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Abstract

Thispaperanalyzestheimpactof pollutionandabatementpolicy within astochastic

endogenousgrowth model.Theagentshaveenvironmentalpreferences,but they ne-

glecttheir individual contribution to aggregateabatement.Therefore,environmental

careis doneby the governmentandfinancedvia incometaxationandgovernment

bonds.Equilibriumgrowth dependsonenvironmentalpreferences,perceptionof ag-

gregatecapitalandrisk aversion.Environmentalcareaswell asfiscalpolicy arean-

alyzed.Dueto environmentalpreferencesandpartialanticipationof thedependence

betweenaggregateand individual capital,governmentdebt influencesequilibrium

growth. Hence,incometaxationhasanadditionalindirect impacton accumulation

throughthesimultaneousadjustmentof portfolio choice.Fromnumericalsimulation

it canbeconcludedthattheoptimalincometaxratedecreaseswith theperceptionof

the influenceof individual on aggregatecapital. In contrast,the impactof environ-

mentalpreferencesanduncertaintyon optimalfinancingis ambiguous.

Zusammenfassung

DervorliegendeAnsatzanalysiertdenEinflußvon UmweltverschmutzungundUm-

weltschutzausgabenauf denWachstumsprozeßim Rahmeneinesstochastischenen-

dogenenWachstumsmodells,wobeidie UmweltverschmutzungdurchGüterproduk-

tion entstehtund Nutzeneinbußenverursacht.Da die Wirtschaftssubjekte denEin-

fluß ihrer individuellenUmweltschutzausgabenauf die Umweltqualitätvernachläs-

sigen,wird die AufgabederUmweltreinhaltungdurchdenStaatausgeübt,derseine

AusgabendurchEinkommensbesteuerungsowie Staatsverschuldungfinanziert.Die

HöhedesgleichgewichtigenWachstumshängtvon derWahrnehmungdesindividu-

ellen Einflussesauf die Umweltverschmutzungsowie denPräferenzparameternfür

UmweltundRisikoneigungab. DadieWirtschaftssubjektedenEinflußderindividu-

ellenProduktionauf die Umweltverschmutzungundsomitauf denintertemporalen

Nutzenzum Teil antizipieren,hat die Höheder StaatsverschuldungAuswirkungen

aufdasWachstumim Marktgleichgewicht. Somitgibt esnebendemdirektenWachs-

tumseffekt derEinkommensteueraucheinenindirektenEffekt durchdiePortfolioan-

passung.EsresultierteinuneindeutigerGesamteffekt. AnhandnumerischerBerech-

nungenwird gezeigt,daßder optimaleEinkommensteuersatzabnimmt,wenn die

WahrnehmungdesindividuellenEinflussesauf die Umweltqualitätzunimmt. Eine

ZunahmederUnsicherheitoderdesDisnutzensausUmweltverschmutzunghingegen

zeigenuneindeutigeEffekteaufdie optimaleFiskalpolitik.



1 Introduction

Recentcontributionsanalyzepollution andenvironmentalcarewithin the settingof en-

dogenousgrowth models. In general,pollution leadsto a declinein optimal growth.

Eventually, growth canevenceasedueto increasingenvironmentalcostsof production.

Thereis a trade–off betweenconsumptionandpollution which is crucial for theperfor-

manceof theeconomy:If theenvironmentalcostsbecomesufficiently highin theprocess

of ongoinggrowth, abatementactivities inducea declinein the long–runrateof return

whichfinally canlimit growth.

Particularlyin thecontext of environmentalissues,uncertaintyaboutfutureconsequences

of presentactionsis of majorinterest.Furthermore,theimpactof any environmentalpol-

icy dependscrucially on theexistenceof uncertainty. Governmentalactivities influence

notonly theexpectedvaluesof economicvariablesbut alsotheir volatility andin general

this leadsto counterworking effectson market equilibrium. Thesewerefirst discussed

by Eaton(1981)who analyzesthe ambiguousimpactof incometaxationin a stochas-

tic growth modelwith linear technology. More recentpaperse. g. of Turnovsky (1993,

1995,1999,2000),Smith (1996),Corsetti(1997)or ClemensandSoretz(1997)extend

this framework anddemonstratetherole of governmentalactivities in varioussettingsof

stochasticendogenousgrowth.

The Ramsey problemof pollution in a dynamiceconomyis basedon Forster(1973),

whoseframework wasextendede. g. by Gruver (1976),Luptacik andSchubert(1982),

Siebert(1987)or VanderPloegandWithagen(1991).Theseauthorsanalyzetheeffectsof

pollution in neoclassicalgrowth models.Thecommonoutcomeis thatpollution induces

a declinein the optimal steadystatecapital stock. Nevertheless,the questionwhether

environmentalconcernsareconsistentwith ongoinggrowth or not canonly beaddressed

within thesettingof endogenousgrowth. GradusandSmulders(1993)aswell asStokey

(1998)considerenvironmentalpreferencesandvarioustechnologieswith constantreturns

in theaccumulableinputsto allow for ongoinggrowth.

GradusandSmulders(1993)show a negative relationbetweenoptimalgrowth andpol-

lution disutility in thecaseof constantreturnsto capitalandwith endogenousabatement

activities which determinethe level of pollution. In contrast,they demonstratethat en-

vironmentalpreferencesin the framework of Lucas(1988)have no effect on long–run

growth. If additionallythe learningability is reducedby pollution, abatementcaneven
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enhancegrowth in thecasewheretherise in capitalproductivity dominatesthenegative

growth effect associatedwith thecrowding out of investment.Stokey (1998)analyzesa

modelwith linearproductiontechnologyandendogenousemissionstandard.Pollutionis

assumedproportionalto total output.In this setting,sustainedgrowth is notoptimal,that

is, growth ceasesin the long run. During transition,pollution is an asymmetrichump–

shapedfunctionof income,asempiricallyfoundby GrossmanandKrueger(1995).

