A Service of

[ ) [ J
(] [ )
J ﬂ Leibniz-Informationszentrum
° Wirtschaft
o Leibniz Information Centre
h for Economics

Make Your Publications Visible.

Koo, Bonsoo; Linton, Oliver

Working Paper

Let's get LADE: Robust estimation of semiparametric

multiplicative volatility models

cemmap working paper, No. CWP11/13

Provided in Cooperation with:
Institute for Fiscal Studies (IFS), London

Suggested Citation: Koo, Bonsoo; Linton, Oliver (2013) : Let's get LADE: Robust estimation of
semiparametric multiplicative volatility models, cemmap working paper, No. CWP11/13, Centre for

Microdata Methods and Practice (cemmap), London,

https://doi.org/10.1920/wp.cem.2013.1113

This Version is available at:
https://hdl.handle.net/10419/79504

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.1920/wp.cem.2013.1113%0A
https://hdl.handle.net/10419/79504
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

cemmap

cenire for microdata methods and practice

Let’s get LADE: robust
estimation of semiparametric
multiplicative volatility models

Bonsoo Koo
Oliver Linton

The Institute for Fiscal Studies
Department of Economics, UCL

cemmap working paper CWP11/13

An ESRC Research Centre

Institute for Fiscal Studies, 7 Ridgmount Street, London WCIE 7AE Tel: 44 (0)20 72914800 Email:inffo@cemmap.ac.uk www.cemmap.ac.uk



LETS GET LADE: ROBUST ESTIMATION OF
SEMIPARAMETRIC MULTIPLICATIVE VOLATILITY
MODELS

Bonsoo Koo* Oliver Linton'

Monash University University of Cambridge
March 19, 2013

Abstract

We investigate a model in which we connect slowly time varying unconditional
long-run volatility with short-run conditional volatility whose representation is
given as a semi-strong GARCH (1,1) process with heavy tailed errors. We focus
on robust estimation of both long-run and short-run volatilities. Our estimation
is semiparametric since the long-run volatility is totally unspecified whereas the
short-run conditional volatility is a parametric semi-strong GARCH (1,1) process.
We propose different robust estimation methods for nonstationary and strictly
stationary GARCH parameters with nonparametric long run volatility function.
Our estimation is based on a two-step LAD procedure. We establish the relevant
asymptotic theory of the proposed estimators. Numerical results lend support to

our theoretical results.
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1 Introduction

There is a lot of empirical evidence that is consistent with time varying dependent
and heavy-tailed innovations in economic and financial time series. To some extent
the autoregressive conditional heteroskedastic (ARCH) or generalized ARCH (GARCH)
type of models address these features. However, there remain some issues. For instance,
one salient empirical feature often found in financial time series data is that return
volatility is higher during recessions. See Black (1976), Schwert (1989), and Bollerslev
et al. (1992). This is not compatible with many widely used models whose assumption is
based on constant unconditional return volatility. In addition, the estimation methods of
many of those models are based on assumptions (such as i.i.d. innovations and moment
conditions) that are violated often in financial time series data, which renders their
estimators unreliable.

This paper proposes robust estimation of a GARCH type model that incorporates
time varying aspects of long-run volatility as in Engle and Rangel (2008) and heavy-
tailed innovation processes as in Jensen and Rahbek (2004a, 2004b) and Linton, Pan and
Wang (2010). We investigate a model in which we connect slowly time varying long-
run volatility with short-run volatility whose representation is given as a semi-strong
GARCH (1,1) model with heavy tailed errors. Our model accommodates the idea that
there are two different types of volatilities embedded in volatility processes we observed
in financial markets. One is the short-run volatility that reflects market risks. The
other one is long-run volatility that reflects the risks of real economic activity and is
slowly time varying. We focus on robust estimation of both volatilities given that our
approach does not require moment conditions of innovations usually required in the
other ARCH/GARCH type literature.

Our model can be considered as generalisation of Engle and Rangel (2008). However,
while Engle and Rangel’s model captures both time varying characteristics of the state
of the economy and many stylised facts of financial volatility, their approach neglects
the possibility that even short-run dynamics might not be a weakly stationary stochastic
process. In truth, high kurtosis and persistence of financial volatility are often found in
many datasets and this is incompatible with weakly stationary ARCH/GARCH models.
Moreover, their model is confined to the case of normal i.i.d. errors or at least errors
that have a large number of moments. One of the salient features in financial data is
fat-tailed distributions. When errors are leptokurtic, the existence of certain moments
of errors is not guaranteed. Therefore, weak stationarity assumption is unlikely to hold

in many cases. This paper incorporates heavy tailed errors in innovation process and



possible nonstationarity in short-run dynamics into their model.

Our relaxation of these conditions is important since it is well documented that
the residuals after GARCH filtering are heavy-tailed and far from normal. (Mittnik
and Rachev (2000), Rachev (2003)). Even after spline-GARCH filtering, heavy tailed
innovations of financial time series data remain. In Figure 1, we show a time series
of daily log returns of the Russian RTS index (RTS) along with the corresponding
conditional variance. It can be seen that there is time trending in the time series of
log returns of RTS. Figure 2 shows QQ-plot of log returns of RTS in the left panel
and QQ-plot of residuals after AR(2)-GARCH(1,1) filtering. This shows that even after
AR(2)-GARCH(1,1) filtering, the residuals are far from normal. Heavy-tailed errors
and nonstationarity poses a significant challenge to both estimation of parameters of
ARCH/GARCH type models and the asymptotic theories of their proposed estimators.

Heavy-tailed innovations are too important to neglect!
FHEFIGURE 1,2 ABOUT HERE***

Consequently, both nonstationarity and heavy tailed innovations should be allowed
for. This necessitates the development of robust estimation methods for such models.
We investigate a model under which the essential structure of Engle and Rangel (2008)
is generalized to allow for both these features and we develop estimation technology to
handle this case.

Whereas Engle and Rangel (2008) estimated the long-run volatility by a spline
methodology, we employ a kernel estimation methodology to make our asymptotic analy-
sis tractable. Moreover, our focus is on robust estimation of both the long-run and short-
run volatilities, which can be particularly useful for risk management such as Value at
Risk and expected shortfalls.

Our estimation approach is based on the least absolute deviation estimation (LADE)
in Hall, Peng and Yao (2002) and Peng and Yao (2003). The LADE is known to
have several advantages compared with least squares. Among those, robustness and
milder moment conditions are worth mentioning. The robustness feature becomes more
important for seemingly nonstationary financial data we consider in this paper. We
approach a strictly stationary and a nonstationary semi-strong GARCH (1,1) processes
separately since an assumption of stationarity makes our estimation procedure different.
We propose different robust estimation methods for nonstationary and strictly stationary
GARCH parameters with nonparametric long run volatility function. We establish the

relevant asymptotic theory of the proposed estimators.



The remainder of this paper is organized as follows. Section [2] briefly reviews rele-
vant literature. Section [3] introduces the model and the related framework. Section [l
suggests our estimation procedure for the unknown parameter function which captures
the long-run volatility and unknown parameters which capture the short-run dynamics.
Section [5| develops distribution theories in relation to our proposed estimators. Simula-
tion studies of our estimation procedure are explored in Section [6] Section [7] concludes.
The mathematical proofs are provided in the Appendix.

The following notations are used. The integral [ is taken over (—oo,c0) unless
specified otherwise. || - || denotes any norm over the relevant space. Let g be any
function from R? — R. |lgllc = sup [g(=)[, llgll, = ([ lg(x)|%dz)""%, [Iglly = (llgllo)?

zERY
and g™ (u) denotes the mth derivative with respect to u. Cy(b) denotes the space

of twice continuously differentiable real valued functions with first and second partial
derivatives of all of their arguments bounded by b and ||g||e < b. K}, (+) denotes K (-/h)
with [ K (u)du =1 and the corresponding bandwidth h (T') — 0 as T' — oo. Subscript
0 implies true values or function of unknown parameters or function. [E;_; is conditional
expectation on an information set F;_; including past information up to ¢t — 1. 1(A) is
the indicator function for the set A. C is a generic constant which may be different at

different places.

