/4), while the latter (4.2) restricts p, to be p, = o(n'/?).

Remark 4.2. The importance of Theorem 4.1 in the context of the proof of
Theorem 2.1 is described as follows. In the proof of Theorem 2.1, we make
a finite approximation of F by a minimal ¢||F'||p2-net of (F,ep) and apply
Theorem 4.1 to the “discretized” empirical process; hence in this application,
p = N(F,ep,e||F|p2). The fact that Theorem 4.1 allows for “large” p is
translated into that a “finer” discretization is possible, and as a result, the
bound in Theorem 2.1 depends on the covering number N(F,ep,¢|F| pz2)
only through its log: log N(F,ep, || F|/p2).

We will use a version of Strassen’s theorem to prove Theorem 4.1. We
state it for the reader’s convenience.



GAUSSIAN APPROXIMATION OF SUPREMA 15

Lemma 4.1. Let p and v be Borel probability measures on R. Let € > 0 and
§ > 0 be two positive constants. Suppose that u(A) < v(A®) + ¢ for every
Borel subset A of R. Let V' be a random variable with distribution p. Then
there is a random variable W with distribution v such that P(|V — W| >
J) <e.

Proof. By Strassen’s theorem [see 34, Section 10.3], there are random vari-
ables V* and W* with distributions p and v such that P(|[V*—W*| > §) <e.
V* may be different from V. Let F(w | v) be a regular conditional distribu-
tion function of W given V = v. Denote by F~1(7 | v) the quantile function
of F(w | v), that is, F~(7 | v) = inf{w : F(w | v) > 7}. Generate a uniform
random variable 6 on (0,1) independent of V and take W (w) = F~}(§(w) |

V(w)). Then it is routine to verify that (V, W) 4 (V*, W™*). O

Proof of Theorem 4.1. For the notational convenience, write eg = B~ og p.

By Lemma 4.1, the conclusion follows if we can prove that for every Borel
subset A of R,

~ -1
P(Z € A) < P(Z € A%o+3) 4 ST OP0 (311_4‘6,3(32 + B3))

Without loss of generality, we may assume that Xq,...,X,, and Y7,...,Y,
are independent. Let

n n
S, = ZX T, = ZY
=1 =1

Fix any Borel subset A of R. We divide the proof into several steps.

Step 1: We approximate the non-smooth map x — 14(max;<;<, x;) by a
smooth function. The first step is to approximate the map x — maxi<j<p T;
by a smooth function. Consider, as in [6], the function Fj : RP — R defined
by

V4
Fg(z) = pog | Y™
=1

which gives a smooth approximation of maxi<;<, ;. Indeed, an elementary

calculation gives the following inequality: for every x = (z1,... ,a:p)T € R?P,
< < i+ 47t . :
252, = Fole) < g s+ 0 lowp )

Hence we have
P(Z € A) < P(F5(S,) € A%) = E[Lyes (F3(Sh))]

Step 2: The next step is to approximate the indicator function ¢ — 14(¢)
by a smooth function. This step is rather standard.
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Lemma 4.2. Let 8 > 0 and § > 1/B. For every Borel subset A of R,
there is a smooth function g : R — R such that ||¢'|lcc < 075 |97 lo <
CBS 419" |o < CB%57 1L, and

(1= )1a(t) < glt) <2+ (1 — ) yu(t), WEER,
where € = €5 1s given by

e=+ve(l+a)<l, a=p%*-1>0.

Proof of Lemma 4.2. The proof is due to [34], Lemma 10.18 (p. 248). Let
p(-, ) denote the Euclidean distance on R. Then consider the function h(t) =
(1—p(t, A°)/8) . Note that h is Lipschitz continuous with Lipschitz constant
< 6L, Construct a smooth approximation of h(t) by

I} / 18205 4)2 1 / 1, _1lg2
)= —— [ h(s)e 2P ds = —— [ hit+ s)e 2% ds.
ott) = = [ 1) = [
Then the map ¢ — g¢(t) is infinitely differentiable, and
l9'lloc <074, 119" lloc < CBO™, 19"l < CB%671.

The rest of the proof is the same as [34], Lemma 10.18. Hence we omit the
detail. 0

Apply Lemma 4.2 to A = A®8 to construct a suitable function g. Then
E[Lyes (F3(Sa))] < (1 — &) 'Elg o Fs(S,)]
Step 3: The next step uses Stein’s method to compare
Elg o F(5n)] and E[g o Fj(T5,)].

The following argument is inspired by [7], Theorem 7. We first make some
complimentary computations.

