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Abstract

This paper studies the problem of specification testing in partially identified models defined by a finite
number of moment equalities and inequalities (i.e., (in)equalities). Under the null hypothesis, there is at
least one parameter value that simultaneously satisfies all of the moment (in)equalities whereas under
the alternative hypothesis there is no such parameter value. While this problem has not been directly
addressed in the literature (except in particular cases), several papers have suggested implementing this
inferential problem by checking whether confidence intervals for the parameters of interest are empty or
not.

We propose two hypothesis tests that use the infimum of the sample criterion function over the
parameter space as the test statistic together with two different critical values. We obtain two main
results. First, we show that the two tests we propose are asymptotically size correct in a uniform sense.
Second, we show our tests are more powerful than the test that checks whether the confidence set for

the parameters of interest is empty or not.
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1 Introduction

This paper studies the problem of specification testing in partially identified models defined by a finite
number of moment equalities and inequalities (i.e. (in)equalities). The model can be written as follows. For
a parameter vector (6, F), where § € O is a finite dimensional parameter of interest and F denotes the
distribution of the observed data, the model states that

Eplm;j(W;,0)] >0for j=1,....p,
Ep[mj(Wi,G)]:Oforj:p—i—l,...,k;, (1.1)

where {W;}" ; is an i.i.d. sequence of random variables with distribution F and m : R? x © — R* is
a known measurable function. This model is said to be partially identified because the sampling process
and the maintained assumptions (i.e. Eq. (1.1) together with regularity conditions) restrict the value of
the parameter of interest 6 to a set, called the identified set, which is smaller than the entire space © but
potentially larger than a single point. In this paper we propose two hypothesis tests for the null hypothesis of
correct specification of the model in Eq. (1.1) that are based on the same test statistic but employ different
critical values. We show that our two tests are asymptotically size correct in a uniform sense. Furthermore,
we compare the power properties of our tests and the existent test proposed in the literature, which consists
in testing whether confidence sets for 6 are empty or not, and obtain two main findings. In finite samples,
our tests have more or equal power than the existing test (for any alternative hypothesis). In addition,
we show that there exist sequences of local alternative hypotheses for which our tests have strictly higher

asymptotic power than the existing test.

A model is said to be correctly specified (or, statistically adequate) when the underlying assumptions are
supported by the observed data.! The motivation behind the interest in misspecified models stems from the
view that most econometric models are only approximations to the underlying phenomenon of interest. This
is also the case for partially identified models, where strong and usually unrealistic assumptions are replaced
by weaker and more credible ones (see, e.g., Manski, 1989, 2003). In other words, the partial identification
approach to inference allows the researcher to conduct inference on the parameter of interest without impos-
ing assumptions on certain fundamental aspects of the model, typically related to the behavior of economic
agents. Still, for computational or analytical convenience, the researcher has to impose certain other assump-
tions, that are typically related to functional forms or distributional assumptions.? If these assumptions are
not supported by the data, and so the model is misspecified, the resulting statistical inferences are usually

invalid (see, e.g., Ponomareva and Tamer, 2011; Bugni, Canay, and Guggenberger, 2012).

Specification tests for partially identified models have been studied in Guggenberger, Hahn, and Kim
(2008), Romano and Shaikh (2008), Andrews and Guggenberger (2009), Andrews and Soares (2010), and
Santos (2012). Guggenberger et al. (2008) propose to transform a linear moment (in)equality model into a
dual form that does not involve parameters and, in this way, eliminate the partial-identification problem.
Innovative as it is, their approach only applies to linear models and is not practical when the dimension of
the parameter is large because the dimension of the dual form grows exponentially with the dimension of the
parameters. Santos (2012) defines specification tests in a partially identified non-parametric instrumental
variable model and, thus, his results are not directly applicable to the model in Eq. (1.1). To the best of

our knowledge, there is only one specification test for the model in Eq. (1.1) that has been described in the

IThe concept of statistical adequacy was introduced by Koopmans (1937) and referred to as the Fisher’s axiom of correct
specification. The discussion of the importance of a correct specification for inference purposes dates back to Haavelmo (1944).
2See Manski (2003) and Tamer (2003) for a discussion on the role of different assumptions and partial identification.



literature and has been shown to have correct (uniform) asymptotic size. This test arises as a by-product
of confidence sets for partially identified parameters and has been proposed by Romano and Shaikh (2008,
Remark 3.7), Andrews and Guggenberger (2009, Section 7), and Andrews and Soares (2010, Section 5).
More specifically, the test rejects the null hypothesis of correct specification whenever the confidence set for
0 is empty. We take this test as the main competitor of the new tests proposed in this paper and so we
describe it formally in the next section. In what follows we will call this test “Test BP”, to emphasize that

it comes as a by-product of confidence sets for 6.

This paper makes two main contributions. Our first contribution is to introduce two new specification
tests and show that both of them have correct asymptotic size and can be significantly less conservative
than Test BP. Our second contribution is to show that our new tests have asymptotic power that is at worst
equal to that of Test BP against all sequences of local alternatives, and that can be strictly higher than
the asymptotic power of Test BP for certain sequences of local alternatives. We therefore conclude that the

hypothesis tests proposed in this paper have better statistical properties that Test BP.

The central reason for this size and power advantages of our specification tests is that they were designed
with the sole purpose of testing the specification of the model, in contrast to Test BP which was conceived
while pursuing a different goal. In particular, our tests involve a different test statistic (which is the infimum
over © of the usual test statistic used to construct confidence sets for 6) in the same spirit of the popular
J-test in point-identified moment equality models. The main technical challenge in constructing tests based
on this test statistic lies in the construction of valid and computationally feasible critical values. We propose
two methods with relative merits depending on the context that result in tests that have correct asymptotic

size and are less conservative than Test BP.

It is worth mentioning that the specification tests we propose in this paper are a type of omnibus
tests, in the sense that the specific structure of certain nonparametric alternatives is unknown. However,
a partially identified model is typically the result of removing undesirable restrictions in a certain point
identified model. As a consequence, refuting the partially identified model therefore leaves the researcher
with a reduced set of assumptions that could potentially be wrong. In addition, in some cases testing the
specification of a partially identified model can be analogous to directly testing an interesting economic
behavior. For example, Kitamura and Stoye (2012) recently proposed a specification test for the Axiom
of Revealed Stochastic Preference that shares similarities to our specification tests. In their case, rejecting
the specification of the model through their non-parametric test directly means rejection of the Axiom
of Revealed Stochastic Preferences. We note, however, that there are substantial differences between our
approach and that in Kitamura and Stoye (2012) in terms of the nature of the model, the construction of

the test statistic, and the range of applications in which each of these tests can be applied.

The remainder of the paper is organized as follows. Section 2 introduces the basic notation we use in our
formal analysis and describes the aforementioned Test BP. Section 3 introduces the test statistic we use in the
construction of the two new specification tests. The description of the tests is then completed by combining
this test statistic with appropriate critical values that are introduced in the succeeding sections. Section 4
describes a critical value based on the asymptotic approximation or bootstrap approximation of the limiting
distribution of the test statistic. We call this test the re-sampling test or “Test RS”. Section 5 describes a
critical value that is based on recycling critical values that have already been considered in the literature.
We call this test the re-cycling test or “Test RC”. Section 6 compares the asymptotic size and power of
the new tests we propose and the existing test, Test BP. Finally, Section 7 presents evidence from Monte
Carlo simulations and Section 8 concludes. The Appendix includes all of the proofs of the paper and several

intermediate results. Finally, throughout the paper we divide the assumptions in two groups: maintained



assumptions indexed by the letter M (to denote mild assumptions that have been assumed elsewhere already)
and regular assumptions indexed by the letter A (to denote the assumptions that are fundamental for our
results).

2 Framework

The objective of our inferential procedure is to test whether the moment conditions in Eq. (1.1) are valid or
not, while maintaining a set of regularity conditions that we use to derive uniform asymptotic statements. We
assume throughout the paper that F'| the distribution of the observed data, belongs to a baseline probability
space that we define below. Given this baseline space, we define an appropriate subset where the null
hypothesis holds, denoted null probability space. These two spaces are the main pieces in the description of
our testing problem. We then introduce more technical assumptions in Section 3 before presenting the main
results. The next three definitions provide the basic framework of our problem.

Definition 2.1 (Baseline Probability Space). The baseline space of probability distributions, denoted by
P = P(a, M, ), is the set of distributions F' such that, when paired with some 6 € O, the following
conditions hold:

(i) {W;}, are i.i.d. under F,
(ii) 0%,(0) = Varp(m;(W;,0)) € (0,00), for j =1,... .k,
(iii) Corrp(m(W;,0)) € ¥,
(iv) Ep|m;(W;,0)/orp;(0)* < M,
where ¥ is a specified closed set of k x k correlation matrices, and M and a are fixed positive constants.

Definition 2.2 (Null Probability Space). The null space of probability measures, denoted by Py = Py(a, M, ¥),
is the set of distributions F' such that, when paired with some 6 € ©, the following conditions hold:

e Conditions (i)-(iv) in Definition 2.1,
(v) Erlmy(Wi, )] > 0 for j=1,....p,
(vi) Eplm;(W;,0)]=0for j=p+1,...,k,

where ¥, M, and a are as in Definition 2.1.

Definition 2.3 (Identified Set). For any distribution F' € P, the corresponding identified set ©;(F') is the

set of parameters § € © such that the parameter vector (6, F) satisfies all conditions in Definition 2.2.

We can now use these definitions to describe the null and alternative hypothesis of our test in a concise
way. Under the maintained hypothesis that F' € P, our objective is to conduct the following hypothesis test,

Hy:FePy, vs. HH:F &Py . (2.1)

By Definitions 2.2 and 2.3, it follows that F' € Py if and only if ©7(F) # (), and thus the hypotheses in Eq.
(2.1) can be alternatively expressed as

H():@[(F)#@VS. H1 @](F):@ y (22)



which is a convenient representation to characterize the existing test, Test BP, in the next subsection.

To test the hypothesis in Eq. (2.1), we use ¢, to denote a non-randomized test that maps data into a
binary decision, where ¢,, = 1 (¢, = 0) denotes rejection (non-rejection) of the null hypothesis. The exact

size of the test ¢, is given by suppep, Er[¢n], while the asymptotic size is

AsySz = limsup sup Erp[¢y,] . (2.3)

n—oo FePy
For any a € (0, 1), the test is said to be asymptotically level av if AsySz < « and it is said to be asymptotically
size correct if AsySz = a. The importance of the distinction between tests that satisfy AsySz < « rather

than pointwise requirement
limsup Ep[¢,] <o, VFePy,

n—oo

has been emphasized in much of the recent literature on inference in partially identified models. See, e.g.,
Imbens and Manski (2004), Romano and Shaikh (2008), Andrews and Soares (2010), and Mikusheva (2010).

2.1 The existent specification test

This section formally introduces the Test BP, which is currently used by the literature as the specification
test in partially identified models. As we have already explained, this test arises as a by-product of confidence
sets for partially identified parameters and has been described in Romano and Shaikh (2008, Remark 3.7),
Andrews and Guggenberger (2009, Section 7), and Andrews and Soares (2010, Section 5). Before describing
this test, we need additional notation.

All the specification tests that this paper considers build upon the criterion function approach developed
by Chernozhukov, Hong, and Tamer (2007). In this approach, we define a non-negative function of the
parameter space, QF : © — R, referred to as population criterion function, with the property that

Qr(0) =0if and only if 0 € ©7(F) . (2.4)

As the notation suggests, Qr(6) depends on the unknown probability distribution F' € P and, thus, it is
unknown. We therefore use a sample criterion function, denoted by @,,, that approximates the population
criterion function and can be used for inference. In the context of the moment (in)equality model in Eq.
(1.1), it is convenient to consider criterion functions that are specified as follows (see, e.g., Andrews and
Guggenberger, 2009; Andrews and Soares, 2010; Bugni et al., 2012),

Qr(0) = S(Erm(W,0)],Xr(9)) , (2.5)

where Xp(0) = Varp(m(W,0)) and S : Rﬁroo] x RF"P x ¥ — R, is the test function specified by the
econometrician that needs to satisfy several regularity assumptions.> The (properly scaled) sample analogue

criterion function is given by

where M, (0) = (M 1(0), ..., Mnk(0)), Mn;(0) = n~ S50 m;(W;,0) for j = 1,...,k, and ,(0) is a

3See Assumptions M.4-M.8 in the Appendix for these regularity conditions.



consistent estimator of Xz (6). A natural choice for this estimator is

n

Sn(0) =07 (m(W;,0) — mn(0))(m(W;, 0) — mn (6))' . (2.7)

i=1

Using this notation, we can now define a generic 1 — a confidence set for 6 as
CS,(1—a)={0€0:Q,0) <c,(0,1—a)}, (2.8)
where ¢, (0,1 — «) is such that CS,,(1 — «) has the correct asymptotic coverage, i.e.,

liminf inf Pp(6e€ CS,(1— >1—«. 2.9

iminf inf F( W(l-a)>1-« (2.9)
The condition in Eq. (2.9) guarantees uniform coverage over the space Fy, which denotes all parameters
(0, F) that satisfy the conditions in Definition 2.2.

Confidence sets that have the structure in Eq. (2.8) and satisfy Eq. (2.9) have been proposed by Romano
and Shaikh (2008); Andrews and Guggenberger (2009); Andrews and Soares (2010); Canay (2010); and
Bugni (2010), among others. In particular, Andrews and Soares (2010) consider confidence sets using Plug-
in asymptotics, subsampling, or generalized moment selection (GMS), and show that all of these methods
satisfy Eq. (2.9). We are now ready to define Test BP.

Definition 2.4 (Test BP). Let C'S,,(1—«) be a confidence set for 6 that satisfies Eq. (2.9). The specification
Test BP rejects the null hypothesis in Eq. (2.1) according to the following rejection rule

#BP =1{CS, (1 — a) = 0} . (2.10)

Given Eq. (2.9), it follows that Test BP has an asymptotic size bounded above by « (see Theorem C.3
in the Appendix). However, as pointed out in Andrews and Guggenberger (2009) and Andrews and Soares
(2010), this test is admittedly conservative. Although it has not been formally established in the literature,
one might also suspect that this test suffers from low (asymptotic) power. Our formal analysis shows that

Test BP can have strictly less power than the new specification tests developed in this paper.

Definition 2.4 shows that Test BP depends on the confidence set C'Sp,(1 — o). It follows that Test BP
inherits its size and power properties from the properties of C'S,,(1 — ), and these properties in turn depend
on the particular choice of test statistic and critical value used in the construction of C'S, (1 — «). All the
tests we consider in this paper are functions of the sample criterion function defined in Eq. (2.6) and therefore
their relative power properties do not depend on the choice of the particular function S(-). However, the
relative performance of Test BP with respect to the two tests we propose in this paper does depend on
the choice of critical value used in the construction of C'S,,(1 — «). Bugni (2010) shows that GMS tests
have more accurate asymptotic size than subsampling tests. Andrews and Soares (2010) show that GMS
tests are more powerful than Plug-in asymptotics or subsampling tests. This means that, asymptotically,
the Test BP implemented with a GMS confidence set will be less conservative and more powerful than the
analogous test implemented with Plug-in asymptotics or subsampling. Since our objective is to propose new
specification tests on the grounds of better asymptotic size control and asymptotic power improvements, we
adopt the GMS version of the specification test in Definition 2.4 as the “benchmark version” of Test BP.
This is summarized in the following assumption, maintained throughout the paper.

Assumption M.1. Test BP is computed using the GMS approach in Andrews and Soares (2010). In other



words, ¢ZF in Eq. (2.10) is based on
CS,(1—a)={0€0:Q,00) <é&0,1—-a)}, (2.11)

where ¢, (6, 1—«) is the GMS critical value constructed using a function ¢ and thresholding sequence {5y, }n>1
satisfying k, — oo and k,/y/n — 0.

We conclude this section by presenting a simple example that illustrates how the identified set can be
empty under misspecification. The example is also used in Section 7 to produce Figure 1, as it captures
the types of situations where there are power gains of implementing the specification tests proposed in this
paper instead of Test BP (see Figure 1).

100 ! ! ! ! ! ! ! ; .
1] SR AN AN TS N N = 5 SN
1] R RS SRS SIS N P00 Lt
k... ........ ........ e s ....... S ........ .
i S - ........ L ......... o - SN
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Degree of model misspecification

Figure 1: Rejection rates in the Example 2.1. Each line corresponds to the rejection rates in Table 2 in the
Monte Carlo section.