2 Literature Review

The long-run economic environment is known to be closely related to short-run move-
ments of financial markets. In addition, this long-run economic environment changes
over time, which will manifest itself in time varying long-run volatility. Nevertheless,
financial practitioners often rely on models whose concern focuses on only short-run
volatility by neglecting the time varying characteristic of this long-run volatility. In
fact, whereas there is plethora of literature whose unconditional volatility is assumed
to be constant, there has not been much literature which attempts to capture this time
varying characteristic of unconditional volatility with time varying conditional short-run
volatility under an unified framework. However, quite often, this apparently unclear re-
lationship between the long-run volatility and short-run volatility embedded in financial
data is too informative to neglect given that financial risk and ever changing environ-
ment of financial markets play a crucial role in the contemporary economics and finance
literature.

Quite recently, however, there have been a few attempts which incorporate changing



unconditional long-run volatility. Veronesi (1999), Engle and Rangel (2008) and Bikbov
and Chernov (2010). For example, Engle and Rangel (2008) proposed a model which
related high frequency financial risks to the low frequency macroeconomic risks based on
the assumption that the long-run volatility captures the macroeconomic environment.
They adopted semiparametric approach to capture both short- and long-run volatility.
Their model is designed to separate out the long run patterns of volatility detected in
the financial data. The estimated long run volatility is then used to empirically investi-
gate its causes. Later, Hafner and Linton (2010) extended their univariate multiplicative
volatility model to a multivariate one and provide the asymptotic properties of their pro-
posed estimators. In addition, Van Bellegem (2011) provided comparison study among
many locally stationary time series including a multiplicative model.

The long-run volatility in this paper is time varying. This time varying character-
istic of stochastic processes have gained a momentum. In particular, locally stationary
processes have lain at the centre of active investigation. See, for example, Dahlhaus
(1997), Giurcanu and Spokoiny (2004), and Koo and Linton (2012). However, quantile
regression analysis for time varying processes has emerged quite recently. See Zhou and
Wu (2010).

The short-run volatility in this paper is represented by a semi-strong GARCH (1,1)
process. This semi-strong GARCH process is not unknown elsewhere in the financial
econometrics literature. Drost and Nijman (1993) and Lee and Hansen (1994) inves-
tigated this process. Quite recently, Linton, Pan, and Wang (2010) extended their
results. Linton et al. (2010) studied the estimation of a semi-strong GARCH (1,1) with
Ee} = oo. They proposed that the semi-strong GARCH (1,1) process be estimated con-
sistently by least absolute deviations estimator (LADE) and quasi-maximum-likelihood
estimator (QMLE) under suitable regularity conditions. Moreover, asymptotic prop-
erties of both estimators for the semi-strong GARCH (1,1) process are also provided.
Specifically, in their paper, LADE is preferred to QMLE since the former is shown to
be asymptotically normal if Ele;|>*"® < oo and the conditional densities of loge? given
Fi(= o(...,ei_1,¢;)) satisfy some regularity conditions where F; denotes an informa-
tion set including the history of returns up to time t. Also, our semi-strong GARCH
(1,1) process could be nonstationary. Jensen and Rahbek (2004a, 2004b) developed the
distribution theory of the QMLE for a nonstationary GARCH (1,1) model with the as-
sumption of Elog (cpe? + 3,) > 0 and Ee} < oco. Jensen and Rahbek (2004a, 2004b)
explored Nonstationary GARCH models. In addition, there are an array of robust es-
timation methods regarding ARCH/GARCH type models. For example, Hall and Yao
(2003) and Peng and Yao (2003). After Hall and Yao (2003) pointed out that for heavy
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tailed errors whose fourth moment is infinite, the asymptotic distribution of QMLE be
nonnormal and be difficult to obtain directly from standard methods, Peng and Yao
(2003) suggested the LADE estimation method. Huang, Wang and Yao (2008) proposed
that the tail heaviness of the innovation distribution plays an important role in deter-
mining the relative performance of those two estimation methods. Most recently, Linton
et al. (2010) used the LADE to estimate the more general nonstationary GARCH (1,1)
model under the condition that the fourth moment of errors is infinite.

3 The Model

Suppose that we observe a time series {y; 7} fort =1,...,7, T =1,2,.... The process

{yt7T}tT:1 is assumed to follow the multiplicative volatility model given by

Yt = \/Tt,Tht,T = /Ti,19t,TEL, (1)

where 7,7(= 7(t/T)) is a positive deterministic time-varying long-run component of
volatility, g; 7 is a short-run dynamic process, which represents high frequency short-run
volatility, and ¢, is a strictly stationary and ergodic sequence of random variables such
that the (conditional) median of loge? is zero.

There are some notable features of our model. To begin with, {y;r} defines a tri-
angular array of observations. By its nature, {y: 7} is dependent and heterogeneous.
The process {y: r} is assumed to consist of a long-run component, which we interpret as
unconditional "volatility", and a short-run component which has temporal dependence
and which we interpret to be conditional "volatility". The long-run volatility is repre-
sented by a slowly time varying deterministic functionE] See Rodriguez-Poo and Linton
(2001) and Hafner and Linton (2010). In particular, we shall suppose that the long-run
volatility process 7,1 is a totally unspecified smooth function of timeE]

To justify the asymptotic theory for our estimators, we use the following rescaling
method. Let 7(.) be a function on [0, 1] and let

T =1/T), t=1,...,T.

!Unlike Engle and Rangel (2008), we let the long-run volatility be a totally unspecified function
of time without specifying factors that could contribute to this long-run volatility. This is because
our paper focuses on the separate estmation of those two distinct volatilities instead of finding the
underlying factors for changing long-run volatility.

2The function 7(.) can be either smooth or have a finite number of structural breaks in time. Even
though we focus on everywhere-continuous 7(.) in this paper, 7(.) that allows for a finite number of
breaks in time can be considered via some extension of Delgado and Hidalgo (2000) and Koo (2012).



Note that 7,1 depends on the sample size 7" and the domain of 7 (.) becomes more dense
in t/T as T tends to infinity; this renders many asymptotic results available. See Hirdle
and Tuan (1986), Robinson (1989), and Dahlhaus (1997). We drop the subscript 7" for
simplicity in the following wherever possible.

For the dynamics of short-run volatility, we model g, parametrically by considering
the first order semi-strong GARCH model given as

he = \/gses, g (¢) =w+ Oéhtzq + Bgi-1(9) (2)

where ¢ = (n,w,a, ), with n = go(¢),w > 0, a > 0, 3 > 0 are unknown parameters,
and {e;} is strictly stationary and ergodic. For nonstationary g;, we need to consider 7
as one of unknown parameters since the analysis is conditional on the initial observed
value, but for strict stationary ¢;, we can drop the parameter n from ¢.

We do not assume that {s;} is an ii.d. sequence of random variables. Instead,
we assume that {s;} is stationary and ergodic, which makes g¢; follow a semi-strong
GARCH model. The process g; does not necessarily have a weakly stationary solution
since we do not require oy + 3, < 1. Instead, we investigate g; according to whether
Elog (we? + By) < 0 or Elog (apef + 5,) > 0. It is worth noting that Theorem 1 in
Linton et al. (2010) states that defines a unique, strictly stationary and ergodic
solution if and only if Elog (ape? + 3,) < 0 (under some regularity conditions). In
addition, we do not assume that Ee} < co (the QMLE is well-behaved when Ee} < oo,
see Hall and Yao (2003)). In sum, we focus on two distinct cases in which ([2)) is either
strictly stationary but not weakly stationary or nonstationary. However, this non-weak
stationarity feature of ¢; in this paper incurs an undesirable consequence in our set-
up, since the weak stationarity condition can not be imposed on the coefficients of
g; any longerE] Due to a multiplicative relationship between unobservable long and
short run volatility components, without a further restriction, we cannot identify those
two different volatilities separately. Therefore, a serious identification problem arises
naturally. To avoid this difficulty, we impose a restriction on the long-run component

rather than on the GARCH coefficients. Also, instead of imposing moment restrictions

3Elog (ce? + By) < 0 is implied by ap + By < 1 when &, is i.i.d. with Ee? = 1 since
E [log (awei + By)] <InE [awe; + Bo] = In(ag + By)

from Jensen’s inequality. This implies that the condition for strict stationarity is weaker than that of
weak stationarity. However, when Ee? = oo as in our case, it is much more complex.



on {&;}, a median restriction is imposed on {g;} . Specifically, we assume that

/OT(u)du = 1, (3)
med(loge?|F,1) = 0, (4)

where med (X |F;) denotes the median of X conditional on F;.

