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INFERENCE ON TREATMENT EFFECTS AFTER SELECTION AMONGST
HIGH-DIMENSIONAL CONTROLS

A. BELLONI, V. CHERNOZHUKOV, AND C. HANSEN

ABSTRACT. We propose robust methods for inference on the effect of a treatment variable on a
scalar outcome in the presence of very many controls. Our setting is a partially linear model with
possibly non-Gaussian and heteroscedastic disturbances where the number of controls may be much
larger than the sample size. To make informative inference feasible, we require the model to be
approximately sparse; that is, we require that the effect of confounding factors can be controlled for
up to a small approximation error by conditioning on a relatively small number of controls whose
identities are unknown. The latter condition makes it possible to estimate the treatment effect by
selecting approximately the right set of controls. We develop a novel estimation and uniformly valid
inference method for the treatment effect in this setting, called the “post-double-selection” method.
Our results apply to Lasso-type methods used for covariate selection as well as to any other model
selection method that is able to find a sparse model with good approximation properties.

The main attractive feature of our method is that it allows for imperfect selection of the controls
and provides confidence intervals that are valid uniformly across a large class of models. In contrast,
standard post-model selection estimators fail to provide uniform inference even in simple cases with
a small, fixed number of controls. Thus our method resolves the problem of uniform inference after
model selection for a large, interesting class of models. We also present a simple generalization of
our method to a fully heterogeneous model with a binary treatment variable. We illustrate the use
of the developed methods with numerical simulations and an application that considers the effect

of abortion on crime rates.

Key Words: treatment effects, partially linear model, high-dimensional-sparse regression, in-
ference under imperfect model selection, uniformly valid inference after model selection, average

treatment effects, average treatment effects for the treated

Date: First version: May 2010. This version is of May 30, 2013. This is a revision of a 2011 ArXiv/CEMMAP

paper entitled “Estimation of Treatment Effects with High-Dimensional Controls”.
We thank Ted Anderson, Takeshi Amemiya, Stéphane Bonhomme, Mathias Cattaneo, Gary Chamberlain, Denis

Chetverikov, Graham Elliott, Eric Tchetgen, Bruce Hansen, James Hamilton, Jin Hahn, Han Hong, Guido Imbens,
Zhipeng Liao, Tom MaCurdy, Anna Mikusheva, Whitney Newey, Alexei Onatsky, Joseph Romano, Shinich Sakata,
Andres Santos, Mathew Shum, Chris Sims, and participants of 10th Econometric World Congress in Shanghai 2010,
Caltech, CIREQ-Montreal, Harvard-MIT, UCL, UCLA UC San-Diego, USC, UC-Davis, Princeton, Stanford, Info-

metrics Workshop, and Yale NSF conference on “High-Dimensional Statistics” for extremely helpful comments.
1



2 BELLONI CHERNOZHUKOV HANSEN

1. INTRODUCTION

Many empirical analyses focus on estimating the structural, causal, or treatment effect of some
variable on an outcome of interest. For example, we might be interested in estimating the causal
effect of some government policy on an economic outcome such as employment. Since economic
policies and many other economic variables are not randomly assigned, economists rely on a va-
riety of quasi-experimental approaches based on observational data when trying to estimate such
effects. One important method is based on the assumption that the variable of interest can be
taken as randomly assigned after controlling for a sufficient set of other factors. Economists, for
example, might argue that changes in state-level public policies can be taken as randomly assigned
relative to unobservable factors that could affect changes in state-level outcomes after controlling
for aggregate macroeconomic activity, state-level economic activity, and state-level demographics;
see, for example, Heckman, Lalonde, and Smith (1999) or Imbens (2004).

A problem empirical researchers face when relying on a conditional-on-observables identification
strategy for estimating a structural effect is knowing which controls to include. Typically, economic
intuition will suggest a set of variables that might be important but will not identify exactly which
variables are important or the functional form with which variables should enter the model. This
lack of clear guidance about what variables to use leaves researchers with the problem of selecting
a set of controls from a potentially vast set of variables including raw regressors available in the
data as well as interactions and other transformations of these regressors. A typical economic study
will rely on an ad hoc sensitivity analysis in which a researcher reports results for several different
sets of controls in an attempt to show that the parameter of interest that summarizes the causal
effect of the policy variable is insensitive to changes in the set of control variables. See Donohue 111
and Levitt (2001), which we use as the basis for the empirical study in this paper, or examples in

Angrist and Pischke (2008) among many other references.

We present an approach to estimating and performing inference on structural effects in an envi-
ronment where the treatment variable may be taken as exogenous conditional on observables that

complements existing strategies. We pose the problem in the framework of a partially linear model

yi = dicg + g(2i) + G (1.1)

where d; is the treatment/policy variable of interest, z; is a set of control variables, and (; is an
unobservable that satisfies E[¢; | di, z;] = 0.] The goal of the econometric analysis is to conduct
inference on the treatment effect og. We examine the problem of selecting a set of variables
from among p potential controls x; = P(z;), which may consist of z; and transformations of z;, to

adequately approximate g(z;) allowing for p > n. Of course, useful inference about «y is unavailable

1We note that d; does not need to be binary. This structure may also arise in the context of randomized treatment
in the case where treatment assignment depends on underlying control variables, potentially in a complicated way.

See, for example, Duflo, Glennerster, and Kremer (2008), especially Section 6.1, and Kremer and Glennerster (2011).
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in this framework without imposing further structure on the data. We impose such structure by
assuming that exogeneity of d; may be taken as given once one controls linearly for a relatively
small number s < n of variables in x; whose identities are a priori unknown. This assumption
implies that linear combinations of these s unknown controls provide approximations to g(z;) and
to E[d;|z;] = m(z;) which produce relatively small approximation errors for each object.” This
assumption, which is termed approximate sparsity or simply sparsity, allows us to approach the
problem of estimating ag as a variable selection problem. This framework allows for the realistic
scenario in which the researcher is unsure about exactly which variables or transformations are

important for approximating g(z;) and so must search among a broad set of controls.

The assumed sparsity includes as special cases the most common approaches to parametric
and nonparametric regression analysis. Sparsity justifies the use of fewer variables than there are
observations in the sample. When the initial number of variables is high, the assumption justifies
the use of variable selection methods to reduce the number of variables to a manageable size. In
many economic applications, formal and informal strategies are used to select such smaller sets
of control variables. Many of these standard variable selection strategies are non-robust and may
produce poor inference.® In an effort to demonstrate robustness of their conclusions, researchers
often employ ad hoc sensitivity analyses which examine the robustness of inferential conclusions to
variations in the set of controls. Such sensitivity analyses are useful but lack rigorous justification.
As a complement to these ad hoc approaches, we propose a formal, rigorous approach to inference
allowing for selection of controls. Our proposal uses modern variable selection methods in a novel

manner which results in valid inference following model selection.

The main contributions of this paper are providing an estimation and inference method within
a partially linear model with potentially very high-dimensional controls and developing the sup-
porting theory establishing its validity across a rich class of data-generating-processes (dgps). The
method relies on the use of Lasso-type or other sparsity-inducing procedures for variable selection.
Our approach differs from usual post-model-selection methods that rely on a single selection step.

Rather, we use two different variable selection steps followed by a final estimation step as follows:

1. In the first step, we select a set of control variables that are useful for predicting the
treatment d;. This step helps to insure validity of post-model-selection-inference by finding
control variables that are strongly related to the treatment and thus potentially important

confounding factors.

2We carefully define what we mean by small approximation errors in Section 2.

3An example of these poor inferential properties is given in Figure 1 (left panel), presented in the next section,
where a standard post-model selection estimator has a bimodal distribution which sharply deviates from the standard
normal distribution. More examples are given in Section 6 where we document the poor inferential performance of a

standard post-model selection method.
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2. In the second step, we select additional variables by selecting control variables that predict
y;- This step helps to insure that we have captured important elements in the equation of
interest, ideally helping keep the residual variance small, as well as providing an additional
chance to find important confounds.

3. In the final step, we estimate the treatment effect g of interest by the linear regression
of y; on the treatment d; and the union of the set of variables selected in the two variable

selection steps.

We provide theoretical results on the properties of the resulting treatment effect estimator and
show that it provides inference that is uniformly valid over large classes of models and also achieves
the semi-parametric efficiency bound under some conditions. Importantly, our theoretical results
allow for imperfect variable selection in either of the two variable selection steps as well as allowing

for non-Gaussianity and heteroscedasticity of the model’s errors.*

We illustrate the theoretical results through an examination of the effect of abortion on crime
rates following Donohue III and Levitt (2001). In this example, we find that the formal variable
selection procedure produces a qualitatively different result than that obtained through the ad hoc
set of sensitivity results presented in the original paper. By using formal variable selection, we
select a small set of between six and nine variables depending on the outcome, compared to the
set of eight variables considered by Donohue III and Levitt (2001). Once this set of variables is
linearly controlled for, the estimated abortion effect is rendered imprecise. It is interesting that
the key variable selected by the variable selection procedure is the initial condition for the abortion
rate. The selection of this initial condition and the resulting imprecision of the estimated treatment
effect suggest that one cannot determine precisely whether the effect attributed to abortion found
when this initial condition is omitted from the model is due to changes in the abortion rate or
some other persistent state-level factor that is related to relevant changes in the abortion rate and
current changes in the crime rate.” It is interesting that Foote and Goetz (2008) raise a similar
concern based on intuitive grounds and additional data in a comment on Donohue III and Levitt
(2001). Foote and Goetz (2008) find that a linear trend interacted with crime rates before abortion
could have had an effect renders the estimated abortion effects imprecise.® Overall, finding that a

formal, rigorous approach to variable selection produces a qualitatively different result than a more

n a companion paper that presents an overview of results for ¢1- and post ¢i-penalized estimators and in-
ference methods, Belloni, Chernozhukov, and Hansen (2011), we provide similar results in the idealized Gaussian

homoscedastic framework.
SNote that all models are estimated in first-differences to eliminate any state-specific factors that might be related

to both the relevant level of the abortion rate and the level of the crime rate.
SDonohue IIT and Levitt (2008) provide yet more data and a more flexible specification in response to Foote and

Goetz (2008). In a supplement available at http://faculty.chicagobooth.edu/christian.hansen/research/, we provide
additional results based on Donohue III and Levitt (2008). The conclusions are similar to those obtained in this
paper in that we find the estimated abortion effect becomes imprecise once one allows for a broad set of controls and

selects among them. However, the specification of Donohue III and Levitt (2008) relies on a large number of district
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ad hoc approach suggests that these methods might be used to complement economic intuition in
selecting control variables for estimating treatment effects in settings where treatment is taken as

exogenous conditional on observables.

Relationship to literature. We contribute to several existing literatures. First, we contribute
to the literature on semi-parametric estimation of partially linear models; see Donald and Newey
(1994), Hérdle, Liang, and Gao (2000), Robinson (1988), and others.” We differ from most of the
existing literature which considers p < n series terms by allowing p > n series terms from which
we select § < n terms to construct the regression fits. Considering an initial broad set of terms
allows for more refined approximations of regression functions relative to the usual approach that
uses only a few low-order terms. See, for example, Belloni, Chernozhukov, and Hansen (2011) for
a wage function example and Section 5 for theoretical examples. However, our most important
contribution is to allow for data-dependent selection of the appropriate series terms. The previous
literature on inference in the partially linear model generally takes the series terms as given without
allowing for their data-driven selection. However, selection of series terms is crucial for achieving
consistency when p > n and is needed for increasing efficiency even when p = Cn with C' < 1.
That the standard estimator can be be highly inefficient in the latter case follows from results
in Cattanco, Jansson, and Newey (2010).® We focus on Lasso for performing this selection as
a theoretically and computationally attractive device but note that any other method, such as
selection using the traditional generalized cross-validation criteria, will work as long as the method
guarantees sufficient sparsity in its solution. After model selection, one may apply conventional

standard errors or the refined standard errors proposed by Cattaneo, Jansson, and Newey (2010).°

Second, we contribute to the literature on the estimation of treatment effects. We note that
the policy variable d; does not have to be binary in our framework. However, our method has
a useful interpretation related to the propensity score when d; is binary. In the first selection
step, we select terms from z; that predict the treatment d;, i.e. terms that explain the propensity
score. We also select terms from z; that predict y;, i.e. terms that explain the outcome regression
function. Then we run a final regression of y; on the treatment d; and the union of selected terms.

Thus, our procedure relies on the selection of variables relevant for both the propensity score and

cross time fixed effects and so does not immediately fit into our regularity conditions. We conjecture the methodology
continues to work in this case but leave verification to future research.

"Estimation of the parameters of the linear part of a partially linear model is typically done by regressing y; —E[yi | 2]
on d; — E[d;|2] where E[y:|z] and E[d;|z] are preliminary nonparametric estimators of the conditional expectations
of y; and d; given z; under the assumption that dim(z;) is small. Our approach fits neatly within this framework
where we are offering selection based estimators of the conditional expecation functions.

8Cauttauneo, Jansson, and Newey (2010) derive properties of series estimator under p = Cn, C < 1, asymptotics.
It follows from their results that under homoscedasticity the series estimator achieves the semiparametric efficiency

bound only if C' — 0.
9If the selected number of terms § is a substantial fraction of n, we recommend using Cattaneo, Jansson, and

Newey (2010) standard errors after applying our model selection procedure.
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the outcome regression. The structure of our approach also implies that it offers another useful
approach to estimating and then conditioning on a propensity score while performing regression
adjustment for additional controls in the equation for the outcome given the propensity score.
Relying on selecting variables that are important for both objects allows us to achieve two goals:
we obtain uniformly valid confidence sets for «q despite imperfect model selection, and we achieve
full efficiency for estimating «g in the homoscedastic case. The relation of our approach to the
propensity score brings about interesting connections to the treatment effects literature. Hahn
(1998), Heckman, Ichimura, and Todd (1998), and Abadie and Imbens (2011) have constructed
efficient regression or matching-based estimates of average treatment effects. Hahn (1998) also
shows that conditioning on the propensity score is unnecessary for efficient estimation of average
treatment effects. Hirano, Imbens, and Ridder (2003) demonstrate that one can efficiently estimate
average treatment effects using estimated propensity score weighting alone. Robins and Rotnitzky
(1995) have shown that using propensity score modeling coupled with a parametric regression model
leads to efficient estimates if either the propensity score model or the parametric regression model
is correct. While our contribution is quite distinct from these approaches, it also highlights the
important robustness role played by the propensity score model in the selection of the right control

terms for the final regression.

Third, we contribute to the literature on estimation and inference with high-dimensional data
and to the uniformity literature. There has been extensive work on estimation and perfect model
selection in both low and high-dimensional contexts,'? but there has been little work on inference
after imperfect model selection. Perfect model selection relies on extremely unrealistic assumptions,
and even moderate model selection mistakes can have serious consequences for inference as has been
shown in P&tscher (2009b), Leeb and Potscher (2008a), and others. In work on instrument selection
for estimation of a linear instrumental variables model, Belloni, Chen, Chernozhukov, and Hansen
(2012) have shown that moderate model selection mistakes do not prevent valid inference about
low-dimensional structural parameters due to the inherent adaptivity of the problem: Omission of
a relevant instrument does not affect consistency of an IV estimator as long as there is another
relevant instrument. The partially linear regression model (1.1) does not have the same adaptivity
structure, and model selection based on the outcome regression alone produces confidence intervals
with poor coverage properties. However, our post-double selection procedure creates the necessary
adaptivity by performing two separate model selection steps. Performing the two selection steps
helps reduce omitted variable bias sufficiently that it is possible to perform uniform inference
after model selection. The uniformity holds over large, interesting classes of high-dimensional

sparse models.'! In that regard, our contribution is in the spirit of and builds upon the classical

10For reviews focused on econometric applications, see, e.g., Hansen (2005) and Belloni, Chernozhukov, and Hansen
(2010).
HNote that this claim only applies to the main parameter oo and does not apply to the nuisance part g. Fur-

thermore, our claim of uniformity only applies to models in which both g and m are approximately sparse, i.e.
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contribution by Romano (2004) on the uniform validity of t-tests for the univariate mean. It also
shares the spirit of recent contributions, among others, by Mikusheva (2007) on uniform inference
in autoregressive models, by Andrews and Cheng (2011) on uniform inference in moment condition
models that are potentially unidentified, and by Andrews, Cheng, and Guggenberger (2011) on a

generic framework for uniformity analysis.

Finally, we contribute to the broader literature on high-dimensional estimation. For variable
selection we use f1-penalized methods, though our method and theory will allow for the use of
other methods. ¢i-penalized methods have been proposed for model selection problems in high-
dimensional least squares problems, e.g. Lasso in Frank and Friedman (1993) and Tibshirani
(1996), in part because they are computationally efficient. Many ¢;-penalized methods and related
methods have been shown to have good estimation properties even when perfect variable selection
is not feasible; see, e.g., Candes and Tao (2007), Meinshausen and Yu (2009), Bickel, Ritov, and
Tsybakov (2009), Huang, Horowitz, and Wei (2010), Belloni and Chernozhukov (2013) and the
references therein. Such methods have also been shown to extend to nonparametric and non-
Gaussian cases as in Bickel, Ritov, and Tsybakov (2009) and Belloni, Chen, Chernozhukov, and
Hansen (2012). These methods produce models with a relatively small set of variables. The last
property is important in that it leaves the researcher with a set of variables that may be examined
further; in addition it corresponds to the usual approach in economics that relies on considering a

small number of controls.

Paper Organization. In Section 2, we formally present the modeling environment including
the key sparsity condition and develop our estimation and inference method. We establish the
consistency and asymptotic normality of our estimator of cg uniformly over large classes of models
in Section 3; then we present a generalization of the basic procedure to allow for model selection
methods other than Lasso. In Section 4, we present a series of theoretical examples in which we
provide primitive condition that imply the higher-level conditions of Section 3; and the present a
series of numerical examples that verify our theoretical results numerically. In Section 5 we present
other potential extensions and present a generalization to heterogeneous treatment effects (when
d; is binary.) We apply our method to the abortion and crime example of Donohue III and Levitt

(2001) in Section 6. In appendices, we provide the proofs.

well-approximated by s < n'/?

terms, so that they are both estimable at o(n_1/4) rates. Approximate sparsity
is more general than assumptions often used to justify series estimation; so in that regard, the uniformity regions
- the sets of models over which inference is valid - are substantial. We demonstrate that these uniformity regions
for our proposed approach are larger than the uniformity regions for standard post-selection methods theoretically
and through Monte-Carlo experiments. We also note that any useful statistical inference method is uniformly valid
over some regions and stops being uniformly valid once the regions are allowed to be large enough. Our aim is to
find methods with uniformity regions that encompass interesting models, not to provide methods that would provide
uniformly valid inference over all models. For example, our approach will not work in “dense” models, models where

1/2

g or m are not well-approximated unless s > n"/“ terms are used.
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Notation. In what follows, we work with triangular array data {(w; n,7 =1,...,n) ,n=1,2,3,...}
defined on probability space (€2, A, P,,), where P = P, can change with n. Each win = (y; ,,, 2 ., 4} ,,)’
is a vector with components defined below, and these vectors are i.n.i.d. — independent across 1,
but not necessarily identically distributed. Thus, all parameters that characterize the distribution
of {wjn,i =1,...,n} are implicitly indexed by P,, and thus by n. We omit the dependence on these
objects from the notation in what follows for simplicity. We use array asymptotics as doing so al-
lows consideration of approximating sequences that better capture some finite-sample phenomena
and to insure the robustness of conclusions with respect to perturbations of the data-generating
process P along various sequences. This robustness, in turn, translates into uniform validity of

confidence regions over certain regions of data-generating processes.

We use the following empirical process notation, E,[f] = E,[f(w;)] = >.;=; f(w;i)/n, and
Gn(f) == Y1 (f(wi) = E[f(wi)])//n. Since we want to deal with in.i.d. data, we also intro-
duce the average expectation operator: E[f] := EE,[f] = EE,[f(wi)] = > i E[f(w;)]/n. The
lo-norm is denoted by || - ||, and the lp-norm, || - ||o, denotes the number of non-zero components of
a vector. We use || - ||oo to denote the maximal element of a vector. Given a vector § € RP, and
a set of indices T' C {1,...,p}, we denote by dr € RP the vector in which ér; = §; if j € T' and
drj =0if j ¢ T. We use the notation (a); = max{a,0}, a Vb= max{a,b}, and a A b = min{a, b}.
We also use the notation a < b to denote a < ¢b for some constant ¢ > 0 that does not depend
on n; and a Sp b to denote a = Op(b). For an event E, we say that £ wp — 1 when E occurs
with probability approaching one as n grows. We also use ~» to denote convergence in distribution.

Given a p-vector b, we denote support(b) = {j € {1,...,p} : b; # 0}.

2. INFERENCE ON TREATMENT AND STRUCTURAL EFFECTS CONDITIONAL ON OBSERVABLES

2.1. Framework. We consider the partially linear model

yi = diog + 9(2) + G, E[G | zi,d;] =0, (2.2)
di = m(zl) + v;, E[’UZ ‘ Zi] = O, (23)

where y; is the outcome variable, d; is the policy/treatment variable whose impact oy we would
like to infer,'? z; represents confounding factors on which we need to condition, and ¢; and v; are
disturbances. The parameter g is the average treatment or structural effect under appropriate
conditions given, for example, in Heckman, LalLonde, and Smith (1999) or Imbens (2004) and is of

interest in many empirical studies.

The confounding factors z; affect the policy variable via the function m(z;) and the outcome

variable via the function g(z;). Both of these functions are unknown and potentially complicated.

