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CENTRAL LIMIT THEOREMS AND MULTIPLIER
BOOTSTRAP WHEN p IS MUCH LARGER THAN n

VICTOR CHERNOZHUKOV, DENIS CHETVERIKOV, AND KENGO KATO

ABSTRACT. We derive a central limit theorem for the maximum of a sum
of high dimensional random vectors. More precisely, we establish condi-
tions under which the distribution of the maximum is approximated by
the maximum of a sum of the Gaussian random vectors with the same
covariance matrices as the original vectors. The key innovation of our
result is that it applies even if the dimension of random vectors (p) is
much larger than the sample size (n). In fact, the growth of p could
be exponential in some fractional power of n. We also show that the
distribution of the maximum of a sum of the Gaussian random vectors
with unknown covariance matrices can be estimated by the distribution
of the maximum of the (conditional) Gaussian process obtained by mul-
tiplying the original vectors with i.i.d. Gaussian multipliers. We call
this procedure the “multiplier bootstrap”. Here too, the growth of p
could be exponential in some fractional power of n. We prove that our
distributional approximations, either Gaussian or conditional Gaussian,
yield a high-quality approximation for the distribution of the original
maximum, often with at most a polynomial approximation error. These
results are of interest in numerous econometric and statistical applica-
tions. In particular, we demonstrate how our central limit theorem and
the multiplier bootstrap can be used for high dimensional estimation,
multiple hypothesis testing, and adaptive specification testing. All of
our results contain non-asymptotic bounds on approximation errors.

1. INTRODUCTION

Consider random variable Ty defined by

where (z;);", is a sequence of independent zero-mean random p-vectors of
observations, x;; is the jth component of vector x;, and p > 2. The distri-
bution of Tj is of interest in many statistical applications. When p is much
smaller than n, this distribution can be approximated by using a classical
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2 CHERNOZHUKOV, CHETVERIKOV AND KATO

Central Limit Theorem (CLT). In many high-dimensional problems, how-
ever, p is comparable or even larger than n, and the classical CLT does not
apply. This paper provides tractable approximations to the distribution of
Ty when p is possibly much larger than n.

Specifically, we derive a new Gaussian approximation theorem that gives
a bound on the Kolmogorov-Smirnov distance between the distributions of
Ty and its Gaussian analog Zj:

‘= max Zyw/\/_

1<]<p

Yi = (Yi1, - - - ,yip) ~ N(O’E[xix‘;])>

i.e., random variable Zj is the maximum of the normalized sum of Gaussian
random vectors y; having the same covariance structure as z;’s. We show
that under mild moment assumptions, there exist some constants ¢ > 0 and
C > 0 such that
(1) p:=sup|P(To <t) —P(Zo <t)| < Cn =0,

teR
as n — oo, where p could grow as fast as an exponential of some fractional
power of n. For example, if z;; are uniformly bounded (i.e., |z;;| < C; for
some constant C7 > 0 for all 4, j), the distance p converges to zero at a poly-
nomial rate whenever (logp)”/n — 0 at a polynomial rate. Similar results
are also obtained when z;; are sub-Gaussian and even non-sub-Gaussian, un-
der some assumptions that restrict the growth of max;<j<p1<i<n Bl|2ij|*].
Figure 1 gives a graphical illustration of the result (1), motivated by the
problem of tuning the Dantzig selector of [12] to non-Gaussian settings, an
example which we examine in Section 5.

In the process of deriving our results, we employ various tools, includ-
ing Slepian’s “smart path” interpolation (which is related to the solution of
Stein’s partial differential equation), Stein’s leave-one-out method, approxi-
mation of maxima by the smooth functions (related to “free energy” in spin
glasses), and exponential inequalities for self-normalized sums. See, e.g.,
[42, 44, 21, 17, 45, 13, 14, 20, 37] for introduction and discussion of some of
these tools. The main result also critically relies on the anti-concentration
inequality for suprema of Gaussian processes, which is derived in [18] and
restated as Lemma 2.1.

Our result (1) has the following innovative features. To the best of our
knowledge, our result is the first to show that maxima of sums of random
vectors, with general covariance structure, can be approximated in distri-
bution by the maxima of sums of Gaussian random vectors when p > n,
in particular, when p can depend exponentially on a fractional power of n.
This condition is weaker than the one that results from the use of Yurin-
skii’s coupling, which also implies (1) but under the rather strong condition
p°/n — 0; see, in particular, Lemma 2.12 in [22] and Example 17 (Section
10) in [38]. Second, note that our analysis specifically covers cases where
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FIGURE 1. P-P plots comparing distributions of Ty and Zj
in the example motivated by the Dantzig estimation prob-
lem. Here, x;; = z;je; where ¢; ~ t(4), (a t-distribution with
four degrees of freedom), and z;; are nonstochastic (simu-
lated once using UJ0,1] distribution independently across i
and 7). Dashed line is 45°. The distributions of T and Zj are
close, as (qualitatively) predicted by the CLT derived in the
paper: see Corollaries 2.1 or 2.2. The quality of the Gaussian
approximation is particularly good for the tail probabilities,
which is most relevant for practical applications.

the process {> ;" 1 zij/v/n,1 < j < p} is not asymptotically equicontinuous
and hence is not Donsker. Indeed, otherwise our result would follow from
the classical functional central limit theorems for empirical processes, as in
[21]. Third, the quality of approximation in (1) is of polynomial order in
n, which is better than the logarithmic in n quality that we could obtain
in some (though not all) nonparametric applications where the behavior of
the maximum 7Tj (after a suitable rescaling) could be approximated by the
extreme value distribution (as, e.g., in [43] and [10]).

Our result also contributes to the literature on multivariate central limit
theorems, which are concerned with conditions under which

R 1<
P (%;l‘z GA) -P <%;yz GA)
uniformly in a collection of sets A, typically all convex sets. The results
of this kind were developed among others, by [36, 39, 27, 8, 16], under
the conditions that p°/n — 0 or similar conditions (also see [15]). These
results rely on the anti-concentration results for Gaussian random vectors
on the d-expansions of boundaries of arbitrary convex sets A (see [5]). Note
that our result also establishes (2), but uniformly for all convex sets of the
form Apax = {a € RP : maxj¢jcpa; < t} for t € R. These sets have a
rather special structure that allows us to deal with p > n: in particular,

(2)

— 0,
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concentration of measure on the d-expansion of boundary of A,y is at most
of order d+/log p for Gaussian random p-vectors with unit variance, as shown
in [18] (restated as Lemma 2.1).

Note that the result (1) is immediately useful for inference with statistic
Ty, even though P(Zp < t) needs not converge itself to a well behaved
distribution function. Indeed, if the covariance matrix n=t> "  Elz;x}]

is known, then cz,(1 — a) := (1 — «)-quantile of Zjp, can be computed
numerically, and we have
(3) IP(Th < cz,(1—a)) — (1 —a)| < Cn ¢ —0.

A chief application of this kind arises in determination of the penalty level
for the Dantzig selector of [12] in the high-dimensional regression with non-
Gaussian errors, which we examine in Section 5. There, under the canonical
(homoscedastic) noise, the covariance matrix is known, and so quantiles of
Zy can be easily computed numerically and used for choosing the penalty
level. However, if the noise is heteroscedastic, the covariance matrix is no
longer known, and this approach is no longer feasible. This motivates our
second main result.

The second main result of the paper establishes validity of the multi-
plier bootstrap for estimating quantiles of Zy, when the covariance ma-
trix n=! >°1 | E[z;2}] is unknown. More precisely, we define the Gaussian-
symmetrized version Wy of Ty by multiplying x; with i.i.d. standard Gauss-
ian random variables ey, ..., ey,:

n
(4) Wo == max z; ijei/Vn.

We show that the conditional quantiles of Wy given data (x;)! ; consis-
tently estimate the quantiles of Zy and hence those of Ty (where the notion
of consistency used is the one that guarantees asymptotically valid infer-
ence). Here the primary factor driving the bootstrap estimation error is
the maximum difference between the empirical and population covariance
matrices:
1 n
A = 12(;,21?;10 E ;(.ﬂ;‘”l‘lk — E[.I‘Z].I‘Zk]) s

which can converge to zero even when p is much larger than n. For example,
when z;; are uniformly bounded, the multiplier bootstrap is valid for infer-
ence if (logp)”/n — 0. Earlier related results on bootstrap in the “p — oo
but p/n — 07 regime were studied in [35]; interesting results for the case
p > n based on concentration inequalities and symmetrization are studied
in [3, 4], albeit the approach and results are quite different from those given
here. In particular, in [3], either Gaussianity or symmetry in distribution is
imposed on the data.

As a part of establishing the results on the multiplier bootstrap, we de-
rive a bound on the Kolmogorov-Smirnov distance between distributions of
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maxima of two finite dimensional Gaussian random vectors, which again
depends on the maximum difference between the covariance matrices of the
vectors. The key property of our bound again is that it depends on the
dimension p of random vectors only via log p. This result is of independent
interest, and extends and complements the work of [14] that derived an ex-
plicit Sudakov-Fernique type bound on the difference of expected values of
the same quantities; see also [1], Chapter 2.

The key motivating example for our results is the high-dimensional sparse
regression model. In this model, [12] and [9] assume Gaussian errors to an-
alyze the Dantzig selector and Lasso. Our results show that Gaussianity is
not necessary and the Gaussian-like conclusions hold approximately, with
just the fourth moment of the regression errors being bounded. Moreover,
our approximation allows to take into account correlations between different
components of z;’s. This results in a better choice of the penalty level, and
in establishing sharper bounds on performance than those that had been
available previously. Note that some of the same goals had been accom-
plished using moderate deviations for self-normalized sums, combined with
the union bound [7]. The limitation, however, is that the union bound does
not take into account correlations between different components of x;’s, and
so it may be overly conservative in some applications.

Our results have a broad range of other statistical applications. In addi-
tion to the high-dimensional estimation example, we show how to apply our
result in the multiple hypothesis testing framework of multivariate linear
regression. We prove the validity of the stepdown procedure developed in
[41] when the critical value is obtained through the multiplier bootstrap.
Notably, the number of hypotheses to be tested can be much larger than
the sample size. Finally, in the third example, we develop a new specifica-
tion test for the null hypothesis of the linear regression model and a general
nonparametric alternative, which uses a number of moment conditions that
is much larger than the sample size. Lastly, in a companion work, [18] and
[19], we are exploring the strong coupling for suprema of general empirical
processes, based on the methods developed here and maximal inequalities.
These results represent a useful complement to the results based on the
Hungarian coupling developed by [33, 11, 31, 40] for the entire empirical
process. These results have applications to uniform confidence bands in
nonparametric regression; see, e.g., [26].

The rest of the paper is organized as follows. In Section 2 we give the
results on Gaussian approximation and associated comparison theorems.
In Section 3 we give the results on Gaussian comparison and associated
multiplier comparison theorems. In Section 4 we provide the results on
the multiplier bootstrap. In Sections 5, 6, and 7 we consider the three
substantive applications. Appendices contain proofs for each of the sections,
with Appendix A stating auxiliary tools and lemmas.
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1.1. Notation. Throughout the paper, E,[-] denotes the average over in-
dex 1 < i < n, ie., it simply abbreviates the notation n=1 Y ,[]. For
example, B, [z7;] = n~' YL a7 In addition, E[] = E,[E[]]. For ex-
ample, E[x%] =n 1Y, E[:L‘ZQJ] For a function f : R — R, we write
Ok f(z) = 0F f(x)/0z"* for nonnegative integer k; for a function f: RP — R,
we write 0;f(x) = 0f(z)/0x; for j = 1,...,p, where z = (x1,...,2p)"
Denote by C¥(R) the class of k times continuously differentiable functions
from R to itself, and denote by Cf(R) the class of all functions f € C*(R)
such that sup,cp |07f(2)] < oo for j = 0,...,k. We write a < b if a is
smaller than or equal to b up to a universal positive constant. For a given
parameter g, we also write a <, b if there is a constant C' = C(q) depending
only on ¢ such that a < Cb. The same rule applies when there are multiple
parameters. For example, we will sometime write “a S¢, ¢, b7, and this

means that there exists a constant C' > 0 depending only on ¢; and C; such
that a < Cb.

2. CENTRAL LIMIT THEOREMS FOR MAXIMA OF NON-GAUSSIAN SUMS

2.1. Comparison Theorems and Non-Asymptotic Gaussian Approx-
imations. Let x; = (xij)§:1 be a zero-mean p-vector of random variables
and let y; = (yz'j)le be a p-vector of Gaussian random variables such that

yi ~ N (0, E[z;xj)).

Consider sequences (x;)!_; and (y;)I"; of independent vectors, where inde-
pendence holds across the i index. Let

1 & 1 &
X = (Xl,,X )/ = — €T and Y:: (Y17...7Y)/ _ y
R ’ \/ﬁ; ;

The purpose of this section is to compare and bound the difference be-
tween the expectations and distribution functions of the non-Gaussian to
the Gaussian maxima;:

max X; and max Yj.
1<g<p 1<g<p
This problem is of intrinsic difficulty since the maximum function z =
(21,...,2p) — maxicj<pz; is non-differentiable. To circumvent the prob-
lem, we use a smooth approximation of the maximum function.
For z = (z1,...,2p) € RP, consider the function:

P
Fy(z):= 8" log [ Y exp(B2) | ,

J=1

which approximates the maximum function, where 5 > 0 is the smoothing
parameter that controls the level of approximation (we call this function the
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“smooth max function”). Indeed, an elementary calculation shows that for
all z € RP,

(5) 0 < Fg(z) — max z; < B 'logp.