Note that a median restriction (4)) is equivalent to med(e?|F;_1) = 1. Due to one
of the quantile characteristics, say the quantile does not change under any monotonic
transformation, logarithm and median operators can be switched. Therefore, it can be
said that the standard mean restriction, E (¢?|F;_1) = 1 is simply replaced by in
our model. Furthermore, this condition implies that the unconditional median takes the
same values, i.e., med(c?) = 1 and med(logs?) = 0[]

Volatility here is not associated with moments such as the variance. Instead, it is a
more general "scale" measure that is defined in the absence of such moments and which
would be equal to a constant times variance if the required moments were to exist.

As we will see shortly, the estimation procedures are different according to the as-
sumption on the {g;} process. We will investigate this in more detail in the following

section.

4 Estimation Procedure

In this section, procedures of estimation for are proposed. Recall that we have
two components to estimate in order to obtain the multiplicative volatility. Since h? is

equivalent to y2/7;, the equations we are to estimate can be given by and

2
9:(6) = w+a”t 4 Bgi 1 (6), (5)

t—1

subject to and . The process can be written as

log yf = log7; + log g; + log ef. (6)

4This follows because

E(1 (1o} > 0)] = B [E[1 (loge? > 0) [711]] = 5.



We consider two different cases. First, we assume that g, is a strictly stationary but
not necessarily a weakly stationary process. One salient example of this case is the
integrated GARCH model (IGARCH). The IGARCH model is strictly stationary even
though a+ 3 = 1. Since we do not assume any moments for g;, the usual approach is not
feasible. Secondly, we allow g; to be neither weakly stationary nor strictly stationary.

This requires a different approach.

4.1 Strict stationary {g;:}
4.1.1 Step 1 : Estimation of Long-run Volatility

Our estimation procedure consists of two main steps. The first step is to estimate 7 (.)
nonparametrically based on the kernel estimation method. The second step involves the
estimation of parameters of a semi-strong GARCH (1,1) model based on the estimate
from the first step. When {g;} is strictly stationary but not weakly stationary, we cannot
apply various results based on the classical framework of second order characteristics.
However, the implications of strict stationarity can be used. For instance, when {g;}
and {e;} are stationary, the median of {g;c?} is the same for all observations. Based on
this realisation, if we take the median of both sides of (€] with the restriction (), we

have

med (logy;) = log7 (t/T) + med (log g;c})
= log7(t/T)+ C =log7*(t/T), (7)

where C' = med (log g;¢?) . Since we have assumed that fol 7 (u) du = 1, for 7* specified
in (7)), then
)
T(u) = g7 ———, (8)

since, from
() 7 (uexp(C)

fol 7 (u) du ~ exp(C)

=71 (u).

We estimate 7(.) nonparametrically by the LAD method. It is worth noting that
the LAD method requires less moment conditions than the QMLE or regression based
estimation does. That is why our estimation is robust to the presence of heavy-tailed

innovations. From (7)), our kernel estimator for the long run volatility, 7 (u) can be



obtained as

T
log 7 (1) = arg min log y? — log 7 u—t/T), 9
g7 (u) gﬂh;\ gy; —log (w—1t/T) 9)

where K, (-) = K(-/h)/h with a kernel function K(-) and a bandwidth A > 0. Once we
obtain 7 (u), due to (3) and (8], we renormalize 7 (u) by calculating

)= ) (10

which yields our estimator 7 (u) for 7 (u) .

4.1.2 Step 2 : Estimation of Short-run Volatility

Since our focus is robust estimation and we do not assume Ee} < oo, we restrict ourselves

to the LAD estimation method "] The objective function we minimize is given by

St (¢) = XT: ‘logﬁf—loggt (ﬁb)‘ = XT:

t=v+1 t=v+1

y2
log =t — log g; ()|,

Tt

where ¢ = (w,a,3)" and v = v (T) is a non-negative integer. Therefore, the least

absolute deviations estimator for ¢ is as follows
&SLAD = arg m¢in St () - (12)

This can be motivated by the regression relationship

2
y
log T—tt = log {g: ()} + log £7,

°If the data satisfy certain regularity conditions (i.e., moment conditions), we could use the following
QMLE method. Note that h; is unobservable and can be written as h? = y?/7;. The log likelihood
takes the form given by

T

Z ) where l; (¢) = — (log g: (0) + gth(t@) (11)

where h2 = y2 /74, 7, is the estimator from the first step and g; is defined as . The initial QMLE is
the maximizer of given by

!

- 1 2
Oy = arg ml Z <1og g ( Ttggit(@) .

t=1



where the (conditional) median of log (¢?) is zero under the restriction (4)). The LAD es-
timator is known to be consistent and asymptotically normal under very mild conditions.

We extend this work to allow for estimated 7;.

4.2 Nonstationary {g;r}

We now turn to the case where {g;r} is not even strictly stationary. In this case, the
previous estimation method breaks down. Nevertheless, the following estimation method

can be used. Unlike the stationary case, we estimate parameters for the semi-strong
GARCH (1,1) process first. Then, based on the estimates for the GARCH parameters,

we estimate the long-run volatility.

4.2.1 Step 1 : Estimation of short-run Volatility

Recall that the parameter vector of the nonstationary {g;r} is ¢ = (n,w, a, ) with true

value ¢ = (19, wo, @, By). We have
logy; = log 7y + log g; + log e} = log 7 + log(w + ah}_, + Bgi—1 (¢)) + log &7,

where h? ; = y? ,/7;_1. In the neighbourhood of a time point u, 7(u) can be considered

as a constant, and therefore, in the vicinity of each time point u € [0, 1], we have

logy; = log[7(u) + a(u)hi | + B(u)gi—1 (¢))] +loge; + o(1) (13)
= log[r (U) ( )+a( Vyiy + 7(u)B(w)gi-1(¢)] + log e} + o(1),

since 7, — 741 = O(1/T) under our smoothness assumptions below. As seen from (13),
we estimate the parameters of short-run volatility up to some constant scale. However,
(13]) can be reparameterised as, for each sub-sample in the neighbourhood of each time
point u € [0, 1],

Yo = §t(&)5t (14)
a(9) = o+ay, + Bf]t—l(@

where O(= 7(u)w), &(= a), and B(= 7(u)3) with the initial gy. Note that (14) is
nothing but another nonstationary semi-strong GARCH process whose parameters are
¢ = (§o,@,@,3)T for each time point. Therefore, for each time point u € [0,1], this

family of nonstationary semi-strong GARCH processes can be estimated consistently

10



via the method of Linton et al. (2010) using the corresponding sub-sample to which
u corresponds. Following the method in Linton et al. (2010), we estimate ¢ for each
time point u. More specifically, the local LADE is defined as a local minimiser of the

following objective function

Sr <¢>) = ETJ ‘1ogyf—10g§t(¢) Ky (u—1t/T),

t=v+1

where v is a non-negative integer. That is, let

brap(u) = arg o 57(3). (15)

Integrate the estimator for éﬁ over u, we obtain an estimator for ¢, since, with ,
we have: fol T(uw)w(u)du = wfol T(u)du = w, fol a(u)du = «, and fol 7(u)B(u)du =
164 fol 7(u)du = (. Therefore, we let

&5:/0 %LAD(u)du' (16)

Specifically, we obtain & = [ &pap(u)du and § = fol BLAD(u)du. It is worth noting
that as explained in Theorem 2.(ii) and Remark 5 of Linton et al. (2010), it is known
that by taking any fixed value of (o, @), (&, 3) can be consistently estimated and hence
we can estimate (a, ) consistently.