Example 2.1 (Missing Data). The economic model states that the true parameters (0, F') satisfy
EplY|X =z| = G(x,0),Vz € Sx (2.12)

where G is a known parametric function specified by the researcher and Sx = {xl}f‘;l is the (finite) support
of X. As there is missing data on Y, we let Z denote the binary variable that takes value of one if Y is
observed and zero if Y is missing. Conditional on X = z, Y has logical lower and upper bounds given by
Y. (z) and Y (x), respectively. The observed data are {W;}7_, where Vi = 1,...,n, W; = (Y;Z,;,Z;, X,).
The model in Eq. (2.12) therefore results in the following moment inequalities for [ =1, ..., d,:

Eplmy,(W,0)] = Ep[(G(z1,0) —YZ — Yi(21)(1 - 2)[(X = z;)]
Eplmig(W,0)] = Ep[(YZ+Yu(x)(1 - 2) = G(21,0)1(X = 21)] >

v

0,
0. (2.13)
We now choose a simple parametrization that we use in our Monte Carlo simulations. Suppose that Sx =

{1 =1(1,0,0),22 = (—1,0,1),23 = (0,1,0)}, that Y represents a non-negative outcome variable without an
upper bound, i.e., Yz () = 0 and Yx(z) = oo, that G is the linear model G(z,0) = 26, 8 = (61,02,1), and



that there are missing data for all covariate values, i.e., P(Z = 1|X = ;) < 1Vl = 1,2,3. In this context,
Eq. (2.13) is equivalent to

Ep[mi (W,0)] = Ep[(h —YZ2)I(X =21)] >0,
EF[W’LQ L(I/V, 9)] = EF[(I — 91 — YZ)I(X = 332)] Z 0 y
Eplms..(W,0)] = Ep[(6s — YZ)I(X = 23)] > 0 . (2.14)

It is straightforward to show that for any distribution F' € P, the identified set O;(F) is given by

(2.15)

@I(F) = {(91,92) €0: { 01 € [EF[YZ|X :x1]7EF[1 _YZ‘X = 352}]7 }}

It follows that this model is strictly partially identified (i.e., if a solution exists, it is always multiple) and it
is correctly specified if and only if Ep[YZ|X = 21] < Er[l — Y Z|X = x4].

3 The new test statistic

The specification tests we present in this paper share a common test statistic, which is related to the test
statistic Q,,(0) defined in Eq. (2.6). The justification for the new test statistic we propose follows immediately
under the following two mild assumptions, that we maintain throughout the paper.

Assumption M.2. O is a nonempty and compact subset of R% (dy < 00).

Assumption M.3. For any F' € P, Qr is a lower semi-continuous function.

Under Assumptions M.2 and M.3, the population criterion function achieves a minimum value in ©. This

minimum value is zero when the identified set is non-empty. More precisely, infgce QF(6) > 0 and

inf Qr(0) =0 = ©:(F) £0. (3.1)

It then follows that the hypothesis test in Eq. (2.1) can be re-written as

Hy: aIQgQF(H) =0vs. Hy :enengF(H) >0. (3.2)

Based on this formulation of the problem, it is natural to suggest implementing the test using the infimum of
the sample analogue criterion function as a test statistic, i.e., infgee @, (6). In particular, the specification
of the model should be rejected whenever the test statistic exceeds a certain critical value. This leads to the

following hypothesis testing procedure.

Definition 3.1 (New Specification Test). The new specification test rejects the null hypothesis in Eq. (2.1)
according to the following rejection rule

b =1 {eig(g) Qn(0) > én(1 — a)} : (3.3)

where é,(1 — «) is an approximation to the (1 — a) quantile of the asymptotic distribution of infgco @ (6).



In order to make the test in Definition 3.3 feasible, we need to specify the critical value é,(1 — ). The
challenging part of our analysis is to propose a critical value in Eq. (3.3) that results in a test that: (a)
controls asymptotic size, (b) has desirable power properties, and (c¢) is amenable to computation. Towards
this end, we propose two critical values that result in two hypothesis tests that satisfy these requirements.
The first critical value is based on a bootstrap approximation of the distribution of the test statistic under
the null hypothesis. The second critical value is based on a simple bounding argument based on “recycling”

GMS critical values. We describe each of these critical values in the next two sections.

Before introducing the critical values, it is convenient to describe the (1 — «) quantile we wish to approx-
imate. In order to do this, we need to describe the limit distribution of the test statistic infpce @ (6) along
sequences of distributions {F),},>1 with F,, € P for all n > 1. We do this by imposing the following four
assumptions (Appendix A contains further details on the notation used below).

Assumption A.1. For every F € P and j =1,...,k, {UE;(Q)ijﬂ) : W — R} is a measurable class of
functions indexed by 6 € ©.

Assumption A.2. The empirical process v, (-) with j-component

n

v (0) = Vnop! (0) ) (m;(Wi,0) — ma (), j=1,....k, (3.4)

i=1

is asymptotically pp-equicontinuous uniformly in F' € P in the sense of van der Vaart and Wellner (1996,

page 169). This is, for any € > 0,
0 n—oo FeP pr(0,0/)<8

léiinlimsup sup Pp ( sup  ||vn(6) — v, (6')]] > 5) =0,

where Pj denotes outer probability and pr denotes the coordinate-wise version of the intrinsic variance
semimetric (see Eq. (A-2) in Appendix A for details).

Assumption A.3. For some constant ¢ > 0 and all j =1,... k,
(. 0 2+a
sup Ep {sup m](,)] <00,
FeP oco | or;(0)

Assumption A.4. For any F € P and 6,0 € ©, let Qr (0,0") be a k x k correlation matrix with typical

[41, j2]-component

U (0.0/),, ) = Er [ (ma Q0 Erlny (W0} (ma W) Belmy W]
) 1,J2

or,j; (0) oF,jy (0")

The matrix QF satisfies
lim sup sup ||QF (61,07) — Qp (02,05)]| =0 .

P01 (01.01)— (62.03) | <8 FEP

Assumption A.1 is a mild measurability condition. In fact, the kind of uniform laws large numbers we need

for our analysis would not hold without this basic requirement (see van der Vaart and Wellner, 1996, page



110). Assumption A.2 is a uniform stochastic equicontinuity assumption which, in combination with the other
three assumptions, is used to show that, for all 7 = 1,..., k, the class of functions {0’;; @)ym;(-,0) : W — R}
is Donsker and pre-Gaussian uniformly in F' € P (see Lemma D.2). Assumption A.3 provides a uniform (in ¥’
and 6) envelope function that satisfies a uniform integrability condition. This is essential to obtain uniform
versions of the laws of large numbers and central limit theorems. Finally, Assumption A.4 requires the
correlation matrices to be uniformly equicontinuous, which is used to show pre-Gaussianity. This condition
implies that the FEuclidean metric for  is uniformly stronger than the variance semimetric (see van der Vaart
and Wellner, 1996, problem 3, page 93).

The next theorem derives the limit distribution of our test statistic under the above assumptions. In
the theorem, we let C(62) denote the space of continuous functions that map ©2 to ¥, and S(© x Rfioo])
denote the space of compact subsets of the metric space (© x Rfioo],d(-)), where d(-) is the metric defined

in Appendix A, Eq. (A-1). We use the symbols % and X to denote uniform convergence and convergence in
Hausdorff distance (see Appendix A). Finally, we let Dp(0) = Diag(Xr(0)), and define for any n € N and
F € P the following subset of © x R¥,

N {(9,4) €0 x R* : { = /nD7?(0) Ep[m(W, 9)]} . (3.5)

Theorem 3.1. Let Assumptions A.1-A.4 hold. Let {F,},>1 be a (sub)sequence of distributions such that
for some (Q,A) € C(©2) x §(O x Rfioo]), (i) F,, € Py for alln € N, (ii) Qp, (0,0) = Q(0,6'), and (iii)
Ao, B A. Then, along the (sub)sequence {F), }n>1

_ . d .
T, = 0H€1£) Qn(0) = J(A,Q) = (G}BfeA S(va(0) + £,92(0,0)), asn — oo , (3.6)

where v : © — R¥ is a R¥-valued tight Gaussian process with covariance (correlation) kernel Q € C(©2?).

Theorem 3.1 gives the asymptotic distribution of our test statistic under a (sub)sequence of distributions
that satisfies certain properties. It turns out that these types of (sub)sequences are the relevant ones to

determine the asymptotic size of our tests (for additional details, see Appendix C).

The limit distribution J(A, ) in Theorem 3.1 depends on the set A and the function €, and so does
its 1 — a quantile, which we denote by ¢a(€,1 — «). Our goal is to construct feasible critical values that
approximate cp (€2, 1 — «) asymptotically. Unfortunately, this is a difficult task as A cannot be consistently

estimated in a uniform way. In the next two sections, we propose two approaches to circumvent this problem.

4 Test RS: Re-Sampling critical value

The first approach is based on the use of resampling methods to approximate J(A, ), which require approx-
imating the limiting set A and the limiting correlation function 2. The limiting correlation function can be
estimated using standard methods. On the other hand, the approximation of A is non-standard and presents
two main difficulties. The first one can be related to the difficulty described in Andrews and Soares (2010)
of estimating the slackness parameter for the moment inequalities. The second one is related to the fact that
the set A includes limit points of random sequences that contain tuples (6, F},) such that 6,, ¢ ©(F,,) for
some or all n € N. This second difficulty is novel to this paper.

To be more precise, Andrews and Soares (2010) denote the slackness parameter that indicates whether a



moment inequality is binding, close to be binding, or not binding, by
hyj = lim Vnop! (0,) B, [m;(W,6,)], forj=1,...,p. (4.1)

This slackness parameter is only defined for (non-random) sequences of parameters {(6,, F),)}n>1 with
0, € O1(F,) for all n € N (implying hy; € [0,00]) and it cannot be consistently estimated. The GMS
approach proposed by Andrews and Soares (2010) takes advantage of the weak monotonicity of the test

function and then replaces hy ; with a function ¢;(-) of the following sample measure of slackness,
€n.i(0) = k5, Vg (0)mn,;(0), for j=1,....p, (4.2)

where {£,}n>1 is a thresholding sequence that satisfies x,, — 0o and &, /y/n — 0.

Our problem is similar in the sense that A contains the cluster points of the sequence

{00, VnD5? (0,) Er, [m(W, 0,)]) o1 - (4.3)

However, the presence of an infimum over € in our problem implies that the sequence 6,, is now random.
This is an important technical difficulty, as most of the results in Andrews and Soares (2010) cannot be
extended to random sequences. More importantly, in our setup all we know under the null hypothesis is
that F,, € Py for all n € N. By definition of Py (see Definition 2.2), this means that there exists 6 such
that 67 € ©7(F,) for all n € N. There is, however, no guarantee that the random sequence 6,, in Eq. (4.3)
satisfies 0,, € O;(F,). In fact, in most standard models one can construct cases in which 0,, ¢ ©;(F,,) for
all n € N. This is problematic because it implies that the set A contains tuples (6, ¢) such that ¢; < 0 for
j=1,...,p,or{; #0for j =p+1,...,k and so, if an infimum is attained, it could be attained at a value
of ¢ that is not associated with £; >0 for j=1,...,pand {; =0for j+p+1,...,k.

Despite the aforementioned difficulties, we can approximate the quantiles of J(€2, A) much in the spirit of
Andrews and Soares (2010), with the addition of an approximation of the identified set ©(F') to guarantee
that the limit points of the elements (6, £) in the resampling approximation of the set A are such that ¢; > 0
for j=1,...,pand {; =0 for j =p+1,...,k. The exact approximation of ©;(F') we use is described in
the next definition.

Definition 4.1. Let {7,,},>1 be a non-stochastic sequence defined as 7, = ], for some r € (0,1) where
{Kn}n>1 is as in Assumption M.1, and let ¢} = infgee S(7; /M, (6), 3,()). The approximation to the
identified set is defined as

O ={0€0: S0, Vma(0),5,(0) —q <1} . (4.4)

The set O is the standard estimator of the identified set, based on a normalized sample criterion function
centered at the infimum. This normalization is useful in cases where the infimum of the sample criterion
function is not zero in finite samples (see Chernozhukov et al., 2007, p. 1247) and avoids having an estimator
of the identified set that can be empty with positive probability. The estimator O is non-empty by definition.

Now we can define the resampling test statistic that we use to construct an approximation to ca (2, 1 — ).
Let {0}(0) : 0 € ©} be a stochastic process indexed by 6, whose conditional distribution given the original

sample is known and can be simulated. Consider the following test statistic

T, = uf S(07,(0) + ¢ (€n(0), 2 (9)), 2(9)) ,
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where for D, (0) = Diag(3,(0)), and £,(0) the estimator in Eq. (2.7),

Q,.(0) = D;V2(0)2,(0)D

n

20)

m

§n(0) = {&n,5(0)})—, with &, ;(0) is as in Eq. (4.2), and ¢ = (p1,...,¢p,0r—p)" € Rfc+oo] is the function
in Assumption M.1 that is assumed to satisfy the assumptions in Andrews and Soares (2010). Examples
of ¢ include ¢;(&,Q) = ooI(§; > 1) (where we use the convention co0 = 0), ¢,(&,Q) = max{{;,0}, and
0 (&,Q)=¢; for j =1,...,p (see Andrews and Soares, 2010, for additional examples).

Conditional on the sample, the distribution of 7)r is known and its quantiles can be approximated
by Monte Carlo simulation. For example, the stochastic process 9; can be simulated via a bootstrap

approximation, in which case
. I . _
vn(a) = ﬁ Z Dn 1/2(9)(m(wz 79) - mn(e)) ) (45)
i=1

where {W;}?_, is an i.i.d. sample drawn with replacement from original sample {W;}_,, or via an asymptotic

approximation, in which case
" 1 & _
0, (0) = 7 > DM0)(m(Wi, 0) — mn(6))G (4.6)
i=1

where {¢;}7; is an i.i.d. sample satisfying {; ~ N(0,1). We can now define Test RS.

Definition 4.2 (Test RS). The specification Test RS rejects the null hypothesis in Eq. (2.1) according to
the following rejection rule

o =1 { it 0u(0) > 51 - )} (47)
0cO
where ¢#5(1 — a) is a resampling approximation to the (1 — )-quantile of T*.

The following result shows that the hypothesis test proposed in Definition 4.2 is asymptotically level
correct.

Theorem 4.1. Let Assumptions A.1-A.7 hold. Then, for any o € (0,1),

limsup sup Er[¢2%] < a . (4.8)
n—oo FEPy

In order to understand the result in Theorem 4.1, it is convenient to re-write the test statistic 7,7 in a
way that facilitates comparisons with the set A, r defined in Eq. (3.5). This can be done by noting that

Tr = inf S(05(0) +£,Q.(0)),
(6,6)eAy,

where
Ry ={0.0):0€ 61, £=(60(0), 200} - (4.9)

Therefore, the resampling approach behind test RS in Definition 4.2 consists in replacing the set A with the

*
n’

approximation A*, which is (generally) not consistent for A. The important distinction here, relative to a
standard resampling method, is that the set IAX:‘L restricts 0 € ©; as opposed to § € © in A, p. In fact, it is

possible to show that if we were to define the set A;‘L with © replacing 6 1, this would result in an approach
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that would not control asymptotic size as in Theorem 4.1 for functions ¢ satisfying Assumption A.5. In
other words, under the assumptions of the theorem, using a similar statistic to 7,y but with an infimum over

© (as it is the case for the original test statistic) does not provide a valid asymptotic approximation.*

Once we re-write the test statistic as above, the result in Theorem 4.1 follows from three intermediate

steps that use the following expansion of ©(F).

Definition 4.3. Let 1, = 7,,log k,, and ©]" (F') be defined as
O (F)={0 € ©:5(n, " VnEprm(W,0)],%r(0)) <1} .

Remark 4.1. ©]"(F') is a blow-up of ©;(F), with an amount of expansion proportional to 7,,/v/n = o(1).
Moreover, Lemma D.13 in Appendix C shows that
lim inf Pp (GI(F) cod,cor (F)) ~1.

n—oo F'ePy

The first step is immediate and consists in noticing that T,, < T, for all n € N, where T, is defined
similarly to 7}, but with an infimum over § € ©7"(F). If we let J(A’, Q) denote the limit distribution of T},,
it follows from ©7" (F') C © that

J(A,Q) < J(N,Q) . (4.10)

The advantage of working with this (infeasible) test statistic, is that now the limit set A’ does not contain
limit points of sequences {(6,, F,,)}n>1 with 6, far from ©;(F),).