The model consideredherefocuseson the interactionsbetweenenvironmentalprefer-

ences,risk aversionandthe perceptionof the dependencebetweenaggregateandindi-

vidual capital. Emissionsreduceindividual expectedutility and hencesocial welfare.

The level of pollution dependson the relationbetweenabatementactivities andcapital

stock. Sincethereis a continuumof identicalindividualsandabatementis nonrival and

nonexcludable,therepresentativeagentneglectshiscontribution to aggregateabatement.

Thus,environmentalcareis assignedto governmentandfinancedvia incometaxationand

governmentbonds.

Furthermore,thelevel of emissionsis perceivedto dependnot only on individual capital

accumulationbut alsoon aggregatecapital,which seemsto be exogenousto individual

decisions.Theextentto which theagentperceivespollution to dependon individualcap-

ital is parameterizedandbothpolarcasesareincluded:On theonehandthecasewhere

agentsareawareof the truerelationbetweenpollution andindividual capitalaccumula-

tion andon the otherhandthe casewherepollution is perceived aspurely exogenous.

This settingdraws backon the formulationof congestionfunctionsin the public goods

literaturease. g. in Edwards(1990),Glomm andRavikumar (1994)or Turnovsky and

Fisher(1998).

Building on theassumptionsof themodeldescribedin section2, themarket equilibrium

is analyzedin section3. Dueto theenvironmentalpreferencescapitalaccumulationhas

a secondary, welfarediminishingeffect which in part— dependingon theperceptionof

capitalin thepollution function— is external. Hence,in contrastto moststochasticen-

dogenousgrowth models,expectedgrowth dependsonequilibriumportfolio composition

andthusongovernmentdebt.Theusualseparabilityof thegrowth processfrom portfolio

choicedoesnot hold. Insteadthis interdependenceleadsto variousinteractingeffectsof

fiscalpolicy onmacroeconomicequilibrium.

Market equilibrium is contrastedwith socialoptimum. It canbe shown that in the so-

cial optimumpollution is constantanddependson theunderlyingproductionandutility
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parameters.Furthermore,the optimal level of emissionsin the settingconsideredhere

differsfrom theoutcomein thecorrespondingdeterministicmodel. If (constant)relative

risk aversionis lessthanunity, thedeterministicmodelunderestimatesoptimalpollution.

If insteadrelative risk aversionis greaterthanunity, optimalemissionderivedundercer-

taintyexceedsthelevel derivedwith uncertainty. Only with theassumptionof logarithmic

utility it is possibleto applytheoutcomefrom thedeterministicsettingunchanged.

Section4 analyzesthe growth effectsof fiscal policy. It is no longerpossibleto obtain

a straightforward descriptionof the impactof governmentactivities on eitherequilib-

rium growth or socialwelfare.Therefore,theanalysisof fiscalpolicy requiresnumerical

simulation.It is shown thattheoptimalcompositionof incometax andgovernmentdebt

dependsontherelationbetweenrelativerisk aversion,perceptionparameterandenviron-

mentalpreferences.Variousparametersettingsarediscussedandit canbeconcludedthat

theoptimalshareof taxfinancingincreaseswith theperceptionof aggregatecapitalto be

exogenousandreactsin ambiguouswaywith environmentalpreferencesandrisk aversion

respectively.

Section5 discussesthe polar casewhereindividualsignorecompletelythe influenceof

privatecapitalaccumulationon pollution. This settingcorrespondsto the deterministic

modelanalyzede.g. by GradusandSmulders(1993).Theinterdependencebetweengov-

ernmentdebtandequilibriumgrowth vanishesin this case.Thus,a closedform solution

for optimalfinancingcanbederived,but oncemore,theoutcomesof thecorresponding

deterministicmodelcannotbe appliedto thecaseof uncertainty, exceptfor logarithmic

preferences.If relative risk aversionis low, theoptimalincometax increaseswith uncer-

taintywhereaswith ahighdegreeof risk aversion,theinfluenceis ambiguous.It is shown

thatoptimalincometaxationin thissettingcollectstheright amountto financeabatement.

Hence,governmentdebtis zeroin optimum.Finally, section6 concludestheresults.

2 The model

Pollutioncausesdisutility andhencedamagessocialwelfare. With this formulation,the

underlyingpaperbuildson theanalysisof GradusandSmulders(1993)aswell asStokey

(1998), anddraws back on the earlier approachesof Luptacik and Schubert(1982) or

Van der Ploeg andWithagen(1991). Considera continuumof identical infinitely long
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living householdswho maximizeexpectedlifetime utility

U � E0

���
∞

0
e� ρt u � c � t �
	 P � t ��� dt � 
 (1)

Onecould think of a long–lived dynasty, becausealtruismbetweengenerationsis very

plausiblein thecontext of environmentalissues.Consumptionis representedby c � t � and

pollutionby P � t � . Therateof timepreferenceρ � 0 is assumedto beconstant.E0 denotes

theexpectedvalueconditionalon time0 information.

Instantaneousutility exhibits constantrelativerisk aversion

u � c � t ����� ���� � c � t � P � t � � γ � 1 � ε

1 � ε
for ε �� 1

lnc � t ��� γ lnP � t � for ε � 1 
 (2)

Environmentalpreferencescomeinto play for γ � 0 andwith higherγ disutility out of

pollution gainsimportance.ε � 0 representsthedegreeof relative risk aversion.