12\We consider the case where d; is a scalar for simplicity. Extension to the case where d; is a vector of fixed, finite

dimension is accomplished by introducing an equation like (5.43) for each element of the vector.
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We use linear combinations of control terms x; = P(z;) to approximate g(z;) and m(z;), writing
(5.42) and (5.43) as

yi = diag + 2 Bg0 + 74 +Ci, (2.4)
—_———
9(2;)
di = T Bmo + Tmi +vi, (2.5)
m(z;)

where 2} 40 and 3,0 are approximations to g(z;) and m(z;), and rg4; and r,,,; are the corresponding
approximation errors. In order to allow for a flexible specification and incorporation of pertinent
confounding factors, the vector of controls, x; = P(z;), we can have a dimension p = p, which
can be large relative to the sample size. Specifically, our results only require logp = o(nl/ 3) along
with other technical conditions. High-dimensional regressors x; = P(z;) could arise for different
reasons. For instance, the list of available controls could be large, i.e. x; = 2; as in e.g. Koenker
(1988). It could also be that many technical controls are present; i.e. the list z; = P(z;) could
be composed of a large number of transformations of elementary regressors z; such as B-splines,
dummies, polynomials, and various interactions as in Newey (1997), Chen (2007), or Chen and
Pouzo (2009; 2012).

Having very many controls creates a challenge for estimation and inference. A key condition that
makes it possible to perform constructive estimation and inference in such cases is termed sparsity.
Sparsity is the condition that there exist approximations x}840 and z}fmo to g(z;) and m(z;) in
(5.44)-(5.45) that require only a small number of non-zero coefficients to render the approximation
errors 74 and 7,,; sufficiently small relative to estimation error. More formally, sparsity relies on
two conditions. First, there exist 349 and f,,0 such that at most s = s,, < n elements of 3,0 and

Bgo are non-zero so that
||5m0||0 < s and ||5g0||0 < s,

Second, the sparsity condition requires the size of the resulting approximation errors to be small

compared to the conjectured size of the estimation error:

{Elrz}'/? < V/s/n and {E[r, ]} < V/s/n.
Note that the size of the approximating model s = s, can grow with n just as in standard series

estimation.

The high-dimensional-sparse-model framework outlined above extends the standard framework
in the treatment effect literature which assumes both that the identities of the relevant controls
are known and that the number of such controls s is much smaller than the sample size. Instead,
we assume that there are many, p, potential controls of which at most s controls suffice to achieve
a desirable approximation to the unknown functions g(-) and m(-) and allow the identity of these
controls to be unknown. Relying on this assumed sparsity, we use selection methods to select

approximately the right set of controls and then estimate the treatment effect «y.
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2.2. The Method: Least Squares after Double Selection. We propose the following method
for estimating and performing inference about . The most important feature of this method is
that it does not rely on the highly unrealistic assumption of perfect model selection which is often
invoked to justify inference after model selection. To the best of our knowledge, our result is the
first of its kind in this setting. This result extends our previous results on inference under im-
perfect model selection in the instrumental variables model given in Belloni, Chen, Chernozhukov,
and Hansen (2012). The problem is fundamentally more difficult in the present paper since model
selection mistakes in which an instrument with a small coefficient is missed have relatively little
impact in the IV model if there are instruments with large coefficients while similar model selection
mistakes may substantively impact inference on « in the present problem. We overcome this diffi-
culty by introducing additional model selection steps. The construction of our advocated procedure
reflects our effort to offer a method that has attractive properties for inference across a wide range
of data-generating-processes (dgps). The estimator is y/n-consistent and asymptotically normal
under mild conditions and provides confidence intervals that are robust to various perturbations of

the data-generating process that preserve approximate sparsity.
To define the method, we first write the reduced form corresponding to (5.42)-(5.43) as:
yi = x;fo + 7 + G, (2.6)
di = 2}Bmo + Tmi + vi, (2.7)
where By := aofmo + Bgo, Ti = QoTlmi + Tgi, G = agu; + (.

We have two equations and hence can apply model selection methods to each equation to select
control terms. In this paper, we focus on selection using the Lasso method described below but
note other model selection procedures could also be used. Given the set of selected controls from
(2.6) and (2.7), we can estimate ap by a least squares regression of y; on d; and the union of
the selected controls. Inference on ag may then be performed using conventional methods for
inference about parameters estimated by least squares. Intuitively, this procedure works well since
we are more likely to recover key controls by considering selection of controls from both equations
instead of just considering selection of controls from the single equation (5.44) or (2.6). In finite-
sample experiments, single-selection methods essentially fail, providing poor inference relative to
the double-selection method outlined above. This performance is also supported theoretically by
the fact that the double-selection method requires weaker regularity conditions for its validity and

for attaining the semi-parametric efficiency bound!® than the single selection method.

Now we formally define the post-double-selection estimator: Let 1/:1 = support(ﬁl) denote the
control terms selected by a feasible Lasso estimator Bl computed using data (y;,Z;) = (d;, x;), i =

1,...,n. Let fg = support(gg) denote the control terms selected by a feasible Lasso estimator (o

13Semi-parametric efficiency of Robinson (1988) is attained in the homoscedastic case (whenever such bound

formally applies).
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computed using data (9;,Z;) = (y;,x;), ¢ = 1,...,n. The post-double-selection estimator & of ag
is defined as the least squares estimator obtained by regressing y; on d; and the selected control
terms x;; with j € f;) fl U fg:

(&, B) = argmin {Ep[(y; — dia —2/8)%] = B; =0,Vj & I}. (2.8)
a€cR,BERP

The set T may contain variables that were not selected in the variable selection steps with indices
in f3 that the analyst thinks are important for ensuring robustness. We call fg the amelioration
set. Thus,

I=NLUuLUs; (2.9)
let 3= ||T)|o and 5; = || ;o for j = 1,2,3.

We define a feasible Lasso estimator below and note that other selection methods could be used
as well. When feasible Lasso is used to construct fl and fg, we refer to the post-double-selection
estimator as the post-double-Lasso estimator. When other model selection devices are used to

construct ./fl and fg, we shall refer the estimator as the generic post-double-selection estimator.

The main theoretical result of the paper shows that the post-double-selection estimator & obeys
([Bo7) "B FI[Ef] )2 /n(a — ag) ~» N(0,1) (2.10)

under approximate sparsity conditions, uniformly within a rich set of data generating processes. We
also show that the standard plug-in estimator for standard errors is consistent in these settings. All
of these results imply uniform validity of confidence regions over large, interesting classes of models.
Figure 2.2 (right panel) illustrates the result (2.10) by showing that the finite-sample distribution
of our post-double-selection estimator is very close to the normal distribution. In contrast, Figure
2.2 (left panel) illustrates the problem with the traditional post-single-selection estimator based on
(5.44), showing that its distribution is bimodal and sharply deviates from the normal distribution.
Finally, it is worth noting that the estimator achieves the semi-parametric efficiency bound under

homoscedasticity.

2.3. Selection of controls via feasible Lasso Methods. Here we describe feasible variable

selection via Lasso. Note that each of the regression equations above is of the form
§i = 7380 + i +ei,
———
f(z)
where f(Z;) is the regression function, Z} 0 is the approximation based on the dictionary z; = P(%;),

r; is the approximation error, and ¢; is the error. The Lasso estimator is defined as a solution to

. L A
1oin En[(3 — 8"+ ~lIB], (2.11)

where [|8]l1 = >°%_, |5)]; see Frank and Friedman (1993) and Tibshirani (1996). The non-diffentiability

of the penalty function at zero induces the solution B to have components set exactly to zero, and
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Distributions of Studentized Estimators

post-single-selection estimator post-double-selection estimator

0 0
-8-7-6-5-4-3-2-1 01 2 3 456 7 8 -8-7-6-5-4-3-2-1 01 2 3 456 7 8

FIGURE 1. The finite-sample distributions (densities) of the standard post-single selection estima-
tor (left panel) and of our proposed post-double selection estimator (right panel). The distributions
are given for centered and studentized quantities. The results are based on 10000 replications of
Design 1 described in Section 6, with R*’s in equation (2.6) and (2.7) set to 0.5.

thus the Lasso solution may be used for model selection. The selected model T = support(B) is
often used for further refitting by least squares, leading to the so called Post-Lasso or Gauss-Lasso
estimator, see, e.g., Belloni and Chernozhukov (2013). The Lasso estimator/selector is computa-
tionally attractive because it minimizes a convex function. In the homoskedastic Gaussian case, a

basic choice for penalty level suggested by Bickel, Ritov, and Tsybakov (2009) is

A=2-coy/2nlog(2p/7), (2.12)

where ¢ > 1, 1 — « is a confidence level that needs to be set close to 1, and o is the standard
deviation of the noise. The formal motivation for this penalty is that it leads to near-optimal rates
of convergence of the estimator under approximate sparsity; see Bickel, Ritov, and Tsybakov (2009)
or Belloni, Chen, Chernozhukov, and Hansen (2012). The good behavior of the estimator of [
in turn implies good approximation properties of the selected model ZF, as noted in Belloni and
Chernozhukov (2013). Unfortunately, even in the homoskedastic case the penalty level specified

above is not feasible since it depends on the unknown o.
Belloni, Chen, Chernozhukov, and Hansen (2012) formulate a feasible Lasso estimator /selector

5 geared for heteroscedastic, non-Gaussian cases, which solves

Ao~
. En ~i_~/’ 2 2 2.13
min En (s = 76)%] + 06, (213)
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where U = diag(lAl, e ,lAp) is a diagonal matrix of penalty loadings. The penalty level A and loadings

l;’s are set as
A=2-¢y/n® 1(1-~/2p) and /l; = li+op(1), ;= En[igjeg], uniformly in j =1,...,p, (2.14)

where ¢ > 1 and 1 — v is a confidence level.'* The l;’s are ideal penalty loadings that are not
observed, and we estimate [; by /l; obtained via an iteration method given in Appendix A. The
validity of using these estimates was established in Belloni, Chen, Chernozhukov, and Hansen
(2012). We refer to the resulting feasible Lasso method as the Iterated Lasso. The estimator B has
statistical performance that is similar to that of the (infeasible) Lasso described above in Gaussian
cases and delivers similar performance in non-Gaussian, heteroscedastic cases; see Belloni, Chen,

Chernozhukov, and Hansen (2012). In this paper, we only use § as a model selection device.

Specifically, we only make use of

~ ~

T = support(f),

the labels of the regressors with non-zero estimated coefficients. We show that the selected model
T has good approximation properties for the regression function f under approximate sparsity in

Section 3.

In what follows, we shall use the term feasible Lasso to refer to the Iterated Lasso estimator 3
solving (2.13)-(2.14) with ¢ > 1 and 1 — ~ set such that

v =o(1) and log(1/7) < log(p V n). (2.15)

We note that many other selection devices could be used and provide a brief discussion and some

formal results in Section 3.3.

2.4. Intuition for the Importance of Double Selection. To build intuition, we discuss the
case where there is only one control; that is, p = 1. This scenario provides the simplest possible
setting where variable selection might be interesting. In this case, Lasso-type methods act like

conservative t-tests which allows the properties of selection methods to be explained easily.
With p = 1, the model is
yi = aod; + Bgxi + G, (2.16)
di = Bmi + v;. (2.17)

For simplicity, all errors and controls are taken as normal,

( G ) |2~ N (o, ( o 02 >> z; ~ N(0,1), (2.18)
(% 0 oy

where the variance of x; is normalized to be 1. The underlying probability space is equipped with

probability measure P (referred to as “dgp” throughout the paper). Let P denote the collection of

Mpractical recommendations include the choice ¢ = 1.1 and v = .05.
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all dgps P where (2.16)-(2.18) hold with non-singular covariance matrices in (2.18). Suppose that
we have an i.i.d. sample (y;, d;, z;)!"; from the dgp P,, € P. The subscript n signifies that the dgp
and all true parameter values may change with n to better model finite-sample phenomena such
coefficients being “close to zero”. As in the rest of the paper, we keep the dependence of the true
parameter values on n implicit. Under the stated assumption, x; and d; are jointly normal with

: 2 _ 2 _ 52 52 4 2 : —
variances oy = 1 and 0 = 3,05 + 0 and correlation p = (3,0, /04.

The standard post-single-selection method for inference proceeds by applying model selection
methods — ranging from standard ¢-tests to Lasso-type selectors — to the first equation only, followed
by applying OLS to the selected model. In the model selection stage, standard selection methods
would necessarily omit z; wp — 1 if

2% o¢
1Bol < o, 1= — 2
gl X \/'ﬁ n n o 1 _ p2

where /,, is a slowly varying sequence depending only on P. On the other hand, these methods

, for some ¢,, — oo, (2.19)

would necessarily include z; wp — 1, if

E/
|By] = —=cy, for some £, > {,,, (2.20)

D

where ¢, is another slowly varying sequence in n depending only on P. In most standard model
selection devices with sensible tuning choices, we shall have ¢, = Cy/logn and ¢, = C’'\/logn
with constants C' and €’ depending only on P. In the case of Lasso methods, we prove this
in Section 5. This is also true in the case of the conservative t-test, which omits z; if the ¢-
statistic [t| = |Bg\/s.e.(ﬁg) > & (1 —1/(2n)), where Bg is the OLS estimator, and s.e.(ﬁg) is the
corresponding standard error. In this case, we have ®~1(1 — 1/(2n)) = v/2logn(1 + o(1)) so the
test will have power approaching 1 for alternatives of the form (2.20) with ¢/, = 2y/log n and power
approaching 0 for alternatives of the form (2.20) with ¢, = \/Iogn.'®

A standard selection procedure would work with the first equation. Under “good” sequences of
models P,, such that (2.20) holds, x; is included wp — 1, and the estimator becomes the standard

OLS estimator with the standard large sample asymptotics under P,

o, (@ — ag) = 0, 'E, ] TR, [vié] +op(1) ~ N(0,1),

=

where 02 = ag(ag)*l. On the other hand, when 3, = 0 or 8, = o(¢,/+/n) and p is bounded away

from 1, we have that

U:z_l\/ﬁ(@ —o) = U;_lEn[d?]_l\/ﬁEn[diCi] +op(1) ~ N(0,1),

I

*2

2 2(2 *

where 0% = o 02)~!. The variance o}? is smaller than the variance o2 from estimation with z;

included if 8, # 0. The potential reduction in variance is often used as a “motivation” for the

15This result assumes that the canonical estimator of the standard error is used.
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standard selection procedure. The estimator is super-efficient, achieving a variance smaller than

the semi-parametric efficiency bound under homoscedasticity. That is, the estimator is “too good.”

The “too good” behavior of the procedure that looks solely at the first equaiton has its price.
There are plausible sequences of dgps P, where 3, = %cn, the coefficient on x; is not zero but is

16

close to zero,™” in which the control x; is dropped wp — 1 and

lox 1 /n(@ — ag)| ~ oo. (2.21)

That is, the standard post-selection estimator is not asymptotically normal and even fails to be
uniformly consistent at the rate of y/n. This poor behavior occurs because the omitted variable
bias created by dropping x; may be large even when the magnitude of the regression coefficient,

|Bm |, in the confounding equation (2.17) is small but is not exactly zero. To see this, note

o V(@ — ag) = 0f Enld2) T VAEA[diGi] + 0 B 2] Vi [diai] B,

The term ¢* has standard behavior; namely i* ~» N(0,1). The term éi generates the omitted

variable bias, and it may be arbitrarily large, since wp — 1,

1
il > 21l o A,
2.\/1—p2
if £,,|p| /* 00.17 This yields the conclusion (2.21) by the triangle inequality.

In contrast to the standard approach, the post-double-selection method for inference proceeds
by applying model selection methods, such as standard t-tests or Lasso-type selectors, to both
equations and taking the selected controls as the union of controls selected from each equation.
This selection is than followed by applying OLS to the selected controls. Thus, our approach
drops x; only if the omitted variable bias term ¢ is small. To see this, note that the double-
selection-methods include x; wp — 1 if its coeflicient in either (2.16) or (2.17) is not very small.

Mathematically, x; is included if

) v o o (o,

where £/ is a slowly varying sequence in n. As already noted, £,, & £, x v/logn would be standard
for Lasso-type methods as well as for using simple t-tests to do model selection. Considering t-
tests and using these rates, we would omit z; if both |t,| = |B\g\/s.e.(gg) < oY1 -1/(2n)) and
[tm| = |3m\/se(3m) < @11 - 1/(2n)) where Eg and B, denote the OLS estimator from each
equation and s.e. denotes the corresponding estimated standard errors. Note that the critical value

used in the t-tests above is conservative in the sense that the false rejection probability is tending

16gych sequences are very relevant in that they are designed to generate approximations that better capture the
fact that one cannot distinguish an estimated coefficient from 0 arbitrarily well in any given finite sample.
1TRecall that p = Bmos/cd, 50 Lulp| 7 oo as long as £n|Bm| /' co assuming that o, /o4 is bounded away from 0

and oo.



16 BELLONI CHERNOZHUKOV HANSEN

to zero because ®1(1 —1/(2n)) = v/2logn(1 + o(1)). We note that Lasso-type methods operate

similarly.

Given the discussion in the preceding paragraph, it is immediate that the post-double selection
estimator satisfies

o 'n(a — ag) =i+ op(1) ~ N(0,1) (2.23)

under any sequence of P, € P. We get this approximating distribution whether or not x; is omitted.

That this is the approximate distribution when z; is included follows as in the single-selection case.
To see that we get the same approximation when x; is omitted, note that we drop z; only if

Ly, L
both |3,| < \/ﬁcn and |3/, | < \/T%(O'v/O'I), (2.24)

i.e. coefficients in front of z; in both equations are small. In this case,

o7 V(G - a0) = 03 Buldd) VB[] + 0% Bald?) VB di) .

—g* =1

Once again, the term i is due to omitted variable bias, and it obeys wp — 1 under (2.24)

O’U/O'd 2 B ﬁ—>0

.. 1
lid] < 20’C 40y \/ﬁa$|ﬁmﬁg < \/1_— \/— /n
since (0,/04)? = 1 — p?. Moreover, we can show i* —i = op(1) under such sequences, so the first

order asymptotics of & is the same whether x; is included or excluded.

To summarize, the post-single-selection estimator may not be root-n consistent in sensible models
which translates into bad finite-sample properties. The potential poor finite-sample performance
may be clearly seen in Monte-Carlo experiments. The estimator & is thus non-regular: its first-order
asymptotic properties depend on the model sequence P,, in a strong way. In contrast, the post-
double selection estimator & guards against omitted variables bias which reduces the dependence
of the first-order behavior on P,. This good behavior under sequences P,, translates into uniform

with respect to P € P asymptotic normality.

We should note, of course, that the post-double-selection estimator is first-order equivalent to
the long-regression in this model.!® This equivalence disappears under approximating sequences
with number of controls proportional to the sample size, p & n, or greater than the sample size,
p > n. It is these scenarios that motivate the use of selection as a means of regularization. In
these more complicated settings the intuition from this simple p = 1 example carries through, and
the post-single selection method has a highly non-regular behavior while the post-double selection

method continues to be regular.

18This equivalence may be a reason double-selection was previously overlooked. There are higher-order differences
between the long regression estimator and our estimator. In particular, our estimator has variance that is smaller
than the variance of the long regression estimator by a factor that is proportional to (1 —¢,/y/n) if S, = 0; and when

By = €n//n, there is a small reduction in variance that is traded against a small increase in bias.
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It is also informative to consider semi-parametric efficiency in this simple example. The post-
single-selection estimator is super-efficient when 3, # 0 and 8, = 0. The super-efficiency in this
case is apparent upon noting that the estimator is root-n consistent and normal with asymptotic
variance E[¢?|E[d?]7!. This asymptotic variance is generally smaller than the semi-parametric
efficiency bound E[¢?]E[vZ]7!. The price of this efficiency gain is the fact that the post-single-
selection estimator breaks down when 3, may be small but non-zero. The corresponding confidence
intervals therefore also break down. In contrast, the post-double-selection estimator remains well-
behaved in any case, and confidence intervals based on the double-selection-estimator are uniformly

valid for this reason.

3. THEORY OF ESTIMATION AND INFERENCE

3.1. Regularity Conditions. In this section, we provide regularity conditions that are sufficient
for validity of the main estimation and inference result. We begin by stating our main condi-
tion, which contains the previously defined approximate sparsity assumption as well as other more
technical assumptions. Throughout the paper, we let ¢, C', and ¢ be absolute constants, and let
by 00,0, N\ 0, and A, N\ 0 be sequences of absolute positive constants. By absolute constants,

we mean constants that are given, and do not depend on the dgp P = P,,.
We assume that for each n the following condition holds on dgp P = P,,.

Condition ASTE (P): Approximate Sparse Treatment Effects. (i) {(y;,d;, z),i =
1,...,n} are i.n.i.d. vectors on (2, F,P) that obey the model (5.42)-(5.43), and the vector x; = P(z;)
is a dictionary of transformations of z;, which may depend on n but not on P. (i) The true pa-
rameter value ag, which may depend on P, is bounded, |ag| < C. (iii) Functions m and g admit

an approzimately sparse form. Namely there exists s > 1 and B and Bgo, which depend on n and
P, such that

m(z) = @ Bmo + Tmis ||Bmollo < s, {E[r2,]}/? < C\/s/n, (3.25)
9(2i) = i Bg0 + Tgis 1Bgollo < s, {E[ }1/2 <COy/s/ (3.26)

(iv) The sparsity index obeys s*log*(p V n)/n < 6, and the size of the amelioration set obeys
s3 < C(1V351V3g). (v) For o = v + 1y and C} = (; + 14 we have |E[1722(~Z2] — E[v?ﬁf” < Op, and
E[|5:]7 + |G:]1] < C for some q > 4. Moreover, maxc<y, ||@;]|2,sn /2124 < 5, wp 1 — A,,.

