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Abstract

Thepaperpresentsanextendedversionof theconsumerchoiceproblem.Dif fer-
entfromthestandardmodel,pricesarenotfixedbutarisefromWalrasianinteractions
of totaldemandandastylizedsupplyfunctionfor eachof thegoods.Threedifferent
typesof evolutionaryalgorithmsaresetupto answerthequestionwhetheragentscan
learnto solve theproblemof extendedconsumerchoice.Therearethreeimportant
answersto this question:a) The quality of the resultslearnedcrucially dependson
theelasticityof supply, which in turn is shown to beameasureof thedegreeof state
dependency of the economicproblem. b) It seemsto be relatively easyto adhere
to the budgetconstraint,but relatively difficult to reachan optimumwith marginal
utility perDollar beingequalfor eachgood.c) Agentsequippedwith somememory
arefoundto performnotablybetterthanagentswithout memory.

Zusammenfassung

GegenstanddesPapiersist die KonsumwahlprivaterHaushalte.Im Gegensatz
zumentsprechendenStandardmodellsinddie Güterpreisenicht fest,sondernentste-
henjeweils durchWalrasianischeInteraktionvon aggregierterNachfrageundeiner
stilisiertenAngebotsfunktion. Eswerdendrei verschiedeneTypenevolutionärerAl-
gorithmenentworfen,umdie Fragezu beantworten,in welchemMaßeentsprechen-
desLernverhaltenderHaushaltezurLösungdesKonsumwahlproblemsführenkann.
Auf dieseFrageergebensich drei wichtige Antworten: a) Die Qualitätdererlern-
ten Verhaltensweisenhängtinsbesonderevon der Elastizitätdesjeweiligen Güter-
angebotsab, welchessich als Maß der Zustandsabhängigkeit der Problemstellung
interpretierenläßt. b) Es fällt relativ leicht, die Budgetbeschränkungeinzuhalten,
wohingegendie AngleichungderWertgrenznutzenüberalleGüterdesKonsumbün-
delssehrschwerzuerlernenist. c) Agenten,diemit einwenigErinnerungsvermögen
ausgerüstetsind,erzielendeutlichhöherenökonomischenErfolg alsAgentenohne
Gedächtnis.

Keywords: consumerchoice,evolutionaryalgorithms,statedependency
JEL classifications:C63– D11– D83
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1 Intr oduction

In introductorycoursesto microeconomics,whenit comesto the problemof consumer
choice,aquestionoftenheardis ‘Do peoplereallybehavethisway?’ Thestandardanswer
to thisquestionis ‘Not really, but they canlearnto achievetheoptimaloutcome,anyway’
But, is this really true?Canboundedlyrationalpeoplelearnhow to choosetheir optimal
consumptionbundle?

This papertries to answerthis question. In orderto do this, the standardtext book
problemof consumerchoiceis extended: The assumptionof fixed pricesis dropped,
whichmakestheindividualproblemevenharderto solve. Thismodelis simulated,apply-
ing threedifferentlearningtechniquesin form of threedifferentevolutionaryalgorithms.
Thesekindsof algorithmshave oftenbeenappliedto similar economicproblems.Inter-
pretationsof evolutionaryalgorithmsasmetaphorsfor varioustypesof learningschemes
canbefoundin e.g.Dawid (1999)or Riechmann(1999b).

It canbeshown, thatthelearnabilityof anoptimalsolutionof theextendedconsumer
choiceproblemnotonly dependsonthelearningtechniquechosen,but alsoonthedegree
of statedependency of the extendedconsumerchoiceproblem,which , in turn, canbe
measuredby theslopeof thesupplyfunctionsof themodel.

More thanthis, it canbelearned,thatit easierto adhereto thebudgetconstraintthan
it is to find theoptimalconsumptionbundle.

Apart from answeringa coreeconomicproblem,this papershows somenew features
of evolutionaryprogramming,whichhaverarelybeenusedin economicmodellingbefore.
Themostimportantnew featureis thesimulationof simultaneousconstraintoptimization
over morethanjust onevariable,includingbinarycodingof thevariablesandtheuseof
apenaltyfunction.

2 The EconomicModel

2.1 The General Structur eof the Problem

Let therebea numberof n agents(households)facingthestandardtextbookproblemof
consumerchoice,i.e. selectinga bundleof consumptiongoodswhich, undertherestric-
tion of a limited budget,maximizesutility.

Agentsareassumedto have identicalutility functions,whichdonotchangeover time
t. Utility is derivedfrom consuminga bundleof m differentgoodsindexedk. For conve-
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nience,theutility functionis assumedto beof Cobb–Douglastype.

ui � t � A
m

∏
k � 1

qαk
i � k � t ; A � 0; αk

� 0 � k � 1 ��������� m � (1)

qi � k � t givesthequantityof goodk agenti consumesin periodt. A andαk � k � 1 ��������� m
areparametersof themodel.

