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THE PRICING OF DERIVATIVES ON ASSETSWITH QUADRATIC VOLATILITY

CHRISTIAN ZUHLSDORFF

ABSTRACT. The basic model of financial economicsis the Samuelsormodel of geometric
Brownian motion becausef the celebratedBlack-Scholeformulafor pricing the call option.
Theasses volatility is alinearfunctionof theassetalueandthemodelgaranteepositive asset
prices.In this paperit is shovn thatthe pricing partial differentialequationcan be solved for
level-dependentolatility whichis a quadraticpolynomial.lf zerois attainablepothabsorption
andnegyative assetvaluesare possible Explicit formulaearederivedfor the call option: a gen-
eralizationof the Black-Scholedormulafor anassetwhosevolatiliy is affine, the formula for
the Bacheliermodelwith constantvolatility, andnew formulaein the caseof quadraticvolatil-
ity. Theimplied Black-Scholesolatilities of the Bachelierandthe affine modelarefrowns, the
guadraticspecificationsmply smiles.

JEL ClassificationG12,G13

Keywords strongsolutions stochastidifferentialequation pptionpricing, quadraticvolatility,
implied volatility, smiles,frowns

INTRODUCTION

In their seminalarticle Black andScholeq1973)derive a formulafor the valueof a call option
if the underlyingassetfollows geometricor economicBrownian motion, a modelintroduced
by NobellaureatePaul Samuelsonkor anaccountof the developmentof the geometricBrow-

nian motion assetprice model and pre-Black-Scholeattemptsto price optionsin this model
seeSamuelsorf1964).

Despitethe overwhelmingsucces®f the Black-Scholesormulatherewereandareothermod-
els for assetprices.At the beginning of the centuryLouis Bachelier(1900) alreadytried to
evaluatederivativeswhenchangesn assefpricesarenormally distributed. This canbeimple-
mentedasa modelwherevolatility is a constanindependenof the assetvalue.Cox andRoss
(1976)developtheconstantlasticityof variance(CEV) modelwerevolatility is apowerfunc-
tion. Ingersoll(1997) usesa quadraticvolatility functionwith two real rootsfor an exchange
ratefutures.

In the following we first shaw that the conditionswhich are usually assumedo ensurethe
existenceof strongsolutionto a stochasticdifferential equation(SDE) can be considerably
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Financialsupportby Deutsche~orschungsgemeinschaBpnderforschungsberei@03, at the University of Bonn
andthe WalterAdolf Johr Stiftungis gratefullyacknavledged.
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PRICING WITH QUADRATIC VOLATILITY 2

relaxed: we only needlocal Lipschitz continuity of the coeficientsanda conditionon the drift,
boundednessn thediagonal

Thenit is shavn that the pricing partial differential equation(PDE) can be solved for level
dependenvolatility whichis the productof atime dependentunctionanda quadratigpolyno-
mial. This addsthe affine, the quadratic with onereal root, andthe quadmatic with no real root
volatility specificatiorto the rangeof modelswith closed-formpricing formulae.

For mostof the specificationgpresentedn this paperthe asses price procesango negative.

In this casethetwo arbitrage-fredoehaioursin zeroareabsorptioror to allow negativevalues.
We will shav thatfor quadraticvolatility the pricing PDE is explicitly solvablein bothcases.
Thisinvalidatesa critique oftenputagainsthe Bacheliermodel,thatit would allow asseprices
to becomenggative. In subsectior8.1 we derive the pricing formula for a call option in the

positive Bacheliermodelin closedform.

For real option markets,the choicebetweena normalor a lognormaldynamicsis not at all an
academione:

In addition, Bacheliers work seemegerfectlycredibleasthe market (euroyen)

startedpayingfor 100 calls (puts strudk at zeio) basedon the belief that the

possibilityof the market going negativecouldnot beruled out.
Taleb(1997,Perhap®8achelierwasright)

The structureof the paperis asfollows: sectionl specifieshe diffusion modelanddiscusses
the existenceof solutionsand pricing in the generalmodel.In section2, the solutionfor the
pricing function of a Europearcontingentclaim in the quadraticvolatility modelis given.In
section3, the formulaefor the value of a call option for the threepossiblespecificationsare
presentedconstantaffine,andquadraticln sectiord, the Black-Scholesmplied volatilities of
thesespecificationsare comparedlt turnsout that with modelsof this type a wide variety of
implied volatiliy smilesandfrownsis possible. Section5 concludes.

1. THE GENERAL DIFFUSION MODEL

Take africtionlessfinancialmarket wheretraderscancostlesslystoremoney andtradein anas-
setwhosediscountedor futures)price X is modeledasthesolutionto thestochastialifferential
equation(SDE)

dX = p(t, X) dt + o(t, X) dW X (0) = xo.
We assumehatW is aone-dimensionaBrownianmotionwith respecto astochastibase (2, (F;), P),
the filtration (F;):>o Satisfyingthe usualconditions.Notice that this is a modelfor the dis-
countedprice:for example,in the classicSamuelsomodelwith abond B asnumeraire

gzudt-l-adW dB =rdt
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it is theforwardprice X = S/B with dynamics
ﬂ
X

Assumption1.1. Thedrift functiony andthevolatility functiono arejointly continuousn (¢, x)

andlocally Lipsahitz-continuougloballyin z, ie, there are constantsk,, > 0 sud that

=(pu—r)dt+odW.

ult, z) — p(t,y)| + o(t,2) — o(t,y)| < Ko e —y|  forall zf,|y| <n.
It is well known that underthis assumptiorthe SDE hasa uniquestrongsolutionwhich may
explode,seeKunita(1984,Theoremil.5.2), explosionof the processX means
P{sup | X (t)| = o0} > 0.
t

It isacommonlyheldbeliefin theliteraturethatoneneeds lineargrowth conditiononthedrift
andthevolatility functionto ensurenon-eplosion.For example,Dumas,FlemingandWhaley
(1998)ensurdineargrowth by cappingtheir polynomialvolatility at50%

o(t,x) = z min (ao + a1z + asx® + asT + asT? + a52T, 0.5) ,

whereT is the maturity of the claim. Anderserand Andreaser{2000)specifythelimited CEV
Libor market modelwith atruncatedvolatility

o(t,z) = rmin(e* ', z* 1) a>0.