4.2.2 Step 2 : Estimation of long run Volatility

We then use the relationship 5 = 7(u)B. We let

We could plug this long run volatility estimator back into the objective function to
estimate the short run volatility estimator for the GARCH parameters. We may iterate
between these two estimation problems, and the convergent values for 7, and ¢ are
conjectured to be more efficient. However, since this is beyond the scope of this paper,

we do not pursue this.
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5 Asymptotics

5.1 Distribution theory for multiplicative model with strict

stationary {g¢;}

To begin with we derive the asymptotic properties of the proposed estimators following
the procedure under the assumption of strict stationary {g;}. For the presentation of the
asymptotic analysis, the following notation is introduced. When {y;} would be strictly
stationary if it were not for time index 7 = ¢/7', then we can define a measurable function
® : [0,1] x R*® — R such that

wr =0 /T, 2) (17)

where 2y = (- - ,4-2,61-1, &) with {&:},., a stationary ergodic process. This represen-
tation is possible for the following reasons. In , {y: 1} depends on the time index
and all the past history of stationary ergodic process {},.,. From () and , the
underlying data generating process {y;r} is a measurable function of all the past his-
tory of {&;} and time index. Moreover, {y; 1} changes so smoothly over time that local
stationarity of {y:r} can be ensured for each time index. See also Zhou and Wu (2009).

Let &, (u) be a measurable random variable for all « € [0,1] such that &, (u) :=
® (u, Z;) with a cumulative distribution function F'(u, z, Z;)(= Pr(§, (u) < z)) forx € R
and u € [0, 1] and a continuous density function f (u,z, Z;). Note that this implies that
&, (u) is the local version of vy, r. For fixed time index u, {{, (u)} is a stationary process.
We drop Z; for f(u,z, Z;) in the following.

Assumption 1 (a) y. 7 is f-mizing with exponentially decaying mizing coefficients and
supy Ely; 7]° < 0o for somed > 1. (b) f (u, x) is uniformly away from zero and uniformly
continuous. (c) There exists C' and € > 0 such that ||§, (u1) — & (u2)||” < C'|lug — us
holds for all uy, uy € [0, 1].

Assumption 2 (a) ¢; is strictly stationary and ergodic, €2 is non-degenerate and for
some o > 0, there exists a G < oo such that E (|g;|*¢|Fi_1) < G a.s. (b) Conditional
on Fi_1, log (¢?) has zero median and a differentiable density function & (x) satisfying
E(0) =&(0) >0, and sup,cp 451 |&f (7) | < C < oo0.

Assumption 3 (a) 7 (u) is uniformly positive and twice continuously differentiable on
[0,1]; (b) T (u) is Lipschitz continuous, i.e. |1 (uy) — 7 (uz) | < C'luy — ug| for Vuy,us €
0.1]: () Jy 7 (w)du=1.
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Assumption 4 (i) For ¢ = (w,a, )" € © in strictly stationary {g;}, the parameter
space © is compact and ¢ € int (©) where int (-) denotes an interior point of the space of
interest; (ii) For ¢ = (n,w,a, 3)" € © in nonstationary {g;r}, the parameter space © is

compact and ¢ € int (©) where int () denotes an interior point of the space of interest.
Assumption 5 v — o0 and v/T — 0, as T — 0.

Assumption 6 The kernel K(-) is a bounded symmetric around zero function such

that: (i) it is continuously differentiable up to order r on R with 2 < r; (ii) it belongs
to L?, /|K(x)|da: < 00, /K(w)dac =1, [|K||5 = [ K*(z)dz < oo and the support

of K is contained in [—1,1]; (i) p,(K) = /xiK(m)dx =0,i=1,....,7r—1, and:

/ZL‘TK<$)d$ # 0, /|x|r|K(x)|dx < 00, ||llilm [|lul|K (u) = 0; () K() is Lipschitz

continuous, i.e. |K(u) — K(u')| < Clu— /| for all u,u” € R

Assumption 7 AsT — oo, h — 0, Th* — 0, Th/log T — oo andliminfy_,., Th'*? >
0 for & defined in Assumption|[]] (a).

Assumption [I] (a) is required to apply the invariance principle in Doukhan, Massart
and Rio (1995) for our semiparametric estimation and to obtain the Bahadur repre-
sentation for the limit distribution of our long-run volatility estimator as well as our
semiparametric estimation. For the Bahadur representation, we only need a-mixing in
order for the central limit theorem to hold. See Doukhan, Massart and Rio (1994) for
more details. However, S-mixing implies a-mixing. Assumption (b) is standard. In
particular, we require inf,c( 1) zer f(u, ) > 0 for the uniform Bahadur representation.
Assumption (c) implies that the process of interest changes smoothly over time, which
is consistent with stochastic Lipschitz continuity in Zhou and Wu (2009). This ensures
that the underlying data generating process changes smoothly in time. Also, this im-
plies that we do not consider the long memory dependence. Assumption [2| applies to
{&:}. This implies that our short-run volatility is represented by a semi-strong GARCH
model with heavy-tailed errors. Assumption [3] is required to ensure that our long-run
volatility is slowly time varying and ensures that our nonparametric LADE method and
asymptotic arguments based on local stationarity go through along with Assumption
[l Assumptions [4 and [f| are standard for the LADE of a semi-strong GARCH (1,1)
from Linton et al. (2010) and Peng and Yao (2003). Assumptions [6] and [7] are stan-

dard for nonparametric estimation except for liminfr ., Th'*?* > 0. The conditions
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that liminfr_ ., Th'*? > 0 and Th* — 0 are required for Bahadur representation and
Theorem [3| See Hall, Peng and Yao (2002).

Assumption [I] (a) further merits our attention. If {e;} were a sequence of i.i.d. ran-
dom variables with Ee; = 0 and Ee? = 1, the results in Carrasco and Chen (2002) could
be applied in order to verify Assumption .(a). Our model is much more complicated
and hence the results in the paper are not directly applicable. Nevertheless, if our focus
is restricted to a sequence of i.i.d random variables {&;} without any moment restriction,
we can provide some valid argument based on the results in Francq and Zakoian (2006)
whose contribution is to show [-mixing with exponential decay only under strictly sta-
tionarity without any moment condition on a general class of GARCH(1,1) processes.

Note that our model can be cast into the following framework

hy = \/@ﬁt
g = A(er-1) g—1 + Bler-1)

where hy = y/\/Tt, A(e1—1) = (agi + ) and B(g;—1) = w. Suppose &; is i.i.d. without
any moment restriction. Due to Theorem 3 in Francq and Zakoian (2006), {h.} in (1)) is
shown to be S-mixing with exponential decay given Elog(3 + ae?) < 0 and Assumption
A in Francq and Zakoian (2006), both of which are met under our setting. Since {y;}
is obtained by h;//7; where 7, is smoothly time varying, {y.} is also S-mixing with
exponential decay by the definition of mixing. Since our model assumes {¢,;} is strictly
stationary and ergodic instead of a sequence of i.i.d. {e;}, our situation is much more

complicated and more investigation is required. We leave this as a future research topic.

5.1.1 Long-run Volatility

Our asymptotic theory for the estimator 7(u) is based on Bahadur representation. It is
worth noting that asymptotic theories with respect to usual quantile regression involve
estimators whose representation are nonlinear, which makes usual asymptotic arguments
challenging. It is known that we could approximate these nonlinear quantile estimators
by linear forms via the Bahadur representation. See Koenker (2005) and references
therein for more details with respect to Bahadur representations. Also, since we obtain
7(u) from (10), the usual A-method comes into play and the asymptotic distribution

changes accordingly.
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Let &,(u) be as defined in the introduction of Section [5{ and let:

_ KB P @) [ ()
4f2(u, med(log & (u))

po(K)T (u) [7*(w)] [log 7 ()]
2 Y

br(u) = V(u)
Jo T (w)du — 7 (u)
o7 (w)duf?
where [log 7*(u)]® is the second derivative of log 7*(u) with respect to u and 7*(u) is

specified in @

[(u) =

Y

Theorem 1 Suppose Assumptions|i| - @ @ and@ hold. Then, for u € (0,1)
VTh (7(u) — 7 (u) — h?b(u)) —5N (0, Vy(u)).