Lemma 4.3. Let 3 > 0. For every g € C3(R),

p
> 1950k(g 0 Ep)(@)] < llg"llo + 2119 llos B, (4.4)
J,k=1
p
Y 10;0601(9 0 F5)(@)] < [lg" [loo + 619" [|oo 8 + 619’ |0 5. (4.5)
J,k, =1

Furthermore, letting D(B71) = {y e RP : |y;| < B~1,1 <Vj < p},

p
sup |0;0k0;(g o Fp)(x + y)|
3.k, =1 yeD(B~1)

< C(lg" oo + 119" looB + llg'lloo?). (4.6)
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Proof of Lemma 4.3. Let 6j, = 1(j = k). A direct calculation gives
9;Fs(z) = mj(2), 0;0kFps(x) = Pwjk(z), 0;0k0F3(x) = B*qjm(z),
where
mi(@) = 85 TP
wj(x) = (70 — ”J”k)( ),
Qjri(x) = (051055 — mjmds, — mimp(851 + Op) + 2mjmpm) ().

By these expressions, we have

p
2) >0, Y mi(x) =1, Z\wgk )| <2 Z\qgkz )| < 6.
=1

J,k=1 j.kl=1

Inequalities (4.4) and (4.5) follow from these relations and the following
computation.

9j(g o Fp)(x) = (¢ 0 Fp)(x)m;(2),

9j0k(g © Fp)(z) = (9" o F) (@) (x)mp(2) + (¢’ 0 Fp)(x)Bwjp (),

9;001(g o Fp)(x) = (9" o Fp)(x)mj(2)mp () m ()
+ (9" o Fp)(2) B(wjk (z)m () + wi(x)m () + wri ()75 ()
+ (9" 0 Fp)(2)B%qjna().

For the last inequality (4.6), it is standard to see that when |y;| < 71,1 <
Vi <p,
iz +y) < e’my(),
from which the desired inequality follows. O

Fori=1,...,n,let X/ be an independent copy of X;. Let I be a uniform
random variable on {1,...,n} independent of all the other variables. Define

ST/I:Sn—X]—i-X}.
For \ € RP,
[\/_,\TS ZE \/_)\T(S X+X)]

=1

_ l Z E[e\/jl)\T(Sani)]E[e\/jl)\TX{]
n

n
= 2 2 [Tl ) B X
n
i=1 j#i

f[ VTN

—\T
_ [e‘/_)‘ Sn]'
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Hence

n n:
AISO, with X7 = {Xl, cee ,;in}>

E[S), — Sn | XT] =E[X] — X[ | XT]
= % Y EX] - X; | X{) = —n"'S,, (4.7)
and
E[(Sy, — Sn)(S;, — Sn)T | XT] = E[(X} - X)) (X7 - X)" | X7

- —ZE [(X] — X)(X] - X3)T | X7
== Z(E[XiXiT] + X, X7)
_ % zn:E[XiXiT] + % zn:(XiXZT —-E[X;X/]])

2 n
== > EX X407V, (4.8)
=1

where V is the p X p matrix defined by

1 n
V= Vikhigiesp = > (Xax] —EXX]).
=1

For the notational convenience, write f = g o Fjg. Consider

h(z) = /1 QltE[f(\/Zx +V1—tT,) — f(Ty)]dt.
0

Then Lemma 1 of [31] implies

ijah S S EING Xl dkh(e) = 1) — BT

J,k=11=1

and especially
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Denote by Vh(z) and Hess h(z) the gradient vector and the Hessian ma-
trix of h(z), respectively. Let

R = h(S},) = h(Sp) — (S}, — Sn)" Vh(Sn)
— 2718, — 5,)" (Hess h(S0)) (S, — Sn)-
Then one has
0 = nE[h(S}) = h(Sa)] (S, = Sh)
= nE[(S!, — Su)TVR(S,) + 278!, — Sn)T (Hess h(S,))(S), — Sp) + R]
= nE[E[(S}, - S,)" | X}]VA(S,)

to iy ((Hess h(Su)E[(S" — Su)(S" — S)T | X?]) + R}

[ ZZXUa h(S Z ZE Xi; X 0;0,h (S )]

j=11i=1 j,k=11i=1

E [; S Vidi0kh(Sa) +nR|  (by (4.7) and (4.8))

J,k=1

(by (4.9))

p
= —E[f(Su)] + ELf(T)] + E !; " Visd;0kh(S,) + nR
jk=1

that is,

p
E[f(Sa)] — E[f(T)] = E {; S° Vi, 0kh(S,) + nR

Jk=1

Using Lemma 4.3, one has

p p
| > Vikd;0kh(Sn)| < éﬂi}gﬁp“@k\ > 10;0kh(S)
k=1 k=1

<Cps! | max IVikl,
1<5,k<p

and letting Al = (A’ily . ,Aip)T = Xz/ — Xi,

[E[nR]| =

s &
E [2 DY AGARAY(L — 0)°0;000,1(Sn + OA;)

i=1 j k=1
(0 ~ U(0,1) independent of all the other variables)