The second step is to note that Remark 4.1 implies that, asymptotically, T; < T}, where T;{ is defined
as T with A;“l replaced by
{(0.0):0 € O] (F), L=¢"(&u(9))} - (4.11)

This representation is useful for two reasons: the set ©7" (F,,) is non-random and the function ¢* is continuous
(which is not necessarily the case for the original function ¢) and does not depend on Qn(ﬁ) (see Theorem
C.2 for details). If we denote by J(AT,Q) the limit distribution of the test statistic 77", we then show that

J(N, Q) < J(AT,Q) . (4.12)

The combination of Egs. (4.10) and (4.12) ensure that the critical value ¢2°(1 — a) is uniformly valid.

Remark 4.2. Note that the sequence 7,, and the set ©7"(F},) are used in the proof at intermediate steps
but are not needed for the implementation of the test ¢f.

Remark 4.3. The definition of the set in Eq. (4.11) assumes the existence of a function ¢*(-) that is
continuous and satisfies ¢ < ¢*. Such assumption is not restrictive. For example, it is satisfied for the
functions ¢ — ) described in Andrews and Soares (2010) and Andrews and Barwick (2012) (see Remark
B.1 in Appendix B).

Remark 4.4. Test RS, although feasible, might be computationally demanding in some applications. The
main complexity is that it requires to simulate a stochastic process in 6 with a covariance kernel that
converges to (0,0’) asymptotically. In practice, this is achieved by simulating % (6) for each 6 € ©; as in

41t is worth pointing out that a special choice of the function ¢ can be shown to circumvent the problem and result in a
test that controls asymptotic size. However, such function does not belong to the class of functions considered in Andrews and
Soares (2010) and thus not suitable for the type of power comparisons we study in this paper.
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Equation (4.6). Letting B denote the number of simulation draws, this means that for each § € ©; Test RS
requires n X B simulations from a standard normal random variable, which increases proportionally to the
sample size.

5 Test RC: Re-Cycling existent critical values

This section proposes a second method to compute critical values that can be computationally attractive in
many models and generates power advantages vis-a-vis Test RS. The critical value for the Test RS is based
on approximating the quantile of the infimum of the criterion function @, (0) over all § € ©. In contrast,
the main idea behind the critical value for the Test RC is to bound the quantile of the infimum with the
infimum of the approximated quantiles, which are already available in the literature. Formally, the Test RC
is defined as follows.

Definition 5.1 (Test RC). The specification Test RC rejects the null hypothesis in Eq. (2.1) according to

the following rejection rule

PlC =1 {Hig(g Qn(0) > ef(1 - a)} : (5.1)
where ¢2¢(1 — a) is given by
eRC(1—a)= inf &,(0,1—-a), (5.2)
€O

and é,(6,1 — «) is the GMS critical value defined in Assumption M.1.

The following result shows that the hypothesis test proposed in Definition 4.2 is asymptotically level
correct.

Theorem 5.1. Let Assumptions A.1-A.7 hold. Then, for any o € (0,1),

limsup sup Er[¢f¢] <a . (5.3)

n—oo FePy
Remark 5.1. The computational cost of Test RC is only marginally higher than that of the Test BP, as
Test BP already requires é,(f,1 — a) for all # € © and Test RC just takes an infimum over ©; of these
critical values. In practice the infimum in Eq. (5.2) is just a minimum over a finite grid, as Oy is typically a

finite collection of points. The additional cost is therefore limited to the computation of O7;.

Remark 5.2. The computational advantage of Test RC over Test RS comes from the fact that Test RC
requires to simulate the Gaussian process 07 (#) at each particular 6, which is a normal random variable with
zero mean and a variance 2(6). In other words, the correlation of o} (6) and ¢ (0') for 6 # 0’ is not needed
to compute Test RC. In practice, this means that for each 6 € 6 1, Test RC requires k x B simulations from

a standard normal random variable, which does not increase with the sample size, c.f. Remark 4.4.

Remark 5.3. Theorem 5.1 follows immediately from Theorem 4.1 once we notice that

¢S5l —a) < inf é,(0,1—a)=¢01 —a), (5.4)
0€O;

as the quantile of an infimum is weakly smaller than the infimum of the quantiles. See the proof of Theorem
6.1 in the next section for details.
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6 Power analysis

It follows from previous results that the three specification tests we study in this paper are asymptotically
size correct. In this section we show that the two tests we propose, Test RS and test RC, weakly dominate
Test BP in terms of finite sample power for all n € N, and can even strictly dominate Test BP in terms
of asymptotic power for certain types of local alternatives. These results are summarized in the next two
theorems.

Theorem 6.1. For any (n,F) e Nx P,
O 203 2 op"
Corollary 6.1. For any sequence of local alternatives {F,, € P/Po}n>1,

liminf(Ep, (03] = Er,[$;]) >0, and liminf(Er, [¢;°] - Er,[¢77]) >0 .
n—oo n—oo
The proof of Theorem 6.1 is in Appendix C, while Corollary 6.1 follows directly from Theorem 6.1. Note
that Theorem 6.1 is a statement that holds for all n € N and F' € P. This is not only a finite sample power
result, but it is also a relationship that holds for distributions F' € Py. It follows that the two tests we
propose cannot be more conservative than the existing Test BP.

Theorem 6.1 and Corollary 6.1 show that Test BP will never do better (in terms of power or asymptotic
conservativeness) than Test RS and Test RC. However, there is nothing that prevents a situation in which
all these tests provide exactly the same power. The last result in this section therefore provides a type of
local alternatives for which both of our tests have strictly higher asymptotic power than Test BP. The result

relies on the following condition.

Assumption A.9. Let ©; be the set defined in Definition 4.1. The sequence {F,, € P},>1 satisfies the
following properties: (i) there is a sequence {07 € O},>1 s.t. Qn(05) = T}, and é,(0%,1—a) 2 ¢y, (ii) there
is a sequence {f, € O1}n>1 s.t. é,(0,,1 — a) B ¢y, and (iii) T, <4 J and P(J € (c1,c2)) > 0.

The intuition behind Assumption A.9 is illustrated in Figure 2, which is based on Example 2.1. In
words, Assumption A.9 requires that the standard estimator of the identified set includes at least two points
asymptotically along the sequence of alternatives, and that the quantiles of the limit distribution of @, ()
are different at each of these two points. For example, in Figure 2 the set of minimizers of @, () is a line
and therefore © 1 is a rectangle. In particular, the critical value at the point labeled “1, 2, 3 active” is one
for which there are three moment inequalities that are active (and it converges to ¢o in the notation of the
assumption), while the critical value at the point labeled “1, 2 active” is one for which there are only two
moment inequalities that are active (and so it converges to ¢; in the notation of the assumption). The value
of @, (0) is the same at these two points. It is therefore clear that whenever the set of minimizers of @, (9)
is not a singleton and the distribution of @, (6) is not the same along the minimizers, Assumption A.9 will
be satisfied.

Theorem 6.2. Assume the sequence of local alternatives {F,, € P/Po}n>1 satisfies Assumption A.9. Then,

lim inf(Ep, [67°] — Ep, [¢57]) > 0 .

n—oo
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Figure 2: Tllustration of Assumption A.9 . The identified set is defined in Eq. (7.2) and Z7 = {Y; Z;|X = 2}
for j =1,3 and Z5 =1 — {Y;Z;| X = x>}, where {Y;Z;|X = z;} are defined as in Eq. (7.1).

Theorem 6.2 shows that Test RC is asymptotically strictly more powerful than Test BP for sequence of
alternatives satisfying Assumption A.9. Combining this theorem with Theorem 6.1, it follows that Test RS
is also strictly more powerful than Test BP asymptotically.

Remark 6.1. If one considers sequences of alternatives under which the inequality in Eq. (5.4) becomes
strict, it is then possible that Test RS becomes strictly more powerful than Test RC for such alternatives.

7 Monte Carlo simulations

We now present Monte Carlo simulations that illustrate the finite sample properties of the specification tests
considered in this paper. We simulate data according to the simple parametrization presented in Example
2.1, i.e., Eq. (2.14). The data {W;}?_, are i.i.d., where W; = (X;,Y;Z;) is distributed as follows

{(YiZi|X =21} ~ N(0,1), {YiZi|X =22} ~N(1+n,1), {YiZi|X=ua3}~N(0,1), (7.1)

for different values of 7 € R. By plugging in this information into Eq. (2.14), we can derive the following
closed form solution for the identified set

@I(F):{(€1,02)€®:91 S [0,—77], 9220} . (72)

The parameter 7 € R measures the amount of model misspecification. On the one hand, n < 0 implies
that the model is correctly specified and strictly partially identified, i.e., the identified set includes multiple
values. On the other hand, > 0 implies that the the model is misspecified, i.e., the identified set is empty.

The results from the simulations are collected in Tables 1 and 2. The parameters we use to produce
both tables are as follows: o = 10%, k,, = v/logn, n € {100,500}, and 7,, € {/loglogn, k,,/3, 2k, /3}. The
number of replications is set to M Csize = 2,000. Our simulation results are consistent with our theoretical
findings.

Under the null hypothesis (i.e. n < 0) all tests considered in this paper provide size control (i.e. rejection

rate does not exceed «). In fact, these tests appear to be slightly conservative in the current setup (i.e.
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n

Test Tn -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

BP N/A 0.75 220 5.65 11.90 2255 37.15 53.40 6830 79.75 88.55 94.50 97.85
RC  loglogn | 1.65 4.05 9.55 1855 31.85 4795 64.25 76.15 86.05 93.00 97.35 99.00
RC (1/3)kn 1.65 4.056 9.55 1855 31.85 4795 64.25 76.15 86.06 93.00 97.35 99.00
RC (2/3)k, | 1.65 4.05 9.55 1855 31.85 47.95 64.25 76.15 86.05 93.00 97.35 99.00
RS Vloglogn | 1.95 545 11.50 22.00 36.00 52.55 68.00 79.15 88.10 94.25 97.85 99.05
RS (1/3)kn 1.80 4.75 10.65 20.45 34.10 50.15 66.30 77.70 87.00 93.65 97.55 99.05
RS (2/3)k, | 2.00 5.65 12.05 22.65 36.90 53.30 6880 79.95 88.60 94.50 97.90 99.05

Table 1: Rejection rate (in %) of Test BP, Test RC, and Test RS for the model in Eq. (7.2). Parameter
values are n = 100, « = 10%, and x,, = v/logn. Results based on 2,000 Monte Carlo replications.

n

Test Tn -0.1 0 0.1 0.2 0.3 0.4 0.5 06 07 08 09 1
BP N/A 0.15 250 14.80 44.75 78.75 9545 99.55 100 100 100 100 100
RC  loglogn | 0.40 4.15 20.75 53.90 85.05 97.20 99.70 100 100 100 100 100
RC (1/3)k, | 0.40 4.15 20.75 53.90 85.05 97.20 99.70 100 100 100 100 100
RC (2/3)k, | 0.40 4.15 20.75 53.90 85.05 97.20 99.70 100 100 100 100 100
RS loglogn | 0.50 4.45 2240 55.80 86.50 97.70 99.70 100 100 100 100 100
RS (1/3)k, | 0.40 4.35 21.90 55.20 86.05 97.60 99.65 100 100 100 100 100
RS (2/3)k, | 0.50 4.55 2320 56.40 86.65 97.80 99.70 100 100 100 100 100

Table 2: Rejection rate (in %) of Test BP, Test RC, and Test RS for the model in Eq. (7.2). Parameter
values are n = 500, o = 10%, and k,, = v/logn. Results based on 2,000 Monte Carlo replications.

rejection rate less than a)). As expected, under the alternative hypothesis (i.e. 7 > 0) the rejection rates
increase, with an amount of rejection increasing with the amount of misspecification, measured by 7.

In accordance to Theorem 6.1, the tests proposed in this paper should reject more or equal than Test BP.
As a corollary, Tests RS and RC are (a) less or equally conservative and (b) more or equally powerful than
Test BP. Our Tables reveal that both of these findings occur strictly in finite samples. For concreteness,
consider the results for a small sample size n = 100 in Table 1 and concentrate on implementing Tests
RC and RS using the recommended value of 7,, = y/loglogn. For a null hypothesis with n = 0, Test BP
is significantly more conservative than Tests RC and RS (rejection rates of 2.2% versus 4.05% and 5.45%,
respectively). For an alternative hypothesis with n = 0.3, Test BP is significantly less powerful than Tests
RC and RS (rejection rates of 22.55% versus 31.85% and 36%, respectively). The results for a moderate
sample size n = 500 in Table 2 are qualitatively similar. Our results indicate that the rejection rates of Tests

RC and RS are relatively insensitive to reasonable choices of 7, (especially for n = 500).

Section 6 shows that a simplified version of our model used in these Monte Carlo simulations satisfies the
assumptions of Theorem 6.2. By using similar arguments, it is possible to show that these findings extends
to the current setup. As a consequence, the strict power advantages that of the tests proposed in this paper

vis-a-vis Test BP can be understood as the finite sample consequence of our asymptotic results.

One interesting feature of our simulation results is that the rejection rates for Test RC and RS are very
similar. This is not a coincidence. In the context of Example 2.1, it is possible to show thats Test RC and RS
have the same asymptotic power for all (local) alternative hypotheses considered in our simulations. Using
a different example, we show that the Test RS can have a higher asymptotic power than Test RC. In Monte

Carlo simulations based on this alternative example, we show that Test RS can have significantly more power
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in finite samples than test RC.5 This example illustrates a situation in which the additional computational

cost of Test RS relative to Test RC is compensated by better power properties.

8 Conclusions

This paper studies the problem of specification testing in partially identified models with special focus on
models defined by a finite number of moment equalities and inequalities (i.e. (in)equalities). Under the null
hypothesis of the test, there is at least one parameter value that simultaneously satisfies all of the moment
(in)equalities whereas under the alternative hypothesis of the test there is no such parameter values. While
this problem has not been directly addressed in the literature (except in particular cases), several papers in
the literature have suggested implementing this inferential problem by checking whether confidence sets for

the parameters of interest are empty or not.

We propose two hypothesis tests that use the infimum of the sample criterion function over the parameter
space as test statistic. The difference between these tests lies in their critical values. We show that both of
these hypothesis tests are: (a) asymptotically size correct in a uniform sense and (b) more powerful than tests
that check whether the confidence intervals for the parameters of interest are empty or not. Our numerical

results show that the gains in power can be substantial even for small sample sizes.

Appendix A Notation

Throughout the appendix we use the following notation. For any v € N, 0, is a column vector of zeros of size u,
1, is a column vector of ones of size u, and I, is the u X u identity matrix. We use R4+ = {z € R : =z > 0},
Ry = Ryt U{0}, Ry oo = Ry U{+00}, Rijoo) = RU{+00}, and Rjto) = RU{+o0}. For any u € N, we equip R,

with the following metric d. For any z1,x2 € Rf‘ioo],

u

1/2
d(z1,22) = (Z(G(Iu) - G(l’z,i))2> : (A-1)

1=1
normal CDF. Finally, D,(6) = Diag(3,(6)), Qn(8) = Dn'/2(0)5,.(0)Dr'/2(0), va(8) = nDp'?(6)(mn(6) —
Er[m(W,0))), 5, (0) = vnDy Y2 (0) (mn (0) — Er[m(W, 0)]), and v (0) is defined as 47 (6) in Eqs. (4.5) and (4.6) with
D;l/Q(G) replacing D, */? ).

where G : Ri1oo) — [0,1] is such that G(—co0) = 0, G(co0) = 1, and G(y) = ®(y) for y € R, where ® is the standard
)

Remark A.1. The space (R, d) constitutes a compact metric space. Also, if a sequence in (R, ., d) converges

to an element in R, such a sequence will also converge in (R“, || - ||), where || - || denotes the Euclidean norm.