Theorem |1 shows that for v € (0,1), our estimator for slowly time varying long-run
volatility is asymptotically normal. I'(u) is the first derivative of the continuous function,
™ (u)/ fol 7*(u)du and comes from the usual A-method. We next discuss how to conduct
inference about the functions of interest. Let V. denote the asymptotic variance for 7(u).

The consistent estimator of V. (u) can be constructed as

Vo) = K502 (u) [7(w)]* /472 (u, C(u)) (18)

where ¢ = med(log £?(u)) and with 7(u) is specified in @:

(W = g o (M) st

t=1

~

flula) = 3K (u _hf/T> " (yt _hf(w) |

S - I %(u)tdu - %gu).
[fol %(u)du}

REMARK. It would be of interest to test whether 7; is time varying or a constant.

Hirdle and Mammen (1993) proposed test statistics based on the Lo-distance between

a parametric estimate as a null and a nonparametric estimate as an alternative. This
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could be tested using the following approach.

Hy : 7(u)=1for Vu € (0,1)
H, : 7(u)# 1 for some u € (0,1)

The test statistic for this hypothesis test could be
1
T = Th/ [ (u) — 1]* w(u)du
0

where 7(u) is some weight function. It can be shown that under Hy, suitably scaled
T has a standard normal distribution. This test statistic is based on the weighted Lo-
distance between a parametric estimate as a null and a nonparametric estimate as an

alternative.

5.1.2 Short-run Volatility

In the second step, we estimate the short-run volatility g; via using our estimate 7(u)
from the first step due to h2 = y2/7,. Therefore, it is indispensable to show that 7(u)
is so close to 7o(u) that we can use the estimated 7(u) instead of the true functional
form of 7(u) for parametric estimation of short-run volatility. This is shown in the proof
of Theorem [2l Once we show this, the remainder of the relevant asymptotic theory is
analogous to that of Peng and Yao (2003).

Let us introduce the following notation. Let A; = (Agi(¢), A1s(0), At (¢)) ", where

dgilp) 1 11
Al?) = T @) T 1R

- agf((b) L t j—1 B?fj
A = S @ =" 76

_ Ogil9) 1 t jflgtz—j(¢>
) = o w2 g

Let £(+) be the density function of loge?, £(0) be the density function evaluated at the
median of loge?, and let ¥ = E (AA]) .

Theorem 2 Suppose Assumptions [1] - [] hold. Then, there exists a local minimizer
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b= (0,&,8)7 of Sr(¢) as in such that

VI (6= 60) <N (O’ 4521(0) E_l) |

We can conduct inference about the functions of interest by obtaining the consistent

estimator of the asymptotic variance for g}ﬁ(u) The consistent estimator of V}, can be

constructed as

where (with 2 = 32/7(u)g:(¢)):

E0) - TihZTZK( )

=1

5= 2 AGA @)

5.2 Distribution theory for multiplicative model with nonsta-
tionary {g:r}

To begin with, we state assumptions for nonstationary {g;r}. The following assumptions

replace any assumption related to strict stationary {g;}.

Assumption 8 Suppose we consider the model (1 (l) and (@) with Elog (el + By) > 0
and Fe} = oco. Let S(¢,7(u)) = E|logy? — log7(u) — logg; (¢)| < oo where ¢ =
(n,w,a, ). Then, there exists a unique pair (¢g, To(u)) which minimizes S(é,7(u

)

uniquely.

1/2

Assumption 9 In the case of Elog (aoe? + 3,) = 0, €2 is p-mizing with P <

oo where

p; = sup | Pr(B) — Pr(B|A)|
AeF? ,BEFS® Pr(A)>0

with F) = o(e,,i <t < j).

Assumption [§is a minimal high level assumption which ensures identification of both
the unknown parameter function of long-run volatility and the unknown parameters of

our nonstationary GARCH process. The primary reason behind this is that we are only
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able to estimate a local minimizer of (a, 5) given the local value of (n,w) due to non-
stationarity of our GARCH process. See Jensen and Rahbek (2004b) and Linton et al.
(2010). Assumption [§] ensures our estimation for (¢, 7o(u)) leads to the identification
of both long-run and short-run volatilities due to the uniqueness of the minimizer of
unknown parameters of the short-run GARCH process and the long run volatility func-
tion. Assumption [ ensures that if and only if Elog (ape? + 3,) < 0, the semi strong
GARCH (1,1) defines a unique, strictly stationary and ergodic solution, which implies
that {g;r} in this section is a nonstationary semi-strong GARCH (1,1) process.

5.2.1 Short-run Volatility

To begin with, we divide ¢ into 6 = (&, B)T and ¢ = (7,0)". Likewise, we set 0 = (a, 8) "
and ¢ = (n,w)". This is because we are not able to obtain the asymptotic properties of
the estimated ¢ due to nonstationarity. Rather, we can estimate § = (o, 3) " consistently
by taking any value of 1. See Linton et al. (2010) for more details.

We analyse the asymptotics for the short-run volatility as follows. To begin with,
we derive the limiting distribution of our local estimator for the short-run volatility
parameter for each time point u € [0, 1] along the line of Linton et al. (2010) and
Jensen and Rahbek (2004). Based on the limiting distribution of the local estimator, we
estimate the global estimator for the short-run dynamics.

The following notation is introduced for the local estimator for the short-run volatil-
ity parameter. Note that this is the local estimator and hence each parameter is the
function of u. However, unless any confusion is expected, we dispense with u for the

simplicity of notation, that is, ¢ = ¢(u). With respect to the model (14)), define
Ai(¢) = (A1(9), Az(@)) T where

~ ~ ~2 7 ¢ . 2 .
Au(o) = %5,(9) 1 :Zﬁjfl Yig

Azt(gb) = t~ 2 :Zﬂj_l%

Also, define the following two corresponding stationary and ergodic processes, D;(&, ) =



(D1, B), Dyr(&, ) where

00 J
Du@ ) = B W [
1 (avﬁ) ;60 (u)gt—]g 64()5?7]6—’—6’
Duad) = S]] -
2t (@, B) ;50 (U)g 5405,:2_1.3"‘5

Dealing with 4,(¢) directly is tricky since it might be nonstationary. Therefore, we
approximate flt(gb) by tractable stationary ergodic processes, D;(-) for our asymptotic
analysis. As is shown in Lemma 3 in Linton et al. (2010) and Lemmas 3 and 4 in Jensen
and Rahbek (2004b), Dj(-) approximates Ay (¢) in L, sense for i = 1,2.

For U being a uniform random variable on [0, 1], let

B | [P0y ee)] |
4£2(0) '

Vé:

Theorem 3 Suppose Assumptions [1] - [ hold. Let 1, be any fizved value of 1. Then,

there ezists a local minimizer 6 = (&, B)T such that
VT (é - 90) LN (0,V;) .

Note that 6 is derived from é by integrating 5 over u. In addition, according to
Remark 5 in Linton et al. (2010), (o, 3) can be estimated by taking any value of (o, ©).
One may estimate (go, @), but the asymptotic properties of the estimated (gy, ) have
not been obtained. In addition, it is worth mentioning that as is shown in the proof
of Theorem [3] the rate of convergence is O,(7~'/2) instead of O,((Th)~/2) when the
bandwidth h is properly chosen due to integrating the nonparametric kernel estimator
out over u. Moreover, the bias term does not come into play either. These are along the
lines of Zhang, Fan and Sun (2009). While they are concerned with local least squares
estimation method, we are concerned with local absolute deviation approach with the

Bahadur representation.
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5.2.2 Long-run Volatility

Since we estimate 7(u) by using

the limit distribution of 7(u) follows the limit distribution of é (u) very closely.
With € (0) as defined in Theorem [2] let:

2 0 u
O O 15 S
T 2/8 ’ T 452 (0) /32 22,1
Q2_21,1 = Q92 — Q0101 Qo
- . Q Q
ED,((u))D; (B(u)) =Q=| T *

Corollary 4 Suppose that the Assumptions in Theorem[3 hold. Then,

VTh(#(u) — 7(u) — B2 () =N (0, V*(u)).

