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THE PRICING OF DERIVATIVES ON ASSETSWITH QUADRATIC VOLATILITY

CHRISTIAN ZÜHLSDORFF

ABSTRACT. The basicmodel of financial economicsis the Samuelsonmodel of geometric

Brownianmotion becauseof the celebratedBlack-Scholesformula for pricing the call option.

Theasset’svolatility is a linearfunctionof theassetvalueandthemodelgaranteespositiveasset

prices.In this paperit is shown that the pricing partial differentialequationcanbe solved for

level-dependentvolatility which is a quadraticpolynomial.If zerois attainable,bothabsorption

andnegative assetvaluesarepossible.Explicit formulaearederivedfor thecall option:a gen-

eralizationof the Black-Scholesformula for an assetwhosevolatiliy is affine, the formula for

theBacheliermodelwith constantvolatility, andnew formulaein thecaseof quadraticvolatil-

ity. Theimplied Black-Scholesvolatilities of theBachelierandtheaffine modelarefrowns,the

quadraticspecificationsimply smiles.

JEL ClassificationG12,G13

Keywords strongsolutions,stochasticdifferentialequation,optionpricing,quadraticvolatility,

impliedvolatility, smiles,frowns

INTRODUCTION

In their seminalarticleBlack andScholes(1973)derivea formulafor thevalueof acall option

if the underlyingassetfollows geometricor economicBrownian motion,a model introduced

by Nobel laureatePaul Samuelson.For anaccountof thedevelopmentof thegeometricBrow-

nian motion assetprice modelandpre-Black-Scholesattemptsto price optionsin this model

seeSamuelson(1964).

Despitetheoverwhelmingsuccessof theBlack-Scholesformulatherewereandareothermod-

els for assetprices.At the beginning of the centuryLouis Bachelier(1900) alreadytried to

evaluatederivativeswhenchangesin assetpricesarenormallydistributed.This canbe imple-

mentedasa modelwherevolatility is a constantindependentof theassetvalue.Cox andRoss

(1976)developtheconstantelasticityof variance(CEV) modelwerevolatility is apower func-

tion. Ingersoll (1997)usesa quadraticvolatility function with two real rootsfor an exchange

ratefutures.

In the following we first show that the conditionswhich are usually assumedto ensurethe

existenceof strongsolution to a stochasticdifferential equation(SDE) can be considerably

Date: June,1998.Thisversion:January16,2002.
A previousversionappearedasBonnSFB303DiscussionPaperB–451.
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PRICING WITH QUADRATIC VOLATILITY 2

relaxed:weonly needlocalLipschitzcontinuityof thecoefficientsandaconditionon thedrift,

boundednesson thediagonal.

Then it is shown that the pricing partial differential equation(PDE) can be solved for level

dependentvolatility which is theproductof a time dependentfunctionanda quadraticpolyno-

mial. This addstheaffine, thequadratic with onereal root, andthequadratic with no real root

volatility specificationto therangeof modelswith closed-formpricing formulae.

For mostof thespecificationspresentedin this papertheasset’s priceprocesscango negative.

In thiscase,thetwo arbitrage-freebehavioursin zeroareabsorptionor to allow negativevalues.

We will show that for quadraticvolatility thepricing PDEis explicitly solvablein bothcases.

This invalidatesacritiqueoftenputagainsttheBacheliermodel,thatit wouldallow assetprices

to becomenegative. In subsection3.1 we derive the pricing formula for a call option in the

positiveBacheliermodelin closedform.

For realoptionmarkets,thechoicebetweena normalor a lognormaldynamicsis not at all an

academicone:

In addition,Bacheliers work seemedperfectlycredibleas themarket (euroyen)

startedpaying for 100 calls (puts struck at zero) basedon the belief that the

possibilityof themarket goingnegativecouldnot beruled out.

Taleb(1997,PerhapsBachelierwasright)

Thestructureof thepaperis asfollows: section1 specifiesthediffusionmodelanddiscusses

the existenceof solutionsandpricing in the generalmodel.In section2, the solutionfor the

pricing function of a Europeancontingentclaim in the quadraticvolatility model is given. In

section3, the formulaefor the valueof a call option for the threepossiblespecificationsare

presented:constant,affine,andquadratic.In section4, theBlack-Scholesimpliedvolatilitiesof

thesespecificationsarecompared.It turnsout that with modelsof this type a wide varietyof

impliedvolatiliy smilesandfrownsis possible.Section5 concludes.

1. THE GENERAL DIFFUSION MODEL

Takea frictionlessfinancialmarketwheretraderscancostlesslystoremoney andtradein anas-

setwhosediscounted(or futures)price
�

is modeledasthesolutionto thestochasticdifferential

equation(SDE) � �������	��
��� � �������	��
��� ��� ������������ �
Weassumethat

�
isaone-dimensionalBrownianmotionwith respectto astochasticbase

�"!#
 �	$&%�'
)(*
,

the filtration
�	$&%�+%-,��

satisfyingthe usualconditions.Notice that this is a model for the dis-

countedprice:for example,in theclassicSamuelsonmodelwith a bond . asnumeraire��// �0� � �1��� �2� � . �43 � �
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it is theforwardprice
�5� /76 . with dynamics� �� �8���:9;3< � �1��� ��� �

Assumption1.1. Thedrift function
�

andthevolatility function
�

arejointly continuousin
�	��
��=

andlocally Lipschitz-continuousglobally in
�
, ie, thereareconstants>@?BA �

such thatC ���	��
��=D9;���	��
FEG C � C ���	��
��=D9;���H��
FEG C�I >@? C �J9KE C
for all

C � C 
 C E CLINM �
It is well known thatunderthis assumptiontheSDE hasa uniquestrongsolutionwhich may

explode,seeKunita(1984,TheoremII.5.2), explosionof theprocess
�

means(@OQP�RTS% C ���H�� C �VU4W*XN�G�
It is acommonlyheldbelief in theliteraturethatoneneedsalineargrowth conditiononthedrift

andthevolatility functionto ensurenon-explosion.For example,Dumas,FlemingandWhaley

(1998)ensurelineargrowth by cappingtheir polynomialvolatility at Y ��Z���H��
��=��0�\[^]`_Bacbd�D�ebGf+�g�eb�hF� h �eb�iFj���b�k�j h �eb�l��mjn
F�G� Ypo 

where

j
is thematurityof theclaim.AndersenandAndreasen(2000)specifythelimited CEV

Libor market modelwith a truncatedvolatility���	��
��=q���r[^]`_s�	tvu<w f 
���u<w f  xKXN�G�
Choosinga strictly positive

t
ensureslineargrowth. Thefollowing proposition1.3 shows that

only thedrift needsa restrictionstrongerthanlocal Lipschitz-continuity:

Assumption1.2.
�

is boundedon thediagonalglobally in
�
, ie�@���	��
��= I . �+yz�;� h 

for a constant.{A �
.

Proposition1.3. Underassumptions1.1and1.2,theSDEhasa uniquenon-explodingsolution

up to anyfinite timehorizon
j}|~U

.