1<g<p
This smooth max function arises in the definition of “free energy” in spin
glasses, see, e.g. [45].

We start with the following “warm-up” theorem that conveys main fea-
tures and ideas of the proof. Here and in what follows, for a smooth function
g: R — R, write

Gy, = sup dg(2)], k > 0.
z€R
Theorem 2.1 (Comparison of Gaussian to Non-Gaussian Maxima, I). For
every g € C3(R) and every 8 > 0,

|[Elg(Fp(X)) = g(F5(Y))]]
S (Ga+ Gaf + G1 %) Elmax (foy | + [y )]/ v/,

and hence

[E[g( max X;) — g(max Y|

1<i<p 1<i<p

S (Gs + Gaf + G1B°)E[max (Jay[” + |y )]/ Vi + 87 G log p.

The theorem first bounds the difference between the expectations of func-
tions of the smooth max functions, and then bounds the difference between
the expectations of functions of the original maxima.

To state the next result we need the following anti-concentration lemma.

Lemma 2.1 (Anti-Concentration). Let &i,...,&, be (not necessarily inde-
pendent) N(O,O'JQ-) random variables (p > 2) with 0]2- >0 foralll < j <p.
Let ¢ = minicj<p0; and 6 = maxi<j<p ;. Then for every u € (0,1),

sup P <\ max & — z| < u) Se,5 uy/log(p/u).

2€R 1<y<p

When o; are all equal, \/log(p/u) on the right side can be replaced by +/log p.

The lemma is a special case of Theorem 1 in [18]. Combining Theorem
2.1 and Lemma 2.1 leads to a bound on the Kolmogorov-Smirnov distance
between the distribution functions of maxi¢;<, X; and maxi¢<p Yj.

Corollary 2.1 (Central Limit Theorem, I). Suppose that there are some
constants ¢; > 0 and Cy1 > 0 such that ¢1 < E[a:%] <Oy foralll <j<p.
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Then

p = sup
teR

P(max)@-ét)—P(maxY}St)‘

1<y<p 1<y<p
1/4
Sevcs (Qog(n)) B | (i + s /v

Comment 2.1 (Main qualitative feature: logarithmic dependence on p). It
is well known since the work of [22] that the discrete empirical process can be
approximated by the Gaussian process with the same covariance functions
with the error bound depending polynomially on p. In many cases, however,
the main interest is in approximating the supremum of the process, and
the approximation of the whole process is not required. Theorem 2.1 and
Corollary 2.1 imply that the error of approximating the supremum of the
empirical process by the supremum of the Gaussian process depends on
p only through slowly growing, logarithmic term logp. This is the main
qualitative feature of all results presented in this paper. O

While Theorem 2.1 and Corollary 2.1 convey an important qualitative
aspect of the problem and admit easy-to-grasp proofs, an important disad-
vantage of these results is that the bounds depend on the maximum over
1 < 7 < p inside the expectation:

E 1I£13X(|xij|3+|yij|3)/\/ﬁ ,
<J<p

which may be unnecessarily large in some applications. Using a truncation
method in conjunction with the proof strategy of Theorem 2.1, we show in
Theorem 2.2 below that we can take the maximum out of the expectation,
and hence replace the above term by
max [(|2i5® + lyss*) /v/n]

This greatly improves the bound appearing in Theorem 2.1 and Corollary
2.1 in some applications. The improvement here comes at a cost of a more
involved statement and more delicate regularity conditions involving param-
eters used in the truncation method.

The truncation method we employ is described as follows. Given a thresh-
old level v > 0, define a truncated version of x;; by

0 5yt e 2] B s < o B

Let ¢(u) be the infimum, which is attained, over all numbers ¢ > 0 such
that forall 1 < j <pand1<i<n,

U (& [ {loal > wE2)) " < Bl e
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Note that the function p(u) is right-continuous. Finally, given a parameter
v € (0,1), define §(u,~y) as the infimum, which is attained, over all § > 0
such that with probability at least 1 — v, for all 1 < j < p,

(®) VEnl(ij — £5)2] < /Bl 2o(u) (1 + 6).

The truncation construction is done so as to invoke sub-Gaussian tail in-
equalities for self-normalized sums (see Lemma A.8).

Comment 2.2 (On truncation). To illustrate the truncation method at
work, consider the following trivial examples.

(a) Suppose z;; are zero-mean and bounded from above in absolute value
by a positive constant C; > 0 for all 1 < ¢ < nand 1 < j < p. Let

u=C7/min; ; 4 /E[$Z2J] Then ¢(u) =0 and 6(u,~y) = 0 for all v € (0,1).
(b) Suppose that x;; are zero-mean sub-Gaussian with parameter C; > 0,

ie., P(|zij| > u) < exp(l —u?/C?) for all u > 0, and E[xfj] > 0 uniformly

over 1 <i<mand1l<j<p Take u = Co(log(pn))'/? for a sufficiently

large constant Cy > 0, and v = 1/n. Then by Lemma A.9 in the Appendix,
o(u) < 1/(pn)?. By the union bound, with probability at least 1 — 7,
|zi5] < u(E[x?j])l/2 forall 1 <i<nand1<j<p,sothat §(u,y)=0. O
Define
My := max (E[ac?j])l/2 and M3 := max (E[xfj])l/?’.

1<j<p 1<j<p

Let ¢(z) and ®(z) denote the density and distribution functions of the stan-
dard Gaussian distribution, respectively. Also define py(u) = 0 by

2.(u) = 226(2)dz.
% () / o(2)

An elementary calculation leads to
go%v(u) < (u2 +2)exp(l — u2/2).
See Lemma A.9. Here is the main theorem of this section.

Theorem 2.2 (Comparison of Gaussian to Non-Gaussian Maxima, II).
Let B> 0, u > 0 and v € (0,1) be such that 2v/2ufB//n < 1 and u >

\/2log(2pn/v). Then for every g € C3(R),
[Elg(F3(X)) = g(Fs(Y)II S Dnlg, 8, u,7),

and hence

|E[g( max X]) - g( max }/})]‘ S Dn(g7l87u7’y) +ﬁ_1G1 logpv

1<g<p 1<g<p

where
Dn(g,B,u,7) = (G + Ga8 + G18%) M3 [v/n + (G2 + BG1) M5 (o(u) + ¢y (u))
+ G1Map(u)(1 + 6(u, 7))/ 1og(p/v) + Goy-
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Combining Theorem 2.2 and Lemma 2.1 (anti-concentration inequality)
leads to a bound on the Kolmogorov-Smirnov distance between the distri-
bution functions of maxi<;<p X; and maxi¢;<p, Y;. To state the bound on
the Kolmogorov-Smirnov distance in a clean form, we prepare the addi-
tional notation. For a given v € (0,1), let u; = n3/8M3/4/(log(pn/7))5/8
ug = y/2log(2pn/v), and let ug > 0 be the smallest number u > 0 such that

(9) Vi(p(u) + on () < ullog(pn/))*/°.

Note that ug is well-defined because both ¢(u) and ¢ (u) are right-continuous
and decreasing.

Corollary 2.2 (Central Limit Theorem, II). For a given v € (0, 1), deter-
mine ui,us and ug as described above. Let u > uq V ug V uz. Suppose that
there are some constants 0 < ¢ < C7 such that ¢; < E[ < Ch for all
1<j5<p, and §(u,vy) < Cy. Then

P(maij <t> —P<maXYj St)
1<<p 1<<p
Sevcn ullog(pn/v))*? /v/n + 7.

2.2. Examples of Applications. The purpose of this subsection is to ob-
tain bounds on p for various leading examples frequently encountered in
applications. Under primitive conditions, it will be shown that the error p
converges to zero at least at a polynomial rate with respect to the sample
size n.

Let ¢1 > 0,c0 > 0 and C7 > 0 be some constants, and let B, be a
sequence of positive constants. We allow for the case where B,, — oo as
n — o0o0. Suppose that one of the following conditions is satisfied for x;;
uniformly in 1 <i<n, 1 <j<p,andn > 1:

zg]

p = sup
teR

(E.1) P(|z45] > u) <exp(l —u2/Cl) for all u > 0, and E[z? AT

(E.2) E[maxi<j<p ] ]< 01 and E[ 2] = e

(E3) |yl < B and Blz2] > 1

(E.4) xij = zje; with P(‘El‘ >u) < exp(l —u?/CY), 2;j are nonstochastic,
|2i5] < Bn, Enlzj] = 1, and E[e}] > ¢

(E.B) 45 = zije; w1th E[ 4 < Cy, z; are nonstochastic, |z;;| < By,
E,[22 2] =1, and Efe ]>cl

The last two cases cover examples that arise in high-dimensional regres-
sion, e.g. [12], which we shall revisit later in the paper. Interestingly, these
cases are also connected to spin glasses, see e.g., [45] and [37] (z;; can be
interpreted as generalized products of “spins” and ¢; as their random “in-

teractions”).

Corollary 2.3 (Central Limit Theorem in Leading Examples with Poly-
nomial Error Bound). Suppose that E[z;;] = 0 for all 1 < i < n and

1<j<p, and E[z ZJ] < Oy for all 1 < j < p. Moreover, suppose that
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one of the conditions E.1-5 is satisfied, where under conditions E.1-2, sup-
pose that (log(pn))”/n < C1n=¢2; and under conditions E.3-5, suppose that
(log(pn))"B2/n < C1n=°2. Then there exist constants ¢ > 0 and C > 0
depending only on c1,co and C such that

sup
teR

P<maij<t> —P<maij<t>' <Cn™c

1<<p 1<j<p

3. GAUSSIAN COMPARISONS AND MULTIPLIER THEOREMS

3.1. A Gaussian-to-Gaussian Comparison Theorem. Let V and Y
be zero-mean Gaussian random p-vectors with covariance matrices ¥V and
Y respectively. The purpose of this section is to give an error bound on
the difference of the expectations of smooth functions and the distribution
functions of

max V; and max Y;
I<j<p 1<g<p

in terms of p and

Ap := max !Zﬁ—Z}fk .
1<g,k<p

Recall that for a smooth function g : R — R, we write G, := sup,cg [0%g(2)|.
Let Fjg be the smooth max function defined in the previous section.

Theorem 3.1 (Comparison of Gaussian Maxima). For every g € CZ(R)
and every > 0,

[Elg(Fp(V)) — g(Fs(Y))]| < (G2/2 + 5G1) Ao,

and hence

‘E [g (max VJ> -9 (max YJ>] ‘ < (Go/2 4 BG1)Ag 4 2671G log p.
1<i<p 1<i<p
Comment 3.1. Minimizing the second bound in § gives

‘E [g (max Vj> -9 (max Y})} ‘ < GaAo/2 + 2G1+/ 24 log p.
1<y<p 1<y<p

This result extends the work of [14], which derived the following Sudakov-
Fernique type bound on the difference of the expectations of the Gaussian

maxima:
E [max V]] —-E [max YJ} < 24/2A¢ logp.
1<y<p 1<y<p

Here we give bounds on the expectations of functions of Gaussian maxima,
which can be converted into bounds on the difference of the distribution
functions of Gaussian maxima, by taking g as a smooth approximation to
the indicator function. A slightly finer bound can be also obtained; see
equation (24). O
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Corollary 3.1 (Comparison of Distributions of Gaussian Maxima). Suppose
that there are some constants 0 < ¢; < Cy such that ¢; < Z}/j < C for all
1 < j < p. Moreover, suppose that Ay < 1. Then

sup
teR

P <max V; < t) - P (max Y; < t>‘ <oy Aé/3(log(p/A0))2/3.

1<j<p 1<j<p

Comment 3.2. The main contribution of this corollary is that the bound on
the Kolmogorov-Smirnov distance between the maxima of Gaussian random
p-vectors depends on p only through slowly growing log p. O

3.2. Gaussian Multiplier Theorem. Let (z;)!' ; be a sequence of zero-
mean p-vector of random variables where x; = (a:ij)le, and let (e;)? ; be
a sequence of N(0,1) random variables independent of (z;)} ;. Recall that
we have defined

n n
Ty = max Zl‘”/\/ﬁ and Wy = max injei/\/ﬁ.
P Isispi—

1<i<p

In this section, we derive the Kolmogorov-Smirnov distance between Ty and
Wy where the distribution of Wy is taken conditional on (z;)?_,. We show
that the key quantity driving the difference between the two quantities is the
maximum difference between empirical and population covariance matrices:

A E, (2;:2:] — Elzszl| .
s [Baleieal ~ Bleeal

Another key quantity is

p=sup [P(Ty < t) — P(Zo < 1),
teR

where Zy = maxi<j<p 2 g ¥ij/v/n and y = (y;)7, is a sequence of inde-
pendent N (0, E[z;27]) vectors.

Corollary 3.2 (Comparison of conditional Gaussian to non-Gaussian max-
i_ma). Suppose that there are some constants 0 < c¢; < Cy such that ¢ <
E[xfj] < Ch for alll < j < p. Then there exists a constant C' > 0 depending

only on c1 and Cy such that for every ¥ € (0,e~2), with probability at least
P(A <),

sup [P (Tp < t) — Pe (Wo < £)] < p+ C9/3(log(p/0))?/>.
teR

Comment 3.3. Corollary 3.2 can be viewed as a set of new symmetrization
inequalities with an explicit error bound. In the asymptotic regime where we
can make the error bound asymptotically negligible, Corollary 3.2 provides
a multiplier central limit theorem. O
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4. MULTIPLIER BOOTSTRAP

4.1. Multiplier Bootstrap Theorems. Suppose that we have a dataset
(x;)_, consisting of n independent zero-mean random p-vectors x;. In this
section we are interested in approximating quantiles of

n

(10) Tp = max zi/vVn

1<j<p 4
=1

using the multiplier bootstrap method. More precisely, let (e;)I; be an
iid. sequence of N(0,1) random variables independent of (x;)!"_;, and let

(11) Wy = max wael/\/_

1<5<p

Then we define the multiplier bootstrap estimator of the a-quantile of T} as
the conditional a-quantile of Wy given (x;)!" 4, i.e.,

ewe (@) :==1inf{t € R: P.(Wy < t) > a},

where P, is the probability measure induced by the multiplier variables
(e;)_4 holding (z;)!, fixed (i.e., P.(Wp < t) = P(Wy < t | (x;)l)). The
multiplier bootstrap theorem below provides a non-asymptotic bound on the
bootstrap estimation error:

[P(To < cwy(@)) —af.

