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Abstract

This paper analyzesthe relationship betweenthe expectational stability of rational
expectationsequilibria and the possible corvergence of adaptie learning processes.
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equilibria. Resultsobtainedusing recursve least squareslead to the conjecturethat
a correspondencédetweenthese both selection criteria exists. This paper demon-
strateson the basis of a simple linear model and an alternatve learning procedure
that such a conjecture would be incorrect: there exist learning proceduresthat
may corverge to rational expectationsequilibria which are not expectationally stable.
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1 Introduction

Dynamiceconomianodels whereagentdave to form expectationgegardingthefuture,are

usuallyclosedby assuminghatagentsorm rationalexpectations Althoughthis concepts

formally elegant, it is not without problems. One of theseproblemsis dueto the fact that

economicmodelsmay exhibit multiple rationalexpectationsequilibria. In sucha caseit is

impossibleto selecta specificequilibriumwithout imposingadditionalrestrictions.Thisis

especiallyunpleasanif the equilibria differ with respectto their comparatre-staticprop-

erties. Thus, economicliterature(e.g. McCallum (1983), Evansand Honkapohja(1992))

discussesomeselectioncriteria that should help to selecta uniquerational expectations
equilibriumin suchcases.

Oneof theseselectioncriteriarequiresthatthe respectre equilibriaare possibleresults
of adaptve learningprocessesn the side of the agentsn the model. Underthe usualas-
sumptionof boundedrationallearning,agentsuse parametricallyspecified— but possibly
misspecified— auxiliary modelsof theeconomyandform their expectationon the basisof
thesemodels. Learningin this context thenmeanghat agentsrecursvely estimatethe pa-
rameterf theirauxiliarymodels.A centralresultof thisline of researchs thatthe possible
convergenceof learningprocessess connectedvith the expectationaktability (E-stability)
of therespectre equilibria. Theconcepf E-stabilityis anothercriterionproposedo select
amongmultiple rationalexpectationsequilibria. It tracesbackto Lucas(1978)andDeCanio
(1979), while the extensionof this conceptto the form usedin the contet of learningis
attributedto Evans(1989). Assumingthatagentdearnusingrecursve leastsquaresMarcet
and Sagent(1988,1989)and Evansand Honkapohja(1994,1995xhav thatonly E-stable
rationalexpectationgquilibriaarepossibleoutcomef suchlearningprocesses.

This resultsuggestghat the corvergenceanalysisof learningprocesseandthe selec-
tion of equilibriamay be simultaneouslyachiezed simply by checkingthe E-stability of the
respectre equilibria. Sucha resultwould be very comfortable becauset is usuallymuch
simplerto checkthe E-stability of anequilibriumthanthe possiblecornvergenceof learning
processes.

As is shavn in this paper however, sucha conclusioncannotbe dravn in general be-
causethe resultsobtainedwith leastsquaredearningdo not generalizeto other adaptve
learningproceduresOn the basisof a simplelinear modelexhibiting multiple rationalex-
pectation®quilibriaandusinganalternatve learningprocedureit is shovn thatthe possible
convergenceof this learningprocedureo rationalexpectationgequilibriais independenof
the E-stability of theseequilibria.



The model consideredhere also demonstrateshat the selectionof equilibria using a
criterionthatrequiresthe corvergenceof learningprocessemaynotgive definiteanswers:
it may not be possibleto selecta uniqueequilibriumand, morecver, it is quite possiblethat
differentlearningprocedureselectdifferentequilibria.

2 A linear modd

In whatfollows, | considera modelwhich is equivalentto that of Evansand Honkapohja
(1995)to describethe concepiof E-stabilityandits connectiorto the possiblecorvergence
of adaptve learningprocedures$. It is assumedhatthe valueof the endogenousariabley
in periodt depend®nits expectedvaluesfor theperiodst andt + 1 aswell asanexogenous,
serialuncorrelatedlisturbance:

Yt = Bo+ BrYE+ BaYi + X% (1)

With respecto theexogenousariableit is assumedhatE[x] = 0 andE[x]? = Var[x] = My
for all t. The expectationsappearingn (1) have to be formedbeforey; is known andthe
relevantinformationsetis givenas Q¢ = {yi_1,¥t—2,- .-, %_1,%_2,..- }. Thisimpliesthat
the exogenoudlisturbances; areobsenablefor all t — althoughthey areobserableonly
aftertherelevantexpectationsn t have beenformed.

As is shavn by Evans(1985),themodelexhibits multiple rationalexpectationgquilibria
thatmaybe computedrom thegeneraARMA(1,1) solution

Vt=at+aiyi—1t+aX%_1+X%

imposingparameterestrictions® Thetwo solutionsetsaregivenby:

Bo
___ P 2-a
W 1-B1—B, % (2-a)
1_
=P 1By L okiitx, eR (2-b)
B2 B2

Note thatthe white noisesolution(2-a) is unique,whereagshe ARMA(1,1) solution(2-b)
represents continuumof solutionsfor (1), becausep cantakeary value.

1A similar pointis madeby Duffy (1994).He shovs on the basisof an OLG-modelthatthis criterionmay

notbeselectve.

2EvansandHonkapohjg1995)give a comprehensi analysisof this modelwith respecto E-stabilityand
the convergenceof recursve leastsquaresearning.

3In whatfollows, othersolutionsthatcanbe obtainedby takinginto accountsunspovariablesareignored.

SeeEvansandHonkapohjg1992,1995).



3 Expectational Stability

The startingpoint for the conceptof E-stability is an auxiliary modelwhich describeghe
percevedconnectiorbetweertheendogenouandtheexogenouwariablesIn whatfollows,
this auxiliary modeltakesthe form of anARMA(1,1) model:

Yo =0+ YY1+ @X-1+X 3)
Giventhis auxiliary model,expectationgegardingthe future valuesof theendogenousari-

ablearegivenas:

Ve = ElVt | V-1, %—-1] = 0+ WYi—1+ ®X_1
Yﬁrl = E[Yi4+1|Yt—1,%-1] = 0+ P E[yt | Yt—1,%—1]
= (1+ W) o+ Wy g+ Pex_g

Substitutingtheseequationsnto the model (1) yields the following actualprocesdor the
endogenousariabley;:

Yt = Bo+ o [By+ Ba(1+W)] + [Bal+ BoW?] Vo1 + [B1o+ Bobel X1+ X
= Ta(0) + Ty(0) Yi—1+ Ty(0) X—1 + X
Here® = (a, Y, @) denoteghevectorof parametersf theauxiliary modelandthe operator

T(8) = (Ta(8), Ty(8), Ty(6)) mapsthe parametewectord of the auxiliary model(3) to the
parametersf theresultingactualprocessgor y:. TheoperatofT (8) is thusgivenas:

o Ta(0) Bo+ 0 [B1+ B2(1+ )]
TO)=T|w|=|Ty®) | = B+ Bo? , (4)
(0) Ty(6) B1o+ B

andfrom (4) we may computethefollowing stationarypointsof T (6):

9,* = (BO(l_Bl_BZ>_laoao> (5'3.)
ikl :{9|9,:<_BOBgla(1_Bl>Bglacp>a (pER} (5'b)

It is apparenthat the stationarypoints (5-a) and (5-b) imply thatthe auxiliary model (3)
coincideswith therationalexpectationsquilibriaof (1).
Following Evans(1989), a rational expectationsequilibriumis E-stableif this equilib-
rium is (locally) asymptoticallystablewith respecto the differentialequation

a6
T =0=T(®-8 (6)



basedon the operatorT (0). This in turn requiresthat the stationarypoints (5-a) and (5-
b) associatedvith this respectie equilibrium are (locally) stablestationarypoints of the
differentialequation(6).

Whetheror not a specificrationalexpectationsolutionis E-stablemaydependiponthe
underlyingauxiliary modelusedby theagents.Thecriterionof E-stabilitythusdistinguishes
betweerthe caseof correctlyparametrizeéndoverparametrizeduxiliary models.A solu-
tion is saidto beweakly E-stableif it is stablegiven anauxiliary modelwhich is correctly
parametrizedit is strongly E-stableif it is alsostablegiven an overparametrizecuxiliary
model. Thus,giventhe auxiliary model(3) it is clearthatwe have to checkwhetheror not
thesolution(2-a) is stronglyE-stableandwhetheror not (2-b) is weakly E-stable.

The Jacobiarmatrix of the differentialequation(6) is givenas:

B1+B2(1+y)-1 aBs 0
J(8) =VgT(0)— I3 = 0 B1+2Bo0—1 0 : (7)
0 B0 Bi+PBow—-1

Thereforetheresultingeigervaluesyy, pp, pg of J(0) are:

M =B1+B2(1+y)—1,
o =PB1+2B¢ -1,
Ha=B1+BP—-1

Regardingthe stationarypoint 8/ from (5-a), it follows thatpy = 31+ B2 — L andp, =
M3 = B1 — 1. Thus,therationalexpectationgquilibrium (2-a)is stronglyE-stablef:

Bi<1l, B1+PBa<x1

Notethatfor thewhite noisesolution(2-a)to beweaklyE-stablat is sufiicientthatf3, + 3, <
1.

With respecto stationarypoints@* € ©j, from (5-b), wegetp; = 3, pp = 1— 1 aswell
aspz = 0. Thecorrespondingationalexpectationsequilibrium (2-b) is weakly E-stablef: 4

B1>1, B2<O

As shavn by EvansandHonkapohjg1994) thisrationalexpectationgquilibriumwill never
be stronglyE-stable.

“Becausmne eigetvalue of J(6%) equalszero, the stability analysisis moredifficult in this case.But as
shavn by EvansandHonkapohjg1992),the above statedconditionsensureveakE-stabilityfor all 6* € ©f;.



Figure 1: Expectationaktability of (2-a) and (2-b) dependenon 3; and 3,

As figure 1 makesclear thesestability conditionsseparatehe parametespaceof the
model,suchthat giventhe auxiliary model(3) eitheronly one of the solutions(2-a) or (2-
b) is E-stableor noneof thesesolutionsis E-stable. Thus,dependenbn the valuesof the
parameter§, and; we candistinguishthreeregionsin figure 1. In region [J the only E-
stableequilibriumis (2-a),whereasn region ] only the ARMA solutions(2-b) areE-stable.
Finally, in region [J noneof thetwo equilibriais E-stable.Two additionalpointshave to be
notedhere:first, while it is truethattheequilibrium(2-a)is notstronglyE-stablen region [J,
therestill exist parameterf; and[3, satisfyingB; + 32 < 1 suchtthat(2-a)is atleastweakly
E-stable.Secondthe ARMA solution(2-b) will bestationaryonly if |(1— Bl)B§l| < 1.

4 Analysisof learning processes

4.1 Learningviarecursiveparameter estimation

Now assumehatagentsn themodeluseauxiliary modelsof theform (3) to form theexpec-
tationsrelevantin (1). Givenavector6; of parameterg periodt, this vectoris modifiedby
theagentsf new obsenationsof theexogenousndendogenousariableshecomeavailable.
With Z = (1,y;_1,%_1) theforecastof the endogenousariablein periodt (afterx has
beenobened)computedn the auxiliary modelanddenotedoy Vi, is givenasy; = 7 6; + x;.
On the otherhand,expectationdormedon the basisof the auxiliary modelimply thatthe
actualvaluefor the endogenousariableis yi = 2 T(6;) + %. Regardingthe vectorz, this



resultsin thefollowing stochastigrocess:

1 1 0 0 1 0
Zy1= |V | = [ Ta(B) Ty(B) To(B) | [ V2 [+ 1[X
Xt 0 0 0 X—1 1
= A(Bt)z +bx (8)

Notethatgiven6, the stochastiprocesg8) is stationaryonly if |Ty(6t)| < 1. Thestationar
ity of (8) is animportantassumptiorior the corvergenceanalysisof learningprocessethat
follows. Notethatthis conditionis not satisfiedor any nonstationarnARMA solution(2-b).

Regardingthe estimatiornprocedure®r learningalgorithmsagentauseto adaptheir pa-
rametervector; in thelight of pastexperiencetwo alternatie proceduresreconsiderec

(1) StotasticGradientProcedue / SGAlgorithm:
The SGalgorithmmodifiesthe parameterectorbasedon the gradientof theforecast
Vi = Z 6; + % with respecto 6; andtheforecaserrory; — i = Z[T(6;) — 6t]. We get:

Bri1 =06 +Vs12 {Z [T(6) -6} )

wherey = t~% with 0 < kK < 1is atime dependenanddeclininglearningrate. Such
algorithmsarequitecommon especiallyfor recursve estimationof nonlineamrmodels
like neuralnetworks(seeSagent(1993),KuanandWhite (1994)).

(2) Recursivd_eastSquaes/ LS Algorithm:
The maindifferencebetweerthe SG algorithmandrecursve leastsquaress thatthe
latter algorithmtakesthe inverseof the estimatednomentmatrix of the explanatory
variabledo determinghe stepsizeof the parametemodification. TheLS algorithmis

thusgivenas®
1 1
bua =+ g ) Rk (2 [T(8) -6} (10-)
Res =R+ (1) [24-R (10b)

If certainassumptiongaresatisfiedwe canfollow Ljung (1977)andthe asymptoticproper
ties of learningalgorithmssuchas(9) and(10) canbe describedy meansof anassociated

SFor adiscussiorof theseandotheralgorithmsseel jung andSoderstbm (1983).
6In accordancevith the SGalgorithm, this algorithmmay be modifiedby usingthe moregeneralearning

rateyi+1 = (t+1)7% with 0 < k < 1 insteadof (1/(t+ 1)). This would resultin a weightedleastsquares
estimator



deterministicdifferentialequation. Sincecomprehensie descriptionsof this approachand
the requiredassumptiongre alreadyavailablein economicliterature(Marcetand Sagent
(1989), Woodford (1990)) and becausanost of theseassumptionsre alreadysatisfiedby
themodelconsideredhere(seeEvansandHonkapohjg1995)),only thoseassumptionghat
arenotyetfulfilled arementioned.

First, it is assumedhat the exogenousvariablesx arefor all t realizationsof bounded
randomvariables.Secondthe parametespaceor 8 is restrictecto asetDg C R3, suchthat
for all 8 € Dg the matrix A(8) hasthe propertythat the resultingstochastigprocesdor z
from (8) is stationary As mentionecdhbore, this conditionis satisfiedwheneer |Ty(8)| < 1.
Thesewo assumptionamply (seeWoodford(1990))thata boundedsetD, C R3 existssuch
thatfor all zy € D, we have z € D, for all t with probabilityone.

Givenafixed6 € Dg, let M(8) denotethe (3 x 3) matrix of momentsE[z Z]. Fromthe
above madeassumptiong thenfollowsthatM(6) is boundedandgivenas?

1 Ta(® 0
1-Ty 92
_ _ | T Ta(0) \2, 1HT(8) +2Ty(8) Ty(8)
=E[zz] = g ( 1—qrw(9)) e M M (11)
0 My Mx

Thedifferentialequationrassociatewith the SGalgorithm(9) cannow beformulatedas:

de
¢ = 0= El22)[T(6) 6] = M(6) [T(6) — (12)
RegardingtheLS algorithm,theresultingassociatedifferentialequationsare:
de . 1
g 0=R""My0)[T(6)—0] (13-a)
dR .
= 13-
gr = R=M:(6)-R (13-b)

Theessentiatesultof Ljung (1977)stateshatthe parametevectord; resultingfrom learn-
ing algorithmssuchas(9) and(10) will — if atall — only corvergeto stationarypointsof
theseassociatedlifferentialequations Moreover, the probability for sucha corvergenceto
occuris positive only if the respectre stationarypointsare (locally) stable. Corvergence

"BecauseE[x] = 0 we getE[y; ] = My, E[yt X-1] = (Ty+ Typ) Mx andE[y] = To/(1— Ty). Fromthetwo
equations:

ElVt Yi—1] = [y]‘|‘TlJJE[yt2 1] + TeMyx,
E[y?] = Ta Ely] + Ty EVt Ye1] + To ElVe X—1] + My,

it thenfollowsthat (1 — T§) E[Yf] = Ta (1+ Ty) E] + [14 T5 + 2TpTy] M

7



with probability one(almostsurecorvergence)canbe guaranteeanly if additionalrestric-
tions areemployed:6; will corverge almostsurelyto a stationarypoint of the associated
differentialequationif the learningalgorithmis equippedwith a so called projectionfacil-
ity. This projectionguaranteeghat the estimatedparametewectorwill almostsurely stay
infinitely oftenin the domainof attractionof that stationarypoint. Given a stablestation-
ary point of theassociatedlifferentialequation|t is alwayspossibleto find a nontrivial set
(i.e. a setcontainingnot only the stationarypoint itself) having this property suchthatone
canalwaysfind anontrivial projectionfacility ensuringalmostsurecornvergence(seeMarcet
andSagent(1989)).

However, with respecto the modelconsideredhere,aremarkis necessarypecausehe
cornvergenceresultsthat are derived with the help of associatedlifferential equationsare
not valid if the respectie stationarypointsbelongto an unboundedontinuum.As will be
shavn below, exactly this is the casehere. But irrespectve of this, at leastthe following
statementsboutthe algorithmsandtheir associatedlifferentialequationsarepossible:the
algorithmsconsiderecherewill not corverge to parametewnectorsthat are not stationary
pointsof the associatedlifferentialequationandthey will not corvergeto stationarypoints
thatareunstable.