Thehomogenousgoodis producedaccordingto the linear individual stochasticproduc-

tion function

f � k � t ����� Ak � t ��� dt � σydz� t ��� 
 (3)

Thedeterministiccounterpartof this technologywaspopularizedby Rebelo(1991)and

thestochasticversiondraws backon Eaton(1981). Uncertaintyenterstheeconomyvia

anaggregateproductivity shockdz� t � , which is aWienerprocesswith dz � N � 0 	 dt � . A is

expectedcapitalproductivity andk � t � denotesa broadmeasureof capitalavailableto the

representativefirm.

Pollutiondependson therelationbetweencapitalandabatementactivities,andit is mod-

eledasa flow variable.This formulationrecurson GradusandSmulders(1993). In e.g.

Forster(1973),VanderPloeg andWithagen(1991),Stokey (1998)or JonesandManuelli

(2001)outputis thesourceof pollution andin e.g. LuptacikandSchubert(1982)aswell

asVanderPloeg andWithagen(1991)pollution asa stockvariableis considered.It can

be shown that underthe assumptionsfurther taken here,the outcomesremainthe same

with astockof pollutionandareindependentof thesourceof environmentaldegradation.

In this paper, the approachis extendedandthe perceptionof the capitalstock is taken

into account. Pollution, P � t � , is determinedby the relationof aggregatecapital,K � t � ,
4



individualcapital,k � t � , andabatementeffort, E � t �
P � t ����� K � t � δk � t � 1 � δ

E � t � � α

dt α 	 δ � � 0 	 1! 
 (4)

Theextentto which theagentperceivespollution to dependonexogenousaggregatecap-

ital is parameterizedby δ. In equilibrium, aggregatecapital equalsindividual capital,

becauseall householdsareidenticalandthepopulationsizeis normalizedto unity. Thus,

δ � 0 representsperfectknowledgeabouttheeffectof individualcapitalaccumulationon

pollution. On theotherhand,δ � 1 is associatedwith thesituationwheretherepresenta-

tive agentneglectscompletelyhis individual contribution to aggregatecapital. Pollution

is perceivednot to dependin any wayon individualaccumulation.For 0 " δ " 1 percep-

tion of capitalis in betweenthesepolarcases.Individual capitalis expectedto influence

pollution,but theextentof thedependenceis underestimated.

Pollutioncontrol,E � t � , is assumedto benonrival andnonexcludable.Thus,with a con-

tinuum of households,the effect of individual effort on environmentalquality vanishes.

Hence,abatementactivity is doneby the governmentandfinancedby incometaxation

andgovernmentdebt.Thegovernmentleviesa proportionalincometax at rateτ.

With stochasticproduction,tax revenuesout of incometaxationarestochasticwhereas

expendituresfor abatementactivities aredeterministic. Hence,the governmentbudget

cannotbe balancedin eachinstantof time. Insteadit is closedby issuingbondswith

stochasticvalueB � t � . Thesebondsareassumedto beperpetuitieswhich payanaftertax

expectedinterestratei aswell asanetstochasticinterestratedzi . Bothpartsof thereturn

on governmentbondshave to be determinedin equilibrium. The valueof government

bondsevolvesaccordingto

dB � t ���#�E � t �$� iB � t �%� τAK � t �&! dt � B � t � dzi � τAK � t � dz 
 (5)

In the following section,individual optimizationandtheresultingmacroeconomicequi-

librium will beanalyzed.

3 Market equilibrium

In thepresenceof governmentbonds,therepresentative individualhasto choosenotonly

optimalcapitalaccumulationbut alsotheutility maximizingportfolio. Individualwealth,
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w � t � , is composedof physicalcapital,k � t � , andfinancialwealth,b � t � . Theportfolio share

of capitalis denotedby n. Thus,theindividualwealthrestrictionis

dw �'�(� 1 � τ � Anw � i � 1 � n� w � c! dt �)� 1 � τ � Anwσydz �)� 1 � n� wdzi (6)

andthevarianceof wealth(dividedthroughdt) evolvesto

σ2
w �'� 1 � τ � 2A2n2w2σ2

y � 2 � 1 � τ � An� 1 � n� w2σyi �)� 1 � n� 2w2σ2
i (7)

whereσyi denotesthecovariancebetweenoutputandreturnonbondsandσ2
i thevariance

of the returnon bonds.Thesebothdependon theendogenousstochasticprocessof the

returnonbonds,dzi , whichhasto bedeterminedin equilibrium.

Expectedintertemporalutility (1) is maximizedwith respectto thewealthconstraint(6)

while taxratesaswell asinitial valuesk0 andz0 aregiven.With thespecificationfor utility

givenabove,themaximizedlifetime utility canbeshown to beof thetime–separableform

e� ρtJ � w � t ��� . Employing Itô’sLemmathestochasticBellmanequationis givenby* � e� ρtu � c 	 P�%� ρe� ρtJ � w�+� e� ρtJ ,-� w� E � dw!
dt

� 1
2

e� ρtJ ,.,/� w� σ2
w 
 (8)

Optimizationof the representative individual requiresthe expectedutility maximizing

choiceof consumptionandportfolio. Thereis no individual choiceaboutthe level of

abatementactivities, sincethe individual influenceon environmentalrestorationis ne-

glected.Hence,maximizationleadsto thefirst orderconditionswith respectto consump-

tion, c, andportfolio shareof capital,n,

c � εP � γ 0 1 � ε 1 � J ,2� w� (9)