Choosinga strictly positive ¢ ensuredinear growth. The following propositionl.3 shovs that
only thedrift needsarestrictionstrongertthanlocal Lipschitz-continuity:

Assumption 1.2. i is boundedonthediagonalgloballyin ¢, ie
r p(t,x) < B(1+ 1%)

for a constantB > 0.

Proposition 1.3. Underassumptiond.1and1.2,the SDEhasa uniquenon-eplodingsolution
up to anyfinite timehorizonT < oc.

Theproofis in appendixA.1. Conditionl1.2is

e easieto checkthanotherassumptionsshicharecommonlyusedo ensurenon-eplosion,
for exampleFellerconditions seeKaratzasandShreve (1991,5.5.29).
¢ lessrestrictive thanlineargrowth, take e.g.thedrift
p(t,z) = —sign(z) |o|’
whichis bounded-on-the-diagonal
@ p(t,z) = ~|z* <0

but notlinearly boundedThis drift pulls X stronglytowardszero.
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Denotethe statespaceof the price processX by
D =[l,ul, -0 <[ <u<oo.
It is thesmallestinterval suchthat
P{X(t)¢D} =0 forall ¢>0.

A self-financingportfolio is given by its initial value 7 (0) anda F-previsible X-integrable
proces9 (theportfolio stratey), its valueprocess

fulfilling theself-financingcondition
dr =46 dX.

A strateyy is calledadmissibleif its associatedialue processs a.s.boundedfrom below. In
the following, we will dealwith specificationghatallow for | = —oc, in this casethe asset
valueis unboundedrom below. Thisimpliesthatthe bite-and-holdportfolio, which is defined
aslendingz, for buyingtheassein ¢ = 0 andholdingit till maturity, is notadmissible:

T70)=0 §(t)=1 7(t)=X(t) - X(0) = X(t) — 0

To insurethatthemodelis arbitrage-freeywe make thefollowing

Assumption 1.4.
1) Thevolatility functionis strictly positiveon theinterior of thedomainD, ie

o(t,z) >0 forall (t,z) € [0,00) x ({,u),

and

pu(t, z)?
o(t,3)? <00 forall (¢,z) € [0,00) x D.
2)
t 2
(s, X (s))
— L P —a.s. f Il
/0 a(s,X(s))2d5<Oo a.s orall t< o

3) Theexponentiallocal martingale
t ¢ 9
E(t,X) =exp <_/ M dW (s) — 1/ M ds)
0 0

is atrue martingale

FromGirsane’stheoremseeKaratzasandShreve (1991,5.3.1),we know thatin this casethe
equivalentmeasure’;: definedby

Pr(A) = E[14E(T, X)]
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is a (local) martingalemeasurdor X on Fr. Theassociate@rownian motionis

p(t, X)

o(t,X) dt

dW* =dW +

andthedynamicsof X underthemeasureP* is
dX =o(t,X) dW* X (0) = zo.

A sufficientconditionto ensurghatassumptiori.4.3holdsis theNovikov criterion,seeKaratzas

andShreve (1991,3.5.13):
1 T
E exp <§/ X(t)2dt) < 00
0

A simpleexamplefor which condition1.4 holdsis to take x = o.

If the boundary{/, v} is attainablethe only arbitrage-freebehaiour of the processs to be
absorbedn theboundaryif theprocesss reflectedeitherinstantlyor aftera stoppingtime, for
examplein theleft boundaryl, anarbitrageujust hasto buy theassetandsellit laterfor aprice
whichis surelyhighet

For ary arbitrage-fregrice processX with statespace|l, u| it is possibleto constructanother
onewith asmallerstatespace

[1,a]  [I,u).
This new arbitrage-freeorice process?? is obtainedby just stoppingthe processX atthe new
boundaryWe cantake for examplethe Wienerprocess¥V* itself andobtainan arbitrage-free
modelwith positve assevaluesby stoppingn zero.This procedurayivesthe positive Bachelier
modelwhichis a standardBrownian motionabsorbedn zero,cf. subsectior8.1.

The usualchoicefor the boundaryis I = 0 andu = oo to model an asset,attainability of
zerocouldbeinterpretedasbankruptg. But alsootherchoicesof theboundaryarereasonable,
e.g.l = 0 andu = 1 for azero-couporbond.

A Europearoption on the assetis given by its payof, a non-ngative measurabléunction g,
andits maturityT". Thefair valueof the optionunderthe pricing measureP* is the expectation

E*[g(X(T)) | X(t) = =].

Assumption 1.5. Theeis a functionV e C'? which satisfieshe PDE
oV 1,0V
—_— _0' _
ot 2 0%z

with terminalvalue
V(T,z) = g(x).

If anyof theboundg or v is finite and attainable the boundaryconditionfor the PDE is

V(t, 1) = g(l) or V(t,u) = g(u) forall t.
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Proposition 1.6. Under assumptiond..1, 1.2, and 1.5, the fair price of the contingent claim
with payof g andmaturity 7" is equalto the solutionV to the PDE:

V(t,z) = E" [g(X(T)) | X(t) = 7]

Notably this solutionV is unique

Theproofisin appendixA.2. By applyingltd’s formulato thevaluefunction
v 1 282V> ov oV

E-FEU% dt-i-%dX:EdX

we seethatthe A-hedged(t) = 22 (¢, X (t)) givesthe hedgestratayy for theclaim g(X (T')).