Theproof is in appendixA.1. Condition1.2 is� easiertocheckthanotherassumptionswhicharecommonlyusedto ensurenon-explosion,

for exampleFellerconditions,seeKaratzasandShreve (1991,5.5.29).� lessrestrictive thanlineargrowth, takee.g.thedrift���H��
��=��89�P�]`�L_7�	�= C � C i
which is bounded-on-the-diagonal�@���H��
��=��89 C � C k I �
but not linearly bounded.Thisdrift pulls

�
stronglytowardszero.
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Denotethestatespaceof thepriceprocess
�

by���8����
F�m�"
 9rU I �D|e� I UV�
It is thesmallestinterval suchthat(BO ���H��#�� ��W��4�

for all
� A �2�

A self-financingportfolio is given by its initial value � �"�L and a
$

-previsible
�

-integrable

process� (theportfolio strategy), its valueprocess

� �	���� � �"��s�\� %� � �"�Q � �����Q
fulfilling theself-financingcondition � � � � � ���
A strategy is calledadmissibleif its associatedvalueprocessis a.s.boundedfrom below. In

the following, we will dealwith specificationsthat allow for
����9rU

, in this casethe asset

valueis unboundedfrom below. This impliesthatthebite-and-holdportfolio, which is defined

aslending
���

for buying theassetin
���V�

andholdingit till maturity, is notadmissible:� �"�Lq�0� � �	�����y � �	����0���	��D9���������0���H��D9K���
To insurethatthemodelis arbitrage-free,wemake thefollowing

Assumption1.4.

1) Thevolatility functionis strictly positiveon theinterior of thedomain
�

, ie���H��
��=�X~�
for all

�H��
��= � ���2
�UNz�;���+
��s�

and ���	��
��= h���	��
��= h |~U

for all
�	��
��= � ���G
�UNz���:�

2) � %� �����L
����"�Q� h�����L
����"�Q� h � �*|NU (49
a.s. for all

��|~U
3) Theexponentiallocal martingale� �H��
�����0�'�2S��19 � %� �����L
������Q������L
������Q� ��� �"�Q 9 y¡ � %� �����L
����"�Q� h�����L
����"�Q� h � �Q¢
is a truemartingale.

FromGirsanov’s theorem,seeKaratzasandShreve (1991,5.3.1),weknow thatin this casethe

equivalentmeasure
(¤£¥ definedby ( £¥ ��¦���V§~�¨yª© � �	jn
�����
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is a (local)martingalemeasurefor
�

on
$ ¥ . TheassociatedBrownianmotionis�2� £ � ��� � ���	��
������	��
��� � �

andthedynamicsof
�

underthemeasure
(¤£

is� �5�0���H��
��� �2� £ ���"����N��� �
A sufficientconditionto ensurethatassumption1.4.3holdsis theNovikov criterion,seeKaratzas

andShreve (1991,3.5.13): §����2S�� y¡ � ¥� ���H�� h � �«¢}|�U
A simpleexamplefor which condition1.4holdsis to take

���0�
.

If the boundary
Ov��
F�7W

is attainablethe only arbitrage-freebehaviour of the processis to be

absorbedin theboundary:if theprocessis reflectedeitherinstantlyor afterastoppingtime,for

examplein theleft boundary
�
, anarbitrageurjusthasto buy theassetandsell it laterfor aprice

which is surelyhigher.

For any arbitrage-freepriceprocess
�

with statespace
����
F�m�

it is possibleto constructanother

onewith a smallerstatespace �¬��
 ¬�T��®�����
F�m�"�
This new arbitrage-freepriceprocess ¯� is obtainedby just stoppingtheprocess

�
at thenew

boundary. We cantake for exampletheWienerprocess

� £
itself andobtainanarbitrage-free

modelwith positiveassetvaluesby stoppingin zero.ThisproceduregivesthepositiveBachelier

modelwhich is a standardBrownianmotionabsorbedin zero,cf. subsection3.1.

The usualchoicefor the boundaryis
�^�°�

and
���±U

to model an asset,attainabilityof

zerocouldbeinterpretedasbankruptcy. But alsootherchoicesof theboundaryarereasonable,

e.g.
�7�V�

and
�:��y

for azero-couponbond.

A Europeanoption on the assetis givenby its payoff, a non-negative measurablefunction ² ,

andits maturity
j

. Thefair valueof theoptionunderthepricingmeasure
(*£

is theexpectation§ £ � ² �H���	jr� C ���	����0�m���
Assumption1.5. There is a function ³ �µ´ f�¶ h which satisfiesthePDE· ³· � � y¡ � h · h ³· h � �4�
with terminalvalue ³ �Hjn
��=�� ² �	�=��
If anyof thebounds

�
or

�
is finite andattainable, theboundaryconditionfor thePDE is³ �	��
)���� ² �"�� or ³ �	��
F�=�� ² ���= for all

���
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Proposition 1.6. Under assumptions1.1, 1.2, and 1.5, the fair price of the contingent claim

with payoff ² andmaturity
j

is equalto thesolution ³ to thePDE:³ �	��
��=��V§ £ � ² �	���Hjr� C ���H����0�m�
Notably, thissolution ³ is unique.

Theproof is in appendixA.2. By applyingItô’s formulato thevaluefunction� ³ �H��
����� � · ³· � � y¡ � h · h ³· h � ¢ � �7� · ³· � � �5� · ³· � � �
weseethatthe ¸ -hedge� �	����{¹'º¹)» �	��
����H���

givesthehedgestrategy for theclaim ² �	���Hjr�
.

2. PRICING WITH QUADRATIC VOLATILITY

Assumption2.1. Thevolatility function
�

canbesplit up in theform���	��
��=��0¼D�H���½¾�H�=
for a strictly positiveboundedfunction

¼
anda two timesdifferentiablefunction

½
.

Proposition 2.2. Under the conditionsof section1 and assumption2.1, the function
½

is a

quadratic polynomialif andonly if thepricing PDEhasa solutionof thefollowing form³ �	��
��=��V¿¾�"ÀG�	����Á��"Âg�	�=�DÃ��"ÀG�	���
�Âg�	�=�
such that thetimeandspacechanges

À
and

Â
aredefinedbyÀT�H����V� ¥% ¼ h ���Q � �

and
ÂÄ�	�=��Å� »Æ

� E½¾�	ET for any Ç � ���+
��s��
Thefunction

Ã �È´ f�É<h satisfiestheheatequation· Ã· À � y¡ · h Ã· h�Ê
in the transformedtime and spacedomain

���G
FÀT�	jr�@�\Ë
with

Ë � ��ÌÍ
ÏÎ&�
for

ÌÐ� Âg�"��
and

Î0�ÅÂg���=
. Thetransformedinitial conditionisÃ��"�G
 Ê q�Ñ² ��Â w f � Ê �Á�� Ê 

andtheboundaryconditionisÃ���À2
)Ìq�� Ã��"�G
FÌÒ¿¾�"ÀL and
Ã��"À�
ÏÎ#�� Ã��"�G
'Î�¿¾�"ÀL �

In thecasethat thepropositionholds,
½

is a quadratic polynomial½¾�H�=q�4b#�eÓF�B� Ç � h
andthecorrectionfunctions

¿
and

Á
aregivenby¿¾�"À<��4�'�2S¾�+9rÔdÀ 6pÕ 

for
ÔÄ�VÓ h 9�Ö�b Ç
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and Ám� Ê ���× ½¾��Â w f � Ê ��

ie ³ �	��
��=��4���2Sg��Ô�À 6<Õ J× ½¾�	�=DÃ¾��ÀT�H��'
�Âg�H�=���
Theproof is in appendixB.1.Thechoiceof theconstantÇ in thedefinitionof

Â
is not important

for the formula. It just shifts the bounds
Ì

,
Î

andthe initial conditionfor the solutionto the

heatequation
Ã

on this domain.Thisdoesnotaffect thevaluesof
Ã

in
Ê �ÅÂÄ�	�=

.