αγ � 1 � δ �
n

c1 � εP � γ 0 1 � ε 1 � J ,2� w�3�(� 1 � τ � Aw � iw !4� 1
2

J ,.,�,5� w� ∂σ2
w

∂n
� 0 
 (10)

Equation(9) assurestheequalityof marginal utility out of consumptionacrosstime. For

asettingwhich satisfiesthefollowing conditions:(i) time invariantrelativerisk aversion,

(ii) constantmarginal productof capital,(iii) varianceproportionalto the squareof the

statevariableMalliaris andBrock (1982,p. 178) show that thereexists a closedform

solution. In the settingconsideredhere,theseconditionsaremet ascanbe seenfrom

equations(2), (3) and(7). Thevaluefunctionthenhasthesameshapeastheinstantaneous

utility function.Thisoutcomecanbedemonstratedby theconjectureof aconstantrelation
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betweenconsumptionandwealth,which is denotedby µ. Hence,the valuefunction is

givenby

J � w�6� �7� 7� µ� ε � wP� γ � 1 � ε

1 � ε
for ε �� 1

µ� 1 ln � wP� γ � for ε � 1 
 (11)

Equation(10)determinestheoptimalportfolio. In anequilibriumwith constantportfolio

sharesall assetsgrow with thesamestochasticrates

dw
w
� dk

k
� db

b

 (12)

That is, expectedgrowth ratesareequalandthestochasticprocessesevolve in thesame

way. In particular, equatingthe stochasticcomponentsof (12) leadsto the equilibrium

stochasticprocessof bondreturn

dzi � 1 �8� 1 � τ � n
1 � n

Aσydz (13)

whichis proportionalto theproductivity shock.Togetherwith thevaluefunction(11)and

condition(10) it is now possibleto derive theexpectedrateof returnonbonds1

i �#� 1 � τ � A � ε
A2σ2

yτ
1 � n

� αγ � 1 � δ � µε 
 (14)

For optimalcapitalaccumulationtheBellmanequationis equalto zero.This leadsto the

consumption–wealthratio

µ � ρ �)� ε � 1�4� 1 � τ � A � 1
2ε � ε � 1��� 1 � 2τ � A2σ2

y

ε � αγ � 1 � δ � 1 � ε 0 1 � n1
n

(15)

which indeedis constantandconfirmstheconjecture(11) of the valuefunctionaslong

asportfolio compositionis constantover time. Thepropensityto consumeout of wealth

dependson theunderlyingparametersaswell ason the fiscal instruments.Two special

casescanbenotedhere:If aggregatecapitalis perceivedto becompletelyexogenousto

the accumulationdecisionof the individual, δ � 1, or if the environmentalpreferences

1Equations(13) and(14) areonly valid in thecasen 9: 1. Otherwise,thereis no governmentdebtand

thereforethegovernmentbudgetis balancedin eachinstantof time. Thiswill only beafeasibleequilibrium

if thetaxationof stochasticincomepartsvanishes,thatis τ is only appliedto expectedincome.Government

bondsthenarea sureasset(dzi
: 0) andtheresultingrateof returnis i :<; 1 = τ > A = εA2σ2

y.
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vanish,γ � 0, the secondterm in the denominatoris zeroandthe consumption–wealth

ratio correspondsto the linear modelwithout pollution. In the first casethe individuals

aren’t awareof their influenceondisutility outof pollution. In thesecondcasethereis no

negative impactof pollution on utility.

Furthermore,thetransversalitycondition

lim
t ? ∞

E @ e� ρtJ � w�BAC� 0 (16)

mustbesatisfiedfor expectedutility to beboundedandin orderto assurefeasiblecon-

sumptionpaths. As Merton (1969) first demonstrated,the transversality condition is

in this settingequivalentto the conditionfor a positive ratio betweenconsumptionand

wealth.

Theexpectedgrowth rateof theeconomy, ϕ, canbeobtainedfrom theindividual wealth

constraint(6)

ϕ D E � dw!
wdt

� 1
ε̃
��� 1 � ε � ε̃ ��� 1 � τ � A � ρ �E� ε

2ε̃
� ε � 1 � 2τ � 1 � ε � ε̃ ��� A2σ2

y (17)

with ε̃ definedasfollows

ε̃ D ε � n � αγ � 1 � δ ��� 1 � n���%� αγ � 1 � δ �
n � αγ � 1 � δ ��� 1 � n� F ε 
 (18)

In additionto the usualutility andproductionparameters,equilibrium expectedgrowth

is influencedby environmentalpreferences,γ, perceptionof aggregatecapital, δ, and

the volatility of the technologicaldisturbance,σ. Eachof the relationsis ambiguous

anddependson the level of thecertaintyequivalentof portfolio returnandthedegreeof

relative risk aversion,respectively. A detaileddiscussionwill begivenbelow. To ensure

feasiblesolutions,ε̃ is assumedto be positive for all valuesof relative risk aversionε.

Therefore,parametershaveto fulfill thecondition1 � αγ � 1 � δ �G� 0 thatis,environmental

preferencesshouldn’t betoo strong.

Thefirst termof theexpectedgrowth rate(17)equalsthegrowth rateof thecorresponding

deterministicmodel.Thesecondtermreflectstheresponseof therisk averserepresenta-

tive individual to uncertaintyin futureincomeflows. Dueto pollutionwhich is positively

relatedto the capitalstock, thereis a negative externaleffect of capitalaccumulation.2

2In the caseof perfectanticipationδ : 0, this additionalnegative effect of capital accumulationis

completelyinternalizedwithin theindividual intertemporaldecision.
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This hasan ambiguouseffect on expectedgrowth. Sincethe averagecapital return is

overestimated,growth tendsto be suboptimallyhigh without taxation. In contrast,the

overestimationof the risk associatedwith capital returnsceterisparibus leadsto sub-

optimally low accumulation.As long asthe certaintyequivalentof portfolio return3 is

positive, the first effect dominatesand the negative externality of capitalaccumulation

leadsto suboptimallyhighgrowth.