Before presenting the theorem, we first give a simple lemma that is used
in the proof of the theorem. The lemma is also useful for power analysis.
Define

czy(a) ==inf{t e R: P(Zp < t) > a},

where Zy = max) <j<p Yo vij/v/n and y = (y;)i-, is a sequence of inde-
pendent N (0, E[z;2}]) vectors. Recall that

A= E,[ Elx; x| .
12;16]?;10! [wijxi] — Bz

Lemma 4.1 (Comparison of Quantiles, I) Suppose that there are some
constants 0 < ¢; < Oy such that ¢; < E[x? ] <Oy foralll <j<p. Then

for every ¥ € (0,e72) and a € (0,1),
P(ewy (@) < ezo(a+0(9))) = P(
P(ez, (@) < ewy (e +0(9))) = P(

where v(0) := Co¥'/3(log(p/9))*/® and Cy > 0 is a constant depending only
on ¢ and C1.

Recall that

v),

<
<),

>P
>P

p=sup|P(To <t)—P(Zy <t)|.
teR

We are now in position to state the main theorem of this section.
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Theorem 4.1 (Validity of Multiplier Bootstrap, I). Suppose that there are
some constants 0 < ¢; < Cp such that ¢; < E[J:ZQJ] < Cq foralll <j<p.
Then for every ¥ € (0,e2),

sup [P(Ty < ewy(@)) — al < p+ Co0"*(og(p/0)** + P(A > 0),
«€(0,1)

where Cy > 0 is a constant that appears in Lemma 4.1.

Theorem 4.1 provides a useful result for the case where the statistics are
maxima of exact averages. There are many applications, however, where
the relevant statistics arise as maxima of approximate averages. The follow-
ing result shows that the theorem continues to apply if the approximation
error of the relevant statistic by a maximum of an exact average can be
suitably controlled. Specifically, suppose that a statistic of interest, say
T=T(x1...,x,) which may not be of the form (10), can be approximated
by Ty of the form (10), and that the multiplier bootstrap is performed on
a statistic W = W (x1,...,zp,€1,...,6e,), which may be different from (11)
but still can be approximated by Wy of the form (11). The “approximation”
here is the following sense: there exist {1 > 0 and (» > 0, depending on n
(and typically ¢; — 0,{s — 0 as n — o), such that

(12) P(‘T —Tol > ¢1) < (o
(13) P(Pe(‘W —Wo| > G) > () < (.
We use the a-quantile of W = W (zy,...,zp,€1,...,6€,), computed condi-

tional on (z;)4:
cw (o) :==inf{t e R: P.(W <t) > a},

as an estimate of the a-quantile of 7. We are interested in establishing that
the bootstrap estimation error approaches zero.

The following lemma will be helpful. The lemma is also useful for power
analysis.

Lemma 4.2 (Comparison of Quantiles, II). Suppose that condition (13) is
satisfied. Then for every a € (0,1),

Plew (o) < ewp(a+G2) + 1) 21— (o,

Plew, (o) <ew(a+ ) +¢1) = 1—Co.
Theorem 4.2 (Validity of Multiplier Bootstrap, IT). Suppose that there are
some constants 0 < ¢; < Cp such that ¢; < E[QJZQJ] < Cq foralll <j<p.

Moreover, suppose that conditions (12) and (13) are satisfied. Then for
every ¥ € (0,e72),

Z
Z

sup [P(T < ew(a)) — o
a€e(0,1)

< p+ C9Y3(log(p/1)*® + P(A > 9) + C3¢11/1og(p/C1) + Ca,
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where Cy > 0 is a constant that appears in Lemma 4.1, and Cs > 0 is a
constant depending only on ¢ and C.

4.2. Examples of Applications: Revisited. Here we revisit the exam-
ples in Section 2.2 and see how the multiplier bootstrap works for these
leading examples. Let, as before, ¢; > 0,co > 0 and C7 > 0 be some con-
stants, and let B, be a sequence of positive constants. Recall conditions
E.1-5 in Section 2.2.

Corollary 4.1 (Multiplier Bootstrap in Leading Examples with Polynomial
Error Bound). Suppose that E[z;;] = 0 for all1 < i < n and1 < j < p;
E[x%] < C1 for all1 < j < p; and conditions (12) and (13) are satisfied with
C1v/logp + (o < Cin=%. Moreover, suppose that one of the conditions E.1-
5 is satisfied, where under conditions E.1-2, suppose that (log(pn))”/n <
Cin=¢2; under conditions E.3-5, suppose that (log(pn))"B2/n < Cin~;
and finally, under condition E.5, suppose that (log p)SB2/n < Cin=°2. Then
there exist constants ¢ > 0 and C > 0 depending only on c1,co and C1 such
that
sup [P(T < ew(a)) —al <Cn™°.
a€e(0,1)

Comment 4.1. This corollary shows that the multiplier bootstrap is valid
with a polynomial rate of accuracy for the significance level under very
weak conditions. This is in contrast with the extremal theory of Gaussian

processes that provides only a logarithmic rate of approximation (see, for
example, [34]). O

5. APPLICATION: DANTZIG SELECTOR IN THE NON-GAUSSIAN MODEL

The purpose of this section is to demonstrate the case with which the CLT
and the multiplier bootstrap theorem given in Corollaries 2.3 and 4.1 can be
applied in important problems, dealing with a high-dimensional inference
and estimation. We consider the Dantzig selector previously studied in the
path-breaking works of [12] and [9] in a Gaussian setting and of [32] in a
sub-Gaussian setting. Here we consider the non-Gaussian case, where the
errors have only four bounded moments, and derive the performance bounds
that are approximately as sharp as in the Gaussian model. We give results
for both homoscedastic and heteroscedastic models.

5.1. Homoscedastic case. Let (z;,y;); be a sample of independent ob-
servations where z; is a nonstochastic p-vector of regressors. We consider
the model

vi=zB8+e, Elg=0i=1,...,n, En[zfj]:l, ji=1,...,p,

where y; is a random scalar dependent variable, and the regressors are nor-
malized to have unitary second moments. Here we consider the homoscedas-
tic case:
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where o is assumed to be known (for simplicity). We allow p to be substan-
tially larger than n. It is well known that a condition that gives a good per-
formance for the Dantzig selector is that § is sparse, namely [|B]lop < s < n
(although this assumption will not be invoked below explicitly).

The aim is to estimate the vector 3 in some semi-norms of interest: | -||;.

For example, given an estimator B the prediction semi-norm for § = B - B

181lpr = 1/ Enl(20)?];

or the j-th component seminorm for ¢ is
16]lje = 1051,

and so on. The label I designates the name of a norm of interest.
The Dantzig selector is the estimator defined by

(14) B € arg 52]%117 ||blle, subject to \/ﬁlrgjaéj |En (2 (yi — 2;b)]] < A,
where ||B|l¢, = ?:1 |8;| is the £1-norm. An ideal choice of the penalty level

A is meant to ensure that
T(] = \/E max |En[zz]€2]| < A
1<g<p
with a prescribed probability 1 —«a. Hence we would like to set penalty level
A equal to
cry (1 — a) := (1 — a)-quantile of Tp,
(note that z; are treated as fixed). Indeed, this penalty would take into
account the correlation amongst the regressors, thereby adapting the per-
formance of the estimator to the design condition. We can approximate this
quantity using the central limit theorems derived in Section 2. Specifically,
let
Zy := oy/n max |E,[z;e]|,

1<g<p
where e; are i.i.d. N(0,1) random variables independent of the data. We
then estimate ¢z, (1 — a) by

cz,(1 — ) := (1 — a)-quantile of Zj.

Note that we can calculate cz, (1—«) numerically with any specified precision
by the simulation. (In a Gaussian model, design-adaptive penalty level
cz,(1 — a) was proposed in [6], but its extension to non-Gaussian cases was
not available up to now).

An alternative choice of the penalty level is given by

co(l —a) :==c® (1 - a/2p),
which is the canonical choice; see [12] and [9]. Note that canonical choice

¢o(1 — ) disregards the correlation amongst the regressors, and is therefore
more conservative than cz, (1 — «). Indeed, by the union bound, we see that

czo(1 —a) <co(1 — ).
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Our first result below shows that the either of the two penalty choices,
A= cz(1l —a) or A = ¢o(l — ), are approximately valid under non-
Gaussian noise—under the mild moment assumption E[e}] < const. replacing
the canonical Gaussian noise assumption. To derive this result we apply our
CLT to Ty to establish that the difference between distribution functions
of Ty and Zjy approaches zero at polynomial speed. Indeed Ty can be rep-
resented as a maximum of averages, Ty = max;<r<2p n=1/2 Yoy Zikei, for
Zi = (z},—2)’, and therefore our CLT applies.

To derive the bound on estimation error ||d]|; in a seminorm of interest,
we employ the following identifiability factor:

/
{ max |En[ZZJ(Z25)]| = R(,B), H(SHI ;,é 0} ,

= inf
r1(f) == In 1<G<e 9]z

JERP
where R(3) := {6 € RP : || + dll¢, < ||Bl¢,} is the restricted set; xr(5) is
defined as oo if R(5) = {0} (this happens if 8 = 0). The factors summarize
the impact of sparsity of true parameter value 8 and the design on the
identifiability of § with respect to the norm || - ||;.

Comment 5.1 (A comment on the identifiability factor £7(/3)). The identi-
fiability factors x7(3) depend on the true parameter value 8. This is not the
main focus of this section, but we note that these factors represent a modest
generalization of the cone invertibility factors and sensitivity characteristics
defined in [46] and [25], which are known to be quite general. The main dif-
ference perhaps is the use of a norm of interest || - ||; instead of the ¢, norms
and the use of smaller (non-conic) restricted set R(/3) in the definition. It
is useful to note for later comparisons that in the case of prediction norm

|- llr =1 - llpr and under the exact sparsity assumption ||3]|o < s, we have
(15) Hpr(ﬁ) > 2_13_1/25(8’ 1),
where £(s,1) is the restricted eigenvalue defined in [9]. O

The following result states bounds on the estimation error for the Dantzig
selector B0 with canonical penalty level A = A := ¢5(1 — ) and the
Dantzig selector 3! with design-adaptive penalty level A = \(}) := cz,(1—
Q).

Theorem 5.1 (Performance of Dantzig Selector in Non-Gaussian Model).
Suppose that there are some constants ¢ > 0,Cy > 0 and 0% > 0, and a
sequence B, of positive constants such that for all1 <i<n,1<j <p, and
n = 1: (i) |z < By; (i) En[zfj] = 1; (iii) E[e2] = 0?; (iv) E[lei|'] < Cy;
and (v) (log(pn))"B2/n < Cin~%. Then there exist constants ¢ > 0 and
C > 0 depending only on ci,Cy and o? such that, with probability at least
1—a—Cn™¢ for either k=0 or1,
2A(F)

3k) _ _an
18 Blr < NG
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The most important feature of this result is that it provides Gaussian-like
conclusions (as explained below) in a model with non-Gaussian noise, having
bounded fourth moment. Note however that the probabilistic guarantee is
not 1 — « as, e.g., in [9], but rather 1 — o — C'n~¢, which reflects the cost of
non-Gaussianity. In what follows we discuss details of this result. Note that
the bound above holds for any semi-norm of interest || - ||;.

Comment 5.2 (Improved Performance from Design-Adaptive Penalty Level).
The use of the design-adaptive penalty level implies a better performance
guarantee for BW over B0, Indeed, we have

2¢z,(1 — ) < 2¢9(1 — )

Vikr(8) T Vnkr(8)
For example, in some designs, we can have /nmax;<;<p |En[2i0i]| = Op (1),
so that cz,(1 — «) = O(1), whereas ¢y(1 — a) grows at the rate of y/log p.