AV (t, X) = <

2. PRICING WITH QUADRATIC VOLATILITY

Assumption 2.1. Thevolatility functionos canbesplit up in theform

o(t,x) = (t) p(z)

for a strictly positiveboundedunctiony anda two timesdifferentiablefunctionp.

Proposition 2.2. Under the conditionsof section1l and assumptior?2.1, the functionp is a
guadratic polynomialif andonly if the pricing PDE hasa solutionof thefollowing form

V(t,z) = A(0(t) £(Z () n(0(t), Z(x))

sud thatthetime andspacechangesf and Z are definedby
T ) T dy
6(t) = v (s)ds and Z(z)= | —— forany ce (l,u).
t c p(y)
Thefunctionh € C1*? satisfiegshe heatequation
oh _ 19
00 202z
in the transformedtime and spacedomain|[0,6(7)) x R with R = [L,U] for L = Z(I)
andU = Z(u). Thetransformednitial conditionis
9(Z7(2))
h(0, 2) = =——-
©9=""

andtheboundaryconditionis

h(0, L) h(0,0)
A(6) AO)

In the casethat the propositionholds,p is a quadratic polynomial

h(0,L) = and  Ah(6,U) =
p(z) = a + bz + cz?
andthecorrectionfunctions\ and¢ are givenby

A(0) = exp(—¢H/8)  for (=0b*—4ac
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and

V(t,z) = exp (C0/8) /p(x) h(0(t), Z(x)).

Theproofisin appendidB.1. Thechoiceof theconstant in thedefinitionof Z is notimportant
for the formula. It just shifts the boundsL, U andthe initial conditionfor the solutionto the
heatequationk on this domain.This doesnot affectthevaluesof 4 in z = Z(z).

Tian (2000)shovedthatfor volatility functionswhich satisfyassumptior.1 the pricing PDE
canbetransformedo theheatequationf andonly if

o (P
0%z pa% e

If p is not a quadraticpolynomial,the time and spatialtransformation® andZ may depend
themselesjointly ont andx. Unfortunately we wereunableto find anexamplefor afunction
which fulfils the conditionexceptquadratigoolynomials.Tian (2000)'s resultis anapplication
of the generalmethodby Carr, Lipton andMadan(April 2000)for reducingPDESsto the heat
equationDefine

(1) = V0(t)

whichis morecorvenientlaterfor the closed-formcall priceformulae.

Corollary 2.3. Under the assumptiorof proposition 2.2, the transition densityof the price
processX with dynamicsiX = «(t)p(X)dW* underthe pricing measue P* is givenby
P (X(T) edy | X(t) =x)

d

o (t,x, T,y) =

y
V(@) o(r(t), Z(2), Z(y))
VoY) p(y)

whete o(7, z, v) is thetransitiondensityof absorbedBrownianmotionin theinterval [L, U].

= exp(¢T*(t)/8)

The proof is in appendixB.2. Using the explicit representatiomf the risk-neutraltransition
density we canpriceary Europearoptionby numericalintegration.
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3. PRICING FORMULAE FOR THE CALL OPTION

In this section we give closedform solutionsfor the call option
gl@)=(@-k" k>0

for threepossiblespecificationf the volatility function: constantaffine and quadratic.The
densityandthedistribution functionof the one-dimensionatormaldistribution aredenotedoy

o) = PELDand o)~ [ o) ay

All proofsarein appendixC.

3.1. ConstantVolatility.

p=1
Thefirst modelof assefpricesandaswell the first descriptionof Brownian motion, the thesis
of Louis Bachelier(1900),englishtranslationBachelier(1964),is alsothefirst attemptto price
anoptiongiventhe dynamicsof the assetThe Bacheliermodelis generallyassumedo imply
thatthe price processcangetnegative,ie D = (—oo, 00). Take

dX = o dW* for aconstant o > 0
asspecificatiorunderthe pricing measureThe pricing formulais
Bac(k,z,7) = 7[d ®(d) + ¢(d)], d=(x—k)/T.
If we modeltheassetaspositive,ie with absorptionn zero,the pricing formulais
Bac' (k,z,7) = Bac(k, x,7) — Bac(k, —z, 7).

In sectiond we will plot anexampleof theimplied volatilities of the standardandthe positive
Bacheliermodel.

3.2. Affine Volatility.

px)=x—1 leR
Volatility is an affine function with root in , the assets log-normally distributedon (I, o).
The famousmodel by Samuelsor{1964)with a linear volatility function correspondgo the
choicel = 0. In thiscasethecall priceis givenby the Black-Scholesormula:

BS(k,z,7) = x2®(d+7/2) — k®(d — 7/2) d =log(z/k)/T
Thegenerakffine pricing formulais
AV(k,z,7,l) =BS(k — l,x — I, 7).

For ! < 0 the assetprice reacheszerowith positive probability. If we chooseto modelwith
absorptionn zerothepriceis givenby the positve AV formula:

AVt (k,2,7,1) = BS(k — L,z — 1,7) — BS((k — )(I — z)/1, 1, 7)
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In sectiond we will discusgheinfluenceof theabsorptiortermonimplied volatilities.

Sondermanif1988)analyseslognormalmodelwherethe assepriceis boundedoy someu <

oo usingabinomialtree. The no-arbitrageargumentof sectionl tells usthattheassetasto be
absorbedn u. Thevalueof the Europearcall optionis givenby the Black-Scholegprice minus
acorrectionterm:

So(k,z,7) = BS(k,z,7) — BS (u, %,7’)

The price of the call is lower thanin the Black-Scholesase.This givesthe market participant
apriceandahedgef heattachezeroprobabilityto the event

{X > u}.