Let C(©2) denote the space of continuous functions that map ©% to ¥ and S(© x Rf“ioo]) denote the space of
compact subsets of the metric space (O x Rfioo],d). In addition, let dg denote the Hausdorff metric associated to d,
i.e., for any sets A, B € © x Rﬁ:oo],

di(A, B) = inf  d((61,h1), (62, ha)), inf  d((01,h1), (B2, h .
u(A, B) maX{(elf}tllrieA(QQ’glg)eB (61, h1), (62, h2)) e U W (61, h1), (62 2))}

We use “2” to denote convergence in the Hausdorff metric, i.e., A, LB — du(An,B) — 0. Finally,
for non-stochastic functions of § € ©, we use “%” to denote uniform in @ convergence, e.g., Qp, — Q <<=
supg greco d(Qr, (0,60'),9(0,0")) — 0. Also, we use 2(6) and (6, 6) equivalently.

5These Monte Carlo simulations are available upon request.
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We denote by [°°(0©) the set of all uniformly bounded functions that map © — R*, equipped with the supremum
norm. The sequence of distributions {F, € P},>1 determine a sequence of probability spaces {(W, A, F},)}n>1.
Stochastic processes are then random maps X : W — [°°(©). In this context, we use “i”, “«Br and ““37 to denote
weak convergence, convergence in probability, and convergence almost surely in the [°°(©) metric, respectively, in the
sense of van der Vaart and Wellner (1996). In addition, for every F' € P, we use M(F) = {D;1/2(0)m(~, 0) : W — R*}

and denote by pr the coordinate-wise version of the “intrinsic” variance semimetric, i.e.,

AN -1 —1/pn/ /\11/2 k
pr(0,0) = | {Vilow0)m;(W,0) = o (0m; (W,00] *} (A-2)
It is easy to show that pr(0,0') = V/2||[Ir — Diag(Qr(0,0"))]*/?].
Finally, the assumptions in the next section and some of the auxiliary results make use of the sets
Nr, = {(0,0) € O (Fu) x R* : £ = VD [ *(0) B, (W, 0)]} (A-3)
Nr, = {(0,0) € O (Fa) x R* : £ = i VD3> (0) B, [ (W, 0)] - (A-4)

Appendix B Additional assumptions

This section collects several assumptions that are routinely assumed in the literature of partially identified models

defined by moment (in)equalities, and some additional ones required by this paper.

Assumption A.5. Given the function ¢ : ]R][:_OO] X REI;] x U — RF_,_OO] in Assumption M.1, there is a function

o Rﬁoo] — Rﬁ_oo] that takes the form ¢* (&) = (¢7(&1),- .., 9p(&p); Ok—p) and, for all j =1,...,p,

(8) ¥}(&) > 9s(€,Q) for all (,2) € RY, _ x REZ x W,
(b) ] is continuous.

(c) ¢; (&) =0 for all §; <0 and ¢} (c0) = oo.

Assumption A.6. For any {F, € Po}ln>1, let A" and A’ be such that A, x 5 A* and ALk, A, where AL r
and A}, p_are defined in Egs. (A-3) and (A-4), respectively. Then, for all (¢,¢) € A" there exists (0,¢') € A’ where
2; =0 for all j > p, 5 > ¢j(¢;) for all j < p, and ¢* is defined as in Assumption A.5.

Assumption A.7. For any {F,, € Po}n>1, let (2, A) be such that Qp, = Q and A}, 5, B A with (Q,A') € C(6) x
S(O x Rfioo]) and A;, . asin Eq. (A-3). Let go,a/)(1 —a) be the (1 — a)-quantile of J(Q, A’) = inf (g near S(va(F)+
£,9(0)). Then,

(a) If go,a1 (1 — ) > 0, the distribution of J(Q,A’) is continuous at g a7 (1 — ).

(b) If go,ar) (1 — @) = 0, liminfrso0 Pr, (T = 0) > (1 — a), where Ty, = infgegrn (r,) Qn(0).

Assumption A.8. The following conditions hold.

(a) For all (0, F) € © x Py, Qr(0) > cmin{d, du ({0}, 01 (F))X} for constants ¢,§ > 0.

(b) © is convex.

(¢c) For any F € Py, let Gp(0) denote the matrix conformed by collecting the gradient of each coordinate of
D;1/2(0)Ep[m(VV, 0)] : © — R®. There exists a constant K > 0 s.t. Gr satisfies the following Lipschitz

type condition

sup |G (8') — Gr(O)]] < K16 0]
FePg
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(d) 72(log kn)?/+/n — 0, where 7, and k,, are as in Definition 4.1 and Assumption M.1, respectively.

Remark B.1. Assumption A.5 is satisfied if the function ¢ is any of the the functions ¥ —o® described in Andrews
and Soares (2010) or Andrews and Barwick (2012). This follows from Lemma D.8, as the functions p(*) — o satisfy

the conditions of the lemma.

Remark B.2. Assumption A.6 is a mild assumption if we assume that the (studentized) moment conditions are

smooth. In particular, Lemma D.9 shows that Assumption A.8 implies Assumption A.6.

Remark B.3. Without Assumption A.7 the asymptotic distribution of the test statistic could be discontinuous at
the probability limit of the critical value, resulting in asymptotic over-rejection under the null hypothesis. One way
to address this problem is by adding an infinitesimal constant to the critical value, which introduces an additional
tuning parameter that needs to be chosen by the researcher. Another way is to impose Assumption A.7, so that the

limiting distribution is either continuous or has a discontinuity that does not cause asymptotic over-rejection.

The literature routinely assumes that the test function S in Eq. (2.5) satisfies the following assumptions (see,
e.g., Andrews and Soares (2010), Andrews and Guggenberger (2009), and Bugni et al. (2012)). We therefore treat

the assumptions below as maintained.

Assumption M.4. The function S satisfies the following conditions.

(a) S((m1,mz),%) is non-increasing in my, for all (m1,mz) € RY, ; x R*~? and all variance matrices ¥ € RF**,
(b) S(m,Q) = S(Am,AXA) for all m € R*, ¥ € R*** and positive definite diagonal A € R**%.

(c) S(m,) >0 forall m € R¥ and Q € ¥,

(d) S(m,Q) is continuous at all m € Rf+oo] x R¥"P and Q € .

Assumption M.5. For all h; € Rﬂw] X R¥P all Q € ¥, and Z ~ N (04,Q), the distribution function of
S(Z+ h1,Q) at x € R is:

(a) continuous for z > 0,
(b
(

strictly increasing for = > 0 unless p = k and h; = oo?,

(oW

)
)
(c) less than or equal to 1/2 at © = 0 when k > p or when k = p and hy,; =0 for some j =1,...,p.
) is degenerate at © = 0 when p = k and h1 = ooP.

)

(e) P(S(Z+ (m1,0k—p),)<z) < P(S(Z+4 (m],06—p),) <z) for all z > 0 and all m;,m] € R? with

[+o0]
mi < mj.
Assumption M.6. The function S satisfies the following conditions.

(a) The distribution function of S(Z, Q) is continuous at its (1 — «) quantile, denoted ¢ (2,1 — ), for all Q € U,
where Z ~ N (04, 2) and « € (0,0.5),

(b) ¢(©,1— @) is continuous in Q uniformly for Q € .

Assumption M.7. S(m,Q) > 0 if and only if m; < 0 for some j = 1,...,p or m; # 0 for some j =p+1,...,k,
where m = (m1,...,mg) and Q € ¥. Equivalently, S(m,Q) = 0 if and only if m; > 0forall j=1,...,pand m; =0

forall j =p+1,...,k, where m = (m1,...,my) and Q € V.
Assumption M.8. For some x > 0, S(am, Q) = aXS(m, Q) for all scalars a > 0, m € R¥, and Q € U.

Assumption M.9. For all n > 1, S(y/nim,(0),3(6)) is a lower semi-continuous function of 6 € ©.
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Appendix C Proofs of the Main Theorems
Proof of Theorem 3.1. The proof is similar to that of Theorem C.1 in this section and therefore omitted. O

Proof of Theorem 4.1. We start by proving that for n > 0,

limsup sup Pr(Tn > éi°(1—a)+n) < a.
n—oo FeEPy

We divide the argument into steps. Steps 1-3 hold for n > 0, step 4 uses that > 0, and step 5 proves the result for
1n = 0 under Assumption A.7.

Step 1. Recall that from Definition 4.3 and Assumption A.7, 1, = 7, log K, and Tn = infee@?"(Fn) Qn(0). Let

&?9(1 — ) denote the conditional (1 — a)-quantile of

inf 8 (80(0) + " (s VDY ()7 (6)), 2 ()

969?" (Fn)

where ¢™ is the function defined in Assumption A.5. For any F' € Py consider the following derivation

Pp(Tn>é°(1—a)+n) < Pr(Tw>é (1—a)+n)
< Pe(Tw > (1—a)+n) + Pre®(1—a) <& (1 - a))
< Pp(Tn>&(1—a)+n)+ Pr(Or ¢ O (F)),

where the first inequality follows from F' € Py which implies that ©7"(F) D ©;(F) # 0 and so T,, < Tn, the
second inequality is elementary, and the third inequality follows from the fact that Assumption A.5 and éfs(l —a) <
¢S (1 — o) implies O € 7" (F). By this and Lemma D.13, it follows that

limsup sup Pr(Ty, > &7°(1 —a) +n) <limsup sup Pr(Th > i (1 —a)+1n) .
n—oo FePy n—oo FeEPg
Step 2. By definition, there exists a subsequence {an }n>1 of {n}n>1 s.t.
limsup sup Pr(Tn > éR°(1 —a)+n) = lim Pr, (Ta, > ES(1—a)+n) . (C-1)
n—oo

n—oo FePy

By Lemma D.6, there is a further sequence {b,},>1 of {an}n>1 s.t. Qp, 50, Angbn K A’, and Angbn H A,
where A;,mpbn and Aj p, ~are as in Egs. (A-3) and (A-4), respectively, for some (22,A, A") € C(0) x S(© x Rfioo])?
Since Qp, — Q and Ay, 5y, & A’, Theorem C.1 implies that Ty, % J(A',Q) = inf g, 0yen’ S(va(0) + ¢,Q(0)).

Step 3. We now show that for g(as o)(1 — a) being the (1 — a)-quantile of J(A’,€2) and any € > 0,
lim Pr, (&0 (1—a) < qua(l—a)—e) =0. (C-2)

We begin by showing that J*(A*, Q) > J(A’,Q), where J*(A*, Q) is defined in the statement of Theorem C.2. Suppose
not, that is, suppose that J*(A*,Q) < J(A’,Q). Tt follows that 3(0,£) € A* s.t. S(va(f) + ¢*(£),Q(0)) < J(A,Q).
By Assumption A.6, 3(9,¢') € A’ where £; = 0 for all j > p and £; > ¢} (¢;) for all j < p. It then follows that

S(va(0) +£,2(0)) < S(va() + " (£),92(0)) < J(N',Q) = ot S(wa(6) +6,9) ,

which is a contradiction to (6,£) € A’. Now let € > 0 be chosen so that ga.o)(1 — @) — ¢ is a continuity point of the
CDF of J*(A*,Q). By Theorem C.2, {Tb*n {w;yor ) K (A", Q) for almost all sample sequences. As a consequence,
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for almost all sample sequences,

P(J" (A", Q) < g1 —a) —¢)
]D(J(A/7 Q) S q(A/,Q)(l — Oc) — E)

lim Pr, (Tfn < gl —a) - E‘ {Wi}f%)

IN

A

l—a,

where the first equality holds because {T’I; L\{Wi};’;l} A J*(A*,Q) (for almost all sample sequences) and that
go,a) (1 — ) — e is a continuity point of the CDF of J*(A*,2), the second weak inequality is a consequence of
J*(A*,Q) > J(A',Q), and the final strict inequality follows from the fact that g a)(1 — @) is the (1 — ) quantile of
J(A', ). Next, notice that

{limPan (T};; < g1 —a) — 5’ (W ’;;1) <1- a} c {nminf{a;*ju —a) > g1 —a) — 5}} .

Since the RHS occurs for almost all sample sequences, then the LHS must also occur for almost all sample sequences.
Then, Eq. (C-2) is a consequence of this and Fatou’s Lemma.

Step 4. For > 0, we can define € > 0 in step 3 so that n —e > 0 and q(a/,0)(1 — @) + 7 — € is a continuity point
of the CDF of J(A’, ). It then follows that

Pr,, (T, > &2 (1= a)+n) = Pr, ({Tb, > &1 =) +n} 0 {&(1-a) < g1 - a) - })

+ P, ({Tbn > é{fns(l —a) —|—17} n {élﬁ?(l —a) > qu,o(l—a)— 5})

<P, (@50 -0) <ano(—a)—¢) +1-Pr, (T, Sauay(l-a)+n—c) .
Taking limit supremum on both sides, using steps 2 and 3, and that n —e > 0,

limsup Pr, (Tbn > Efns(l —a) +77) <1 *P(J(A’vQ) <quro)(l—a) +7775) <a.

n— oo
This combined with steps 1 and 2 completes the proof under n > 0.

Step 5. For n = 0, there are two cases to consider. First, ga/ 0)(1 — a) = 0. In this case, note that

Pp, (T, > &1 —-a) = Pp, (Ty, > (1—-a)nNTy, =0)+ Pr, (T, > (1—a)nTy, #0)
< Pp, (Th, #0).

By computing limit supremum on both sides and Assumption A.7, we deduce that

limsup Pp, (Ty, > 6&?(1 —a)) < limsup Pr, (Ty, #0) < o .
n—o0 n—oo

The proof is completed by combining the previous equation with steps 1 and 2. Second, g(q,2)(1 — &) > 0. Consider
a sequence {€mtm>1 8.t €m | 0 and go,a)(1 — @) — & is a continuity point of the CDF of J(A', ) for all m € N.
For any m € N, consider the following argument
Pr, (Ty, > &, (1—a)) = Pr, ({Th, > & (1 - )} n{&. (1 - a) < qu o)l —a) —en})
+ Pr, ({To, > @7 (1= )} {E7 (1 - ) > gy (1= @) = em})
< Pr,, @GPl —a)<qano(l—a)—em) +1- Pr,, (Tv,, < qar,o)(1—a) —em) -
Taking limit supremum on both sides, using steps 3 and 4,
limsup Pr, (Th, > &0 (1—a)) <1-P(J(A,Q) < guano(l—a)—em) .
n—oo

Now take €,,, | 0 and use continuity to deduce that the RHS is equal to a. The proof is completed by combining the
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previous equation with steps 1 and 2. O
Proof of Theorem 5.1. The proof follows directly from Theorem 6.1. O

Proof of Theorem 6.1. This is a non-stochastic result that holds for every sample {W;}i;.

Part 1. Show that ¢Z° > ¢ZC. This result follows immediately from é2°(1 — a) < ¢£°(1 — ). To show this,
note that by definition ¢5%(1 — a) < (0,1 — @) V0 € O, where &,(0,1 — ) is the conditional (1 — a)-quantile of

S(61.(0) + (ki VD * (0) M (8), 2 (6)), 2 (0)) - (C-3)
By definition, é,(68,1 — a) denotes the GMS critical value, which is defined as the conditional (1 — a)-quantile of
Eq. (C-3), except that 0y, (0) is replaced by 0?2 (0)Z*, with Z* ~ N(Og, Ix) and Z* independent of {W;}i—,. Since
0,,(0) and QL/2(9)Z* have the same conditional distribution, it follows that &, (6,1 — o) = é,(6,1 — ) V0 € ©;. We
conclude that
&1 —a) < inf ¢,(0,1—a) = inf é,(0,1—a)=¢f1—a).