Tian (2000)showedthat for volatility functionswhich satisfyassumption2.1 thepricing PDE

canbetransformedto theheatequationif andonly if· h· h � � ½ · i ½· i � ¢ �V�G�
If

½
is not a quadraticpolynomial,the time andspatialtransformations

À
and

Â
may depend

themselvesjointly on
�

and
�
. Unfortunately, we wereunableto find anexamplefor a function

which fulfils theconditionexceptquadraticpolynomials.Tian (2000)’s resultis anapplication

of thegeneralmethodby Carr, Lipton andMadan(April 2000)for reducingPDEsto theheat

equation.Define Ø �H��q�Ñ× ÀT�	��
which is moreconvenientlaterfor theclosed-formcall priceformulae.

Corollary 2.3. Under the assumptionof proposition2.2, the transition densityof the price

process
�

with dynamics

� ���0¼D�	��	½��	�� �2� £
underthepricing measure

(*£
is givenbyÙªÚ �H��
���
�jn
FEGÛ� ( £ �	���Hj# � � E C ���	������=� E

� �'�2S¾��Ô Ø h �	�� 6<Õ  × ½¾�	�=× ½���EG Ù � Ø �	��'
)Âg�	�=�
�Âg��EG�½¾�	ET
where Ù � Ø 
 Ê 
FÜ2 is thetransitiondensityof absorbedBrownianmotionin theinterval

��ÌÍ
ÏÎ&�
.

The proof is in appendixB.2. Using the explicit representationof the risk-neutraltransition

density, wecanpriceany Europeanoptionby numericalintegration.
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3. PRICING FORMULAE FOR THE CALL OPTION

In thissection,we giveclosedform solutionsfor thecall option² �	�=��Ý�H�J9�ÞT«ß Þ A �
for threepossiblespecificationsof the volatility function: constant,affine andquadratic.The

densityandthedistribution functionof theone-dimensionalnormaldistributionaredenotedbyà �	�=�� ���2S¾�«9n� h 6 ¡ á ¡ � and â �	�=�� � »w2ã à �	ET � E=�
All proofsarein appendixC.

3.1. ConstantVolatility. ½J��y
Thefirst modelof assetpricesandaswell thefirst descriptionof Brownianmotion,thethesis

of LouisBachelier(1900),englishtranslationBachelier(1964),is alsothefirst attemptto price

anoptiongiventhedynamicsof theasset.TheBacheliermodelis generallyassumedto imply

thatthepriceprocesscangetnegative,ie
���8�«9rUV
�UN

. Take� ���4� ��� £
for aconstant

��XN�
asspecificationunderthepricing measure.Thepricing formulaisä�å<æ��"Þ=
���
 Ø �� Ø � � â � � 7� à � � ��L
 � �ç�H�è9�ÞT 6vØ �
If wemodeltheassetaspositive,ie with absorptionin zero,thepricing formulaisä�åpæ ß �"Þ=
���
 Ø q�4ä�å<æ��"Þ=
���
 Ø D9�ä�å<æL��Þ=
ª9n��
 Ø '�
In section4 we will plot anexampleof theimplied volatilities of thestandardandthepositive

Bacheliermodel.

3.2. Affine Volatility. ½¾�	�=��0�é9�� � ��ê ë
Volatility is an affine function with root in

�
, the assetis log-normallydistributedon

����
�UN
.

The famousmodelby Samuelson(1964)with a linear volatility function correspondsto the

choice
�7�0�

. In thiscase,thecall priceis givenby theBlack-Scholesformula:äÍì1��Þí
���
 Ø ��N� â � � � Ø�6 ¡ D9�Þ â � � 9 Øm6 ¡  � �4îðïL���H� 6 ÞT 6QØ
Thegeneralaffinepricing formulaisñ�ò ��Þ=
���
 Ø 
)����VäÍìs��Þg9���
��J9;��
 Ø '�
For

�B|ó�
the assetprice reacheszerowith positive probability. If we chooseto modelwith

absorptionin zerothepriceis givenby thepositive
ñ�ò

formula:ñ�ò ß ��Þ=
���
 Ø 
)����4ä�ì1��ÞB9;��
��J9K�+
 Ø �9;äÍì7����Þg9;��ô���s9K�= 6 ��
ª9õ��
 Ø 
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In section4 wewill discusstheinfluenceof theabsorptiontermon impliedvolatilities.

Sondermann(1988)analysesa lognormalmodelwheretheassetpriceis boundedby some
�µ|U

usingabinomialtree.Theno-arbitrageargumentof section1 tellsusthattheassethasto be

absorbedin
�
. Thevalueof theEuropeancall optionis givenby theBlack-Scholespriceminus

acorrectionterm: ì2ï��"Þ=
���
 Ø q�4äÍì1��Þí
���
 Ø D9�ä�ì��T��
 �=Þ� 
 Ø ¢
Thepriceof thecall is lower thanin theBlack-Scholescase.This givesthemarket participant

apriceandahedgeif heattacheszeroprobabilityto theeventO �öXe��Wd�
3.3. Quadratic Volatility with two real roots and bounded domain. The price processis

specifiedon theopeninterval
�Ñ�Ý�"��
F�=

by thevolatility:½��	�=�� �H�J9;��ô�	�è9K�=�è9�� �D|~�
Thefirst one1 to usethisquadraticfunctionwith two realrootsis Ingersoll(1997)whoproposed

avolatility of thisform for exchangeratesfutures.RadyandSandmann(1994)useit for forward

bond prices,and Miltersen,Sandmannand Sondermann(1997) with
�J� �

and
�ç� y

for

(simple)forwardrates.Amazingly, like theaffine formulathisquadraticpricing formulacanbe

representedasamodifiedBlack-Scholesformula÷ ¡ �"Þ=
���
 Ø 
)��
F�=��4äÍìs�)¬Þ=
 ¬�¾
 Ø 
for ¬�:� �H�è9���Ï���è9;ÞT�é9�� and

¬Þ^� ��Þg9���ô���é9��=�^9�� �
Ingersoll(1997)provesthis formulausingthePDEapproach,Rady(1997)andGoldys(1997)

giveprobabilisticproofs.Obviouslyî`]`[øÏù ã ÷ ¡ ��Þ=
���
 Ø 
)��
F�=�� ñ�ò ��Þí
���
 Ø 
F�"��
Thepricing formulaefor thefollowing threequadraticspecificationsseemto benew.

3.4. Quadratic Volatility with two real roots and unbounded domain. The valueprocess

with volatility ½��	�=��ç�	�é9���ô�H�J9;�m� �  6<� � XN�
hasstatespace

�"��
�UN
. Theminimum

9 � h 6 Öµ|��
of theparabolais in

��9 ��6 ¡ |8�
. Giventhe

solutionto the pricing PDE for the caseof a boundeddomainin the previoussection,we are

ableto guessthesolutionin theunboundedcase
� � �"��
�UN

:÷ ¡vú ��Þ=
���
 Ø 
)��
 � ��4ä�ì7� ¬Þ=
 ¬��
 Ø 
1to theauthor’sknowledge
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for ¬�:� �	�è9;��ô��ÞB9;�m� � �
and

¬Þ^� ��Þg9���ô�	�é9��T� � � �
It holds îð]`[û ù ã ÷ ¡vú �"Þ=
���
 Ø 
)��
 � �� ñ�ò ��Þ=
���
 Ø 
)��'�

3.5. Quadratic Volatility with onereal root.½¾�	�=��8�	�J9K�" h
In thiscase,thepricing formulacanbeexpressedasamodifiedpositiveBachelierformula:÷ y���Þí
���
 Ø 
F�"��8�	�J9���Ï��Þg9���Tä�å<æ ß � y�J9�� 
 yÞg9;� 
 Ø ¢
Thecorrectiontermfor absorptionin zerois givenby�	�é9���ô�"ÞB9���Tä�åpæ ß � y�é9�� 
 �=9 ¡ ��	�é9���ô��Þg9��� 
 Ø ¢K�
As we aregoingto seein thenext section,this pricing rule is perfectlysuitedto modelsmiles

of implied volatility. As it offers an analyticalpricing formula, it is moreconvenientthanthe

quadraticwith no realroot specificationpresentedin thenext subsection.In its pureform� ���0� h ��� £ ���"����0���
this specificationis an importantexample:Delbaenand Schachermayer(1994) showed that

this processis a local martingalefor which thereis no equivalentmartingalemeasure.By Itô’s

formulatheinverseprocessü �8y 6 �
fulfils� ü ��� � � 9 ��� £ � yü � � 9 ��� £

and ü ������ y��� �
So ü is aBesselprocessof dimensioný which impliesî`]ð[% ù ã ���H����4�

a.s.

asü reaches
U

a.s.,seeKaratzasandShreve(1991,3.3.24).Contraryto intuition, theprocess
�

doesnotexplodebut convergesto zerofor almostall paths.

Theprocessü is not arbitrage-freewith respectto admissibleintegrandsaswasshown in Del-

baenand Schachermayer(1995).So, if we take
�

as a model for an exchangerate, in the

model’s domesticcountry thereis no arbitrageas
�

is a local martingale,but in the foreign

country arbitrageurscan make risklessprofits if they are allowed to usegeneraladmissible

portfolios.Bothprocessesarearbitrage-freewith respectto simplepredictableintegrands.This

remarkablefactshows thedependenceof theconceptof no-arbitrageon thenotionof admissi-

bility: anadmissibleportfolio in onecountrymaynotbeadmissibleafteranumerairechange.
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3.6. Quadratic Volatility with no real roots.½¾�H�=�� ��þ yÒ�ÿ� �è9��� ¢ h�� � X~�
Thisspecificationis themostflexible one.It allowsto modelextremeformsof impliedvolatility,

cf. theexamplesin section4. Theparameter
�

definestheminimumof theparabolaand

�
its

slope.For any statespace
����
F�m�

thespacetransformationisÂg�H�=��4å���æ��)åp_ � �J9��� ¢~9�b
for

bB�4å���æ��)å<_�� �í9	�� ¢K�
Define ¦V�}Îe�ebÄ�ÅÂg���=1��bB�Vå���æ��Få<_ � �^9	�� ¢ �
Thepricing PDEis solvablein semi-closedform asasineexpansion÷ �T��Þí
���
 Ø 

� 
 � �� ¡������� h á �Î æÏïLP ��b��\Âg�H�=��� ?�� � Ç)? � ? � Ø h GP�]ð_ ? ��Âg�H�=��
for � ? � Ø h ����'�2S a 9 M h � h Ø h 6 ¡ Î h o and

P�]ð_ ? � Ê ��4P�]`_7� M � Ê 6 Î#
andcoefficients Ç�? given in appendixC.5. For the implementation,we recommendto usethe

fastrecursivealgorithmsof GoertzelandReintsch,cf. appendixC.6.

4. EXAMPLES OF IMPLIED VOLATILITIES

In thissectionwegiveexamplesof thebehaviour of the(Black-Scholes)impliedvolatilities for

differentmodels.Wewill computepricesaccordingto differentspecificationsandthencalculate

theimplied volatilities from theseprices.2 Recalltherisk-neutraldynamicsof
�

:� ����½¾�H��+¼ ��� £ ������������
Theinitial valueof thepriceprocessis

���õ�{y �<�
. Thespecificationsarechoosensuchthatthe

at-the-money volatilities areequalto anabsolutevolatiliy of
¡ �LZ �Ñy 6 Y , ie

½¾�H���'+¼�� ¡ �
. The

referencemodelis

Black-Scholes:a lognormalmodel
½��	�=g�ÿ�

with
¼~� y 6 Y , its implied volatility is by

definitionconstant.

As a first example,figure 1 plots two affine volatility function, the Bachelierconstant,anda

quadraticwith two rootsvolatility function.

AV (l=20): is anaffinemodel
½¾�H�=��0�è9��

with
�7�89 ¡ �

and
¼È��y 6��

.

AV (l=200): is anaffinemodelwith
�7��9 ¡ �L�

and
¼È��y 6 y Y .

Bac: is aBacheliermodel
½¾�	�=��8y

with constantvolatility
¼È� ¡ �

.

2To obtain accuratevalues far out-of- and in-the-money, the values were computedusing the C++ library
CLN by Bruno Haible which provides arbitrary precision arithmetic, seewww.gnu.org/software/ or
www.ginac.de/cln/.
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FIGURE 1. AffineandQ2 Volatility Functions

Q2: is aquadraticmodel
½¾�	�=��ç�H�é9K�"Ï���^9 �= 6 ���^9;��

with two realrootsandbounded

domainon
�7�4�

and
�J� ¡ �L�

,
¼È� ¡ 6 Y .

Figure2 plotstheimpliedvolatilities for thetwo affineandtheBachelierspecificationswith an

optionmaturity
j���y

. Theimpliedvolatilitiesof theaffinemodelsvarybetweentheBachelier,

which is the limit for
��� 9#U

, and the Black-Scholes(
�è� �

) implied volatility. Implied

Black-Scholesvolatilitiesof affinespecificationsareall frowning, ie, out-of-the-money implied

volatility is higherandin-the-money impliedvolatility is lowerthantheconstantBlack-Scholes

impliedvolatility.

Thesecondexamplearetwo modelswith anupperbound.

So: is a lognormalSondermannmodelwith
¼0��y 6 Y and

��� ¡ �<�
asabsorbingupper

bound.

Q2: is thequadraticmodelspecifiedabove,aslowith upperboundary
��� ¡ �L�

.

Bothmodelsimply astrongerfrown effect thantheaffinemodels.This is becausetheir implied

volatilities tendto zeroat theupperboundary
�
.

Intuitively, thetransformationfrom volatility functionto implied volatility functionis a clock-

wise45 degreesturn aroundtheat-the-money point, in our examplesthepoint
�«yª�L�G
 ¡ �L

. The

previous examplesdid only show frownsof implied Black-Scholesvolatilities. To make the

implied volatility smilewe have to usean input volatility functionwhich is everywhereabove
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the linear one.As third example,we plot in figure 4 the following specificationsof the new

quadraticmodels.

Q1: is aquadraticmodel
½¾�H�=q�Ý�	�n9é�" h

with onerealroot in
�7� 9*y �<�

, and
¼:�8y 6 ¡ �<�L�

.

Q0 (m=100): is aquadraticmodelwith no realroot,
�ÿ� y �L�

,

� ��y �<�
, and

¼È��y 6 Y .
Q0 (m=90): is aquadraticmodelwith no realroot,

�ÿ���L�
,

� �8y �
, and

¼È��y
.

Figure4 plots their implied volatilities for a maturity of oneyear. Using thesestronglynon-

linearvolatility functionsit is possibleto obtainsmiles,ie upwardslopingimplied volatilities.

With extremeparameterslike thesecond
÷ �m��� ���L�L

, specificationwecanevenhavehockey-

stick likeshapes.

Finally, to show thedifferencein implied volatilities betweenanabsorbedandanunrestricted

model,figure6 plotstheimpliedvolatiliesfor threedifferentmodelsin bothcases.

Bac: is aBacheliermodelwith constantvolatility
¼È� ¡ �

.