3.3. Quadratic Volatility with two real roots and bounded domain. The price processs
specifiedon the openintenval D = (I, u) by thevolatility:

o) = (x —1)(u—x)

u—1
Thefirst oné to usethis quadratidunctionwith two realrootsis Ingersoll(1997)who proposed
avolatility of thisform for exchangeatesfutures.RadyandSandmanii1994)useit for forward
bond prices,and Miltersen, Sandmanrand Sondermanr{1997) with / = 0 andu = 1 for
(simple)forwardrates Amazingly lik e the affine formulathis quadratigoricing formulacanbe
representedsa modifiedBlack-Scholedormula

l<u

QQ(k’ x’ T’ l’ u) = BS(]::’ ‘/’i" T)

for l k k—1
(=D=k) . _(k=Du-2)
u—1 u—1
Ingersoll(1997) provesthis formulausingthe PDE approachRady(1997)andGoldys(1997)
give probabilisticproofs.Obviously

T =

lim Q2(k,z,1,l,u) = AV (k, z,T,1).

U—00

Thepricing formulaefor the following threequadraticspecificationseemo be new.

3.4. Quadratic Volatility with two real roots and unbounded domain. The value process
with volatility

px)=(x—-)(z—-1l+d)/d d>0
hasstatespace(l, o). The minimum —d?/4 < 0 of theparabolaisin I — d/2 < [. Giventhe
solutionto the pricing PDE for the caseof a boundeddomainin the previous section,we are
ableto guesghesolutionin theunboundedtaser € (I, co):

Q24 (k, 2, 7,1,d) = BS(k,7,7)

Lo theauthors knowledge
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for
(x =0k —1+d) and I;:(k—l)(x—l—i-d).

d d

T =
It holds
lim Q2,(k,z,7,l,d) = AV (k, z,7,1).

d—o0

3.5. Quadratic Volatility with onerealroot.

pla) = (z ~ 1)’

In this casethe pricing formulacanbe expressedsa modifiedpositve Bachelierformula:

Ql(k,z,7,1) = (z — 1)(k — 1) Bac* ( 1 1 )

c—Uk—1"

Thecorrectiontermfor absorptionn zerois givenby

n 1 [ -2z
(x —1)(k — 1) Bac (m—l’(m—l)(k—l)’T)'

As we aregoingto seein the next section,this pricing rule is perfectlysuitedto modelsmiles
of implied volatility. As it offers ananalyticalpricing formula, it is more corvenientthanthe
quadratiowith no realroot specificatiorpresentedn the next subsectionln its pureform

dX = X*2dw*  X(0) =z

this specificationis an importantexample: Delbaenand Schachermayef1994) shoved that
this processs alocal martingalefor which thereis no equivalentmartingalemeasureBy 1td’s
formulatheinverseprocessk = 1/X fulfils
dR:th—dW*:ldt—dW* and R(O):l.
R Zo

So R is aBesseprocesf dimension3 whichimplies

tlif?o X(t)=0 a.s.
asR reacheso a.s. seeKaratzasandShrere (1991,3.3.24) Contraryto intuition, theprocessX
doesnot explodebut corvergesto zerofor almostall paths.

TheprocessR is not arbitrage-freavith respecto admissiblantegrandsaswasshaowvn in Del-
baenand Schachermayef1995). So, if we take X asa modelfor an exchangerate, in the
model's domesticcountrythereis no arbitrageas X is a local martingale,but in the foreign
country arbitrageurscan make risklessprofits if they are allowed to use generaladmissible
portfolios.Both processearearbitrage-freavith respecto simplepredictablantegrandsThis
remarkabldactshowvs the dependencef the conceptof no-arbitrageon the notion of admissi-
bility: anadmissibleportfolio in onecountrymay not be admissibleafteranumerairechange.
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3.6. Quadratic Volatility with norealroots.
2
I
d
Thisspecifications themostflexible one.It allowsto modelextremeformsof impliedvolatility,

cf. theexamplesin section4. The parametern definesthe minimum of the parabolaandd its
slope.For ary statespacd], u| the spaceransformatioris

Z(x) = arctan (x ;m) —a for a = arctan (Z—Tm) .

p(z) =d d>0

Define
A=U+a=Z(u)+ a = arctan <$)

Thepricing PDEis solvablein semi-closedorm asa sineexpansion

672/2
Qo) = 2T () i 2(6)

for

en(7%) = exp (—n’n°r?/2U°) and  sin,(z) = sin(nwz/U)
andcoeficientsc, givenin appendixC.5. For the implementationwe recommendo usethe
fastrecursve algorithmsof GoertzelandReintschcf. appendixC.6.

4. EXAMPLES OF IMPLIED VOLATILITIES

In this sectionwe give examplesof the behaiour of the (Black-Scholes)mplied volatilities for
differentmodels Wewill computepricesaccordingo differentspecificationsndthencalculate
theimplied volatilities from theseprices? Recallthe risk-neutraldynamicsof X :

dX = p(X)y dW* X(0) ==

Theinitial valueof the price processs x, = 100. The specificationsrechoosersuchthatthe
at-the-mong volatilities areequalto anabsolutevolatiliy of 20% = 1/5, ie p(xy)y = 20. The
referenceanodelis

Black-Scholes:alognormalmodelp(xz) = x with v = 1/5, its implied volatility is by
definitionconstant.

As a first example,figure 1 plots two affine volatility function, the Bachelierconstantanda
quadratiowith two rootsvolatility function.

AV (I1=20): is anaffinemodelp(z) = x — [ with I = —20 andy = 1/6.
AV (I=200): is anaffine modelwith [ = —200 andy = 1/15.
Bac: is aBacheliermodelp(z) = 1 with constanwolatility v = 20.
2To obtain accuratevalues far out-of- and in-the-mong, the values were computedusing the C++ library

CLN by Bruno Haible which provides arbitrary precision arithmetic, see ww. gnu. or g/ sof t ware/ or
www. gi hac. de/cl n/ .
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50 1 | I I I
Black-Scholes
AV (|=20) 7777777
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FIGURE 1. AffineandQ2 Volatility Functions

Q2: isaquadratianodelp(z) = (z — 1) (u — x)/(u — ) with two realrootsandbounded
domainoni = 0 andu = 200, v = 2/5.