6 Simulation Studies

This section provides our simulation results to examine the finite-sample performance of
our estimators for long-run and short-run volatilities. The data are generated from the
model with our GARCH (1,1) specification . To check robustness of our method,
we use two different parameter values for GARCH (1,1) and two different distributions
for the innovation. One is for the case where GARCH parameter implies non-weakly
stationarity but strong stationarity. The other one is for the case where {&;} has a very
thick tail. More specifically, for the first simulation study, we use the specification of
IGARCH (1,1) with student-t distribution with the degrees of freedom 5. That is, the
parameter vector for financial volatility is (w,n,a, )" = (0.0001,0.0001,0.1,0.9)" and
{e:} ~ t(5). For the second simulation study, we use the specification of GARCH (1,1)
whose parameter vector is (w,n, o, 3)T = (0.0001,0.0001,0.1,0.7) " along with student-¢

distribution with the degrees of freedom 2, i.e. {&;} ~ ¢(2)[] These are consistent with

OWhen the IGARCH parameter values as in the first simulation, (i.e. (w,m,a, )T =
(0.0001,0.0001,0.1,0.9) ") are combined with student-¢ distribution with the degrees of freedom 2, the
condition Elog(age? + B,) < 0 is not met and hence g; is nonstationary. Note that we do not pursue
a simulation study for nonstationary g; since limit variances of limiting distribution for 7 and 0 are
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our model. Since we want 7(u) to display expansions and contractions of a business

cycle, we set 7; as
7(u) = 0.001(0.5sin (47u)) 4 0.004.

We consider two different number of data to provide an asymptotic validity of our
approach. We create 600 and 2000 observations with 1000 iterations respectively. We
employ an Epanechnikov Kernel for the estimation of long-run volatility. Our bandwidth
is given by Silverman’s rule of thumb, i.e. h = std(u)T~'/5. All the results are found in
Appendix B.

For each simulation study, our estimates for parameters of the short-run GARCH(1,1)
models are provided in Table 1. Table 1 confirms that our estimates for GARCH pa-
rameters come closer to their corresponding true values as the number of observations
gets larger, which confirms that our estimates for GARCH parameters are consistent.
Table 1 also provides the mean squared error associated with each estimate for both
simulations and with 2000 observations, the estimates are close to the true parameter
value.

On the other hand, our estimates for long run volatilities of both simulation studies
are plotted in Figures 3 and 4 respectively. We truncate boundaries due to boundary
issues associated with the local constant nonparametric estimation. This boundary
issue is less problematic when you have more data as can be confirmed by Figures 3
and 4. Moreover, this issue can be well addressed when the local linear nonparametric
estimation method is adopted. These figures lend clear credence to our estimation
procedure. Figures 3 and 4 show that our estimates for the long run volatility functions
in our simulation studies are consistent because the estimates get closer as the number
of observations gets larger.

In sum, we conduct two simulation studies whereby two different specifications are
considered. The results from these simulation studies confirm that our proposed method

is quite robust to the change of parameter and distributional specifications.

7 Conclusion

This paper studies the robust semiparametric estimation of a multiplicative model which
combines the long-run volatility and the short-run volatility under a unified framework.
We allow for heavy tailed errors and time varying unconditional long-run volatility.

In addition, this has practical significance. Risk management such as Value at Risk

difficult to estimate due to several nuisance parameters in those quantities.
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and expected shortfall should be different between the recession and boom. Moreover,
robustness is essential for risk management.

Our estimation strategy primarily involves the separation of the long-run and short-
run volatilities. The proposed estimator for the long-run and short-run volatilities are
based on well-established nonparametric quantile regression and GARCH estimation.
Therefore, consistency results follow directly from those well-established estimation
methods given our estimation strategy.

It could be useful to derive the efficiency bound for our semiparametric model and
see whether our proposed estimator achieves this bound. However, it is non-trivial
given that our model contains a complicated data structure. The existing literature on
semiparametric efficiency bounds used a different approach in order to obtain efficiency
bounds for different models, i.e. a case-by-case basis. To the best of our knowledge,
there is no known semiparametric efficiency bound for trending dependent data without
strict moment restrictions. Although our model is too complicated to be covered by the
most recent literature, for instance, Ai and Chen (2012). Thus, we leave this intriguing

question as a future research topic.

Appendix A

Proof of Theorem 1. Let Sy(u) be defined as
A 2 1/2
Sr(u) = 2 {[logy; —log 7" (u) — (Th)~ P2 ()|} Kn(u —t/T)

where ¢(u) = VTh(log 7(u) — log 7*(u)) such that

~

.1
o(u) = arg;mn TST(U). (19)

Then, it can be verified that 1) is equivalent to @) with the relationship g%(u) =
(Th)'/?[log # —log 7*]. For simplicity of exposition, we introduce the following notation.
logy? =Y;, log 7*(u) = m(u), Y, = log y? —log 7*(u) = Y; — m(u). By construction, the
conditional median of Y; is zero since, for ¢ /T = u,

med|Y;(u)] = med[Y;(u) — m(u)] = 0
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To begin with, Sr(u) can be rewritten as
T
St(u) = Y AIY: — (Th) 26 ()|} K (u — t/T). (20)
t=1

For the asymptotic distribution of g}ﬁ(u), we need to find a linear approximation, say
Bahadur representation. In this end, we consider the sign function, sgn(z) = 1-2-1(z <
0). Note that sgn(x) is the left derivative of |z|. It is worth mentioning that the left
derivative of a check function in the quantile regression is used for the asymptotic analysis
of the quantile estimator. As is the case in the quantile regression, we define the following

sequence,

Wr() = i Wi(6)

where Wy (¢) = {|Y; — (Th)~2p(u)| — |Yi| + (Th)"Y2¢(u)sgn(Y:) } Ky (u — t/T). Tt can
be verified that

~

o= arg;nin Sp(u) = arg;nin[WT(@ — t:ZT:l ¢(w) sgn(Y1) Ky (u — t/T)]. (21)

5

Since sgn(x) =1(y > 0) — 1(y < 0), |z| = x - sgn(z), and |z — y| — |z| = —y - sgn(z) +
2y —2)(1(0 <z <y)—1(y <z <0)),

TE[ Wi (0)
= OTBI(Th)6(u) ~ V)(1(a) ~ 1(6))Kn(u — t/T)

where a :=0 < Y; < (Th)""2¢(u) and b :=(Th)""2¢(u) < Y; < 0 respectively.

Bl(Th)*2¢(u) — Y3)(1(a) — 1(6)) Kx(u — t/T)]
/ Kn(u—v /(% y)(1(0<g<%) _1(%<g<0))f(%ﬂ+m(u))dgdv
/0 Kh(u—v)/ﬂ%(é%—ﬂ)l(kwi%)f(u 7+ m(u))dy dv
_/o Kh(u_v)/]l{(é(j% — D s g f (w5 +mlu)) df dv



We can focus on A since the part B is analogous. Define ¢ = 3(7% and then ¢ — 0 as

T — 0.