AV: is anaffine modelwith
�7��y �<�

and
¼È� y 6 y �

.

Q0: is aquadraticmodelwith no realroot,
� �8y �L�

,

� �8y �<�
, and

¼È� y 6 Y .
Toseetheeffectmoreclearlyweusedanoptionexpiry of tenyears.Theaffineimpliedvoltilities

differ only for strikes far out-of-the-money and only if the volatility in zero is closeto the

constant(Bachelier)volatility. For practicalpurposesthedifferenceis only of importanceif the

assetpriceis closeto zero.For theunabsorbedspecificationstheimplied volatilities divergeto

infinity if assetvaluestendto zero.
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For modelswherethe volatility in zero is larger than the constantone the effect is stronger.

For theextreme
÷ �

in our example,theat-the-money implied volatility is pushedup for more

than30%.Thishappensbecausethequadraticvolatility is higherthanthelinearBlack-Scholes

volatility below andabove the at-the-money point. The affine volatility function is symmetri-

cally higherbelow and lower above at-the-money, so higher volatility below balanceslower

volatility above.

5. CONCLUSION

In this paperit wasshown thatfor anSDEto have a strongsolutionit is sufficient for thedrift

to be boundedon the diagonal.If we modelwith absorptionin a left boundary
�*X�9#U

the

conditionis equivalentto lineargrowth of thedrift on thepositiveaxis.Thevolatility function

is unrestrictedexceptlocalLipschitz-continuity.

Then it wasshown that the pricing PDE canbe solved for any quadraticvolatility function,

alsoin thepresenceof anabsorbingboundary. Explicit formulaefor thecall optionweregiven.

They allow to modelskews in implied Black-Scholesvolatilities, both frownsandsmiles. The

formulaefor quadraticvolatility with onerealroot,no realroot,andwith two realrootson the

unboundeddomainseemto benew andallow notablyto modelsmiles.

The discussionof the absorbingboundaryshowed that critizising the Bachelierspecification

for allowing thepriceto getnegativeis notvalid: specifyingabsorptionin zerois arbitrage-free

anddoesgive closed-formcall optionprices.This modelseemsto beof practicalimportance,

for examplein Japanin thelate1990swheninterestrateswerevirtually zero.An applicationof

theseresultsto themarket modelof interestratesis givenin Zühlsdorff (2000).
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APPENDIX A. PROOFS FOR SECTION 1

A.1. Proof of Proposition 1.3. Supposethat
�

is aweaksolutionto theSDE� ���4���H��
��� � �1�����	��
��� ��� �
By Theorem10.2.1in StroockandVaradhan(1979), the following condition is sufficient to

ensurenon-explosionup to time
j

: thereis anon-negativefunction � suchthatîð]`[� » � ù ã � �H�=q�VU
and ���H��
��= � � �H�=¾� y¡ ���H��
��= h � � � �	�= I ¿ � �	�=
for aconstant

¿�XN�
. To prooveproposition1.3weconstructa functionfulfilling thiscondition.

By continuityof
�

, thereis aconstant! ¥ suchthatC ���	��
)�� C�I ! ¥ for
��|ej
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andby thelocalLipschitzconditionC ���H��
��= CdIÑC ���	��
)�� C � C ���	��
��=D9K���	��
F�� CdI ! ¥ � > f C � C �
Let . betheconstantfrom

�
’sbounded-on-the-diagonalcondition1.2.Thefunction� �H�=�� . � y¡#" � ! ¥ � > f� h ��îðïL���«yÒ�;� h %$

is strictly positiveandit holds

�&� �	�=�� �yÒ��� h and � � � �	�=�� yn9�� h�«yÒ��� h  h I(' � C � C A yy C � C�I y �
Now wehave���	��
��= � � �	�=7� y¡ ���H��
��= h � � � �H�=�� �����	��
��=yÒ�;� h � y¡ �«yn9�� h +���	��
��= h�«yÒ��� h  hI . � y¡ � ! ¥ � > f� hI � �	�=�

so � satisfiestheconditionof thetheoremwith

¿���y
. )

A.2. Proof of Proposition 1.6. Thesetupis thatof HeathandSchweizer(2000),but we con-

sideracloseddomainsowehaveto specifyaboundaryconditionfor absorption.Proposition1.6

is theconversto their theorem1. Wherethey provide a condition(A.3) which is sufficient for

the equivalenceof the PDE andthe martingaleapproachto option pricing, we show that the

conditionis necessary.

Takeasequenceof boundeddomains ��� ? 
F� ? �+*�����
F�m���
If

�
or

�
is finite we canuse

� ? �8�
or

� ? ���
for all

M
. For any

� I j
andany finite

� � ����
F�m�
wecanfind an

M
with

� � ��� ? 
F� ? � . Let
� %-¶ »

denotethesolutionto theSDE� � %-¶ » �"�Qq�������L
�� %-¶ » ���Q� ��� £ ���Q'
 ���	������
with absorbingboundary

Ov� ? 
F� ? W . Definethestoppingtime

Ø ? asthehitting timeby
� %-¶ »

of the

boundarybefore
j

, ieØ ? �0j	,È]ð_.-�Op� I j C � %-¶ » �"�Q��V� ? or
� %-¶ » ���Q��4� ? Wd�

By continuity of
� %-¶ »

and ³ we have that ³ � Ø ? 
�� %-¶ » � Ø ? ��|�U
. As

�
is locally Lipschitz-

continuous,it is Lipschitz-continuouson
��� ? 
F� ? � . Using theorem6.5.2of Friedman(1975)we

know thatthefunction / ? �	��
��=��V§ £ " ³ � Ø ? 
�� %-¶ » � Ø ? �%$
is theuniquesolutionto thePDE · / ?· � � y¡ � h · h / ?· h � �4�
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with boundarycondition/ ? �	��
F� ? �� ³ �	��
)� ?  / ? �H��
)� ? �� ³ �H��
)� ?  for
� I j

andterminalcondition/ ? �	jn
��=�� ³ �	jn
��=�� ² �	�= for
� � ��� ? 
F� ? ���

As ³ doesalsosolve theequationwith thesameboundaryconditionsit holds³ �H��
��=�� / ? �	��
��= for
�	��
��= � ���G
�jr��;��� ? 
F� ? �"�

On theotherhand,byKaratzasandShreve (1991,5.4.D)or theargumentsin theproof of theo-

rem1 of HeathandSchweizer(2000)weknow that
� %-¶ »

is astrongMarkov process,thus§ £ " ² �	� %-¶ » �	jr� C $ ��0 $n�V§ £ " ³ �	jn
�� %-¶ » �	jr� C $ ��0 $&� ³ � Ø ? 
�� %-¶ » � Ø ? �'�
Takingexpectationsweobtain³ �	��
��=�� / ? �	��
��=q�4§ £ " ² �H� %-¶ » �Hjr� $ �
If

�
or

�
is finite, startingtheprocessin eachboundimmediatelygivestheboundarycondition³ �	��
)���� ² ���" and ³ �	��
F�=�� ² �	�s for

� I jn

seealsoCoxandMiller (1965). )