Figure2 plotstheimplied volatilities for thetwo affine andthe Bachelierspecificationsvith an
optionmaturity? = 1. Theimplied volatilities of theaffine modelsvary betweertheBacheliey
which is the limit for [ — —oo, andthe Black-Scholeql = 0) implied volatility. Implied
Black-Scholewolatilities of affine specificationareall frowning ie, out-of-the-mong implied
volatility is higherandin-the-mong implied volatility is lowerthantheconstanBlack-Scholes
implied volatility.

Thesecondexamplearetwo modelswith anupperbound.

So: is alognormalSondermanmodelwith v = 1/5 andu = 200 asabsorbingupper
bound.
Q2: is thequadraticnodelspecifiedabove, aslowith upperboundaryu = 200.

Both modelsimply a strongerfrown effectthanthe affine models.Thisis becauséheirimplied
volatilitiestendto zeroat the upperboundaryu.

Intuitively, the transformatiorfrom volatility functionto implied volatility functionis a clock-
wise 45 degreesturn aroundthe at-the-mong point, in our examplesthe point (100, 20). The
previous examplesdid only shav frownsof implied Black-Scholesvolatilities. To make the
implied volatility smilewe have to useaninput volatility functionwhich is everywhereabove
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FIGURE 4. Quadraticvolatility Functions

the linear one. As third example,we plot in figure 4 the following specificationf the new
guadratiomodels.

Q1: isaquadratianodelp(z) = (z —1)* with onerealrootin | = —100, andy = 1,/2000.
Q0 (m=100): is aquadrationodelwith norealroot,m = 100, d = 100, andy = 1/5.
Q0 (m=90): is aquadratiomodelwith norealroot,m = 90, d = 10, and~y = 1.

Figure4 plots their implied volatilities for a maturity of oneyear Usingthesestronglynon-
linearvolatility functionsit is possibleto obtainsmiles,ie upward slopingimplied volatilities.
With extremeparametertik e the secondl0(m = 90), specificatiorwe canevenhave hockey-
stick like shapes.

Finally, to show the differencein implied volatilities betweenan absorbedaindan unrestricted
model,figure 6 plotstheimplied volatiliesfor threedifferentmodelsin bothcases.

Bac: is aBacheliermodelwith constantolatility v = 20.
AV: is anaffine modelwith [ = 100 andy = 1/10.
QO: is aquadratiomodelwith norealroot, m = 100, d = 100, andy = 1/5.

To seetheeffectmoreclearlywe usedanoptionexpiry of tenyears.Theaffineimpliedvoltilities
differ only for strikes far out-of-the-mong and only if the volatility in zerois closeto the
constan{Bachelier)volatility. For practicalpurposeshedifferences only of importancef the
assepriceis closeto zero.For theunabsorbedpecificationgheimplied volatilities divergeto
infinity if assewaluestendto zero.
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For modelswherethe volatility in zerois larger thanthe constantone the effect is stronger

For the extremeQO in our example,the at-the-mong implied volatility is pushedup for more

than30%. This happendecausehe quadratiovolatility is higherthanthelinearBlack-Scholes
volatility belov andabove the at-the-mong point. The affine volatility functionis symmetri-
cally higherbelov andlower above at-the-mong, so higher volatility belov balancedower

volatility above.

5. CONCLUSION

In this paperit wasshaovn thatfor an SDEto have a strongsolutionit is sufficient for the drift
to be boundedon the diagonal.lf we modelwith absorptionin a left boundaryl > —oo the
conditionis equialentto lineargrowth of the drift on the positive axis. The volatility function
is unrestrictedexceptlocal Lipschitz-continuity

Thenit was shown that the pricing PDE can be solved for any quadraticvolatility function,
alsoin thepresenc®f anabsorbingooundaryExplicit formulaefor the call optionweregiven.
They allow to modelskews in implied Black-Scholes/olatilities, both frownsandsmiles The
formulaefor quadraticvolatility with onerealroot, no realroot, andwith two realrootson the
unboundedlomainseemto be new andallow notablyto modelsmiles.

The discussionof the absorbingboundaryshaoved that critizising the Bachelierspecification
for allowing the priceto getnegative is notvalid: specifyingabsorptionin zerois arbitrage-free
anddoesgive closed-formcall option prices.This modelseemdo be of practicalimportance,
for examplein Japanin thelate 1990swheninterestrateswerevirtually zero.An applicationof
theseresultsto themarket modelof interestratesis givenin Zuhlsdorf (2000).
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APPENDIX A. PROOFS FOR SECTION 1

A.1. Proof of Proposition 1.3. Supposeéhat X is aweaksolutionto the SDE
dX = p(t, X) dt + o(t, X) dW.

By Theorem10.2.1in Stroockand Varadhan(1979), the following conditionis sufficient to
ensurenon-eplosionup to time 7': thereis a non-neative function F' suchthat

lim F(z) =00

|z|—00
and .
w(t, o) F'(z) + §J(t’ z)2F"(z) < A\F(2)
for aconstant\ > 0. To proove propositionl.3we constructa functionfulfilling this condition.
By continuityof o, thereis a constantC; suchthat

lo(t,0)| < Cr for t<T
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andby thelocal Lipschitzcondition
lo(t,z)| < lo(t,0)] + |o(t,z) —o(t,0)| < Cr + K|zl
Let B betheconstanfrom x’s bounded-on-the-diagonabndition1.2. Thefunction
F(z)=B+ % [(Cr + K1)? + log(1 + 27)]

is strictly positive andit holds

T 1—a? 0 |z|>1
<
1+ 22

Fl(z) = and F'(z) = ———— ;
() (@) (14+22)2 7 | 1 |z/<1
Now we have
1(1—2%)o(t,x)?