O ) .
A = / (T = D ppesg (0.5 + m(w) di
_ / (€ = D)1 oegee f (s 5+ m(u)) d
_ /Oe(e—ﬂ)f(u,ﬂ+m(U))d@?

et+m(u)
:/ (e =y +m(u) f(u,y)dy

m(u)

e+m(u) e+m(u)
_ / (e +m(w)) f(u,y)dy — / yf(u,y)dy

m(u) m(u)

Following usual standard kernel estimation method and the mean value theorem, the

first term of the above quantity becomes

(e m(u)) [F( 4+ m(u)) — F(u, m(u))]
= (et mlw)ef () + 56O m(w) + of )]

The same argument applies to the second term and we can get
1, 2
A= 5 f (uym(u)] + o(57)

2 _ o(u)?
where ¢ = =5—. Therefore,

TE[ZWr(6)
= 2T/0 Ky (u —v)(%ez[f(u,m(u))] + 0,(€%))dv

_ Th/o K@ 2E D b+ ha)Jds + 0,(1)

Th
= fu,m(u)p*(u) + o,(1)
= f(u,med(log & (u)))d*(z) + 0p(1) (22)
From ,
ERr(9) = 0,(1) (23)
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where Ry (¢) = Wr(¢) — f(u, med(log £2(u)))$*(u). Moreover, using the similar method
in the proof of Theorem 1 of Hall, Peng and Yao (2002),

Pr z W)~ EWi(@)] > &) < —var(3 Wi(9)) (24)

IN

= o, ((Th)™?)

since the first term of the second inequality is 0,((7'h)~*/?) using the standard nonpara-
metric method and the second term of the second inequality is also o,((Th)~'/2) due to

covariance inequality in Doukhan (1994). This is expected since strong mixing ensures
the asymptotic independence. This implies Ry (p)—0 with 1) Combining 1) and

29,

Wr(6)—= f(u, med(log £ (1)) §* ().
This implies that from (21)),

¢(u)

¢(u) = argmin]f (u, med(log & ()))$*(x) — 3 sgn(Yo) Kn(u —t/T)] + 0,(1)

@ t=1

5

Let 2B+ be defined as

T

SBT(U) = ﬁ &

sgn(Ye) Kp(u—t/T). (25)
Then, by the usual first order condition,
2 (u, med(log &(u)))d(u) = (VTh) ™' Br(u) + 0,(1). (26)

This convergence is actually uniform on compact sets © for each fixed u due to convexity
Lemma in Pollard (1991, p187).

Recall that our aim is to obtain the asymptotic distribution of ¢(u)(= v/Th(log 7(u)—
log7*(u))). This can be achieved by deriving the limit distribution of the right hand
side of (26]). From Theorem 1 of Doukhan et al. (1994), the central limit theorem can be
applied to the right hand side of due to the assumptions of Theorem |1, Moreover,
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using the standard nonparametric estimation method,

u—"v

h
= /K x)sgn(Y; — m(x + hu)) f(u + ha)dz
(W pa (K )m'® (u)) /2.

EBr(u) = 1/sgn(Y m(u)) K ( )dv

In addition,
Elsgn(Y,) Kp(u —t/T)* = BEy(u —t/T)* = || K||3

Hence the following result holds.

W2 iy (K)m® (u)
2

(Th)"?[Br(u) — =N (0, || K| [3).

where m® (u) is the second derivative of log7*(u) with respect to u. Since ¢(u) =
(VTR) ' B (w)
2f (u,med(log £7 (u)))

I S e AN 1512
m@"g“l"“ - 2 )HN (0’ 17w, med(log & <u>>)’

+ 0,(1), we can conclude

where [log 7*(u)]® is the second derivative of log7*(u) with respect to u. Since 7* =

exp(log 7*) and %gof:) = 7*, due to A-method,

e B [0 for T ()] KB [ ()
VI (300) =70 2 ) (O’ 472(u,med (log €7 (u>>>

Due to and another A-method,

. R2 s (KT (u) [7(w)] [log 7* ()] 1513 [7*(w)]” T
\/ﬁ<7(u)—7’(u)— )—>N (O, e

2 (u, med(log & (u))
where )
F(u) — fo T*(lu)du — T*(u)
[fo 7*(u)dul?
This completes the proof. m
Proof of Theorem 2. It is worth noting that our two step estimation of long-

run volatility and short-run dynamics is based on the usual semiparametric estimation.
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Notice that the objective function of LAD estimation, takes a form of M (¢, 7(-))
where M (-)pay7r is a nonrandom measurable function such that M (¢, 7o(+)) = 0 with
¢y € © C R? and 7(-) € 7. That is, an estimator of a finite-dimensional parameter
¢ is obtained by using an estimator of an infinite-dimensional nuisance parameter 7.
In order for the infinite-dimensional estimator 7 to suffice instead of using the true
functional form 7 (-), there are two issues to show. These are the uniform Bahadur
representation and functional invariance principle for stochastic equicontinuity.

Let us start with the former. To begin with, let By (u) = [br,1 — br] where by — 0.
Under the assumptions of Theorem [l then from straightforward extension of Kong et
al. (2009) and Zhou and Wu (2009), the following holds.

sup | (u,med(og € (1)) (u) ~ m(u)) ~ Bo)] =0, (BL) 21
u€By,

where Bp(u) is defined as in (25) and m(u) = log 7*(u). implies that the true
function and its associated estimator are uniformly close.

For the latter, unlike Andrews (1994), and Chen, Linton and Van Keilegom (2003)
whose focus is this type of estimation with i.i.d. data, the theory involved in our setting
uses characteristics of S-mixing with the exponentially decaying mixing coefficients due
to Douhkan, Massart, and Rio (1995). For this, define a random process ¢;. Let &, = %

u)
and U = [u— h,u+ h]. Then, it suffices to show that under the assumptions of Theorem

@7

sgp|%ti11(ét x)l(uGU)—%il(eth)l(uGU) (28)

—{Pr(¢ < 2)Pr(ueU) —Pr(c < z)Pr(uclU)}| = o0,(T"?

IN

where Pr(¢ < z) is the distribution of & = % in the neighborhood of a time point w.
Let R be defined such that

R = 1E<z)l(ueld)—-1e<z)l(uecll)
—Pr(¢ < z)Pr(uel)+Pr(e <z)Pr(uel).

Then, R can be rewritten as

R =1(e < z+0x)1(u e U)—1(e < z)1(u € U)—Pr(e < 2+z) Pr(u € U)+Pr(e < z)Pr(u e U)},
(29)
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where § = % 1) is concerned with stochastic equicontinuity. To show , we
need the functional invariance principle in the sense of Donsker for S-mixing processes.
Due to Theorem 1 and eq. (2.11) in Doukhan et al. (1995) with the assumption
and the boundedness of the indicator function, this can be proven if the entropy with

bracketing with respect to R satisfies the following integrability condition,

TR, L a(P)) :/0 \/log/\/u(u,R,Lm(P))du < 0 (30)

where N (-) is the covering number, L., »(P) denotes functional space equipped with the
usual Orlicz norm associated with the function z — s(2?) and J(-) is the bracketing
integral. It is known that if »(x) = 2", L, o(P) = Lo,(P), the Orlicz norm is the usual
norm such that ||g|l2 = [[ |g(x)[*dP(z)]'/*" for any function g : X — R € Ly (P).
See Doukhan et al. (1995, pp 401-404) for more details. Let me begin with 1(e¢ <
z +0x)1(u € U) in (29). In order to show that holds for 1(e¢ < z + dx)1(u € U),
it suffices to show that 1(¢ < x + dx)1(u € U) is locally uniformly Lo, (P) continuous
with respect to x and k. For k; and ky such that |k — ko] < 0 and z; and 5 such that
|z1 — 29| < 4, the following holds

1y < z14+kz)l(ueld) —1(e; < xg+ kaxg)1(u € U)
S 1(|6t—$1 —]{?11’1| S |ZE1—.172+]{71{E1 —k2x2|)1(u€U)
< 1(leg — 21 — k| < sup |z — xo + ki — kaxe|)1(u € U)
|k:1—k‘2‘<(5,
|z1—22|<d
S 1(‘815—.1'1 —k1$1’ S ’(5+k1(§+51’2’) (31)

Using , the following holds. For r > 1,

E|[ sup [L(e;, < z14 ki) — 1(gy < 2o + koxo)]1(u € U]
|k1—k‘2‘<5,‘$1—$2|<5
< Pr(ygt—ltl—kl%ﬂ < ‘(5"‘]{715—'—(5!172‘)
< F(€<$1+k‘11’1+5+k’1(5+53§‘2>
—F(€ < I1+k1$1—(5+k15+(5$2>)§06—>0