Thus, the performance guarantee provided by B(l) can be much better than
that of 3(©. O

Comment 5.3 (Relation to the previous results under Gaussianity). To
compare to the previous results obtained for the Gaussian settings, let us
focus on the prediction norm and on estimator 5! with penalty level A =

—C

cz,(1 — a). In this case, with probability at least 1 — o — Cn™¢,

27,(1 - ) _ dy/sco(l —a) _ 4y/5/2Tog(a/ (%)
Vi (B) S Vams 1) S (s 1)
where the last bound is the same as in [9], Theorem 7.1, obtained for the
Gaussian case. We recover the same (or tighter) upper bound without mak-
ing the Gaussianity assumption on the errors. However, the probabilistic
guarantee is not 1 — a as in [9], but rather 1 — o — Cn™¢, which is the cost
of non-Gaussianity. O

(16) [BY = Bllpr <

Comment 5.4 (Other refinements). Unrelated to the main theme of this
paper, we can see from (16), that there is some tightening of the performance
bound due to the use of the identifiability factor k() in place of the
restricted eigenvalue (s, 1); for example, if p = 2 and s = 1 and the two
regressors are identical, then s, (3) > 0, whereas £(1,1) = 0. There is also
some tightening due to the use of cz,(1 — ) instead of ¢o(1 — ) as penalty
level, as mentioned above. O

5.2. Heteroscedastic case. We consider the same model as above, except
now the assumption on the error becomes
2 2 2
o =Elgf] <o* i=1,...,n,
i.e., 02 is the upper bound on the conditional variance, and we assume that

this bound is known (for simplicity). As before, ideally we would like to set
penalty level A equal to

ey (1 — a) = (1 — a)-quantile of Tp,
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(where Tj is defined above, and we note that z; are treated as fixed). The
CLT applies as before, namely the difference of the distribution functions of
Ty and its Gaussian analog Zj converges to zero. In this case, the Gaussian
analog can be represented as

Zy = Vn max [Ey[zij0ie]-

Unlike in the homoscedastic case, the covariance structure is no longer
known, since o; are unknown and we can no longer calculate the quan-
tiles of Zy. However, we can estimate them using the following multiplier
bootstrap procedure. R

First, we estimate the residuals & = y; — 2,5y obtained from a preliminary
Dantzig selector B(O) with the conservative penalty level A = X\g := ¢o(1 —
1/n) :== c®~1(1 — 1/(2pn)), where o2 here is the upper bound on the error
variance assumed to be known. Let (e;)!"_; be an i.i.d. sequence of N(0,1)
random variables, and let

W = v/n max |E,[2;&ei]|.

1<i<p
Then we estimate cz,(1 — a) by
cw (1 — a) := (1 — a)-quantile of W,
defined conditional on data (z;,y;)? ;. Note that ¢y (1—a) can be calculated

numerically with any specified precision by the simulation. Then we apply
program (14) with A = A\; = ¢y (1 — ) to obtain 31,

Theorem 5.2 (Performance of Dantzig in Non-Gaussian Model with Boot-
strap Penalty Level). Suppose that there are some constants ¢; > 0,C7 >
0,02 > 0 and 0® > 0, and a sequence B,, of positive constants such that
forall1 <i<n, 1<j<p, andn > 1: (i) |z < Bp; (it) En[zzzj] =1;
(iii) o < E[e] < 0% (iv) Elleil'] < Cu; (1) (log(pn))"Bl/n < Cin—1;
and (vi) (log p)Bpnco(l —1/n)/(v/nky(B)) < Cin~ . Then there exist con-
stants ¢ > 0 and C > 0 depending only on ci,C1,0? and o such that, with
probability at least 1 — o — v, where v, = Cn™¢, we have
A

R _ e
(17) IBY) — Bl < =

Moreover, with probability at least 1 — vy,

M) = (1 —a) <egy(1—a+wy),
where cz,(1—a) := (1 — a)-quantile of Zy; in particular cz,(1—a) < co(1—
a).

5.3. Some Extensions. Here we comment on some additional potential
applications.

Comment 5.5 (Confidence Sets). Note that bounds given in the preceding
theorems can be used for inference on B or components of §, given the
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assumption k7() > k, where & is a known constant. For example, consider
inference on the j-th component 3; of 8. In this case, we set the norm
of interest ||d]|; to be ||6];c = |0;] on RP, and consider the corresponding
identifiability factor kj.(8). Suppose it is known that kj.(8) > k. Then a
(1 — o — Cn~¢)-confidence interval for j; is given by

{beR: B — b <220/ (V).

This confidence set is of interest, but it does require the investigator to make
a stance on what a plausible x should be. We refer to [25] for possible ways
of computing lower bounds on &; there is also a work by [30], which provides
computable lower bounds on related quantities. O

Comment 5.6 (Generalization of Dantzig Selector). There are many in-
teresting applications where the results given above apply. There are, for
example, interesting works by [2] and [24] that consider related estimators
that minimize a convex penalty subject to the multiresolution screening
constraints. In the context of the regression problem studied above, such
estimators may be defined as:
B € arg 11)161%17 J(b) subject to \/ﬁfgjé{p |En 2 (ys — zib)]] < A,

where J is a convex penalty, and the constraint is used for multiresolution
screening. For example, the Lasso estimator is nested by the above formu-
lation by using J(b) = ||b||pr, and the previous Dantzig selector by using
J(b) = ||bl|¢,.- The estimators can be interpreted as a point in confidence set
for B, which lies closest to zero under J-discrepancy. Our results on choosing
A apply to this class of estimators, and the previous analysis also applies
by redefining the identifiability factor k() relative to the new restricted
set R(B) := {0 € RP : J(B+ ) < J(B)}; where k7(B) is defined as oo if
R(8) = {0}. O

6. APPLICATION: MULTIPLE HYPOTHESIS TESTING

In this subsection, we study the problem of multiple hypothesis testing
in the framework of multiple linear regressions. (Note that the problem of
testing multiple means is a special case of testing multiple regressions.) We
combine a general stepdown procedure described in [41] with the multiplier
bootstrap developed in this paper. In contrast with [41], our results do not
require weak convergence arguments, and, thus, can be applied to models
with increasing numbers of both parameters and regressions. Notably, the
number of regressions can be exponentially large in the sample size.

Let (zi,v:); be a sample of independent observations where z; is a p-
vector of nonstochastic covariates and y; is a K-vector of dependent random
variables. Foreach k =1,... K, let Iy C {1,...,p} be a subset of covariates
used in the k-th regression. Denote by |I;| = pi the number of covariates
in the k-th regression, and let p = maxj<r<kx pr- Let vy, be a subvector
of z; consisting of those elements of z; whose indices appear in I: v, =
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(2ij)jer,- We denote components of vy, by vk, j =1,...,pr. Without loss
of generality, we assume that I, N[y = @ for all k # k' and Zl<k<K Dk = P.
For each kK =1,..., K, consider the linear regression model
Yik = U;kﬂk ‘e, t=1,...,n.

where ; € RPr is an unknown parameter of interest, and (i)l is a
sequence of independent zero-mean unobservable scalar random variables.
We allow for triangular array asymptotics so that everything in the model,
and, in particular, the number of regressions K and the dimensions of the
parameters B and pp, may depend on n. For brevity, however, we omit
index n. We are interested in simultaneous testing the set of null hypotheses
Hy; - Br; = 0 against the alternatives H,’Cj : Brj #0, (k,7) € Wy for some
set of pairs Wy where f3;; denotes the jth component of 3, with the strong
control of the family-wise error rate. In other words, we seek a procedure
that would reject at least one true null hypothesis with probability not
greater than 1 — a + o(1) uniformly over the set of true null hypotheses.
More formally, let 2 be a set of all data generating processes, and w be the
true process. Each null hypothesis Hy; is equivalent to w € €y; for some
subset ; of 2. Let W denote the set of all pairs (k,j) with k =1,..., K
and j=1,...,p:

W={(k,j5): k=1,....,K;5=1,...,pk}.
For a subset w C W let Q¥ = (Nx j)ew2kj) N (Nx,j)gw;) Where Qf, =
O\Qy;. The strong control of the family-wise error rate means

(18) sup sup P{reject at least one hypothesis among Hy;, (k,j) € w}
wCW weQw

<a+o(l).

This setting is clearly of interest in many empirical studies.

Our approach is based on the simultaneous analysis of t-statistics for
each component f;. Let x;, = (E, [vikvgk])_lvm. Then the OLS estimator
Bk of B, is given by Bk = E,[ziryik]. The corresponding residuals are &;, =
yik—vgkﬁ, i=1,...,n. Since (x;;)}_; is nonstochastic, the covariance matrix
of Bk is given by V(Bk.) = E,[zip2 03] /n where 0%, = E[e3], i = 1,...,n.
The t-statistic for testing Hy; against Hy; is ty; := |§k]|/ ‘A/(Bk)” where
‘A/(Bk) = E,[zy2} 85 ]/n. Also define

R wakgea/ vl

0 .
£ =

En[m?kjg?k]

Note that ty; = tg y under the hypothesis Hy;.

The stepdown procedure of [41] is described as follows. For a subset
w C W, let ¢1_q 0 be some estimator of the (1—a)-quantile of max(j, j)cq tgj.
On the first step, let w(1l) = Wy. Reject all hypotheses Hj; satisfying
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tkj > Cl_auw(1)- 1f no null hypothesis is rejected, then stop. If some Hy;
are rejected, then let w(2) be the set of all null hypotheses that were not
rejected on the first step. On step | > 2, let w(l) C W be the subset of null
hypotheses that were not rejected up to step I. Reject all hypotheses Hy;,
(k,j) € w(l), satisfying tx; > ¢1_q (). If no null hypothesis is rejected,
then stop. If some Hj; are rejected, then let w(l 4 1) be the subset of all
null hypotheses among (k,j) € w(l) that were not rejected. Proceed in this
way until the algorithm stops.
[41] proved the following result. Suppose that ¢j_q ., satisfies

19 Cloaw < Cl_aw' whenever w' C w”

( oW o, w bl

(20) sup sup P < max tgj > Cla,w) <a+o(l),
wCW weQw (k,j)Ew

then inequality (18) holds. Indeed, let w be the set of true null hypotheses.

Suppose that the procedure rejects at least one of these hypotheses. Let [

be the step when the procedure rejected a true null hypothesis for the first

time, and let Hy,j, be this hypothesis. Clearly, we have w(l) D w. So,
(lg;f)ié{w tgj = tgojo = tkojo > Cl—a,w(l) Z Cl—q,w-

Combining this chain of inequalities with (20) yields (18).

To obtain suitable ¢;_q,, that satisfies inequalities (19) and (20) above,
we can use the multiplier bootstrap method. Let (e;); be an i.i.d. sequence
of N(0,1) random variables that are independent of the data. Let c1_q, be
the conditional (1 — a)-quantile of

(21) e D01y TikgEikei/ v/l
(koj)Ew E,[z2 2]
nlvikj =ik

given (z;,y;)"_,. To prove that so defined critical values cj_q,, satisfy in-
equalities (19) and (20), we will assume the following regularity condition,

(M) There are some constants ¢; > 0, 2> 0,02 > 0 and a sequence B,,
of positive constants such that for 1 <i<n,1<j<p, 1 <k <K,
1 <1< pr,andn > 1: (i) |z;5] < Bp and By, > ¢1; (ii) Ep[(2i5)%] = 1;
(iii) o? < E[e3] < % (iv) the minimum eigenvalue of E,[v;,v},] is
bounded from below by c1; and (v) E,[z2,] = 1.

Theorem 6.1 (Strong Control of Family-Wise Error Rate). Let C; > 0 be
some constant and suppose that assumption M is satisfied, and pB2 (log(pn))" /n =
o(1). Moreover, suppose either (a) Elmaxicrcr ei] < C1 for all 1 <i < n,
p*By(logp)!/n = o(1), and p*By(logp)®/n = o(1) or (b) P(leix| > u) <
exp(1—u?/Cy) forall1 <i<nand 1 <k < K and p>B2(logp)3/n = o(1).
Then the stepdown procedure with the multiplier bootstrap critical values
Cl—a,w given above satisfies (18).

Comment 6.1 (Relation to prior results). There is a vast literature on
multiple hypothesis testing. Let us consider the simple case where K =
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p,pr, = 1 for all k = 1,..., K and v;z; = 1, so that the k-th regression
reduces to y;x = Bk + i (here By is scalar). The problem then reduces
to testing multiple means (without stepdown). It is instructive to see the
implication of Theorem 6.1 in this simple setting. Denote by t% the t-statistic
for testing Hy, : B = 0 against Hj, : B # 0, and let ¢;_, be the conditional
(1 — a)-quantile of

NG

Y
k=1,....p \/@

where & = Yit — Uk, Ur = Enlyir], and (e;)}; is a sequence of i.i.d. N(0,1)
random variables independent of the data. Theorem 6.1 implies that, when
Hy, are true for all k, P(max;<r<ptl > c1—a) < a+0(1) (indeed, the inequal-
ity “<” can be replaced by the equality “=") uniformly in the underlying
distribution provided that o < E[e2] < 2, logp = o(n'/7) and either
(a) E[maxicrcpen] < C1 or (b) P(lex] = u) < exp(l — w?/Cy). Hence
the multiplier bootstrap as described above leads to an asymptotically exact
testing procedure for the multiple hypothesis testing problem of which the
logarithm of the number of hypotheses is nearly of order n'/7 (subject to the
prescribed assumptions). Note here that no assumption on the dependency
structure between y;1, ...,y is made.

The question on how large p can be was studied in [23] but from a con-
servative perspective. The motivation there is to know how fast p can grow
to maintain the size of the simultaneous test when we calculate critical
values (conservatively) ignoring the dependency among t) and assuming
that tz were distributed as, say, N(0,1). This framework is conservative in
that correlation amongst statistics is dealt away with union bounds, namely
Bonferroni-Holm procedures. On the other hand, our approach takes into
account the correlation amongst statistics and hence is asymptotically exact,
that is, asymptotically non-conservative. U

7. APPLICATION: ADAPTIVE SPECIFICATION TESTING

In this section, we study the problem of adaptive specification testing.
Let (v, i), be a sample of independent random pairs where y; is a scalar
dependent random variable, and v; is a d-vector of nonstochastic covariates.
The null hypothesis, Hy, is that there exists 8 € R? such that

(22) Ely) = v} i = 1.....n.

The alternative hypothesis, H,, is that there is no (3 satisfying (22). We
allow for triangular array asymptotics so that everything in the model may
depend on n. For brevity, however, we omit index n.