)P (@) + 062 P e) = T4 (1+a2)?

IA

1
B+ E(CT + K1)2
< F(2),

so I satisfieghe conditionof thetheoremwith A = 1. O

A.2. Proof of Proposition 1.6. The setupis thatof Heathand Schweizer(2000),but we con-
sideracloseddomainsowe haveto specifyaboundaryconditionfor absorptionPropositioril.6
is the corversto their theoreml. Wherethey provide a condition(A.3) which is sufficient for
the equivalenceof the PDE andthe martingaleapproacho option pricing, we showv that the
conditionis necessary

Take asequencef boundeddomains

[l Un] 1 (L, u].

If [ or w is finite we canusel,, = [ oru, = u for all n. Forarny ¢t < T andary finite z € [, u]
we canfind ann with z € [I,,, u,]. Let X%* denotethe solutionto the SDE

dX(s) = o(s, X" (s)) dW*(s), X(t)==

with absorbingooundary{!,,, u,, }. Definethe stoppingtime 7,, asthe hitting time by X** of the
boundarybeforeT’, ie

T =T ANinf{s <T | X"*(s) =1, or X**(s) = u,}.

By continuity of X*»* andV we have that V(7,, X**(7,)) < oc. As ¢ is locally Lipschitz-
continuousit is Lipschitz-continuou®n [l,,, u,]. Using theorem6.5.2of Friedman(1975)we
know thatthefunction

Wy (t,z) = E* [V (70, X" (13))]
is the uniquesolutionto the PDE

ow, 1 ,0%w,

—0
ot 27 o
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with boundarycondition
wy(t, 1) = V(t,1,) wn(t, 1) =V (¢, 1) for t<T
andterminalcondition
wy(T,z) =V(T,z) = g(x) for z € [l,, unl.
As V doesalsosolve the equationwith the sameboundaryconditionsit holds
V(t,z) = wy(t,x) for (t,z) €[0,T) X [ln, un].

Ontheotherhand,byKaratzasandShreve (1991,5.4.D) or theargumentsn the proof of theo-
rem 1 of HeathandSchweize(2000)we know that X*? is a strongMarkov processthus

E* [g(X™(D) | Fr,] = E* [V(T,X""(D)) | Fr,] = V (70, X" ().
Taking expectationsve obtain
V(t,z) = wa(t,z) = E* [g(X"(T))] .
If [ orw is finite, startingthe processn eachboundimmediatelygivesthe boundarycondition
V(t, 1) =g(l) and  V(t,u) = g(u) for t<T,

seealsoCox andMiller (1965). O

APPENDIX B. PROOFS FOR SECTION 2

B.1. Proofof Proposition2.2. Thefollowing proofis ageneralisationf theonegivenby Rady
andSandmanr{1994)for a modelof discountedbondpriceswith rootsin 0 and1. In this sec-
tion, functionargumentsareomittedandsubscriptsienotepartialdifferentials Notethatfor the
time changer andthe spatialchangeZ it holds

00,
0, = i v
nd oz 1 A 071
Pz 71 - 71
xX = S~ = - xrxr = 5 = Z = = Z:
ox P 0%z p? 0z ( )

First, we will showv that the existenceof a solutionto the pricing PDE of the form givenin
assumptior.1is a sufficient conditionfor p to be a quadraticpolynomial. Supposehat the
solutionof the pricing PDE s of theform

V(t,z) = A(0(t) £(Z () n(0(t), Z(x))

whereh is a solutionto the heatequationiy = h,,/2. Thenit holds

A
Vo = 5()‘9}5 + )‘h9)7 Viz = P [gzzh + 2§zhz + §hzz - pm(&zh + ghz)] )
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andthe PDEbecomes
1
0 = ‘/0 - §p2v:vm
1 1 1
N——— ~ ~~ ~ ~ ~~ -
=0 E, E,

To solve the PDE it musthold E; = E, = 0. As the correctionfunction ¢ doesonly depend
on z theconditionF; = 0 impliesthat
1
gz - Epwg

Usingz = Z~'(z), thesolutionto the differentialequationis

) = |5 [ 02 Wan] = VAT

as

‘ 1 27N Pa(v) 4 -1
[ etz nay= [ 42 (2) = log [p(Z (2)].
0 c
For & it holds
1
S0 E, = 0 is equialentto
1
)\0 = Z)\(ppmm - pi/?).
As by assumptiorthe function A doesonly dependon ¢ the termin braceshasto be constant.
Differentiatingp? — 2pp., = ¢ = constoncewe obtainthe equation

PPzzx = 0

which impliesthatp is a quadraticpolynomialasp > 0 on the domainby assumptionSowe
cansolve
Ao = —)N0/8 for A(f) = exp(—(6/8).
Theinitial conditionis
9(z) =V (0,z) = £(Z(z)) h(0, Z(z))
which gives
0, 2) = g(Z7'(2))/&(2),
thetransformednitial condition.

Secondwe have to proofthata quadratigpolynomial
p(z) = a + bz + cz?

impliesa solutionof theform statedn assumptior2.1. Thisis trivial aswe caneasilybuild the
solutionusing to constructZ and\. O
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B.2. Proof of Corollary 2.3. We have to verify that

/IR 9(0) e (t, 2, T, y) dy = E* [g(X(T)) | X(t) = 2]

for any continuousfunction g with boundedsupport,seeKaratzasand Shreve (1991,5.7.9f).
The transitiondensity o(7, v, z) of absorbedBrownian motion on the intenall [L, U] is the
fundamentalsolution of the heatequationon this intervall, seeKaratzasand Shreve (1991,
2.8.Cand4.3.D).Combiningthis with therepresentatioof theorem2.2 we get

E"[g(X(1)) | X(t) =a] = Mr*(1) £(Z(x)) h(T*(t), Z(2))
9(Z *(v))

= AP(0) E(2(x) /m 2 el (0.0, 2(a) do

2 o(r(t), Z(x), Z(y))
= AP €2@) [ o) AT
For thefirst equalitywe usedtherepresentatioof thesolutionof theheatequatiorasanintegral
of its initial conditionwith respecto the transitiondensityof absorbedrownian motion. For
the secondwve usedthe substitutionv = Z(y) with

Ay

p(y)

Now we canidentify the fundamentakolutionof the pricing PDE as
£(Z(x)) o(r(t), Z(x), Z(y))
§(Z(y)) p(y)

whichis alsotherisk-neutraltransitiondensity O

dv=Z7'(y)dy =

QX (t’ z, T, y) = /\(TQ(t))

APPENDIX C. PROOFS FOR SECTION 3

Notice thefollowing symmetrywhich will easethe computatiorof the formulaein the caseof
an absorbingooundaryin zero:the boundaryconditionfor A in L will alwaysbe of Dirichlet
typebecause

h(r?,L)=(Z Y (L) - k)" =(1—k)" =0.
Supposeéhat we have solved the pricing PDE on the domain(l, u] for anl < 0. If we want
to find a solutionon the domain|0, u], the only characteristiof the PDE that changess the
boundaryconditionwhichis for thecall to be 0 in 0. The obvioussolutionis to take

ho(7%,2) = h(7%, 2) — h(7?,2Z(0) — 2)
asthesolutionto theheatequatioron R = [Z(0), U].

Thetransitiondensityof the one-dimensionalienerprocess

P{W(r*) edy | W)=z} 1 (z—y
dy kA (—) |

o(T,x,y) =
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is thefundamentaéolutionof the heatequationon theunboundediomain(—oo, co). Through-
outthe proofswe will usetheabbreiations

z=2Z(x) and K =Z(k).

C.1. ConstantVolatility.
p=1
It holds
(=0 A=1 Z(xz)==z Z7Y2) =2 EZ72) =1
Thestatespaceor this specificatioris thewholerealline D = (—o0o, o0), thereis no boundary
conditionasR = (—oo, 00). With thesubstitutiony = = — 7y we easilysolve

(e}

Bac(k,z,7) = h(T%,2) = / h(0,y)o(T, z,y) dy

-0
o

= / (y — k)" o(r,z,y) dy

—0o0

- / (z — 15— K)$() df

—0o0

= (@-K)®(d) +76(d) for d=

Using
Z(0)=0 and Z(z)==x

thepricefor the caseof anabsorbingooundaryin 0 is

Bac' (k,z,7) = Bac(k, x,7) — Bac(k, —z, 7).

C.2. Affine Volatility.
plx)=xz—1
We have
¢=1  Ar*) =exp(-7"/8)
Z(x) =log(x — 1) 77N 2) = e +1 £(z) = e*/?

Theinitial valueis
h(0,2) = (e* +1—k)te */? =e*/2 — (k — 1)e /2.

For the statespaceD = (I, oo0) with R = IR we get

W) = /wmmanamdy

—0oQ

d
- / (€7 + 1= k)e” T o(y) dy

—0oQ

= "B [e*0(d +7/2) — (k= e *?®(d — 7/2)] .
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with

Combiningthefactorswe get
AV(k,z,7,0) = X72)e*? h(7?,2)
= (z-D®(d+71/2)— (k—1)®(d—1/2)
= AV(k—1l,z—1,7,0)
= BS(k—1lz—1,71).

For! < 0it holdsZ(0) = log(—!) andthecorrectionfor absorptiorin zerois

exp(72/8) €*/ h(72,2Z(0) — z) = BS (—(k — l)l(l —2) , —l,T) .

Theeasiestvay to proofthe Sondermaniiormulafor absorptionn u < oo is to proceeddik e
in the casefor absorptionn zero:try to find a correctionfunctionof theform

hy(7,2) = h(1, B + 2)

with B to bedeterminedThe new functionfulfils the heatequation,sowe have to choosea B
suchthatthe new functionsatisfieshe boundaryconstraint

h(r,U) — hy(r,U) = h(0,U).
Thecandidat
hy(r,2) = h(1,2 + 2(K = U))

satisfieghis constraintandalsotheinitial conditionas

hy(0,2) =0 for z € (—oo,U].

C.3. Quadratic Volatility with two realroots.
(x—=(u—x)
u—1

Therelevantparameterandfunctionsare

p(z) = l<z<u

¢=1 A7) =exp(-7"/8)

z—1 _ u— 1 vu+1
0=ty (120) 2@ =t )=

Theinitial valueis
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soforD =R =1R:
Vu+ I Ar*)h(r?,2) = A(TQ)/ [(uw—k)¥"? — (k+1)e V%] o(r, 2,y) dy

K
z2—K

= A [ 7 [l D (ko D 6y) dy

= (u—k)e/?d <Z — K + %) — (k+1)e 20 (Z -k Z)

T T 2
SN, 2) = EEN= g (g 7y - BT (4 T)
1 (Db
d=71 g((u—x)(k—i—l))

C.4. Quadratic Volatility with onerealroot.

pa)=(@—1)? (=0 D=(,o)

p=Z(@) = ——  z7l() = —2 R

x—1 (=00,0)
€0 = |- 1/d = 1)z &Z@)—a—1
h(0,2) = —z (l—k—%) =@Ek-)+17"

Thesolutionin thetransformedstatespaces

h(r2,2) = /_ 10, 1) [o(7 2,) — o(7, 2, —y) + 6 Py = 0 | 2,7)] dy

- /01 [y(k —1) +1][o(7, 2,y) — o7, 2, —y)| dy + 2& (;)

k—1

o 0 i 2z
= (k- l)/ yo(T, 2,Y) +/ o(t, z,y)dy — / o(t, z,y)dy + 2® (;)
__1 __1 0

k—1 k—1

= (k=1D[d @, —d O +7(¢y —¢)]

usingthe abbreviations

and

It holds

Ql(k,z,7,1) = (z — 1)(k — I) Bac* <ﬁ, ; 1_ l,T) .