Comment 3.1. The approximate sparsity (iii) and rate condition (iv) are the main conditions for
establishing the key inferential result. We present a number of primitive examples to show that
these conditions contain standard models used in empirical research as well as more flexible models.
Condition (iv) requires that the size S3 of the amelioration set f3 should not be substantially larger
than the size of the set of variables selected by the Lasso method. Simply put, if we decide to include

controls in addition to those selected by Lasso, the total number of additions should not dominate
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the number of controls selected by Lasso. This and other conditions will ensure that the total
number 3 of controls obeys 5 <p 5. We also require that slog?(p V n)/n — 0. Note that s is the
bound on the number of regressors used by a sparse model to achieve an approximation error of order
\/s/—n and that the rate of convergence for the estimated coeflicients would be \/s/—n if we knew the
identities of these s variables. Thus, the estimated function converges to the population function
at a rate of \/s/—n in the idealized setting where we know the identities of the relevant variables,
and we would achieve an approximation rate of o(n~'/4) under the condition that s?/n — 0 in this
case. When the identities of the relevant variables is unknown, we use the stronger rate condition
s2log%(p V n) /n — 0 where the additional logarithmic term is the cost of not knowing the correct
set of variables. This decrease in the rate of convergence can be substantial for large p, for example
if logp o n? for some positive v < 1/2. This condition can be relaxed using the sample-splitting
method of Fan, Guo, and Hao (2011), which is done in the Supplementary Appendix. Condition
(v) is simply a set of sufficient conditions for consistent estimation of the variance of the double
selection estimator. If the regressors are uniformly bounded and the approximation errors are going
to zero a.s., it is implied by other conditions stated below; and it can also be demonstrated under

other sorts of more primitive conditions. ]

The next condition concerns the behavior of the Gram matrix E,[z;z}]. Whenever p > n,
the empirical Gram matrix E,[z;z}] does not have full rank and in principle is not well-behaved.
However, we only need good behavior of smaller submatrices. Define the minimal and maximal

m-sparse eigenvalue of a semi-definite matrix M as

/ !
0°Mo and  @max(m)[M] := Mo

— max Teio
1<|l6lo<m ||6]]2

Pmin(m)[M] =

= min —x 3.27

1<8llo<m [[6]]2 (3.27)
To assume that ¢min(m)[E,[z;z}]] > 0 requires that all empirical Gram submatrices formed by any
m components of z; are positive definite. We shall employ the following condition as a sufficient

condition for our results.

Condition SE (P): Sparse Eigenvalues.  There is an absolute sequence £, — oo such
that the mazimal and minimal £, s-sparse eigenvalues are bounded from below and away from zero,

namely with probability at least 1 — A,,,
K/ < gbmm(gns)[En[xzw;H < ¢max(€n3)[En[l‘z$;H < H/la

where 0 < k' < K" < oo are absolute constants.

Comment 3.2. It is well-known that Condition SE is quite plausible for many designs of interest.
For instance, Condition SE holds if

(a) x;, i = 1,...,n, are i.i.d. zero-mean sub-Gaussian random vectors that have population
Gram matrix E[z;z;] with minimal and maximal slogn-sparse eigenvalues bounded away

from zero and from above by absolute constants where s(logn)(logp)/n < 6, — 0;



INFERENCE AFTER MODEL SELECTION 19

(b) x;, i =1,...,n, are i.i.d. bounded zero-mean random vectors with ||z;||c < K, a.s. that
have population Gram matrix E[z;2}] with minimal and maximal slogn-sparse eigenvalues

bounded from above and away from zero by absolute constants where K?2s(log®n){log(p V
n)}/n <6, — 0.

The claim (a) holds by Theorem 3.2 in Rudelson and Zhou (2011)' and claim (b) holds by Lemma
1 in Belloni and Chernozhukov (2013) or by Theorem 1.8 Rudelson and Zhou (2011). Recall that a
standard assumption in econometric research is to assume that the population Gram matrix E[z;z]
has eigenvalues bounded from above and away from zero, see e.g. Newey (1997). The conditions
above allow for this and more general behavior, requiring only that the slogn sparse eigenvalues

of the population Gram matrix E[z;2}] are bounded from below and from above. O

The next condition imposes moment conditions on the structural errors and regressors.

Condition SM (P): Structural Moments. There are absolute constants 0 < ¢ < C' < 00
and 4 < q < oo such that for (g, €;) = (yi, ) and (Yi, €;) = (di, v;) the following conditions hold:
(i
(ii

(iii

E[|d:| < C, ¢<E[¢]|zi,v]) <C and c < E[v? | xz] Cas 1<i<n,
Ellei|?] + E[g7] + max {E[z;5]] + E[|z;€]|] + 1/E[2]} < C,
1<5<p J J

log® p/n < 6n,
max {|(Ey, — B)[af;e}]] + |(En — B)[2347]} + max ||z;]|%

1<5<p

)
)
)
(iv) 5 slog(n V p)

<o, wp 1—A,.

1<i<

These conditions, which are rather mild, ensure good model selection performance of feasible
Lasso applied to equations (2.6) and (2.7). These conditions also allow us to invoke moderate
deviation theorems for self-normalized sums from Jing, Shao, and Wang (2003) to bound some

important error components.

3.2. The Main Result. The following is the main result of this paper. It shows that the post-
double selection estimator is root-n consistent and asymptotically normal. Under homoscedasticity
this estimator achieves the semi-parametric efficiency bound. The result also verifies that plug-in

estimates of the standard errors are consistent.

Theorem 1 (Estimation and Inference on Treatment Effects). Let {P,} be a sequence of data-
generating processes. Assume conditions ASTE (P), SM (P), and SE (P) hold for P = P,, for each

n. Then, the post-double-Lasso estimator ¢&, constructed in the previous section, obeys as n — co

o, '/n(& — ag) ~ N(0,1),

where 02 = [Ev?] 'E?¢?|[Ev]™t. Moreover, the result continues to apply if o2 is replaced by

IE
= [E,0; ] En[ 62][1[3 ] L for (Z = [yl—aloz—acﬂ]{n/(n—s—1)}1/2 and v; == d; — x;B,

19Gee also Zhou (2009) and Baraniuk, Davenport, DeVore, and Wakin (2008).
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i=1,...,n where B € arg ming{E,[(d; — 2/8)%] : B; = 0,Vj ¢ f} where T is defined as in equation
(2.9).

Comment 3.3. Note that under i.i.d. sampling under P and under the conditional homoscedas-

2 reduces to [Ev?]7'E[¢?], which is the semi-

ticity E[¢?|z;] = E[¢?], the asymptotic variance o
parametric efficiency bound for the partially linear model of Robinson (1988). O

Another and perhaps more noteworthy consequence is the following corollary.

Corollary 1 (Uniformly Valid Confidence Intervals). (i) Let P,, be the collection of all data-
generating processes P for which conditions ASTE(P ), SM (P ), and SE (P) hold for given n. Let
c(1—¢&) = Y1 —¢/2). Then

lim sup [P (ap € [@+c(l—¢&)d,/vn]) —(1—¢&)]=0.

n—=xpecp,

(ii) Let P = Np>1Py, be the collection of data-generating processes for which the conditions above
hold for all n > 1. Then

lim sup [P (ap € [@£c(1—&)7,/vn]) — (1—&)]=0.

n—=x0pcp,

By exploiting both equations (5.44) and (5.45) for model selection, the post-double-selection
method creates the necessary adaptivity that makes it robust to imperfect model selection. Ro-
bustness of the post-double selection method is reflected in the fact that Theorem 1 permits the
data-generating process to change with n. Thus, the conclusions of the theorem are valid for a wide
variety of sequences of data-generating processes which in turn define the regions P of uniform va-
lidity of the resulting confidence sets. These regions appear to be substantial, as we demonstrate
via a sequence of theoretical and numerical examples in Section 5 and 6. In contrast, the stan-
dard post-selection method based on (5.44) produces confidence intervals that do not have close to

correct coverage in many cases.?’

Comment 3.4. Our approach to uniformity analysis is most similar to that of Romano (2004),
Theorem 4. It proceeds under triangular array asymptotics, with the sequence of dgps obeying
certain constraints; then these results imply uniformity over sets of dgps that obey the constraints
for all sample sizes. This approach is also similar to the classical central limit theorems for sample
means under triangular arrays, and does not require the dgps to be parametrically (or otherwise
tightly) specified, which then translates into uniformity of confidence regions. This approach is
somewhat different in spirit to the generic uniformity analysis suggested by Andrews, Cheng, and
Guggenberger (2011). O

2ONegautive results derived in Potscher (2009a) for standard post-selection methods do not apply to the proposed

estimator because of the use of both equations for model selection.
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Comment 3.5. Uniformity holds over a large class of approximately sparse models, which cover
conventional models used in series estimation of partially linear models as shown in Section 5. Of
course, for every interesting class of models and any non-trivial inference method, one could find an
even bigger class of models where the uniformity does not apply. In particular, our models do not
cover models with many small coefficients. In the series case, a model with many small coefficients
corresponds to a deviation from smoothness towards highly non-smooth functions, for example
functions generated as realized paths of a white noise process. The fact that our results do not
cover such models motivates further research work on inference procedures that would provide valid
inference when one considers deviations from the given class of models that are deemed important.
In the simulations in Section 6, we consider incorporating the ridge fit along the other controls to
be selected over using lasso to build extra robustness against “many small coefficients” deviations

away from approximately sparse models. O

3.3. Generalization: Inference after Double Selection by a Generic Selection Method.
The conditions provided so far offer a set sufficient conditions that are tied to the use of Lasso as
the model selector. The purpose of this section is to prove that the main results apply to any other
model selection method that is able to select a sparse model with good approximation properties.
As in the case of Lasso, we allow for imperfect model selection. Next we state a high-level condition
that summarizes a sufficient condition on the performance of a model selection method that allows

the post-double selection estimator to attain good inferential properties.

Condition HLMS (P): High-Dimensional Linear Model Selection. A model selector
provides possibly data-dependent sets IAl U fg - IcC {1,...,p} of covariate names such that, with
probability 1 — A, |I| < C's and

min E,[(m(z) — 2,8)?) < 6, % and  min E,[(g(z) — x}5)?] < Son M4,
B:8;=0,j¢ B:8;=0,j &1

Condition HLMS requires that with high probability the selected models are sparse and generate
good approximations for the functions g and m. Examples of methods producing such models
include the Dantzig selector (Candes and Tao, 2007), feasible Dantzig selector (Gautier and Tsy-
bakov, 2011), Bridge estimator (Huang, Horowitz, and Ma, 2008), SCAD penalized least squares
(Fan and Li, 2001), square-root-Lasso (Belloni, Chernozhukov, and Wang, 2011), and thresholded
Lasso (Belloni and Chernozhukov, 2013), to name a few. We emphasize that, similarly to the pre-
vious arguments, these conditions allow for imperfect model selection. Nonetheless we note that
Condition HLMS implicitly assumes that tuning parameters of the model selection procedure are

set properly to achieve these conditions.

The following result establishes the inferential properties of a generic post-double-selection esti-

mator.
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Theorem 2 (Estimation and Inference on Treatment Effects under High-Level Model Selection).
Let {P,} be a sequence of data-generating processes and the model selection device be such that
conditions ASTE (P), SM (P), SE (P), and HLMS(P) hold for P = P,, for each n. Then the

generic post-double-selection estimator & based on f, as defined in (2.8), obeys
([Eof] 7 [Evf] ) ™2 Vn(a — ag) ~ N(0,1).

Moreover, the result continues to apply if E[v?] and E[vZ(?] are replaced by E,[07] and En[ﬁ?@?] for

Ei = [y; — dia — xif){n/(n—5—1)}Y2 and v; := di—x;B, i=1,...,n where B € arg ming{E,[(d; —
ziB)% : B; =0,Vj ¢ I}.

Theorem 2 can also be used to establish uniformly valid confidence intervals as shown in the

following corollary.

Corollary 2 (Uniformly Valid Confidence Intervals). (i) Let P,, be the collection of all data-
generating processes P for which conditions ASTE(P), SM (P), SE (P), and HLMS (P) hold for
given n. Let ¢(1 — &) = ®~1(1 —£/2). Then

lim sup [P (ap € [@£c(1—&)7,/vn]) — (1—&)]=0.

n—=xpep,,
(ii) Let P = Np>n Py be the collection of data-generating processes for which the conditions above
hold for all n = ng for some ng. Then

lim sup [P (ag € [@+c(l —&)o,/vn]) — (1-&)]=0.

n—=o0 pep,

4. THEORETICAL AND MONTE-CARLO EXAMPLES

4.1. Theoretical Examples. The purpose of this section is to give a sequence of examples —
progressing from simple to somewhat involved — that highlight the range of the applicability and
robustness of the proposed method. In these examples, we specify primitive conditions which cover
a broad range of applications including nonparametric models and high-dimensional parametric
models. We emphasize that our main regularity conditions cover even more general models which
combine various features of these examples such as models with both nonparametric and high-

dimensional parametric components.
In all examples, the model is

yi = diag + g(2:) + G, E[Gi | 2i, 0] =0,

(4.28)
di = m(zl) + v;, E[’UZ ‘ Zi] = O,

however, the structure for ¢ and m will vary across examples, and so will the assumptions on the

error terms (; and v;.
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4.1.1. Parametric model with fixed p. We start out with a simple example, in which the dimension p
of the regressors is fixed. In practical terms this example approximates cases with p small compared
to n. This simple example is important since standard post-single-selection methods fail even in
this simple case. Specifically, they produce confidence intervals that are not valid uniformly in
the underlying data-generating process; see Leeb and Pd&tscher (2008a). In contrast, the post-
double-selection method produces confidence intervals that are valid uniformly in the underlying

data-generating process.

Example 1. (Parametric Model with Fixed p.) Consider (£2,.4, P) as the probability space, on
which we have (y;, z;,d;) as i.i.d. vectors for i = 1,...,n obeying the model (4.28) with

9(zi) = >5_1 Bgojzij,
m(zi) = 301 Bmojzij-

For estimation we use z; = (25,7 = 1,...,p)’. We assume that there are absolute constants 0 < b <
B < 00, qu = q >4, with 4/q, +4/q < 1, such that

(4.29)

Efllzil|*] < B, laol + [|Bgoll + [|Bmoll < B, b < Amin(Efziz7]),

5 g 5 q (4.30)
b < E[( | zi,vi], E[|¢]||zi,vi] <B, b<E; |z, E[v]||z] <B.

Corollary 3 (Parametric Example with Fixed p). Let P be the collection of all regression models
P that obey the conditions set forth in Example 1 for all n for the given constants (p,b, B,qxz,q).
Then, any P € P obeys Conditions ASTE (P) with s = p, SE (P), and SM (P) for all n > ny,
with the constants ng and (k', k", c,C) and sequences A,, and 6, in those conditions depending only
on (p,b, B,qy,q). Therefore, the conclusions of Theorem 1 hold for any sequence P,, € P, and the

conclusions of Corollary 1 on the uniform validity of confidence intervals apply uniformly in P € P.

4.1.2. Nonparametric Erxamples. The next examples are more substantial and include infinite-
dimensional models which we approximate with linear functional forms with potentially very many
regressors, p > n. The key to estimation in these models is a smoothness condition which requires
regression coefficients to decay at some rates. In series estimation, this condition is often directly

connected to smoothness of the regression function.
Let a and A be positive constants. We shall say that a sequence of coefficients
0=10;,7=1,2,.7}

is a-smooth with constant A if
|9]‘ g Aj7a7 j = 1727 teey

which will be denoted as § € S4. We shall say that a sequence of coefficients § = {6;,j = 1,2, ...}

is a-smooth with constant A after p-rearrangement if

|9(])| < Aj_av J=12..p, ‘GJ‘ < Aj_av J=p+Llp+2..,
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which will be denoted as 6 € S%(p), where {|0;)],j = 1, ..., p} denotes the decreasing rearrangement
of the numbers {|6;],j = 1,...,p}. Since S4 C S%(p), the second kind of smoothness is strictly more
general than the first kind.

Here we use the term “smoothness” motivated by Fourier series analysis where smoothness of
functions often translates into smoothness of the Fourier coefficients in the sense that is stated
above; see, e.g., Kerkyacharian and Picard (1992). For example, if a function h : [0,1]% — R
possesses 7 > 0 continuous derivatives uniformly bounded by a constant M and the terms P; are
compactly supported Daubechies wavelets, then h can be represented as h(z) = > 72, P;(2)0h;,
with [0;;] < Aj /9712 for some constant A; see Kerkyacharian and Picard (1992). We also
note that the second kind of smoothness is considerably more general than the first since it allows
relatively large coefficients to appear anywhere in the series of the first p coefficients. In contrast,
the first kind of smoothness only allows relatively large coefficients among the early terms in the
series. Lasso-type methods are specifically designed to deal with the generalized smoothness of
the second kind and perform equally well under both kinds of smoothness. In the context of
series applications, smoothness of the second kind allows one to approximate functions that exhibit
oscillatory phenomena or spikes, which are associated with “high order” series terms. An example

of this is the wage function example given in Belloni, Chernozhukov, and Hansen (2011).

Before we proceed to other examples we discuss a way to generate sparse approximations in
infinite-dimensional examples. Consider, for example, a function h that can be represented a.s.
as h(z) = > 72, 0 Pj(2) with coefficients 6, € S%(p). In this case we can construct sparse
approximations by simply thresholding to zero all coefficients smaller than 1/4/n and with indices
j = p. This generates a sparsity index s < Aanza. The non-zero coefficient could be further
reoptimized by using the least squares projection. More formally, given a sparsity index s > 0, a

target function h(z;), and terms x; = (Pj(z) :j =1,...,p) € RP, we let

Bno := arg min E[(h(z) — 2}8)?], (4.31)

IBllo<s
and define @30 as the best s-sparse approximation to h(z;).

Example 2. (Gaussian Model with Very Large p.) Consider (2,4, P) as the probability space

on which we have (y;, z;,d;) as i.i.d. vectors for ¢ = 1,...,n obeying the model (4.28) with

9(zi) = D272, 04525,

- (4.32)
m(z) = 320 Omjzij

Assume that the infinite dimensional vector w; = (;,v;, 2)" with j* element denoted w;(j) is
jointly Gaussian with covariance operator [Cov(w;(j), w;(k))];r>1 that has minimal and maximal
eigenvalues bounded below by an absolute constant £ > 0 and above by an absolute constant

R < 00.



INFERENCE AFTER MODEL SELECTION 25

The main assumption that guarantees approximate sparsity is the smoothness condition on the
coefficients. Let a > 1 and 0 < A < oo be absolute constants. We require that the coefficients of

the expansions in (4.32) are a-smooth with constant A after p-rearrangement, namely
Om = (Omj, 7 =1,2,...) € S%(p), b= (04,5 =1,2,...) € S%(p).

For estimation purposes we shall use z; = (z;;,j = 1, ...,p)’, and assume that || < B and p = pj,
obeys
niat X log?(pV n) < 6, AVapza < pon, and log®p/n < 6,

for some sequence of positive constants d,, \, 0 and absolute constants B and x > 0.

Corollary 4 (Gaussian Nonparametric Model). Let P,, be the collection of all dgp P that obey the
conditions set forth in Example 2 for a given n and for the given constants (k,%,a, A, B,x) and
sequences p = py, and 0,. Then, as established in Appendiz G, any P € P,, obeys Conditions ASTE
(P) with s = Alanz SE (P), and SM (P) for all n > ng, with constants ng and (k',k",¢c,C) and
sequences A, and 6, in those conditions depending only on (k,R,a, A, B,x), p, and &,. Therefore,
the conclusions of Theorem 1 hold for any sequence P, € P, and the conclusions of Corollary 1
on the uniform validity of confidence intervals apply uniformly for any P € P,,. In particular, these

conclusions apply uniformly in P € P = Nyp>p Py

Example 3. (Series Model with Very Large p.) Consider (£2,.4, P) as the probability space, on

which we have (y;, z;,d;) as i.i.d. vectors for i = 1,...,n obeying the model:

E;il 045 P (i),
2 521 Omy P (1),

where z; has support [0,1]¢ with density bounded from below by constant f > 0 and above by

9(2i)
m(zi)

(4.33)

constant f, and {P;,j = 1,2,..} is an orthonormal basis on L?0, 1]¢ with bounded elements, i.e.
max,cpqj¢ [P5(2)| < B for all j =1,2,.... Here all constants are taken to be absolute. Examples of
such orthonormal bases include canonical trigonometric bases, e.g. {1,v/2cos(27jz), v2sin(2mjz2) :
j =1} where z € [0, 1].

Let @ > 1 and 0 < A < oo be absolute constants. We require that the coefficients of the

expansions in (4.33) are a-smooth with constant A after p-rearrangement, namely

Om = (Omj, 7 =1,2,...) € S%(p), b= (04,5 =1,2,...) € S%(p).

For estimation purposes we shall use z; = (Pj(z;),j = 1,...,p)’, and assume that p = p,, obeys
p(l=a)/a log?(p V n) < by, AVap s < pd, and log®p/n < by,

for some sequence of absolute constants 6, N\, 0. We assume that there are some absolute constants
b>0,B <o0,q>4, with (1 —a)/a+4/q <0, such that

lao] < B, b<E[Z | z5,v:], E[|¢]]|xi,v] <B, b<E[W? |z, E[vf||z]<B. (434
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Corollary 5 (Nonparametric Model with Sieve-type Regressors). Let P,, be the collection of all
regression models P that obey the conditions set forth above for a given n. Then any P € P, obeys
Conditions ASTE (P ) with s = AYansa | SE (P), and SM (P ) for all n > ng, with absolute constants
in those conditions depending only on (f, f.a,A,b,B,q) and 0,. Therefore, the conclusions of
Theorem 1 hold for any sequence P, € Py, and the conclusions of Corollary 1 on the uniform
validity of confidence intervals apply uniformly for any P € Py,. In particular, as a special case,

the same conclusion applies uniformly in P € P = Ny>po Py

4.2. Monte-Carlo Examples. In this section, we examine the finite-sample properties of the
post-double-selection method in a partially linear model through a series of simulation exercises

and compare its performance to that of a standard post-single-selection method.
All of the simulation results are based on the structural model
Y; = dgao + xgﬂg + O'y(di, JJZ)CZ, CZ ~ N(O, 1) (435)

where p = dim(z;) = 200, the covariates z; ~ N(0,%) with Xz; = (0.5)V7* ag = .5, and the

sample size n is set to 100. In each design, we generate
d; = l‘;gm + Ud(l‘i)’vi, V; ~ N(O, 1) (4.36)

with E[(;v;] = 0. Inference results for all designs are based on conventional t-tests with standard
errors calculated using the heteroscedasticity consistent jackknife variance estimator discussed in
MacKinnon and White (1985).

We report results from three different dgp’s. In the first two dgp’s, we set 0,,; = ¢,50,; and
Om.; = cafo,; with Bo; = (1/4)* for j = 1,...,200. The first dgp, which we label “Design 1,” uses

homoscedastic innovations with o, = 04 = 1. The second dgp, “Design 2,” is heteroscedastic with

o (142} B0)? L (1+aodi+280)?
Odi = W/En(lﬂgﬁo)? and oy ; = E,.(Ifaodir= Ao The constants ¢, and cq are chosen to generate

desired population values for the reduced form R?’s, i.e. the R*s for equations (2.6) and (2.7).

For each equation, we choose ¢, and cq to generate R?=0,.2,.4,.6, and .8. In the heteroscedastic
design, we choose ¢, and ¢4 based on R? as if (4.35) and (4.36) held with v; and ¢; homoscedastic
and label the results by R? as in Design 1. In the third design (“Design 3”), we use a combination of
deterministic and random coefficients. For the deterministic coefficients, we set 8, j = ¢,(1/4)? for
j <5 and 0, ; = cq(1/j)* for j <5. We then generate the remaining coefficients as iid draws from
(04.5,0m.3)" ~ N(02x1, (1/p)I2). For each equation, we choose ¢, and ¢4 to generate R% = 0,.2, .4, .6,
and .8 in the case that all of the random coefficients are exactly equal to 0 and label the results
by R? as in Design 1. We draw new z’s, (’s, and v’s at every simulation replication, and we also

generate new 6’s at every simulation replication in Design 3.

We consider Designs 1 and 2 to be baseline designs. These designs do not have exact sparse

representations but have coefficients that decay quickly so that approximately sparse representations
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are available. Design 3 is meant to introduce a modest deviation from the approximately sparse
model towards a model with many small, uncorrelated coefficients. Using this we shall document
that our proposed procedure still performs reasonably well, although it could be improved by

incorporation of a ridge fit as one of regressors over which selection occurs.?!

We report results for five different procedures. Two of the procedures are infeasible benchmarks:
Oracle and Double-Selection Oracle estimators, which use of knowledge of the true coefficient
structures ¢, and 6,,, and are thus unavailable in practice. The Oracle estimator is the ordinary least
squares of y; —z.0, on d;, and the Double-Selection Oracle is the ordinary least squares of y —z.6, on
d; — 0,,. The other procedures we consider are feasible. One procedure is the standard post-single
selection estimator — the Post-Lasso — which applies Lasso to equation (4.35) without penalizing «,
the coefficient on d, to select additional control variables from among x. Estimates of «q are then
obtained by OLS regression of y on d and the set of additional controls selected in the Lasso step
and inference using the Post-Lasso estimator proceeds using conventional heteroscedasticity robust
OLS inference from this regression. Post-Double-Selection or Post-Double-Lasso is the feasible
procedure advocated in this paper. We run Lasso of y on z to select a set of predictors for y
and run Lasso of d on x to select a set of predictors for d. «g is then estimated by running
OLS regression of y on d and the union of the sets of regressors selected in the two Lasso runs,
and inference is simply the usual heteroscedasticity robust OLS inference from this regression.??
Post-Double-Selection + Ridge is an ad hoc variant of Post-Double-Selection in which we add the
ridge fit from equation (4.36) as an additional potential regressor that may be selected by Lasso.
The ridge fit for d; is }(X'X + A\gI,) "1 X' D where A, is obtained by 10-fold cross-validation. This
procedure is motivated by a desire to add further robustness in the case that many small coefficients
are suspected and zeroing out these small coefficients may be undesirable. Further exploration of
procedures that perform well, both theoretically and in simulations, in the presence of many small

coefficients is an interesting avenue for additional research.

We start by summarizing results in Table 1 for (R7, R3) = (0,.2), (0, .8),(.8,.2), and (.8, .8) where
R; is the population R? from regressing y on z (Structure R?) and R?i is the population R? from
regressing d on z (First Stage R?). We report root-mean-square-error (RMSE) for estimating ag and
size of 5% level tests (Rej. Rate). As should be the case, the Oracle and Double-Selection Oracle,

2ma supplementary appendix, we present results for 26 additional designs. The results presented in this section
are sufficient to illustrate the general patterns from the larger set of results. In particular, the post-double-Lasso
performed very well across all simulation designs where approximate sparsity provides a reasonable description of
the dgp. Unsurprisingly, the performance deteriorates as one deviates from the smooth/approximately sparse case.
However, the post-double-Lasso outperformed all other feasible procedures considered in all designs.

22A11 Lasso estimates require the choice of penalty parameter and loadings. We use the iterative procedure of
Belloni, Chen, Chernozhukov, and Hansen (2012) to estimate the penalty loadings using a maximum of five iterations.
We set the penalty parameter according to equation (18) in Belloni and Chernozhukov (2011b) with ¢ = 1.1, a = .05

and o = 1 since the variance of the score is accounted for in the penalty loadings.
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which are reported to provide the performance of an infeasible benchmark, perform well relative to
the feasible procedures across the three designs. We do see that the feasible Post-Double-Selection
procedures perform similarly to the Double-Selection Oracle without relying on ex ante knowledge
of the coefficients that go in to the control functions, 6, and 6,,. On the other hand, the Post-Lasso
procedure generally does not perform as well as Post-Double-Selection and is very sensitive to the
value of Rfl. While Post-Lasso performs adequately when Rﬁ is small, its performance deteriorates
quickly as RZ increases. This lack of robustness of traditional variable selection methods such
as Lasso which were designed with forecasting, not inference about treatment effects, in mind is
the chief motivation for our advocating the Post-Double-Selection procedure when trying to infer

structural or treatment parameters.

We provide further details about the performance of the feasible estimators in Figures 1, 2, and 3
which plot size of 5% level tests, bias, and standard deviation for the Post-Lasso, Double-Selection
(DS), and Double-Selection Oracle (DS Oracle) estimators of the treatment effect across the full
set of R? values considered. Figure 1, 2, and 3 respectively report the results from Design 1, 2, and
3. The figures are plotted with the same scale to aid comparability, and rejection frequencies for
Post-Lasso were censored at .5 for readability. Perhaps the most striking feature of the figures is the
poor performance of the Post-Lasso estimator. The Post-Lasso estimator performs poorly in terms
of size of tests across many different R? combinations and can have an order of magnitude more bias
than the corresponding Post-Double-Selection estimator. The behavior of Post-Lasso is quite non-
uniform across R? combinations, and Post-Lasso does not reliably control size distortions or bias
except in the case where the controls are uncorrelated with the treatment (where First-Stage R?
equals 0) and thus ignorable. In contrast, the Post-Double-Selection estimator performs relatively
well across the full range of R? combinations considered. The Post-Double-Selection estimator’s
performance is also quite similar to that of the infeasible Double-Selection Oracle across the majority
of R? values considered. Comparing across Figures 1 and 2, we see that size distortions for both
the Post-Double-Selection estimator and the Double-Selection Oracle are somewhat larger in the
presence of heteroscedasticity but that the basic patterns are more-or-less the same across the two
figures. Looking at Figure 3, we also see that the addition of small independent random coefficients
results in somewhat larger size distortions for the Post-Double-Selection estimator than in the other

homoscedastic design, Design 1, though the procedure still performs relatively well.

In the final figure, Figure 4, we compare the performance of the Post-Double-Selection procedure
to the ad hoc Post-Double-Selection procedure which selects among the original set of variables
augmented with the ridge fit obtained from equation (4.36). We see that the addition of this
variable does add robustness relative to Post-Double-Selection using only the raw controls in the
sense of producing tests that tend to have size closer to the nominal level. This additional robustness
is a good feature, though it comes at the cost of increased RMSE which is especially prominent for

small values of the first-stage R2.
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The simulation results are favorable to the Post-Double-Selection estimator. In the simulations,
we see that the Post-Double-Selection procedure provides an estimator of a treatment effect in
the presence of a large number of potential confounding variables that performs similarly to the
infeasible estimator that knows the values of the coefficients on all of the confounding variables.
Overall, the simulation evidence supports our theoretical results and suggests that the proposed
Post-Double-Selection procedure can be a useful tool to researchers doing structural estimation
in the presence of many potential confounding variables. It also shows, as a contrast, that the
standard Post-Single-Selection procedure provides poor inference and therefore is not a reliable

tool to these researchers.

5. EXTENSIONS: OTHER PROBLEMS AND HETEROGENEOUS TREATMENT EFFECTS

5.1. Other Problems. In order to discuss extensions in a very simple manner, we assume i.i.d
sampling as well as assume away approximation errors, namely ¢(z;) = 840 and m(z;) = x5mo,
where parameters (40 and S0 are high-dimensional and that z; = P(z;) as before. In this paper

we considered a moment condition:
Elp(yi — diag — 27 B)vi] = 0, (5.37)

where ¢(u) = u and v; are measurable functions of z;, and the target parameter is ap. We selected

the instrument v; such that the equation is first-order insensitive to the parameter 8 at 8 = By0:

%E[go(yz — diag — 2 8)v;] - = 0. (5.38)
=Bg0

Note that ¢(u) = v and v; = d; — m(z;) implement this condition. If (5.38) holds, the estimator
of ag gets “immunized” against nonregular estimation of Sy, for example, via a post-selection pro-
cedure or other regularized estimators. Such immunization ideas are in fact behind the classical
Frisch-Waugh-Robinson partialling out technique in the linear setting and the Neyman (1979)’s
C(«) test in the nonlinear setting. Our contribution here is to recognize the importance of this im-
munization in the context of post-selection inference,?® to develop a robust post-selection approach
to inference on the target parameter, and characterize the uniformity regions of this procedure. Our
approach uses modern selection methods to estimate g and the function m defining the instrument
v. Generalizations to nonlinear models, where ¢ is non-linear and can correspond to a likelihood
score or quantile check function are given in Belloni, Chernozhukov, and Kato (2013) and Belloni,

Chernozhukov, and Wei (2013); in these generalizations, achieving (5.38) is also critical.

23T the best of our knowledge, prior theoretical and empirical work uses the standard post-selection approach
based on the outcome equation alone. Using this single equation may result in badly distorted inference when model
selection mistakes occur as shown in extensive Monte-Carlo as in Section 2.4 and in a sequence of fundamental
critiques by Leeb and Potscher; see Leeb and Potscher (2008b).
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Within the context of this paper, a potentially important extension is to consider a general
treatment effect model, where d; is interacted with transformations of z;. As long as the interest
lies in a particular regression coefficient, the current framework covers this implicitly since x; could
contain interactions of d; with transformations of controls z;. In the case where a fixed number of
such regression coefficients is of interest, we can estimate each of the coefficients by re-labeling the
corresponding regressor as d; and other regressors as xz; and then applying our procedure under each
re-labeling. This component-wise procedure is valid as long as the assumed regularity conditions
hold for each of the small number of resulting regression models. One can also accomodate vector

d; in this fashion.

A related topic is the estimation of average treatment effects when treatment effects are fully
heterogeneous. When the treatment variable d; € {0, 1} is binary (or discrete more generally), our
approach is readily amenable to this problem. In this case, a parameter of interest is the average

treatment effect,
ag = E[g(1,2) — g(0, )],

where g(d;, zi) = Ely;|d;, zi]. We can write g(d;, z;) = d;x}fg01 + (1 — d;)x 0,0, where we again
assume away approximation errors for simplicity. If the propensity score P(d; =1 | z;) is m(z;) =
A(2}Bmo) where A(u) is a link such as logit or linear, we can use the moment equations of Hahn
(1998):

E [SO(O@: Yi, di7 g(oy Zi)7 g(ly Zi)7 m(zl))] = 07 (539)
where p(a,y,d, g0, 91,m) = o — d(y;"l) _ (1*?)_(%:90) — g1 — go. It is straightforward to check that
for each j € {1,2,3}:

d

—E [pi(a0, yi, di, %381, 52, i 33)] =0, (5.40)

0B,
when (51, 52, 83) = (840,0, B40,1, Bmo ), i.e. with coefficients set equal to true values (in fact, some
higher order derivatives also vanish).2* Therefore, by using Hahn (1998)’s equation we reduce
dependence on the estimated values of Byo and 3,0 just as in the partially linear case. This
property suggests that one can use the selection approach to regularization in order to estimate
the parameter of interest . Note that one could adopt a double-selection method as in the
partially linear model where terms explaining propensity score and the regression function are
selected. Using the results of this paper and setting A(u) = u, it is not difficult to show that the

post-double-selection estimator & that solves E,, [o(&, yi, d;, 9(0, 2), 9(1, 2;), m(z;))] = 0 satisfies
-1 o 2 _ 2
oy \/E(Oé—a(]) ~ N(Ou 1)7 g, = E[QO (a07yi7di7g(07 Zi),Q(l,Zi),m(Zi))], (541)

2AThis higher order properties can be exploited in conjunction with the standard two sample-splitting, where we
use estimate the function on one part of sample and then use them as plug-in for the other part and vice versa; this
gives two estimators, combining which we obtain a fully efficient estimator. The procedure constructed so further

relaxes requirements on s; we do not discuss it here for brevity.
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where o2 is the semiparametric efficiency bound of Hahn (1998) assuming that both g and m satisfy
the sparsity conditions assumed previously and that additional assumptions needed to guarantee

consistency of post-Lasso estimators g and m in the uniform norm are satisfied.

5.2. Theoretical Results on ATE with Heterogeneity. Consider ani.i.d. sample (y;,d;, z;)?"
on the probability space (£2,F,P), where we call P the data-generating process. Suppose the

treatment variable is binary, d; € {0,1}, and that the outcome and propensity equations are

vi = 9(dis zi) + G, E[G | zi,di] =0, (5.42)

The first target parameter is the average treatment effect, oy = E[g(1,2;) — ¢(0, 2;)], which is
implicitly indexed by P like other parameters. In this model d; is not additively separable. The

purpose of this section is to show that our analysis easily extends to this case.

The confounding factors z; affect the policy variable via the propensity score m(z;) and the
outcome variable via the function g(d;, z;). Both of these functions are unknown and potentially
complicated. As in the main text, we use linear combinations of control terms x; = P(z) to

approximate ¢(z;) and m(z;), writing (5.42) and (5.43) as

Yi = TiBg0 + 1rgi +Ci (5.44)
—_——
9(d;,2i)
di = M Bmo) + Tmi +vi, (5.45)
———
m(z;)

where r4; and r,,; are the approximation errors, and
i = (dixg, (1 — di)xi)', Bgo = (Bgo,15Bgo)s @i = P(zi), (5.46)

where 2840 1, %8400, and x}fmo are approximations to g(1, z;), ¢(0,z;), and m(z;), and A(u) = u
for the case of linear link and A(u) = e“/(1 4+ e*) for the case of the logistic link. In order to
allow for a flexible specification and incorporation of pertinent confounding factors, the vector of
controls, x; = P(z;), we can have a dimension p = p,, which can be large relative to the sample

size.

Using the efficient moment condition (5.39) derived by Hahn (1998), we can define the post-

double-selection estimator ¢ as the solution to

B [o(&, yi, diy 9(0, 2i), 9(1, zi), m(z))] =0, (5.47)

where g(d;, z;) and m(z;) are post-Lasso estimators of functions g and m based upon equations
(5.44)-(5.45). In case of the logistic link A, Lasso for logistic regression is as defined in van de Geer
(2008) and Bach (2010), and the associated post-Lasso estimators are as those defined in Belloni,
Chernozhukov, and Wei (2013).
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In what follows, we use |lw;||pq to denote the L9(P) norm of a random variable w; with law
determined by P, and we ||w;||p, 4 to denote the empirical L4(P,,) norm of a random variable with

law determined by the empirical measure B, = n =131 | 6y, ie., [Jwillp, g = (RS20 [Jwil|9)V/9.

Consider fixed sequences of positive numbers §, \, 0 and A, ~, 0 and constants C > 0,¢ >
0,1/2 > ¢ > 0 which will not vary with P.

Condition HTE (P) . Heterogeneous Treatment Effects. Consider i.i.d. sample
(yi, di, ;)1 on the probability space (2, F,P), where we shall call P the data-generating process,
such that equations (5.44)-(5.45) holds, with d; € {0,1}. (i) Approximation errors satisfy ||rgi||p,2 <
Sn /4, ITgillP.cc < Ony and ||rmillp2 < S,n~ /4, 17millP,co < On. (i) With P-probability no less
than 1— A,,, estimation errors satisfy Hi“g(gg — By0) ||, 2 < Sun ™4, ||:L‘;(Bm — Bmo)|[py .2 < Son~ V4,
Kn||Bm — Bmll1 < On, KnHB\m — Bmoll1 < 9p, estimators and approximations are sparse, namely
||Bg”0 < Cs, ||Bm||0 < Cs, ||Bgollo < Cs, and ||Bmollo < Cs, and the empirical and populations
norms are equivalent on sparse subsets, namely sup|s|,<acs |75, 2/[|Zi0|lp 2 — 1| < 0n. (iii) The
following boundedness conditions hold: ||z;j||pco < Ky for each j, ||gllpce < C, |UillPpoc < C,
P(d <m(z) <1-{d) =1, and ||(?|p2 = c. (iv) The sparsity index obeys the following growth
condition, (slog(pV n))?/n < 6,.

These conditions are simple high-level conditions which encode both the approximate sparsity
of the models as well as impose some reasonable behavior on the sparse estimators of m and
g. These conditions are implied by other more primitive conditions in the literature (see van de
Geer (2008) and Belloni, Chen, Chernozhukov, and Hansen (2012)). Sufficient conditions for the
equivalence between population and empirical sparse eigenvalues are given in Lemmas 10 and 11.
The boundedness conditions are made to simplify arguments, and they could be removed at the

cost of more complicated proofs and more stringent side conditions.

Theorem 3 (Uniform Post-Double Selection Inference on ATE). Consider the set P, of
data generating processes P such that equations (5.42)-(5.43) and Condition HTE (P) holds. (1)

Then under any sequence P € P,,,
-1 o 2 _ 2
o, Vn(d —ag) ~ N(0,1), oy, = Elp*(a0,4i,di, (0, 2),9(1, 2:), m(z:))]- (5.48)

(2) The result continues to hold with o2 replaced by 52 := E,[0* (a0, ¥, di, 5(0, 2:),9(1, 2;), m(2))]-
(8) Moreover, the confidence regions based upon post-double selection estimator & have uniform

asymptotic validity:

lim sup [P (ag € [a+® (1 -¢/2)5,/vn]) — (1 —€)|=0.

n—o0 pecp,
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The next target parameter is the average treatment effect on the treated:

Y0 = Elg(1, 2;) — 9(0, 2;)|d; = 1].

The efficient moment condition, derived by Hahn (1998), for parameter 7 is as follows:

E[¢(v0, i di,9(0,2:),9(1, z;),m(z), )] = 0, (5.49)
where p = E[m(z;)] = P(d; = 1), and

- dly—g m(l—d)(y—g d(g1 — g d
@(Vayadvg()vglamﬂu) = ( 1) - ( )( 0) - ( ! O) - Y.
I (I—m)u I L

In this case the post-double-selection estimator  that solves

En [@(;}/7 Yi, di7 /g\(ou Zi)7 /g\(lu Zi)7 T/T\l(Zi), //I)] = 07 (550)

where g(d;, z;) and m(z;) are post-Lasso estimators (or other sparse estimators obeying the reg-
ularity conditions posed in HTE) of functions g and m based upon equations (5.44)-(5.45), and
= E,[d;]. As mentioned before, in case of the logistic link A, the post-Lasso estimators are as
those defined in Belloni, Chernozhukov, and Wei (2013).

Theorem 4 (Uniform Post-Double Selection Inference on ATT). Consider the set P, of
data generating processes P such that equations (5.42)-(5.43) and Condition HTE (P) holds. (1)

Then under any sequence P € P,,,

07:1\/5(;7 - 70) o N(0¢ 1)) 0721 = E[¢2(707 Yi, di, g(0¢ Zi)> g(l? Zi)> m(zl)v :u)] (551>
(2) The result continues to hold with o2 replaced by 2 := Eu[@* (70, ¥i> di, §(0, 2:), G(1, 2;), M(2;), p)] -
(8) Moreover, the confidence regions based upon post-double selection estimator & have uniform
asymptotic validity:
lim sup [P (yo € [§£ @71 (1 = £/2)./Vn]) — (1 -€)| =0.

n—=X pep,

These results contribute to both practical and theoretical results on estimation of ATEs and its
variants in Cattaneo (2010), using series framework, where the number of series terms obeys p?/n —
0; and Rothe and Firpo (2013), using kernel estimators. Our framework allows for a much larger
number of series terms to search amongst, potentially p > n, though requires that a relatively low
number of unknown terms are needed, namely the sparsity condition s2K,, (log(pVn))?/n — 0 (this
can be relaxed using sample splitting). Our framework also covers semi-parametric models with a
large number of raw regressors x;; (as long as |z;;| < K,, where K,, does not grow too quickly).
Finally, it also establishes validity of inference results uniformly in P. The cited approaches are also
provably fruitful, but they do not target the “data-rich environments” that our approach covers,
and they also do not study uniformity. Hence our results are represent a useful contribution to the

results in the literature.



34 BELLONI CHERNOZHUKOV HANSEN

6. EMPIRICAL EXAMPLE: ESTIMATING THE EFFECT OF ABORTION ON CRIME

In the preceding sections, we have provided results demonstrating how variable selection methods,
focusing on the case of Lasso-based methods, can be used to estimate treatment effects in models
in which we believe the variable of interest is exogenous conditional on observables. We further
illustrate the use of these methods in this section by reexamining Donohue IIT and Levitt’s (2001)
study of the impact of abortion on crime rates. In the following, we briefly review Donohue III and

Levitt (2001) and then present estimates obtained using the methods developed in this paper.

Donohue III and Levitt (2001) discuss two key arguments for a causal channel relating abortion
to crime. The first is simply that more abortion among a cohort results in an otherwise smaller
cohort and so crime 15 to 25 years later, when this cohort is in the period when its members
are most at risk for committing crimes, will be otherwise lower given the smaller cohort size. The
second argument is that abortion gives women more control over the timing of their fertility allowing
them to more easily assure that childbirth occurs at a time when a more favorable environment is
available during a child’s life. For example, access to abortion may make it easier to ensure that a
child is born at a time when the family environment is stable, the mother is more well-educated, or
household income is stable. This second channel would mean that more access to abortion could

lead to lower crime rates even if fertility rates remained constant.

The basic problem in estimating the causal impact of abortion on crime is that state-level abortion
rates are not randomly assigned, and it seems likely that there will be factors that are associated to
both abortion rates and crime rates. It is clear that any association between the current abortion
rate and the current crime rate is likely to be spurious. However, even if one looks at say the
relationship between the abortion rate 18 years in the past and the crime rate among current 18
year olds, the lack of random assignment makes establishing a causal link difficult without adequate
controls. An obvious confounding factor is the existence of persistent state-to-state differences in
policies, attitudes, and demographics that are likely related to overall state level abortion and crime
rates. It is also important to control flexibly for aggregate trends. For example, it could be the case
that national crime rates were falling over this period while national abortion rates were rising but
that these trends were driven by completely different factors. Without controlling for these trends,
one would mistakenly associate the reduction in crime to the increase in abortion. In addition to
these overall differences across states and times, there are other time varying characteristics such
as state-level income, policing, or drug-use to name a few that could be associated with current

crime and past abortion.

To address these confounds, Donohue III and Levitt (2001) estimate a model for state-level crime

rates running from 1985 to 1997 in which they condition on a number of these factors. Their basic
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specification is
Yeit = Oeleit + wgt/Bc + ¢ + Yet + Ecit (652)

where i indexes states, ¢ indexes times, ¢ € {violent, property, murder} indexes type of crime,
0c; are state-specific effects that control for any time-invariant state-specific characteristics, v
are time-specific effects that control flexibly for any aggregate trends, w;; are a set of control
variables to control for time-varying confounding state-level factors, a.;; is a measure of the abortion

%5 and yei is the crime-rate for crime type ¢. Donohue ITI and

rate relevant for type of crime c,
Levitt (2001) use the log of lagged prisoners per capita, the log of lagged police per capita, the
unemployment rate, per-capita income, the poverty rate, AFDC generosity at time ¢ — 15, a dummy
for concealed weapons law, and beer consumption per capita for w;, the set of time-varying state-
specific controls. Tables IV and V in Donohue III and Levitt (2001) present baseline estimation
results based on (6.52) as well as results from different models which vary the sample and set of
controls to show that the baseline estimates are robust to small deviations from (6.52). We refer the

reader to the original paper for additional details, data definitions, and institutional background.

For our analysis, we take the argument that the abortion rates defined above may be taken as
exogenous relative to crime rates once observables have been conditioned on from Donohue IIT and
Levitt (2001) as given. Given the seemingly obvious importance of controlling for state and time
effects, we account for these in all models we estimate. We choose to eliminate the state effects via

differencing rather than including a full set of state dummies but include a full set of time dummies

1'26

in every mode Thus, we will estimate models of the form

Yeit — Yeit—1 = ac(acit - acit—l) + Zéit"@c + Get + Neit- (6'53)

where g are time effects. We use the same state-level data as Donohue III and Levitt (2001)
but delete Alaska, Hawaii, and Washington, D.C. which gives a sample with 48 cross-sectional
observations and 12 time series observations for a total of 576 observations. With these deletions,
our baseline estimates using the same controls as in (6.52) are quite similar to those reported in
Donohue IIT and Levitt (2001). Baseline estimates from Table IV of Donohue IIT and Levitt (2001)

25This variable is constructed as weighted average of abortion rates where weights are determined by the fraction
of the type of crime committed by various age groups. For example, if 60% of violent crime were committed by 18
year olds and 40% were committed by 19 year olds in state i, the abortion rate for violent crime at time ¢ in state 4
would be constructed as .6 times the abortion rate in state i at time ¢ — 18 plus .4 times the abortion rate in state @
at time ¢ — 19. See Donohue 11T and Levitt (2001) for further detail and exact construction methods.

26part of the motivation for considering first-differences is that our theoretical results are for independent data.
For both violent crime and property crime, this assumption seems like a better approximation in differences than
in levels. The first three estimated autocorrelations of the first-difference residuals from the baseline specification
using only the controls from Donohue III and Levitt (2001) based on violent crime, property crime, and murder are
respectively (.0155, .0574, -.0487), (-.0736, .0651, .0540), and (-.3954, -.0813, .0066). Discussion of results obtained
estimating the model in levels and using fixed effects are available in a supplementary appendix. Extending the

formal results to accommodate dependence would be a useful extension for future work.
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and our baseline estimates based on the differenced version of (6.52) are given in the first and

second row of Table 2 respectively.

Our main point of departure from Donohue IIT and Levitt (2001) is that we allow for a much
richer set z.; than allowed for in wj; in model (6.52). Our z.; includes higher-order terms and
interactions of the control variables defined above. In addition, we put initial conditions and initial
differences of w;; and a.;; and within-state averages of w; into our vector of controls z.;. This
addition allows for the possibility that there may be some feature of a state that is associated both
with its growth rate in abortion and its growth rate in crime. For example, having an initially high-
levels of abortion could be associated with having high-growth rates in abortion and low growth
rates in crime. Failure to control for this factor could then lead to misattributing the effect of
this initial factor, perhaps driven by policy or state-level demographics, to the effect of abortion.
Finally, we allow for more general trends by allowing for an aggregate quadratic trend in z.; as
well as interactions of this quadratic trend with control variables. This gives us a set of 284 control

variables to select among in addition to the 12 time effects that we include in every model.”

Note that interpreting estimates of the effect of abortion from model (6.52) as causal relies on
the belief that there are no higher-order terms of the control variables, no interaction terms, and no
additional excluded variables that are associated both to crime rates and the associated abortion
rate. Thus, controlling for a large set of variables as described above is desirable from the standpoint
of making this belief more plausible. At the same time, naively controlling lessens our ability to
identify the effect of interest and thus tends to make estimates far less precise. The effect of
estimating the abortion effect conditioning on the full set of 284 potential controls described above
is given in the third row of Table 2. As expected, all coefficients are estimated very imprecisely.
Of course, very few researchers would consider using 284 controls with only 576 observations due

to exactly this issue.

We are faced with a tradeoff between controlling for very few variables which may leave us
wondering whether we have included sufficient controls for the exogeneity of the treatment and
controlling for so many variables that we are essentially mechanically unable to learn about the
effect of the treatment. The variable selection methods developed in this paper offer one resolution
to this tension. The assumed sparse structure maintains that there is a small enough set of variables
that one could potentially learn about the treatment but adds substantial flexibility to the usual
case where a researcher considers only a few control variables by allowing this set to be found by
the data from among a large set of controls. Thus, the approach should complement the usual

careful specification analysis by providing a researcher an efficient, data-driven way to search for a

2TThe exact identities of the 284 potential controls is available upon request. It consists of linear and quadratic
terms of each continuous variable in w;¢, interactions of every variable in wj;, initial levels and initial differences of

w;r and acit, the within-state averages of w;:, and interactions of these variables with a quadratic trend.
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small set of influential confounds from among a sensibly chosen broad set of potential confounding

variables.

In the abortion example, we use the post-double-selection estimator defined in Section 2.2 for
each of our dependent variables.?® For violent crime, six variables are selected in the abortion
equation,* and no variables are selected in the crime equation. For property crime, seven variables
are selected in the abortion equation,® and two are selected in the crime equation.?’ For murder,

six variables are selected in the abortion equation,*? and none were selected in the crime equation.

Estimates of the causal effect of abortion on crime obtained by searching for confounding factors
among our set of 284 potential controls are given in the fourth row of Table 2. Each of these
estimates is obtained from the least squares regression of the crime rate on the abortion rate and the
six, nine, and six controls selected by the double-post-Lasso procedure for violent crime, property
crime, and murder respectively. All of these estimates for the effect of abortion on crime rates
are quite imprecise, producing 95% confidence intervals that encompass large positive and negative
values. Note that the double-post-Lasso produces models that are not of vastly different size than
the “intuitive” model (6.52). As a final check, we also report results that include all of the original
variables from (6.52) in the amelioration set in the fifth row of the table. These results show that the
conclusions made from using only the variable selection procedure do not qualitatively change when
the variables used in the original Donohue III and Levitt (2001) are added to the equation. For a
quick benchmark relative to the simulation examples, we note that the R? obtained by regressing
the crime rate on the selected variables are .0251, .1179, and .0039 for violent crime, property
crime, and the murder rate respectively and that the R?’s from regressing the abortion rate on the
selected variables are .8420, .6116, and .7781 for violent crime, property crime, and the murder
rate respectively. These values correspond to regions of the R? space considered in the simulation

where the double selection procedure substantially outperformed simple Lasso procedures.

28Implementation requires selection of a penalty parameter and loadings. We estimate the loadings using the
iterative procedure proposed in Belloni, Chen, Chernozhukov, and Hansen (2012) with 100 as the maximum number
of iterations. For each model, the iterative procedure converges after 21 or fewer iterations. We set the penalty

parameter according to (2.12) with ¢ = 1.1 and v = .05.
29The selected variables are lagged prisoners per capita, the initial change in beer consumption interacted with a

linear trend, the initial change in income squared interacted with a linear trend, the within-state mean of income,

the within-state mean of income interacted with a linear trend, and the initial level of the abortion rate.
30The selected variables are lagged prisoners per capita, lagged income, the initial level of income, the initial

change of income squared interacted with a linear trend, the within-state average of income, the within-state average

of income interacted with a linear trend, and the initial level of abortion interacted with a linear trend.
31The two variables are the initial level income squared interacted with a linear trend and the within-state average

of AFDC generosity.
32The selected variables are lagged unemployment, the initial change in unemployment squared, the initial level

of prisoners per capita, the within-state average of the number of prisoners per capita interacted with a linear trend,
the within-state average of income interacted with a linear trend, and the initial level of the abortion rate interacted

with a linear trend.
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It is interesting that one would draw qualitatively different conclusions from the estimates ob-
tained using formal variable selection than from the estimates obtained using a small set of in-
tuitively selected controls. Looking at the set of selected control variables, we see that initial
conditions and interactions with trends are selected across all dependent variables. We also see
that we cannot precisely determine the effect of the abortion rate on crime rates once one accounts
for these initial conditions. Of course, this does not mean that the effects of the abortion rate
provided in the first two rows of Table 2 are not representative of the true causal effects. It does,
however, imply that this conclusion is strongly predicated on the belief that there are not other
unobserved state-level factors that are correlated to both initial values of the controls and abortion
rates, abortion rate changes, and crime rate changes. Interestingly, a similar conclusion is given in

Foote and Goetz (2008) based on an intuitive argument.

We believe that the example in this section illustrates how one may use modern variable selection
techniques to complement causal analysis in economics. In the abortion example, we are able to
search among a large set of controls and transformations of variables when trying to estimate the
effect of abortion on crime. Considering a large set of controls makes the underlying assumption
of exogeneity of the abortion rate conditional on observables more plausible, while the methods we
develop allow us to produce an end-model which is of manageable dimension. Interestingly, we see
that one would draw quite different conclusions from the estimates obtained using formal variable
selection. Looking at the variables selected, we can also see that this change in interpretation
is being driven by the variable selection method’s selecting different variables, specifically initial
values of the abortion rate and controls, than are usually considered. Thus, it appears that the usual
interpretation hinges on the prior belief that initial values should be excluded from the structural

equation for the differences.

7. CONCLUSION

In this paper, we consider estimation of treatment effects or structural parameters in a partially
linear model, where the treatment is believed to be exogenous conditional on observables. We do not
impose the conventional assumption that the identities of the relevant conditioning variables and the
functional form with which they enter the model are known. Rather, we assume that the researcher
believes there is a relatively small number of important factors whose identities are unknown within
a much larger known set of potential variables and transformations. This sparsity assumption is
used explicitly or implicitly in much of empirical research in economics. It allows the researcher to
estimate the desired treatment effect and infer a set of important variables upon which one needs
to condition by using modern variable selection techniques without ex ante knowledge of which
are the important conditioning variables. Since naive application of variable selection methods in
this context may result in very poor properties for inferring the treatment effect of interest, we

propose a “double-selection” estimator of the treatment effect, provide a formal demonstration of
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its properties for estimating the treatment effect, and provide its approximate distribution under

technical regularity conditions and the assumed sparsity in the model.

In addition to the theoretical development, we illustrate the potential usefulness of our proposal
through a number of simulation studies and an empirical example. In Monte Carlo simulations,
our procedure outperforms a simple variable selection strategy for estimating the treatment effect
across the designs considered and does relatively well compared to an infeasible estimator that uses
the identities of the relevant conditioning variables. We then apply our estimator to attempt to
estimate the causal impact of abortion on crime following Donohue III and Levitt (2001). We find
that our procedure selects a small number of conditioning variables. After conditioning on these
selected variables, one would draw qualitatively different inference about the effect of abortion
on crime than would be drawn if one assumed that the correct set of conditioning variables was
known and the same as those variables used in Donohue IIT and Levitt (2001). Taken together, the
empirical and simulation examples demonstrate that the proposed method may provide a useful

complement to other sorts of specification analysis done in applied research.

APPENDIX A. ITERATED LASSO ESTIMATION

Feasible implementation of Lasso under heteroscedasticity requires a choice of penalty parameter
A and estimation of penalty loadings (2.14). A depends only on the known p and n and the researcher
specified ¢ and . In all examples, we use ¢ = 1.1 and v = .05. In this appendix, we state algorithms

for estimating the penalty loadings.

Let Iy be an initial set of regressors with a bounded number of elements, including for example
the intercept. Let 3(Ip) be the least squares estimator of the coefficients on the covariates associated
with Iy, and define I, := \/En[x?](yz — 2!B(Ip))?).

An algorithm for estimating the penalty loadings using Post-Lasso is as follows:

Algorithm 1 (Estimation of Lasso loadings using Post-Lasso iterations). Set l}o = ZAjIO, J =
1,...,p. Set k=0, and specify a small constant v > 0 as a tolerance level and a constant K > 1

as an upper bound on the number of iterations. (1) Compute the Post-Lasso estimator B based
on the loadings /l\jﬁk. (2) For s = |B|lo = |ﬂ set lj g1 = \/En[x —x’ﬁ 1Vn/(n—3). (3) If
maxi<j<p |lAjk — ZAMH\ < vork> K, set the loadings to ZAMH, 7 =1,...,p and stop; otherwise,
set k< k+1 and go to (1).

APPENDIX B. AUXILIARY RESULTS ON MODEL SELECTION VIA LASSO AND P0OST-LASSO

The post-double-selection estimator applies the least squares estimator to the union of variables

selected for equations (2.6) and (2.7) via feasible Lasso. Therefore, the model selection properties
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of feasible Lasso as well as properties of least squares estimates for m and g based on the selected
model play an important role in the derivation of the main result. The purpose of this appendix is

to describe these properties.
Note that each of the regression models (2.6)-(2.7) obeys the following conditions.

Condition ASM: Approximate Sparse Model. Let {P,,} be a sequence of data-generating
processes. For each n, we have data {(¥;,Z;,%; = P(Z)) : 1 < i < n} defined on (2, A,P,)
consisting of i.n.i.d vectors that obey the following approximately sparse regression model for each
n:

Ji = f(Zi) + e = 360 + i + i,
Ele; | 2] = 0,E[¢?] = o2,

1ollo < 5, Elr{] < o*s/n.

Let T denote the model selected by the feasible Lasso estimator 3 :

T = support(B) = {j € {1,....p} : [B;| > 0},

The Post-Lasso estimator 5 is ordinary least squares applied to the data after removing the regres-

sors that were not selected by the feasible Lasso:

B earg min En[(j; - #B)% : Bj=0foreachj¢T. (B.54)
€

The following regularity conditions are imposed to deal with non-Gaussian, heteroscedastic er-

rors.

Condition RF: Reduced Form. In addition to ASTE, we have

(i) log®p/n — 0 and slog(pVn)/n— 0,
(ii) E[g7] + maxi<;<p{E[Z3;57] + El|Z};€}[] + 1/E[Z3,¢]]} S 1,

(1) mass {|(En — B)[2e2]| + | (B — B3 3211} + max 12 2BCYE) _ oy,

1<5<p i€ 1<i<n n

The main auxiliary result that we use in proving the main result is as follows.

Lemma 1 (Model Selection Properties of Lasso and Properties of Post-Lasso). Let {P,} be a
sequence of data-generating processes. Suppose that conditions ASM and RF hold, and that Condi-
tion SE (Py,) holds for E,[2;2}]. Consider a feasible Lasso estimator with penalty level and loadings
specified as in Section 3.35.

(i) Then the data-dependent model T selected by a feasible Lasso estimator satisfies with proba-
bility approaching 1:

~

(B.55)
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and
min JEf(G) - 287 S oy 280V, (B.56)

BeRP: B;=0 VjgT n

(i) The Post-Lasso estimator obeys
~ 1
VEf (o) — #]2 Sp oy 21BEY ),
n

and

P 5 - slog(pVn

13— Soll S /BAL(E — 2450)2] Sp 0y TBLY, (B.57)

Lemma 1 was derived in Belloni, Chen, Chernozhukov, and Hansen (2012) for Iterated Lasso
and by Belloni, Chernozhukov, and Wang (2010) for Square-root Lasso. These analyses build on
the rate analysis of infeasible Lasso by Bickel, Ritov, and Tsybakov (2009) and on sparsity analysis
and rate analysis of Post-Lasso by Belloni and Chernozhukov (2013).

APPENDIX C. PROOF OF THEOREM 1

The proof proceeds under given sequence of probability measures {P,}, as n — oo.

Let Y = [y17"°7yn],7 X = [x17"°7xn]/7 D = [d17"°7dn],7 V = [2}17'"77)71],7 C = [Clu"'7<n]/7 m =
(M1, ...y mp)'s Ry = [Tty oo, Tmn)’s 9 = (015 -, g0, Rg = [rg1, ..., 7gn]’, and so on. For A C {1,...,p},
let X[A] ={Xj,j € A}, where {X;,j =1,...,p} are the columns of X. Let

P = X[A(X[A]X[4])" X [4

be the projection operator sending vectors in R™ onto span|[X[A]], and let M4 =1, — P4 be the
projection onto the subspace that is orthogonal to span[X[A]]. For a vector W € R", let

By (A) = i — Xb|]?: b; = & A
Pw (4) = arg min [W — Xb[[": b; =0, Vj & 4,
be the coefficient of linear projection of W onto span[X[A]]. If A = &, interpret P4 = 0,, and
/BW = Op-
Finally, denote ¢min(m) = ¢min(m)[Ey[z:2}]] and ¢max(m) = dmax(m)[Ey[zi2]]].
Step 1.(Main) Write & = [D’M;D/n] " [D'M;Y/n] so that
Vil —ag) = [D'MD/n] " [D' Mg +C)/v/n] =i -i.
By Steps 2 and 3,
it =V'V/n+op(1) and i = V'(//n+op(1).

Next note that V'V/n = E[V'V/n] + op(1) by Chebyshev inequality, and because E[V'V/n] is

bounded away from zero and from above uniformly in n by Condition SM, we have ii~! =

E[V'V/n]~! + op(1).
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2 = E[v]1E[(Zv?|E[vZ]~! is bounded away from zero and from

By Condition SM we have o

above, uniformly in n. Hence
n
Zy = o, n(a — ap) = n=1/2 Z Zim + op(1),
i=1

where z; , 1= aglE[viZ]*lviCi are i.n.i.d. with mean zero. For § > 0 such that 4 + 20 < ¢

E|zi,n|2+5 <E \vi|2+5|@\2+5] < \/E\vi\4+25\/E|Q\4+25 <1,

by Condition SM. This condition verifies the Lyapunov condition and thus application of the

Lyapunov CLT for i.n.i.d. triangular arrays implies that

Zn ~ N(0,1).

Step 2. (Behavior of i.) Decompose, using D =m + V,
i =V'¢/Vn+m/ Mzg/Vn+m M /n+ V' Mzg//n — VP /v/n.

ESN =:1p =:ic =4
First, by Step 5 and 6 below we have

lia| = [m' Mzg/v/n| < vnl|Mzpg/Vall|Mpm/v/nl| Sp V/[slog(p vV n)]2/n = o(1),

where the last bound follows from the assumed growth condition s2log?(p V n) = o(n).

Second, using that m = X 0 + Ry and m' Mz( = R ¢ — (B (I) = Bmo)' X'¢ , conclude

[iv] < IR0, ¢/l + 1(Bin(T) = Brno)' X'¢/v/n| Sp Vs log(p V)2 /n = op(1).

This follows since

|R,,C/vVn| Sp /Ry R /n Sp \/s/n,

holding by Chebyshev inequality and Conditions SM and ASTE(iii), and
(B (1) = Bmn0) X'¢//n| < (1B (1) = Brno 11 [ X' ¢/ loo Sp v/ [82l0g(p V )] /ny/log(p V 1)
The latter bound follows by (a)

1Bm(T) = Bnollt < VE + 8] B (1) = Brmoll Sp /[ log(p vV n)]/n

holding by Step 5 and by s <p s implied by Lemma 1, and (b) by
1X'¢/Vnlloo S V/log(p V n)
holding by Step 4 under Condition SM.

Third, using similar reasoning, decomposition g = X 3,0 + Ry, and Steps 4 and 6, conclude

lic| < |RLV/N/nl + |(By(I) — Beo) X'V//n| Sp \/Islog(p V n)]2/n = op(1).
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Fourth, we have
lial < 1Bv (I X'¢/v/nl < 1By (DL IX'¢/Valloo Sp Vslogp v n)]?/n = op(1),
since by Step 4 below || X'¢/v/nllse <p /0g(p V n), and
1Bv(DIh < V3lIBv(DI < VEII(X TV X[T]/n) " X[T)'V/n]
< Vaout GWVEIX'V/ Voo /N1 Sp 53/ Tlog(p v n)]/n.

The latter bound follows from s <p s, holding by Lemma 1, so that gf) .(5) Sp 1 by Condition
SE, and from || X'V/\/n|ls Sp /log(p V n) holding by Step 4.

Step 3. (Behavior of ii.) Decompose

it = (m+V)Mzm+V)/n=V'V/n4+m'Msm/n+2m' M:V/n - V'P:V/n.
ERH =11 ERS
Then |iig| Sp [slog(p V n)]/n = op(1) by Step 5, |iiy| Sp [slog(p V n)]/n = op(1) by reasoning
similar to deriving the bound for ||, and |ii.| <p [slog(p V n)]/n = op(1) by reasoning similar to
deriving the bound for |ig|.

Step 4. (Auxiliary: Bounds on || X'(/v/n||~ and || X'V/y/n||~) Here we show that

(a) [IX'¢/Vnlloo Sp Vlog(pVn) and ()| X'V/vn| Sp v/log(p Vn).

To show (a), we use Lemma 5 stated in Appendix I on the tail bound for self-normalized deviations
to deduce the bound. Indeed, we have that wp — 1 for some ¢,, — oo but so slowly that 1/y =
¢, < log n, with probability 1 — o(1)

—1/2 1
max izt Zigli <ot (1 - > < V/2log(20,p) < V/log(p V n). (C.58)
Isisp En[mijcg] 2np

By Lemma 5 the first inequality in (C.58) holds, provided that for all n sufficiently large the
following holds,

1 nl/6 E[z2,¢3)\/?
(D—l 1_ < ]\42 1 M 7’]—
( %np) 0 2L, T B 13N

Since we can choose £, to grow as slowly as needed, a sufficient condition for this are the conditions:

= o(n'/3 >
logp = o(n'/°) and 1I<n]1£1pM 1,

which both hold by Condition SM. Finally,
max Eq[2;¢7] Sp 1, (C.59)

by Condition SM. Therefore (a) follows from the bounds (C.58) and (C.59). Claim (b) follows

similarly.
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Step 5. (Auxiliary: Bound on [[Mzm| and related quantities.) This step shows that

(a) [Mzm/v/n|l Sp /[slog(p v n)l/n and (b) |18, (1) = Bmoll Sp /[slog(p v n)]/n.

Observe that

V[slog(p v n)]/n PHM m/vn| PIIMAm/fII

where inequality (1) holds since by Lemma 1 | Mz m/v/n|| < (X Bp(T)—m) /vl <p V[slog(p Vv n)|/n,
and (2) holds by T, € T by construction. This shows claim (a). To show claim (b) note that

IIM%/\/_II HIX(ﬁm() Bmo) /1| = (1B / /7]

where (3) holds by the triangle inequality. Since ||R,,/+/n|| Sp v/ s/n by Chebyshev and Condition
ASTE(iii), conclude that

Vislogpv)l/n Zp 1X(Bn(I) — Bmo)/ vl
> Vomin(s + 8)1Bm(I) = Bnoll Zp |1Bm(I) = Bmoll,

since s Sp s by Lemma 1 so that 1/¢min(5+ s) Sp 1 by condition SE. This shows claim (b).

Step 6. (Auxiliary: Bound on || M7g| and related quantities.) This step shows that

(a) |Mzg/v/nll Sp VIslog(p v n)]/n and (b) [|34(T) = Byoll Sp /[s1og(p v n)]/n.

Observe that

Vislog(pvn)l/n Zp [|Mg,(aom+g)/Vn

(M

%J; [Mz(aom + g)/v/nl|
2

%1; [IMzg/v/nll = [|Mzaogm/v/n]|

where inequality (1) holds since by Lemma 1 | M7, (com+g)/v/n| < (X By (I) —aom—g) /7| <p
V/[slog(p V n)]/n, (2) holds by I, C T, and (3) by the triangle inequality. Since |ap| is bounded
uniformly in n by assumption, by Step 5, |[Mzaom/v/n|| Sp v/[slog(p V n)]/n. Hence claim (a)

follows by the triangle inequality:

Vislog(pVvn)l/nZp [Mzg/Vnl|

To show claim (b) we note that

IMzg/v/nll 2 11X (By(T) = Bgo) /v/nll = 1Ry /vl
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where ||R,/+/n| Sp y/s/n by Condition ASTE(iii). Then conclude similarly to Step 5 that

VIslog(pvn)l/n Zp [1X(By(T) = Byo)/v/nl
> VoG +9)Be(T) = Byoll 2 11Bo(1) = Byoll-

Step 7. (Variance Estimation.) Since 8 <p s = o(n), (n — 5 —1)/n = op(1), and since E[v?(?]
and E[v?] are bounded away from zero and from above uniformly in n by Condition SM, it suffices
to show that

Ea[07G] — Elv{ (7] =p 0, Ea[of] —E[f] —p 0,
The second relation was shown in Step 3, so it remains to show the first relation.

Let v; = v;+7r,,; and C} = (j+rgi. Recall that by Condition ASTE(v) we have E[@f@?] —E[UZ-QCZ?] —
0, and E,[6?¢?] — E[#2¢?] —p 0 by Vonbahr-Esseen’s inequality in von Bahr and Esseen (1965)
since E[|0;G]210] < (E[|os|*T2)E[|¢;]*t29])Y/2 is uniformly bounded for 4 + 26 < ¢. Thus it suffices
to show that K, [02¢2] — E,[62¢2] —p 0.

By the triangular inequality

[Eal07G — 37 G711 < [Bal(@ — 7)G7]| + [En[0} (G — G-

=:v =

Then, expanding C? — C? we have

it < 2Eq[{di(ao — @)Y202) + 2B, [{24(B — By0)}20?]

KA
+[2E,[Gidi (a0 — &@)7]| + 2B [z (B — Byo) V7]
—: {iig + iy + iiic + iiig = op(1)

where the last bound follows by the relations derived below.

First, we note

iiia < 2maxdf|ag — &’Ea[0] Sp D=1 = (1) (C.60)
iiie < 2m<ax{\§i|\di|}En[@?]|ao —a| <p nF0=1/2) = 5(1) (C.61)

which holds by the following argument. Condition SM assumes that E[|d;|?] which in turn im-
plies that E[max;<, d?] < n*4. Similarly Condition ASTE implies that E[max;<, (7] < n?/7 and
E[max;<, 93] < n?/4. Thus by Markov inequality

max |d;| + 1Gil + |5:] Spna. (C.62)
1IN

Moreover, E,[02] <p 1 and |& — ag| <p n~/?

imposed in Condition SM imply (C.60)-(C.61).

by the previous steps. These bounds and g > 4
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Next we bound,

fiig < 2max |G| max [7(5 — Bg0) |[En[77]

<p 0 max [y <= S10BEV ) ), (C.63)

isn N

using (C.62) and that for fq = support(Sg0) U I, we have
max{a; (B = Bgo)}* < max [,z 113 = Byoll*,

where

a7 12 < [, mave i, Sp s mae

by the sparsity assumption in ASTE and the sparsity bound in Lemma 1, and since B[T] =
(XY XI)~X[I'(¢ + g — (6 — ag) D) we have
18 = Bgoll < 1B4(1) = Byoll + 1B (D + |6 — axo| - |Bp (DI Sp \/slog(p V n)/n
by Step 6(b), by
15T < V3oL B)IX'¢/nllo Sp v/slogp Vn)/n

holding by Condition SE and by § <p s from Lemma 1, and by Step 4, |& — ap| <p 1/y/n by Step
1, and

1Bp(T)|| < dpha(5)V5 max [Enfaijdy)] < ¢k, (5)VE max |/Ey[22,d2] <p /s

1<j<p 1<j<p A

by Condition SE, § <p s by the sparsity bound in Lemma 1, and Condition SM.
The final conclusion in (C.63) then follows by condition ASTE (iv) and (v).

Next, using the relations above and condition ASTE (iv) and (v), we also conclude that
iy < 2max{wi(B = By0) }En[07]

s slog(pVn)

e =or() (C.64)

Spmax i[5 —=

Finally, the argument for iv = op(1) follows similarly to the argument for éii = op(1) and the

result follows. 0

APPENDIX D. PROOF OF COROLLARY 1

Let P, be a collection of probability measures P for which conditions ASTE (P), SM (P), SE
(P), and R (P) hold for the given n. Consider any sequence {P,,}, with index n € {ng,no +1, ...},
with P, € P, for each n € {ng,no + 1,...}. By Theorem 1 we have that, for ¢ = ®~(1
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v/2), limy, 00 Py, (o € [& £ c0y /v/n]) = @(c) — (—c) = 1 — 7. This means that for every further
subsequence {P,, } with P, € P, for each k € {1,2,...}

lim Py, (ap € [& £ co,, /v/nk]) =1—7. (D.65)
k—o0

Suppose that the claim of corollary does not hold, i.e.

limsup sup |P (ao €la+ Can/\/ﬁ]) —(1- 7)‘ > 0.

n—oo PeP,

Hence there is a subsequence {P,,, } with P, € P, for each k € {1,2,...} such that:
lim Py, (ag € [& £ oy, /vnk]) #1—7
k—ro0

This gives a contradiction to (D.65). The claim (i) follows. Claim (ii) follows from claim (i), since
P CP, for all n > nyg. O

APPENDIX E. PROOF OF THEOREM 2

We use the same notation as in Theorem 1. Using that notation the approximations bounds
stated in Condition HLMS are equivalent to [[Mzg|| < 6,n'/* and [Mzm| < Sunt/4,

Step 1. It follows the same reasoning as Step 1 in the proof of Theorem 1.

Step 2. (Behavior of i.) Decompose, using D =m + V
i =V'C/n+m' Mzg/vn+m M //n+V Mzg//n— VP /V/n.

ESN =:1p =:ic =4
First, by Condition HLMS we have ||Mzg|| = op(n'/*) and [Mzm| = op(n'/*). Therefore
lia| = |m' Mzg/v/n| < v/nl|Mzg/v/nll|Mzm/v/n|| Spo(l).
Second, using that m = X B0 + Ry and m' Mz( = R} .¢ — (5m(I) — Bmo)' X', we have

[iv| < [RpuC/V/n] + (B () = Brmo) X'¢/ /A
<Ry ¢/l + 1B (1) = Broll | X/¢/v/nlloc
<SP Vs/n+ /s {o(n™) + \/s/n}/log(p V n) = o(1)

This follows because

RGNl So v BT S /o7

by Chebyshev inequality and Conditions SM and ASTE(iii),
1Bia(T) = Bl < VE+5l1Bu(T) = Buoll Sp v/ {o(n™*) + /s/n},
by Step 4 and § = m <p s by Condition HLMS, and

1X'¢/Vnllee Sp V/log(pV n)

holding by Step 4 in the proof of Theorem 1.
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Third, using similar reasoning and the decomposition g = X 3,0 + R4 conclude

lic| < |RLV/Val+ [(By(I) — Byo) X'V/ /]
<SP Vs s {o(n™) +V/s/n} \/log(p v n) = op(1),

Fourth, we have

lial < |Bv (1) X'¢/v/nl < |1Bv D)X ¢/ Vil Sp VIsloglp Vn)]2/n = op(1),
since | X'¢/v/nlloo Sp v/1log(p V n) by Step 4 of the proof of Theorem 1, and
1By (Dl < VEIBv (DI < VEI(XT)X[T)/n) "' X[T)'V/nl|
< Va0 GIVEIX'V/ i/ Sp sy/Tog(p V n)]/n.

The latter bound follows from 5 <p s by condition HLMS so that ¢! (5) <p 1 by condition SE,
and again invoking Step 4 of the proof of Theorem 1 to establish || X'V/\/n|lc Sp /log(p V n).

Step 3. (Behavior of ii.) Decompose

ii = (m + V) Mz(m +V)/n = V'V/n+m' Mpn/n + 2m' MV /n — V'PV/n.

E5 =11 B

Then |iiq| <p o(n'/?)/n = op(n~=1/?) by condition HLMS, |iiy| = o(n~'/?) by reasoning similar to
deriving the bound for |ip|, and |ii.| Sp [slog(p V n)]/n = op(1) by reasoning similar to deriving
the bound for |ig4|.

Step 4. (Auxiliary: Bounds on ||Bm(f) — Bmol| and Hﬁg(f) — Boll.) To establish a bound on
184(I) — Bgo|| note that

IMzg/v/nll = | 1 X (By(T) = Byo) /v/nll = 1Ry /vl |

where ||R,//n|| <p +/s/n holds by Chebyshev inequality and Condition ASTE(iii). Moreover, by
Condition HLMS we have [|Mzg/v/n|| = op(n™Y/4) and 5= |T| <p s. Thus

o™+ V/s/n Zp X (By(D) = Bo) /vl
> V/Gmin(s + D) 15,(1) — Bool
2 11B5(D) ~ Booll

since \/@min(s +3) 2p 1 by Condition SE.
The same logic yields ||Bm(f) — Bmoll Sp \/s/n+ o(n=4).

Step 5. (Variance Estimation.) It follows similarly to Step 7 in the proof of Theorem 1 but using
Condition HLMS instead of Lemma 1.
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APPENDIX F. PROOF OF COROLLARY 2

The proof is similar to the proof of Corollary 1.

APPENDIX G. VERIFICATION OF CONDITIONS FOR THE EXAMPLES

G.1. Proof of Corollary 3 (Verification for Example 1). Let P be the collection of all regres-
sion models P that obey the conditions set forth above for all n for the given constants (p, b, B, ¢z, q).
Below we provide explicit bounds for ', £”, ¢, C, §,, and A,, that appear in Conditions ASTE, SE
and SM that depend only on (p,b, B, q;,q) and n which in turn establish these conditions for any
PeP.

Condition ASTE(i) is assumed. Condition ASTE(ii) holds with |ag| < C{*TF = B. Condition
ASTE(iii) holds with s = p and 7¢; = 7, = 0.

Condition ASTE(iv) holds with 63T := p?log?(p V n)/n — 0 since s = p is fixed. Finally, we
verify ASTE(v). Because ¥; = v;, (; = ¢; and the moment condition E[jof|]+E[|¢![] < C5*TF = 2B
with ¢ > 4, the first two requirements follow. To show the last requirement, note that because

E[||zi]|%] < B we have

n 1/qa
p <max |zi oo > t1n> <P [Z HxinI] >t | < nE[||zi]|%]/t% < nB/tl = ARSTE,
i=1

1<i<

(G.66)
Let t1, = (nlogn)/% BY% so that AfnSTE = 1/logn. Thus we have with probability 1 — A{STE

Joax. l|s]|2 sn /2210 < (nlog n)?/ % B2/ 9apn~1/2+2/0 —. GASTE
(2

It follows that (5§4nSTE — 0 by the assumption that 4/q, +4/q < 1.

To verify Condition SE note that

P(|[En[zizi] — Elziai]|| > ton) ZZ ” i ZZ Qntg il

k=1 j=1 k=1j=1
_ pE[i]* ] _ pB% N
S nt%n = nt%n P

Setting to, := b/2 we have AJF = (2/b)2B%%p/n — 0 since p is fixed. Then, with probability
1 — AYF we have

)\min (En [xzx/])

2

Amax (En, [33133;])

max (E[2iz]]) + || En [iz]] — Elz;27]|

b/2 =: K/,
E[||zi||?] + b/2 < 2B¥% =: 5"

AN WV
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In the verification of Condition SM note that the second and third requirements in Condition
SM(i) hold with ¢f™ = b and CP™ = B%49. Condition SM(iii) holds with 6{™ := log3p/n — 0

since p is fixed.

The first requirement in Condition SM(i) and Condition SM(ii) hold by the stated moment

assumptions, for ¢; = v; and ¢; = (;, y; = d; and §; = y;,

Elf] <B=:4;
E[ldf]] < 297'E|2}Bmol?] + 27 E[|vf[] < 297 E[[|:[| )| Bmol|? + 297 E[|v] ]
< 2071(BY/% B1 4 B) =: A,
E[d}] <2)(BY%B*+ B)=: A,
Elyf] < 3ol *E[d]] + 3% Beo || Elll:]|*] + 3*E[¢]]
< 33B423 A, + 33B1BY % 1 33BY1 = A3
max E[z737] < max (Blz;])'/2(B[g/)"? < BY%(B[j])/* < BY% (A, v A5)'/? = A4
1<y<p 1<y<p
_ 3 3 . 3/q 3. 3/a+3/qz _.
lrgfng[lxmez\ ] = lrgfng[l%lE[lezl |zi]] < B max E[lz};] < B : As
max 1/BE[z};] < 1/Amin(E[ziz]]) < 1/b=: Ag
1<5<p

since 4 < ¢ < ¢,. Thus these conditions hold with C§™M = Ay Vv (A; + (AL V A3)'/2 4+ Ay + As + Ag).

Next we show Condition SM(iv). By (G.66) we have maxici<y |22, < (nlogn)?/% B?/% with
probability 1 — AfnSTE , thus with the same probability

n2/%p log(p VvV n)

5 slog(nVp) 2/
rglganXszlloo - < (Blogn) -

_. SSM
- 5171

since g, > 4 and s = p is fixed.

Next for ¢, = v; and ¢; = (; we have

P E, —E (5 - ZJ Z B4/q+4/qm ASM
(1](2]32(10‘( _ )[ Ti;€; \> > ;n 5SM 2 < n(5257{w)2 =: A7,

by the union bound, Chebyshev inequality and by E[z} Ty e}l = E[:z:?jE[(—:;l | z]] < BY9t4/9 | Letting
5%\/[ = B2/4t2/0:n=1/% _ () we have Aijy = p/nl/2 — 0 since p, B, q and ¢, are fixed.

Next for 3, = d; and y; = y; we have

p 4/qz 4/q
. z]yz pB A8 . SM
; <1I£l?<xp‘( Bl > 95 > Jz; n(65M)2 < n(ssM)? Ao

by the union bound, Chebyshev inequality and by

U Ed T T 4
Ela;§!] < Elef]TE[5" < Elafy)¥ - B[g1 < BY =AY
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holding by Holder inequality where 4 < ¢ < ¢, such that 4/¢+4/G =1, and

E[gf] < (1437 aol)E[d]] + 3971 |Bgo | B[ [J]|7] + 3¢ E[¢]]
< 39(Ay + BIAy + BIBY% + B) =: Ag.

Letting 5?%\/[ = B4/%A§/qn_1/4 — 0 we have Agé\/[ = p/nl/2 — 0 since p, B, q and ¢, are fixed.

Finally, we set c =M C = max{CATE CPSTE oM CoMY 5, = max{§{15TE §iSTE
SPM 4 55M 4 55MY 5 0, and A, = max{A{ITE L ATM L ASM AFEY 0. O

2n >

G.2. Proofs of Corollaries 4 and 3 (Examples 2 and 3). We will make use of the following

technical lemma in the verification of examples 2 and 3.