The first equality comes from and the second equality comes from the definition
of the CDF. Therefore, the Donsker theorem holds for 1(¢ < z + §z)1(u € U), which
yields the desired result. For the other terms of , the similar argument applies due
to the straightforward extension of the result in Theorem 6 of Andrews (1994). Then,
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follows. From and , we can proceed to estimate the parameters of financial
volatility as if we knew the true functional form, 7(u). That is, we can use h, instead
of h;. Then, the problem can be dealt with as if it were a parametric situation just like
Theorem 1 in Peng and Yao (2003). As a result, the remainder is analogous to the proof
of Theorem 1 in Peng and Yao (2003). m

Proof of Theorem This proof is the local version of Theorem 2 in Linton et al.
(2010) along the lines of kernel nonparametric estimation. Just as Peng and Yao (2003)

and Linton et al. (2010), we define Z;(¢) = logy? —log §:(¢) and Z;(0) = Z,(9) )

where 0 = 0, + \/LT—hV, v = (v1,v2)" € R% From the usual nonparametric estimation, it

can be shown that 6(u) = 6 + \/LT—hﬁ where 7 is the minimizer of

T0) = 3 (1200 + (Th)20)| - | Z4(60)

t=v+1

) Ky(u—t/T) (32)

As is shown in Peng and Yao (2003) and Linton et al. (2010), since has the same

limit distribution as

THw) = Y (12u00) — (Th) /2T Al = | Zu(Bo)

t=v+1

).

where A; = (fht, /Igt)T with A;; defined in section we focus on 77 (v). In the

following, we use t = 1 instead of ¢ = v + 1 since the results are identical under the
assumption [5| due to Theorem 2 of Peng and Yao (2003). Since

|z —y| = |z| = =y - sgn(z) +2(y —2)(1(0 <z < y) — 1(y <z < 0)),

T T
THv) = —(Th)™'/? Z v Aysgn(log e?) Ky, (u — t/T) + 2 Z [(Th)’l/Qqult — log 5?]
t=1

t=1 —
X [1(0 <loge, < (Th)™Y2wTA) —1((Th)"Y2uT A, < loge? < O)] Kp(u—1t/T)
= Jir+ Jor

where

T
Fir = —(Th) 23" v Aysgn(log e2) Ky (u — t/T)

t=1

and Jyr is the remainder. For Jy7, note that {v" A,sgn(log?)} is a martingale difference
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sequence with respect to F;_; under the Assumption [2] Therefore, from the usual

nonparametric estimation and Lemmas 3, 4 and 5 in Linton et al. (2010),

u—z
h

1t
EJ;r = I/TE/ Aisgn(loge?) K ( )dx
0

12,2 O%F [At(é(u))}

1
= vl /O ]E[Atsgn(loggf) + 5 92 K(v)dv
O2E| A (6(u)) O2ED, (B(u
_ UThZItz(K)%LVTh?M(K)ﬁ’

where the stationary and ergodic process Dy () approximates A,(#) in L? sense. More-

over,
B [le]2 = v
Therefore,
B2 (K O2ED; (0(u))
(Th)"/* lmﬂu)—f i S VON TS (33)
where
T ~
Wr(u) = (Th)™ > v Aisgn(loge?) Kn(u — t/T), (34)
t=1

Q = E(D;D/) with D;; defined in section [5.2.1} For Jor, define

gL = [(Th)*l/%%t—loggf] 1(0 < loge, < (Th)™Y* " A)Ky(u —t/T),
2 [(Th)_l/zyT/L—loggf] 1((Th) 20T 4, < log 22 < 0)Ky(u — t/T).

Note that it can be shown that from (A.6) in Linton et al. (2010),

ZE[( 2(71’) - 2(72“))|~7:t—1] = A+ A +DB+ B

= A+ B1 +0,(1),
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T 1 uTAt
A = Z 1(v' 4, > O)/ / v [(Th)_l/QVT.%L - z] E(0) Kp(u — x)dzdr,
t=1 0 Jo
L Ut )
4 = Y104 >0) / / ()20 A~ 2] 6(2) — € (0)] Ku(u — 2)dzda,
t=1 0 Jo
T ~ 1,0 ~
B = Y1074, <0) / / @ T A -] ) Kt - )z,
0 v Ay
VTh

t=1

&
I
[M] =

1T A, <0) /0 1 / igt [(Th)—l/%vit - z} (& (2) — £ (0)] K (u — )dzda.
VTh

t=1

T

£(
2

>

1 [T 14 =
Al + Bl = @— Z/ [VTAtA;rV} Kh(u - {L‘)de‘
t=1 70

)
—

p
—

E(v' DD/ v) + 0,(1).

As a result,
. £(0)
> Bl — )| Fia] =BT DD ) + 0,(1), (35)
t=v+1

Define ji(u) = \/T_h(é(u) — A(u)). From 1) and ,
26 (0) E(D,D{ )jr(u) = (VTh)™'Br(u) + 0,(1).

where By (u) = (Th) ' Y., Aisgn(loge?) K, (u — t/T), which is the Bahadur represen-
tation of ji(u). Note that 20r(u) from has the relationship with B, (u) such that
W1 (u) = v Br(u). For the remainder, the similar argument as in Linton et al. (2010)
applies for each time point u by construction along with the proof of Theorem 1 in this
paper. This means that convexity is ensured for 7 (v) and 7 (v). Following

O2ED(0(u))

VTh <§(u) —O(u) — h ”Q(K)Q Bu? ) LN (0, 4”;5 ‘(|O2)Q—1> (36)

where & (-) is defined in Theorem , and Q = F (Dt(é(u)ﬂ)tT (é(u))) :
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From 1} and , we can derive the limit distribution of 8 in a similar way to the
proof of Theorem 5 in Zhang et al. (2009) due to asymptotic independence of kernel
estimator shown in Lemma 7.1 of Robinson (1983) under our $-mixing assumption[l m
Proof of Corollary Recall that

Note that

VTh(#(u) — 1o(u)) = VTh

where 3 = 8, 4+ O,(T~/2). Then, due to Theorem , the result follows. m
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Appendix B: Tables and Figures

Table 1. Estimates for the short run GARCH parameter (w, a, )

Simulation I ~ T=600 T=2000
w Q 15} w « I6]

estimate 0.0008 0.088 0.889 0.0009 0.097 0.896
Bias 0.0002 0.012 0.011 6.4e-5 0.003 0.004
MSE 0.0001 0.009 0.012 2.2e-5 0.003 0.005
Simulation II T=600 T=2000

estimate 0.0007 0.081 0.677 0.0009 0.092 0.689
Bias 0.0003 0.019 0.023 0.0001 0.008 0.011
MSE 0.0003 0.018 0.056 0.0001 0.008 0.021
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Russian RTS Log Retums (Sep. 1995 - Jul. 2012)
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Figure 1: 1) Daily Log returns of Russian RTS index (Sep. 1975 - Jul. 2012) (upper panel); (2)
Conditional Variance based on the AR(2)-GARCH(1,1) model (lower panel)
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QQ Plot of Log returns of RTS Data versus Standard Normal QQ Plot of standardized residuals versus Standard Normal
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Figure 2: 1) QQ-plot of log return of daily RTS index (Sep. 1995 - Jul. 2012) (left panel); 2) QQ-plot
of standardized residuals after the AR(2)-GARCH(1,1) filtering based on the same data as in the left
panel. (right panel)
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Figure 3:
(a) Simulation I: (w,n,a, )" = (0.0001,0.0001,0.1,0.9) T, {e;} ~ ¢(5).
(b) Truncation occurs at v = 0.1 and u = 0.9 to avoid usual boundary issue of nonparametric estimation.

(c) For the left and right panels, the number of generated data is 600 and 2000 respectively.
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Figure 4:
(a) Simulation II: (w,n,«, )" = (0.0001,0.0001,0.1,0.7) 7, {&;} ~ t(2).
(b) Truncation occurs at v = 0.1 and u = 0.9 to avoid usual boundary issue of nonparametric estimation.

(c) For the left and right panels, the number of generated data is 600 and 2000 respectively.
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