APPENDIX B. PROOFS FOR SECTION 2

B.1. Proofof Proposition2.2. Thefollowingproofisageneralisationof theonegivenbyRady

andSandmann(1994)for a modelof discountedbondpriceswith rootsin
�

and
y
. In this sec-

tion, functionargumentsareomittedandsubscriptsdenotepartialdifferentials.Notethatfor the

timechange

Ø
andthespatialchange

Â
it holdsÀô%�� · À· � ��9n¼ h

and Â » � · Â· � � y½ Â »)» � · h Â· h � ��9 ½ »½ h Â�w f21 � · Â w f· Ê ��½¾��Â�w f 
First, we will show that the existenceof a solution to the pricing PDE of the form given in

assumption2.1 is a sufficient conditionfor
½

to be a quadraticpolynomial.Supposethat the

solutionof thepricingPDEis of theform³ �	��
��=��V¿¾�"ÀG�	����Á��"Âg�	�=�DÃ��"ÀG�	���
�Âg�	�=�
where

Ã
is a solutionto theheatequation

Ã+3z�ÅÃ 1%1 6 ¡
. Thenit holds

³ 3Ò�0Ám��¿+3)Ã*�\¿íÃ+3'�
 ³ »)» � ¿½ h � Á 1%1 Ãg� ¡ Á 1 Ã 1 ��Á�Ã 1%1 9�½ » �	Á 1 Ã*��Á�Ã 1 +��
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andthePDEbecomes� � ³ 3q9 y¡ ½ h ³ »)»� ¿TÁ � Ã43�9 y¡ Ã 1%1 ¢5 67 89 �
9#¿íÃ 1 � Á 1 9 y¡ ½ » Á ¢5 67 8:+; 9rÃ � y¡ ¿ �HÁ 1%1 9�½ » Á 1 D9�¿<3�Á ¢5 67 8: �

�
To solve the PDE it musthold

§#f*� §nh@� �
. As the correctionfunction

Á
doesonly depend

on
Ê

thecondition
§�f��V�

impliesthat Á 1 � y¡ ½ » ÁG�
Using

�:�VÂ w f � Ê 
, thesolutionto thedifferentialequationisÁm� Ê ��0�'�2S>= y¡ � 1� ½ » �"Â�w f ��EG� � E@?@��× ½¾��Â w f � Ê �

as � 1� ½ » ��Â�w f �	ET� � EÄ� �BA<C ;�D 1�EÆ ½ » �	ÜG½���Ü2 � Â�w f � Ê Ò��î`ïL� " ½¾�"Â�w f � Ê �%$��
For

Á
it holds Á 1%1 � yÖ Á�� ¡ ½L½ »)» � ½ h» �


so
§&hz�V�

is equivalentto ¿+3Ò� yÖ ¿¾�¨½L½ »)» 9�½ h» 6 ¡ ��
As by assumptionthefunction

¿
doesonly dependon

À
the termin braceshasto beconstant.

Dif ferentiating
½ h» 9 ¡ ½L½ »)» �4ÔÄ�

constonceweobtaintheequation½<½ »)»)» �4�
which implies that

½
is a quadraticpolynomialas

½;X��
on thedomainby assumption.Sowe

cansolve ¿+3Ò�89#¿�À 6pÕ
for

¿ ��ÀL��4���2S¾�«9õÔ�À 6<Õ ��
Theinitial conditionis ² �	�=�� ³ �"�2
��=��0Á��"Âg�	�=� Ã����G
�Âg�H�=�
whichgives Ã��"�G
 Ê q� ² �"Â�w f � Ê � 6 Á�� Ê '

thetransformedinitial condition.

Second,wehave to proof thataquadraticpolynomial½¾�H�=q�4b#�eÓF�B� Ç � h
impliesasolutionof theform statedin assumption2.1.This is trivial aswecaneasilybuild the

solutionusing to construct
Â

and
¿
. )
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B.2. Proof of Corollary 2.3. Wehave to verify that�.F G ² ��EG ÙªÚ �	��
���
�jn
FET � E@�4§ £ � ² �	���	jr� C ���H����0�m�
for any continuousfunction ² with boundedsupport,seeKaratzasandShreve (1991,5.7.9ff).

The transitiondensity Ù � Ø 
FÜ�
 Ê  of absorbedBrownian motion on the intervall
��ÌÍ
ÏÎ&�

is the

fundamentalsolution of the heatequationon this intervall, seeKaratzasand Shreve (1991,

2.8.Cand4.3.D).Combiningthis with therepresentationof theorem2.2we get§ £ � ² �H���	jr� C ���	����N�m� � ¿ � Ø h �H����Ám��Âg�H�=� Ã¾� Ø h �H��'
�Âg�H�=�� ¿ � Ø h �H����Ám��Âg�H�=� �.F Gé² ��Â w f ��Ü2�Ám��Ü2 Ù � Ø �	��'
�Üí
)Âg�	�=� � Ü
� ¿ � Ø h �H����Ám��Âg�H�=� � F G ² ��EG Ù � Ø �	���
�Âg�H�='
�Âg�	ET�Á���ÂÄ��EG�G½¾��EG � Eí�

For thefirst equalityweusedtherepresentationof thesolutionof theheatequationasanintegral

of its initial conditionwith respectto thetransitiondensityof absorbedBrownianmotion.For

thesecondweusedthesubstitution
ÜB�ÅÂg�	ET

with� Üg�ÅÂ � ��EG � Eg� � E½¾��EG �
Now wecanidentify thefundamentalsolutionof thepricingPDEasÙªÚ �	��
���
�jn
FEG��V¿¾� Ø h �H��� Á���ÂÄ�	�=�Ám��Âg�	ET� Ù � Ø �	���
�Âg�	�=�
�Âg�	ET�½¾�	ET
which is alsotherisk-neutraltransitiondensity. )

APPENDIX C. PROOFS FOR SECTION 3

Noticethefollowing symmetrywhich will easethecomputationof theformulaein thecaseof

anabsorbingboundaryin zero:theboundaryconditionfor
Ã

in
Ì

will alwaysbe of Dirichlet

typebecause Ã�� Ø h 
)Ìq��ç��Â w f �"ÌqD9�ÞT ß �Ý���s9�ÞT ß �0�G�
Supposethat we have solved the pricing PDE on the domain

����
F�m�
for an

�B| �
. If we want

to find a solutionon the domain
���G
F�m�

, the only characteristicof the PDE that changesis the

boundaryconditionwhich is for thecall to be
�

in
�
. Theobvioussolutionis to takeÃT�v� Ø h 
 Ê q�VÃ�� Ø h 
 Ê �9�Ã�� Ø h 
 ¡ Âg���� 9 Ê 

asthesolutionto theheatequationon
Ëÿ�8� Âg����'
'Îõ�

.

Thetransitiondensityof theone-dimensionalWienerprocessÙ � Ø 
���
�ET�� (@O � � Ø h  � � E C � �"����N�7W� E � yØ à � �é9;EØ ¢ �
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is thefundamentalsolutionof theheatequationontheunboundeddomain
�+9#UV
)UN

. Through-

out theproofswewill usetheabbreviationsÊ �ÅÂg�H�=
and > �ÅÂÄ��ÞT��

C.1. ConstantVolatility. ½J��y
It holds ÔÄ�V� ¿J��y Âg�H�=q�N� Â w f � Ê Ò� Ê Á��"Â w f � Ê ���8y
Thestatespacefor thisspecificationis thewholerealline

���8�«9rUV
�UN
, thereis noboundary

conditionas
Ë �Ý�+9#UV
)UN

. With thesubstitution
E@�0�é9 Ø ¯E we easilysolveäzå<æ��"Þ=
���
 Ø q�4Ã�� Ø h 
��=Ð� � ãw2ã Ã��"�2
FET Ù � Ø 
���
FEG � E