GEO[ 96(:)1

Part 2. Show that ¢Z¢ > ¢BP . This result is a consequence of the following argument

{ma.w<ara-a} = {0 < nf o@1-a)

6cor 6cOr

c { inf Qn(0) < én(6,1—a),V0 € él}
0cO;
c {30 €07 :Qud) < én(6,1— a)}

where the first equality holds by ©; # @ and infpco Qn(0) = infycg, @n(0) (see Lemma D.11) and the definition of
ARC(l — a), the first inclusion is elementary, the second inclusion holds by the lower semi-continuity of @, (implies

that @, achieves a minimum in © and, hence, a minimum in é;), and the final inclusion holds by Or co. O

Proof of Theorem 6.2. Let 0;, and 6,, denote the sequences in Assumption A.9. Assume n is large enough so that
én(05,1 — a) > én(6n,1 — ), which holds by the same assumption, and recall that T, = Qn(6;). Consider the
following derivation:

Er,(¢n"] = Pr,(Qu(0)>én(6,1—q), V6 € ©)
< Pr, (Qn(0;) > én(0r,1 — a))
= PFn (@n(07) > n(On,1 = a)) = P, (Ca(0n,1 — a) < Qu(fr) < én(05,1 — @)
< Pr(Tu > infyeg, én(0,1 — ) = Pr, (é0(0n,1 — @) < T < (03,1 — @)

where the first inequality follows from 6;, € ©, the second equality from é,(6;,,1 — @) > én(0n,1 — @), and the last
inequality follows from 6, € ©; and Ty, = Q. (6}). Note that Pr, (T;, > infyeq, ¢n(0,1 —a)) = Er, [#E€], and so

limsup (Er, [¢5C] — Er,[¢n"]) > limsup P, (én(0n,1 — @) < T < éa(05,1 - a)) .

n— oo n—s00
It suffices to show that the expression on the RHS is positive. To do this, fix £ € (0, (c2 — ¢1)/3) and consider the
following argument
PF” (é"(en’ 1- a) <Tn < én(G:H 1-— a))
> P, (én(On,1 —a)<ci+e<Th <co—e<in(0h,1—a))
> Pr(c1+e<Th<cz—€)+ Pr,(en(fn,1—a) <c1+e)+ Pr,(c2—e < nl0r,1-0)) - 2,
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where all the inequalities are elementary. Using Assumption A.9 and taking sequential limits liminf as n — oo and
€ | 0 we conclude that

liminf Pg, (¢n(0n,1 —a) <Tn < én(0h,1 —a)) > lifg P(J € (c1+e,c0—¢€))=P(J € (c1,c2)) >0,

n—o0o

where the equality follows from Fatou’s Lemma and the strict inequality is due to Assumption A.9. O

C.1 Auxiliary Theorems

Theorem C.1. Assume Assumptions A.1-A.4. Let {F, € Po}n>1 be a (sub)sequence of distributions s.t. for some
(Q,A") €C(0%) xS(O x Rfioo]), (i) Qr, = Q and (i) A}, g, LA, where AL g, is asin Eq. (A-3), for {kn}n>1 and

{Tn}n>1 as in Assumption M.1 and Definition 4.1, respectively. Then, along the sequence {Fy}n>1,

[ = i d ’ _
o=, Jnf  Qu0) =T (N.Q) = inf S(ua(0)+60(0.0)),

where vo : © — R¥ is a tight Gaussian process with zero-mean and covariance (correlation) kernel Q € C(02).
Proof. Step 1. Let Q,(0) = Dl;:/2 ((9)XAI7L(€)D1;5/2 (0) and consider the following derivation

T, = inf  S(vnm.(0),3.(0))

0€0]™ (Fyr)

- inf >5(\/5131;:/2(9)771,1((9), Q.(0))

60" (Fy,

= inf  S(ua(0) + VnDp 2 (0) Er, (W, 0)], 2, (0))
00" (Fp) "
inf n ,Qn(0))

(G,E)IEI}\’ S(vn(0) +¢,2.(0))

n,Fp

Step 2. Let D denote the of functions that map © onto R® x ¥ and let Dy be the space of uniformly continuous

functions that map © onto R* x . Let the sequence of functionals {gn}n>1 with g, : D — R be defined by

gn(v(),Q()) =~ inf S(u(0) +£,Q(0)) . (C-4)

(6,1)eA]

n,Fn

Let the functional g : Dy — R be defined by

o0 0()) = int | S(0) +,9(0)
We now show that if the sequence of (deterministic) functions {(vn (), 2n(:)) }n>1 With (vn(-), Q2n(:)) € Dforalln € N
satisfies

lim_sup ||(vn (), 2 (0)) — (v(0), 20))[| =0, (C-5)

N geo
for some (v(-),€(:)) € Do, then
lim_gn(vn(-), 2 () = g(v(-), () -

n—oo

We need to show that liminf gn (vn(+), 2n(-)) > g(v(-), Q(:)). The argument to show that lim sup gn (vn(+), Qn(-)) <
g(v(-),Q(+)) is very similar and is therefore omitted. Suppose not, i.e., suppose that 36 > 0 and a subsequence {an, }n>1
of {n}n>1 s.t. Yn € N,

an (Va, (), Qa, (1)) < g(v(), Q) =6 . (C-6)

By definition, there exists a sequence {(a,,, £a, ) }n>1 that approximately achieves the infimum in Eq. (C-4), i.e.,
vn €N, (ba,,%a,) € Aa, . F,, and

1gan (Vap (-); Qay () = S(vay (Oa,) + Lans Qay (Ba,))]] < 6/2. (C-7)
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Since A;mpan C O x R'fioo] and since (O x Rf“iwp d) is a compact metric space, there exists a subsequence {by, }n>1
of {an}n>1 and (6%,0) € © x Riyoyy s.t. d((0b,,,0s,,), (0%, £7)) = 0.

We first show that (6*,£*) € A’. Suppose not, i.e., (6*,¢*) € A’, and consider the following argument

d((0,,,00,), (07, 07)) + drr (Ay, R, A') > d((9bm€bn),(9*,€*))+(Qi;gl&,d((&&(9bm€bn))

onf d((0,0),(07,€7)) >0,

\

where the first inequality follows from the definition of Hausdorff distance and the fact that (0s,,%.,) € A}, Fy,
and the second inequality follows by the triangular inequality. The final strict inequality follows from the fact that
AN eSO x ]Rf“ioo]), i.e., it is a compact subset of (O x Rf“ o) @), £(0,0) = d((0,£),(0%,£7)) is a continuous real-valued
function, and Royden (1988, Theorem 7.18). Taking limits as n — oo and using that d((6s,,, %, ), (0",£%)) — 0 and

H -
b F,. — A, we reach a contradiction.
1 Hbn

We now show that £* € Rﬂoo] x R¥=P_ Suppose not, i.e., suppose that 3j = 1,..., k s.t. £; = —oo0 or 3j > p s.t.

£; = oo. Let J denote the set of indices j = 1,...,k s.t. this occurs. For any £ € ]Rf“ioo] define =2(¢) = maxjes ||4;]]-

By definition of A} 5, , £, € R* and thus, E(¢,) < co. By the case under consideration, lim Z(¢,, ) = Z(£*) = oc.

Since (O, ]| - ||) is a compact metric space, d((0v,,, %, ), (0%,£*)) — 0 implies that 65, — 0*. Then, consider the
following derivation,

[1(ve,, (06,,), b, (0b,,)) = (0(67), 2O
< (@o (Bb,), Q0 (06,,)) = (v(B5,,), 2Ob, )| + [[(0(B,,), 2(6b,,)) — (0(67), A7)
< sup [|(ve, (6), ., (9)) = (v(0), HOI| + [1(v (G5, ), b)) - (v(67), 26°))I| = 0,

where the last convergence holds by Eq. (C-5), 65, — 6%, and (v(-),Q(+)) € Do.

Notice that (v(-),€2(-)) € Do and the compactness of © imply that (v(6*),2(6")) is bounded. Since lim Z(¢p,,) = oo
and v(0*) € R¥, it then follows that limZ(f,) " ||vs, (0s,)|| = 0. By construction, {E(f,) "4, }n>1 is s.t.
lim Z(£y, )" [£,, ;] = 1 for some j < porlimZ(€,, )" |6y, ;| = 1 for some j > p. We conclude that lim Z(¢y, )™ [vs,, ; (0, )+
ly, ;]- =1 for some j < p or lim Z(hs,, )" |vs,, ; (06, ) + Lb,,.;| = 1 for some j > p. This implies that,

S(Ubn (01,") + b, Qo (an)) = E(Ebn)XS(E(ébn)_l(vbn (Gbn) + an), D, (an)) — 00 .

Since {(0s,,, b, ) }n>1 is a subsequence of {(6a,,,4a,, ) }n>1 which approximately achieves the infimum in Eq. (C-4), it
then follows that

gn(vn (), Qn(-)) = 00 . (C-8)

We now show that Eq. (C-8) is a contradiction. Since {F, € Po}n>1 then there is a sequence {6y}, >1 s.t.

liminf v/nop. ;(0n)Er, [m; (W, )]

n—00

6>0, forj<p

lim Vnog! j(00)|Er, [m;(W,0,)]] = € =0, forj>p.

By compactness of (O x Rf“ioo], d), we can find a subsequence {kn}n>1 of {n}n>1 s.t. d((Ok,,lr, ), (6%, 0%)) = 0 with
(6*,0*) € © x Rf+oo] x R*“P. By repeating the previous arguments, we can show that lim(vg, (0x, ), Q, (05, )) =
(v(8%),Q(6*)) € R*¥ x ¥, which implies that

9 l)eiAI}f S(Vk, (0) + £, 2, (0)) < S0k, (On) + lros Qb () = S(0(67) +£7,2(6%)) -
) ke, Flg,.

Since (v(6*) + £*,Q(0%)) € R’[”+OO] x R*™P x W, we conclude that S(v(0*) + £*,Q(6*)) is bounded. Since {ky}n>1 is a
subsequence of {n},>1, this is a contradiction to Eq. (C-8).

Since d((0s,,, s, ), (0%, £*)) — 0, we can conclude that lim(vs,, (05, ), R, (0s,,)) = (v(0%),2(0*)) € R¥ x ¥ repeating
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previous arguments. This implies that lim(vs, (0s,,) + b, , Q,, (6s,)) = (V(0) + £*,Q(0")) € (Rfioo] x ¥) and, so,
gives us that lim S(vs,, (6b,,) + b, Q0. (0, ) = S(v(0") + £7,Q(07)), i.e, IN € Ns.t. Vn > N,

1S (ve,, (Bb,,) + Loy, U, (0,,)) — S(v(67) + £7,Q(67))|| < 6/2 . (C-9)
By combining Egs. (C-7), (C-9), and the fact that (8*,£%) € A, it follows that 3N € N s.t. Vn > N,
G (V5 (), o, (1)) = S(0(07) +£7,Q(67)) — 6 > g(v(-), Q) =0,

which is a contradiction to Eq. (C-6).

Step 3. The proof is completed by combining the representation in step 1, the convergence result in step 2, Lemma

D.2, and the extended continuous mapping theorem (see, e.g., van der Vaart and Wellner (1996, Theorem 1.11.1)).
In order to apply this result, it is important to notice that parts 1 and 5 in Lemma D.2 and standard convergence
results imply that (v, (-), Q(:)) K (va(-),Q(+)) and (va(:),Q(:)) € Do a.s. O

Theorem C.2. Assume Assumptions A.1-A.5. Let {F,, € Po}n>1 be a (sub)sequence of distributions s.t. for some
(Q,A*) € C(0%) x S(6 x Rfioo]), (i) Qr, = Q and (ii) AL e, i A", where Ay, g is as in Eq. (A-4), for {kn}n>1
and {Tn}n>1 as in Assumption M.1 and Definition 4.1, respectively. Then, there is a subsequence {an }n>1 of {n}n>1

s.t., along the sequence {Fa, }n>1,

{ it 8 (00,004 6 s DL O, (0), 0, 0)

0cO7%" (Fa,

{Wi};‘"l} & JH(AT, Q)

= ot | S(va(0) + ¢ (£),9(0,9)) ,

for almost all sample sequences {W;};>1, where v : © — R* is a tight zero-mean Gaussian process with covariance
(correlation) kernel Q € C(©2).

Proof. Step 1. Consider the following derivation:

inf 5 (5200) + " (s VAD (0) (6)), 00 (0))

Qe@}]" (Fn

= inf S (0200) + ¢ (01 (0) + in2(0) 5 VD (0) B, [m (W, 0)]), 2 (6) )

007 (Fy)

o . P * / A
= oo S (9200) + 0" (1001 (0) + 10 2(0)'0), 20 (9))
where pn(0) = (1n,1(0), tin2(0)), pin1(0) = K, 0,(0) and pn2(0) = {6;]( )or,.;(0)}5—,. In order to obtain this
expression, we have used that Dy, */? () and D},{ L2 (0) are both diagonal matrices.

Step 2. We now show that there is a subsequence {an }n>1 of {n}n>1 s.t. {{(93,, ta,, an)|{Wl 1S (va, (0, 11), Q)
in {*°(0), for almost all sample sequences {W;}{2;. By part 8 in Lemma D.2, {17;|{W jya 2 vg in 1°°(6). Then
the result would follow from finding a subsequence {an}n>1 of {n}tns>1 s.t. {{(tan, Qan){Wit2" } — ((0k,11), Q)
in [°°(0), for almost all sample sequences {W;}52,. Since (un, Qn) is conditionally non-random, this is equivalent to
finding a subsequence {an }n>1 of {n}n>1 s.t. (farn, Qan) =3 ((0k, 11), Q) in 1°°(6). In turn, this follows from step 1,
part 5 of Lemma D.2, and Lemma D.7.

Step 3. Let D denote the space of functions that map © onto R* x ¥ and let Dy be the space of uniformly
continuous functions that map © onto RF x U. Let the sequence of functionals {gn}n21 with g, : D — R be defined
by

gn(v() u(), 20) = | Z)lenAf S(U(ﬁ) +@" (11 (0) + 12(0)'6), Q(0)) - (C-10)
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Let the functional g : Do — R be defined by

90()u(). Q) = inf S(0(0)+ ¢ (12(6) + 12(6)'0).20))

We now show that if the sequence of (deterministic) functions {(vn(+), pn(+), Qn(*)) }n>1 with (vn (), pn(-), 2n(:)) € D
for all n € N satisfies
lim_sup {|(vn(0), pin (0), 2 (6)) = (v(6), (Ok, L), O] =0, (C-11)

n—o0 ge

for some (v(-),§2(:)) € Do, then

lim gn(v7b(')7/j/7L(')7Qn(')) = g(U('), (0’97 1k)>Q()) .

n—oo

We now show lim inf,—c0 gn (vn(+), tn(+), 2n(+)) > g(v(-), (0k, 1), (). Showing limsup gn (vn(-), tn(+), 2n(-)) <
g(v(+), (0g, 1), Q(-)) is very similar and therefore omitted. Suppose not, i.e., suppose that 36 > 0 and a subsequence
{an}tn>1 of {n}p>1 s.t. Vn €N,

9an (Van () pan (), Qan () < g(v(), (Ok; 15), () — 6 . (C-12)

By definition, there exists a sequence {(fa,,, £a,, ) }n>1 that approximately achieves the infimum in Eq. (C-10), i.e
vn €N, (0a,,%.,) € Aa, F,, and

|9an (Vay (), Han (), Qan () = S(Vay, (Ban) + ¢ (11(0a,,) + 12(0a,,) la,, ), Qa, (0a,))] < 6/2 (C-13)

Since A}, \Fa, CO X R’“ioo and since (© X Rﬁ[oo], d) is a compact metric space, there exists a subsequence {by, }n>1
of {an}n>1 and (6*,0%) € © x R ) 8t d((0b,,,4b,,), (07, £7)) — 0.

+o0]

We first show that (6*,¢") € A*. Suppose not, i.e. (6*,£%) ¢ A*, and consider the following argument

d((ebruébn)?(e*ﬂe*))+dH(AZnannaA*) 2 d((06n7ebn)7(0*7€*))+(0 glefA* d((eaé)v(ebn?gbn))
inf  d((8,0),(67,)) >0

(0,6)eA*

Vv

where the first inequality follows from the definition of Hausdorff distance and the fact that (0y,,%,) € Aj Fy,
and the second inequality follows by the triangular inequality. The final strict inequality follows from the fact that
A" e S(Ox R[ioo ), i.e., it is a compact subset of (O x ]R[ioo], d), f(0,0) =d((0,£),(0%,£")) is a continuous real-valued
function, and Royden (1988, Theorem 7.18) . Taking limits as n — oo and using that d((s,,, s, ), (6*,£)) — 0 and
b Ry, N , we reach a contradiction.
Since (0, ]] - ||) is a compact metric space, d((0s,,, s, ), (6*,€*)) — 0 implies that 65, — 6*. Then, consider the

following derivation:

[(vp,, (06,.), 115, (0b., ), Qw,, (05,,)) — (v(07), (Ok;, 1), 2(67))]]
< |[(vb,, (b,,); p6, (05,,), Dby, (B,,)) — (v(b,,), (Ok, 1), 2O, + [[(0(6s,, ), 2B, ) — (v(67), 207))]|
< Sgg\|(vbn(9)7ﬂbn(9)7ﬂbn(9)) — (v(8), (0k, 11), 2O + [[(v(b,,), B0, ) — (v(07), 2O7))|| = 0,

where the last convergence holds by Eq. (C-11), 65, — 0%, and (v(-),(+)) € Do.