To computethe correctiontermfor absorptionn zerowe need

&) = du(22(0) = 2) = ds (%) ,
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then 5 ol
D) = 2P ()= T
+(2) @—0)k—-1) -(2) @—-0k—1)

sothecorrectionis

n 1 [ -2z
(x —1)(k —1)Bac (x—l’(x—l)(k—l)’T)'

C.5. Quadratic with norealroot.

2
p(r) =d 1-1—(3E dm>] d>0
Thisimplies
(=-4 A(7?) = e /? Z(x) = arctan (x :im) —a
L=0 U=A—a<m
for
l—m T uUu—m T
a=arctan| —— | > —— and A=arctan [ —— | < —,
d 2 d 2
then Y
d
-1 _ _
Z7(z) =m+dtan(z + a) and g(z)_cos(z—i-a)
Theinitial valueis
cos(z + a) n
h(0,2) = ————(m+dtan(z+a)—k
(0,2) N7 ( (z+a) —k)
1
= —[(m —k)cos(z + a) + dsin(z + a)]".
\/E[( ) cos(z + a) (z+a)]

Define

1 .
N [(m — k) cos(A) + dsin(4)].

Thegenerabolutionof theheatequatioron thefinite domain(0, U) hasasineexpansiorof the

form
Z anen(7°) sin, (2)

n>0

n(r?) = B in (2) = sin(nmz/U)

H = h(0,U) =

with coeficients .
Cn :/ h(0, z) sin,(z) dz,
0
seeCarslav andJager(1959,3.3). Thegeneraintegralswe needare
+ o3 - _ . i
S(n,z) = /Sin(z + a)sing (z) dz = Uy sin(a — v, z);; v sin(a + vt z)

and
vt cos(a — vy, 2) + v, cos(a + v, 2)
2qn

C(n,z) = /cos(z +a)sin,(z) dz = —
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for
n’mr?
—1=v'y

U2 n“n-*

4+ nm
Vn:Fil, and ¢, =
So,thecoeficientsfor the solutionare

1
As
a+viU =A+nm,
it holds
CnU) = _vp cos(A —nm) + v, cos(A + nr)
A 2g,
_ (vg +v,)cos(A+nm)
B 2¢n
_ Ly 7T eos(d)
U ¢
and
_ yfsin(A —nm) + v, sin(A + o)
S(n,U) = 20
o (vt + v, ) sin(A + nm)
a 2qn
— (_1)n+1ﬂSID(A)
U ¢
Combiningall this, we get
en = (=1 g~ L Z e, K) + dSn, K)).
v Vvl
By thegeneralpricing formulafrom propositionl.6 the boundaryconditionin U is
h(0,0) 2
2 — ) — He™ T /2'
h(m%,0) D) e

Now we have to computethe solutionfor thetime dependenboundaryBy Carslav andJager
(1959,3.5)it is givenby a sineexpansiorwith coeficients

bn — (_1)n+1n_7r/ h(O,U)de
0

2U en(0)
= B [ exp(a,0/2)d0
SRy e
2/9) — 1
_ (L exp(at/2) =1,
)" 0

Combiningall factorswe getthe coeficientsa, for the sineexpansionof the solution:

n+1”jwy b [(m —k)C(n,K) + dS(n, K)]

U n Vd

ap = by + ¢, = (—1)



PRICING WITH QUADRATIC VOLATILITY 27

whichfinally gives

AT*)E(2)h(7?, 2)

Vid 2 gt
e E —qnT?/2 o;
cos(z+a)U = n€ sing (2)
N sin(z) 2 B )2
e wn0) T n};g [(m — k)C(n, K) +dS(n, K)] e sing (2)

as

/0 sin(z) sin, (2) dz = (—1)"“%?.

If I = m, whichimpliesa = 0, thefirst termsimplifies

VdH sin(z) _ VdH H z—-m

sin(0) cos(z) — sin(@) ) = sm@) va

If furtheru = oo, whichimpliesU = 7 andH = Vd, thefirst termsimplifiesfurther

H z—m
sin(U) +/d

C.6. Implementing the Q0 formula. Becauseof the fastdecreasindactorse,, we needonly
200-300termsin the expansion.To computethe sin,(z) We can usetwo simple recursve
algorithmsby Goertzeland Reintsch seee.g. StoerandBulirsch (1993).Define¢ = 7z /U €
[0, 7] thenit holds

=T —m.

sing(z) =0 sin; (z) = sin(&).
The Goertzelalgorithmis givenby
sin,(z) = esin, 1(z) — sin, _o(2) with ¢ = 2cos€.

The algorithmis numericallyunstablefor small valuesof £. In this case we canalternatvely
usetheslightly morecomplicatedReintschalgorithm:if 0 < £ < 7 use

On(2) = Asing, 1(2) 4+ 6,1(2) d1(z) = siny(2)
with
sing (z) = 6,(2) + sin,_1(2)
A =2(cos& — 1) = —4sin?(£/2).
For3 < ¢ < muse
On(2) = Asing,_1(2) — 6,—1(2) d1(z) = siny (2)
sin, (z) = d,(2) — sin,_1(2)
with
A =2(cos& + 1) = 4cos?(£/2).