Lemma 2 (Uniform Approximation). Let h; = x0,+p; be a function whose coefficients 0, € SG(p),
and £ < Amin(E[zi2]]) < Amax(E[ziz)]) < &. For s = AY*n1/22 q > 1, define Buo as in (4.31),
Thi = hi — Bho, for i =1,...,n. Then we have

raal < llzilloo (/) 3/2{ L/ + 5[5 /m} il

Proof. Let Ty, denote the support of Spg and S denote the support of the s largest components
of 0. Note that |T,| = |S| = s. First we establish some auxiliary bounds on the ||6,[T}]| and
10n[T5]]]1. By the optimality of T}, and S0 we have that

VEI( = 21810)?) < VE@ISTOIST+ pi] < VR[S +/Elp?] and

VI = 4810 = \/E{x}(61, — Buo) + pi}?) > VEIORITE] = /Elo?]
Thus we have |0, [T5]|| < /F/£l|0n15¢| + 21/E[p?]/£. Moreover, since 0, € S4(p), we have

0
|9h Sc ||2 Z Hh(g Z j—2a < A28—2a+1/[2a o 1] < A28—2a+1
Jj=s+1 Jj=s+1

since @ > 1. Combining these relations we have

10n[TF]| < /E/kAs™ at1/2 4 9\ [E[p?]/r
= VE/EVs/n+ 21/E[p?]/E.

The second bound follows by observing that

10 [T51 11 \fH@h[ThﬂS]IIJrH@h[ U < VsllOn[TE]] + As™ ! /[a — 1]
< \/7Tn\/RTE + 2,/5E /m+(s/f)/[a—1]
< FT/ATE ofla - 1] +z\/

By the first-order optimality condition of the problem (4.31) that defines (9, we have

Elai[Th) i Thl 1 (BrolTh] — On[Th]) = ElwiThlzi[T5) 104 [T5) + Elz:[Th] pi].
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Thus, since ||E[z;[Th]pi]|| = supy, =1 E['z:[Th]pi] < supj, =1 E[(/z:[Th])? | we have
580 = On[Thlll - < RIOTEII + |/ FE[p]]
<Vs/n (7] &) +\JElp}] VE(L+21/R/k)

where the last inequality follows from the definition of s = A'/9n1/2¢ Therefore

Irhil = 1hi — 28nol = [25(0n — Bro)| + |pil
< [|zilloo[10n = Brollr + [pil
< Vsl ZilloollOn, — Broll + |Zillool|Onrell + [pil
< Nwilloo{v/52/n (R/5)** + 1/ sE[p?] /& /R/E(1 + 2¢/k/K)}+
+@illoo(v/52/n/E /8 afa — 1] + 24 /sE[p?] /K) + |pil
< Nwilloo(R/8)32{28=L /5% /n + 5[ sE[p?] /} + |pil-

Proof of Corollary 4 (Example 2). Let P be the collection of all regression models P that obey
the conditions set forth above for all n for the given constants (k, <, a, A, B, x) and sequences p,
and 0,. Below we provide explicit bounds for «/, ", ¢, C, 6, and A,, that appear in Conditions
ASTE, SE and SM that depend only on (&, &, a, A, B, X), p, 6, and n which in turn establish these
conditions for any P € P. In what follows we exploit Gaussianity of w; and use that (E[|n/w;|*])1/* <
Gr(E[|n/w;]?))*/? for any vector 7, ||n|| < co, where the constant G}, depends on k only.

Conditions ASTE(i) is assumed. Condition ASTE(ii) holds with |ag| < B =: C{*9TF. Because
Om, 04 € S%(p), Condition ASTE(iii) holds with

_ aAl/a, 1/2a _
s=A / n / y  Tmi = m E ZZJ/BmOJa and Tgi = g Zz § ZZJIBQOJ
7j=1

where ||Bmollo < s and ||Bg0llo < s. Indeed, we have

2

Er2,] <E Z Om()Zi() <K Z 07%1(]») < RA%s720 /(20 — 1) < Rs/n

j=s+1 j=s+1

where the first inequality follows by the definition of S,,9 in (4.31), the second inequality follows
from 6,, € S%(p), and the last inequality because s = Alapl/2a - Similarly we have E[rgi] <
EI(S o O i)?) < RAZS—2041 /[20 = 1] < fes/m. Thus let CH5TE = /7.

Condition ASTE(iv) holds with §{¥5TF .= A%/apl/a=11og?(p v ) — 0 since s = AYepl/2e A is

fixed, and the assumed condition n'=®/@10g?(p v n)log?n < 4,
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The moment restrictions in Condition ASTE(v) are satisfied by the Gaussianity. Indeed, we
have for ¢ = 4/x (where x < 1 by assumption)

E[Gl7 <207 E[|¢]]] + 207 Elr[] < 297 GY(ECH)? + ElrZ]7?)
< 297 GHRY? + RI2(s/n)1/?}
< 21GIRY? = C4'STE

for s < n, ie., n =T = AY Pl Similarly, E[|5;]9) < C4*TF. Moreover,

[E[¢797] — E[¢Pv?]|

7 Z 7 Z

=

[¢? mz]+E[ i Z]+E[ i gz]

B[CHE[r +\/E . +\/E[ JE[]
GZRE[ ]+GZFGE[ ]+G2 [roiElry]
G2R2{2+ Rs/n}s/n =: 655TF — (.

INCIN NN

Next note that by Gaussian tail bounds and Apax(E[w;w}]) < & we have

[E[zillloc + maxicn [z — Elzi]lleo

<
< VE + /2R log(pn) with probability at least 1 — ALSTE

where A{STE = 1/, /2% log(pn). The last requirement in Condition ASTE(v) holds with ¢ = 4/x

max;<y || 7] oo

(G.67)

max| |z 2, sn~1/2 /9 < 67 log(pn) A *ne = N/2 = gITE

with probability 1 — AASTE By the assumption on a, p, x, and n, (5ASTE — 0.

To verify Condition SE with ¢,, = log n note that the minimal and maximal eigenvalues of E[z;x}]
are bounded away from zero by £ > 0 and from above by & < co uniformly in n. Also, let p = E[z;]

so that x; = #; + pu where Z; is zero mean. By constriction E[z;z}] = E[#;%] + py/ and [|p|| < V/E.
For any n € RP, ||n|lo < k := slogn and ||n|| = 1, we have that
En[(1':)%] = Bl(1/2:)%] = En[(/2:)?] — B[(n/2:)*] + 20'En[2:] - .
Moreover, by Gaussianity of z;, with probability 1 — AYF. where AJF =1/ \/Wg(pn) ,

1n >
[ EnlZi]l < [l En

| [Z]loc < Vk+/2R1og(pn)/ v/
'l <l llnll < VE.

IN N

By the sub-Gaussianity of #; = (E[z;z}] — up/)~/?¥;, where ¥; ~ N(0,1I,), by Theorem 3.2
in Rudelson and Zhou (2011) (restated in Lemma 11 in Appendix G) with 7 = 1/6, k = slogn,
a = 4/8/3, provided that

n > N, := 80(a’/7%)(slogn) log(12ep/[rslogn)]),

we have

(1= 7)’E[(n'7:)*] < Eal(n'7:)*] < (1 + 7)°E[(n'7:)?)
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with probability 1 — A7F | where ATF = 2exp(—72n/80a*). Note that under ASTE(iv) we have
APF — 0 and

nsP = max{n : n < N, } < max{(12¢/7)** A2, 80%(a®/71) A% n*}
where n* is the smallest n such that 6, < 1.

Therefore, with probability 1 — A7 and n > ngf, we have for any n € R?, ||n]lo < k and ||n|| = 1,

Enl(n2:)?] 2 E[(12:)?] = |Eal(n'2:)°] — El(n'2:)?]]
> E[(n'z:)?] = [En[(n'2:)?] — B[(7'2:)?]| — 2|n'En[%]] - |0’ pl
> E[(n'z;)?]{1 — 27 — 72} — 2R+/2klog(pn)//n
> B[('2:)?]/2 — 2&+/2klog(pn) /v
since 7 = 1/6 and E[(n/#;)?] < E[(n'z;)?]. So for n > n3f = 288k(k/k)? log(pn) we have

(bmin(s log n)[En[ach;]] = ﬁ/3 =K.

Similarly, we have

En[(n'2:)?]

/

2]+ [Enl(n'2:)?] = E[(n'2:)?]]

)+ [En[('2:)%] — E[(0'2:)?]] + 210'Ep[24]] - 1 p
D21+ 27 + 72} 4 2R\/2k log(pn) /v/n

7;)?] + 2k+/2k log(pn)//n

n'z;)?]. So for n = n3¥ := 2klog(pn) we have

7

/
7

/

INCIN NN
B
sPEpap
S .3
8 8 8

—

—~

3
~

since 7 = 1/6 and E[(/%;)?]

N
=

Gmax (s1logn)[Ep[z2h]] < 4k =: K.

The second and third requirements in Conditions SM(i) holds by the Gaussianity of w;, E[(; |
x;,v;i] = 0, Elv; | ;] = 0, and the assumption that the minimal and maximum eigenvalues of the

covariance matrix (operator) E[w;w}] are bounded below and above by positive absolute constants.

The first requirement in Condition SM(i) and Condition SM(ii) also hold by Gaussianity. Indeed,

we have for ¢; = v; and ¢; = (;, y; = d; and y; = y;

E[lof[] + E[I¢]] <2 'GH(ERZ)Y2 + (E[C7))Y?} < 21GERY? =: A,

Eld][] <27 'E[|6;,2%] + 27 E[[o]|] < 297 G(E[|6;,,2[*])7/* + 297 G(E[v7])*/2
< 297 G0, ||9RY? 4 2971 GERI? < 29GIRIZ (1 + (24)9) =: Ay
[d?] < 2E[|6),2i|%] + 2E[v?] < 280, + 2R < 2R(4A42% + 1) =: A}
Elyf] < 3|ao*Eld]] + 3E[|0), 2] + 3E[(7] < 3B%A) + 3A) + 3k =: Aj

max<j<p B[z 77] < maxicj<p(Elz5)2(E[F)Y? < Gf maxi<j<, B[z ]E[77]

< GIR(Ay v Az) = Ay

maxi<j<p Bllzijeil®] < maxicjep(E2f])2(E[ef])/? < Gf maxi<jcp(Elz)])*2 (E[e}])*/?

< GOR3 =: 45

maxicj<p 1/Elz ZJ] < 1/ Amin(E[w;w]]) < 1/k =: Ag
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because ||6,,| < 24 and ||6,|| < 2A since 6,,,0, € S%(p). Thus the first requirement in Condition
SM(i) holds with C5™ = A,. Condition SM(ii) holds with C§M = Ay + (AL V A3) + Ay + A5 + Ag.

Condition SM(iii) is assumed.

To verify Condition SM(iv) note that for ¢, = v; and ¢; = (;, by (G.67), with probability
1— A.flSTE’

max;<p /B [mfgef < max;gp \4/ En[m§j]\4/ Ey,[€f] (G.68)
< {VE + 2k log(pn)} max;<, (‘/En[mfj] </En[e§].

By Lemma 3 with k& = 4 we have with probability 1 — A7M | where A7M = 1/n

In >

max;j<p {/Enlay] < E[zi]lloo + maxjcp v/ En[(zi; — Elzyg])’]
< VE + VE2C + VEn4 21og(2pn) < 4CVE

for n > n§M = 41og?(2pn). Also, Lemma 3 with k = 8 and p = 1 we have with probability 1 — A7M
that

(G.69)

VB, [€8] < 278C% + 2mn~Y4210g(2n) < 20C% (G.70)

for n > ngM = 16log?(2n). Moreover, we have
R YE[28)YE[8] < GER?
[nax Elz;€;] < [max El[z;;]\/Elef] < G

Applying Lemma 7, for 7 = 2AASTE + Aln , with probability 1 — 87 we have

/21 (2 2V2GER?
max |(E, — E)[ z; é?] o8 p/T (max E,[zhel], 1 — 1)V M
J<p 1<]<p J Vn

where by (G.68), (G.69) and (G.70) we have
Q(maxi<j<p /Enl fj H,1—7) < R&*/2log(pn)80C3.
So we le:c M = 640C°R2,/ %\/log(pn) \Y% 2\/5613/22 — 0 under the condition that log?(p V

n)/n < o,
SM

Similarly for ¢; = d; and y; = y;, by Lemma 3, we have with probability 1 — Ai]lw , for n > ngy

we have

[E{g:]| + /B[ — ElG])°]
[AL v A3]Y2 + (20C2E[§2])Y? < 6C[AL v Az]Y/2.

8 *8 <
Ealgi] < (G.71)

<

Moreover, {/E[75] < G2E[§?] < G2[A} v A3]. Therefore by Lemma 7, for 7 = 2A{5TE + ASM,

with probability 1 — 87 we have by the arguments in (G.68), (G.69), and (G.71)

max |(E, — E)[z}

zg 7,]|

4T Al
<4 %\/Emlog(pn)élcx/ﬁ(?)ﬁcamé V As]) v QﬁGS%Q v As] = o5M

where 65 — 0 under the condition log?(p Vv n)/n < &, — 0.
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We have that the last term in Condition SM(iv) satisfies with probability 1 — A{STF
1 %
max ||:L‘ZH§Ow < 67 log(pn) AV =142 og(p v n) =: 65M.
n

Under ASTE(iv) and s = AY%n!/2% we have 65M — 0.

Finally, we set ng = max{n{i>"% nSE nsF ngf ngM nsM}, C = max{CASTE CPSTE 2C4STE OfM
C5M}, 6, = max{0y, 6577, 65T §3M 4-65M +-65M} — 0, and A, = max{33ALSTFL16ATM  ATEY —
0.

O
Lemma 3. Let f;; ~ N(O,O'JQ-), oj < 0, independent across i =1,...,n, where j =1,...,p. Then,

for some universal constant C' > 1, we have that for any k > 2 and v € (0,1)

P <max {En | fENE > 0CVE+on™VF\/2 log(2p/’y)) <.

1<j<p

Proof. Note that P(E,[|f5]) > M) = P(| 5]k > Mn) = P(|f;]lx > (Mn)V/%).

Since ||| flle = llglle| < |f —glle < ||f — gl|, we have that || - |5 is 1-Lipschitz for k£ > 2. Moreover,

Elll£5lx] < Bl 1EDYY = QCENAEMYE = o * @A)V
1=1

= n!B{a kM2 (k4 1)/2) /T (1/2)}F < n'/FoVRC.

By Ledoux and Talagrand (1991), page 21 equation (1.6), we have
P(1f 5l > (Mn)'%) < 2exp(—{(Mn)/* — B[ £5]14]12/202).

Setting M := {oVkC + on~*/2log(2p/7) }*, so that (Mn)'/* = n'/*o\/kC + o/210g(2p/7) we
have by the union bound and o > o;

P(max E,[|f5[] > M) < p max PE,[|f5]] > M) <.

1<g<p 1<y<p

Proof for Corollary 5 (Example 3). Let P be the collection of all regression models P that obey
the conditions set forth above for all n for the given constants (f, f,a,A,b, B, q) and the sequence
8n. Below we provide explicit bounds for «/, ", ¢, C, 6, and A,, that appear in Conditions ASTE,
SE and SM that depend only on (f, f,a,A,b, B, q) and 6,, which in turn establish these conditions
for all P € P.



INFERENCE AFTER MODEL SELECTION 57

Conditions ASTE(i) is assumed. Condition ASTE(ii) holds with |ag| < B =: C{*TF. Because
Om, 0y € S%(p), Condition ASTE(iii) holds with

1/a, -+
SZA/n2“7 Tmi =M § 5m0] Zz and ng—g Zz § 5g03

where ||Bmollo < s and ||Bg0llo < s. Indeed, we have
2
B2 <E | X uPoe) | | <F X 0 < FA% /20— 1] = fi/n
j=s+1 j=s+1
where the first inequality follows by the definition of (3,9 in (4.31), the second inequality follows
from the upper bound on the density and orthogonality of the basis, the third inequality follows
from 6,, € S%(p), and the last inequality because s = Alapl/2a - Similarly we have E[rgi] <

E[(Zj25+l Hg(J)ZZ(]))Z] < f_A2872a+1/[2a — 1] = fs/n Let CéqSTE = \/7

Condition ASTE(iv) holds with §{:5TF .= A%/apl/a=11og?(p v n) — 0 since s = AYon!/?% A is
fixed, and the assumed condition n!=%/%10g?(p v n) < §,, — 0.

Next we establish the moment restrictions in Condition ASTE(v). Because f < Amin(E[z;2]]) <
Amax (E[z;21]) < f, by the assumption on the density and orthonormal basis, and max;<;, ||7;/|oc <
B, by Lemma 2 with p; = 0 we have

_ 2a — 1 - 20 — 1
max [rmg| V |rgi| < 1mla<); ||$i||oo(f/i)3/2ﬁ\/ s2/n < B(f/f)3/2 TV s2/n =: 5§4nSTE

1<i<n

where 0557 — 0 under s = A/*n'/2¢ and a > 1.

Thus we have
E[Gl7 <297 'E[|¢][] + 27 'E[IrL]] < 2971 B 4 2971 (6557 F)4
20713 1 901 (ASTEYd = CASTE,

IN N

Similarly, E[|9;]9] < C4£5TF. Moreover, since 6457 — 0 we have

[E¢757] - El¢7o7)l < E[¢ mz]+E[ 5iV7] + Blrirg]

i Y ~= gt Ui
< VBB + /B LB + |l JEl )]
< 232/q(5§4nSTE)2 + (5é4nSTE)4 —- 534nSTE 0.

Finally, the last requirement holds because (1 — a)/a + 4/q < 0 implies

H‘1<aX||l,i||gosnfl/2+2/q < BZAl/anl/Zafl/ZJrZ/q —. 5fnSTE -0,
n

since s = Al/apl/2a gnd max;<n [|%i|lco < B.

To show Condition SE with ¢,, = logn note that regressors are uniformly bounded, and minimal
and maximal eigenvalues of E[z;z;] are bounded below by f and above by f uniformly in n. Thus

Condition SE follows by Corollary 4 in the supplementary material in Belloni and Chernozhukov
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(2013) (restated in Lemma 10 in Appendix G) which is based on Rudelson and Vershynin (2008).
Let

67F .= 20 B+/slognlog(1 + slogn)y/log(p vV n)\/logn/v/n
and AYE = (2/f)(65F)% + 6t F(2f/f), where C' is an universal constant. By this result and the
Markov inequality, we have with probability 1 — A7F
K = f/2 < dmin(slog 1) [Ep[z:2}]] < dmax(slogn)[Ep[z:xl]] < 2f =: &
We need to show that A7F — 0 which follows from §7F — 0. We have that

Vnl/2a | nl/2a
55 < QCB(l—i—A) log?(n)+/log(p V n) _9CB(1 + A)? logn [log( p\/n
Jn n2/3 nl/3

By assumption we have log® p/n < §,, — 0 and a > 1 we have 677

The second and third requirements in Condition SM(i) hold with C$* = B9 and ¢f™ = b by

assumption. Condition SM(iii) is assumed.

The first requirement in Condition SM(i) and Condition SM(ii) follow by, for €; = v; and €; = ¢,
Yi = d; and g; = y;

E[lvf | + E[¢/l] <2B=:A
E[|d]]] <207 'E[|0),2:]Y + 29 E[jv]]] < 297|001 {E[||l2:]1%] + 2971 B

< 2071(2A4)9B7 + 2971 B =: A,

E[d?] < 2f0m]? + 2E[v?] < 8f A% + 2B¥1 =: A},

E[yf] < 3laolE[d]] + 3]0y [IFE[]| 23] + 3E[¢]
< 3B%2AL + 1242B? + 3BY1 =: A3

maxi<j<p Blz;g7] < B?E[f7] < B*(A) V A3) =t Ay
maxicjp Bllzijel’] < BYE[f|] < BPBY1 =: A5

maxi<jep /B3] < 1/ Amin(Blaial]) < 1/F = Ag
where we used that max;<, ||z;||cc < B, the moment assumptions of the disturbances, [|0,,| <
10m]1 < 24, ||64]1 < 2A since 6,,,0, € S4(p) for a > 1. Thus the first requirement in Condition
SM(i) holds with C5™ = Ay. Condition SM(ii) holds with C§M := Ay + (A v A3) + Ay + A5 + Ag.

To verify Condition SM(iv) note that for ¢; = v; and ¢; = (; we have by Lemma 7 with probability
1 — 87, where 7 = 1/logn,

2 max ,/2E[zx%. et
1<j<p el

max |(E, — E)[22,¢l]| < 4y/2ECM 0 (max  [E,[z4ed],1 - 1) v —

1<j<p iy " 1<j<p R

4 /210g(n?P/T)B2Q( /En[egl]’ 1— 7_) Vi 232\\/_/721 Ele}]

< 4y 2oalrlogn) g2 p2/atog gy = GFM

N

where we used E[e}] < B4 and the Markov inequality. By the definition of 7 and the assumed
on

rate log®(p V n)/n < 6, — 0, we have 6;M — 0.
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Similarly, we have for ¢; = d; and y; = y;, with probability 1 — 87

2 max 2E[x4].g;1]

B[22 21og(2p/7) 4411 _ 1<5<p '
fgf?pKEn E)[%?Jz” <4 n Q(lrgjagp En[xijyiLl T)V Jn

< 4/ 2Bl B2y B, [],1 — 1) v 2]

2log(2plogn
<4 %B%ﬁh logn =: 65M
where we used the Markov inequality and
Elji] < E[d] + 3%|aol'Eld]] + 3%10y | {E[[|2:[5,] + 3°E[¢]]
< AY7 4 33B4AY7 4 33(24)4B* 4 33BY1 =: A;.
By the definition of 7 and the assumed rate log®(p V n)/n < 8, — 0, we have 65M — 0.

The last term in the requirement of Condition SM(iv), because max;<y, ||%;|lcc < B and Condition
ASTE(iv) holds, is bounded by 65M := B2AYn1/2%10g(p v n)/n — 0.