The budgetM is assumedto be the samefor every agenti in every period t, so the
budgetconstraintis givenby

M 	 m

∑
k � 1

pk � t qi � k � t � (2)

pk � t representsthemarketpricefor goodk in t.
Thus,everyagenti aimsto solve theconstrainedmaximizationproblem

max
qi 
 k
 t ui � t � k � 1 ��������� m (3)

s.t. M 	 m

∑
k � 1

pk � t qi � k � t (4)

qi � k � t 	 0 � k � 1 ��������� m (5)

Equation(5) givestheusualnon–negativity constraints.
Dif ferentfrom thestandardtextbook model,priceswill not generallybe heldfixed,

but will besubjectto a stylizedWalrasianmechanism.For eachgoodk, in every period
t, theprice will bedeterminedastheequilibrium priceresultingfrom the interactionof
aggregatedemandfor goodk in t andaggregatesupplyof thegood.

Aggregatedemandfor goodk in t, Qk � t is simply thesumof individualdemandfor k
in t:

Qk � t � n

∑
i � 1

qi � k � t � (6)

Aggregatesupplywill be modelledby a time invariantstandardsupplyfunction for
eachgoodk, sothattheequilibriumprice p�k � t resultsas

p�k � t � Bk  mk

n

∑
i � 1

qi � k � t � (7)
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2.2 The BasicModel

The basicmodel is a model of fixed prices. This meansthat in equation(7) mk
� 0,

yielding
p�k � t � Bk � (8)

Note,thatthis casedoesnot representan‘economic’problemin thesenseof agents’
fitnessbeingstatedependent.Eachagent’s utility only dependson her own actions,but
in nowayon theactionsof any otheragent.

For fixedpricesthesolutionto theproblemof consumerchoicecaneasilybederived.
By standardcalculus,thesolutioncanbedeterminedas

q�i � k � t � αk

∑n
k � 1αk

M
Bk

; � k; � i; � t � (9)

This resultyieldstwo crucialcharacteristicscommonto everyoptimalbundleof con-
sumptiongoods.The first characteristicis efficiency: The wholebudgetis beingspent.
In anoptimalsituation,(2) becomesbinding:

M � m

∑
k � 1

pk � t qi � k � t � (10)

The secondcrucial characteristicof the optimal consumerchoice is the fact, that
marginalutility perDollar is thesamefor everypair of goodsk � l ,

∂ui � t ������� ∂qk � i � t
pk � t � ∂ui � t ������� ∂ql � i � t

pl � t � k � l ��� 1 ��������� m��� (11)

Both of thesewell known standardresultswill becomeof greaterimportancein the
secondpartof thepaper.

2.3 The EnhancedModel

In theenhancedcase,pricesareno longerfixed,i.e.mk �� 0 in (7). As aconsequence,the
problemof consumerchoicebecomesa problemof statedependentfitness: Aggregate
demandnow hasan influenceon themarketpriceandthemarketpricehasan influence
oneverysingleagent’seconomicsuccess.

With theintroductionof flexible pricestheproblembecomesanalyticallyunsolvable.
Thismeansthatfor flexible prices,a generalexplicit numericalsolutionanalogousto (9)
for thefixedpricecasecannotbecomputed.Nevertheless,at leastfor uniformly behaving
populations,thecharacteristics(10) for efficiency and(11) for optimalitystill apply.
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Thequestionif boundedlyrationalagentsareableto achieverelatively goodsolutions
to the enhancedproblemcanbe put in anotherway: As will be pointedout in greater
detail later on (Section5.1), thereare two main influenceson an agent’s utility: The
directeffectof herquantitydecisionandtheindirecteffect causedby all agents’demand
influencingthepriceof thegoods.In a world of boundedrationality, this indirecteffect
canbeinterpretedasakind of externaleffectnoagentaccountsof.1 Then,it is aquestion
of howboundedthe rationalityof agentsreally is: If they recognizethe externaleffect,
their utility will begreaterthanif they ignoreit. This meansthat,at leastin this model,
accountingfor theexternaleffect is a signof rationality.2

3 The Evolutionary Algorithm

3.1 The Basics

An evolutionaryalgorithmaiming to modeltheabove settingin anagentbasedmanner
mustabove all be capableof copingwith two problems:a) The maximizationproblem
in focusinvolvestheoptimizationof morethanjust oneindependentvariable,andb) the
maximizationproblemin focushasto besolvedsubjectto a constraint.

Bothof theproblemshavebeensolvedin naturalsciencesbefore,3 but upto now there
is noeconomicmodelmakinguseof theseresults.

In this paper, a hybrid evolutionaryalgorithmwill beemployed,makinguseof prin-
ciplesfrom two worlds, from the world of geneticalgorithms(GAs, seee.g.Goldberg,
1989)andfrom the world of evolution strategies(ESs,seee.g.Bäck, Hoffmeister, and
Schwefel,1991).FromGAs,thewell knownoperatorsof crossoverandselection/reproduction
areused.In economics,they have beenbroadlyinterpretedasformsof sociallearningby
communicationandinterpretationaswell asthe functioningof themarket(Riechmann,
1999b).Fromevolutionstrategies,theoperatorof mutationis used,beinginterpretedasa
form of isolatedindividual learningby experiment.Moreover, thevariablesin focuswill
notbecodedasbit strings,but asrealvaluednumbers,which is alsoafeatureof evolution
strategies.

1To bemoreprecise,this is amonetaryexternaleffect. Thoughthecharacterizationof externaleffectsis
standardin moderneconomicliterature,it seemsinterstingandimportantto still referto theoriginal work
of BuchananandStubblebine(1962).

2Note,that this conceptis similar to theconceptof ‘externalities’usedin modernendogenousgrowth
theory(Romer,1986;Lucas,1988;Barro,1990).There,socalledexternalitiesappearwhicharerecognized
by theallmightysocialplanerbut not by the‘normal’ individualspopulatingtheeconomy.

3A summaryof resultscanbefoundin Michalewicz (1996).
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To makethingsclearer, anagenti will befully describedby hereconomicplans,i.e.
thevectorof demandedquantitiesfor eachgoodk in periodt, qi � k � t . In thesimulations,
therewill only bethreedifferentgoodsavailableto theagents.Thus,anagentis charac-
terizedby a vectorqi � t ,

qi � t ��� 3 � (12)

An examplewouldbe
q10� 5 � 11� 2; 3 � 7; 17� 0 � (13)

meaningthat agentnumber10 plansto consume11.2units of the first, 3.7 units of the
secondand17unitsof thethird goodin period5.

3.2 Standard Operators

Dueto thechangein therepresentationof theagents,theoperators(oftencalled‘genetic
operators’)haveto bechanged,too. As theseoperatorsareusedasmetaphorsfor learning
techniques,thechangedoperatorsstill haveto supportasensibleeconomicinterpretation.

The‘doubleoperator’of selectionandreproduction,oftenbeinginterpretedaslearn-
ing by imitationconnectedwith theroleof themarket,needsnochangesatall. Agentsare
selectedfrom their populationandreproducedinto thenext onewith a probabilityequal
to their relative fitness.Fitness,in this case,equalsindividualutility. This means,that in
this paper, thestandardroulettewheelselectionoperator(Goldberg, 1989)will beused,
notoneof theselectionoperatorsstemmingfrom thetraditionof evolutionstrategies.

Recombinationin the form of crossover is usuallyseenasa metaphorfor learning
by communication.The changeof this operatoris quite straightforward.In a real val-
uedratherthanabinaryrepresentation,agents’economicstrategiescanbeseparatedinto
clearly definedeconomicsubstrategies. A substrategy in the currentmodel is the con-
sumptionquantityof a singlegood.This meansthat in theabove example(13) theagent
hasthreesubstrategies: 11.2 for good one, 3.7 for good two, and 17 for good three.
Crossover now worksasusual,recombinatingtwo agents’substrategies. Theagentsin-
volved in crossover arechosenfrom their population,a crossover point is selected,the
vectorsof substrategiesarecutat thecrossover point, theresultingpartsareinterchanged
andput togetheragain,yielding two new strategies.Figure1 shows anexample.

In theworld of realvaluedcodingof agents’strategies,theinterpretationof crossover
asa form of learningby exchangingsubstrategiesbecomesevenclearerthanin theworld
of binarycoding.

The third standardoperator, mutation,hasto bechanged,too. Mutation,oftenbeing
interpretedaslearningby experiment,hasto undergo themostseverechanges.Realval-
uedcodingcertainlydoesnotallow for simplebit flipping. Instead,themutationoperator

5



� � � � � � � � � � � � � � !!!!!!!!!!!! " �#$#&%(' )*%(+, -/. 0 #/+1%32,/-/.40 #451%() 2*%(), -/. 0 '$6*%(),/-4./0. 0/, -#$#&%(' )*%(+ ./0/,4-'$61%3) . 0/, -#451%() 2*%() ./04,/-#/+*%(2
Figure1: Crossover (Example)

from thetraditionof evolution strategiescanbeused.In this tradition,asubstrategy qi � k � t
is mutatedby addinga termvk to it, wherevk is normallydistributedwith mean0 anda
finite varianceσ2, resultingin thenew substrategy q̃i � k � t .4

q̃i � k � t � qi � k � t  vk � k ��� 1 ��������� m� ; vk 7 N 8 0 � σ2 9 (14)

By endogenizingthemutationvarianceσ2, this operatorcouldeasilybeextendedin
orderto representsomekind of metalearning(Riechmann,1998),but for theclarity of
theeconomicargumentthiswill not bedonewithin this paper.

3.3 EnhancedOperators

In additionto thestandardoperators,two more‘enhanced’operatorsshallbeemployed.
Thefirst oneis thewell known electionoperator(Arifovic, 1994).Electionrequirestwo
(or more)agentsto meet,jointly work out new strategies,evaluatethesestrategiesand
then finally decidewhich strategy to usein reality. Thoughelection,especiallyin its
basicform, is not undisputedin its economicmeaning,5 it is known to result in stable
statesof thelearningprocess,whichmostof thetimeevenrepresentoptimalsolutionsto
theunderlyingeconomicproblem.6 Thus— economicallymeaningfulor not— election
representsa goodbenchmarkfor thetestof theperformanceof otherlearningoperators.

The secondenhancedoperatoris somethingmore than just an operator, it requires
a slight changein the constructionand implementationof the agents.For the operator
of preselection, agentswill be equippedwith a memory. And althoughthis memoryis
very limited, it will beshown to helpimproving agents’learningperformance.Precisely,

4In orderto makesuretheadherenceto thenon–negativity constraints(7), thepuremutationoperator
hasto beaccompaniedby somemechanismguaranteeingthat q̃i : k : t ; 0.