� � ãw2ã ��EÄ9�ÞG�ß Ù � Ø 
���
FEG � E
� � û

w2ã �	�J9 Ø ¯Eg9�ÞT à � ¯EG � ¯E� �	�J9;ÞT â � � �� Ø à � � 
for

� � �J9�ÞØ �
Using Âg�"����4�

and
ÂÄ�	�=����

thepricefor thecaseof anabsorbingboundaryin
�

isä�åpæ ß �"Þ=
���
 Ø q�4ä�å<æ��"Þ=
���
 Ø D9�ä�å<æL��Þ=
ª9n��
 Ø '�
C.2. Affine Volatility. ½��	�=��0�J9K�
Wehave ÔÄ��y ¿¾� Ø h ��0�'�2S¾�+9 Ø h 6pÕ Âg�H�=q�0î`ïL���H�è9��� Â w f � Ê Ò� � 1 ��� Á�� Ê q� � 1 � h
Theinitial valueis Ã¾���G
 Ê ��ç� � 1 ���=9�ÞT«ß � w 1 � h � � 1 � h 90�"ÞB9��� � w 1 � h �
For thestatespace

�Ñ�Ý�"��
�UN
with

Ë � ê ë wegetÃ�� Ø h 
 Ê Ð� � ãw2ã Ã¾���G
FEG Ù � Ø 
 Ê 
�ET � E
� � û

w2ã � � 1 w �IH �e�=9�ÞG � wKJ CMLON� à ��EG � E
� � � � ��P " � 1 � h â � � � Ø�6 ¡ D90�"Þg9��" � w 1 � h â � � 9 Ø�6 ¡  $ �
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with � � Ê 9 >Ø � yØ î`ïL� � �è9��Þg9;� ¢ 
 > �ÅÂg�"ÞT'�
Combiningthefactorswegetñ�ò �"Þ=
���
 Ø 
)��Ð� ¿ � Ø h  � 1 � h Ã�� Ø h 
 Ê � �	�J9K�" â � � � Ø�6 ¡ D9���ÞB9;�� â � � 9 Ø�6 ¡ � ñ¾ò �"ÞB9���
��é9���
 Ø 
F��� äÍì1��ÞB9;��
��è9;��
 Ø ��
For

�D|N�
it holds

ÂÄ�"�����î`ïL���+9r��
andthecorrectionfor absorptionin zerois�'�2S¾� Ø h 6<Õ  � 1 � h Ã�� Ø h 
 ¡ Âg�"�L 9 Ê ��VäÍì � �"Þg9��"Ï�"�í9K�=� 
ª9õ��
 Ø ¢ �

Theeasiestway to proof theSondermannformulafor absorptionin
� |VU

is to proceedelike

in thecasefor absorptionin zero:try to find acorrectionfunctionof theformÃ<Q�� Ø 
 Ê q�VÃ�� Ø 
 .SR Ê 
with . to bedetermined.Thenew functionfulfils theheatequation,sowe have to choosea .
suchthatthenew functionsatisfiestheboundaryconstraintÃ�� Ø 
ÏÎ#D9�Ã<Q�� Ø 
ÏÎ#��ÅÃ��"�G
ÏÎ#��
Thecandidat Ã<Q�� Ø 
 Ê q�VÃ¾� Ø 
 Ê � ¡ � > 9eÎ#�
satisfiesthis constraintandalsotheinitial conditionasÃ<Q����G
 Ê ��4�

for
Ê � �+9#UV
ÏÎ&�"�

C.3. Quadratic Volatility with two real roots.½¾�H�=�� �	�é9���ô���é9��=�é9;� � |e��|\�
TherelevantparametersandfunctionsareÔÄ��y ¿¾� Ø h ��0�'�2S¾�+9 Ø h 6pÕ 

ÂÄ�	�=��4î`ï<�è� �é9���è9K� ¢ Â�w f � Ê �� �^9��yz� � w 1 9�� Ám� Ê �� á �Ä�e�� 1 � h � � w 1 � h
Theinitial valueis Ã����G
 Ê �� yá �g��� " ���^9�ÞT � 1 � h 9���Þ��e�� � w 1 � h $ ß
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sofor
�ç�0Ë � ê ë :á �g�e�í¿¾� Ø h �Ã�� Ø h 
 Ê  � ¿ � Ø h  � ãT " ���^9�ÞT H
� h 90��Þ��e�� � w H
� h $ Ù � Ø 
 Ê 
FET � E

� ¿ � Ø h  � J CVULw2ã " �	�è9�ÞT � D 1 w �IH E � h 90��Þ����" � w D 1 w �IH E � h $ à �	ET � E
� ���é9�ÞT � 1 � h â � Ê 9 >Ø � Ø

¡ ¢ 9��"Þ*���" � w 1 � h â � Ê 9 >Ø 9 Ø
¡ ¢

Á�� Ê �¿¾� Ø h �Ã�� Ø h 
 Ê �� �	�g�e��ô�	�è9�ÞT�B�e� âXW � � Ø ¡ZY 9 �"Þ��e��ô�	�è9��=�g�e� â[W � 9 Ø ¡ZY� � yØ î`ïL� � �H�@���"Ï���^9�ÞT�	�è9��=Ï��Þ¤�e�� ¢

C.4. Quadratic Volatility with onereal root.½¾�	�=��8�	�J9K�" h Ôg�4� �ç�ç�"��
�UNÊ �ÅÂÄ�	�=�� 9¤y�è9;� Â w f � Ê q�4�=9 yÊ Ë �ç�«9rUV
)��Á�� Ê q� C 9Ny 6 Ê C � 9*y 6 Ê Á��"Âg�	�=�q�N�J9;�
Ã����G
 Ê ���9 Ê ���s9�ÞB9 yÊ ¢ ß �ç� Ê �"Þ@9���7�0y  ß

Thesolutionin thetransformedstatespaceisÃ�� Ø h 
 Ê  � � �
w2ã Ã¾���G
FEG7� Ù � Ø 
 Ê 
FEGD9 Ù � Ø 
 Ê 
ª9&EG¾� � ��(é��Eg�V� C Ê 
 Ø �� � E

� � �
w ;\ C^] � Es��ÞÄ9���7�0yô�d� Ù � Ø 
 Ê 
�ETD9 Ù � Ø 
 Ê 
ª9õEG+� � E#� ¡ â W ÊØ Y

� ��Þg9���m� ;\ C^]w ;\ C^] E Ù �
Ø 
 Ê 
FEGs�e� �

w ;\ CM] Ù �
Ø 
 Ê 
�ET � E*9�� ;\ C^]� Ù � Ø 
 Ê 
FET � E#� ¡ â W ÊØ Y� ��Þg9���7� � ß â ß 9 � w â w � Ø � à ß 9 à w ��

usingtheabbreviations�@_ � Ê R yÞg9;� à _ � à � �@_Ø ¢ â _ � à � �@_Ø ¢
and � ß � Ê q� �é9�Þ�	�é9��"Ï��Þg9��� � w � Ê �� ¡ �=9�ÞB9���	�é9���ô�"ÞB9���
It holds ÷ yd�"Þ=
���
 Ø 
)����ç�	�é9���ô��Þg9���Tä�å<æ ß � y�é9�� 
 yÞB9�� 
 Ø ¢ �
To computethecorrectiontermfor absorptionin zeroweneed� � _ � �@_ � ¡ Âg�"��¾9 Ê �� �@_ � ¡ �è9;��«�	�è9��" ¢ 
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then � � ß � Ê Ò� ý �è9 ¡ ��	�è9;��ô��ÞB9;�� 
 � � w � Ê �� ��H�è9���Ï��Þg9��� 

sothecorrectionis �	�é9���ô�"ÞB9���Tä�åpæ ß � y�é9�� 
 �=9 ¡ ��	�é9���ô��Þg9��� 
 Ø ¢K�
C.5. Quadratic with no real root.½¾�H�=�� ��þ yÒ�ÿ� �è9��� ¢ h � � X~�
This implies Ôg��9&Ö ¿¾� Ø h �� � � � � h Âg�H�=��4å���æ��)åp_ � �J9��� ¢ 9�b

