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Supplement to “Optimal Bandwidth Selection for

Differences of Nonparametric Estimators with an

Application to the Sharp Regression Discontinuity
Design”

Yoichi Arai and Hidehiko Ichimura

A Introduction

In this supplemental material, we present omitted discussions, an algorithm to imple-

ment the proposed method for the sharp RDD and proofs for the main results.

B Uniqueness of the AFO Bandwidths for the Dif-
ference of Densities

In this section, we verify the uniqueness of the AFO bandwidths for the difference of
densities.

(i) When f®(z,)f® (x5) < 0, the first-order conditions are given by

— 2 (2) B (2) h*? _r(@ h*2 o -0
oy ettt paf 7 (1) hy [f (x)hi” = [ (x2)h5 } n J
OAMSE,(h . . . vo f(x
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Solving these gives the explicit forms of h] and h3.
To show that A} and hj are global minimizers, it is sufficient to show that

AMSE;,(h) is strictly convex with respect to hy and hy. For strict convexity, we



must show that the Hessian matrix is positive definite; i.e. that

PAMSEy(h) _  PAMSEy(h) 9*AMSEy(h)  [0*AMSEy,(h) 2 0
oh? ’ oh? Oh2 dh10hs '

Given that f®(x1) and f®(x,) have different signs, it follows that

02 AMSE, ()
on?

= 13O (1) [P (x1)h2 — FO(22)h3] + 2 [p2f P (1) ] + %

> 0,

because f(-), ua, Vo, n, hi and hy are all positive. We can also show that
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Note that if we ignore the first and third terms in the two brackets of the first term on
the right-hand side, what is left coincides with the last term on the right-hand side.
However, both the first and third terms are positive as discussed earlier. Thus, the
difference of the two terms are positive.
(ii) Next, we consider the case where f)(x1)f® (z5) > 0. With the restriction
that f@(z,)h? — f®(29)h% = 0, AMSE,,(h) can be written as
Yo

AMSEy,(h) = {% [F (1) = X D ()] h‘%}2 o {f(xl) + fiff : } :

The first-order condition becomes

dAM S Ey,(h)
dhy
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Solving this with respect to hj* yields the expression of Definition 1. To see that



AM S E,,(h;) has a unique minimum, observe that

dZAMSE2n<h) 7 wxd 2 2V0 f(l’g)
g7 = g ) = X O+ T2 ) + T
Both terms on the right-hand side being positive proves strict convexity. [

C Implementation for the Sharp RDD

In this section, we provide a detailed procedure to implement the proposed method
for the sharp RDD. To obtain the proposed bandwidths, we need pilot estimates of
the density and its first derivative, the second and third derivatives of the regression
functions, and the conditional variances at the discontinuity point. We obtain these
pilot estimates in a number of steps. Before we describe them, note that the discon-
tinuity points for all designs are at x = 0. When the discontinuity point is at x = ¢

rather than x = 0, one proceeds by replacing X; with X; — ¢ in the following steps.

C.1 Step 1: Obtain pilot estimates for the density f(0) and
its first derivative f(1)(0)

We calculate the density of the forcing variable at the discontinuity point f(0), which
is estimated by using the kernel density estimator with an Epanechnikov kernel.! A
pilot bandwidth for kernel density estimation is chosen by using the normal scale rule,
given by & - (15¢(c)/(n¢® (c)?))'/® evaluated at ¢ = 0, where & is the square root of
the sample variance of X; and ¢(-) is the normal density (see Wand and Jones, 1994
for the normal scale rules). The first derivative of the density is estimated by using
the method proposed by Jones (1994). The kernel first derivative density estimator
is given by > | L((¢c — X;)/h)/(nh?), where L is the kernel function proposed by
Jones (1994), L(u) = —15u(1 — u®)1g,<13/4 and ¢ is the evaluation point (zero in our

experiments). Again, a pilot bandwidth is obtained by using the normal scale rule,

K estimated the density in a simpler manner (see Section 4.2 of IK). We used the kernel density
estimator to be consistent with the estimation method used for the first derivative. Our unreported
simulation experiments produced similar results for both methods.