1|
<3E {Z D AGARAG] - 0;0k0h(Sn + OA)] (4.10)

i=1 j k=1
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Let x; = 1(maxi<j<p |Aij| < B71) and x¢ :=1 — y;. Then

1 n
(4.10) ZXZ + 5E ng*]
i=1
1
= S 1(4)+(B)).
Observe that
p
(A) <E %: 112%)%( i+ [0j0KOh(Sn + 04;)]) x <Tjﬂl?)l<<pz 1A Air A
37 =
< 825K
< CB% 1<Ijng§<pz [Ai Al | (by (4.6))
25-1F 3
< Cp% 1IgJa<XpZ A
2 _1 3| __ 2¢—1
< Cp% 1@%2 |1Xi;1°| = CB* " By,
and
(B) < CB%5~ 121@{ § max |Aw|} (by (4.5))
i=1 sis
n
< Cp%51 ZE |:Xz 11£1a<x | X5 } (by symmetry)
i=1
Because
<1 (s 151> 57/2) + 1 (s 151> 571 2).
we have

c 13 < 3. . -1
6, 1] < s 1 (g 2 57

13 iy -1
+E [mﬁ;{p\Xm ] P <11£1;1SXP|X”\ > f /2> . (4.11)

1<
We recall the following lemma.

Lemma 4.4. Let ¢ and ¥ be two functions defined on an interval T in R.
Let & be a random variable such that P(§ € T) = 1. Suppose that El|p(§)]] <
0, E[[i:(€)]] < o0 and E[p(E0(E)]] < 5. Then Cov((€), b(€)) = 0 if
and 1) are monotone in the same direction, and Cov(p(€),1(€)) < 0 if ¢
and ¥ are monotone in the opposite direction.
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Proof of Lemma 4.4. Denote by u the distribution of £&. Then
C - cpdp — | edp - | pd
ov(p(§),¥(€)) /Zso Ydp /Zso I /Iw I
1
=5 . [0 = D0 = (s)dutdu(o.

The conclusion of the lemma is deduced directly from this expression. [

Since the maps t + t3 and ¢ — 1(¢ > 87!/2) are non-decreasing on [0, 00),
the second term on the right side of (4.11) is not larger than the first term.
Hence

n
25—1 13 B -1 _ 2¢—1
(B) < CB?% ;E L??%;;'XU‘ 1 (1%%’\)(1” >3 /2)] CB%1Bs.

Therefore,
[ELf(Sn)] —ELf(Tn)]] < CB6~(B1 + B(Bz + By)).
Step 4: Combining Steps 1-3, one has
CBo~(By + B(B + B))

P(Z € A) < (1—¢)'Elgo Fs(Tn)] +

1—¢
-1
< P(F3(T,) € A%H39) 1 e+ Cpo (311 + B(Ba + B3))
—€

(by construction of g)

e+ CB6~H(B1 + B(Ba + Bg))
1—¢
This completes the proof. O

< P(Z € A%sH30) 4 . (Lemma 4.3)

5. INEQUALITIES FOR EMPIRICAL PROCESSES

In this section, we shall prove some inequalities for empirical processes
that will be used in the proof of Theorem 2.1. These inequalities are of
interest in their own rights. Consider the same setup as in Section 2, that
is, let X1,...,X,, be ii.d. random variables taking values in a measurable
space (5,S) with common distribution P. Let F be a pointwise measurable
class of functions S — R, to which a measurable envelope F' is attached.
Consider the empirical process G, f =n~Y23""  (f(X;) — Pf). Let 0> > 0
be any positive constant such that

sup Pf? < 0% < ||F|p,.
feF

Let
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Theorem 5.1. Suppose that F € L1(P) for some q > 2. Then for every
t > 1, with probability > 1 —t~9/2

IGwllF < (1+ a)E[|Gnllz] + K(q)| (o +n~ 2| M|V
+ oz_ln_l/QHMHgt], Va > 0,

where K(q) > 0 is a constant depending only on q.

Remark 5.1. Theorem 5.1 gives a deviation inequality for suprema of em-
pirical processes that only requires finite moments of envelope functions.
Talagrand’s [39] inequality gives an exponential type deviation inequality
for the supremum but requires uniform boundedness of F, which is violated
in our applications. Another known deviation inequality similar in nature to
Theorem 5.1 is a Fuk-Nagaev type inequality proved in [14] (see their The-
orem 3.1). For the purporse of this paper, however, Theorem 5.1 is more
suitable.