By continuity of ¢* and Eq. (C-11), it follows that ¢©* (i, ,1(6b,) + tbn.2(06, ) ls,) — ©*(£*) . To see why, it
suffices to show that ¢} (te,,,1,5(0b,) + tbn,2,5(0b,. ) ls,.5) — @5 (€F) for any j = 1,...,k. For j > p, the result holds
because ¢; = 0. For j < p, we consider the following argument. On the one hand, d((6s,,, s, ), (0*,£")) — 0 implies
by, ; — 4 € Ri1oo) and on the other hand, Eq. (C-11) implies (p6,,,1,5(0b,, ) tt6,,2,5(0b,,)) — (0,1). Combining
this, we conclude that ps, 1,5(0s,) + pio,,2,5 (06, )lb,,,; — £, where £; € R1oo). Assumption A.5 then implies that
@5 (1on,1,5(06,) + tio,2,5 (00, ) o, 5) — 05 (£5)-
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Notice that (v(-),Q(-)) € Do and the compactness of © imply that (v(6*),€2(6")) is bounded. Then, regardless
of whether ¢*(£*) is bounded or not, lim(vs,, (6s,,) + ¢©* (11 (0s,,) + p2(0,,)b,,), ., (06,,)) = ((07) + @™ (£7),2(0%)) €
(Rﬁw] x ¥) and so lim S(vp,, (0b,,) + ©* (11 (6s,,) + 12(0b,, )b, ), b, (0r,,)) = S(w(0%) + o™ (£*),Q2(07)), i.e, AN € N s.t.
Vn > N,

1S (Vo (Bb,.) + 7 (11 (06,,) + 1205, )b ), Qo (0,,)) — S(w(07) + 7 (£7), Q267))]| < 6/2 . (C-14)

By combining Egs. (C-13), (C-14), and the fact that (8*,£%) € A*, it follows that IN € N s.t. Vn > N,

Gon (Vb (4); iy, (), Qo () 2 S(W(07) + 07 (€7), 2(07)) — 6 = g(v(-), (0k, 1x), () — 3 ,

which is a contradiction to Eq. (C-12).

Step 4. The proof is completed by combining the representation in step 1, the convergence result in step 2, the
continuity result in step 3, and the extended continuous mapping theorem (see, e.g., van der Vaart and Wellner
(1996, Theorem 1.11.1)). In order to apply this result, it is important to notice that parts 1 and 5 in Lemma D.2
and standard convergence results imply that (va(-),Q(+)) € Do a.s. O

Theorem C.3. Let ¢57 be the test defined in Definition 2.4. Then, limsup,,_, .. SUPFep, Er[¢pBT] < a.

Proof. Fix (n,F) € N x Py arbitrarily. By definition, F' € Py if and only if (0, F') € Fo for some 6 € ©. This implies
that
Ep[l —¢EP] = Pp(CS.(1—a) #0) > Pr(0 € CS,(1 —a)) .

This and Eq. (2.9) imply that
liminf inf Ep[l—¢52"] > liminf inf inf Pr(0 € CS,(1 —a))
n—oo FePq n—oo F€EPgheO(F)
= liminf inf inf Pr(@€CSp(1—0a))>1-a,
n—oo FEPgeO(F)

and the result follows. O

Appendix D Auxiliary Lemmas

D.1 Auxiliary convergence results

Lemma D.1. Assumptions A.1-A.4 imply that:

1. (M(F), pr) being totally bounded uniformly in F € P.
2. M(F) is Donsker and pre-Gaussian, both uniformly in F € P.
3. (©,]] - 1) is a totally bounded metric space.

4. Ve >0, limgyo limsup,, , . SUppep Pr(supjg_gr <5 |[vn () — va(0')|] > €) = 0.
Proof. Part 1. Fix 6 > 0 arbitrarily and consider the following derivation:

{pr(0,0) < o}

ﬂwaEwwmwwyﬂ@ymmﬂmgwmy1H§%

{l1t1x = Diag(2r (0,02 < 8/v2}
{lo-o11<5}

V)

where the identity follows from the definition of the “intrinsic” variance semimetric, the second equality is elementary,

and the inclusion holds for some ¢’ > 0 independent of F' due to Assumption A.4.
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By compactness of (6, ]| -|), 3{0s}5—1 s.t. US_1{0 € © : [|§s — 0]] < &'} = ©. Based on this, we can define
{fs e M(F)}o_, st. fs = D;I/Q(@S)m(-7 0) foralls=1,...,5. Let D;l/Q(G)m(-,H) € M(F) be arbitrarily chosen.

We now claim that pr(6s,0) < § for some s = 1,...,S. By the previous construction, 3s € {1,...,S5} s.t.
{|16s = 0]] <8} C {pr(8s,0) < 3}. Since the choice of § > 0 was arbitrary and independent of F', the result holds.

Part 2. This follows from van der Vaart and Wellner (1996, Theorem 2.8.2). Assumption A.1 implies that M (F)
is a measurable class. We take the envelope function to be {supycg |O’;E- (0)m;(-,0)|°}¥_,, which is square integrable
uniformly in F' € P due to Assumption A.3.

Under these conditions, the desired result is equivalent to the following: (i) v, being asymptotically pr-equicontinuous
uniformly in F' € P and (ii) (M(F), pr) being totally bounded uniformly in F' € P. The first condition is ezactly
assumed by Assumption A.2 and the second condition follows from part 1.

Part 3. This result follows trivially from the fact that (©,]| - ||) is a compact metric space. See, e.g., Royden
(1988, pages 154-155).

Part 4. Fix € > 0 arbitrarily. By elementary arguments, it suffices to show 3§’ > 0 s.t.

lim sup sup Pr sup [l (0) —vn(0)]] > ) <e. (D-1)
n—oco FEP 0,0’ €O:(]0—0"||<6’

By Assumption A.2, 3§ > 0 s.t.

lim sup sup Pr sup [[vn(0) —vn(8)|| > ) <e. (D-2)
n—co FEP 0,0'€©:p(0,0')<5

In turn, for this choice of §, we can use the argument in Part 1 to prove 3§’ > 0 (independent of F) s.t. {||0 —¢’|| <
8’} C {pr(0s,0) < §}. From this, it follows that,

Pp < sup [|[vr (8) — vi (6")]] > 6) < Pr ( sup [|vn (0) — va(6)]] > 5) )

0,0/ €0:]|6—6"]|<5' 0,0/€0:p(6,07)<5
By combining the previous equation with Eq. (D-2), Eq. (D-1) follows. O

Lemma D.2. Assume Assumptions A.1-A.4. Let {F, € P}n>1 be a (sub)sequence of distributions s.t. Qp, — Q
for some Q € C(©%). Then, the following results hold:

1. vp S vg in 1% (©), where va : © — R* is a tight zero-mean Gaussian process with covariance (correlation)
kernel Q). In addition, v is a uniformly continuous function, a.s.

Q. B Qini>(0).

D (VD) = I B 0 in 1(O).

Dy PODYE() — I B 0 in 1°°(0).

Q, B Qini>(0).

For any arbitrary sequence {\n € Ryq}n>1 s.t. A — 00, Aot B 0y in 1*°(©).

For any arbitrary sequence {\, € Ry n>1 8.t An — 00, Antdy, B 0y, in 1°(0).

S R

{vs {Witiei} & g in 1°(©), for almost all sample sequences {W;}72,, where vg is the tight Gaussian process

described in part 1.

Proof. Part 1. The first part of the result follows from van der Vaart and Wellner (1996, Lemma 2.8.7), which requires
three conditions: (i) M(F) is Donsker and pre-Gaussian, both uniformly in {F, € Po}n>1, (ii) van der Vaart and
Wellner (1996, Eq. (2.8.5)), and (iii) van der Vaart and Wellner (1996, Eq. (2.8.6)). Condition (i) follows from part
1 in Lemma D.1, condition (ii) follows from Qg, % , and condition (iii) follows from Assumption A.3.
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To show the second part, consider the following arguments. On the one hand, Assumption A.4 and Qp, - Q
imply that Veq > 0, 361 > 0 (independent of 0,0 € ©) s.t. ||@ — @’|| < &1 implies that ||Diag(Q(6,0")) — Ii|| < &1
and this, in turn, implies that: po(6,80) = v/2||[Diag((6,6")) — I]'/?|| < v/2e1 where pq is the “intrinsic” variance
semimetric when the variance-covariance function is 2. On the other hand, the fact that vg is a tight Gaussian
process and the argument in van der Vaart and Wellner (1996, page 41) implies that Vez > 0, 302 > 0 (independent
of 0,0" € ©) s.t. pa(6,0") < 2 implies that P(||va(8) — va(0')|| < e2) = 1. Fix € > 0 arbitrarily. By setting ¢ = &2
, €1 = 62, and § = §1, we conclude from both of these arguments that Ve > 0, 3§ > 0 (independent of 6,6’ € ©) s.t.
[|0 — @'|| < § implies that P(||va(0) —va(0')|] < ) = 1, as required.

Part 2. For any j1,j2 = {1, ..., k}, define the classes of functions M, j,(F) = {0';’1]-1 (@)mj, (-, G)J;’ljz (@)mj, (-, 0) :
W — RF} and M, (F) = {0';;.1 (0)my, (-,0) : W — R¥}. The desired result can be shown by verifying that,
V1,52 = {1,...,k}, My, 4, (F) and M, (F) are both Gliveko-Cantelli uniformly in F € P. In order to show such
a result, we apply van der Vaart and Wellner (1996, Theorem 2.8.1) to each of these classes. We only verify the

conditions of the theorem for M, j, (F') (the result for M, (F)) follows from using very similar arguments).

Consider M, j, (F) for any j1,j2 = {1,...,k}. Assumption A.l implies that M;, j,(F) is a measurable class for

all F' € P. For this class, the function max;<x supeee(agj(e)mj(VV, 0))? is an envelope function.

We now argue the envelope satisfies the first condition of the theorem. Under Assumption A.3, we follow the

argument in Lehman and Romano (2005, page 463) to deduce that,

2
> 1 [sup
6co

which implies that the envelope function satisfies the first condition of the theorem.

m]‘(W, 9)
or,;(0)

m; (W, 0)

lim sup Er [(sup or,(6)
F,j

A—=oo pep 6co

'>)\H <oo, forj=1,...,k,

We now verify the second condition for Mj, ;,(F). By Assumption A.3, the envelope is bounded in the
Ly (F)-norm, uniformly in F' € P. Consequently, a sufficient requirement to verify the second condition is that
(M, 4, (F), L1(F)) is totally bounded uniformly in F € P, i.e., for all § > 0 there is a set {05 € ©}5_; s.t. for all

6 eB,ds <S8 s.t.
B { my (W,0) s (W,0) iy, (W, 0.) my, (W, 6.) } s

ops () orl(0) ops (0s) opk (6s)

Now notice that, V6,605 € ©,

o { my, (W, 0) mj, (W, 0)  my, (W, 05) my, (W, 05) ]
OF,j1 (9) OF,jo (9) OF,j1 (95) OF,jo (‘98)

<E [ mj1(VV70) _ mj1(VV’ 65) mjz(VVa 0) ] E |: mjz(Wa 0) _ mjz(VVa 95) mj1(VV»05) :|
S BF + EF

or,j, (0) ori(0s) || oFs(0) oF,j5(0) 0y (0s) || oF (0s)

w,0)  m;w,6.) 71\ w0 2]\
m; m; mr

< forl I RS L AL 2 Ep || 200
= st ( " ori®) T ons(0:) D 51elino2) ( " ors ) ) ’

where the first inequality is elementary and the second inequality follows Hoélder’s inequality. The RHS is a product
of two terms. By Assumption A.3, the second term is finite. Hence, the LHS can be arbitrarily small by choosing
the first term of the RHS small enough. As a consequence, (Mj, j,(F),L1(F)) is totally bounded uniformly in
F e P follows from (Mj, (F), L2(F')) and (M, (F), L2(F')) being totally bounded uniformly in F' € P. By using the
argument in van der Vaart and Wellner (1996, Exercise 1, Page 93), we can show this follows from (M(F’), pr) being
totally bounded uniformly in F' € P, which has already been shown in part 1 of Lemma D.1.

Part 3. By part 2 and the fact that Diag(Q,(0)) = D;; (0)D,,(0) and Diag(2(0)) = I, it follows that D;; (0) D, (0)—
I, % 0 in 1°°(©), i.e., supgee |U;f’j(9)&2 O -130v=1,...,k

n,j

For any (a,&) € R x (0,1), |[a® — 1| < & implies ||a] — 1| < max{y1+Eé—-1,1—+1—-¢} =1—+/1 —£. Based on

29



this, choose € € (0, min{1,2/k}) arbitrarily, set £ =1 — (1 — k) > 0, and consider the following argument,

{max 107 ©)0u0) - 111 < £}

N
D)
bl
—

max |0'1?:’j(9)&721,j(0) -1 < E}

66 _ I
J=1,...,
-1 ~
© N {maxlon,000.0) - 1 < /e
j=1,...k
c —1/2 0\ /20y < .
e {07200y 0) - 1 <<

The result then follows from part 2 and e being arbitrarily chosen.

Part 4. For a finite sample size, it is possible that 6,,;(0) = 0 for some (0, j) € ©x{1,...,k}, in which case lA)}z/Q(G)
would not be invertible. Let A, = {]./\),1/2 (0) is invertible V6 € ©} and define D,ll/2(9) = ﬁ,lln(ﬁ) if A, occurs and
Di/Q () = I otherwise. Note that D ,11/2(0) and DEI/Q(G) are both diagonal matrices, and denote &, (0) = Di/g (D)15,51
and 6, '(0) = D;l/Q(G)U,j] foral j =1,...,k. Since ﬁ}zp(ﬁ) may not always be invertible, we prove instead that: (i)
infrep Pr({Dy"/?(0) = D;'/?(0) V0 € ©}) — 1 and (i) Dy, "/*(0) D}/ () — I % 0k in 1°°(O). Under the previous
two results, we conclude that ﬁ;l/Q(G)D}Tf (0) — I. 2 0y, in I°°(©) by a slight abuse of notation.

We first show that infpep Pr({Dy'/?(0) = D, '/?(8) V6 € ©}) — 1. Fix (n,e) € N x (0,1) arbitrarily. Notice
that supycg ||D;i/2(9)ﬁ}/2(9) — Ii|| < e implies that 6,,;(0) > 0 for all (0, j) € © x {1,...,k} which is equivalent
to D}Lm(ﬁ) being invertible V6 € O, i.e., A,,. From this, we conclude that

{sup D722 (0)Dy/%(8) — Ii]| < 6} C{D,V%(0) = D, '/2(0) V0 € ©} .
6co

The result then follows from part 3. The result reveals that the matrix DY? (0) is invertible V6 € ©, uniformly in
F € P, for n large enough.

We now show D;l/z(e)Diﬂf(H)fIk % 04 in 1°°(©). For any arbitrarily chosen € € (0,1) we set &’ = ke/(1—¢) > 0
s.t. e =¢'/(k +¢€') > 0. In this case, elementary arguments imply that

{sup IDF2(6)DY2(0) - 1| < }
0cO

N
)
Ead
—

sup [, (0)0, ;(0) — 1] < s}
€O

I
D)

{sun o000 -1 < 5}
k 0cO

N

{sup ||D;1/2(9)D;f(9) -] < e'} .
00

Since the arbitrary choice of € € (0,1) induced a constant ¢’ > 0, the result then follows from part 3.

Part 5. By the triangular inequality and part 2, it suffices to show that ., (0) — Q,(6) 2 Ok xx in I°(6). To show
this, consider the following argument:

)
8 (0) (D2 (0) Dy 2 (0) — 1) + L) — Q2 (6)
w(0) + (DZ2(0)D7 2 (0) — L) (0) (D (0) Dy V2 (0) — 1)

n

By the previous equation, the submultiplicative property of the matrix norm and the fact that fzn(e) is a corre-
lation matrix, it follows that

11€22(6) — 2 (0)]] < 21D (0) D52 (8) — In|| + | D (0) D /2 (0) — Il -
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Fix & > 0 arbitrarily and set &' > 0 s.t. 2¢’ + (zs')2 < e. Then, the previous equation implies that

{supHD;j”(e)ﬁ;/?(e) AT } c {supmn(e) —0.0)]| < } .
0O ISE)

The result then follows from part 3 and e being arbitrarily chosen.