Finally, we set ¢ = cfM, C' = max{C{5TE CSTE 200STE CfM ogM C5My,

< ASTE (ASTE sASTE (ASTE <SM SM SM
(571 = max{én, 51n ’5271 ’5371 ?5471 ?5171 + (5211 + 5Z'm } — 07

A, =max{16/logn, AJF} 0. O

APPENDIX H. PROOF OF THEOREMS 3 AND 4.

The two results have identical structure and have nearly the same proof, and so we present the

proof of Theorem 3 only.

In the proof a < b means that a < Ab, where the constant A depends on the constants in
Condition HT only, but not on n once n > nyg = min{j : 4; < 1/2}, and not on P € P,,. For
the proof of claims (1) and (2) we consider a sequence P,, in P,, but for simplicity, we write P
throughout the proof, omitting the index n. Since the argument is asymptotic, we can just assume

that n > ng in what follows.
Step 1. In this step we establish claim (1).

(a) We begin with a preliminary observation. Define, for t = (¢1,to,t3),

P(y,d,t) = d(yt; t2) — {a _1d)—(zj53_ f) —to — ty.

The derivatives of this function with respect to t obey for all k = (k:j);?:l eN:0< |k <3,
OF 0y, d, 1) < L, Wy, dit): |yl < Ol < Clta| S C, /2 < Jt3] <1 ¢/2, (H.72)
where L depends only on ¢ and C, |k| = Z?Zl k;, and

k ._ ak1 k2 oks
OF = 0, 0, 0
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(b). Let
h(z) = (§(0,2),§(1 ), (=), ho(z:) == (9(0,2:),9(1, 2:),m(=))',
F i diyzi) = (i dis (20)), fo (Wi, iy 22) = (3, di, ho(22)).
We observe that with probability no less than 1 — A,

9(0,-) € Go, g(1,) € Gy and m € M,
Ga:={z = a'B: ||Bllo < sC, |1238 — g(d. z)llp2 S San ™/, 238 — 9(d, z0) P00 S On),

M= {z = A@'B) : |Bllo < sC, |A(@iB8) = m(zi)lp2 S Sun™ V4, | A(@B) = m(zi)llp,co S G}

To see this note, that under assumption HT (P), under condition (i)-(ii), under the event occurring

under condition (ii) of that assumption: for n > ny = min{j : §; < 1/2}:
156 — g(di, z)llp 2 < NF(B = Byo)llp,2 + lIrgille,2 < 201F(8 = Byo)llen2 + Irgillp2 < 48un =4,
1258 — 9(di, i) P00 < 1Z3(B — Bgo)lIp,co + I7gillp,c0 < KnllB — Bogll + 0n < 205,
for g = Bg, with evaluation after computing the norms, and noting that for any 3
238 — 9(1, 20)llp2 V [|278 — 9(0, z)llp2 S 1738 — g(di, 2)) |p2
under condition (iii). Furthermore, for n > ny = min{j : §; < 1/2}:
[A(ZiB) —m(zi)llpe < [[A(2iB) — A@iBmo)llp2 + [Irmillp.2
S N1OM ol T (B = Brmo)llp,2 + [l7millp2
S OA o ll#(B = Bro) B2 + I7mille2 S dun ™"/
IA(@G8) = m(zi)llpoe < IOAlloo[|Z5(B = Bgo)lIP,co + lI7millp,o0
S KnllB = Bmollt + 6n < 265,
for g = Bmo, with evaluation after computing the norms.
Hence with probability at least 1 — A,,,

he My = {h=(5(0,2),5(1,2),m(z)) € Go x G x M}.

(c) We have that
Qp = E[fho] and & = En[fﬁ]a
so that

Vn(a — ao) = Gulfae] + (Gulfn] = Gulfne]) + V(Elfn = fao),
with h evaluated at h = h. By the Lyapunov central limit theorem,
o, ti~ N(0,1).
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(d) Note that for Az = h(ZZ) — ho(ZZ'),

iii = vn Y Blof(ys, di, holzi)Af]

Ik|=1
+ v Y 2 B[Ry, di, ho(zi)A]
Ik|=2
+ \/_Z/ 6 [0 Y (v, di, ho(zi) + AA) AL,
Ik|=3

= Qg + 1 + 110,
(with h evaluated at h = ﬁ) By the law of iterated expectations and because
E[0F(yi, diy ho(diy 2:))|diy 2] =0 Ym € N« |k| =1,
we have that
11tq = 0.
Moreover, uniformly for any h € H,, we have that
[idin| S Vollh = hollp 2 S Va(6an™ ) < 67,
litic| S v/nllh = hol[3 2llh — hollp.co S VR(8un™*)26, <55
Since h € ‘H,, with probability 1 — A,,, we have that once n > ny,

P(lidi] < 62) =1 —A,.

(e). Furthermore, we have that

lii] < sup |Gnlfa] — Galfaoll-
heHn

The class of functions G4 for d € {0,1} is a union of at most ( ) VC-subgraph classes of functions
with VC indices bounded by C’s. The class of functions M is a union of at most ( ) VC-subgraph
classes of functions with VC indices bounded by C’s (monotone transformation A preserve the

VC-subgraph property). These classes are uniformly bounded and their entropies therefore satisfy
log N(g, M, | - [[p,,.2) +log N(e, Go, || - [|p,..2) +1og N'(e, G, || - [[p,..2) S slogp+ slog(1/e).

Finally, the class F,, = {fn — fn, : h € Hp} is a Lipschitz transform of H,, with bounded Lipschitz

coefficients and with a constant envelope. Therefore, we have that

log N(e, Fu; || - lpn.2) S slogp + slog(1/e).

We shall invoke the following lemma derived in Belloni and Chernozhukov (2011a).
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Lemma 4 (A Self-Normalized Maximal inequality). Let F be a measurable function class on a
sample space. Let F'=supgcr |f|, and suppose that there exist some constants w, >3 and v > 1,
such hat

tog N (el Fllp, 2, 7, || - 120 2) < om(log(n V) + log(1/e)), 0 < e < 1.
Then for every § € (0,1/6) we have

ﬁup\G < Cy/2/6y/mlog(n V wy) suprHpg\/ suprH]pm ),

with probability at least 1 — § for some constant that C,,.

Then by Lemma 4 together and some simple calculations, we have that

lii] < sup |G (f)] = Op(1)y/slog(pVn)(sup [|fe, 2V sup | fllp2)
feFn feFn feFn

< Op(1)y/slog(p Vv n)(sup ||h— hollp,2V sup ||k — hollp2) = op(1).
hEH heHn

The last conclusion follows because sup,cq, [|h — hollp2 < dnn™ 1/4 by definition of the norm, and

sup [[h — hollp,2 < Op(1)- ( sup [[h — hollp2 + ||7gillp,2 + H?”mz'IIP,2> ;
heHn heH

where the last conclusion follows from the same argument as in step (b) but in a reverse or-
der, switching from empirical norms to population norms, using equivalence of norms over sparse
sets imposed in condition (ii) , and also using an application of Markov inequality to argue that

I7gillP,,2 + [IPmillp,,2 = Op(1)([[rgillp,2 + [7millp,2)-

Step 2. Claim (2) follows from consistency: ¢,/0, = 1+ op(1), which follows from &,, being a

Lipschitz transform of 7 with respect to |- |lp,, 2, once h € H,, and the consistency of & for h under
- [len.2-
Step 3. Claim (3) is immediate from claims (2) and (3) by the way of contradiction. O

APPENDIX I. TOOLS

1.1. Moderate Deviations for a Maximum of Self-Normalized Averages.

Lemma 5 (Moderate Deviation Inequality for Maximum of a Vector). Suppose that
s — 2iz1 Ui
=

NN

where U;; are independent variables across i with mean zero. We have that

P<maX\5\>‘1> 11— /QP)) 7<1+2>

1<5<p
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where A is an absolute constant, provided for £, > 0

1/2
/o (4, Bw?])
min M? — 1, M; = : 73
(E Zi:lEHUZjPD

by, 1<j<p !
The proof of this result, given in Belloni, Chen, Chernozhukov, and Hansen (2012), follows from

0< & (1-7/(2) <

a simple combination of union bounds with the bounds in Theorem 7.4 in de la Pena, Lai, and
Shao (2009) (see also (Jing, Shao, and Wang, 2003)).

1.2. Inequalities based on Symmetrization. Next we proceed to use symmetrization arguments
to bound the empirical process. In what follows for a random variable Z let Q(Z,1 — 7) denote its
(1 — 7)-quantile.

Lemma 6 (Maximal inequality via symmetrization). Let Z1,...,Z, be arbitrary independent sto-

chastic processes and F a finite set of measurable functions. For any T € (0,1/2), and § € (0,1)
we have that with probability at least 1 — 41 — 46

o (720} < {4/ ZToREIFI0) @ (ma VETETL1 - 7) b v 2mx (1672 5 )
Proof. Let
ein = VIRTIFTT) @ (o VEFZTLL 7). eau = max (1810 )
and the event & = {maxser /En [J2(Z)] < Q (maxfef VE(Z]1 _T)} which satisfies

P(€) > 1 — 7. By the symmetrization Lemma 2.3.7 of van der Vaart and Wellner (1996) (by

definition of ey, we have ,(z) > 1/2 in Lemma 2.3.7) we obtain

P{maxser |Gn(f(Zi))| > de1n V 2e2,} < AP {maxser [Gn(eif

< Zi))| > ein}
< AP {max e r |Gy (e f

Zi))| > enl|E} + 47

—~ o~

where ¢; are independent Rademacher random variables, P(g; = 1) = P(g; = —1) = 1/2.

Thus a union bound yields

P {1}163?_( |G (f(Z:))| > dern V 2€2n} < AT + 4| F| I;lea])__(IP’{\Gn(sif(Zi))| > e} (1.73)
We then condition on the values of Z1,...,7, and &, denoting the conditional probability mea-
sure as P.. Conditional on Zi,...,7,, by the Hoeffding inequality the symmetrized process

Gn(eif(Z;)) is sub-Gaussian for the Lo(IP,,) norm, namely, for f € F, PA{|G,(&;f(Z;))| > x} <
2exp(—22/{2E,[f?(Z;)]}). Hence, under the event £, we can bound
Pe {|Gn(eif (Zi))| > el Z1,..., Zn, €} < 2exp(—ei,/[2Ea[f?(Z:)))
< 2exp(—log(2|7|/4)).
Taking the expectation over Z1, ..., Z, does not affect the right hand side bound. Plugging in this
bound yields the result. O
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The following specialization will be convenient.

Lemma 7. Let 7 € (0,1) and {(z},¢;) € RP xR,i=1,...,n} be random vectors that are indepen-

dent across ©. Then with probability at least 1 — 87

— 21log(2 2F 13216;1
max |En[$22]622] —ElzZel]| < 4\/M Q <max En[xfjeﬂ, 1- T> V 2 max M

1<j<p J n 1<j<p 1<j<p n

Proof. Let Z; = wie;, f{(Z;) = a2, F = {f1,..., [}, so that n='2G,(f;(Z;)) = Ep[z?,€?] —

17 1) 171

E[z7;€7]. Also, for 71 € (0,1/2) and 72 € (0,1), let

=/ 4411 — = 2 2
e1n = /2 IOg(Qp/Tl)\/Q (lrgjaép En[xzjez]a 1 7—2) and ez, félﬁé(quGn(xljel)L 1/2)

where we have ez, < maxicj<p QE[J:?J-E?] by Chebyshev.

By Lemma 6 we have

_ de1n V 2e
P 2 2 2 2 1n 2n
m E CLES | — E €S e — < .
<1<ja§p‘ n[xwez] [x2]61]| > \/ﬁ > <dm +4m
The result follows by setting 71 = 72 = 7 < 1/2. Note that for 7 > 1/2 the result is trivial. O

1.3. Moment Inequality. We shall be using the following result, which is based on Markov in-
equality and (von Bahr and Esseen, 1965).

Lemma 8 (Vonbahr-Esseen’s LLN). Let r € [1,2], and independent zero-mean random variables
X; with E[|X;|"] < C. Then for any £, >0

Pr <|Z?=1 Xil gnn(ll/r)> < ¢

~
s
n 148

1.4. Matrices Deviation Bounds. In this section we collect matrices deviation bounds. We
begin with a bound due to Rudelson (1999) for the case that p < n.

Lemma 9 (Essentially in Rudelson (1999)). Let z;, i = 1,...,n, be independent random vectors

n RP and set

log(n A p
V0B AD) e Tl
\/ﬁ 1<i<n

for some universal constant C'. Then, we have

E | sup |En [(o/xi)Q - E[(a/xi)Z]] |] <02 4+ 6, sup \/E[(o/z;)?].

llef=1 lall=1

Qi

Op 1=

Based on results in Rudelson and Vershynin (2008), the following lemma for bounded regressors

was derived in the supplementary material of Belloni and Chernozhukov (2013)
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Lemma 10 (Essentially in Theorem 3.6 of Rudelson and Vershynin (2008)). Let x;, i = 1,...,n,

be independent random vectors in RP be such that \/E[maxi<;<p [|2i]|%] < K. Let

Op =2 (C_’K\/Elog(l + k)+/log(p Vv n)\/logn> /v/n,

where C' is the universal constant. Then,

sup |En [(o/a:i)2 — E[(o/a:i)Q]] |] < 5,% + 0n, sup E[(o/2;)?].

llallo<k,llafl=1 lallo<k,|lall=1

E

Proof. Let
V= sup [En[(@/2)" ~El(e/z)]]].
lello<k, [|af|=1

Then, by a standard symmetrization argument (Guédon and Rudelson (2007), page 804)

nE[Vy] <2EE. [Supllalloék,HaH:l 1> Ei(a’ﬂﬁi)2|] :
Letting

i

o(k) = sup En[(a'a:i)2] and (k) = sup E[(o/xi)Q]
llolfo<ke, ||l <1 lallo<k, ool =1

we have ¢(k) < ¢(k) + Vi and by Lemma 3.8 in Rudelson and Vershynin (2008) to bound the

expectation in ¢,

nEVi] <2(CvElog(l + k)/log(p V n)viogn) vnEs [maxign ||xi||oo\/¢)(k)}

2 (CVklog(1 + k)\/log(p V n)y/logn ) v/n\/Ey [max;<, |2:]| %] Ex [0(k)]

2 (CKVkElog(1 + k)+/log(p V n)y/Iog n) Vny/p(k) + E[Vi].

The result follows by noting that for positive numbers v, A, B, v < A(v + B)Y/? implies v <
A2 4 AV/B. O

NN N

The following result establishes an approximation bound for sub-Gaussian regressors and was
developed in Rudelson and Zhou (2011). Recall that a random vector Z € RP is isotropic if
E[ZZ'] =1, and it is called v with a constant « if for every w € RP we have

1Z"wll, = mf{t : Blexp( (Z'w)?/t*)] < 2} < of|wll2.
Lemma 11 (Essentially in Theorem 3.2 of Rudelson and Zhou (2011)). Let ¥;, i = 1,...,n, be

1.1.d. isotropic random vectors in RP that are 1o with a constant «. Let x; = Zl/Q‘Ili so that
Y = E[z;z}]. Form <p and T € (0,1) assume that

4
n> 80ma log <12€p> .

72 mr

Then with probability at least 1 — 2 exp(—72n/80a), for all u € R, |lullo < m, we have

(L =)= 2ullz < /Eal(zfw)?] < (1+7)|Z 2.
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For example, Lemma 11 covers the case of z; ~ N (0, X) by setting ¥; ~ N(0, I) which is isotropic
and 1y with a constant o = /8/3.
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Table 1. Simulation Results for Selected R Values

First Stage R=.2 First Stage R’=.2 First Stage R’=.8 First Stage R’=.8
Structure R =0 Structure R*= .8 Structure R>=0 Structure R*= .8
Estimation Procedure RMSE Rej. Rate RMSE Rej. Rate RMSE Rej. Rate RMSE Rej. Rate
A. Design 1. Quadratic Decay
Oracle 0.090 0.048 0.090 0.048 0.045 0.057 0.045 0.057
Double-Selection Oracle 0.102 0.050 0.102 0.050 0.143 0.047 0.143 0.047
Post-Lasso 0.137 0.205 0.110 0.064 0.402 0.987 0.489 0.974
Double-Selection 0.107 0.063 0.107 0.058 0.109 0.074 0.104 0.062
Double-Selection + Ridge 0.260 0.064 0.256 0.055 0.132 0.049 0.130 0.050
B. Design 2. Quadratic Decay with Heteroscedasticity
Oracle 0.139 0.060 0.139 0.060 0.066 0.062 0.066 0.062
Double-Selection Oracle 0.169 0.072 0.169 0.072 0.225 0.085 0.225 0.085
Post-Lasso 0.175 0.139 0.178 0.097 0.409 0.994 0.501 0.993
Double-Selection 0.165 0.098 0.167 0.081 0.162 0.082 0.165 0.083
Double-Selection + Ridge 0.308 0.060 0.290 0.058 0.183 0.064 0.185 0.075
C. Design 3. Quadratic Decay with Random Coefficients
Oracle 0.070 0.055 0.070 0.055 0.041 0.060 0.041 0.060
Double-Selection Oracle 0.114 0.056 0.114 0.056 0.151 0.058 0.151 0.058
Post-Lasso 0.105 0.082 0.131 0.133 0.329 0.940 0.435 0.953
Double-Selection 0.109 0.055 0.118 0.075 0.105 0.056 0.117 0.086
Double-Selection + Ridge 0.227 0.040 0.230 0.035 0.151 0.054 0.153 0.057

Note: The table reports root-mean-square-error (RMSE) rejection rates for 5% level tests (Rej. Rate) from a Monte Carlo simulation
experiment. Results are based on 1000 simulation replications. Data in Panels A and B are based on models with coefficients that decay
quadratically, and the data in Panel C are based on a with five quadratically decaying coefficients and 95 random coefficients. Further details
about the simulation models are provided in the text as are details about the estimation procedures. Rejection rates are for t-tests of the null
hypothesis that the structural coefficient is equal to the true population value and are formed using jack-knife standard errors that are robust
to heteroscedasticity; see MacKinnon and White (1985).
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FIGURE 2. This figure presents rejection frequencies for 5% level tests, biases, and
standard deviations for estimating the treatment effect from Design 1 of the sim-
ulation study which has quadratically decaying coefficients and homoscedasticity.
Results are reported for a one-step Post-Lasso estimator, our proposed double selec-
tion procedure, and the infeasible OLS estimator that uses the set of variables that
have coefficients larger than 0.1 in either equation (2.6) or (2.7). Reduced form and
first stage R? correspond to the population R? of (2.6) and (2.7) respectively. Note

that rejection frequencies are censored at 0.5.
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FIGURE 3. This figure presents rejection frequencies for 5% level tests, biases, and

standard deviations for estimating the treatment effect from Design 2 of the sim-

ulation study which has quadratically decaying coefficients and heteroscedasticity.

Results are reported for a one-step Post-Lasso estimator, our proposed double selec-

tion procedure, and the infeasible OLS estimator that uses the set of variables that

have coefficients larger than 0.1 in either equation (2.6) or (2.7). Reduced form and

first stage R? correspond to the population R? of (2.6) and (2.7) respectively. Note

that rejection frequencies are censored at 0.5.
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FIGURE 4. This figure presents rejection frequencies for 5% level tests, biases, and
standard deviations for estimating the treatment effect from Design 3 of the sim-
ulation study which has five quadratically decaying coefficients and 95 Gaussian
random coefficients. Results are reported for a one-step Post-Lasso estimator, our
proposed double selection procedure, and the infeasible OLS estimator that uses
the set of variables that have coefficients larger than 0.1 in either equation (2.6) or
(2.7). Reduced form and first stage R? correspond to what would be the population
R? of (2.6) and (2.7) if all of the random coefficients were equal to zero. Note that

rejection frequencies are censored at 0.5.
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FIGURE 5. This figure presents rejection frequencies for 5% level tests and RMSE’s

for estimating the treatment effect from Design 3 of the simulation study which has

five quadratically decaying coefficients and 95 Gaussian random coefficients. Results

in the first column are for the proposed double selection procedure, and the results

in the second column are for the proposed double selection procedure when the ridge

fit from (2.6) is added as an additional potential control. Reduced form and first
stage R? correspond to what would be the population R? of (2.6) and (2.7) if all

of the random coefficients were equal to zero. Note that the vertical axis on the

rejection frequency graph is from 0 to 0.1.
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Table 2. Estimated Effects of Abortion on Crime Rates

Violent Crime Property Crime Murder
Effect Std. Err. Effect Std. Err. Effect Std. Err.
A. Donohue Ill and Levitt (2001) Table IV
Donohue Il and Levitt (2001) Table IV -0.129 0.024 -0.091 0.018 -0.121 0.047
First-Difference -0.152 0.034 -0.108 0.022 -0.204 0.068
All Controls 0.014 0.719 -0.195 0.225 2.343 2.796
Post-Double-Selection -0.176 0.110 -0.034 0.042 0.012 0.165
Post-Double-Selection+ -0.157 0.111 -0.036 0.042 0.046 0.216

Note: The table displays the estimated coefficient on the abortion rate, "Effect," and its estimated standard error. Numbers in the
first row are taken from Donohue Il and Levitt (2001) Table IV, columns (2), (4), and (6). The remaining rows are estimated by first
differences, include a full set of time dummies, and use standard errors clustered at the state-level. Estimates in the row labeled
"First-Difference" are obtained using the same controls as in the first row. Estimates in the row labeled "All Controls" use 284
control variables as discussed in the text. Estimates in the row "Post-Double-Selection" use the variable selection technique
developed in this paper to search among the set of 284 potential controls. Estimates in the row "Post-Double-Selection+" use the
variables selected by the procedure of this paper augmented with the set of variables from Donohue Ill and Levitt (2001).