Perceptionof aggregatecapitalaswell asenvironmentalpreferencesinfluenceexpected

growth in anambiguousway

∂ϕ
∂δ
� nαγ

ε̃
��� 1 � τ � A � 1 � εAσ2

y ��� ϕ � (19)

∂ϕ
∂γ
�H� n � 1 � δ �

ε̃
��� 1 � τ � A � 1 � εAσ2

y ��� ϕ � 
 (20)

Botheffectsdependontherelationbetweenexpectedgrowth andthecertaintyequivalent

of portfolio return. As long asthegrowth ratefalls shortof thecertaintyequivalent,the

growth rateincreaseswith theparameterδ indicatingthedegreetowhichaggregatecapital

is perceivedto beexogenous.With smallerδ theindividualsperceiveastrongerinfluence

of individual on aggregatecapital. That is, they anticipatea greatereffect of capital

accumulationon pollution andon disutility out of pollution. This leadsto a decrease

in equilibrium accumulation.Thus,a smallervalueof δ induceslessgrowth andvice

versa.

With respectto environmentalpreferences,the impactis similar. As long asthegrowth

rateis smallerthanthecertaintyequivalent,increasingimportanceof pollution for utility

(that is a higherγ) leadsto a reductionin accumulation.The negative effect of capital

accumulationis givenmoreweightin optimizationandhencesavingsarediminished.

If individualsignoretheirprivatecontributionto aggregatecapitalcompletely(δ � 1), the

direct impactof environmentalissueson decentralizedgrowth vanishes.Nevertheless,

thegovernmenthasto takeenvironmentaldegradationaswell asabatementactivities into

accountin orderto setthefiscalpolicy parametersoptimally. The tax rateon determin-

istic incomecomponentsaswell asthetaxationof uncertainincomepartsaffect savings.

Thus,accumulationis adjustedoptimally throughincometaxation.Moresimply, optimal

3Thecertaintyequivalentof portfolio returncanbeevaluatedaccordingto Merton(1992,p. 45) andis

positive if 1 = εAσ2
y I 0.
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taxationbalancesmarginal expectedutility out of consumptionfor marginal expected

disutility outof pollution. Theeffectsarediscussedin detail in section5.

In general,uncertaintyhasapositiveincomeandanegativesubstitutioneffectonsavings:

Theincomeeffect refersto thediminishedexpectedutility out of future incomestreams

dueto increasingrisk. Thus,thereis anincentive to enhancesavingsin orderto compen-

satefor this impactandto equalizeexpectedmarginalutility acrosstime. Thesubstitution

effect reflectstheincentive to decreasesavingsbecausein thepresenceof higherrisk ac-

cumulationis lessattractive for risk averseindividuals.In themodelconsideredhere,the

effectof uncertaintyon growth

∂ϕ
∂σ2

y
� ε

2ε̃
� ε � 1 � 2τ � 1 � ε � ε̃ ��� A2 (21)

canbeshown to dependin a simpleway on the level of relative risk aversion,sincethe

term

1 � ε � ε̃ � n � 1 � αγ � 1 � δ ���
n � 1 � αγ � 1 � δ �+� αγ � 1 � δ � �GJ 0 " 1 � ε � ε̃ " 1 (22)

is independentof relative risk aversionandwithin theunity interval. With a relative risk

aversionsufficiently high, the incomeeffect prevails and thereis a motive for precau-

tionarysavings(seeLeland(1968)or Sandmo(1970)). In this caseuncertaintyleadsto

highersavings. Vice versa,if thecoefficient of relative risk aversionis sufficiently low,

anincreasein uncertaintyinducesa reductionin optimalaccumulation.

Theproductivity shockis assumedto bea Wienerprocess.Hence,time t capitalis a ge-

ometricWienerprocessandis lognormallydistributed.Giventheinitial valuesof capital

k0 andthestochasticprocessz0 at time0, capitalevolvesaccordingto

k � t �G� k0 e� ϕ � 1
2 α2σ2 � t K ασ L z0 t 1 � z0 M 
 (23)

Maximal expectedlifetime utility is thengivenby

U � � A � ϕ � η � 1 � εηαγ 0 1 � ε 1 k1 � ε
0� 1 � ε ��� ρ �N� 1 � ε ��� ϕ � 1

2εA2σ2
y ��� (24)

wheretherelationbetweenabatementandphysicalcapital,whichis setby thegovernment

andwill be determinedin the next section,is denotedby η � E O k andmarket clearing

requirescO k � A � ϕ � η.
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4 Fiscal and environmental policy

This sectionbuilds on the determinationof the dynamicequilibrium and analyzesthe

impact of incometaxationand governmentdebt on steadystategrowth. Afterwards,

conditionsfor optimalenvironmentalpolicy arestated.