Part 6. Fix £, > 0 arbitrarily. By part 3 in Lemma D.1, 3{0s}5_; s.t. US_1{0 € © : || — 0]| < §} = ©. Based
on this, consider the following derivation:

Pr, (sup [lvn ()] > )\ns> = Pp, | max sup [|(vn(0) — v (0s)) + vn(0s)|| > Ane
0€o 5SS {peo:)|0,—0]<8}
< Pp, | max sup [|vn(0) — va(0s)|| > Ane/2 | + P, <max [lon(6s)]] > )\na/Q)
555 {9eo:(|0,—0[ <6} s<8
s
< Pr, < sup [lvn (0) — va (6)]] > )\nE/2> +> Pr ([va(05)]] > Mne/2) -
{0,607 co:||0"—0]|<5} pot
Since A, = 00, Ane/2 > ¢ for all n € N and, so
lim sup P, <sup [lon (0)]] > )\na) < limsup P, < sup [lvn (8) — vn(67)]] > 5)
n—oco 6cO n—00 {6,0’cO:[|0'—0]|<5}
s
+ ZlimsupPFn(an(Gs)H > Ane/2) .
s=1 n— o0

By taking limits as ¢ | 0 and part 4 in Lemma D.1, we conclude that

n— oo n—00

s
lim sup Pk, (sup [lon (0)]] > /\ns) < Zlimsup Pr, ([lon(0s)]] > Ane/2) ,
9c© po
and it then suffices to show Pg, (||vn(0)]] > Me/2) — 0 VO € ©. To show this, notice that Qp, — € implies
Qr, (0,0) — Q(6,0) which, in turn, implies that v, (6) R N(0g,9(0,0)). Since A,, — 00, the result follows.

Part 7. Fix € > 0 arbitrarily. By definition, 0,(0) = ﬁ;l/z(ﬂ)D;QQ(O)vn(G) VO € © and, so the next derivation
follows:

Pr, <sup 15.(0)]| > Ana) ~ Pr, <sup (D 2O)DY2(0) — 1) + L)un(6)]| > Ana)
0cO 0O

< Pr, <sup (D7 2(0)DY2(8) — 1) sup oa(B)]| > m) L Pr, (sup 0a(0)]] > Ane)
0o jco oco

< e, (sup D7 ODIL20) = 1l > VAiE ) + Pr, (supllon®)] > VA ) + Pr (s0p 00 O)] > M)
0cO [ISE)

0co
By parts 4 and 6, the three terms on the RHS converge to zero, concluding the proof.

Part 8. This result follows from a modification of van der Vaart and Wellner (1996, Theorem 3.6.2) to allow for
drifting sequences of probability measures {F,, € P},>1. The original result proves that three statements are equal:
(i), (ii), and (iii). For the purpose of this part, it suffices to prove that (i) still implies (iii) in the case of drifting
sequences of probability measures. In order to complete the proof, one could follow the steps of the original proof:
(i) implies (ii), and (i) plus (ii) imply (iii).

Provided that the assumptions of the original theorem are valid uniformly in F' € P, then it is natural that
the conclusions of such theorem are also hold uniformly. Based on this argument, we limit ourselves to show that
condition (i) is uniformly valid. First, part 2 of Lemma D.1 indicates that M(F") is Donsker and pre-Gaussian, both
uniformly in F' € P. Second, Assumption A.3 is a finite (2 + a)-moment condition uniformly in F' € P. O
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D.2 Auxiliary results on S

Lemma D.3. Let the set A be defined as follows:

Jj=1, s=p+1,...,

A= {x eRY, ¥ RF7P . max{v 13}‘)'(’1]{[%]_}, max k{\xs\}} = 1} . (D-3)
Then, inf<z,g)€A><\p S(.Z‘, Q) > 0.

Proof. First, notice that (z,Q) € A X ¥ implies that either z; < 0 for j < p or zs # 0 for s > p, and so S(z,Q) > 0.

So suppose not, i.e., suppose that inf(, ojeaxw S(z,Q2) = 0. Then, I{(xr, ) € AX V},>;1 (and so, S(zn, Qn) >
0) s.t. limp—oo S(zn,2n) = 0. By taking a further subsequence {an}n>1 of {n}n>1, {(zan,,Qa,.)}n>1 converges to
(#,Q) € cl(A x ¥) = Ax ¥ and so S(z,Q) > 0. This implies that (za,,24.,) = (Z,Q) and lim, 0 S(Ta,, a,) =

0 < 8(z,9Q), which is a contradiction to the continuity of S on Rﬁroo] x RF=P x W, O

Lemma D.4. There exist a constant @ > 0 such that S(z,Q) <1 for any Q € ¥ implies x; > —w for all j < p and
|zs| < w for all s > p.

Proof. Let (z,Q) € Ry, ; x R*™P x U be arbitrary s.t. S(z,Q) < 1. Set & = ({[mj],}gzl,{ms}l;:p_,,l) and note
that ; > —w for all j < p and |zs| < w for all s > p is equivalent to max;—1,. x|Z;| < w. Since S ((z1,z2),X)
is non-increasing in 1 € RY, ) and {z;}7_; > {[z;]-}_,, it follows that S(z,Q) < S(&, Q). Thus, it suffices to
find @ > 0 s.t. S(Z,9) <1 implies that max;—1

consider the case where max;—1,.. x |Z;| > 0. In this case, the maintained assumptions on S imply the following,

= X X
1>S5(&,0) =S (%A)) ( max |a~cj|> > inf  S(z,0) ( max |:EJ\> ,
max;=1,...k |Z;| J=1,....k (x,Q)€AXT J=1,....k

where the set A is as in Eq. (D-3). Lemma D.3 then implies that

k%] < w. If max;=1,. k|Z;| = 0, the result trivially follows so

,,,,,,,,,,

j=1,..

—1/x
max |Z;| < ( inf S(x,Q)) ,
ok (z,Q)€AXT

and the result then holds for w = (inf; 0)ycaxw S(z, O))"Vx > 0. O

Lemma D.5. Let {(x,, Q) € Rﬁ:w] X U}, >1 be a sequence s.t. liminf, o0 Tn,; > 0 for j < p andlim,— e Zn,; =0
for 3 > p. Then, limp— oo S(zn, Q) =0.

Proof. Suppose not, i.e., suppose that lim inf,, |S(zn, Q,)| > 0. Since (Rﬁoo] x W, d) is compact, there is a subsequence
{an}tn>1 of {n}n>1 s.t. d((za,, Ra,), (z,Q2)) — 0 for some (z,Q) € Rﬁm] x W. By the behavior of the limits, z €

R, o) X {0k—p} S RY, ;X R*~P. By continuity of S, lim,, |S(za,,, 2., )| = |S(z, Q)| = 0, which is a contradiction. [

D.3 Auxiliary results on subsequences

Lemma D.6. Let Assumption A.J hold. Let {F, € P},>1 be an arbitrary sequence of distributions, and let {n, €
Rit}n>1 and {kn € Ry4}n>1 be non-stochastic sequences. Then, there exists a subsequence {un}n>1 of {n}n>1 s.t.
A, P, LY A% P, K A%, and Qr,, - Q for some (2, A',A*) € C(0%) x S(© x Rﬁ[m])Q, where A, g and A},
are defined in Eqs. (A-3) and (A-4), respectively.

Proof. By Assumption A.4, {Qr(0,0") € C(0%)}rep is an equicontinuous family of functions. Since {Qr, (6,0")}n>1

is a bounded sequence in R¥** and its closure is compact. Then, by the Arzela-Ascoli theorem (see, e.g., Royden
(1988, page 169)), there is a subsequence {an}n>1 of {n}n>1 and Q € C(©?) s.t. Qp,, — Q.
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Since (© x Rﬁ:oopd) is a compact metric space, A;naFan € 0 x Rf“ioo], and the fact that any closed subset of
a compact space is compact (see, e.g., Royden (1988, page 156)), cl(A;mFan) is a compact subset of © x Rﬁ:ooh
ie., c(Ag, p,, ) € S(O x Rfioo]). By Corbae et al. (2009, Theorem 6.1.16), S(© x Rﬁgoo]) is compact under
the Hausdorff metric. As a consequence, there is a subsequence {b,}n>1 of {an}n>1 and A’ € S(O© x Rfioo])
s.t. du(cl(Ap, g, ),A') — 0. To conclude, it suffices to show that: du(Aj, g, ,A) — 0, which follows from

du(Ay, 7, cl(Ay, r, ) =0 and the triangular inequality.

As a next step, one would define a subsequence {cp }n>1 of {bn}n>1 s.t. AszCn Hopx using an identical argument

to the one used before. The proof is then concluded by setting {un}n>1 = {cn}n>1. O

Lemma D.7. Let {F, € P}n>1 be an arbitrary (sub)sequence of distributions and let X,(0) : Q@ — [°°(©) be any
stochastic process s.t. X, 2 0 in 1°°(0). Then, there exists a subsequence {un}n>1 of {n}n>1 s.t. Xu, 3 0 in

().

Proof. Throughout this proof, we consider an arbitrary sequence {e, € R4 },>1 with £, | 0. Then, for arbitrary

0 > 0 and arbitrary subsequence {un}n>1 of {n},>1, it follows that:

{limsup {sup | Xw, (6)]] > Eun}} = {liminf {sup [| Xw, (6)]] < aun}} C {liminf {sup [| Xu, ()] < 5}} .
n—oo (0€© n—oo | ge0 n—oo {gco

Then, in order to complete the proof, it suffices to construct a subsequence {uy, }n>1 of {n},>1 (solely dependent on
{€n S R++}n21) s.t.

p (limsup {sup [| Xw, (0)]] > Eun}) =0.
0c©

n— oo
P (nnzl {Umzn {sup X (0)]] > }})
0ce

lim sup P ({UmZn {sup [| Xk, (0)]] > é‘km}})
n—o0o [ISC]
lim sup Z P, ({sup [| Xk, (0)]] > Ekm}) . (D-4)
)

n— oo
m>n

Consider the following elementary argument:

P (lim sup {sup [| Xu, ()| > €u, })
n—oo 0cO

IN

IN

It suffices to show that we can construct a subsequence {uy}n>1 of {n},>1 (solely dependent on {en},>1) s.t. the

limit supremum on the RHS of Eq. (D-4) is zero.

Set up = 1. By the fact that X, 2 0in 1°°(©) and for each n € N, we can find u, > maz{n,un—1} s.t.

1
PFun <sup HXUn (Q)H > 5n> < 27 .
6cO

As a corollary of this, we would have constructed a subsequence {uy}n>1 of {n}n>1 s.t.

S Pa, (sup X (8)]] > em) <o
0cO

m>1

It follows that the right hand size of Eq. (D-4) is zero, completing the proof. O

D.4 Auxiliary results on sufficient conditions for our assumptions

In this section we present some sufficient conditions for the assumptions in section B to hold.

Lemma D.8. Let ¢ : R}, X Rf:oi] X W — Rf, o take the form o(£) = (p1(&1), ..., 0p(&p), Ok—p) and be such that,

forallj=1,...,p,
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at & =0.

d. ;(&;

Then, this function ¢ satisfies Assumption A.5.

Proof. Consider the following argument Vj = 1,...,p. If @; is continuous, then set ¢} (&;) = max{p;(§;),0} for all

&j € Ri+oo). Otherwise, we split the constructive argument into the following cases.

First, suppose that all its points of discontinuity are negative. In this case, define ¢} (€;) = 0 for all {; < 0 and
05 (&) = (&) for all & > 0. It is now easy to verify that this function satisfies all the desired properties.

Second, suppose not all points of discontinuity are negative. By condition (d), zero is not a discontinuity point
and we can find the minimum discontinuity point, which we denote by &;*. It follows that ¢;(£;) is a continuous
function for all §; € [0,&;*). By continuity at zero, 3¢} € (0,&;*) s.t. for some real number 6 > 0, |¢;(£;)| < 6 for all
& €[0,£7]. We divide the rest of the proof into two cases.

Case 1. 36 € (0,1) s.t. [p;(6&5)] > 0. In this case, define the following constants: A = (G(d) —6)/(1 — ¢) and

B = 6/|¢;(6&5)|, where G : Ri+oo) — [0,1] is the function defined in Eq. (A-1). Since 6 € (0,1), it follows that
A€ (0,1) and B > 1. In this case, define

0 if §; € [-00,0)
copy ) Blei&)l if & €10,6¢7)
©; (&) = 1 .
GTU AL /€ +(1- A) if& € [06,6)
0 if 5] [§j7OO]

It is now easy to verify that this function satisfies all the desired properties.

Case 2. Ad € (0,1) s.t. |¢;(067)] > 0, i.e., p;(&) =0V € [0,&5). In this case, define:

0 if & € [—00,0)
0;5(&) = (G7(&/(2€)) +1/2) it & € [0,€7)
00 if & € [£5, 00]
It is now easy to verify that this function satisfies all the desired properties. O

Lemma D.9. Let Assumption A.8 hold and let nn, = Tn10g kn, where {kn}tn>1 and {Tn}n>1 are as in Assumption
M.1 and Definition 4.1, respectively. Then, for any {6n € O7" (Fp)}n>1 andy € (0,1), there is a subsequence {un }n>1

of {n}n>1, and a sequence {0,, € O (F,, V}n>1 such that

lim Vknop, 1Ok, ) Ery [mj (W, 0,)] > Jim w7y knop, Ok, Er,, [mi(W,0k,)], forj <p,

n— oo
Jim vk n0ry (Or)Ery, [ms(W,01,)] = Jim ry Ty knopy Ok, Er,, [mi(W,04,)), forj>p. (D-5)

Proof. By definition, {0, € ©7"(F,)}n>1 implies that S(n;l\/ﬁD;i/Q(Gn)EFn [m(W, 0,)], Qr, (0)) < 1 or, equiva-
lently, Qr, (6n) < (Mn/+/n)* and, thus, lim, e QF, () = 0. We now claim that n;l\/ﬁdH({Gn},@I(Fn)) =0(1).
To see why, consider the following derivation:

min{d, di (0n, O1(Fn))*} < C_IQFH (0n) < C_l(nn/\/ﬁ)x
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where the first inequality holds by Assumption A.8(a). Because the right hand size converges to zero as n — oo, it

is smaller than ¢ for sufficiently large n. Thus, the above display implies, for sufficiently large n,
dir (0, ©1(Fn))* < ¢ (na/vV/R)X (D-6)

which implies 7, ' v/ndg (0n, O1(F,)) < ¢ /X = O(1). Since n, v/ndu({6,},01(F,)) = O(1), there is a sequence
{0n € ©1(Fu)}nz1 with (1" v/n)||6n — 0[] = O(1).
By the convexity of © and the continuous differentiability of D, 1/ 2(\)Eg, [m(W, )], the intermediate value theorem

implies that there is a sequence {6,, € ©},,>1 with 6, in the hnear combination between 6, and 6, such that
K VD5 (00) Br, [m(W, 0,)] = VG, (03)k; " (0n = 00) + 5" V/a D (0) Er, [m(W, 0,)] . (D-7)

Define 0, = £, "6, + (1- m;”*)én or, equivalently,

On — O = K7 (0n — 0n) . (D-8)

By convexity of ©, {#, € O},>1. By Eq. (D-8), limsup,, . (7, *v/n)||0n — 0n]| < o0, and k7 — 0, we conclude that
(077 2v/7)||0n — 0] = 0. Furthermore, Egs. (D-7) and (D-8) imply

n AD 2 (0) B, (W, 0,)] = VG, (62)(8 — 8) + Virn ' D (0,) B, [m(W.6,)] . (D-9)

By the convexity of © and by the continuous differentiability of D_l/ *()Er, [m(W,-)], the intermediate value
theorem implies that there is a sequence {6;," € ©},>1 with 6,," in the hnear combination between 6, and 6, such
that

VD ? (6n) Er, [m(W, 00)] = VG, (6;7)(6n — 0n) + VD, (0n) B, [m(W, 6,)] - (D-10)

By definition of {0, € ©},>1 and (7, *v/n)||0n — 0| = O(1), (N7 v/n)||0n — 05]] = O(1). Similarly, by definition
of {05 € O}n>1 and (0, /n)||0n — Onl] — 0, (7 v/n)||0n — 657|] — 0. Then, triangle inequality implies that
(' V)16, — 6571 = O(1).