Denote ¢; = y; — E[y;], i = 1,...,n. Then E[g;] = 0, and under Hy, y; =
vif+e;. To test Hy, consider a set of test functions Pj(v;), j =1,...,p. Let
zij = Pj(v;). We choose test functions so that E,[z;;v;] = 0 and E,, [ZZQJ] =1
for all 7 = 1,...,p. In our analysis, p may be higher or even much higher
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than n. Let 8 = (En[viv}]) " (Ep[viy:]) be an OLS estimator of 3, and let

gi=vyi—zp;i=1,...,n be corresponding residuals. Our test statistic is
n N
T e e |2mi=1 Z5Ei/ VT
1<y<p 2 22
En[2E]

The test rejects Hy if T is significantly large.
Note that since E,[2;v;] = 0, we have

S ziEi/N =Y zle v (B B)/Vr =Y zei /v,
=1 =1 =1

Therefore, under Hy,

I RETNG

1<y<p En[zigﬂ

This suggests that we can use the multiplier bootstrap to obtain a critical
value for the test. More precisely, let (e;)]; be an ii.d. sequence of in-
dependent N(0,1) random variables that are independent of the data, and

let
W e max 12siz ZigEici/ VT
1<g<p En[zigﬂ

The multiplier bootstrap critical value ¢y (1 — «) is the conditional (1 — «)-
quantile of W given the data. To prove the validity of multiplier bootstrap,
we will impose the following condition:

(S) There are some constants ¢; > 0,01 > 0,6> > 0,02 > 0, and
a sequence B, of positive constants such that for all 1 < 7 < n,
1<j<p, 1<k<d andn>1: (i) |25 < By (ii) Enlz] = 1; (iii)
o? < E[e7] < 6% (iv) |vig] < Cy; (v) d < Cp; and (vi) the minimum

eigenvalue of E,[v;v]] is bounded from below by ¢;.

Theorem 7.1 (Size Control of Adaptive Specification Test). Let ca > 0 be
some constant. Suppose that assumption S is satisfied, and (log(pn))"B2/n <
Cyn=°2. Moreover, suppose that either (a) E[e}] < Oy for all1 <i < n and
(log p)® B2 /n < C1n=2 or (b) P(lg;| = u) < exp(1—u?/Cy) foralll <i < n.
Then there exist constants ¢ > 0 and C > 0, depending only on ci,co,C1, 0>
and 52, such that under Hy, |P(T < ew (1 —a)) — (1 —a)] < Cn~¢.

Comment 7.1. The literature on specification testing is large. In particu-
lar, [29] and [28] developed adaptive tests that are suitable for inference in
Lo-norm. In contrast, our test is most suitable for inference in sup-norm. An
advantage of our procedure is that selecting a wide class of test functions
leads to a test that can effectively adapt to a wide range of alternatives,
including those that can not be well-approximated by Holder-continuous
functions. (]



CLT AND MULTIPLIER BOOTSTRAP WHEN p IS MUCH LARGER THAN n 25

APPENDIX A. PRELIMINARIES

A.1. A Useful Maximal Inequality. The following lemma is a useful
variation on standard maximal inequalities.

Lemma A.1 (Maximal Inequality). Consider a sequence (x;)I, of inde-

pendent random p-vectors (p = 2). Let M = maxi<;<np Maxigj<n 25| and
o? = maxlgjng[a:?j]. Then

E | max [Ey[zi;] — Elzyj]|| S o/ (logp)/n + /E[M?(log p)/n.

1<y<p

Proof. Throughout the proof, let (y;)i; be an independent copy of (x;)! ,
and let (¢;)!"; be an i.i.d. sequence of Rademacher random variables inde-
pendent of everything else.

Step 1. We first prove

(23) E[max En[|lzi;]]] < E[M](logp)/n + llgfng[lxijl]-

1<y<p
Observe that

I := E[max E,[|z;;]]]

max (e [Euloyl] = Blleyl)] + max By

1<y<p

[max [By,[ij]] — E[Ex[|yi; ][] + gjangH%H

1<j<p

<E
=E
< 1 — . Fllr. .
< Elmax [Eallaisl - Enlly )] + max Bl
<E

[fgfgp Enlei(lzi] — lyig D] + gf%EHxijU

< A n .
< 2B mas [Enlefo ] + pmax Bl )

Further, using Pisier inequality conditional on (z;)!_;, we have

o (1] < 121172
E[lrg%\En[ezlwml]l]N (logp)/nE[lrg%(En[lxml]) ]

< V/(log p) /[ max (ME,[|zi;(])"/?]

EVAS

< \/((logp)/n)E[M]E[ max By [[z]]],

1<y<p

where the last step follows from the Cauchy-Schwarz inequality. Hence I <

aV/I+b, where a = \/E[M](logp)/n and b = max; < j<, E[|z|]. Solving this
inequality gives (23).
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Step 2. We now prove the claim of the lemma. Observe that

E[max |Ey[zi;] — Elzyj]l] < E[max [Ep[zi;] — E[En[y;]]]

1<j<p 1<j<p

< E[g?gp En[zij — yis]l]

= E[max |E,[e;(zi; — yij)]l]

1<j<p

< P
< 2E[max [Bfeizy]|

< V/(logp)/nE[ max E,[z7;]]"/.
1<g<p

Applying (23) to x?j instead of z;;, we see that the last expression is

1/2
< Vilogn/n (EIM2)(log p)/n + pux Bl )

<J<p

< VE[MZ|(logp)/n + o+/(log p) /n,

where the last step follows from inequality va +b < v/a + v/b. This com-
pletes the proof. O

A.2. Properties of the Smooth Max Function. We shall use the fol-
lowing properties of the smooth max function. In this section, we assume
g € C3(R), and let m = g o Fp.

Lemma A.2 (Properties of Fg). We have
0jFp(z) = mj(2), 0jOkFp(2) = Bwjn(2), 00k F3(2) = Bqjm(2).

where, for 61, := 1{j = k},

p
mj(z) = eﬁzﬂ'/ Z ePam.
m=1
wik(2) := (w055 — 7T ) (2),
@ik (2) == (m0005, — mjmdj, — T (851 + Opr) + 2mjmmy)(2).
Moreover,
p p p
m;i(z) = 0, ZWJ(Z) =1, Z lwi(2)| < 2, Z lgjk1(2)| < 6.
j=1 J,k=1 gk, 1=1

Proof of Lemma A.2. The first property was noted in [14]. The other prop-
erties follow from repeated application of the chain rule. O
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Lemma A.3 (Three derivatives of m = go Fg). Let mj, wji, and gji be as
defined above. For every z € RP,

9ym(z) = (99(Fp)m;)(2),
0;0km(z) = (0%g(Fg)mjmi + 9(Fp) Bwji)(2),
9;0,0m(2) = (°g(F)mjmm + 0%g(Fp)B(wjnm + wjmy + wim;)
+ 09(F3)B°qjr) (2).

Proof of lemma A.3. The proof follows from the repeated application of the
chain rule and by the properties noted in Lemma A.2. O

Lemma A.4 (Bounds on derivatives of m = g o Fg). We have
10;0km(2)] < Ujk(2), [0;0e0m(2)| < Uja(2),
where
Ujk(z) = (Ggﬂ'jﬂ'k + Gl,Bij)(Z),
Uji(2) := (Gamjmpm + GaB(Wpm + Wiy, + Wim;) + G18%Qm) (2),
Wik(z) = (101 + m5m1)(2),
ijl(z) = (ijsjl(sjk + 7Tj7'rl5j]€ + 7Tj7T]€(5j1 + 51@1) + 27Tj7rk7rl)(z).

Moreover,

P P
D Uk(2) < (Ga+2G1B), D Upi(2) < (Gs +6Gap +6G15).
jik=1 Jik,1=1

Proof of Lemma A.J. The lemma follows from a direct calculation. (]
Lemma A.5. For every z € RP, w € RP such that max;<, |w;|f < 1,
T € [0,1], and every 1 < j < p, we have
mj(2) S mi(z + Tw) S ™;(2),
Ujr(2) S Ujk(z + Tw) S Uji(2),
Uini(2) S Ujni(z +1w) S Ujna(2).
Proof of Lemma A.5. To show the first claim we note that
exp(z;f + Tw; )
T2 +TWw) =
) = S exp (e + T0F)
exp(z;)  exp(r max;p [w;|5)
= 2 h—1 xp(2m ) exp(—T max;<p [w;]B)

Proceeding similarly, we have 7;(z + Tw) > m;(2) exp(—2).

The second and third claims follow from the first, noting that Uj; and
Uji are finite sums of products of order up to 3 of terms such as =;, 7, m,
k- O

< m5(2) exp(2).
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Lemma A.6 (Lipschitz Property of Fg). For each x € RP and z € RP, we
have

_ < S
|Fﬂ($) Fﬂ(z)‘ \lrg]agpl% zj

Proof of Lemma A.6. For some t € [0, 1],

|[F(2) = F(2)| = |Y_0iFs(a+t(z = 2))(2; — ;)|
j=1

p
< Zﬁﬂwﬂ@—@nggm—%wqggm—%h
o

where the property Z?:l mj(x +t(z —x)) = 1 was used. O

A.3. Lemmas on Truncation. Recall that 7; = (i‘ij)J;ZI and X = n~1/2

>, @i, where “tilde” denotes the truncation operation defined in Section
2.

Lemma A.7 (Truncation Impact). For every 1 < j,k < p and q¢ > 1, (a)
(E[lZ;)Y7 < 2(Ellayg )Y (b) |ElZyEa) — Elzgzall < (3/2)(ERZ] +
E[z2])p(u); and (c) with probability at least 1 — 5, for all 1 < j < p,

X, — Xj| < /Elz2])e(u)y/21og(p/7) (5 + 6(u,7)).

Proof of Lemma A.7. Claim (a). Define I;; = 1{|zi| < uy/E[z}]}, and
note that
(B9 < (Bllwy ;1) + |Elzi; 1))
< (Ellzii L 1DV + Bl L)Y < 2(E(lwi;]) 7,

where the first inequality follows from the triangle inequality, the second
from Holder’s inequality, and the last from the monotonicity of the expec-
tation.

Claim (b). Observe that

BlziZa] — Elzgi]] < B2y — vij)Za]| + [Elzi; (Za — za)]]
< \/E[(i“z‘j - ﬂfz‘j)Q]\/E[i‘?k] + m\/ﬁfj]
< 2p(u)\ Bl Bl + o(w)/Blad] /El2)
< (3/2)(u) (Elz};] + Ela)),

where the first inequality follows from the triangle inequality, the second

from the Cauchy-Schwarz inequality, the third from the definition of ¢(u)

together with claim (a), and the last from inequality |ab| < (a® + b?)/2.
Claim (c). We shall use the following lemma.
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Lemma A.8 (Sub-Gaussian Bounds for Arbitrary Self-Normalized Sums).
Let &y, ..., &, be independent real-valued random variables such that E[§;] = 0
and E[¢?] < oo for all 1 < i< n. Let S, =Y .1, &. Then for every xz > 0,

P(ISal > 2(4B, + Vo)) < dexp(—a?/2),
where B2 =" | E[¢?] and V2 = Y1 | &2
Proof of Lemma A.8. See [20], Theorem 2.16. O
Define

Aj = 4\/]?3[(9:2-]- = Zij)?] + \/En[(ﬂ«“z’j = ij)?).
Then by Lemma A.8, with probability at least 1 — 4%

1X; — X;| < Ajv/2log(p/7), for all 1 <

By definition of ¢(u) and 6(u,~), with probability at least 1 — ~, for all
1<j<p,

4\/E [(zij — 7)) + \/E ()]0 (u)(1 4 6(u, 7))
<\ El(@i)?Je(w) (5 + 6(u, 7).
This implies claim (c). O

Lemma A.9 (Sub-Gaussian truncation). For any sub-Gaussian random
variable R with parameter C > 0, i.e., if P(|R| > u) < exp(1 — u?/C?) for
all uw > 0, then we have

BIRPL{|R| > u}] < (1 + C?) exp(1 — u2/C?)
for all uw > 0.

Proof. The lemma follows from the following calculation:

o
E[R?1{|R| > u}] < v*P(|R| > u) + 2/ 2P(|R| > z)dz
[ee]

< u?exp(l —u?/C?) + 2/ zexp(l — 2%/C?)dz

u

= (u® + C?)exp(1 — u?/C?).

Let §i = (§i5)%—,, where §i; = yi;1{|yi;| < w(E[])"/?}, and let ¥ =
n~1/23°"  §;. Note that by the symmetry of the distribution of y;;, E[§;;] =
0.

Lemma A.10 (Normal Truncation Impact). For every1 < j,k < p and q >
L, (a) (Bl D" < (Ellyi; 1D (6) [Elgiga] — Elyiyinl| < (3/2)(Elyf]+
E[y2])en (u) where recall that ©% (u) = f\z\)u 22¢(2)dz; and (c) for a given
€(0,1) and u > @Y1 —v/(2np)), e.g., u = 210g(2np/’y),
P(max |Y; —Y;|=0)>1—1.

ISP
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Proof of Lemma A.10. Claim (a) follows from the fact that |7;;| < |y;;| and
the monotonicity of the expectation. Claim (b) follows from claim (b) of
Lemma A.7. For claim (c), note that the event maxicj<,|Y; — Y| = 0

is implied by the event max;<p i<n |Yij/ /E[yfj]‘ < u, which, by the union

bound, does not occur with probability 2np(1 — ®(u)) < v whenever u >
(1= 7/(2np)). 0
APPENDIX B. PROOFS FOR SECTION 2

B.1. Proof of Theorem 2.1. Without loss of generality we can and will
assume that sequences (x;)!, and (y;)!'_, are independent of each other.
We will use an interpolation approach of Slepian. For ¢ € [0, 1], define

Z(t) = VtX +V1—-tY = zn: Zi(t), Zi(t) == —=(Vtz; + V1 = ty).
=1

1
vn
We shall also employ Stein’s leave-one-out expansions to form:

20(t) i= (Zyy(0)_, = Z(t) - Zi(t).
Let U(t) = E[m(Z(t))] for m := g o Fs. Then

7j=11i=1
where
d 1 /1 1
Zi;(t) EZzy(t) N <—tl’ij ﬁy”)’
and
noel
=% i E[0;m(Z%(t)) Zi; (t))dt,
=1 i=1
p n 1 .
=3y / E[0;00m( 2D (6)) Z (£) Zin (1)) dt,
jk=1i=1"0

/ 1(1 — TE[0;0:0m(ZD () + 7Zi(t)) Zij (t) Zir (t) Zsy (1)) dr it
0

Since Z((t) and Z;;(t) are independent of each other and E[Z;;(t)] = 0, we

have
p n

1
1=3°% [ Bom(zO )z @) = o

j=1i=1
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Second, since E[Z;;(t) Zi(t)] = n~ 'Elzijza, — yijya] = 0, we also have

— Z Z/ 0;0,m(Z® ())E[Zij (t) Zir,(£)]dt = 0.

7,k=11i=1
Consider the third term I11. We have

1
< 2 n ) )
|[I1I| < (Gs + G258+ G118 )/O nk [1<I]r}]3>l<<p\le(t)sz(t)Zzl(tﬂ] dt

< (Gs + Caf + GLAY)E [m;mx (s + o )} IV,

where the first inequality follows from Lemma A.4 and the second inequality
from Holder’s inequality. The first claim of the theorem now follows. The

second claim follows directly from property (5) of the smooth max function.
O

B.2. Proof of Corollary 2.1. Set S := E[maxi<j<,(|zi> + |vi5]*)]/v/7,
B = (log(pn))®/#S~Y* and ¢ = (log(pn))~3/85~/%. Consider a function
go : R — [0,1] belonging to the class C3(R) such that go(s) = 1 for s < 0
and go(s) =0 for s > 1. Fix any ¢t € R, and define g(s) = go(¢)(s —t —eg)).
For this function g we have

Go=1, G1 <CY, Gy <;(7$2> Gs gg(nga

for some constant C' > 0 depending only on go. Write eg = B~ 'logp. Then
by property (5) of the smooth max function and the definition of g,

P(max X; < t) < P(F3(X) < t +es) < E[g(E3(X))].

1<5<p
Here by Theorem 2.1,
Elg(F5(X))] = E[g(Fs(Y))] S (v° + By* + 5%9)8S.

We now bound E[g(F(Y))] as follows. By the definition of g and property
(5) of the smooth max function, we have

Elg(Fs(Y))] < P(max Y; <t+eg+v ).
NS

This is where Lemma 2.1 plays its role. Let u := eg +¢~ 1. Thenu >¢~! >
S1/4 >, n~1/8 so that log(p/u) <., log(pn). Hence by Lemma 2.1,

P(max Y; <t+4+eg+9~ ) P(max Y; <t) Sep 00 (€8 —H/Fl) log(pn),

1<j<p 1<j<p

by which we conclude that

P(max X; <t) — P(max Y; <1)

1<j<p 1<y<p

Senon (WP + B+ B2)S + (eg + v~ 1) /log(pn).
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Similarly, we have

P(max Y; <t) — P(max X; <1)
1<g<p 1<g<p

Sency (WP + B + B2)S + (eg + ) y/log(pn).

Substituting 3 = (log(pn))®>/8S~1/4 and ¥ = (log(pn))~3/8S~1/* leads to
the desired result. (]

B.3. Proof of Theorem 2.2. The second claim of the theorem follows
from property (5) of the smooth max function. Hence we shall prove the first
claim. The proof strategy is similar to the proof of Theorem 2.1. However,
to control effectively the third order terms in the leave-one-out expansions
we need to invoke truncation; for this purpose we shall replace X and Y
by their truncated versions X and Y, defined as follows: Let &; = (a?ij)?:l,
where Z;; was defined before the statement of the theorem, and define the
truncated version of X as X = n~Y/23""  #;. Also, recall that §; = (gjij)zj?:l,
where §;; = yi;1{]yi;| < (E[yZ NY2}, and Y = n~ 23" ;. Without
loss of generality, we will assume that sequences (x;)j, and (y;)i, are
independent.

The proof consists of four steps. Step 1 will show that we can replace X
by X and Y by Y. Step 2 will bound the difference of the expectations of
the relevant functions of X and Y. This is the main step of the proof. Steps
3 and 4 will carry out supporting calculations. The steps of the proof will
also call on various technical lemmas collected in section A.

Step 1. Let m := g o Fg. The main goal is to bound E[m(X) — m(Y)].
Define

I:l{max\x X;| < A(y,u) and max|yj—17j\:0},
1<<p 1<g<p

where

A(y,u) = Map(u)/2log(p/v)(5 + d(u, 7))

By Lemmas A.7 and A.10 we have E[Z] > 1 — 6. Hence
[E[m(X) — m(X)]| < [E[(m(X) —m(X))Z]| + [E[(m(X) — m(X))(1 - D)]|
< G1A(y,u) +12Go,

where we invoked Lemma A.6 and
[E[m(Y) = m(Y)]] <E[(m(Y) = m(Y))Z)| + |[E[(m(Y) — m(Y))(1 — T)]
< 1200’7.
Therefore,
E[m(X) —m(Y)]] < |E[m(X) — m(Y)]] + G1A(y,u) + 24Goy.
Step 2 (Main Step) The purpose of this step is to establish the bound:
[E[m(X)—m(Y)]| S (Gs+G2f+G18%) M3 //nt(Ga+BG1) M (o(u)+on (u)).
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Define, as in the proof of Theorem 2.1,

Z(t):=VIX +V1—-tY = zn:Zi(t), Zi(t) == L(\/Egzi + V1 = t3).
=1

n

and

ZO(t) = Z(t) — Zi(t), Zij(t) = % <%x] - \/%y]> .

Arguing as in the proof of Theorem 2.1, we have

Elm(X) - m@))| =23 Z/O El0)m(Z(1) Ziy(dt = (I + 11+ I11),

j=1 i=1
P n a1
=3y / E[0;05m(Z2%) (1)) 2y (1) Zun (1))t
jk=1i=1"0
p n 1 1 . .
="y / / (1 = 7)E[0;060m( 29 (1) + 7 Zi(1)) Zis (£) Zut () Zua (1)) .
jk=1i=170 0

By independence of Z()(t) and Z;;(t)together with the fact that E[Z;;(t)] =
0, we have

nool
1="3" [ Elom(z )iz 0l ~o.
j=1i=1"0

Moreover, in steps 3 and 4 below, we will show that

11| S (G + BGMS (p(u) + o (u),
11| S (Gs + GoB + G18%) M3 /.

The claim of this step now follows.
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Step 3. (Bound on IT) Observe first that by the independence of Z®(t)
and Zz (t),

3

S—

(11| = E[0;04m (2 (£)|E[Zij (t) Zun (t))dt

M=

<.
-
.
Il
-

N\
M-~
S—

E[10;0km(Z2 (1))[] - [E[Z(t) Zin (¢)]|dt

<.
o
Il
—
-
Il
—

K(ZOW0)] - [E[Zi(8) Zun ()] dt.

—
-
I

—

IN
M=
S~
ol
=
ol

.

where the last step follows from Lemma A.4. Now since (v/tZ;;+v/1 — t3;;) <
2v/2u and so that B(v/tZ;; + /1 — t5;;)/v/n < 1 (which is satisfied by the
assumption on 3,u and 7), by Lemma A.5, the last expression is bounded

3

Here the first inequality is due to Lemmas A.7 (b) and A.10 (b), and the

last inequality is due to E? w1 Ujk(2) < Go + 2G4 3 established in Lemma
A4
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Step 4. (Bound on [II) Observe that

b n 1 1
LIS Z/O /0 E[Uja(Z29(t) + 7Zi(8))| Zij (1) Zir () Za (1) |drdt

k=1 i=1
p n 1 . .
TS / E[U;10(Z9 ()| 255 (1) Zua (8) Za (1)t
jkd=1i=1"0
p n 1

—e 3% / E[U;10(Z29 ()] - El| Zi (1) Zua (£) Zu (1)t

gk l=14i=1"0

p n 1
S Y Z/ E[Uj(Z(t))] - E[| Zij (t) Zi (t) Zu (t) | dt
gk l=14i=1"0
p 1
=5 Y E[Uj(Z(t))] - nE[| Zi; (t) Za () Zu(t)|)dt
k=1

1 p
<(6)/0 (Z E[Ujkl(Z(t))]) max_ nE[|Z;;(t) Za(t) Zu(t)|)dt

1<yg,k,l<p

1
<(n) (Gs + GaB + G18%) max  nE[| Zi;(t) Zi(t) Zu ()] dt.

0 1<g.kl<p

where (1) follows from |0;0,0m(z)| < Ujii(2) (see Lemma A.4), (2) from
Lemma A.5, (3) from the independence of ZO) (t) and Z;;(t) Zu(t) Zu(t), (4)
from Lemma A.5, (5) from the definition of E, (6) from a trivial inequality,
(7) from Lemma A.4. We have to bound the integral on the last line. Let

w(t) =1/(vt Av/1—1), and observe that
1

- grjr.}]?fganHZij(t)Zi (t)Zu(t)|]dt

:/Olw(t) max  nE[|Z;;(t)(Vt ANVT —t) Zi(t) Zy (t) | dt

1<yg,k,l<p
1
<) /O w(t) Joax (E[\Z‘ij(t)(\/imﬂ—t)\?’]E[\Zik(t)|‘°’]E[\Zu(t)l‘°’])1/3dt

1
-1/2 El(15, )3
<oV [ wttat] s Bl + )

Sy w2 s (Bl P + (Bl
< ~1/2 =il 131\1/3 = 13171/313
Sy n7% ma (Bl ) + (Elly )
—1/2 max E[\xij\g],

<\
~(5) 1<j<p
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where (1) follows from Holder’s inequality, (2) from the fact that | Z;; (t)(vVEA
VI=D] < (1Zi] + 19i1) /v, [Zin@O] < ([Zi] + ‘?)ik‘)/\/ﬁ%and_‘zil(t)‘ S
(IZal+1gal)/v/n, and that E[(|Zi;] + [7:1) ]1/3E[(\fzk\ + 15k )TPE[(|Zal + |gal)"]?
< maxicj<p B[(|Zi5] +7i5])3], (3) from fo t)dt <1, (4) from Lemmas A.7

(a) and A.10 (a), and (5) from the normahty of y;; with E[yfj] = E[x?j], S0

that Efly;[*]'/* < Ely]"/? = Ellaf;|'* < Ellzy[*]'/. 0

B.4. Proof of Corollary 2.2. Following the argument in the proof of
Corollary 2.1 and applying Theorem 2.2, for u > u; V u2 V ug (note that
2log(2pn/v)), we have

sup |P(max X; <t)—P(max Y; <t)|
teR 1<i<p 1<j<p

Sencr (W + 2B+ 9B M3V + (0% + 08) M3 (p(u) + ox(w)
+ ¥ Map(u) (1 + 6(u, 7))/ log(p/7) + B~ (log(pn))*/? + 4~ \/log(pn) + 7.
Let u* be the smallest number u > 0 such that:
Vi(p(u) + on () < Mg (log(pn /)"
Consider the case u > u*. Let
W = n'3(log(pn/7)) /A M5 %" and § = Vn/(2v/2u).
Note that 8 < vn/u < /njug < 1/8(log(pn/'y))5/8M3_3/4 =: 3. Hence
(W° + 978 + B M5 /v/n S VB M3 /V/n
< n Y5 (log(pn /7)o"
< w1 (log(pn/y))/n'/?
< u(log(pn/v))*? n'/2.
Since My < Cy and 6(u,v) < Ch,

(? + B) M3 (p(u) + on(w) Sey ¥B(e(u) + o (u))
< YB(e(u*) + on (uh))
Y3 (og(pn /7)) My
u(log(pn/v))*?/v/n,
and
Y Map(u)(1 + 0(u, 7))V 1og(p/v) Scy Ye(u)/log(pn/v)
< PBp(u) 4+ on(u)y/log(pn/v) /B
< u(log(pn/v))*?/v/n,

where the last inequality follows from the calculations above and assuming
that /log(pn/v)/8 < 1 (otherwise, the claim of the corollary is trivial).
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Finally, by the definition of 8 and 1, (log(pn/v))*/?/8 + /log(pn/v) /v <
u(log(pn/v))®/?. Hence the claim of the corollary for the case u > u* follows.

Consider the case © < u*. Let

W = (log(pn/7)) ™ (p(u) + on (1) "3 and B = v/n/(2V2u).

Note that v < (log(pn/7)) /S (p(u) 4o (w)) /% = n/3(log(pn/~))~*/501; ",
which is the value of 3 used for the case u > u*. So, (* + ¥?8B +
YB2YM3 //n < u(log(pn/v))?/? by the same argument as above. Moreover,
VM3 (p(u) + on (1) Sev Blp(u) + o (w)** (log(pn /)~

< Blelus) + o (us))**(log(pn/v))~/°

= pu3(log(pn/v))**~/S /n

< ug(log(pn/7))** 18 [\/n

< u(log(pn/v))*?/v/n,

and

WP M3 (p(u) + on(w) Soy (9(u) + on(u)'/? (log(pn/y)) 1/
< ((us) + o (us))' (log(pn/y)) '/
< ugv/log(pn/v)/vn
< u(log(pn/v))*? /v/n.