5For aclearformulationof thepointsof criticismaswell asfor somesuggestionshow to fill theelection
operatorwith moreeconomicmeaning,seeFranke(1997)andBirchenhalletal. (1997).

6Riechmann(1999a)providesanexplanationto why electiontendsto resultin stablestates.
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agentswill begiventheability to rememberonecertainstrategy togetherwith thelevel of
utility they gainedfromemployingthisstrategy. Thespecificstrategy anagentremembers
is herall timebeststrategy, i.e. thestrategy thathasbroughtherthehighestutility during
thewholelearningprocess.In preselectionanagentchosesfrom two possiblestrategies:
thestrategy sheusedin thelastperiod(thefitnessof whichshecanremember)andherall
timebeststrategy. Shedecidesby thefitness.Thestrategy with thehigherfitnessischosen
asthestrategy thefollowing learningprocessesof thecurrentperiod(i.e. communication
andexperiment)arebasedon.

—

while not STOP

t : < t = 1

selectpopulationmt from mt > 1

preselectionon mt:

for eachagenti ? mt

preselection:
qi @ t : < argmaxu A3B CED qi @ t > 1; µi F
memorizecurrentstrategy:
µi : < D qi @ t ; u G qi @ t H mt I�F

crossoveron mt

mutationon mt

evaluationonmt

Figure2: Main Loop of PreselectionAlgorithm
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Note,thatfor nonstatedependentproblems,like thefixedpriceproblemof consumer
choice,thepreselectionalgorithmessentiallyworkslike anintra agentoperatorof elitist
selectionfor thebasicstrategy in eachperiod.In thesimplefixedpricemodel,anagent’s
fitnessor utility is independentof whattheothersdo, i.e.

ui � qi � t J St � � ui � qi � t � � St � SKL� (15)

St is thepopulationin Periodt, SK is thesetof all differentpopulations.
In problemsof statedependentfitness,on the contrary, all actionsof all the other

agentsin the populationhave an influenceon an agent’s fitness. This means,that for
mk �� 0 in (7), the strategy an agentthinks of asher all time bestone,might — dueto
thecurrentpopulation— not beasgoodasshethinks. A strategy thatonceperformed
brilliantly mayperformverypoorly in thecontext of a differentpopulation.This is a fact
that theagentsin this modelareassumedto ignore. Agentsusethe rule of preselection,
becausethey simply donotknow thatthey maybemistaken.

3.4 Coping with the Constraints

Theproblemin focusis aproblemof constrainedoptimization.Agentsdonotonly haveto
maximizeutility but alsohaveto becarefulnot to exceedtheirbudget.In thesimulations,
thebudgetconstraintwill not bedirectlyaccountedfor. Thismeansthatthereis no good
theconsumedquantityof which servesassomekind of residual.This meansthatagents
do not do somethinglike determinethequantityof thelastgoodasall they canafford to
buy by therestof their budgetlike

qi �m� t � 1
pm� t M

M N mO 1

∑
k � 1

pk � tqi � k � t P � (16)

Instead,agentsfreelydecideonthequantityof all threegoods,atfirst handindependently
of the budgetconstraint. This alsomeans,that in the fixed price cases,at the time of
makingtheir consumerplans,agentsdo not even know the pricesof the goods,which
makestheir decisionproblemevenharder.

Thecomplianceto thebudgetconstraintis securedby usingapenaltyfunction, which
is a standardtool in evolutionaryoptimization.7 Using a penaltyfunction meansto de-
creaseanagent’sfitnessif shebreaksthebudgetconstraint.In economicterms,this looks
like anextensionto theutility function,which mayberatherunusualto mosttheoretical
economists.

7Seee.g.Michalewicz (1996,pp.321).
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In thesimulationsthefollowing fitnessfunctionwasusedin orderto transformutility
ui � t into fitnessRi � t :8

Rqi 
 t � QRTS U � qi � t �  M N ∑3
k � 1 pk � tqi � k � t for ∑3

k � 1 pk � tqi � k � t � M

U � qi � t � for ∑3
k � 1 pk � tqi � k � t U M

� (17)

Usingfitnessfunction(17)means,thatanagentcanbreaktheconstraints,but thatshe
shouldlearn not to doso.

4 Simulations and Results

For the model describedabove, simulationswere run using threedifferentalgorithms,
a) thecanonicalalgorithm,usingselection/reproduction,crossover andmutation,b) the
electionalgorithm,usingselection/reproductionandelection,andc) thepreselectional-
gorithm, usingselection/reproduction,preselection,crossover andmutation. The simu-
lationswererun for threedifferentparametersetswhich only differ with respectto the
elasticityof supply.

All threesetsthussharethevaluesfor A � 1 andfor thebudgetM, M � 100,for Bk,
B1

� B2
� B3

� 1, andfor αk, α1
� 0 � 2, α2

� 0 � 3, andα3
� 0 � 5. Theonly differenceis

thatfor thefirst set(‘FIXPRICE’), m1
� m2

� m3
� 0, yielding p1

� p2
� p3

� Bk
� 1.

Thus, FIXPRICE representsthe fixed price caseor, put in different words, a caseof
infinitely high elasticityof supply.9 The secondset (‘HIGHELASTICITY’) usesm1

�
m2

� m3
� 0 � 0001, thusrepresentinga stateof high elasticityof supply. The third set

(‘LOWELASTICITY’) usesm1
� m2

� m3
� 0 � 1 which leadsto a stateof low elasticity

of supply.
Simulationswererun for populationsof n � 500agentsandfor tmax

� 500periods.

8Negativefitnessvaluescanarise,sothatbeforeenteringtheselectionoperator, fitnesshasto besubject
to oneof thestandardpositivetransfermechanisms(Goldberg, 1989;Mitchell, 1996).

9The definition of ‘elasticity of supply’ differs betweenvarioustextbooksof microeconomictheory.
This papermakesuseof the definition by HendersonandQuandt(1986),who definethe price elasticity
of supplyasthe ratio of relative changein thequantityof supply(nominator)to therelative changeof the
price(denominator).
For this paperthis meansthattheelasticityof supplyfor goodk, εk, is givenby εk V ∂Qk W Qk

∂pk W pk
.

This definition implies that thechangein thequantityis a resultof a changein marketprice. This paper,
though,will arguetheotherwayround:A changein priceis thereactionon achangein aggregatedemand,
i.e.a changein quantity.
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4.1 Fixed Prices

For thefixed price case,at leastfor thecaseof uniform behavior, optimal outcomecan
be determinedanalytically. If all agentswithin a populationbehave the same,the best
strategy accordingto (9), givenparametersetFIXPRICEis

q�1 � k � t � 20� q�2 � k � t � 30� q�3 � k � t � 50 � k � t � (18)

Theseresultrepresentboth,efficiency andoptimality. This meansthatfor theresults
given in (18) thebudgetis fully spent(i.e. thebudgetresidualis zero)andevery agent’s
utility is ashighaspossibledueto thebudget.

Thequalityof thelearningalgorithmscanbejudgedby comparingtheresultslearned
to the theoreticalresultsgivenby (18). More thanthis, it seemsappropriateto checkif,
andif so,how good,thebudgetconstraintis met. In orderto do this, theaveragebudget
residualρt will beused,which is definedastheaverageamountof money not spenton
consumptionthroughoutthepopulation,i.e.

ρt
� 1

n

n

∑
i � 1

M
M N 3

∑
k � 1

pi � k � tqi � k � t P � (19)

Representative simulationresultsfor the threerespective algorithmsaregivenin the
following figures.Eachfigureconsistsof two subfigureswhichgive aplot of thepopula-
tion averageof thequantitiesof goodoneto three(on the left) anda plot of theaverage
budgetresidual(on theright).

It is easyto seethatfor all threealgorithms,thequantitiestendto convergetowardthe
theoreticallyoptimal quantities.The electionalgorithmseemsto performbestwhereas
thecanonicalalgorithmperformsworst. This impressionis supportedby theresultscon-
cerningthebudgetresidual.Electionconvergesto a residualequalto zero,preselection
tendsto oscillatearoundzero,whereasthecanonicalalgorithmresultsin relatively large
positive residuals.This meansthateachof thethreelearningmethodsis ablenot to vio-
late thebudgetconstraint,but only learningwith electionandlearningwith preselection
enablestheagentsnot to wastea partof their income.

4.2 Flexible Prices,High Elasticity

For thecaseof flexible prices,it becomesimpossibleto determineanexplicit solutionan-
alytically evenfor thecaseof homogeneousbehavior. In orderto judgethequality of the
simulationresults,two measuresareintroduced.Thefirst oneis theaveragebudgetresid-
ual asdefinedin equation(19). The secondoneis thedifferencebetweenthemarginal

10
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utility perdollarforeachpairofthethreegoods.Although it is impossibleto solve the
problemexplicitly, the fact remainsthat in an optimal solutionof the consumerchoice
problemmarginalutility perdollarhasto beequalfor eachgood.Thus,aperfectsolution
shouldhave two characteristics:a) Marginal utility perdollar is thesamefor eachof the
threegoods,andb) theaveragebudgetresidualis zero.

Theplotsof representativesimulationsfor thethreealgorithmsandtheHIGHELAS-
TICITY case(figures6 to 8) consistof threesubfigureseach. The first subfiguregives
thepopulationaverageof the quantitiesof eachgood. This subfigureonly servesasan
illustration. This figure doesonly show the quantitieslearned.But now, in the caseof
flexible prices,it doesnot offer any meansfor judgingtheresults.Thesecondsubfigure
givestheaveragebudgetresidualρt . Thethird subfigureis a plot of themarginal utility
perdollar for eachof thethreegoods.

A closerlook at thefiguresconfirmstheresultsof theFIXPRICEcase.Theelection
algorithmperformsbest.Marginalutilities perDollar seemto convergecompletelywhile
thebudgetresidualvanishes.Thepreselectionalgorithmgeneratesslightly worseresults.
While the budgetresidualfluctuatesaroundzero, marginal utilities per Dollar become
similar but not equal. The canonicalalgorithm performsworst. Marginal utilities per
Dollar becomesimilar, but thebudgetis never fully spent.
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Figure7:ElectionAlgorithm–HighElasticityofSupply
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Figure8:PreselectionAlgorithm–HighElasticityofSupply
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4.3 Flexible Prices,Low Elasticity

Thethird casein focus,flexible priceswith a low elasticityof supply, causesquitediffer-
entresults.It canbeseenthatthecanonicalalgorithmdoesnot reachasensibleoutcome.
Thebudgetconstrainedis nevermetwhile marginalutilities perDollar nevergetcloseto
eachother. In theLOWELASTICITY case,asensibleconsumerchoicecannotbelearned
by useof thesimplecanonicalalgorithmlearningrules.
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Figure9: CanonicalAlgorithm – Low Elasticityof Supply

Evenworseis theresultfor theelectionalgorithm.In eachof thesimulationsfor this
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case,with only oneexplicitly shown in this paper, themodelcollapsed.Electionleadsto
totally unrealisticcasesof violation of thebudgetconstraintwhile marginal utilities per
Dollar donotconvergeatall. For thecaseof flexible pricesandalow elasticityof supply,
electionis far from leadingto any kind of sensibleconsumerchoice.
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Figure10: ElectionAlgorithm – Low Elasticityof Supply

Theonly sensibleresultsareachievedby thepreselectionalgorithm,whichcausesthe
marginal utilities per Dollar to becomeat leastslightly similar to eachotherwhile the
budgetconstraintis not violatedtooseverely.
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4.4 Summary of Results

At thisearlystageof thepaper, theresultsareessentiallybasedontwo sources:Theplots
of thesimulationsshown above andsomestatistics,which areup to now only basedon
onerun of eachsimulationonly. Thestatisticscanbefoundin AppendixA.

Concerningthebudgetconstraintit canbe found, that it seemsto be relatively easy
to learn not to violate it. For the FIXPRICE caseas well as for HIGHELASTICITY,
thecanonicalalgorithmresultsin stateswhicharesignificantlypositive,while electionis
significantlyverycloseto zeroandpreselectionis evensignificantlyequalto zero.

For thechoiceof thecorrectquantityor thebestmarginalutility perDollar, for FIX-
PRICEandHIGHELASTICITY, theresultsfrom theplotsdo not look too bad,but from
the statisticsit canbe found, that significancesarequite poor. From the threedifferent
algorithms,the canonicaloneshows the highestdegreeof fluctuations(i.e. the highest
variance)andconsequentlythehighest(thoughstill very poor) significanceof reaching
the optimal result,while electionproducesnearlyno fluctuationsat all, resultingin the
leastsignificanceof anoptimaloutcome.

For LOWELASTICITY, only the preselectionalgorithmleadsto sensibleresultsat
all.

All in all, it seemsasif thepreselectionalgorithmperformsbestoverall typesof eco-
nomicsituations.This means,thata little memoryto thepastnotablyimproveslearning
abilities.

5 Conclusions

5.1 The Influence of StateDependency

As a conclusionto bedrawn from thesimulationresultsit canbefound that it seemsto
bemuchharderto learna sensibleconsumerchoicein a situationwith low elasticityof
supplythanin situationwith high (or eveninfinitely high) elasticity.

Thereasonfor this is thefollowing. In eachturn of thealgorithm(in eachmarketpe-
riod) the resultingmarketpricesandby that, theutility gained,revealsomeinformation
to eachagent. This informationis informationaboutthe quality of her last periodcon-
sumptionplan. Ceterisparibus,theplanwasa goodplanif utility is high andsotheplan
shouldnot bechangedtoo muchfor thenext period. If, on thecontrary, utility wasnot
very high, theplanobviously wasa badoneandthusshouldbechanged.Unfortunately,
this argumentis only aceteris–paribusargument.Theinformationrevealedactuallycon-
sistsof two partswhich cannotbe distinguished.Surelythe informationis information
aboutthequality of theagent’s plan. But it is only informationaboutthequality of the
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agent’s planin thecontext of theplansof all otheragentsin thepopulation.This means,
thatfrom periodto periodthequalityof anagent’splancanbechangedeitherby achange
in theplanitself or by achangein theplansof therestof thepopulation.While therecer-
tainly is a direct impactof the agenton her economicsuccess,thereis alsoan indirect
impactcausedby the restof the population. This indirect impacthasoften beencalled
statedependencyof agents’fitness.

Statedependency can be found to causenoisein the part of the information most
valuablefor theagent,i.e. theinformationaboutthequality of herplan. Thestrongerthe
statedependency, thestrongeris thenoise,thelessvaluableis theinformationto theagent,
andthusthemorecomplicatedis theconsumptiondecision.Thusit shouldbeshown that
lesselasticityof supplymeansmorestatedependency in theproblemof consumerchoice
in orderto givea reasonwhy lesselasticityseemsto thecomplicateproblem.

It canbeshown thatthegradientmk of therespectivesupplyfunction(7) is ameasure
of statedependency. A sketchof the argumentrunsas follows: The utility function10

(1) canberewritten asintegratingthebudgetconstraint(2)11, usingqi � m asa numeraire,
yielding

Vi
� V � qi � 1 � qi � 2 ��������� qi � mO 1 � M � p1 � p2 ��������� pm� � (20)

A changein utility canbewrittenas

dVi
� mO 1

∑
k � 1

∂Vi

∂qi � k dqi � k, -/. 0
directeffect

 ∂Vi

∂M
dM  m

∑
k � 1

∂Vi

∂pk
d pk, -/. 0

indirecteffect

� (21)

Let us assumethe budgetM to be constant(this assumptionsfits with the simulations
carriedout),sothatdM � 0. Consequently, (21)becomesabit simpler, resultingin

dVi
� mO 1

∑
k � 1

∂Vi

∂qi � k dqi � k, -/. 0
directeffect

 m

∑
k � 1

∂Vi

∂pk
d pk, -4. 0

indirecteffect

� (22)

From this, it canbe recognizedthat a changein an agent’s utility canbe causedby
two effects,by thedirecteffect of theagentchangingherquantities,andby the indirect
effectof a changein prices.

10For notationalconvenience,theperiodindex t is omitted.
11An importantprerequisitefor this is the constraintbeingan equation.As mostof the simulationsin

factdo resultin a situationwherethebudgetis fully spent,for (2), equalityis beingassumed.
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The interestingaspectis thechangeof theprices. From(7) it canbededucedthata
changein thepriceof goodk is

d pk
� n

∑
j � 1

∂pk

∂q j � k dq j � k � mk

n

∑
j � 1

dq j � k � (23)

It canthusbeseenthata changein theprice of a goodis causedby a changein the
demandfor thisgoodof oneor moreof theagents.

A changein utility becomes

dVi
� mO 1

∑
k � 1

∂Vi

∂qi � k dqi � k, -/. 0
directeffect

 m

∑
k � 1

M
∂Vi

∂pk
mk

n

∑
j � 1

dq j � k P, -4. 0
indirecteffect

� (24)

Abbreviatingandthechangeof aggregatedemandfor goodk, ∑n
j � 1dq j � k asdQk, (24)

canbesimplified:

dVi
� mO 1

∑
k � 1

∂Vi

∂qi � k dqi � k, -/. 0
directeffect

 m

∑
k � 1 f mk

∂Vi

∂pk
dQk g, -/. 0

indirecteffect

� (25)

Focusingon the indirecteffect, it is now easyto seethat for eachmarketk, it is the
parametermk thatdecidestheimpactof theindirecteffectonanagent’sutility.

If, for example,mk
� 0, thereis no indirecteffectatall. Only theagentherselfhasan

influenceonherutility. In otherwords:For mk
� 0, thereis nostatedependency. Notice,

thatthiscaseis thecaseof fixedprices,which leadsto relatively goodresultsfor all three
typesof algorithms.

If, on thecontrary, mk is very high, thereis alsoa large influenceof all otheragents
on eachagent’s utility. This is the caseof high statedependency. This caseis equalto
thecaseof flexible pricesandlow elasticityof supply. In thiscase,dueto thehighdegree
of statedependency, the noisein the informationcausedis strongandconsequentlythe
learningresultsarerelatively bad.

Summarizing,thehigherm(i.e.thelowerelasticityof supply),thehigheris theimpact
of statedependency onthechangeof eachagent’sutility. Thismakesit harderfor anagent
to recognizetheimpactof herown consumerplanonhereconomicsuccesswhich in turn
makesit harderto learna sensiblesolutionto theconsumerchoiceproblem.
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5.2 The Influence of Differ ent Learning Schemes

5.2.1 Election and the Conceptof Potential Fitness

Thealgorithmusingtheelectionoperatorseemsto performvery goodin theFIXPRICE
and in the HIGHELASTICITY cases,whereasin the LOWELASTICITY caseperfor-
manceis extremelypoor. In orderto find outthereasonsfor thisbehavior, it is appropriate
to recall thecentralworking principleof election.During election,two agentsmeetand
jointly try to find a new strategy. They do this by, amongothers,calculatinga socalled
potentialfitnessfor the newly createdstrategies, which shouldhelp to find out which
strategy is thebestone.Thecalculationof potentialfitnessrequirestheknowledgeabout
all theinfluenceson futureeconomicsuccessof thenew strategies.As it is impossibleto
know aboutall theseinfluences,all theseinfluencesareassumedto beunchangedsince
thelastperiodof time.

This means,that the conceptof potentialfitnessis basicallya conceptof ‘ceteris
paribus’ fitness: An agentcalculatesthe potentialfitnessof her strategy assumingall
the otheragentswill not changetheir behavior. This meansthat agenti, while finding
potentialfitness,assumesthatdq j � k � 0 � i � � 1 ������� n �h� i �� j. In otherwords,mostof
the indirect influenceon actualfitnessis neglected.This, of cause,is absolutelycorrect
for situationswithout statedependency, like the FIXPRICE case,andthis is still quite
good for low degreesof statedependency like in the HIGHELASTICITY case. But,
themoreimportantthe indirecteffect, the moreseverebecomesthedifferencebetween
actualfitnessandpotentialfitness. In situationswith high statedependency, e.g. in the
LOWELASTICITY case,this may leadto systematicallywrongstrategy choices,ascan
beseenfrom thesimulationresultsin figure10.

5.2.2 Preselection

In contrastto election,preselectionis not theendof thelearningprocessin a period,but
thebeginning.Whereasin theprocessof election,thestrategy resultingfrom theelection
processis the one to be appliedin the market,the strategy resultingfrom preselection
is subjectto learningby communication(crossover) andexperiment(mutation),before
it is usedat the market. This meansthat in situationswith only little statedependency,
preselection– like election– hasthe advantageof chosingbetweentwo strategies(the
all time bestandlast strategy usedlast period),but the ‘pure’ resultof the preselection
processcanbeslightly changedduringthefollowing two learningsteps,which maybea
disadvantage.But, thesefollowing two learningstepsbecomethegreatadvantageof pre-
selectionin situationswith high degreesof statedependency. This means,thatdifferent
from electionlearning,preselectionlearningdoesnot getstuckin strategiesthataresuc-
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cessfulonly dueto potentialbut not to actualfitness,but canstill changethepreselected
strategy in eachperiod.

6 Summary

Thepaperemploysthreedifferentlearningalgorithmsin orderto find out, if boundedly
rationalagentscanlearn to choosethe optimal consumptionbundle. In the model, the
problemis complicatedby allowing for flexible pricesandallowing for violation of the
budgetconstraint.

It canbefoundthatit is relatively easyto learnnot to breakthebudgetconstraint,but
thatit seemsto bequitecomplicatedto find theoptimalconsumptionbundle.Simulation
resultsshow that the problembecomeseven worseif theelasticityof supplydecreases.
It is shown thata decreasein theelasticityof supplymeansanincreasein thedegreeof
statedependency. For sometypesof algorithm,statedependency workslike anexternal
effect: Agentsdonot includeit into their calculationsfor their futurestrategy, thusbeing
badlymistakenin eachfutureperiodof time.

Canboundedlyrationalagentslearnthe optimal consumerchoice? — They can, if
theproblemis not too complicated.And they do evenbetterif they have somememory
of thepast.

This is all of the messagethis papercangive, but at leastthis seemsto be a better
storyto tell thefirst yearstudentsif they askagain. . .

A Data

The following tablesshow datafrom onerandomlychosensimulationeach. All simu-
lationswererun for 1000 periodswith a populationsizeof n=500. The datacontains
informationaboutrounds501 to 1000 to eliminatepossiblestartupeffectsof the algo-
rithms.

FIXPRICE

The t–valuesare test statisticsof an approximateGausstests12 for q1
� 20, q2

� 30,
q3

� 50 andρ � 0, respectively.

12This is a t–testfor largepopulations.

23



Canonical Election Preselection
q1 Mean 20.2484 20.0492 20.2077

Var. 0.515554 0.000617538 0.0153379
t 7.73661 44.2923 37.4965

q2 Mean 30.8866 30.0306 29.9948
Var. 1.36406 0.00149178 0.00520296
t 16.9738 17.7022 -1.62135

q3 Mean 47.4426 49.9195 49.7968
Var. 1.33563 0.00358468 0.00447201
t -49.481 -30.0562 -67.9504

ρ Mean 1.4224 0.000674724 0.000770113
Var. 0.453434 3.88333E(-7) 0.000613616
t 47.2334 24.2108 0.69517

HIGHELASTICITY

Thet–valueis ateststatisticof anapproximateGausstestfor ρ � 0, thevaluest12, t13, and
t23 areteststatisticsof approximateGausstestfor MU1 � $ � MU2 � $, MU1 � $ � MU3 � $
andMU2 � $ � MU3 � $, respectively.

Canonical Election Preselection
MU1 � $ Mean 0.178931 0.185862 0.189568

Var. 0.0000532438 8.59688E(-7) 7.43989E(-6)
MU2 � $ Mean 0.178914 0.183026 0.181765

Var. 0.0000914054 2.21833E(-7) 3.54032E(-6)
MU3 � $ Mean 0.196372 0.184637 0.183881

Var. 0.0000684217 2.27176E(-7) 6.94431E(-7)
t12 0.0316065 60.9781 52.6552
t13 -35.3568 26.2744 44.5869
t23 -30.8784 -53.7592 -22.9925
ρ Mean 4.1415 0.0108742 -0.0000875281

Var. 0.63692 0.0000392457 0.00494539
t 116.038 38.8137 -0.0278312
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LOWELASTICITY

Canonical Election Preselection
MU1 � $ Mean 0.00531371 0.000225087 0.00901293

Var. 3.19915E(-7) 0 2.0274E(-7)
MU2 � $ Mean 0.00768015 0.00624466 0.00837344

Var. 6.2859E(-7) 0 9.85724E(-8)
MU3 � $ Mean 0.0131581 0.00156332 0.0080648

Var. 1.04098E(-6) 0 4.02153E(-8)
t12 -54.3326 26.0501
t13 -150.36 43.0121
t23 -94.7983 18.5254
ρ Mean 13.3108 -5453.53 -0.538288

Var. 26.2627 0 4.07375
t 58.0792 -5.96352
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