Proof of Theorem 5.1. The theorem essentially follows from [3], Theorem
12, which states that

1IGallz = NGl )+ lly S Va(E + o) + gn™2(|M ]|y + o),
where $2 = E[|[n "1 Y0, (f(X;) — Pf)?||7]. By Lemma 7 of the same paper,
22 < 0% + 64n~ V2| MoE[|Gl £] + 3207 M 3.
Hence, using the simple inequality 2v/ab < Ba + 871b,VY3 > 0, one has
I(1IGallr = BlIGllF)+1lq S VaBENGal#] + va(l + B~ )n ™| M|
+Vgo +qn” (| M|l + o).
Therefore, by Markov’s inequality, for every ¢ > 1, with probability > 1—¢79,
1Gnll7 < E[|Gnllz] + (IGnll7 — E[[|Gnll#])+
< (1 + Cy/qBt)E[||Gnl| 7]
+C V(L + 87 V2 M ot
+ C\/fqot + Cqn=Y2(|M ||, + o)t, VB > 0.
The final conclusion follows from taking 8 = C~1¢~ /2t La. (]

Theorem 5.1 will be complemented with the following moment inequality
for suprema of empirical processes, which is an extension of [41], Theorem
2.1, to possibly unbounded classes of functions.

Theorem 5.2. Suppose that F € L*(P). Let § = o/|F|p2. Then
|M][27%(0, F, F)
5%\/n ’
We give a full proof of Theorem 5.2 for the sake of completeness. We first
prove the following preliminary lemma.

ElGnllz] < J(6, F, F)| Fllp2 +
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Lemma 5.1. Write J(6) for J(6,F,F). Then (i) the map 6 — J(0) is
concave; (i) J(cd) < ¢J(d), Ye > 1; (iii) the map 6 — J(6)/ is non-
increasing; (i) the map Ry x (0,00) 3 (x,y) — J(\/x/y)\/y is concave.

Proof. Let A(e) = supg /1 +1log N(F,eq,e[[Fllg,2). Part (i) follows from
the fact that the map € — A(e) is non-increasing. Part (ii) follows from the

inequality
cod 4 1
/ Ae)de = c/ Ace)de < c/ A(e)de.
0 0 0

Part (iii) follows from the identity

J@) _ [
5 —/0 A(de)de.

The proof of part (iv) uses some facts in convex analysis. Proofs of the
following lemmas can be found in, for example, [4], Section 3.2.

Lemma 5.2. Let D be a convex subset of R™, and let f : D — R be a
concave function. Then the perspective (z,t) v tf(z/t), {(x,t) € R**1;
xz/t € D,;t >0} = R, is also concave.

Lemma 5.3. Let D; be a convex subset of R, and let g; : D1 — R, 1 <
i < k be concave functions. Let Do denote the conver hull of the set
{(1(z),...,gk(x)) : @ € D}. Let h: Dy — R be concave and nondecreasing
in each coordinate. Then f(x) = h(g1(x),...,gx(x)), D1 — R, is concave.

Let h(s,t) = J(s/t)t, g1(x,y) = o and go(x,y) = \/y. Then h is concave
and nondecreasing in each coordinate, and g;,7 = 1,2 are concave. Hence

J(Vz/y)\/y = h(g1(z,y), g(z,y)) is concave. O

We will use a version of the contraction principle for Rademacher averages.
Recall that a Rademacher random variable is a random variables taking +1
with equal probability.

Lemma 5.4. Let €1,...,&, be i.i.d. Rademacher random variables inde-

pendent of X1,...,Xy,. Then
B ] <18 [M ] |
F F

ZgifQ(Xi) Zfif(Xi)
=1 i=1

Proof. See [27], Theorem 4.12, and the discussion following the theorem. [
We will also use the following form of the Hoffmann-Jgrgensen inequality.

Theorem 5.3. Let ¢1,...,e, be i.i.d. Rademacher random variables inde-
pendent of X1,...,Xy,. Then for every 1 < ¢ < oo,

n q 1/q n
i=1 F i=1 F

Proof. See, for example, [27], Theorem 6.20. O

+ | Mg
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We are now in position to prove Theorem 5.2.

Proof of Theorem 5.2. Without loss of generality, we may assume that F
is everywhere positive. Let P, denote the empirical distribution that as-
signs probability n~! to each X;. Let 07 = supsern™t Y1, f3(X;). For
i.i.d. Rademacher random variables €1,...,¢, independent of Xy,...,X,,,
the symmetrization inequality gives

i

E[IGnl <] < 2E [H—Z&f

Here the standard entropy integral inequality gives
1 n

e Z Eif(Xz

\/ﬁ =1 F

< C’/ V1+1log N(F,ep,,c)de
0

\Xl,...,Xn]

on/I1F |2

<ClFlp,2 | 1+ 108 N(F, e, | Fllp, 2)de
0

< CIFIlp, 2T (0u/|Fllp,.2).

Hence by Lemma 5.1 (iv) and Jensen’s inequality,
1 n
ﬁZEif(XZ < C|IF|lp2J (VE[o7]/IIF|lp2)-
i=1

By the symmetrization inequality, the contraction principle (Lemma 5.4)
and the Cauchy-Schwarz inequality,

F

1 n
E 2 2 - 2 ) 2
A S+ E ||| (FA(X0) - PF?)
=1 F
1 n
< 52 L 2
<o’ +2E nZEZf (X)) ]
L i=1 F
1 n
< g2 = -
<o%+8E M' nZEZf(X) ]
=1 F
9 1/2
1 n
< o? - ;
>0 +8HMH2 E nzng(Xz
=1 F
Here by the Hoffmann-Jgrgensen inequality (Theorem 5.3),

97\ 1/2

n
<E[1
~ n
F i=1

+n7 M2,

Zfif(Xz)

1 n

F
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so that,
VE[o}] < C|F||lp2(AVVDZ),

where A2 = max{o?, 1} MR}/ Flffy > 6 and D = [ M|lo/ (Al Flsy).
Therefore, using Lemma 5.1 (ii), we have

Z < C|F|p2J(AV VDZ)

We consider the following two cases:

(i) vDZ < A. In this case, J(A V VvDZ) < J(A), so that Z <
C||F||p2J(A). Since the map 6 — J(0)/d is non-increasing (Lemma 5.1
(iii)),

J(A) J(9) { [ M][2 () }
D) ALY ax 4 g(e), 222122000 L
A SRS )l Pl

Since J(d)/6 > J(1) > 1, the last expression is bounded by

1M ]]27%(5)
e 0. e

(ii) vV DZ > A. In this case, J(AVVDZ) < J(vVDZ), and since the map
d +— J(9)/6 is non-increasing (Lemma 5.1 (iii)),

J(A) = A

1/DZ) = vbz YPD) /57T o p7l )
VD7

A 0
Therefore,
2 < C|F|ravDZ?Y,
that is
Z < C||F||%,2DJZ§5) = C”Af/”,—fgf(é)-
This completes the proof. O

The bound in Theorem 5.2 will be explicit as soon as a suitable bound
on the covering number is available. For example, the following corollary is
an extension of [18], Proposition 2.1.

Corollary 5.1. Consider the same setup as in Theorem 5.2. Suppose that
there exist constants a > e and v > 1 such that

sup N(F,eq,¢||Fllg,2) < (a/e)?, 0 < Ve < 1.
Q

Then

F M Ia
e s () (42,
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Proof. We observe that

/ v 1+vlog(a/e) df-:<a\/_/ 1+log€

An integration by parts gives

/oo ,/1+10g5d€: _\/1—|—log€ / e
. g2 £ \/1+log5
< \/1—|—logc+ / V1 —Hogsd
yoTEet VoS e
- c 2/, g2 ’

by which we have

/Oo \/1—|—log5d€ < 2y/1+loge < 2v/2/Tog ¢ £
. g2 - c - c ’

itc>e.

Since a/d > a > e, we have

8) < 2v2v8+/log(a/d).

Applying Theorem 5.2, we obtain the desired conclusion. O

6. PROOF OF THEOREM 2.1

We make use of Lemma 4.1 to prove the theorem. Construct a tight
Gaussian random element Gp in (*°(F) given in Lemma 2.1, indepen-
dent of Xq,...,X,. We note that one can extend Gp to the linear hull
of F in such a way that Gp has linear sample paths [see 12, Theorem
3.1.1]. Let {f1,...,f~} be a minimal ¢||F| pa-net of (F,ep) with N =
N(F,ep,€||F|p2). Then for every f € F, there is a function f;,1 < j < N
such that ep(f, f;) < €HFHP,2. Define

Z° = Gnfi, Z = G ,Z = Gpfi,
max nfis £ ?22 pf nax pfj

and F. ={f —g: f,g€ F,ep(f,g) <¢||F|p2} Itisstandard to see that
|Z - Z°| < |Gl 7., 12° = Z| < |G|l ..

We shall apply Corollary 4.1 to Z¢. Recall that log(N V n) = Hy(e).
Then for every Borel subset A of R and § > 0,

P(Z° € A) <P(Z° € A'%)

1
+C|672(B1 + 61 (By + Ba)Hn(e)) Hp(e) + —27|

n
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where
By =n"'E 1SI£2§N|;(fj(Xi)fk(Xi) - P(fjfk))|] )
B =9 | s S50

By =n"?E L%’%ﬂfg‘(}(l)ﬁ = <1I<nja<)§v‘fj(X1)| > 5\/EH”(€)_1>} '

Clearly
By < n V2E[||G,| 7. 5], Ba <n 1263,

and
By <n Y2P[FPU(F > 6y/nH,(e)Y)).

Hence choosing § > 0 in such a way that
C5 2 V2E|||Gy || 7. 7] Ha(2) < % C5 30 V2B H2(e) < %
that is,

5 > Cmax {7720 VARG |7 ) V2 HY (), 4o Vo2 (e )

one has
P(Z° € A) <P(Z° € A165)+%+ %m_?’P[F?’l(F S SV H ()] + Cl(r)bgn.
Note that
o> 0771/3n71/6/<;H2/3(5),
so that
PIFSU(F > §v/nHy(e) )] < PIFPL(F/r > ey /P! 3 H, () 71/9)).
Therefore,
P(Z° € A) <P(Z° € A19) + %
+ %P[(F/H)?’l(F//@ > ey V3 B H, ()7 + @
=: P(Za e A0 4 % + error. (6.1)

By Theorem 5.1, with probability > 1 — v/4,
IGallz Sq EBlIGllz] + (EllFllp2 +n '/ M]lg)y "
+n 2| M|y,
Here by Theorem 5.2,
El|Gullz] S JEIFlpe +n~ 2272 ()| M]2.
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Hence
a:= (1 —v/4)-quantile of |G|z <q J()|Fp2+n e 20%(e)| M||2
+ (e||F|lpa + n~ Y2 | M||)y 19
+n V2| M|y (6.2)

On the other hand, by the Borell-Sudakov-Tsirel’son inequality [40, Propo-
sition A.1], with probability > 1 — /4,

Gz <E[lGpll7.] + el Fllpav2log4/7).

We can bound the expectation E[||Gp|| £ ] by Dudley’s inequality [40, Corol-
lary 2.2.8]:

EllGrllz] <

~

J(@)IF| pa-
Hence
b:= (1 — v/4)-quantile of ||Gp| £

S J@Flp2 +ellFllp2v/log(1/7). (6.3)

Therefore, for every Borel subset A of R,
P(Z € A) < P(Z° € A) + % (by (6.2))

= 3
< P(Z° € A*H100) 4 ) Herror (by (6.1))
<P(Z € A®H0HI0Y ot error. (by (6.3))

The conclusion follows from Lemma 4.1. O

APPENDIX A. ADDITIONAL PROOFS

A.1. Proof of Lemma 2.1. Let Gp be a centered Gaussian process indexed
by F with covariance function E[Gp(f)Gp(g)] = P(f —Pf)(g— Pg). Recall
that F is P-pre-Gaussian if and only if (F, pp) is totally bounded and Gp
has a version that has sample paths almost surely uniformly pp-continuous,

where pp(f,g) := \/Varp(f —g) [40, Example 1.3.10]. Dudley’s criterion
for sample continuity of Gaussian processes states that when

[ee]
/ Viog N(F,pp,e)de < oo,
0

there is a version of Gp that has sample paths uniformly pp-continuous
[40, p.100-101]. The lemma readily follows from these observations and the
simple fact pp < ep. O
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A.2. Proof of Lemma 2.2. Before proving Lemma 2.2, we shall prepare
the following lemmas.

Lemma A.1. Let F and G be classes of measurable functions S — R, to
which measurable envelopes F' and G are attached, respectively. Denote by
F - G the pointwise product of F and G. Then

Sgp N(F-G,eq,2e||FGllgz2) < Sgp N(F,eq,ellFllqz2) Sgp N(G,eq,¢ellGllg,2)-

Proof. Implicit in [40], Section 2.10.3. Hence we omit the detail. O

Lemma A.2. Let F be a class of measurable functions S — R, to which a
measurable envelope F is attached. For every q > 1, let F(q) ={|f|?: f €
F}. Then

Sup N(F(q), eq, el Fq,2) < sup N(F,eq,ellFllQ2), 0 <Ve <1

Proof. Let us write F/F = {f/F : f € F} with the convention 0/0 = 0.
We first point out that

sup N(F/F,eq,e) <sup N(F,eq,e||F|q,2)- (A1)
Q Q

Indeed, for a given distribution @, let {fi,..., fx} be an €|/ F||g2-net of F.
Define the new distribution Q' by dQ' = (F?/ ||F||é’2)dQ. Then for every
f € F, there is a function f;,1 < j < N with ||f — fjllo2 < €||Flg,2, so
that

If/F = fi/Fllg2 < |f = fillo2/IIFllgz2 <e.
Returning to the original problem, for a given distribution @, define the
new distribution @’ by dQ’ = (F2‘1/||Fq\|2272)dQ. For every f,g € F,
119 = 1917 < qmax{|f|7",g]"}f — g]
< qFYf — gl = qF|f/F —g/F|.
Hence
IA19 =191,z < allFIf/F — g/FlllQ.
< ql[Flallf/F —9/Fllq 2
This implies that
N(F(9); eq, el F¥l@2) < N(F/F,eq¢).
Combining (A.1) leads to the desired conclusion. O
Proof of Lemma 2.2. The second inequality is deduced from Theorem 5.2
together with the covering number estimate (2.1). Hence we shall prove the

first inequality. We first observe that

n

LSTIFGOP < PUP+ | (7P - PUAP)
=1

1
n-
=1
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by which we have

sup — Z IF(X 3] < ;ngPlfl?’ + 0 PE[Ga( )] 2.

n
fer Vi

Lete1,...,e, beiid. Rademacher random variables independent of X1, ..., X,,.
By the symmetrization inequality,

E[IGa(IfP)llF] < 2E [ ‘% ;si\f(Xi)\g

F
By the contraction principle together with the Cauchy-Schwarz inequality,

> el )P ]<E[M3/2 Ze|f X))
1=1 F = F
9 1/2
< ||M]5” (E Zs F(X)P
F
Furthermore, by the Hoffmann-Jgrgensen inequality,
9 1/2
me X;) 2 A2 |+ I3,
F F

By Theorem 5.2 together with Lemma A.2, we have

fzsz\f X))

] S IO F )| F2 | py
.
MR (557 F F)
NGT: !

by which we have

|f(Xz) ’

] —sup P|f[> S n™H| M]3+
F fer
3/2 3/2
1M 7205, F. F)
V/nd
A further simplification is possible. By the simple inequality 2ab < a® + b2,
the right side is

n V2 MR [ (85 F, F)|F|y; +

| M35, F, F)
(53
By Lemma 5.1 (iii), the map § — J(d,F,F) is non-increasing, so that

J2(5§/2,}",F)/(5§’ > J?(1,F,F) > 1. Hence the first term above is not
larger than the second term. This completes the proof. O

<M +
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A.3. Proofs of Propositions 3.1-3.3.
Proof of Proposition 3.1. For given x € I,g € G and h > 0, define

fegn(y,t) = cg(x)g(y)k;(h_l(t —x)), (y,t) € U x R,

Consider the class of functions F,, = {fzgn, : (z,9) € I x G}. We shall
apply Theorem 2.1 to F,. Let Z, = supscr, G,f. We first note that
| f2.9.0(y: )] < Crxgb||k||oc = F. It is not difficult to see that F,, is pointwise
measurable for every n > 1. Using Lemma A.1, we can prove that there are
constants a > 0 and v > 0 such that

sup N (Fp, e, eCrxgb|k|loo) < (a/e)’, 0 <Ve <1, Vn > 1. (A.2)
Q

Hence for every n > 1, F, is pre-Gaussian and there is a tight Gaussian
random element G, in £*°(F,,) with mean zero and covariance function

E[Gn(f)Gn(f)] = Cov(f(Y1, X1), f(Y1,X1)), f,f € Fu.

To apply Theorem 2.1, we make some complimentary calculations. By
(A.2), J(6,Fn, F) 5\/log1 as 6 — 0 uniformly in n. Furthermore,

Ellfa g (Vi X1)I?]
= [cg(@)? / Ellg(Y)P | X1 = k(b (¢ — 2))Pp(t)dt
R4

= ley@)*h [ EIa0P | X1 = o+ bt o0)plo + bt

< Chot ot [ k0Pt
Rd
and
Efo,g,hn(Ylel)‘él]
= leg ()| /IR JElg)I" | Xo = @+ hat][R(1)] p(@ + hnt)dt
< Chghlplltd [ IHo)ar

Thus, by Lemma 2.2,

E[sup—ZLf Vi, Xi)I?| = O(hd +n~tlogn)

feF, M

and
EllGullz, 5,] = O(h%/?\/logn +n~"/logn).

Choosing K = k, = const. x(hd/3 +n1/3 logl/3 n),e = e, = n~1/0k, and
v =7, = (logn)~!, we have, after an elementary calculation,

An(En, ) = O(n~ VORI 10g n + n= Y4 * 10g® 4 n 4+ n =12 10g/? n).
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—1/3 5 o0, for large n,

Furthermore, as /ﬂn%:l/gnl/an(sn)
L(F > crpyy, Y20 P H, ()73 = 0.
Therefore, by Theorem 2.1, there is a sequence Zn of random variables such
that Zn 4 supser, Gnf and as n — oo,
| Zy — Zn| = Op(n=Y0hd3 logn + n= /4 hd/* 10g>/* n + n=1210g>/% n).
This implies the conclusion of the theorem. Indeed, let
By(z,9) = h;d/QGn(fx,g,hn)7 (z,9) e IxG,

and Wn = h;d/ 2Zn. Then B, is the desired Gaussian process, and as
W, = h;d/QZn, we have W, < SUP(y g)erxg Bn(T,g) and

(W — Wn| = h;d/2|Zn - Zn‘
= Op{(nh%)Y5logn + (nhe)=Y410g%* n + n=12n- 42 10g3/2 n}.
This completes the proof. O

Proof of Proposition 3.2. We shall follow the notation used in the proof of
Proposition 3.1. Take F(y,z) = Crxg|kll~cG(y) as an envelope of F,. A
version of inequality (A.2) continues to hold with Crxgb||k||s replaced by
|Fllg.2- Let D = sup,cpe E[G*(Y1) | X1 = 2]. Then we have

Bl e, (i X0P) < (1+ DIChglplloch [ )
and

Bl g (V1 X0) 1Y) < DCHglloch [ k(0.

Thus, using Lemma 2.2, we have
n

E | sup — 3 [£(¥i, X))

= O(h? 4 n~H3/410g n)
feF, i

and

E[|Gnl 7,-7.] = O(h/?\/logn 4+ n~1/*+2/T1og n).
Choosing k = K,, = const. ><(hf§/3 +n 3 a)0g B p) e = g, = n 0k,
and v = 7, = (logn)~!, we have, after an elementary calculation,

An(en,ym) = O(n VORI B 1ogn + n= Y4y 10g® 4 n 4+ n =121/ 16g3/2 ).

We have to check that

E[(F/rn)* L(F/fn > ey, /P03 Hy () 72)] = o(1).
Indeed, the left side is bounded by

K (v P Ran P Hyy () T2 PTIE[FY) = O(n'9Pk,9) = o(1).
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The rest of the proof is the same as in the previous one. O

Proof of Proposition 3.3. We only deal with case (ii). For given x € I and
K > 1, define

fox(0,t) = nag ()75 (1), (n,t) € R x [0,1]%

Consider the class of functions F, = {fzk, : * € I}. We shall ap-
ply Theorem 2.1 to F,. Note that W, = sup;cz, Gnf. First, we have

| fo k. (0, 1)] < bk, In| =: F(n,t). Second, since
Inae, (2)T 05 (£) — nae, () W5 (O] < L, bic, Inllz — '], a2’ € [0, 1)%,
there is a constant a > 0 such that

sgpN(Fn,eQ,sHF wlloe) < (aLk, /)%, 0<Ve <1, Vn > 1. (A.3)

Hence, for every n > 1, there is a tight Gaussian random element G,, in
¢>(F,) with mean zero and covariance function

E[Gn(f)Gn(f)] = Cov(f(m, X1), f(m, X1)), [, [ € Fu.

To apply Theorem 2.1, we make some complimentary calculations. Note
that, by (A.3), for every 4, | 0 with log(1/d,) = O(logn), J(0pn, Fn, Frn) =
O(0,\/logn). Let D = sup,epo1y2 E[lm|* | X1 = z]. Then for each K > 1,

E(lmax (2) " (X1)]°] < EE[m [ | Xi]lak (@)™ (X))

< (1 + D)bxE[Ja ()™ (X1)[]
< (1+ D)brax () E[™ (X1)p™ (X1) Jak (z)
= (14 D)bg,
and
Ellmax (z)"" (X1)[*] < Dbk
Thus, using Lemma 2.2, we have

E| sup —Z\f i Xi)I?| = O(bk, +n~ 3% logn)
eFn

and
E[|Gnl7,.7,] = O(bk, /logn +n~/2+2/4b% logn).
Choosing k = k, = const. x(b}(/f + n V3 ap Nogt3n) e = g, = n1/2
and v = 7, = (logn)~!
Ap(en,Yn) = O(nfl/6b}(/;3 logn+ n*1/4b}(/3 log®/* n+n~ V2 1og3? n).
We have to check that
E{(F )1 (F /1 > ey Y30V Hy (20) /2] = o(1).

, we have



34 GAUSSIAN APPROXIMATION OF SUPREMA

Indeed, the left side is bounded by
b (cint VP H (o)~ P OR[RS) = O(n' 9~ 1b ) = o(1)

Finally, let B, (z) = Gn(fz,k,),« € I. Then B, is the desired Gaussian
process, and by Theorem 2.1, there is a sequence W,, of random variables

such that W, < supser, Gnf = supge; Bn(r) and as n — oo, [W), — Wn| =
Op(A,(en,vn)). This completes the proof. O
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