given by & - (105¢(c/5)/(n¢® (c/5))Y7 evaluated at ¢ = 0.1.2

C.2 Step 2: Obtain pilot bandwidths for estimating the sec-

ond and third derivatives m§2)(0) and mf’)(()) for j=1,2

We next estimate the second and third derivatives by using the third-order LPR.
We obtain pilot bandwidths for the LPR based on the estimated fourth derivatives
m{Y(0) = lim,_ 0 m@(2) and m$Y(0) = lim, - m®@(2). Following IK, we use
estimates that are not necessarily consistent by fitting global polynomial regressions.
In doing so, we construct a matrix whose ith row is given by [1 X; X? X3 X}]. It
turns out that the matrix has an average condition number (the ratio of the largest
eigenvalue to the smallest.) of 28.80. This number suggests potential multicollinearity,
which typically makes the polynomial regression estimates very unstable. Hence, we
use the ridge regression proposed by Hoerl, Kennard, and Baldwin (1975). This is
implemented in two steps. First, using observations for which X; > 0, we regress
Y; on 1, X;, X2 X2 and X! to obtain the standard OLS coefficients 4; and the
variance estimate $2. This yields the ridge coefficient proposed by Hoerl, Kennard,
and Baldwin (1975): r; = (58%)/(%,41). Using the data with X; < 0, we repeat
the procedure to obtain the ridge coefficient, r5. Let Y be a vector of Y;, and let
X be the matrix whose ith row is given by [1 X; X? X2 X}!] for observations with
X; > 0, and let I be the k x k identity matrix. The ridge estimator is given by
BH = (X'X +r ;)7 XY, and Brg is obtained in the same manner. The estimated
fourth derivatives are m§4)(0) =24 (,1(5) and mg‘”(o) — 24 (,5(5), where £,1(5) and
BT2(5) are the fifth elements of Brl and B,Q, respectively. The estimated conditional
variance is 02, = Y1, (Y; — Y;)?/(n, — 5), where Y; denotes the fitted values, n, is the
number of observations for which X; > 0, and the summation is over 7 with X; > 0.

02, is obtained analogously. The plug-in bandwidths for the third-order LPR used to

2The normal scale rules do not work when the evaluation point is zero because the third derivative
of the normal density at zero is equal to zero. Hence, we use ¢ = 0.1. The following results are robust
to the value of ¢, unless ¢ differs greatly from zero.



estimate the second and third derivatives are calculated by

9 1/9
hy; = Cys(K) ( Ors )
v,j — “Yv,3 ~ R 5
’ £(0) - 125(0) - my

where j = 1,2 (see Fan and Gijbels, 1996, Section 3.2.3 for information on plug-in
bandwidths and the definition of C,3). We use v = 2 and v = 3 for estimating the

second and third derivatives, respectively.

C.3 Step 3: Estimation of the second and third derivatives

mf) (0) and mgg)(O) as well as the conditional variances

53(0) for j =1,2

We estimate the second and third derivatives at the threshold by using the third-
order LPR with the pilot bandwidths obtained in Step 2. Following 1K, we use the
uniform kernel, which yields constant values of Cy3 = 5.2088 and (33 = 4.8227. To
estimate mﬁ”(o), we construct a vector Y, = (Y1,...,Y,,) and an n, x 4 matrix,
X.,, whose ith row is given by [1 X; X? X?] for observations with 0 < X; < hyg,
where n, is the number of observations with 0 < X; < hy3. The estimated second
derivative is given by m§2) (0) = 2- B2.1(3), where 351(3) is the third element of @271
and 3271 = (X,/X,)'X,Y,. We estimate m?(o) in the same manner. Replacing ho 3
with hj 3 leads to an estimated third derivative of m{P(0) = 6- Bs1(4), where f31(4) is
the fourth element of 31, Bs1 = (X,'X,) ' XY, Vo = (Y4,...,Y,, ), X, is an n, x 4
matrix whose ith row is given by [1 X; X? X?] for observations with 0 < X; < hs 3,
and n; is the number of observations with 0 < X; < hg 3. The conditional variance at
the threshold ¢2(0) is calculated as 6,(0) = Y272, (Y; — Y;)2/(n — 4), where Y; denotes
the fitted values from the regression used to estimate the second derivative.? /6272 and

3372 can be obtained analogously.

30ne can use the fitted values from the regression used to estimate the third derivatives, having
replaced n, with n;. However, because these values produce simulation results that are almost
identical to those produced by the fitted values described in the main text, we present the latter.



C.4 Step 4

The final step is to plug the pilot estimates into the MMSE given by (10) and to
use numerical minimization over the compact region to obtain hy and hs. Unlike
AMSE,(h) and AMSE,,(h) subject to the restriction given in Definition 3, the
MMSE is not necessarily strictly convex, particularly when the sign of the product is
positive. In conducting numerical optimization, it is important to try optimization
with several initial values, so as to avoid finding only a local minimum. (h*,h%) and

(h2, hE) can be computed using the MMSE given by (11) and (13), respectively.

D Proof of Theorem 3

Recall that the objective function is:

by

— 2 . . 2
MMSE,(h) = { ; [m&”(g;)h% — @ (a:)hg]} + [bm(x)h? - bm(x)h;}

i 2

To begin with, we show that hy and hy satisfy Assumption 3. If we choose
a sequence of h; and hs to satisfy Assumption 3, then M/]W?En(h) converges to 0.
Assume to the contrary that either one or both of h; and hs do not satisfy Assump-
tion 3. Since m$ (2)3by1(2)? # m{P(2)3baa(x)? by assumption, My (x)3by1(2)? #
' (2)3by,5(2)? with probability approaching 1. Without loss of generality, we as-
sume this as well. Then at least one of the first-order bias term, the second-order bias
term and the variance term of M/]\/[FEn(il) does not converge to zero in probability.
Then M/]W?En(ﬁ) > MmEn(h) holds for some n. This contradicts the definition
of h. Hence h satisfies Assumption 3.

We first consider the case in which m!” (x)mg) () < 0. In this case, with

probability approaching 1, mﬁ” (a:)mg)(x) < 0, so that we assume this without loss of
generality. When this holds, note that the leading terms are the first term and the

last term of M/]\/[?En(iz) since hy and hy satisfy Assumption 3. Define the plug-in



version of AMSE,(h) provided in Definition 3 by

—— b1 [ .2, \r2  ~(2), 22 }2 v {&%(l’) &%(5")}
AMSE;,(h) =< — |m;”"(x)h; — my” (x)h + — + )
= {3 [t = o @] } o {2

Let the minimizer of AﬁEln(h) by hy and hs. Also define
1/5 1/3
5 w33 (2) s { &§<x>m§”<m>} /
1=4 - =Y T [
i f ()i () [ (2) = Xl ()] ot @)t (x

A calculation yields h; = yn=Y/5 = Cin=V% and hy = G \nV/5 = ConV/5. With
this choice, AmEln(iL) and hence MmEn(ﬁ) converges at the rate of n=%°. Note

1/5

that if ﬁl or iLQ converges at the rate slower than n="/°, then the bias term converges

4/5 1/5

at the rate slower than n=*°. If ﬁl or BQ converges at the rate faster than n~

—4/5

then the variance term converges at the rate slower than n=*°. Thus the minimizer

of M/]\I?En(h), hy and hy converges to 0 at rate n=1/5.
Thus we can write by = Cyn~% + 0,(n~'/5) and hy = Con= 1% + 0,(n=1/5) for
some Op(1) sequences C’l and C’g that are bounded away from 0 and co as n — oo.

Using this expression,

2
MNTSE,() = w3 a0 - a3 |

n4/5f(x) Cl 2
Note that
. b - _1)2
MMSE,(h) = n™*° {51 [ ()03 = ) (2)C5 | }
v {6%~($) n 5%@)} + Op(n~),
n4/5f(x) Cl CQ



Since  is the optimizer, MMSE, (h)/MMSE,(h) < 1. Thus

{é[Ag a )CQ]} +%{&fo)+&%)}+%(1)
{4 [l (@) - @ )02]} T 75 {2+ L 4 Op(n-19)

< 1.

Note that the denominator converges to

(bt 5 (-0

where C] and C5 are the unique optimizers of

{% ()03 = mP ()¢5 } + f@ {chx Ly Uc(x | } ’

with respect to € and C5. This implies that él and ég also converge to the same

respective limit C} and C3 because the inequality will be violated otherwise.

Next we consider the case with m?)( m (2)( ) > 0. In this case, with prob-

<2)(x)m§2) () > 0, so that we assume this without loss of

ability approaching 1, m
generality.

When these conditions hold, define

52(2) & 17 @ 2
Gy 4"[;“ ;;/Az])r nd x{ﬁ;g;}/.

and let ho = Moh;. This sets the first-order bias term of MmEn(h) equal to 0.
Define the plug-in version of AMSE,,(h) by

AmEzn(h) = {62,1(53)h? - 62,2(1:)]13}2 + nj:Ex) {&%h(lx) + &%h(;)}

Choosing h; to minimize AmEgn(h), we define hy = Gon=V7 = Cyn~Y7 and hy =



MAohy = Con=Y7. Then MmEn(ﬁ) can be written as

I ~ R _ R _ 2 ~2 ~2
MMSE,(h) =n~¢/" {bzl(x)cf - bg,g(x)cg} T {“{(‘x) G } .
flx) UGy Ca
In order to match this rate of convergence, both hy and hs need to converge at
the rate slower than or equal to n~'/7 because the variance term needs to converge at

—6/7

the rate n or faster. In order for the first-order bias term to match this rate,

'rh?) (x)iﬁ — mg” (a:)ﬁ% =By, = n’3/7b1n,

where by, = Op(1) so that under the assumption that mg) (x) # 0, with probability
approaching 1, m§2>(a:) is bounded away from 0 so that assuming this without loss
of generality, we have h2 = \2h2 — By, /S (). Substituting this expression to the

second term and the third term, we have

s by ? - - - {97 2 2
MMSE,(h) = {EBM} o+ {ba1 (@) = ba2(@) {02 — Buo /i (2)}/2}

L [sw () |
nf(z) | b {202 = B/ (2) 12
Suppose h, is of order slower than n='/7. Then because mé” (2)3byq ()2 # m§2) (:E)3l;272(x)2
and this holds even in the limit, the second-order bias term is of order slower than

n~%/7. If hy converges to 0 faster than n=*/7

, then the variance term converges at the
rate slower than n~=5/7. Therefore we can write by = Cyn~ Y7 + 0,(n~Y/7) for some
Op(1) sequence Cy that is bounded away from 0 and co as n — oo and as before

h2 = A2h2 — By, /mi? (z). Using this expression, we can write

) ) A o 2
#00 ha (2)C3 4 0,(1) = baa(@){R3CE + 0,(1) — ™V Tou /P (2))¥2] }

16T v _ &t () T 3 () - ‘
Cr+0p(1)  {MCT + 0p(1) = n=V7hyy 110y () }1/2




Thus by, converges in probability to 0. Otherwise the first-order bias term remains
and that contradicts the definition of ﬁl.
Since h is the optimizer, MmEn(ﬁ)/MmEn(ﬁ) < 1. Thus

R . . . a 2 5 -
3 22 3/2 v 51 () 65(z)
op(1) + { [bll(x)ol baa(#){A2CY + 0p(1)} ]} t i@ {éwlopu) + {izé%fopu)}l/?} <1

. - A ~.) 2 62(z) | 62(x -
(ot~ b3 + 7 22+ )

If ¢, — Cidoes not converge to 0 in probability, then the ratio is not less than 1 at

some point. hence ¢y — C; = 0p(1). Therefore ho /hy converges in probability to 1 as

well.

The result above also shows that M/.M?En(ﬁ) /MSE,(h*) converges to 1 in
probability in both cases. [
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