Ì;�V� Î0�4¦N9�b I �
for bB�Vå���æ��Få<_ � �í9	�� ¢ A 9 � ¡ and

¦V�0å���æ��)å<_ � �è9��� ¢ I � ¡ 

then Â�w f � Ê ��S�ç� � �)å<_¤� Ê ��b2

and
Á�� Ê �� á �æÏïLP � Ê ��b2 �

Theinitial valueis Ã��"�2
 Ê  � æôï<PQ� Ê �eb�á � �`�Ñ� � �)å<_1� Ê �eb�D9�ÞT ß
� yá � �`�`� 9�ÞGGæôïLPª� Ê �eb�7� � P�]`_1� Ê �eb�+� ß �

Define a �VÃ����G
ÏÎ#�� yá � �ð�`� 9�ÞGGæôïLPª��¦�7� � P�]`_7�	¦�����
Thegeneralsolutionof theheatequationonthefinite domain

���G
ÏÎ#
hasasineexpansionof the

form Ã�� Ø h 
 Ê �� ¡Î�� ?�� � b ? � ? � Ø h GP�]`_ ? � Ê � ? � Ø h �� � w ? �cbM� � � � h2Q � P�]`_ ? � Ê q�0P�]`_1� M � Ê 6 Î#
with coefficients Ç)? � � Q� Ã����G
 Ê GP�]`_ ? � Ê  � Ê 

seeCarslaw andJaeger(1959,3.3).Thegeneralintegralsweneedare/ � M 
 Ê q� � P�]`_1� Ê �eb�GP�]ð_ ? � Ê  � Ê �89ed ß? P�]`_1�"bÄ9 d w? Ê �� d w? P�]ð_7��b�� d ß? Ê ¡�f ?
and ! � M 
 Ê �� � æôïLPQ� Ê �eb�GP�]ð_ ? � Ê  � Ê ��9 d ß? æÏïLP ��bÄ9 d w? Ê ¾� d w? æôïLPª�"b�� d ß? Ê ¡�f ?
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for d _? � M �Î R yL

and

f ? � M h � hÎ h 9~yr� d ß? d w? �
So,thecoefficientsfor thesolutionare

Ç�? � yá � �ð�`� 9�ÞG7� ! � M 
'Î��9 ! � M 
 > �7� � � / � M 
'Î��9 / � M 
 > �+���
As b R d _? ÎV��¦ R M � 

it holds ! � M 
'Î�Ð� 9ed ß? æôïLP ��¦N9 M � �� d w? æôï<P ��¦e� M � ¡�f ?� 9 � d ß? � d w? GæôïLPª��¦�� M � ¡�f ?� �+9*y  ? ß f M �Î æôï<P ��¦#f ?
and / � M 
ÏÎ# � 9 d ß? P�]ð_���¦N9 M � 7� d w? P�]`_��	¦�� M � ¡�f ?� 9 � d ß? � d w? GP�]ð_���¦�� M � ¡�f ?� �+9*yQ ? ß f M �Î P�]ð_���¦#f ? �
Combiningall this,weget

Ç)? �ç�+9*y  ? ß f M �Î a 9 yá � � ���{9�ÞT ! � M 
 > 7� ��/ � M 
 > +�<�
By thegeneralpricing formulafrom proposition1.6 theboundaryconditionin

Î
isÃ¾� Ø h 
ÏÎ#�� Ã����G
ÏÎ#¿ � Ø h  � a � w � � � h �

Now wehave to computethesolutionfor thetimedependentboundary. By Carslaw andJaeger

(1959,3.5) it is givenby asineexpansionwith coefficientsÓ ? � �+9*yQ ? ß f M �¡ Î � � �� Ã��"À�
ÏÎ#� ? ��ÀL � À
� a �+9*y  ? ß f M �¡ Î � � �� ���2S¾� f ? À 6 ¡  � À� �+9*yQ ? ß f M �Î �'�2S¾� f ? Ø h 6 ¡  9Nyf ? a �

Combiningall factorswegetthecoefficients
b ? for thesineexpansionof thesolution:b ? �0Ó ? � Ç�? �ç�«9¤yQ ? ß f M �Î �'�2S¾� f ? Ø h 6 ¡ f ? a 9 yá � � ��� 9�ÞT ! � M 
 > �� ��/ � M 
 > +�
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whichfinally gives¿¾� Ø h �Á�� Ê �Ã�� Ø h 
 Ê 
� á �æôï<P � Ê �eb� ¡Î � ?�� � b ? � whg 0 � � � h P�]`_ ? � Ê � yæôï<P � Ê �eb� þ á � a P�]`_�� Ê P�]`_��cÎ� 9 ¡Î � ?�� � �ð�`� 9�ÞT ! � M 
 > 7� ��/ � M 
 > �� � whg 0��i�O� h P�]`_ ? � Ê  �

as � Q� P�]`_1� Ê GP�]`_ ? � Ê  � Ê �ç�+9*yQ ? ß f M �Î P�]ð_���Î#f ? �
If

�7�X�
, which implies

bB�4�
, thefirst termsimplifiesá � aP�]`_��cÎ� P�]`_7� Ê æôïLPª� Ê  � á � aP�]`_��cÎ� �Få<_�� Ê �� aP�]ð_7��Î# �é9	�á � �

If further
���ÅU

, which implies
Î4� b h and

a � á �
, thefirst termsimplifiesfurtheraP�]ð_7��Î# �é9	�á � ���è9	� �

C.6. Implementing the
÷ �

formula. Becauseof the fastdecreasingfactors
� ? we needonly

200–300terms in the expansion.To computethe
P�]ð_ ? � Ê  We can usetwo simple recursive

algorithmsby GoertzelandReintsch,seee.g.StoerandBulirsch (1993).Define
ÁJ� � Ê 6 Î ����G
 � � thenit holds P�]ð_T�Q� Ê ��V� P�]ð_ífô� Ê q�0P�]`_1�	Á�'�

TheGoertzelalgorithmis givenbyP�]ð_ ? � Ê q� Ç P�]`_ ? w fÏ� Ê �9�P�]`_ ? w hQ� Ê  with Ç � ¡ æôï<PTÁT�
Thealgorithmis numericallyunstablefor small valuesof

Á
. In this case,we canalternatively

usetheslightly morecomplicatedReintschalgorithm:if
� I Á I b h use�'? � Ê q�V¿õP�]`_ ? w fÏ� Ê �� �'? w fô� Ê  � fô� Ê ��4P�]ð_=fÏ� Ê 

with P�]`_ ? � Ê �� �'? � Ê ���P�]`_ ? w fÏ� Ê ¿J� ¡ ��æÏïLPTÁ�9NyQ��89&Ö�P�]ð_ h �	Á 6 ¡ ��
For

b h |\Á I � use �'? � Ê q�V¿&P�]`_ ? w fÏ� Ê D9 �'? w fÏ� Ê  � fô� Ê ��4P�]ð_=fÏ� Ê P�]`_ ? � Ê q� �'? � Ê �9;P�]`_ ? w fÏ� Ê 
with ¿�� ¡ ��æÏïLPTÁõ�0y ��4Ö�æôïLP h �	Á 6 ¡ '�


