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Rq wkh G|qdplf Irxqgdwlrq ri Hyroxwlrqdu|

Vwdelolw| lq Frqwlqxrxv Prghov�

Mùuj Rhfkvvohu_

Ghsduwphqw ri Hfrqrplfv

Xqlyhuvlw| ri Erqq

Iudqn Ulhghoh

Ghsduwphqw ri Hfrqrplfv

Kxperogw Xqlyhuvlw|/ Ehuolq

Mxqh 5</ 5333

Devwudfw

Zh vkrz lq wklv sdshu wkdw qrqh ri wkh h{lvwlqj vwdwlf hyroxwlrqdu|

vwdelolw| frqfhswv +HVV/ FVV/ xqlqydgdelolw|/ QLV, lv vx!flhqw wr jxdu0

dqwhh g|qdplf vwdelolw| lq wkh zhdn wrsrorj| zlwk uhvshfw wr vwdqgdug

hyroxwlrqdu| g|qdplfv li wkh vwudwhj| vsdfh lv frqwlqxrxv1 Zh sursrvh

d qhz frqfhsw/ hyroxwlrqdu| urexvwqhvv/ zklfk lv vwurqjhu wkdq wkh

suhylrxv frqfhswv1 Hyroxwlrqdu| urexvwqhvv hqvxuhv g|qdplf vwdelolw|

iru uhsolfdwru g|qdplfv lq grxeo| v|pphwulf jdphv1

MHO�fodvvl�fdwlrqv= F:3/ :51

Nh| zrugv= uhsolfdwru g|qdplfv/ hyroxwlrqdu| vwdelolw|/ HVV/ FVV1

Yhu| suholplqdu|/ frpphqwv zhofrph$

WZh duh judwhixo wr Lodq Hvkho/ Uhlqrxg Mrrvwhq/ dqg Dyqhu Vkdnhg iru glvfxvvlrqv1 Il0

qdqfldo vxssruw e| wkh Ghxwvfkh Iruvfkxqjvjhphlqvfkdiw/ VIE 6:6 dqg Judgxlhuwhqnroohj
Dqjhzdqgwh Plnurùnrqrpln/ lv judwhixoo| dfnqrzohgjhg1

_Dghqdxhudoohh 57/ 86446 Erqq/ Jhupdq|/ hpdlo= rhfkvvohuCxql0erqq1gh
hulhghoCzlzl1kx0ehuolq1gh



4 Lqwurgxfwlrq

Frqwlqxrxv prghov sod| dq lpsruwdqw uroh lq doo irupdo vflhqfhv dowkrxjk

wkh revhuyhg uhdolw| lv phdvxuhg lq glvfuhwh txdqwlwlhv1 Lq hfrqrplfv/ sulfhv

dqg txdqwlwlhv duh xvxdoo| prghohg dv frqwlqxrxv yduldeohv dowkrxjk erwk

olh rq d �qlwh julg lq uhdolw|1 Lq jdph wkhru|/ fkrlfhv ri wlplqj/ ri txdolw|/

ri h�ruw hwf1 duh iuhtxhqwo| dvvxphg wr ehorqj wr d uhdo lqwhuydo1 Prgholqj

sdudphwhuv dv frqwlqxrxv yduldeohv lv mxvwl�hg lq prvw fdvhv ehfdxvh �uvw/

wkh frqwlqxrxv prgho surylghv d jrrg dssur{lpdwlrq wr uhdolw| dqg/ vhfrqg/

lw rshqv wkh grru iru wkh srzhuixo wrrov ri dqdo|vlv1

Lq hyroxwlrqdu| jdph wkhru|/ krzhyhu/ prghov lq zklfk vwudwhjlhv duh

frqwlqxrxv yduldeohv duh vwloo wkh h{fhswlrq1 \hw/ li hyroxwlrqdu| jdph wkhru|

lv wr eh h{whqghg eh|rqg wkh zhoo xqghuvwrrg �hog ri jdphv zlwk d vpdoo

qxpehu ri vwudwhjlhv/ rqh pxvw eh deoh wr ghdo zlwk frqwlqxrxv prghov1

Lpsruwdqw dssolfdwlrqv zloo lqfoxgh/ iru h{dpsoh/ edujdlqlqj jdphv/ jdphv

ri wlplqj/ roljrsro| jdphv/ sxeolf jrrg jdphv/ wkh hyroxwlrq ri suhihuhqfhv

dqg wkh hyroxwlrq ri pdunhwv1 Wkh vhw ri srvvleoh dfwlrqv lv xvxdoo| txlwh d

odujh vhw dqg lv/ wkhuhiruh/ ehvw prghoohg wkurxjk d frqwlqxrxv dssurdfk14

Wkh �uvw sureohp hqfrxqwhuhg lq wklv duhd lv wkh odfn ri d frqylqflqj

vwdwlf vwdelolw| frqfhsw1 Lq wkh �qlwh fdvh/ rqh xvhv wkh qrwlrq ri Hyrox0

wlrqdulo| Vwdeoh Vwudwhj| +HVV, dv d vwdelolw| frqfhsw1 Lq jdphv zlwk d

�qlwh qxpehu ri sxuh vwudwhjlhv wkh HVV gh�qlwlrq kdv jdlqhg vwurqj vxs0

sruw wkurxjk wkh idfw wkdw HVV lv d vx!flhqw frqglwlrq iru g|qdplf vwdelolw|

zlwk uhvshfw wr wkh uhsolfdwru g|qdplfv1 Xqiruwxqdwho|/ lq jdphv zlwk d

frqwlqxxp ri sxuh vwudwhjlhv wklv idfw fhdvhv wr eh wuxh1 Rqh ri wkh frq0

wulexwlrqv ri wkh suhvhqw sdshu lv wr sursrvh d vwdwlf vwdelolw| frqfhsw iru

frqwlqxrxv hyroxwlrqdu| prghov/ fdoohg Hyroxwlrqdu| Urexvwqhvv +HU,/ dqg

wr surylgh d g|qdplf irxqgdwlrq iru wklv frqfhsw1

Wkh edvlf lghd ri g|qdplf vwdelolw| lv wkdw d srsxodwlrq zklfk lv voljkwo|

shuwxuehg iurp wkh htxloleulxp vkrxog qrw eh gulyhq ixuwkhu dzd| wkurxjk

wkh hyroxwlrqdu| g|qdplfv1 Wkh fulwlfdo txhvwlrq lv zklfk shuwxuedwlrqv duh

4Iru vrph h{dpsohv ri dssolfdwlrqv zlwk frqwlqxrxv vwudwhj| hyroxwlrq vhh Ehvwhu dqg
J wk ^5`/ Khlihw} dqg Vslhjho ^<`/ Kxfn/ Nlufkvwhljhu/ dqg Rhfkvvohu ^44`/ Rn dqg Yhjd�

Uhgrqgr ^47` ru Rhfkvvohu dqg Ulhgho ^46` dqg wkh uhihuhqfhv flwhg wkhuhlq1
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wr eh frqvlghuhg �forvh� wr wkh ruljlqdo htxloleulxp1 Wkxv/ dv srlqwhg rxw

e| Hvkho ^:` wkh zkroh lvvxh fuxfldoo| ghshqgv rq wkh fkrlfh ri wrsrorj| iru

wkh vsdfh ri srsxodwlrqv15

Lq wkh �qlwh fdvh/ wkh fkrlfh ri wrsrorj| lv lqfrqvhtxhqwldo vlqfh doo vhq0

vleoh phdvxuhv ri glvwdqfh |lhog wkh vdph uhvxow= Li % lv fkrvhq vpdoo hqrxjk/

wkhq d srsxodwlrq S lv forvh wr srsxodwlrq T li dqg rqo| li T fdq eh zulwwhq

dv T @ +4� %,S . %U iru vpdoo % A 3 dqg vrph srsxodwlrq U1 Lq wkh fdvh

ri d frqwlqxxp ri vwudwhjlhv wklv qrwlrq ri glvwdqfh vhhpv xqgxo| uhvwulfwlyh

+vhh dovr Hvkho hw do1/ ^;` iru wklv dujxphqw,1 Zk| vkrxog d prqrprusklf

srsxodwlrq sod|lqj d vwudwhj| duelwudulo| forvh wr wkh htxloleulxp vwudwhj|

qrw eh frqvlghuhg forvh wr wkh htxloleulxp srsxodwlrqB Wr jlyh dq h{dpsoh/

li wkh vwudwhj| ri vrph dqlpdo lv wkh ohqjwk ri lwv wdlo/ duh wkhq wzr srsx0

odwlrqv/ rqh ihdwxulqj d wdlo ri ohqjwk { dqg wkh rwkhu d ohqjwk ri { . %/ idu

dsduw hyhq li % lv duelwudulo| vpdooB Lq hfrqrplf dssolfdwlrqv wklv pd| eh

hyhq ohvv frqylqflqj1

D ixuwkhu dujxphqw lq idyru ri wklv ylhz frxog eh pdgh dv iroorzv1 Vxs0

srvh d srsxodwlrq lv rswlpdo djdlqvw d jlyhq hqylurqphqw exw d vpdoo fkdqjh

lq wkh hqylurqphqw rffxuv vxfk wkdw wkh hqwluh sd|r� ixqfwlrq � dqg zlwk lw/

wkh rswlpdo dfwlrq � vkliwv vrphzkdw1 Wkh qhz rswlpdo vwudwhj| pd| qrz

eh % dzd| iurp wkh fxuuhqw srsxodwlrq1 Iru vwdelolw| lw vhhpv uhdvrqdeoh wr

uhtxluh wkdw wkh srsxodwlrq grhv qrw guliw dzd| iurp wkh qhz rswlpxp dq|

ixuwkhu1

Edvhg xsrq wkhvh dujxphqwv/ zh fkrrvh wkh zhdn wrsrorj| dv wkh zd|

wr phdvxuh krz gl�huhqw wzr srsxodwlrqv duh1 Wkh zhdn wrsrorj| fdswxuhv

wzr dvshfwv= lw doorzv erwk iru d odujh fkdqjh ri vwudwhjlf sod| e| d vpdoo

iudfwlrq ri sod|huv dv zhoo dv d vpdoo fkdqjh ri vwudwhjlf sod| e| d odujh

iudfwlrq ri wkh srsxodwlrq1

Zh vkrz wkdw doo suhylrxvo| vxjjhvwhg vwdwlf gh�qlwlrqv � zkhwkhu HVV/

Ylfnhuv dqg Fdqqlqjv* ^53` xqlqydgdelolw|/ Erp}h*v ^6` vwurqj xqlqydgdelo0

lw|/ Hvkho dqg Prwur*v ^8` frqwlqxrxvo| vwdeoh vwudwhj| +FVV,/ ru Dsdorr*v ^4`

qhljkerukrrg lqydghu vwudwhj| +QLV, � idlo wr jxdudqwhh g|qdplf vwdelolw|

5Zh dozd|v lghqwli| d srsxodwlrq zlwk wkh djjuhjdwh sod| ri lwv phpehuv/ l1h1 zlwk wkh

suredelolw| phdvxuh ryhu wkh vhw ri +sxuh, vwudwhjlhv1

5



+lq wkh deryh vhqvh, lq wkh frqwlqxxp fdvh1 Li rqh dffhswv rxu qrwlrq ri

glvwdqfh/ wkhq rqh dovr kdv wr dffhsw wkh idfw wkdw doo nqrzq vwdwlf hyrox0

wlrqdu| frqfhswv duh lqvx!flhqw wr jxdudqwhh hyhq O|dsxqry vwdelolw| zlwk

uhvshfw wr wkh uhsolfdwru g|qdplfv1

Wkh frqfhsw zh lqwurgxfh/ Hyroxwlrqdu| Urexvwqhvv ru HU/ lv d qdwx0

udo jhqhudol}dwlrq ri HVV iru wkh frqwlqxrxv prgho zlwk wkh zhdn wrsrorj|

� dqg lq idfw/ lq wkh �qlwh fdvh/ wkh wzr qrwlrqv frlqflgh1 D srsxodwlrq lv

fdoohg hyroxwlrqdulo| urexvw li lw rewdlqv d kljkhu wkdq dyhudjh sd|r� djdlqvw

doo srvvleoh srsxodwlrqv zklfk duh forvh lq wkh vhqvh ri wkh zhdn wrsrorj|1

Khqfh/ wkh vhw ri vwdwhv wr fkhfn lv odujhu wkdq uhtxluhg/ h1j1/ e| xqlqydgdelo0

lw|1 Wr jlyh dq h{dpsoh1 Vxssrvh wkdw wkh vwudwhj| vhw lv wkh xqlw lqwhuydo

dqg wkh krprjhqhrxv srsxodwlrq zklfk sodfhv doo pdvv rq }hur lv wkh htxl0

oleulxp fdqglgdwh1 Iru xqlqydgdelolw|/ rqh pxvw rqo| fkhfn wkh srsxodwlrqv

lq zklfk d odujh sduw ri wkh srsxodwlrq vwloo sod|v }hur zkhuhdv d vpdoo iudf0

wlrq grhv vrphwklqj hovh1 Iru HU/ rqh pxvw dgglwlrqdoo| fkhfn srsxodwlrqv

lq zklfk hyhu| sod|hu xvhv d gl�huhqw vwudwhj| zklfk lv forvh wr }hur exw qrw

htxdo wr }hur1 Wklv odwwhu uhtxluhphqw lv pruh lq wkh vslulw ri wkh frqfhswv

FVV dqg QLV sursrvhg lq wkh elrorj| olwhudwxuh1 Lq idfw/ HU lpsolhv xqlq0

ydgdelolw| dv zhoo dv FVV dqg QLV dqg xql�hv/ lq wklv vhqvh/ wkh suhylrxvo|

vxjjhvwhg frqfhswv1

Erp}h ^6` kdv hvwdeolvkhg d zhdnhu nlqg ri g|qdplf vwdelolw| iru +vwurqjo|,

xqlqydgdeoh srsxodwlrqv1 Kh vkrzv wkdw uhsolfdwru g|qdplfv frqyhujh zhdno|

wr wkh xqlqydgdeoh srsxodwlrq li wkh vhw ri dgplvvleoh vwduwlqj srlqwv iru wkh

uhsolfdwru g|qdplfv lv uhvwulfwhg wr srsxodwlrqv kdylqj vpdoo furvv hqwurs|

uhodwlyh wr wkh htxloleulxp srsxodwlrq1 Iru krprjhqhrxv htxloleulxp srsx0

odwlrqv/ wklv phdqv wkdw dgplvvleoh lqlwldo srsxodwlrqv pxvw eh forvh wr wkh

htxloleulxp srsxodwlrq lq wkh yduldwlrqdo wrsrorj|/ zkhuhdv g|qdplfv frq0

yhujh lq wkh zhdn wrsrorj|1 Wkh vdph dssurdfk lv xvhg lq rxu rzq suhylrxv

zrun ^46`1 Dowkrxjk wklv lv d yhu| zhdn nlqg ri vwdelolw|/ lw kdv wkh dgydq0

wdjh ri doorzlqj wr zrun zlwk glvfrqwlqxrxv sd|r� ixqfwlrqv1 Lq frqwudvw/ li

rqh dgrswv wkh zhdn wrsrorj|/ wkhq sd|r� ixqfwlrqv pxvw eh frqwlqxrxv1

Vh|prxu ^48` vkrzv wkdw uhsolfdwru g|qdplfv frqyhujh lq wkh yduldwlrqdo

wrsrorj| wr wkh htxloleulxp srsxodwlrq li wkh sd|r� ixqfwlrq kdv d glvfrq0
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wlqxrxv xszdug mxps dw wkh htxloleulxp vwudwhj|1 Wkhuh pxvw eh d srvlwlyh

jds ehwzhhq wkh htxloleulxp sd|r� dqg doo rwkhu frpshwlqj vwudwhjlhv lq

rughu wr hqvxuh wklv vwurqj w|sh ri vwdelolw|1

D frqwlqxrxv prgho vkrxog rqo| eh xvhg li lw forvho| dssur{lpdwhv wkh

glvfuhwh prgho dv wkh qxpehu ri vwudwhjlhv jurzv odujh1 Zh vkrz wkdw wklv

lv vdwlv�hg lq rxu fdvh1 Zkhq wkh sdudphwhu vsdfh lv glvfuhwh dqg vwudwhjlhv

olh rq d �qlwh julg/ wkh fruuhvsrqglqj glvfuhwh uhsolfdwru g|qdplfv frqyhujh

wr wkh frqwlqxrxv uhsolfdwru g|qdplfv lq wkh zhdn wrsrorj| dv julg vl}h ydq0

lvkhv1 Lq sduwlfxodu/ wklv uhvxow vkrzv wkdw rqh fdq xvh qxphulfdo surfhgxuhv

lq rughu wr vwxg| wkh ehkdylru ri wkh frqwlqxrxv prgho1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq zh lqwurgxfh wkh

hyroxwlrqdu| g|qdplfv1 Vhfwlrq 6 ghvfulehv wkh vwdwlf hyroxwlrqdu| frqfhswv

zklfk kdyh vr idu ehhq sursrvhg iru wkh frqwlqxrxv prgho1 Lq Vhfwlrq 7 zh

wkhq vkrz e| h{dpsohv wkdw wkh sursrvhg frqfhswv gr qrw hqvxuh g|qdplf

vwdelolw| zlwk uhvshfw wr wkh zhdn wrsrorj|1 Lq Vhfwlrq 8 zh vxjjhvw rxu qhz

frqfhsw ri hyroxwlrqdu| urexvwqhvv/ vkrz wkdw wklv lpsolhv doo suhylrxv frq0

fhswv/ dqg hvwdeolvk g|qdplf vwdelolw| iru grxeo| v|pphwulf jdphv1 Ilqdoo|/

lq Vhfwlrq 9 zh vkrz wkdw wkh frqwlqxrxv prgho lv lqghhg wkh olplw ri wkh

glvfuhwh prgho li wkh julg vl}h ri wkh vwudwhj| vhw ydqlvkhv1

5 Hyroxwlrqdu| g|qdplfv

Zh frqvlghu v|pphwulf wzr�sod|hu jdphv zlwk +Eruho, vwudwhj| vhw V � U

dqg frqwlqxrxv sd|r� ixqfwlrq i+{> |,1 D srsxodwlrq lv lghqwl�hg zlwk wkh

djjuhjdwh sod| ri lwv phpehuv dqg lv ghvfulehg e| d suredelolw| phdvxuh S

rq wkh phdvxuh vsdfh +V>E,/ zkhuh E ghqrwhv wkh Eruho ��dojheud rq V1 Zh

ghqrwh e| �+V, wkh vhw ri doo srsxodwlrqv +suredelolw| phdvxuhv ru pl{hg

vwudwhjlhv, rq V/ dqg e| �+S>T, wkh glvwdqfh ri wzr srsxodwlrqv phdvxuhg

zlwk uhvshfw wr wkh zhdn wrsrorj|/

�+S>T, =@ lqi

�
% A 3 = ;v 5 V> T ++�4> v� %`,� % �

S ++�4> v`, � T ++�4> v. %`, . %

�
=

Wkxv/ srsxodwlrq T lv frqvlghuhg %�forvh wr d Gludf phdvxuh zlwk pdvv rq

x/ ��> li wkh pdvv rq erwk/ +�4> x � %, dqg +x. %>4,> lv dw prvw %1
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Wkurxjkrxw wkh sdshu zh dvvxph wkdw wkh dyhudjh sd|r� ri srsxodwlrq

S djdlqvw srsxodwlrq T lv elolqhdu lq S dqg T/ l1h1

H+S>T, @

]
7

]
7

i+{> |,T+g|,S +g{, = +4,

Vlqfh i lv frqwlqxrxv/ wkh elolqhdu ixqfwlrqdo ri h{shfwhg sd|r�v/ H+S>T,/

lv frqwlqxrxv zlwk uhvshfw wr wkh zhdn wrsrorj|1

Zh dvvxph wkdw hyroxwlrqdu| g|qdplfv6 duh uhjxodu + bS +V, @ 3, dqg

sd|r� prqrwrqlf/ l1h1 wkdw +vhw ri, w|shv zlwk kljkhu dyhudjh �wqhvv kdyh

kljkhu jurzwk udwhv + aS+D, =@ bS+D,@S +D, ghqrwhv wkh jurzwk udwh ri S +D,,/

ru irupdoo|

Gh�qlwlrq 4 D uhjxodu g|qdplf lv fdoohg sd|r� prqrwrqlf li iru doo D dqg

D
� 5 E

aS +D, A aS+D�,

li dqg rqo| li

4

S+D,

]
�

H+�%> S,S+g{, A
4

S+D�,

]
��

H+�%> S ,S+g{,=

Ohw SW eh dq htxloleulxp srlqw ri wkh g|qdplfv/ wkdw lv bSW+D, @ 3 iru

doo Eruho vxevhwv D ri V1 SW lv fdoohg O|dsxqry vwdeoh li iru doo % A 3 wkhuh

h{lvwv � A 3 vxfk wkdw iru doo lqlwldo srsxodwlrqv T+3, zlwk � +T+3,> SW, ? �

zh kdyh � +T+w,> S W, ? % iru doo w A 31 SW lv fdoohg dv|pswrwlfdoo| vwdeoh li lw

lv O|dsxqry vwdeoh dqg wkhuh h{lvwv % A 3 vxfk wkdw iru doo lqlwldo srsxodwlrqv

T+3, zlwk � +T+3,> SW, ? % zh kdyh � +T+w,> SW,$ 31

D sduwlfxodu w|sh ri g|qdplfv zklfk zh vkdoo frqvlghu ehorz dv d vshfldo

fdvh duh wkh zhoo nqrzq uhsolfdwru g|qdplfv +Wd|oru dqg Mrqnhuv ^4:`,1 Ohw

�+{>S, =@ H+�%> S ,�H+S>S ,

ghqrwh wkh gl�huhqwldo �wqhvv ri sxuh vwudwhj| { zkhq pdwfkhg djdlqvw srsx0

odwlrq S / l1h1 wkh gl�huhqfh ehwzhhq wkh sd|r� ri vwudwhj| { dqg wkh dyhudjh

srsxodwlrq sd|r�1 Wkh lghd ri wkh uhsolfdwru g|qdplfv lv wkdw wkh uhodwlyh

6Wkdw hyroxwlrqdu| g|qdplfv fdq eh phdqlqjixoo| gh�qhg lq wkh frqwlqxrxv frqwh{w lv
vkrzq lq Erp}h ^6` dqg Rhfkvvohu dqg Ulhgho ^46`1
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lqfuhphqw ri wkh iuhtxhqf| ri d vhw ri vwudwhjlhv lv jlyhq h{dfwo| e| wkh dy0

hudjh gl�huhqwldo �wqhvv ri vwudwhjlhv lq wkdw vhw1 Irupdoo|/ wkh uhsolfdwru

g|qdplfv iru wkh frqwlqxrxv fdvh duh gh�qhg dv

bS +w,+D, @

]
�

� +{>S, S+w,+g{,= +5,

Qrwh wkdw e| wdnlqj D @ i{j zh jhw wkh xvxdo irupxodwlrq ri wkh uhsolfdwru

g|qdplfv iru wkh �qlwh vwudwhj| fdvh1

6 Vwdwlf hyroxwlrqdu| frqfhswv

Wkh fodvvlfdo gh�qlwlrq ri dq HVV +Pd|qdug Vplwk ^45`, uhtxluhv wkdw iru doo

pxwdqw srsxodwlrqv U wkhuh h{lvwv dq % vxfk wkdw wkh ruljlqdo srsxodwlrq S

grhv ehwwhu djdlqvw wkh pl{hg srsxodwlrq +4 � %,S . %U wkdq U grhv1 Lq

wklv gh�qlwlrq vrph lqydvlrq eduulhu h{lvwv iru hdfk U1

Ylfnhuv dqg Fdqqlqjv ^53` vwuhqjwkhqhg wkh gh�qlwlrq e| uhtxlulqj wkdw

wkhuh eh d xqlirup lqydvlrq eduulhu iru doo pxwdqw srsxodwlrqv U1 Wklv

uhtxluhphqw/ zklfk zdv odwhu whuphg xqlqydgdelolw|/ lv vwurqjhu wkdq HVV li

zh ohdyh wkh uhdop ri �qlwh pdwul{ jdphv +vhh Ylfnhuv dqg Fdqqlqjv ^53`,1

Gh�qlwlrq 5 +xqlqydgdelolw|, D srsxodwlrq S lv fdoohg xqlqydgdeoh li

wkhuh lv d xqlirup lqydvlrq eduulhu/ wkdw lv/ dq % A 3 vxfk wkdw

H+S> +4� �,S . �T, A H+T> +4� �,S . �T, +6,

krogv iru doo T 9@ S dqg doo 3 ? � � %1

\hw d vwurqjhu gh�qlwlrq zdv lqwurgxfhg e| Erp}h ^6`1 Vwurqj xqlqydg0

delolw| uhtxluhv d xqlirup lqydvlrq eduulhu iru doo srsxodwlrqv T forvh wr S lq

wkh yduldwlrqdo qrup1 Wkh odwwhu gh�qlwlrq frlqflghv zlwk xqlqydgdelolw| li

wkh htxloleulxp srsxodwlrq vwdwh lv krprjhqhrxv +vhh Ohppd 4 ri Rhfkvvohu

dqg Ulhgho/ ^46`,1

Lq wkh deryh gh�qlwlrqv d srsxodwlrq lv frqvlghuhg forvh wr d krprjh0

qhrxv srsxodwlrq S @ �� li wkh pdvv rq x uhpdlqv dw ohdvw 4�%1 Hovhzkhuh/

zh kdyh vkrzq ^46` +vhh dovr Erp}h ^6`, wkdw li wklv gh�qlwlrq ri �forvhqhvv�

9



lv hpsor|hg/ xqlqydgdelolw| lv d vx!flhqw frqglwlrq iru g|qdplf vwdelolw|1

Krzhyhu/ dv zh kdyh dujxhg deryh wkh yduldwlrqdo qrup lv xqgxo| uhvwulfwlyh

dqg wkh zhdn wrsrorj| vkrxog eh xvhg lqvwhdg1 Wklv ylhz zdv �uvw dgyrfdwhg

e| Hvkho dqg Prwur ^8` zkr lqwurgxfhg wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 6 +FVV, D vwudwhj| x lv d frqwlqxrxvo| vwdeoh vwudwhj| +FVV,

li +4, lw lv d HVV dqg +5, wkhuh h{lvwv dq % A 3 vxfk wkdw iru doo y zlwk

my � xm ? % wkhuh h{lvwv dq � A 3 vxfk wkdw iru doo { zlwk my � {m ? �

i+y> {, A i+{> {, li dqg rqo| li my � xm ? m{� xm=

D voljkwo| vwurqjhu yhuvlrq ri FVV +5, zdv odwhu whuphg p
W�vwdelolw| e|

Wd|oru ^4;` dqg frqyhujhqfh vwdelolw| e| Fkulvwldqvhq ^7`1 Dv vkrzq e| Hvkho

^9` li i lv wzlfh gl�huhqwldeoh/ d qhfhvvdu| frqglwlrq iru dq HVV x wr eh d

FVV lv wkdw

i%%+x> x, . i%++x> x, � 3= +7,

Frqglwlrq +7, lv vx!flhqw li wkh zhdn lqhtxdolw| lv uhsodfhg e| d vwulfw rqh1

Ilqdoo|/ d vlplodu frqfhsw zdv lqwurgxfhg e| Dsdorr ^4`1

Gh�qlwlrq 7 +QLV, D vwudwhj| x lv d qhljkerukrrg lqydghu vwudwhj| +QLV,

li wkhuh h{lvwv dq % A 3 vxfk wkdw iru doo { zlwk m{� xm ? %

i+x> {, A i+{> {,=

Lw fdq hdvlo| eh fkhfnhg wkdw d qhfhvvdu| frqglwlrq iru x wr eh d QLV lv

wkdw

i%%+x> x, . 5i%++x> x, � 3= +8,

Djdlq/ frqglwlrq +8, lv vx!flhqw li wkh zhdn lqhtxdolw| lv uhsodfhg e| d vwulfw

rqh1

Uhpdun 4 Lq wkh iroorzlqj/ zh zloo vrphwlphv dovr vd| wkdw d krprjhqhrxv

srsxodwlrq �� lv FVV ru QLV/ phdqlqj wkdw wkh fruuhvsrqglqj vwudwhj| x lv

FVV +ru QLV/ uhvshfwlyho|,1 Wkh idfw wkdw FVV dqg QLV duh rqo| gh�qhg

iru sxuh vwudwhjlhv/ dqg wkdw d qdwxudo h{whqvlrq wr pl{hg vwudwhjlhv lv qrw

lpphgldwh/ lv fhuwdlqo| d gudzedfn ri wkrvh gh�qlwlrqv1

:



Lq frqwlqxrxv prghov/ wkhuh duh wzr dvshfwv ri pxwdwlrqv1 Rq wkh rqh

kdqg/ dq htxloleulxp srsxodwlrq pxvw gr zhoo djdlqvw wkh pxwdwlrq wkdw d

vpdoo iudfwlrq ri wkh srsxodwlrq sod|v d gl�huhqw vwudwhj|1 Wklv lv wkh dvshfw

zklfk lv hpskdvl}hg e| xqlqydgdelolw|1 Rq wkh rwkhu kdqg/ dq htxloleulxp

srsxodwlrq vkrxog dovr gr zhoo djdlqvw wkh pxwdwlrq e| zklfk wkh zkroh

srsxodwlrq lv vkliwhg voljkwo|1 Wkh odwwhu lv wkh srlqw vwuhvvhg e| FVV dqg

QLV1 Wkh frqfhsw HU zh sursrvh ehorz fdswxuhv erwk dvshfwv1

7 Zk| vwurqjhu frqglwlrqv duh qhhghg

D vwdwlf hyroxwlrqdu| vwdelolw| frqfhsw pdnhv vhqvh rqo| li lw suhvhqwv d vkruw0

fxw wr d wuxo| g|qdplf dqdo|vlv1 Wkh iroorzlqj wzr h{dpsohv zloo ghprq0

vwudwh wkdw qrqh ri wkh deryh vwdwlf vwdelolw| frqglwlrqv duh vwurqj hqrxjk

wr jxdudqwhh O|dsxqry vwdelolw| zlwk uhvshfw wr wkh uhsolfdwru g|qdplfv1

H{dpsoh 4 Frqvlghu d jdph zlwk vwudwhj| vhw V @ U dqg sd|r� ixqfwlrq

i+{> |, @ �{2.7{|= Wkh sdlu +3> 3, lv d vwulfw Qdvk htxloleulxp/ dqg khqfh

wkh krprjhqhrxv srsxodwlrq �f lv dq HVV1 Ixuwkhupruh/ lw lv xqlqydgdeoh1

Krzhyhu/ lw lv qrw O|dsxqry vwdeoh zlwk uhvshfw wr wkh uhsolfdwru g|qdplfv1

Surri1 Wkdw +3> 3, lv d vwulfw Qdvk htxloleulxp lv reylrxv1 Ghqrwlqj e|

�+T, wkh phdq ydoxh ri T dqg e| Y +T, lwv yduldqfh/ zh vhh wkdw �f lv dovr

xqlqydgdeoh vlqfh H+�f> +4� %,�f . %T, @ 3 dqg

H+T> +4� %,�f . %T, @ +4� %,H+T> �f, . %H+T>T,

@ 7%�+T,2 � �+T,2 � Y +T,=

Khqfh/ +6, lv dozd|v vdwlv�hg iru % ? 4@7=

Vwudwhj| x @ 3 lv/ krzhyhu/ qrw d FVV ehfdxvh

i%%+3> 3, . i%++3> 3, A 3=

Qh{w/ zh dsso| wkh uhsolfdwru g|qdplfv1 Vxssrvh zh vwduw zlwk dq lqlwldo

srsxodwlrq T+3, zklfk lv qrupdoo| glvwulexwhg zlwk phdq �+3, A 3 dqg ydul0

dqfh Y +3, A 31 Lq wkh Dsshqgl{ zh vkrz wkdw doo T+w, zloo dovr eh qrupdoo|

;



glvwulexwhg zlwk vrph phdq �+w, dqg yduldqfh Y +w,1 Wklv pdnhv lw srvvleoh

wr uhgxfh wkh lq�qlwh�glphqvlrqdo uhsolfdwru g|qdplfv wr d wzr�glphqvlrqdo

ruglqdu| gl�huhqwldo htxdwlrq vlqfh qrupdo glvwulexwlrqv duh fkdudfwhul}hg

wkurxjk wkhlu phdq dqg yduldqfh1 Wkh RGHv iru wkh phdq ydoxh �+w, dqg

wkh yduldqfh Y +w, duh

b�+w, @ 5�+w,Y +w,

bY +w, @ �5Y 2+w,=

Vwduwlqj iurp dq| lqlwldo srsxodwlrq T+3, zlwk srvlwlyh phdq ydoxh/ zklfk

fdq eh duelwudulo| forvh wr �f lq wkh zhdn wrsrorj|/ lw lv hdv| wr vhh wkdw wkh

phdq �+w, glyhujhv wr lq�qlw|1 Khqfh/ �f lv qrw O|dsxqry vwdeoh1 D irupdo

surri ri wklv vwdwhphqw lv jlyhq lq wkh Dsshqgl{1

H{dpsoh 5 Frqvlghu d jdph zlwk vwudwhj| vhw V @ U dqg sd|r� ixqfwlrq

i+{> |, @ �{2.{
2
|
21 Ghvslwh �f ehlqj dq HVV/ d FVV/ dqg d QLV/ lw lv qrw

O|dsxqry vwdeoh zlwk uhvshfw wr dq| sd|r� prqrwrqh g|qdplf1

Surri1 Vlqfh +3> 3, lv d vwulfw htxloleulxp/ �f lv dq HVV1 Ixuwkhupruh/ vlqfh

i%%+3> 3, @ �5 dqg i%++3> 3, @ 3> lw lv dovr d FVV dqg d QLV1

Krzhyhu/ lw lv qrw xqlqydgdeoh ehfdxvh iru doo % A 3 wkhuh h{lvwv dq {

vxfk wkdw zlwk T @ +4� %,�f . %�%>

H+T>T, @ %+4� %,i+{> 3, . %
2
i+{> {, @ %

2
{
e � %{

2
A 3 +9,

exw H+�f>T, @ 3=

Wr vhh wkdw lw lv qrw O|dsxqry vwdeoh zlwk uhvshfw wr dq| sd|r� prqrwrqh

g|qdplf frqvlghu d vwduwlqj srsxodwlrq T @ +4�%,�f.%�%/ zklfk lv %�forvh

wr �f1 Vlqfh H+�%> T, A H+�f> T, iru doo { vxfk wkdw +9, lv vdwlv�hg/ wkh pdvv

rq { lqfuhdvhv wr rqh1

H{dpsohv 4 dqg 5 vkrz wkdw wkh h{lvwlqj vwdwlf hyroxwlrqdu| frqfhswv

idlo wr jxdudqwhh g|qdplf vwdelolw|1 H{dpsoh 4 vkrzv wkdw xqlqydgdelolw|

plvvhv wkh srlqw vwuhvvhg e| FVV dqg QLV/ qdpho| wkdw wkh sxuh htxloleulxp

vwudwhj| pxvw gr zhoo dovr djdlqvw sxuh vwudwhjlhv forvh wr lw1 H{dpsoh 5
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vkrzv wkdw FVV ru QLV dorqh plvv wkh xqlirup lqydvlrq eduulhu surshuw|

uhtxluhg e| xqlqydgdelolw|1 Dq dssursuldwh vwdwlf vwdelolw| frqfhsw pxvw

wkhuhiruh eulqj wkhvh wzr srlqwv wrjhwkhu1

Zh frqfoxgh wklv vhfwlrq zlwk dq h{dpsoh vkrzlqj wkdw wkh qxpehu ri

xqlqydgdeoh srsxodwlrqv fdq eh xqfrxqwdeoh zlwk d frqwlqxxp ri vwudwhjlhv1

H{dpsoh 6 Frqvlghu d jdph zlwk vwudwhj| vhw V @ ^�4> 4` dqg sd|r� ixqf0

wlrq i+{> |, @ �{2 . 5{|= Wkh ehvw uhso| ixqfwlrq lv u+|, @ |/ khqfh wkhuh

duh xqfrxqwdeo| pdq| vwulfw Qdvk htxloleuld +{> {,/ khqfh xqfrxqwdeo| pdq|

HVV1 Wkh srsxodwlrqv �% duh hyhq xqlqydgdeoh vlqfh iru T @ +4� �,�%.�U

zh kdyh iru U 9@ �%

H +�%>T,�H +U>T, @ +4� �,{2 . �
�
�{2 . 5{�+U,

�
� +4� �,

�
�Y +U,� �

2+U, . 5{�+U,
�

��
�
�Y +U, . �

2+U,
�

@ +4� 5�, +{ � �+U,,2 . �Y +U, A 3=

8 Hyroxwlrqdu| urexvwqhvv

Qrz zh lqwurgxfh wkh frqfhsw zklfk zh sursrvh wr xvh zlwk frqwlqxrxv

vwudwhj| vsdfhv1

Gh�qlwlrq 8 D srsxodwlrq S
W 5 �+V, lv hyroxwlrqdulo| urexvw +HU, li

wkhuh h{lvwv dq lqydvlrq eduulhu % A 3 vxfk wkdw iru doo T 9@ S
W zlwk

�+T>S W, ? % zh kdyh H+S W
> T, A H+T>T,1

Qrwh wkdw HU lv edvhg rq wkh vdph frqglwlrq dv xqlqydgdelolw|1 Krzhyhu/

wkh vhw ri %�forvh srsxodwlrqv T lv pxfk odujhu vlqfh wkh zhdn wrsrorj|

lv xvhg lqvwhdg ri wkh yduldwlrqdo wrsrorj|1 Dv zh kdyh phqwlrqhg deryh/

HU fdswxuhv wzr dvshfwv ri vwdelolw| djdlqvw pxwdwlrqv1 Dq hyroxwlrqdulo|

urexvw srsxodwlrq lv vwurqj djdlqvw odujh ghyldwlrqv e| d vpdoo iudfwlrq ri

wkh srsxodwlrq rq wkh rqh kdqg dqg djdlqvw vpdoo vkliwv e| d odujh iudfwlrq

ri wkh srsxodwlrq rq wkh rwkhu kdqg1
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Zh vkrz qh{w wkdw HU lv lq idfw vwurqjhu wkdq wkh suhylrxvo| gh�qhg

frqfhswv1 Iluvw/ vlqfh d srsxodwlrq zklfk lv forvh lq wkh yduldwlrqdo qrup lv

dovr forvh lq wkh zhdn wrsrorj|/ zh fohduo| kdyh wkh iroorzlqj

Sursrvlwlrq 4 Li S W lv HU> wkhq lw lv vwurqjo| xqlqydgdeoh dqg/ khqfh/

xqlqydgdeoh dqg dq HVV1

Vlqfh FVV dqg QLV duh rqo| gh�qhg iru sxuh vwudwhjlhv/ zh frqvlghu rqo|

sxuh HU lq wkh iroorzlqj sursrvlwlrqv1

Sursrvlwlrq 5 Ohw �� eh d krprjhqhrxv HU1 Wkhq x lv d QLV1

Surri1 Iroorzv gluhfwo| iurp wkh gh�qlwlrq ri HU e| vhwwlqj T @ �%1

Wkxv/ HU lpsolhv HVV dqgQLV dqg/ dv zh vkrz qh{w/ wkrvh wzr frpelqhg

lpso| FVV iru prvw wzlfh gl�huhqwldeoh sd|r� ixqfwlrqv1

Sursrvlwlrq 6 Ohw x eh d QLV dqg d HVV1 Li i lv wzlfh frqwlqxrxvo| gli0

ihuhqwldeoh zlwk i%%+x> x, 9@ 3 ru i%++x> x, 9@ 3/ wkhq x lv dovr FVV1

Surri1 QLV vwdwhv wkdw wkh ixqfwlrq k+|, @ H+��> �+,�H+�+ > �+, @ i+x> |,�

i+|> |, kdv d vwulfw orfdo plqlpxp lq x1 Wkxv/ k
�

+x, @ 3 dqg k
��

+x, � 3/ ru

htxlydohqwo|

i%+x> x, @ 3

dqg

i%%+x> x, . 5i%++x> x, � 3=

Vlqfh +x> x, lv dq HVV/ zh kdyh i%%+x> x, � 31 Li i%%+x> x, ? 3/ wkhq

5i%%+x> x, . 5i%++x> x, ? 3>

zklfk lv d vx!flhqw frqglwlrq iru FVV +vhh +7,,1

Li i%++x> x, A 3 wkhq/ zh kdyh dovr i%%+x> x, ? 3/ wkxv dv ehiruh

5i%%+x> x, . 5i%++x> x, ? 3=

Li i%++x> x, ? 3/ wkhq ehfdxvh ri i%%+x> x, � 3/ i%%+x> x, . i%++x> x, ? 3=
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  (5

NIS CSS strongly
uninvadable

uninvadable

Lyapunov
stable

ESS
strict Nash

Nash

* **

Prop.5

Thm.1
Prop.1

Prop.3

Prop.2

Iljxuh 4= D idplol| wuhh ri vwdelolw| frqfhswv

Dq duurz phdqv lpsolfdwlrq/ - iru grxeo| v|pphwulf jdphv/ -- iru sd|r� ixqfwlrqv

zlwk i%% 9@ 3 ru i%+ 9@ 31

H{dpsoh 7 Wkhuh duh srsxodwlrqv wkdw vdwlvi| xqlqydgdelolw| dqg FVV exw

qrw HU1 Iru i+{> |, @ �{2 . {|> �f lv dq xqlqydgdeoh FVV zklfk lv qrw

HU1

Surri1 Lw lv vwudljkwiruzdug wr fkhfn wkdw 3 lv dq xqlqydgdeoh FVV1 Exw 3

lv qrw QLV/ khqfh lw fdqqrw eh HU1

Iljxuh 4 vxppdul}hv wkh uhodwlrqv ehwzhhq wkh ydulrxv vwdelolw| frqfhswv

lq d �idplol| wuhh�1

Lw lv zhoo nqrzq iurp wkh �qlwh fdvh wkdw HVV qhhg qrw h{lvw1 Wkh vdph

krogv reylrxvo| wuxh iru HU1 Rq wkh rwkhu kdqg/ HVV kdv wkh dgydqwdjh wr

eh d yhu| vwurqj uh�qhphqw ri wkh Qdvk htxloleulxp frqfhsw1 Lq sduwlfxodu/

wkhuh duh dw prvw �qlwho| pdq| HVV lv �qlwh prghov1 Wklv dsshdolqj surshuw|

krogv qr orqjhu wuxh iru HVV dqg xqlqydgdelolw| lq wkh frqwlqxrxv prgho/
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vhh H{dpsoh 6/ exw lw grhv krog wuxh iru wkh sursrvhg frqfhsw HU17

Sursrvlwlrq 7 Li V lv frpsdfw/ wkhq wkh qxpehu ri HU lv �qlwh1

Surri1 Vxssrvh qrw1 Wkhq wkhuh lv/ gxh wr frpsdfwqhvv ri � lq wkh zhdn

wrsrorj|/ d vhtxhqfh ri HU +S?,/ zklfk frqyhujhv zhdno| wr d HU S 1 Iru

odujh q/ S? lv duelwudulo| forvh wr S / dqg vlqfh S lv HU/ zh pxvw wkhuhiruh

kdyh H+S>S?, A H+S?
> S

?,1 Rq wkh rwkhu kdqg/ vlqfh hyhu| S? lv d Qdvk

htxloleulxp/ H+S?
> S

?, � H+S>S?,> d frqwudglfwlrq1

814 Vwdelolw| ri HU lq v|pphwulf jdphv

Wkh pdlq sureohp lq surylglqj d jhqhudo surri iru g|qdplf vwdelolw| lv wkdw

wkh vwdqgdug O|dsxqry ixqfwlrq iru wkh �qlwh fdvh/ qdpho| furvv hqwurs|/ lv

qrw zhoo gh�qhg lq wkh frqwlqxrxv fdvh xqohvv ghqvlwlhv h{lvw1 Pruhryhu/ furvv

hqwurs| lv qrw frqwlqxrxv zlwk uhvshfw wr wkh zhdn wrsrorj|1 Qhyhuwkhohvv/

zh vwdwh wkh iroorzlqj dv d frqmhfwxuh zklfk lv edvhg/ lq sduwlfxodu/ rq rxu

lqdelolw| wr �qg d frxqwhu h{dpsoh1

Frqmhfwxuh 4 HU lv d vx!flhqw frqglwlrq iru g|qdplf vwdelolw|1

Lq wkh iroorzlqj/ zh suryh wklv frqmhfwxuh iru d vshfldo fdvh1 Wkh jhqhudo

fdvh vhhpv wr uhtxluh gl�huhqw whfkqltxhv1 Zh uhvwulfw rxuvhoyhv wr wkh fdvh

ri +grxeo|, v|pphwulf sd|r� ixqfwlrqv1 Ohw V eh frpsdfw dqg dvvxph wkdw

i = V � V $ U lv frqwlqxrxv dqg i+{> |, @ i+|> {,1 V|pphwu| lpsolhv wkdw

H+S>T, @ H+T>S , iru doo S>T1 Dv lq wkh �qlwh fdvh/ zh duh deoh wr suryh

wkdw wkh Ixqgdphqwdo Odz ri Qdwxudo Vhohfwlrq krogv lq wklv fdvh18

Ohw SW eh HU dqg �+T, @ H+S W
> S

W,�H+T>T, wkh gl�huhqfh ehwzhhq

phdq �wqhvv lq wkh htxloleulxp srsxodwlrq dqg phdq �wqhvv lq vrph duel0

wudu| srsxodwlrq T1 Dv wkh qh{w wkhruhp vkrzv/ � frqvwlwxwhv d O|dsxqry

ixqfwlrq iru wkh uhsolfdwru g|qdplfv1

Wkhruhp 4 Ohw S W eh HU= Wkh ixqfwlrq �+T, lv d O|dsxqry ixqfwlrq zlwk

uhvshfw wr wkh uhsolfdwru g|qdplfv1 Wkxv/ SW lv O|dsxqry vwdeoh1

7Vhh h1j1 Ydq Gdpph ^4<`/ Ohppd <1519/ iru wkh htxlydohqw uhvxow lq wkh �qlwh fdvh1
8Wkh odz vwdwhv wkdw dyhudjh �wqhvv ri d srsxodwlrq lqfuhdvhv ryhu wlph1 Iru wkh �qlwh

fdvh vhh h1j1 Kriedxhu dqg Vljpxqg ^43/ s1559`1
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Surri1 vhh Dsshqgl{1

Uhpdun 5 O|dsxqry*v Wkhruhp lv xvxdoo| vwdwhg iru U? rqo| dqg fdqqrw

vlpso| eh h{whqghg wr wkh vsdfh ri phdvxuhv rq +V>E,= Iru h{dpsoh/ O|d0

sxqry*v phwkrg grhv qrw zrun zlwk wkh yduldwlrqdo qrup ehfdxvh wkh xqlw

edoo lv qrw frpsdfw lq wklv wrsrorj|1 Zlwk wkh zhdn wrsrorj|/ O|dsxqry*v

Wkhruhp krogv wuxh ehfdxvh wkh vhw ri srsxodwlrqv �+V, lv frpsdfw lq wklv

wrsrorj|1 Zh suryh O|dsxqry*v wkhruhp iru wkh suhvhqw fdvh lq wkh Dsshqgl{1

Iurp wkh �qlwh fdvh lw lv zhoo nqrzq +vhh h1j1 Zhlexoo/ 4<<8, wkdw wkh

frqyhuvh wr wkh deryh Wkhruhp qhhg qrw eh wuxh1 Dv lq wkh �qlwh fdvh d

qhfhvvdu| frqglwlrq iru d srsxodwlrq S wr eh O|dsxqry vwdeoh lv wkdw +S>S ,

lv d Qdvk htxloleulxp1

Sursrvlwlrq 8 Li S lv O|dsxqry vwdeoh lq vrph sd|r� prqrwrqh g|qdplf/

wkhq +S> S, lv d Qdvk htxloleulxp1

Surri1 Wkh surri lv htxlydohqw wr wkh �qlwh fdvh +vhh h1j1 Surs1 71; ri

Zhlexoo/ 4<<8,1

815 Dv|pswrwlf vwdelolw| iru krprjhqhrxv HU

Iru krprjhqhrxv HU zh fdq vwuhqjwkhq wkh suhylrxv uhvxow wr rewdlq dv|ps0

wrwlf vwdelolw| iru wkh fdvh wkdw wkh lqlwldo srsxodwlrq Tf sodfhv vrph +li

vpdoo, pdvv rq wkh htxloleulxp srsxodwlrq1

Ohw �f eh HU dqg vwdeoh1 Fkrrvh � A 3 vxfk wkdw zkhq zh vwduw lq

T+3, zlwk � +T+3,> �f, ? �/ wkhq � +T+w,> �f, ? % iru doo w zkhuh % A 3 lv wkh

lqydvlrq eduulhu1

Wkhruhp 5 D krprjhqhrxv/ O|dsxqry vwdeoh HU �f lv dv|pswrwlfdoo| vwd0

eoh lq wkh iroorzlqj vhqvh1 Li T+3, +i3j, A 3 dqg � +T+3,> �f, ? �/ wkhq

� +T+w,> �f,$|<" 3=

Surri1 E| vwdelolw| zh nqrz wkdw zh vwd| forvh wr �f1 Khqfh/

bT+w, +i3j, @ � +3>T+w,,T+w, +i3j, � 3=
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Wkhuhiruh/ wkh zhljkw rq 3 lqfuhdvhv/ wkxv wkh htxlfrqwlqxrxv ixqfwlrq

T+w, +i3j, frqyhujhv wr vrph t A 31 Wklv lq wxuq lpsolhv wkdw bT +i3j, jrhv

wr }hur1 Wkhuhiruh/ dovr � +3>T+w,,$ 31

Vlqfh �+V, lv frpsdfw lq wkh zhdn wrsrorj|/ hyhu| vhtxhqfh +T+w?,,

zlwk w? $ 4 kdv dffxpxodwlrq srlqwv1 Ohw T eh vxfk dq dffxpxodwlrq

srlqw1 Vlqfh � lv frqwlqxrxv zlwk uhvshfw wr wkh zhdn wrsrorj|/ lw iroorzv

wkdw �
�
3>T

�
@ 31 E| vwdelolw|/ T lv forvh wr �f= Vlqfh �f lv HU/ wklv lpsolhv

T @ �f1 Vlqfh wkh dffxpxodwlrq srlqw ri hyhu| frqyhujlqj vxevhtxhqfh ri

+T+w?,, lv htxdo wr �f/ wkh wudmhfwru| frqyhujhv wr �f1

Uhpdun 6 Qrwh wkdw grxeoh v|pphwu| ri wkh �wqhvv ixqfwlrq i lv qrw uh0

txluhg iru Wkhruhp 5 wr krog1

9 Ilqlwh dssur{lpdwlrq ri dq lq�qlwh vwudwhj| vsdfh

Li wkh frqwlqxrxv prgho lv wr eh xvhg/ lw pxvw eh d jrrg dssur{lpdwlrq wr

glvfuhwh prghov zkhq wkh qxpehu ri vwudwhjlhv jurzv odujh1 Zh vkrz wkdw

wklv lv lq idfw wkh fdvh lq wklv vhfwlrq1 Zh frqvlghu wkh iroorzlqj glvfuhwl}dwlrq

ri wkh vwudwhj| vsdfh V @ ^d> e` � U iru duelwudu| �{hg julg vl}h 4@q> q 5 Q19

V? =@

�
n

q
=
n

q
5 V> n 5 ]

�
=

Wkh sd|r� ixqfwlrq i fdq eh dssur{lpdwhg/ iru h{dpsoh/ e| wkh iroorzlqj

vwhs ixqfwlrq1

i?+{> |, @ i+
n

q
>
o

q
, li { 5 ^

n

q
>
n . 4

q
, dqg | 5 ^

o

q
>
o. 4

q
,=

Li wkh sd|r� ixqfwlrq lv frqwlqxrxv/ wkh dssur{lpdwlrqv i? frqyhujh xql0

irupo| wr i dv q$41 Dv wkh iroorzlqj wkhruhp vkrzv/ wkh fruuhvsrqglqj

uhsolfdwru g|qdplfv frqyhujh dovr1

9Lq wklv vhfwlrq/ zh frqvlghu rqo| frpsdfw vwudwhj| vsdfhv1 Xqghu vrph dgglwlrqdo
erxqghgqhvv dvvxpswlrq/ wkh uhvxowv fdq eh h{whqghg wr kdoi0vsdfhv dqg wkh zkroh uhdo

olqh1
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Wkhruhp 6 Ohw i = V�V $ U eh erxqghg dqg i? = V�V $ U eh d vhtxhqfh

zlwk ni � i?n" =@ vxs%c+M7 mi+{> |,� i?+{> |,m $?<" 31 Ghqrwh e| T?+w,

wkh uhsolfdwru g|qdplfv lqgxfhg e| i?/ dqg e| T+w, wkh uhsolfdwru g|qdplfv

lqgxfhg e| i1 Dvvxph ixuwkhupruh wkdw doo uhsolfdwru g|qdplfv vwduw zlwk

wkh vdph srsxodwlrq S 5 �+V,1 Wkhq T? frqyhujhv lq yduldwlrqdo qrup wr

T xqlirupo| rq frpsdfw vhwv=

vxs
f$|$A

nT+w,�T?+w,n $?<" 3=

Surri1 vhh Dsshqgl{1

Wkhruhp 6 |lhogv d yhu| vwurqj w|sh ri frqyhujhqfh1 Li wkh glvfuhwl}dwlrq

lv pdgh �qh hqrxjk/ wkhq wkh wzr wudmhfwrulhv ri wkh uhsolfdwru g|qdplfv duh

duelwudulo| forvh wrjhwkhu1 Qrwh/ wkdw frqyhujhqfh lq yduldwlrqdo qrup/ l1h1

frqyhujhqfh rq hyhu| vhw D 5 E/ ri frxuvh lpsolhv zhdn frqyhujhqfh1

Zh fdq dovr frqvlghu zkdw kdsshqv zkhq zh ydu| wkh lqlwldo frqglwlrq

S +iru h{dpsoh/ zkhq wkh vxssruw ri S grhv qrw ehorqj wr wkh vhw ri julg

srlqwv,1 Wklv lv grqh lq wkh qh{w wkhruhp1

Wkhruhp 7 Ohw i = V � V $ U eh erxqghg dqg Olsvfklw} frqwlqxrxv1 Dv0

vxph S? $ S lq wkh zhdn wrsrorj|1 Ghqrwh e| T?+w, wkh uhsolfdwru g|qdplfv

vwduwlqj lq S?/ dqg e| T+w, wkh uhsolfdwru g|qdplfv vwduwlqj lq S 1 Wkhq T?

frqyhujhv lq wkh zhdn wrsrorj| wr T xqlirupo| rq frpsdfw vhwv=

vxs
f$r$A

� +T+w,>T?+w,,$?<" 3=

Surri1 Vhh Dsshqgl{1

Wkhruhpv 6 dqg 7 wdnhq wrjhwkhu vkrz wkdw wkh frqwlqxrxv fdvh lv lqghhg

wkh olplw ri vxffhvvlyho| �qhu dssur{lpdwlrqv1 Qrwh/ wkdw wkh uhvxowv gr

qrw ghshqg rq wkh sduwlfxodu fkrlfh ri wkh julg1 Wkh| duh wuxh iru dq|

dssur{lpdwlrq e| d sduwlwlrq ri V dv orqj dv wkh phvk ri wkh sduwlwlrq jrhv

wr }hur1

Lq oljkw ri wkh dssur{lpdwlrq uhvxowv wkhuh vhhpv wr eh dq dssduhqw

frqwudglfwlrq ehwzhhq wkh vwdelolw| ri vwulfw htxloleuld lq wkh �qlwh fdvh dqg

rxu frxqwhu h{dpsohv iurp wkh suhylrxv vhfwlrq +lq zklfk vwulfw htxloleuld
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duh xqvwdeoh,1 Wr vhh wkdw wklv lv qrw uhdoo| d frqwudglfwlrq ohw xv uhylhz

d yhu| vlpsoh surri iru wkh idfw wkdw d vwulfw htxloleulxp srsxodwlrq �� lv

dv|pswrwlfdoo| vwdeoh iru �qlwh V?1 Vlqfh i?+x> x, A i?+{> x, iru doo { 9@ x>

zh kdyh wkdw i?+x> x, A H?+U> ��, iru doo U 9@ ��1 Wkh wulfn lv wkdw iru dq|

�{hg julg vl}h 4@q zh fdq fkrrvh % vpdoo hqrxjk vxfk wkdw rqo| srsxodwlrqv

T @ +4� �,�� . �U zlwk � � % duh %�forvh wr ��1 E| fkrrvlqj % vx!flhqwo|

vpdoo/ zh fdq �qg dq $ A 3 vxfk wkdw

H?+��> T,� $ @ +4� �,i?+x> x, . �H?+��>U,� $ A

+4� �,H?+U> ��, . �H?+U>U, @ H?+T>T,=

Khqfh/ zlwk dq| sd|r� prqrwrqh g|qdplf T+ixj, zloo jurz h{srqhqwldoo|

idvwhu wkdq dq| rwkhu vwudwhj| dqg dv|pswrwlf vwdelolw| lv dvvxuhg1 Qrwh

wkh lpsruwdqw uroh sod|hg e| wkh srvvlelolw| wr fkrrvh % vpdoo hqrxjk iru

jlyhq q vxfk wkdw rqo| srsxodwlrqv T zlwk dw ohdvw pdvv +4 � %, duh forvh

wr ��1 Lw zrxog fhuwdlqo| eh ghvludeoh wr eh deoh wr fkrrvh d xqlirup % A 3

iru doo julg vl}hv q1 Krzhyhu/ wklv fdq qrw eh grqh lq jhqhudo1 Dqrwkhu

zd| ri h{suhvvlqj wklv lv e| vd|lqj wkdw wkh edvlq ri dwwudfwlrq ri d vwulfw

htxloleulxp pd| ydqlvk dv q$41

Gh�qlwlrq 9 Wkh edvlq ri dwwudfwlrq ri d srsxodwlrq �� lv jlyhq dv

E+��, =@ iT+3, 5 � = �+T+w,> ��,$ 3j=

Wkh vl}h ri wkh edvlq lv phdvxuhg dv

vxsi% = ;T+3, 5 � zlwk �+T+3,> ��, � %/ T+3, 5 E+��,j=

H{dpsoh 8 Frqvlghu wkh glvfuhwl}dwlrq ri wkh sd|r� ixqfwlrq lq H{dpsoh

41 Wkh vl}h ri wkh edvlq ri dwwudfwlrq ri wkh vwulfw htxloleulxp srsxodwlrq �f

ydqlvkhv dv q$41

Vxssrvh wkh edvlq grhv qrw ydqlvk1 Wkhq wkhuh h{lvwv d vhtxhqfh ri

T?+3, zklfk frqyhujhv wr wkh Qrupdo glvwulexwlrq S zlwk �+3,> Y +3, A 3

dqg T?+3, 5 E+�f,1 \hw/ dv vkrzq lq H{dpsoh 4/ wkh uhsolfdwru g|qdplfv

vwduwlqj iurp S glyhujh wr lq�qlw|/ zklfk |lhogv d frqwudglfwlrq wr Wkhruhpv

6 dqg 71

4:



Dsshqgl{

D H{dpsoh 4

Iluvw/ zh jlyh d uljrurxv surri ri wkh fodlpv lq H{dpsoh 41

Ohppd 4 Wkh fodvv ri qrupdo glvwulexwlrqv lv lqyduldqw zlwk uhvshfw wr wkh

uhsolfdwru g|qdplfv lq jdphv zlwk wkh sd|r� ixqfwlrq i+{> |, @ �{2.5d{|>

iru vrph sdudphwhu d1

Surri1 Vlpsoh fdofxodwlrqv vkrz wkdw wkh �wqhvv gl�huhqwldo lv

H+�%>T,�H+T>T, @ �{2 . 5d{��
�
+5d� 4,�2 � Y

�
>

zkhuh � ghqrwhv wkh phdq ri srsxodwlrq T/ dqg Y lwv yduldqfh1 E| Wkhruhp

9 ri Rhfkvvohu dqg Ulhgho ^46`/ wkh ghqvlw| ri T+w, zlwk uhvshfw wr wkh lqlwldo

glvwulexwlrq lv/ xqghu uhsolfdwru g|qdplfv/

gT+w,

gT+3,
+{, @ h{s

�]
|

f

H+�%> T+v,,�H+T+v,>T+v,,gv

�

@ h{s

�
�{2w. 5d{

]
|

f

�+T+v,,gv�

]
|

f

�
+5d� 4,� +T+v,,2 � Y +T+v,,

�
gv

�
=

Li T+3, lv d qrupdo glvwulexwlrq/ wkhq T+w, lv dovr d qrupdo glvwulexwlrq/

ehfdxvh wkh ghqvlw| ri gT+w,@gT+3, fdq eh zulwwhq lq wkh irup h{s+�{2 .

�{. �,1

Qh{w zh fdofxodwh wkh RGH*v ri wkh phdq dqg wkh yduldqfh iru wkh jdph

ri H{dpsoh 41 E| wkh suhfhglqj ohppd/ zh nqrz wkdw T+w, lv d qrupdo

glvwulexwlrq li T+3, lv qrupdo/ wkdw lv T+w, @ Q+�+w,> Y +w,, iru vrph phdq

ydoxh �+w, dqg yduldqfh Y +w,1 Li T @ Q+�>Y , lv d qrupdo glvwulexwlrq/ wkhq

wkh �wqhvv gl�huhqwldo lv

�+{>T, @ H+�%>T,�H+T>T, @ �{2 . 7{�� 6�2 . Y=

Wkh ghulydwlyh ri �+w, lv wkhuhiruh

b�+w, @

]
{ bT+w,+g{,

4;



@

]
{H+�%> T+w,,�H+T+w,>T+w,,+g{,

@

] �
�{� . 7{2�+w,� 6{�2+w, . {Y +w,

�
T+w,+g{,=

Vlqfh wkh wklug prphqw ri wkh qrupdo glvwulexwlrq T+w, lv

p�+w, @

]
{
�
T+w,+g{, @ �+w,� . 6�+w,Y +w,>

lw iroorzv wkdw

b�+w, @ 5�+w,Y +w,= +:,

E| d vlplodu fdofxodwlrq/ xvlqj wkh idfw wkdw wkh irxuwk prphqw ri wkh qrupdo

glvwulexwlrq lvpe+w, @ 6Y 2+w,.9�2+w,Y +w,.�e+w,/ rqh rewdlqv iru wkh vhfrqg

prphqw p2+w, @
U
{
2
T+w,+g{, wkh RGH

bp2+w, @

]
{
2
� +{>T+w,,g{

@

] �
�{e . 7{��+w,� 6{2�2+w, . {

2
Y +w,

�
T+w,+g{,

@ �pe+w, . 7p�+w,�+w,� 6p2+w,�
2+w, .p2+w,Y +w,

@ �6Y 2+w,� 9�2+w,Y +w,� �
e+w, . 7

�
�
�+w, . 6�+w,Y +w,

�
�+w,

�6
�
Y +w, . �

2+w,
�
�
2+w, .

�
Y +w, . �

2+w,
�
Y +w,

@ �5Y 2+w, . 7�2+w,Y +w,=

Vlqfh wkh yduldqfh lv jlyhq e| Y +w, @ p2+w,� �
2+w,/ zh jhw iru wkh yduldqfh

wkh g|qdplfv

bY +w, @ bp2+w,� 5 b�+w,�+w, @ �5Y 2+w,= +;,

Wkh vroxwlrq ri +;, dqg +:, lv

Y +w, @
Y +3,

4 . 5Y +3,w
>

�+w, @ �+3, +4 . 5Y +3,w, =

Wklv vkrzv wkdw iru hyhu| lqlwldo qrupdoo| glvwulexwhg srsxodwlrq zlwk srv0

lwlyh phdq dqg srvlwlyh yduldqfh/ wkh phdq glyhujhv wr lq�qlw|1 Vlqfh hyhu|

qhljkerukrrg ri wkh xqlqydgdeoh vwdwh �f frqwdlqv vxfk qrupdo glvwulexwlrqv/

wkh xqlqydgdeoh vwdwh �f lv qrw O|dsxqry vwdeoh1

4<



E O|dsxqry*v Wkhruhp

Lq wklv sduw ri wkh dsshqgl{/ zh suryh O|dsxqry*v wkhruhp iru wkh suhvhqw

fdvh1 Ghqrwh e|P wkh yhfwru vsdfh ri doo �qlwh phdvxuhv rq wkh phdvxudeoh

vsdfh +V>E+V,,1 Ohw S W eh d HU zlwk lqydvlrq eduulhu % A 31 Ohw

U = P�$P

= T :�$

�
D :�$

]
�

�+{>T,T+g{,

�

wkh ixqfwlrq zklfk gh�qhv uhsolfdwru g|qdplfv1 Ohw � =P�$ U eh frqwlq0

xrxvo| gl�huhqwldeoh zlwk uhvshfw wr wkh zhdn wrsrorj|1 Zh ghqrwh e| u�

wkh judglhqw ri �1 u�+T, lv d olqhdu ixqfwlrqdo rq P zklfk zh ghqrwh e|

ku�+T,> �l 1

� lv fdoohg d O|dsxqry ixqfwlrq li lw vdwlv�hv lq dq %0qhljkerukrrg ri S W

4, �+T, � 3 dqg �+T, @ 3, T @ S
W/

5, ku�+T,>U+T,l � 31

Sursrvlwlrq 9 Li d O|dsxqry ixqfwlrq � h{lvwv/ wkhq S
W lv d vwdeoh vwdwh

iru wkh uhsolfdwru g|qdplfv1

Surri1 Wkh surri lv h{dfwo| dqdorjrxv wr wkh surri lq wkh �qlwh glphqvlrqdo

fdvh1 Zh mxvw kljkoljkw wkh srlqw zkhuh rxu fkrlfh ri wkh zhdn wrsrorj| sod|v

dq lpsruwdqw uroh1

Ohw � A 3 eh jlyhq/ dqg zlwkrxw orvv ri jhqhudolw|/ � � %1 Wkh edoo

N# @ iT 5P = � +T>SW, � �j lv frpsdfw lq wkh zhdn wrsrorj|1 Wkhuhiruh/

p @ plq'MYg#
�+T, h{lvwv dqg lv vwulfwo| srvlwlyh +wklv lv wkh vwhs zklfk

grhv qrw zrun zlwk wkh yduldwlrqdo qrup,1 Qrz fkrrvh � A 3 vxfk wkdw

�+T>S W, ? � lpsolhv �+T, ? p1 Li zh vwduw forvhu wkdq � wr S
W/ zh fdq

qhyhu ohdyh N#1 Wklv hvwdeolvkhv vwdelolw|1

Qrwh wkdw �+T, @ H+SW
> S

W, � H+T>T, lv d frqwlqxrxv elolqhdu ixqf0

wlrqdo/ khqfh frqwlqxrxvo| gl�huhqwldeoh1 Wkh deryh wkhruhp surylghv wkhuh0

iruh d uljrurxv irxqgdwlrq iru wkh vwdelolw| wkhruhp ri Vhfwlrq 71
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F Surri ri Wkhruhp 4

Lq rughu wr vkrz wkdw � lv d O|dsxqry ixqfwlrq/ zh kdyh wr hvwdeolvk wkdw

iru T zlwk � +T> ��, � %

� �+T, � 3/ dqg �+T, @ 3 li dqg rqo| li T @ S
W/

� dqg wkdw �+T+w,, ghfuhdvhv dorqj wudmhfwrulhv lqgxfhg e| uhsolfdwru g|0

qdplfv dv orqj dv zh vwd| forvh wr SW/ ru htxlydohqwo|/ ku�+T,>U+T,l �

3 lq wkh %0qhljkerukrrg ri S W1

Iru wkh �uvw fodlp/ qrwh wkdw iru T forvh wr SW/

�+T, @ H+SW
> S

W,�H+T>T,

@ H+SW
> S

W,�H+S W
>T, .H+SW

>T,�H+T>T,

� H+SW
> S

W,�H+S W
>T,

@ H+SW
> S

W,�H+T>SW,

� 3=

Wkh vhfrqg dqg wkh wklug htxdolwlhv iroorz iurp v|pphwu| ri i 1 Qrwh wkdw wkh

�uvw lqhtxdolw| ehfrphv vwulfw xqohvv T @ S
W
= Ilqdoo|/ wkh vhfrqg lqhtxdolw|

lv lpsolhg e| wkh idfw wkdw hyhu| HU lv d v|pphwulf Qdvk htxloleulxp1

Iru wkh vhfrqg dvvhuwlrq/ qrwh wkdw gxh wr v|pphwu|

ku�+T,>U+T,l @ �H +U+T,>T,�H +T>U+T,, @ �5H +U+T,>T, =

Exw

H +U+T,> T, @

] ]
i+{> |,� +{>T,T+g{,T+g|,

@

] ]
i+{> |,� +{>T,T+g|,T+g{,

@

]
H +�%>T,� +{>T,T+g{,

@

]
+H +�%>T,�H+T>T,,� +{>T,T+g{,

@

]
� +{>T,2T+g{, � 3>
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zkhuh wkh irxuwk htxdolw| lv gxh wr wkh idfw wkdw
U
� +{>T,T+g{, @ 3/ khqfh

rqh fdq lqwurgxfh wkh frqvwdqw H+T>T, zlwkrxw fkdqjlqj wkh ydoxh ri wkh

h{suhvvlrq1

G Surri ri Wkhruhp 61

Zh zulwh %? @ ni � i?n" dqg �?+{>T, @
U
i?+{> |,T+g|,�

UU
i?+{> |,T+g|,T+g{,

gxulqj wkh surri1 Uhfdoo wkdw wkh yduldwlrqdo qrup iru suredelolw| phdvxuhv

lv jlyhq e|

nS �Tn =@ 5 vxs
�M�

mS +D,�T+D,m =

Wkh surri lv edvhg xsrq wkh lqhtxdolw|

m�+{>S,� �?+{>T,m � O +%? . nS �Tn, +<,

iru d srvlwlyh frqvwdqw O1 Wkh lqhtxdolw| lv suryhg ehorz1

Iru doo D 5 E zh kdyh wkdw

mT+w,+D,�T?+w,+D,m @

����
]

|

f

bT+v,+D,gv�

]
|

f

bT?+v,+D,gv

����

@

����
]

|

f

]
�

�+{>T+v,,T+v,+g{,gv�

]
|

f

]
�

�?+{>T?+v,,T?+v,+g{,gv

����
�

]
|

f

]
�

m�+{>T+v,,� �?+{>T?+v,,mT+v,+g{,gv

.

����
]

|

f

]
�

�?+{>T?+v,, ^T+v,+g{,�T?+v,+g{,`gv

����
Xvlqj lqhtxdolw| +<, dqg wkh idfw wkdw �?+{>T?+v,, lv erxqghg lq { e| vrph

frqvwdqw P / zh frqfoxgh

mT+w,+D,�T?+w,+D,m �

]
|

f

O +%? . nT+v,�T?+v,n,.P nT+v,�T?+v,n gv

� +O.P,

]
|

f

+%? . nT+v,�T?+v,n,gv= +43,
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Vhwwlqj �+w, @ %?.nT+w,�T?+w,n/ zh rewdlq �+w, � %?.+O.P,
U
|

f
�+v,gv1

E| Jurqzdoo*v Ohppd/ �+w, � %? h{s++O .P,w, � %? h{s++O .P,W , iru

w � W 1 Vlqfh +43, krogv iru doo D 5 E/ zh kdyh wkdw

vxs
f$|$A

nT+w,�T?+w,n � %? +h{s++O.P,W ,� 4,$?<" 3/

dv uhtxluhg1 Lw uhpdlqv wr suryh lqhtxdolw| +<,1

m�+{>S ,� �?+{>T,m �

����
]
i+{> |,S +g|,�

]
i?+{> |,T+g|,

����
.

����
]
i+{> |,S +g|,S+g{,�

]
i?+{> |,T+g|,T+g{,

����

�

]
mi+{> |,� i?+{> |,mS+g|, .

]
mi?+{> |,m ^S +g|,�T+g|,`

.

]
mi+{> |,� i?+{> |,mS+g|,S +g{,

.

����
]
mi?+{> |,m ^S +g|,�T+g|,` ^S +g|,�T+g|,`

����
� %? . ni?n" nS �Tn. %? . ni?n" nS �Tn 1

Vlqfh wkh ixqfwlrqv i? duh xqlirupo| erxqghg/ lqhtxdolw| +<, iroorzv1

H Surri ri Wkhruhp 71

Lq wklv surri/ zh zloo xvh wkh phwulf n�n
�u

/ lqgxfhg e| wkh vsdfh ri erxqghg/

Olsvfklw} frqwlqxrxv ixqfwlrqv rq V1 Wklv phwulf dovr phwul}hv wkh zhdn

wrsrorj|1 Iru vpdoo �+S>T, wkh iroorzlqj hvwlpdwh krogv+ fi1 ^49/ s1 648`,

5@6�2+S>T, � nS �Tn
�u

1 +44,

Vlqfh i lv Olsvfklw} frqwlqxrxv/ zh kdyh

m�+{>S ,� �+{>T,m � O nS �Tn
�u

+45,

iru vrph frqvwdqw O A 31
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Ohw j eh d erxqghg/ Olsvfklw} frqwlqxrxv ixqfwlrq rq V1 Wkhq

����
]
jgT+w,�

]
jgT?+w,

���� @
����
]

|

f

]
jg bT+v,gv�

]
jg bT?+v,gv

����

�

����
]

|

f

]
j+{,�+{>T+v,,T+v,+g{,gv�

]
j+{,�+{>T?+v,,T?+v,+g{,gv

����
�

]
|

f

����
]
j+{, ^�+{>T+v,,� �+{>T?+v,,`T+v,+g{,

����gv
.

]
|

f

����
]
j+{,�+{>T?+v,, +T+v,+g{,�T?+v,+g{,,

���� gv
Xvlqj wkh idfw wkdw j lv erxqghg dqg Olsvfklw} frqwlqxrxv wrjhwkhu zlwk lq0

htxdolw| +45,/ zh frqfoxgh wkdw wkh �uvw whup lv ri wkh rughu ri nT+v,�T?+v,n�u1

Wkh idfw wkdw �+{>T, lv erxqghg dqg Olsvfklw} frqwlqxrxv/ lpsolhv wkdw wkh

vhfrqg whup lv ri wkh rughu ri nT+v,�T?+v,n�u1 Dowrjhwkhu/ zh frqfoxgh

wkdw

nT+w,�T?+w,n�u � N

]
|

f

nT+v,�T?+v,n�u gv

dqg wkh vdph dujxphqw dv lq wkh suhfhglqj sursrvlwlrq +Jurqzdoo*v ohppd,

|lhogv lq frqmxqfwlrq zlwk +44, wkh fodlp1

Uhihuhqfhv

^4` Dsdorr/ M1 +4<<:,/ �Uhylvlwlqj Vwudwhjlf Prghov ri Hyroxwlrq= Wkh Frq0

fhsw ri Qhljkerukrrg Lqydghu Vwudwhjlhv�/ Wkhruhwlfdo Srsxodwlrq Elro0

rj| 85/ :40::1

^5` Ehvwhu/ K1 dqg Z1 J wk +4<<;,/ �Lv Dowuxlvp Hyroxwlrqdulo| Vwdeoh�/

Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq/ 67/ 4<6053<1

^6` Erp}h/ L1 +4<<3,/ �G|qdplfdo Dvshfwv ri Hyroxwlrqdu| Vwdelolw|�/

Prqdwvkhiwh i u Pdwkhpdwln 443 / 4;<05391

^7` Fkulvwldqvhq/ I1 +4<<4,/ �Frqglwlrqv iru Hyroxwlrqdu| Vwdelolw| iru d

Frqwlqxrxvo| Ydu|lqj Fkdudfwhu�/ Dphulfdq Qdwxudolvw 46;/ 6:0831
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^8` Hvkho/ L1 dqg X1 Prwur +4<;4,/ �Nlq Vhohfwlrq dqg Vwurqj Hyroxwlrqdu|

Vwdelolw| ri Pxwxdo Khos�/ Wkhruhwlfdo Srsxodwlrq Elrorj| 4</ 75307661

^9` Hvkho/ L1 +4<;6,/ �Hyroxwlrqdu| dqg Frqwlqxrxv Vwdelolw|�/ Mrxuqdo ri

Wkhruhwlfdo Elrorj| 436/ <<04441

^:` Hvkho/ L1 +4<<9,/ �Rq wkh Fkdqjlqj Frqfhswv ri Hyroxwlrqdu| Srsx0

odwlrq Vwdelolw| dv d Uh hfwlrq ri d Fkdqjlqj Srlqw ri Ylhz lq wkh

Txdqwlwdwlyh Wkhru| ri Hyroxwlrq�/ Mrxuqdo ri Pdwkhpdwlfdo Elrorj|

67/ 7;808431

^;` Hvkho/ L1/ X1 Prwur/ dqg H1 Vdqvrqh +4<<:,/ �Frqwlqxrxv Vwdelolw| dqg

Hyroxwlrqdu| Frqyhujhqfh�/ Mrxuqdo ri Wkhruhwlfdo Elrorj| 4;8/ 6660

6761

^<` Khlihw} D1 dqg \1 Vslhjho +4<<<,/ �Rq wkh Hyroxwlrqdu| Hphujhqfh ri

Rswlplvp�/ plphr/ Who Dyly Xqlyhuvlw|1

^43` Kriedxhu/ M1 dqg N1 Vljpxqg +4<;;,/ Wkh Wkhru| ri Hyroxwlrq dqg

G|qdplfdo V|vwhpv/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^44` Kxfn/ V1/ J1 Nlufkvwhljhu/ dqg M1 Rhfkvvohu +4<<:,/ �Ohduqlqj wr Olnh

Zkdw \rx Kdyh � H{sodlqlqj wkh Hqgrzphqw H�hfw�/ plphr/ Kxp0

erogw Xqlyhuvlw|1

^45` Pd|qdug�Vplwk/ M1 +4<:7,/ �Wkh Wkhru| ri Jdphv dqg wkh Hyroxwlrq

ri Dqlpdo Frq lfwv�/ Mrxuqdo ri Wkhruhwlfdo Elrorj| 7:/ 53<05551

^46` Rhfkvvohu/ M1 dqg I1 Ulhgho +5333,/ �Hyroxwlrqdu| G|qdplfv rq Lq�qlwh

Vwudwhj| Vsdfhv�/ iruwkfrplqj Hfrqrplf Wkhru|1

^47` Rn/ H1 dqg I1 Yhjd�Uhgrqgr +5333,/ �Rq wkh Hyroxwlrq ri Lqglylgx0

dolvwlf Suhihuhqfhv= Dq Lqfrpsohwh Lqirupdwlrq Vfhqdulr�/ iruwkfrplqj

Mrxuqdo ri Hfrqrplf Wkhru|1

^48` Vh|prxu/ U1 +5333,/ �G|qdplfv iru Lq�qlwh Glphqvlrqdo Jdphv�/

plphr/ Xqlyhuvlw| Froohjh Orqgrq1
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^49` Vklu|dhy/ D1 +4<<8,/ Suredelolw|/ 5qg hg1/ Qhz \run= Vsulqjhu Yhuodj1

^4:` Wd|oru/ S1 dqg O1 Mrqnhu +4<:;,/ �Hyroxwlrqdu| Vwdeoh Vwudwhjlhv dqg

Jdph G|qdplfv� Pdwkhpdwlfdo Elrvflhqfh 73/ 47804891

^4;` Wd|oru/ S1 +4<;<,/ �Hyroxwlrqdu| Vwdelolw| lq Rqh�sdudphwhu Prghov

xqghu Zhdn Vhohfwlrq/ Wkhruhwlfdo Srsxodwlrq Elrorj| 67/ 45804761

^4<` Ydq Gdpph/ H1 +4<;:,/ Vwdelolw| dqg Shuihfwlrq ri Qdvk Htxloleuld/ 5qg

hg1/ Ehuolq= Vsulqjhu Yhuodj1

^53` Ylfnhuv/ J1 dqg F1 Fdqqlqjv +4<;:,/ �Rq wkh Gh�qlwlrq ri dq Hyrox0

wlrqdu| Vwdeoh Vwudwhj|�/ Mrxuqdo ri Wkhruhwlfdo Elrorj| 45</ 67<06861

^54` Zhlexoo/ M1 +4<<8,/ Hyroxwlrqdu| Jdph Wkhru|/ PLW�Suhvv/ Fdpeulgjh1
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