By the definition of S,

(log(pn))*'%/ B < u(log(pn/v))*?/v/n.

Moreover, by the same argument as that used for the case u > u*,

P Map(u) (1 + 6(u, 7)) V1og(p/7) Sov Ye(u)v/1og(pn/v)
< ((u) + o (w)*? (log(pn/v)"?
< (plug) + on (ug))*?(log(pn /7))
< (ulog(pn/v)/vin)* < (u(log(pn/y))*?/vi)?
< u(log(pn/v))*? /v,
where on the last step we assume that u(log(pn/v))*?/\/n < 1 because

otherwise the claim of the corollary is trivial. Finally, by the same argument
as above,

Viog(pn/) /% = (p(u) + on () (log(pn/7))** < ullog(pn/7))*? /.

The claim of the corollary for the case u < u* follows. O



38 CHERNOZHUKOV, CHETVERIKOV AND KATO

B.5. Proof of Corollary 2.3. In this proof, let ¢ > 0 and C' > 0 de-
note generic constants depending only on c1, ca, C1 and the their values may
change from place to place. Assume that v > n™¢ for some ¢ > 0. In
all cases, we will choose v so that this assumption holds. Recall the defi-
nitions of ui, ug, and ug given before the statement of corollary 2.2. Let
u = ug + u1 + us + ug where ug > 0 is to be chosen later.

By Corollary 2.2,

p<C {(Uo + U1 + ug +U3)(10g(Pn/’Y))3/2/\/ﬁ+’Y} 7

provided that d(u,v) < C. Under conditions E.1-2, M35 < C and under con-
ditions E.3-5, M3 < CB,,. Therefore, under either conditions of the Corol-
lary, uj(log(pn/v))*?/\/n < Cn=¢ since u; = n3/8M§’/4/(log(pn/7))5/8.
Moreover, us(log(pn/v))3/?/\/n < Cn~¢ since uy = /2log(2pn/v). Hence,
it suffices to choose ug and ~y in such a way that (ug+us)(log(pn/v))%/? /\/n+
v < Cn~¢and §(u,y) < C.

Case E.1. Set ug = C'y/log(pn) for sufficiently large C' > 0 and v = 1/n.
Then by Comment 2.2, §(u,v) < 6(ug,y) = 0. To derive a bound on us, let

fi(t) = Valp(t) + on ()" and f,(t) = t(log(pn/7))>°.

By equation (9), ug is the smallest number u > 0 such that fij(u) < f(u).
Note that fj(-) is decreasing while f,.(-) is increasing. Moreover, f;(ug) <
1/(p*3n/%) < 1 because @(ug) < 1/(pn)? by Comment 2.2 and @y (ug) <
1/(pn)? by Theorem 2.2 (C is sufficiently large). On the other hand, f,.(ug) >
1. Therefore, fi(ug) < fr(ug), and so ug < ug, from which we conclude that
that (ug + us)(log(pn/v))3/?/v/n < Cn~¢.

Case E.4. This case is similar to case E.1. Indeed, when z;; = 2;;&; and
z;; are nonstochastic, equation (7), which defines ¢(u), becomes

VB> /B2 < R

N[OI‘QOVE}I‘7 LTij — jij = Zij(f‘:i - él) where

éizsil{\si\éu E[e?]}—E[5i1{|5i|<u E[sg]H.

Therefore, setting ug = C'y/log(pn) for sufficiently large C' > 0 and v = 1/n
gives d(u,y) = 0 and uz < ug. The conclusion follows as in case E.1.

Case E.3. Set ug = C'B,, for sufficiently large C' > 0 and v = 1/n. Then
by comment 2.2, §(u,y) = 0 and calculations like those used above show
that uz < ugp. Hence (ug + us)(log(pn/v))3/?/v/n +~v < Cn~¢.
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Case E.2. Set ug = n2/7/\/C’1 and v = C1n~Y/7. Then

p <H113X(\$U\ — Uy /E[xfj]) > O) <P <HZ;3X |zi5| > U\/C'1>

and hence 6(u,vy) = 0. Moreover,

B |23 1{|ayl > u\/Eled]}] < Bled)/(PElad]) Sec0 1/,

so that QO(U) 501,01 1/u Hence fl (ﬂ) 501,01 fr (ﬂ) with o = n3/8/(10g(pn/7))5/8
and ug < C1, from which we have (ug + us)(log(pn/v))3/?/v/n+~ < Cn~¢.
Case E.5. This case is similar to case E.2 and hence we omit the detail. [

APPENDIX C. PROOF FOR SECTION 3

C.1. Proof of Theorem 3.1. We shall use the following form of Stein’s
identity.

Lemma C.1 ([45]). Let (W,U) be a zero-mean Gaussian random vector,
where W is scalar and U is a p-vector. Let f : RP — R be a function (of
moderate growth at infinity). Then

p
E[Wf(U)] =Y EWUE[; f(U)].
j=1

Proof of Lemma C.1. See Section A.6 of [45], and also [44]. O

Proof of Theorem 3.1. Without loss of generality, we can and will assume
that V' and Y are independent, so that E[V;Yy] = 0 for all j,k =1,...,p.
For t € [0,1], define the following Slepian interpolant:

Z(t) == VtV + V1 —tY.
Let m := g o Fg and ¥(t) := E[m(Z(t))]. Then

1
[Efm(V) —m(Y)]| = [¥(1) — ¥(0)] = /O \Il’(t)dt' .
Here we have
W) = 23 B [mo)e 2, - (- 0]



40 CHERNOZHUKOV, CHETVERIKOV AND KATO

where the second equality holds by application of Lemma C.1 to W =
t=12v; — (1 — t)7Y2Y; and f(U) = 9;m(U) with U = Z(t). Hence,

1 1 1
/ ‘Il’(t)dt‘ <3 doER-Th / E[0;0xm(Z(t))]dt
0 1<j,k<p 0
1 v v [
< S g max |25, — 2 Z |E[0;0,m(Z(t))]] dt
1<j,k<p
/ E[0;0pm(Z(2))] d.
0 1<]k<p

In view of Lemmas A.2 and A.3,
> 10;0em(Z(1))] < 0%9(Fs(Z(t)| + 26|09(F5(Z(1)))-
1<y,k<p

Hence we obtain

[Elg(Fp(V)) — g(Fs(Y))]]

1 1
20  <Apx (21 | Eers(mzoia s [ E\agwﬁ(Z(t))\dt)
< A0(271G2 + ,BGl),

which leads to the first claim. The second claim follows from property (5)
of the smooth max function. O

C.2. Proof of Corollary 3.1. Recall that Ay := maxi<; x<p |Z;/k — ka\
For 8 > 0, define eg = B~ 'logp. Set 8 = (log(p/Ag))*6A; /% and v =

(log(p/Ao))_l/GAgl/g. Fix any t € R. Using the same argument as in the
proof of Corollary 2.1 and applying Theorem 3.1, we have

-1\ <« 2
P(max X; <) - P(max ¥y <t+eg+¢77) S (U7 + 1) Ao
Note that eg +9~1 > ¢! > A(l)/g > Ag. Hence application of Lemma 2.1
leads to

P(max Y; <t+eg+1¢ ') —P(max Y; <t) Sep 0 (es+ 1)/ log(p/Ao).

1<5<p 1<y<p

Combining these inequalities and substituting the values of 5 and v leads
to

. < 1/3 2/3
P(max Xj <) = P(max ¥ < 1) Seron Ao (10g(p/80))™

This gives one half of the asserted claim. The second half is similar. O

C.3. Proof of Corollary 3.2. It is easy to check that the map ¥ —
91/3(log(p/9))?/? is increasing in ¥ for ¥ € (0,e2). So by Corollary 3.1,
on the event {(z;)’_; : A < 9}, we have |P(Zy < t) — P.(Wp < t)| Sev,an
9/3(log(p/1))?/3 for all t € R. Therefore, the claim of the corollary follows
from the triangle inequality. O
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APPENDIX D. PROOFS FOR SECTION 4

D.1. Proof of Lemma 4.1. Recall that A = maxiji<p |[Enlzijzin] —

Elz;jzi])|. By Corollary 3.1, on the event {(x;)i~; : A < ¥}, we have
|[P(Zy <t) —Pc(Wy < t)| <wv(¥) for all t € R, and so on this event

Pe(Wo < ez, (a+v(?))) = P(Zy < ez (atov(0)))—0(0) = ato(@)—v(d) = a,

implying the first claim of the lemma. The second claim follows similarly.
O

D.2. Proof of Lemma 4.2. By equation (13), the probability of the event
{(zi)l2q : Pe(JW — Wp| > (1) < (2} is at least 1 — (2. On this event,

P(W <ewy(a+G)+G) Z2P(Wo <ewplat+))—G@2a+@—G=aq
implying that P(cw (o) < ewy(a 4+ C2) + (1) = 1 — (2. The second claim of

the lemma follows similarly. (|

D.3. Proof of Theorem 4.1. For ¢ > 0, let v(¥) := Cy9'/3(log(p/?))*/?
with (5 > 0 as in Lemma 4.1. Then

P(T() < CWO(Oé)) g(l) P(TO < CZO(Oé + ’U(’lg))) + P(A > ’ﬁ)
g(g) o+ 7)(19) + P(A > 19) + p,
where (1) follows from Lemma 4.1 and (2) follows from the definition of p
and the fact that Zy has no point masses. The upper bound in the claim

of theorem follows by substituting v(¢}). The lower bound follows from a
similar argument.

D.4. Proof of Theorem 4.2. For ¥ > 0, let v(¥) := Cy9'/3(log(p/9))%/?
with Cy > 0 as in Lemma 4.1. Then

P(T < ew()) <y P(To < ew (@) +C1) + G2
C

<) P(To < ewp(a+ C2) +201) +2¢2
<(3) P(TO < CZO(Oé + CQ + U(Q?)) + 2{1) + 2C2 + P(A > ?9)
<@ P(To < ezo(a+ G +v(9) + C3¢1/log(p/C1))) + 26 + P(A > 9)

<) @+ @ +v() + C3¢1v/log(p/C1) +2C + P(A > 9) +p

where C3 > 0 depends on ¢; and C; only and where (1) follows from equation
(12), (2) from Lemma 4.2, (3) from Lemma 4.1, (4) from Lemma 2.1, and
(5) from the definition of p and the fact that Zy has no point masses. The
upper bound in the claim of theorem follows by substituting v(«J). The lower
bound follows from a similar argument. O
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D.5. Proof of Corollary 4.1. Let ¢ > 0 and C' > 0 denote generic con-
stants depending only on ¢y, co, C1, and their value may change from place
to place. Corollary 2.3, in every case, p < Cn~¢ Moreover, since it is as-
sumed throughout the paper that p > 2, (1v/logp < Cin~“ implies that
¢ Sn, and so (14/log(p/¢1) < Cn~°¢. Also, (3 < Cn~¢ by assumption.
By Markov’s inequality, P(A > 9) < E[A]/9. In addition, 91/3(log(p/9))%/3
converges to zero at least at a polynomial rate if 9(log p)? converges to zero at
a polynomial rate. Therefore, we can find ¢ > 0 such that ¥'/3 (log(p/19))%/%+
P(A > 9) < Cn=¢if E[A](log p)? < Cn—¢ (with possibly different C' and c).
The last bound follows by applying Lemma A.1. This gives the first claim
of the corollary. The second claim follows similarly. O

APPENDIX E. PROOFS FOR SECTION 5

E.1. Proof of Theorem 5.1. The proof proceeds in three steps. In the
proof (B\, A) denote (B\(k), M) with k either 0 or 1.

Step 1. Here we show that there exist some constant ¢ > 0 and C' > 0
(depending only ¢;,C; and o2) such that for either k € {0,1},

(25) P(Th < A >1-a -,

with v = Cn™¢ We first note that Ty = \/nmaxi<r<op En[Zikei], where
Zi = (2}, —z.)". Application of Corollary 2.3, case E.5, gives

IP(To < A\)—P(Zp < N)| <Cn™¢,

where ¢ > 0 and C > 0 are constants depending only on ¢;,C; and o2.
Since A\ > cz,(1 — @) the claim follows. Indeed, A = ¢z (1 — ), and
A <A = (1 — ) == ¢® (1 — a/(2p)), since by the union bound
P(Zo 2 co(1 = @) <2pP(oN(0,1) 2 co(1 — o)) = a.
Step 2. We claim that with probability at least 1 — a — v, 5 = B —pB
obeys:
Vi max By [zi;(200)]] < 2).

1<y<

Indeed, by definition of 3, Vnmaxicj<p [Eplzi;(yi — Z{B\)H < A, which by the
triangle inequality for the maximum norm implies that v/n maxi<;<p |En[2ij (z;g)]\ <
Ty + A. The claim follows from Step 1.

Step 3. By Step 1, with probability at least 1 — a — v, the true pa-
rameter value B obeys the constraint in optimization problem (14), so that
by definition of 3 we must have I B lley < ||Blle,- Therefore, with the same
probability & € R(8) = {6 € R : ||+ 6[ls, < [|Blle, } By definition of r7(3)
we have that

k1 (B)3llr < max [Endlziy ()]
P

VA

Combining this inequality with that in Step 2 gives the claim of the theorem.
O
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E.2. Proof of Theorem 5.2. The proof has four steps. In the proof, we
let 0, = Cn™¢ for sufficiently small ¢ > 0 and sufficiently large C' > 0
depending only on ¢1, C1, 02,02, where ¢ and C (and hence g,,) may change
from place to place.

Step 0. The same argument as in the previous proof applies to 3(0) with
A = 2O = ¢y(1 — 1/n), noting that now o? is the upper bound on E[¢?].
Thus, we conclude that with probability at least 1 — o,

~ 2¢9(1 —1/n)
||50 - /BHPr < W-
Step 1. We claim that with probability at least 1 — g,
2co(1 —1/n)
ik (B)

Application of Holder’s inequality and identity e; — & = zl’-(ﬁo — f) give

< Bn(En[zz{(B\O - ﬁ)]Z)l/Q < BHHBO - ﬁ”pr'

2~ o1\ 1/2
112;32(]) (En[zij(fsi — &) ]) < B,

2 (o 21\1/2
fgfg(p (En[zij(gi —&;) ])
The claim follows from Step 0.

Step 2. In this step, we apply Corollary 4.1 to

T=Ty= \/ﬁlgng" [Zij€4)s

W = \/ﬁlgngn[izj@ei]y

Wo = \/ﬁlgaépEn[éijEiei]y

where z; = (2, —2})’, to conclude that uniformly in o € (0, 1)
(26) P(Ty<ew(l—a)) 2 1—a— on.
To show applicability of Corollary 4.1 ; we note that for any {; > 0, we have
P (W =Wyl > G1) < E[[W = Wol]/G
< \/ﬁEe[mjaX [En[2i5(& — i)eill] /G

< Vlog pmax(Ey [} (& — £:)°]) /2 /1,
J

where the third inequality is due to Pisier’s inequality. The last quantity is
bounded by (.2 logp)/2/¢; with probability > 1 — g, by Step 1.

Since 1 logp < Cin~“ by assumption (vi) of the theorem, we can set
(1 in such a way that ¢;(logp)'/? < g, and (:2logp)*/?/¢1 < on. Then all
conditions of Corollary 4.1 with so defined ¢; and ¢ = 0, V ((¢2 log p)*/% /1)
hold, and hence application of the corollary then gives that uniformly in
aec(0,1)

(27) P(To <ew(l—a)) —1—al < on,

which implies the claim of this step.
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Step 3. In this step we claim that with probability at least 1 — g,
ew(l—a) <ez, (1 —a+20,).

Combining Step 2 and Lemma 4.2 gives that with probability at least 1 — (o,
ew(l —a) < ew,y (1 —a+ (2) + (1, where ¢ and (» are chosen as in Step
2. In addition, Lemma 4.1 shows that ey, (1 — a + (2) < ¢z, (1 — o+ on).
Finally, Lemma 2.1 yields cz, (1—a+0,)+1 < ¢z,(1—a+2¢,). Combining
presented bounds gives the claim of this step.

Step 4. Given (26), the rest of the proof is identical to Steps 2-3 in the
preceding proof of Theorem 5.1, using ¢ = ¢y (1 — «). The result follows for
Vyp = 20n. O

APPENDIX F. PROOFS FOR SECTION 6

F.1. Proof of Theorem 6.1. The multiplier bootstrap critical value ¢1—q 4
clearly satisfies ¢1—quw < €1—q,ur Whenever w C w', so that inequality (19)
holds. Therefore, it suffices to prove (20). We will only consider w = W,
and note that the same o(1) in equation (20) applies when w C W. Also, we
will only consider the case with four bounded moments. The sub-Gaussian
case is similar. The following direct corollaries of assumptions will be used
repeatedly in the sequel,
max [z < max ik <1y ¢ max [lui|

K] )

(28) < Cflx/ﬁlgllfii\vikj\ <@ ¢1 'VPBn,
manEn[szkj] < m]?XEn[HfUikHZ]
(29) <(3) CIQm]?XEn[HWHF] <@ P,

where (1) and (3) follow from assumption M-(iv) and the definition of x;,
(2) is from M-(i) since vy is a subvector of z;, and (4) is due to M-(ii). We
start with several lemmas. In all the lemmas below, we will assume the same
conditions as in the theorem.

Lemma F.1. Y | zipii//n = Op(rp1) uniformly overk =1,..., K and
j=1,...,pr where r,1 = +/plogp.

Proof. Applying Lemma A.1 combined with inequalities (28) and (29) gives
E[max | > winjei/Vnll = (VBBn(logp)/n'/* + \/plog p) = O(/plogp),
=1

where the second step follows because B,v/Iogp/n'/* = o(1). The asserted
claim follows from Markov’s inequality. O

Lemma F.2. En[a:?k](é\?k — 02)] = Op(ryp2) uniformly over k = 1,..., K
and j = 1,...,py where rps = pB2logp/\/n.
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Proof. We have

E, [JT?kj(g?k - U?k)] =E, [JT?kj(E?k - U?k)] + En[x?kj(vgk(ﬁk - 5k))2]
— 2B, 23, €kl (Br — Br)]
=1k + IIJk =+ III]k

All three terms are bounded below in three steps. Summing up gives the
result because p/v/n — 0.

Step 1. We prove that I;, = En[:z:fk](efk —0%)] = Op(rp21) uniformly
over k=1,...,K and j = 1,...,p, where r,21 = pB2logp/\/n.

Applying Lemma A.1 combined with inequalities (28) and (29) gives

Elmax [En 2], (<, — o)]] = O(pB; log p/v/n + pBr/(log p) /n)

= O(pB; log p//n),

where the second step holds because B, is bounded away from zero. The
claim of this step follows from Markov’s inequality.

Step 2. We prove that 11, = En[xfk](v;k(gk — Br))?] = Op(rp22) uni-
formly over k =1,..., K and j = 1,...,p; where r,20 = p>B2(log p)/n. We
have

max B, [22,; (v} (B — Br))?] <) B2 max Ey [(v LB — Br)?

5]

= ﬁBn m]?X E, [kaz{k]En [Uikl)l/-k]flEn [Uikgik]
<@ ¢ 'PB; max |Envieeir] ||

< p2B2 I%%X‘E [vlk]z-:zkﬂ

=(3) Op(p*B;(logp)/n),

where (1) follows from inequality (28), (2) is by Assumption M-(iv), and (3)
follows by applying Lemma A.1. The claim of this step follows.

Step 3. We prove that IIIk =E [ zk]glk( Zk(/Bk — ,Bk))] = Op(’l”n23)
uniformly over k = 1,...,K and j = 1,..., px where rn23 = p*B2(logp)/n.
We have

max [ o3 200 (0 (B = )| < mae B fayeuc 1B - B

r]??xflE n[@ikseinvinl 118k — Brll-

Then

max |5, — Py = max B [vikviy) " Enlvieir] | <ay e max || By [vieix]|

<o \/_m%X‘E [Uzkjszk”— Op(v/p(logp)/n)
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where (1) follows from Assumption M-(iv) and (2) is as in step 2. In addition,
Lemma A.1 combined with inequalities (28) and (29) gives

E[max [, 22 cinvinl]] = O(BB3(log p) /n/* + pB2+/(log p)/n)

= O(pB;+/(log p)/n)

because B,v/logp/n'/* = o(1). Combining presented bounds yields the
claim of this step. O

Lemma F.3. Y7 | x€ikei//n = Op(rp1) uniformly over k = 1,..., K
and 7 =1,...,p;. Recall that r,1 = /plogp.
Proof. We have

n
Ee[r%%.x \ Z ziriEirei/Vnll Say v IngI%%X(En[x?kjg?k])l/Z
9, i:l 9,

=(@2) V1ogp mk%X(En [2%,;0%] + Op(152))/?

<@3) V logpmkaX(En[ﬂﬁ?ijzzk])l/Q + Op(12+/10g p)

5]

S@) oV IOgPHIIfJL,X(En (25,12 + Op (rn21/log p)
=(5) Op(\/Plogp),

where (1) follows from Pisier’s inequality, (2) is from lemma F.2, (3) follows
by applying Taylor expansion since r,2 = o(1) and E,,[z?, jo?k] bounded away
from zero, which is because of Assumptions M-(iii) and M-(v), (4) follows
from Assumption M-(iii), and (5) is due to equation (29) and r,2 = o(1)
again. The claim of the lemma follows. O
Lemma F.4. Y7 2i(Eix — eix)ei/v/n = Op(rp3) uniformly over k =
1,....,K and j = 1,...,px where r,3 = pBylogp/\/n.

Proof. We have

n
Eell > wiki G — cndes/vnll Sy v 10gp151€%X(En[m?kj(@k — )’/
=1

,

=) VIogpmax(En[wh; (viy(Bx — A))*])*

=(3) Op(pBy logp/v/n)
where (1) follows from Pisier’s inequality, (2) is by the definition of &, and
(3) is by step 2 in the proof of lemma F.2. The result follows. O

We now complete the proof of the theorem by applying Theorem 4.2 with
T, Ty, W, and Wy defined below. Let

Yo Tiki€ik/ VN

E, [xzzkjazzk]

To := max
k,j



CLT AND MULTIPLIER BOOTSTRAP WHEN p IS MUCH LARGER THAN n 47

Then
D lim1 TikiCik/ NN _ D iy Tikj€ik/V/n

T := max ax

i E,[e2,,2%] ¥ \/IE (22 0%] + Op (ry2)

= Ty+ Op(?”nl?”ng) =Ty +op 1/\/ log
where we used lemmas F.1 and F.2 and the facts that E,, [z i0 2] is bounded

away from zero and that p>Bz(logp)*/n = o(1). Similarly,

z 1 xlk‘jglke’b/\/_ ma Ez 1 xlk‘jglke’b/\/_

\/ zkg zk \/ zkg zk

= Wo+ Op(rni1Tn2 +1n3) = Wo +op(1/+/logp),

W = max + Op(Tn17n2)

where

« Yoy TikjEikei//n

En[x?kjaz?k]

and where we additionally used lemmas F.3 and F.4 and the fact that
pBn(logp)®?/\/n = o(1). It follows that equations (12) and (13) in Sec-

tion 4 hold for some (7 and (s, satisfying (1+v/logp + (2 = o(1) for chosen T,
Ty, W, and Wy. Therefore, the theorem follows from Theorem 4.2. U

APPENDIX G. PROOFS FOR SECTION 7

G.1. Proof of Theorem 7.1. We only consider the case with four bounded
moments. The sub-Gaussian case is similar. In this proof, let ¢ > 0 and
C > 0 denote generic constants depending only on ¢, Cy, 02,52 and their
values may change from place to place. Let

Ty := max 21 FgE/Nm Wo = max > iz Zij€ici/ V.

1<y<p E [222]022] 1<g<p E [ZZZJUZZ]

Step 1. We show that P(|T"—Tp| > (1) < (s for some (; and (s satisfying

Gvlegp+ G <Cn™°.
Under the conditions of the theorem, applying Corollary 2.2 followed by

Pisier’s inequality for Gaussian random vectors, we have

(30) P (maxp zijei/v/n > Cy/log )

1<5<

for sufficiently large C'. Moreover,
Enl25(8 — o)) = Enl2f (& — €0)*) + Enl25j (e — 07)] + 2Eq[256i(E — &)
= [+ II+1III.
Consider I. We have
I <y max (& — )2 <) CIIB - BI* <(3) C|Enfvici]|?

1<i<n
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where (1) follows from assumption S-(ii), (2) from S-(iv) and S-(v), and (3)
holds because of S-(vi). Since E[||E,[v;g]]|?] < C/n, Markov’s inequality
implies that for every ¢ > 0,

(1) P (s B3 - ) > 0) < /o).

1<5<p

Consider II. Combining Lemma A.1 and Markov’s inequality, we have

(32) P(mmm[w< m>¢><0§bwﬂﬁW)

1<j<p

Consider ITI. We have |IT1| < 2|E,,[2? zivi(B — ﬁ)sz]\ 2||E, [z ssz]HHE—
B||. Using the same arguments as above, we have

P<1max ‘E [Z (Z—EZ)]|>w><P<

ISP

(33) <C{B; logp/<\/ﬁw> +1/n}.

Combining (30), (31), (32), and (33) and using Taylor’s expansion leads to
P (IT - Ty > C\/logp) < Bilogp/(vw) +1/(np) +n™*

1

1<5

max IIE,, [z”z-:zvz]H > w/2> +C/n

for sufficiently small 9. By setting ¥ = (logp)~
¢ > 0, we obtain the claim of this step.
Step 2. We show that P(Pe(|W — Wo| > ¢1) > (2) < (s for some ¢; and

(o satisfying (1+/logp + (o < Cn™¢
For 1 > 0, consider the event such that max;<j<, [En[2? (52 — )] < ¥,

maxi<j<p |En [z €i(E —&)]] <, and max<i<p(E; — Z) 1/12. By calcula-

tions in step 1, thls event has probability at least 1 — C (32 log p/(v/n) +
1/(ny?) + 1/n) Moreover, on this event,

<1max |Zzw~’5161/\/_‘ > Cv/(1+1)log > < 1/n,
ISP o1
( > C+/log ) <1/n

for sufficiently large C' > 0 because E,,[2? zi £2) = E,[22 z o]+ E,[22 (5 —o?)] <

C +1 and (E,[2? S (Ei—ei) D2 < maxicicn |6 — &i] < 9. Therefore, on this
event, using Taylor s expansion, we have

P (IW =Wyl > Cv\/logp) S 1/n

1

n~¢ for sufficiently small

max Zzwszez/\/_— max Zzwszez/\/_

1<5<p

for sufficiently small 9. By setting ¥ = (logp)~
¢ > 0, we obtain the claim of this step.

Step 3. Steps 1 and 2 verified conditions (12) and (13) of section 4. The
claim of the theorem now follows by applying Corollary 4.1. (]

n~¢ for sufficiently small
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