The ambiguouseffects of fiscal policy can be assignedto the counteractingimpactof

fiscalpolicy on expectedgrowth. Therearebotha directandanindirectgrowth effect of

incometaxation
dϕ
dτ
� ∂ϕ

∂τPRQ4SRT
directeffect

� ∂ϕ
∂n

∂n
∂τP Q4S T

indirecteffect


 (25)

Thedirectimpactof achangein theincometaxrateis thewell known ambiguousgrowth

effectof incometaxationin astochasticgrowth model

∂ϕ
∂τ
�H� 1 � ε � ε̃

ε̃
A � 1 � εAσ2

y � 
 (26)

It canbedecomposedinto a growth diminishingdistortionaryeffect which is associated

with the reductionin expectedcapital return and a growth enhancinginsuranceeffect

which is associatedwith the declinein capital risk. For a detaileddiscussionof the ef-

fectsof taxationwithin stochasticmodelsof endogenousgrowth seee. g. Eaton(1981),

Turnovsky (1995),Smith(1996),Corsetti(1997)or ClemensandSoretz(1997).Thedi-

recteffect of taxationon growth canbeshown to benegative if andonly if thecertainty

equivalentof theportfolio returnis positive. This conditioncanbeinterpretedin thefol-

lowing way: With a positivecertaintyequivalentrisk doesnot dominatethemodel. The

technologyis "certainenough"asto assurethattheeffectsof theunderlyingdeterministic

structureprevail. A negativecertaintyequivalentdescribesasituationwheretheuncertain

capitalincomeflow yieldsthesameutility asacertaininterestratewhich is negative.The

followinganalysiswill berestrictedto parametersettingswhichassureapositivecertainty

equivalent,becausethis situationfits betterto reality.

But furthermore,in this modelthereis an indirect impactof incometaxationon growth.

Any changein theincometax rateleadsto asimultaneousadjustmentof portfolio choice

andgovernmentdebt,respectively. Sincewith theunderlyingenvironmentalpreferences

expectedgrowth dependson the portfolio shareof capital, the adjustmentof portfolio

choiceinducesanambiguousindirectgrowth effect. Theequilibriumportfolio composi-
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tion canby evaluatedas

n � ρ � 1 � ϑ ��� ϑ � ε � 1��� A � η �+�)� ε � 1��� 1 � τ � A � ε
2 � ε � 1��� 1 � ϑ � 2τ � A2σ2

y� 1 � ϑ ��� ε � A � η ���8� 1 � τ � A � ρ � ε
2 � ε � 1 � 2τ � A2σ2

y � (27)

whereη denotestherelationbetweenabatementandcapitalstock,E O k, andϑ � αγ � 1 � δ �
is definedfor notationalconvenience.

Pollution is positively relatedto the capital stock. Hence,an increasein the portfolio

shareof capitalceterisparibus aggravatespollution. This inducesa declinein optimal

accumulationaslongasthecertaintyequivalentof portfolio returnis positive

∂ϕ
∂n
� 1

ε̃
��� 1 � τ � A � 1 � εAσ2

y ��� � 1 � ϑ � ϑ� 1 � ϑ � 1 � n��� 2 
 (28)

Nevertheless,the effect of incometaxationon portfolio compositionis ambiguous.On

theonehandexpectednetcapitalreturndecreaseswith a risein thetax rate.Thus,phys-

ical capitalgetslessattractive comparedwith governmentbonds.On theotherhandthe

volatility of capitalreturndiminisheswith increasingtaxationwhereastheuncertaintyof

bondreturnrises.
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(b) Relativerisk aversionε : 3.

Figure1: Portfolio responseon tax increasefor small versushigh relative risk

aversion.

The effect of incometaxationon portfolio compositionis illustratedin figure 1. The

parametersaresetin the following way: ρ � 0 
 03, γ � 1, A � 0 
 4, σy � 0 
 01, δ � 0 
 5,
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α � 0 
 5. η is evaluatedaccordingto equation(31) developedbelow at theoptimal level.

For small valuesof relative risk aversionε the derivative of the portfolio sharen with

respectto τ canbeshown to bepositive,whereaswith a relative risk aversionsufficiently

highthederivativebecomesnegative. In thefirst case,thepositiveeffectof taxationonthe

portfolio shareof capitaldominates:The increasein thetax rateinducesa shift towards

physicalcapital.Contrary, if theagentsaresufficiently risk averse,thenegativeeffect of

taxationontheportfolio shareof capitaldominates.In thiscase,thedecreasein expected

net capital returninducesa decreasein capitaldemand.The optimal portfolio shareof

physicalcapitalis reduced.Subfigure1(b)additionallyshowsthatthereis anupperbound

to theincometaxratewhichmustbekeptin orderto assurefeasiblesolutionswith positive

valuesfor capital.

In the model consideredhere,optimal fiscal and environmentalpolicy can be decom-

posedinto two steps:First, thegovernmenthasto choosetheoptimal level of abatement

expenditures.Second,optimalfinancinghasto beanalyzed.Referringto optimalpollu-

tion control,expectedlifetime utility (24) is maximizedwith respectto theenvironmental

expenditurerate,η, andwith respectto thegrowth rate,ϕ,

∂U
∂η

!� 0 VWJ η XY� αγ
1 � αγ

� A � ϕ � (29)

∂U
∂ϕ

!� 0 VWJ ϕ XY� 1
ε
� A � η � ρ �+� ε � 1

2
A2σ2

y 
 (30)

Combinationof thesetwo optimality conditionsleadsto

η X � αγ
ε � 1 � αγ ��� αγ

� ρ �)� ε � 1� A�+� ε
1 � ε

2
A2σ2

y (31)

ϕ XY� 1 � αγ
ε � 1 � αγ ��� αγ Z A

1 � αγ
� ρ � ε

ε � 1
2

A2σ2
y [ 
 (32)

Theoptimalrateof abatementactivities is givenby equation(31)anddifferswith respect

to the secondterm from the correspondingdeterministicmodel. That is, optimal envi-

ronmentalcareincreases(decreases)with uncertaintyif risk aversionis less(higher)than

unity. Hence,in generaltheoutcomeof thedeterministicmodeldoesn’t applyto thecase

of uncertainty. If risk aversionis sufficiently low (ε " 1), optimal pollution control is

underestimatedby thesettingwithout risk (andvice versa).Only with logarithmicpref-

erences(ε � 1) optimal environmentalcareis independentof uncertainty. In this case,

incomeandsubstitutioneffectof risk on environmentalcarebalance.
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Theimpactof environmentalpreferencesonoptimalexpectedgrowth (32) is ambiguous.

The intertemporalelasticityof substitutionaswell ascapitalproductivity areinfluenced

by thedisutility out of pollution. Within socialoptimizationthenegative externaleffect

of capitalaccumulationis takeninto account.Perceptionof thecapitalstockis equivalent

to realcapitalstock,thatis δ � 0 in thedeterminationof pollution (4).

Second,thegovernmentsolvesfor theoptimalfinancingof environmentalexpenditures.

Optimal financingrequiresthe identity of decentralizedexpectedgrowth (17) andopti-

mal expectedgrowth (32). Sinceincometaxationhasvariousandambiguousimpacts

on expectedgrowth, optimal financingwill only be illustratednumerically. Using the

portfolio shareof capital (27) aswell asoptimal environmentalcare(31) to determine

the decentralizedgrowth rate(17) andequatingdecentralizedandoptimal growth leads

to anoptimal tax rateasgivensubfigure2(a). Governmentdebtresultsresiduallyandis

illustratedin subfigure2(b). Theparametersettingsarethesameasin figure1.
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(a)Optimaltax rate.
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(b) Optimalgovernmentdebt.

Figure2: Relativerisk aversionandoptimalfinancingof environmentalcare.

It canbeseenthatoptimalfinancingdependscruciallyon thedegreeof relativerisk aver-

sion. As long as relative risk aversionis less(higher) than unity, the optimal income

tax decreases(increases)with an increasein ε. Subfigure2(b) shows that the optimal

portfolio shareof governmentbondsis negative if thedegreeof relative risk aversionis

above unity. Thus, the equilibrium valueof governmentbondsis negative for optimal

financingandgovernmentresultsto bea netcreditorto thepublic. Optimalexpenditures

for environmentalcarearehigherthanoptimal tax revenues.Thenegative externalityof

capitalaccumulationallows for positiveincometaxationin orderto diminishequilibrium
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growth, but therevenueoutof incometaxationis notsufficient for optimalenvironmental

care.Governmentbudgetis closedvia interestpaymentsof theprivatehouseholds.
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(a)Optimaltax rate.
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(b) Optimalgovernmentdebt.

Figure3: Perceptionof aggregatecapital andoptimalfinancingof environmental

care.

Figure3 showstheinfluenceof theperceptionof capitalontheoptimalfinancingof abate-

mentactivities. Additionally to thepreviousfigures,thedegreeof relative risk aversion

is set to ε � 3. An increasein the perceptionparameterδ correspondsto a declinein

theanticipationof theinterdependencebetweenindividualandaggregatecapital.Hence,

with increasingδ agentsneglectagreaterpartof their contribution to pollution. Theneg-

ativeexternalityof capitalaccumulationriseswith δ andallowsfor anincreasein optimal

incometaxation.Hence,theoptimalvalueof governmentbondsis still negative but the

absolutevaluediminishes.

5 A special case: Agents completely neglect their contri-

bution to aggregate capital

In this sectionI demonstratethe polar casewhereindividuals completelyignore their

influenceon aggregatecapitalandhenceon pollution. This correspondsto the setting

δ � 1. Sincetherepresentativeagentdoesn’t taketheinfluenceof capitalaccumulationon

pollutioninto account,portfolio compositiondoesn’t havewelfareeffectsin thissituation.
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Hence,equilibriumgrowth is independentof theportfolio shareof physicalcapital

ϕ1 � 1
ε
��� 1 � τ � A � ρ �$� 1

2
� ε � 1 � 2τ � A2σ2

y 
 (33)

In this settingthe environmenthasno direct impacton equilibrium growth. Agentsig-

nore their individual influenceon aggregatecapitalas well as on aggregateabatement

expenditures.Thus,pollution is perceivedto bepurelyexogenousanddoesn’t have any

consequencesfor individualoptimization.

The optimal ratio of abatementeffort and capital η X is independentof the perception

of capitalandstill given by equation(31). But now it is possibleto evaluatea closed

form solutionfor optimalincometaxation.Equatingdecentralizedgrowth ϕ1 andoptimal

growth ϕ X now leadsto

τ X\� αγ
A � ε � αγ � 1 � ε ����� 1 � εAσ2

y �]Z ρ �)� ε � 1� A � ε
ε � 1

2
A2σ2

y [ 
 (34)

Theeffectof uncertaintyon theoptimaltax rateis ambiguousanddependson thedegree

of risk aversion. If relative risk aversionis higherthanunity (ε � 1), thereis a motive

for precautionarysavings.Thereductionof risk associatedwith thetaxationof stochastic

incomepartsdiscouragesaccumulationandencouragesconsumption.Thus,the growth

diminishingeffect of taxationof deterministicincomecomponents(dueto a reductionin

expectedcapitalreturn)is reinforcedby thenegativegrowth effectof taxationof uncertain

incomeparts.For this reason,theoptimaltax ratetendsto decreasewith risk in a setting

with strongrisk aversion. Nevertheless,thereareambiguousadditionaleffectsthrough

governmentdebtandportfolio decision.Thus,theoveralleffectof uncertaintyonoptimal

taxationis ambiguous.

If insteadrelative risk aversionis lessthanunity, theagentsdon’t have a motive for pre-

cautionarysavings. Thesubstitutioneffect of uncertaintyon savings dominatesandthe

individualsreducesavingswhenuncertaintyarises.Taxationof stochasticincomeparts

reducesthevolatility of capitalreturnandthusinducesa decreasein therisk associated

with capitalaccumulation.With a relative risk aversionlessthanunity individualsnow

increasesavings becausedueto the decreasein risk capitalaccumulationgetsmoreat-

tractive. Hence,the growth effects of incometaxationof deterministicand stochastic

incomecomponentsarecounterworkingandtheoverallgrowth effectof incometaxation
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is lessthanundercertainty.4 This leadsimmediatelyto anoptimalincometax ratewhich

is increasedby uncertainty.

Furthermore,it is possibleto evaluatetheequilibriumportfolio shareof physicalcapital

n1 � ρ �)� ε � 1�G^ ϕ1 � 1
2εA2σ2

y _
A � η � ϕ1


 (35)

Tax policy influencesexpectedgrowth andthusportfolio composition.It canbe shown

thattheportfolio sharediminisheswith anincreasein theincometax rate

∂n1

∂τ
�H� A � 1 � εAσ2

y �
A � η � ϕ1

" 0 
 (36)

Taxationof capital returnreducesthe incentive for capitalaccumulationand inducesa

shift towardsgovernmentbonds.The tax revenuesriseandinduceceterisparibus (with

constantenvironmentalexpenditure)anincreasein thevalueof governmentbonds.

For optimalenvironmentalcare,η X , andoptimal incometax, τ X , equation(35) leadsto a

portfolio shareof n1 � 1. Thatis, theabatementexpendituresarecompletelyfinancedby

the incometax. With this respect,the outcomesof thedeterministicsettingcontinueto

hold. Theoptimal tax ratewhich completelyinternalizestheexternaleffect at thesame

time collectsthe right amountto financeabatement.Thus,thereis no needfor further

financingvia growth neutralgovernmentdebt.

Theoutcomesof this polarcase(δ � 1) aresummarizedin figure4. Theline with nega-

tive slope(asdevelopedin equation(36)) identifiesthecorrespondencebetweenthetwo

financinginstrumentsgovernmentdebtandincometax given in equation(35). Hence,

this line indicatesall feasiblefiscalpolicies.Optimaltax policy is givenby τ X andn � 1.

If the tax rateis lessthanτ X , theportfolio shareof capitalexceedsunity. This situation

correspondsto thecasewith negativevalueof governmentbonds.Governmentbecomes

anetcreditorto thepublic.

4As long asthecertaintyequivalentof portfolio returnis positive, thegrowth diminishingeffect of the

taxationof deterministicincomepartsdominates.As notedabove, I restrict to parametersettingswhich

assurea positivecertaintyequivalent.
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Figure4: Optimalfiscalpolicy for δ � 1

6 Conclusion

In this paperastochasticendogenousgrowth modelwith pollution is analyzed.Pollution

causesdisutility anddependson the ratio betweenabatementactivities and the capital

stock. Since individuals neglect their contribution to aggregateenvironmentalexpen-

ditures,thesearefinancedby incometaxationandgovernmentdebt. Furthermore,the

agentsonly partially anticipatetheir influenceon aggregatecapital. Perceptionof ag-

gregatecapital is parameterizedand both polar casesare included: The settingwhere

individualscompletelyignoretherelationbetweenindividualandaggregatecapitalaccu-

mulationandthecontrarycasewith full informationaboutthis relation.

Equilibrium growth is analyzedand it is shown that environmentalpreferencesreduce

growth if andonly if the certaintyequivalentof portfolio returnfalls shortof expected

growth. Theeffect of uncertaintyon growth dependson relative risk aversion.If thereis

a motive for precautionarysavings,expectedgrowth increaseswith uncertainty. Further-

more,expectedgrowth dependson the individual perceptionof aggregatecapital. The

impactagainis ambiguousanddependson the relationbetweencertaintyequivalentof

portfolio returnandexpectedgrowth rate.

Fiscal policy as well as optimal environmentalcareare analyzed. Optimal abatement

activities areshown to dependon risk in an ambiguousway. If relative risk aversionis

sufficiently high (low), theoptimalenvironmentalexpenditurerateincreases(decreases)

with uncertainty. Thus,theoutcomesof thedeterministicsettingin generaldon’t apply

to thecaseof uncertainty. Only if thedegreeof relative risk aversionis unity, theresults

remainunchanged.
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As long asthe agentsperceive a dependencebetweenindividual andaggregatecapital,

thereis anadditionalnegativeeffectof capitalaccumulationonintertemporalutility. This

leadsto an interdependencebetweengovernmentdebtandexpectedgrowth. Hence,in

contrastto mostendogenousgrowth models,incometaxationnot only hasa directeffect

on expectedgrowth, but it alsoinfluencesportfolio choiceandthis leadsto anadditional

indirect impacton thegrowth rate. Due to thedifferentcounterworking growth effects

of incometaxation,numericalsimulationof optimalfiscalpolicy is required.It is shown

that the optimal incometax ratedependson the relationbetweenrelative risk aversion,

perceptionof capitalandenvironmentalpreferences.

In thelastsection,theoutcomesareevaluatedin thespecialcasewheretheagentsperceive

aggregatecapitalascompletelyexogenous.This polarcaseis emphasized,becausemost

deterministicendogenousgrowth modelswith pollution analyzethis setting.It is shown

that the portfolio shareof physicalcapitaldecreaseswith the incometax rateand that

optimaltaxationof environmentalexpendituresin thiscaserequirescompleteincometax

financing.
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