Now consider the following derivation:

VD2 (00) Er, [m(W,00)] = VRGr, (03)(0n — 0,) + V/nD g (04) Er, [m(W, 00)] + €1

K VD52 (00) B, [m(W, 00)] + €01 + En2 (D-11)

where the first equality follows from Eq. (D-10) and defining e,1 = /n(Gr, (0*) — Gr, (05))(0, — 0,,), and the
second equality follows from Eq. (D-9) and by defining e, 2 = (1 — m;”)\/ﬁD;;m(én)Epn [m(W, 6,,)].

On the one hand, 0., € Or(F,) and k;” — 0 implies that €,,2 is s.t. £,,2,; > 0 for j < p and €p,2,; = 0 for j > p.

n sup [|Gr(05) = G077l X 10 = 0ull = O(n/v/n) — 0
FePg

where the result combines our assumptions with (n;;*v/n)||07 — 0*|| = O(1) and (n;, *v/n)||0n — 0,]| = O(1).
We now verify that 6, € ©7"(F,) for all sufficiently large n. By Eq. (D-11), {6, € 7" (Fn)}n>1, Lemma D.4,

Ky, — 0, and the properties shown for €,,1 and €,,2, we have that

M Vo, ;(0n)Er, [m;(W,0,)] > 0,k Vnog! 5 (0n)Er, [m;(W,0,)] + enyy > —kn @ =0, j<p,
M Vnog! j(00)|Er, m (W, 00)]| < 0wy Vnog! (00)|Er, [m (W, 00)]] + len| < k@ =0, j>p.

By these findings and Lemma D.5, we conclude that S(n;'v/nDxg 1/2( 0,)Er, [m(W,0,)],Qr, (6,)) — 0 and, thus,

0, € ©""(F,) for all sufficiently large n. As a consequence, there is a subsequence {an}n>1 of {n}n>1 s.t. {0a, €

35



07" (Fa, ) }nz1.

To conclude the proof, consider the following argument. Since (Rfioo], d) is compact, there is a further subsequence
{bn}tn>1 of {an}n>1 s.t. \/an;b1n/2 (ébn)Ean [m(W, 6y, )] and H;nwx/an;:n/Q(an)Ean [m(W, 60s,,)] converge. By Eq.
(D-11), combined with the properties of e,,1 and &,,2, we conclude that

Jim 7y 'Vonog) (0n,)ER,, [mi(W,0s,)] > lim 1y 'wy "Vbnog,: (06,)Er,, [m;(W.605,)], for j <p,
Jim 1y Vonog) (0n,)ER,, [mi(W,0s,)] = lim 1y 'y, "Vbnog,, (606,)Er,, [m;(W.65,)], for j>p.
The proof is completed by considering the subsequence {uy, }n>1 with u, = by,. O

Lemma D.10. Let {F, € Po}n>1 be s.t. Al p — A € S(O x Rﬁoo]). Then, Assumptions A.5 and A.8 imply
Assumption A.6.

Proof. First note that by Lemma D.9, Assumption A.8 implies that Eq. (D-5) holds. By definition, (8*,£%) € A*
implies that there is a (sub)sequence {(0n,fn) € A} g }n>1 st limy oo d((On, £n), (0°,£7)) = 0. Note that £, =
ki 'VAD R 2 (0,) Er, [m(W, 0,)]. Since (0n,£n) € Al ,, then 0, € O (Fy), ie.,

Sy VDR (00) Er, [m(W, 0,)], @ (02)) < 1.
By Lemma D.4, 3w > 0 such that

Bty oy = mn Nnop (00)Er, [m;(W,0,)] > —w, for j <p,
= mn ' Vnog, ;(02)|Er, [m;(W,0,)]| < @, for j >p. (D-12)

—1
KnTn |€”7j

By Definition 4.1, 7, = &y, for r € (0,1) and by Lemma D.9 we can choose v € (r,1) C (0,1). By Eq. (D-12) and
N = Tn log Ky, it then follows that

fon oy = Ry Vnog, j(02)Er, [mi(W,00)] > —ky nete — 0, for j <p,
ko Mgl = nVnog, (00)|Er, [mi(W,00)]] < k7 naw — 0, for j > p.

By the previous equations, x5 7 — oo, and d(£,,£*) — 0, we conclude that £* € ]Rﬁ_oo] X {0k_p}.
Also, Eq. (D-12) and Lemma D.9 imply that there is a subsequence {an}n>1 of {n},>1 and a sequence {0, €

O7"(Fn)}n>1 that satisfies:

lim «/ana;al ,j(éan)EFan [m;j(W,0.,)] > lim kb e, ; >0, forj<p,

n— oo n n—oo
lim /anor! (0a,)Er,, [mi(W,02,)] = lim &}, "o, ; =0, forj>p.
n— oo n’ " n— o0 "

We define £, = \/ﬁD;:/2(én)EFn [m(W,6,)] and notice that, by definition, (fa,,,%a,) € Aq, F,, - Since (© x
Rﬁ:w]? d) is compact, there is a subsequence {by}n>1 of {@n}n>1 s.t. d((0y,, 0, ), (6,€)) — 0. Finally, since A}, . —
AN e S0 x Rﬁ[oo]): we conclude that (6,¢) € A’. We can summarize the previous construction as follows:

O;=lim &, ; > lim &y "0, ;>0 forj<p,

. ~ . 1— .
0 = nler;O by, i = nh_}rr;o Ky lb,; =0, for j >p. (D-13)

To conclude the proof, we show that (6, ¢') satisfies the requirements in Assumption A.6. First, for j > p, Eq.
(D-13) implies that ¢; = lim, £, ; = 0. Next, consider j < p. If £ = 0, then ¢} (£;) = 0 by Assumption A.5. Eq.
(D-13) then implies £; > 0 = ¢j(£5). If £5 > 0, then Ii;:”&m]- — oo and so Eq. (D-13) implies £; = oco. It follows
that £; > ¢*(£}) in this case as well. O
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D.5 Auxiliary results on 0,

Lemma D.11. The set O in Definition 4.1 satisfies the following properties: (i) infoce Qn(0) = infycq, @n(0), (i)
Or #0.

Proof. For the first property note that ©; C © implies that infgco Qn 0) < infycq, Qn (0). Now suppose that the
inequality is strict, i.e., infoco Qn(0) < infyee @n(f). Then, there is 0 € ©\O; such that Qn(f) < inf,cq, Qn(0).
Since 6 ¢ O, we conclude that Q,(0) > infoco Qn(f) + 72X > infycq, @n(0), which together with 7, > 0 implies a

contradiction.

For the second property, fix n € N arbitrarily. Notice that 7, > 0 implies that 30 € © such that Qn(é) <
infoco Qn(0) + 7X which, in turn, implies that 6c. O

Lemma D.12. Let {F, € Po}n>1 be a (sub)sequence of distributions s.t. Qr, — Q for some Q € C(©2). For any
arbitrary sequence {\, € Ryy}n>1 s.t. A — 00, A\ tinfoco Qn(6) 2.

Proof. Fixn € N arbitrarily. By definition, F,, € Po implies that 6,, € ©;(F},), which implies that Er, [m;(W,6,)] >0
for j < p and Ep, [m;(W,0,)] =0 for 7 > p. Therefore

0< )\;1 ghelé Qn(‘g) < )\ZlQn(an) = S()\rjl/x\/ﬁmn(en)v zA:n(en)) = S()‘;l/xvn(en)vﬁn(gn)) )

where the first two inequalities are elementary, the first equality is by definition of @, and by the fact that S is
homogeneous of degree x, and the second equality follows from monotonicity properties of S and 6,, € ©(F},), which
implies that Er, [m;(W,6,)] > 0 for j < p and EF, [m;(W,0,)] =0 for j > p.

The proof is completed by showing that S(A;l/xvn(ﬁn), Qn(Gn)) 2 0. Suppose not, i.e., 3¢ > 0 such that

lim sup P, (‘S()\;l/xvn(an), Qn(en))‘ >£)>0. (D-14)

n—>00

Based on this, notice that

lim sup Pr, (‘S(A;I/X%(an),ﬂn(en))‘ > s-) lim P, (\S(A;j/ Xvap (Ban)s Qa, (0%))\ > s‘)

n—oo n—oo

= lim Pp, (‘S(A;ﬂl/van(&n),flbn (%))’ &), (D-15)

n—00

where the first equality holds for a subsequence {an}n>1 of {n},>1 that achieves the limit supremum, the second
equality holds for a subsequence {b, }n>1 of {an}n>1 s.t. Q(6s,) = Q*. By Lemma D.2 (parts 5 and 6) and {)\}/X €
Ry tns1 st AY/X = oo, we conclude that )\;ll/van (0y,) 2 0k and Qy, (05,) — U, (66,) 2 0x. This, combined
with Q(0p,,) — Q" — 0i and assumed properties of S, implies that S()\b_nl/van (05,), b, (05,)) B S(0k, Q%) = 0. As
a result, the RHS of Eq. (D-15) is zero, contradicting Eq. (D-14). O

Lemma D.13. Assume Assumptions A.1-A.4. Then,

lim inf Prp (@,(F) Conc 6}’"(F)) =1,

n—oo FeEPy
where Np = 7o, 108 Kn, for {kn}tn>1 and {Tn}n>1 as in Assumption M.1 and Definition 4.1, respectively.
Proof. Throughout this proof, let

O ={0€0:Qu0) <X} =1{0€0:8(r Vima(0),5.(0)) < 1}
077 ={0€0:Qu0) <7X(1+ (logrn)¥?)} = {0 € © : S((7a(1 + (log 5n)¥/*)V/X) " /M (6), £4(0)) < 1}

where we have used the definition of @),, and that S is homogeneous of degree x.
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Step 1. Show that infrep, Pr(©;(F) C ©FF) = 1. Fix (n, F) € N x Py arbitrarily. By Lemma D.4 there exists
w > 0 such that

6P ={0 e o:S(r, 'Vnm(0),5.(0)) < 1}
={0€©:S(r, ' VnD, 2 (0)m(0), 2 (0)) < 1}

[ A6 0) =~}
. {969'{ i, 3Oy (0)] < @ tiepis }} |

Based on this, consider the following derivation:
A 5-L(0)m;(0) > — P
0cO(F) {\/ﬁgn,J(e)‘mJ(eﬂ < an}j:P+1
_ { {infoce, () (V5,3 (0);(0)) > —wm}?_iN }

{supgco, () (VN6 5(0)|m;(0)]) < wmn}i_pia
k

V)

p
inf  0,,(0) > —wrn} N9 sup [0n;(0)] < @n
{eeez(F> j=1 0O (F) j=pt1

U

{sup [|on(0)]] < wm} ,
0o

where the second last inclusion follows from the fact that 8 € ©;(F) implies Er[m;(W,0)] > 0 for j < p and
Er[m;(W,0)] = 0 for j > p, and the last inclusion follows from O;(F') C ©. From this, it follows that

liminf inf Pp (@,(F) c é%B) > liminf inf P (328 115 (0)]] < wrn)

n—oo FePy n—oo

lim Pr,, (sup 5 (O)]] < mn)

= lim Pp, (sup [|Ts,, (0)]] < wrbn> =1,
n—oo " \geco

where first equality holds for a subsequence {an},>1 of {n},>1 that achieves the limit and the infimum, the second
equality holds for a subsequence {bn},>1 of {an}n>1 such that Qp, % Q for some Q € C(6©?) (which can be found
by Lemma D.6), and the final equality follows from part 7 of Lemma D.2.

Step 2. Show that infrep, Pr(©FF C 67) — 1. Fix (n, F) € N x P, arbitrarily. By ¢, = infgco Qn(0) > 0, we
conclude that

O —{0€0:Qu0) <X} C{H€O®:Qnd) —q. <X} =671,
which implies that PF((:)%B C (:)1) =1.

Step 3. Show that infrep, Pr(©; C OYP) = 1. Fix (n, F) € N x Py arbitrarily. Notice that:
{40 <7} S {{0€©:Qu0) San+7} C {0 €0:Qu(0) <71+ (ogrn)*) }} = 6r COF” .
Based on this, it suffices to show that infrep, Pr(g. < 77X) — 1. To show this, notice that:

liminf inf Pg (qn < 71X (log nn)X/z) = lim Pr, (qa, <75 (logka,)?) = lim Pg, (g5, <7° (logks,)?) =1,
n—oo FePy n—oo " " n—oo n n

where the first equality holds for a subsequence {an}n>1 of {n},>1 that achieves the limit and the infimum, the
second equality holds for a subsequence {bn}n>1 of {an}n>1 s.t. Qp, - Q for some Q € C(©7), and the third
equality holds by Lemma D.12.

Step 4. Show that infrep, Pr(OYF C ©7"(F)) — 1. Fix (n, F) € N x Py arbitrarily. By Lemma D.4 there exists
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w > 0 such that
O (F)={0 € ©: S(n, ' VnEr[m(W,0)],Sr(0)) < 1}
= {0 € 0:S(n, ' VnDz' (0)Er[m(W,0)],2r(0)) < 1}

| AoR O Erlmy (W.0)] > ~wn.}2_,0)
= {‘96@'{ (Vo (0) | Erlm (W.0)]] < o} pis }} ‘

Based on this, consider the following derivation:

2 {Vnop;(0)Er[m;(W,0)] > —wna})_N
Or @}'" 2 7'17 kJ
o cerm}2 {D{ [V (0)| Bilms (W,0)]| < iy }}
_ { {infycqun vnop; (0)Er[m; (W, 0)] = —wna};_,N }
{SUP%@IUB \/ﬁa;;. ()| Ep[m; (W, 0)]| < w’ln}?:p-ﬂ

;{.nllax sup wﬁaF,;(o)EF[mj(wemswnn}.
.

..... keeéyB

From this, it follows that

liminf inf Pg (GI(F) C éIUB) > liminf inf Pp <_max sup \\/ﬁagé (0)Er[m;(W,0)]| < wnn> .

n—oo FePy n—oo FeEPy j=1,....,k 96@?3

The proof is completed by showing that the RHS is equal to one.
Fix (n, F,0,5) € N x Py x OYF x {1,...,k} arbitrarily. By definition,
Vnop;(0)Er[m; (W, 0)] = —va;(0) + v/nd, (0)im;(0)05(0)6w,5(6) -
In the case of j < p, 8 € ©YF C O, and Lemma D.4 then implies that

inf \/nog;(0)Er[m;(W,0)] > —sup [vn,;(0)| — @7 sup 075(6)6m,;(0)] -
0coyB 6eco deo

In the case of j > p, the same argument implies that

sup v/or Y (0) B [my (W, 0)] < sup vn 3 ()] + wra sup o7 ()65 (6)
0oy B bco dco

On can combine the information Vj € {1,...,k} to deduce that

max sup |v/nop;(0)Erlm; (W.0)]] < sup |[va(0)]| + w7 sup || D"*(6)D,/* ()] -

I=lkgegUn deo jeo
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From this, it follows that

liminf inf Pp <__max sup h/ﬁa}é (0)Er[m;(W,0)]| < wnn>

n—oo FePy ]_1""’k96(§5j3

> liminf inf Pp ( sup||va(8)]| + @r sup ||D5 2 (0)DL2(6)]| < @y
n—oo FePy Gco 0cO

> liminf inf Pp <sup [lvn(8)]] < nnw/Q)
Po Se)

n—oco Fe

+liminf inf Pp (2 sup ||[D7"2(0)DY?(6)]] < nn/(Tn(1 + (log mn)x/Q)l/X)> -1
n—oo FEPg 0cO
~ lim Pr,, (sup o0, ()] < nanw/a)
+ lim Pp, (2 sup || D/*(0) D32 (0)]] < log ka,, /(1 + (bgmﬂ%”*)) -1
n— oo 0cO an :

~ lim Pr, <sup oen (B)]] < nanw/z) -1,

where first equality holds for a subsequence {an }n>1 of {n},>1 that achieves the limit, the infimum, and s.t. Qp, > Q
for some Q € C(©?) (which can be found by Lemma D.6), and the final equality follows from parts 3 and 6 of Lemma
D.2. O
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