Now let ©R be the setof all 8 € R3, suchthat T(8) = 8. Obviously all 8 € ©R are
stationarypointsof the operatofT (8) andthusstationarypointsof thedifferentialequation
(6). Recall,thatthis meansthatthe auxiliary model(3) coincideswith oneof the rational
expectationsequilibria (2-a) and(2-b) for all 8 € OR. Looking at (12) and(13) we seethat
we canstatethefollowing propositionwithoutary formal proof2

Proposition 1. Any8 € OR is a stationarypoint of the differential equationg12) and (13).

As alreadynoted above, rational expectationsequilibria are definedto be stationary
pointsof the operatorT (6). Thus,propositionl stateghatary rationalexpectationsequi-
librium might be a possibleoutcomeof the learningproceduresonsideredere. Note that
becaused;, is a subsetof OR, eachof the differentialequationg(12) and (13) exhibits an
unboudedontinuumof stationarypoints.

The following propositionestablisheshe correspondencletweerthe E-stability of ra-
tional expectationgquilibriaandthe possiblecornvergenceof the LS algorithm:

Proposition 2. A necessargndsuficientconditionfor 8 ¢ ©R andanassociated®R = M(8)
to bea (locally) stablestationarypoint of thedifferential equation(13) is that @ is a (locally)

8For all 8 € Dg a stationarypoint of (13-b) is given by R = M,(8), suchthat this equationneednot be
considered.



stablestationarypoint of the differential equation(6).

Theproof of this propositionis attributedto MarcetandSaigent(1989).1t is basedupon
shawing thatfor 8 € ©R all eigervaluesof the Jacobiarmatrix of (13) thatdo notequal—1
coincidewith theeigervaluesof J(0) from (7): to checklocal stability it is sufficientto look
atthesubsysten(13-a).SinceT (6) = 6, for all 8 € OR the Jacobiarmatrix Jxq(8) resultsin
Jka(8) = R1M,(0) J(6), whereJ(6) is the Jacobiammatrix from (7). Because stationary
pointof (13)impliesR= Mz(6), we getJcg(8) = J(8), suchthatthe eigervaluesof Jxo(0)
coincidewith thatof J(0).

An immediateconsequencef proposition2 is thatthe LS algorithmwill never corverge
to rationalexpectationsequilibriathat are not E-stablewith respecto the auxiliary model.
This in turn implies thatin orderto makepredictionsregardingthe possiblecorvergence
of this learningprocedureandin orderto selectamongmultiple equilibriait is sufiicient
to checkwhetherthe respectre equilibria are E-stableor not. Thisis a quite comfortable
result, becausehe formal proof of E-stability is muchsimplerto checkthanthe possible
convergenceof theLS algorithm.

Thus,with respecto figure 1 anddependentiponthe valuesof the parameter§, and
2, we candraw the following conclusionsaboutthe LS algorithm: in region [J, the only
E-stableequilibriumis (2-a) suchthatfor all 8 € @R only 8 = 6} is a possiblecornvergence
pointfor 6; from (10). In region J, 6; will —if atall — convergeonly to 6 € ©}; thatleadto
astationaryARMA solution,becausenly (2-b)is E-stable Becauseaoneof theseequilibria
is E-stablein region O, 6; from (10) will notcorvergeto afinite valuein this case’

However, this correspondencieetweerthe E-stability of a rationalexpectationsequilib-
rium andthe possibleconvergenceof adaptve learningproceduresloesnot generallyhold.
TheresultconcerninghelLS algorithmis dueto thefactthatSo,for the SGalgorithm(9), it
is possibleto shav thefollowing:

(a) Thee exist 8 € OR which are (locally) stablestationarypoints of (12) that are not
simultaneouslylocally) stablestationarypointsof (6).

(b) TheSGalgorithm(9) maycorvemgeto equilibria thatare not E-stable

9Notethatformal proofsof thisconvergencearenotpossiblebecaus¢he ARMA solutiong(2-b) correspond
to anunboundedaontinuumof stationarypointsof thedifferentialequatiorn(13-a).However, simultationresults
of EvansandHonkapohjg1994)verify thattheconvergenceof theLS algorithmto anARMA solution(2-b)is
indeeddependentipontheE-stabilityof theseequilibria. Moreover, aswill beshavn below, giventheauxiliary
model(3) eventhewhite noisesolution(2-a)correspondto suchanunboundedontinuumof stationarypoints.
For this caseown simulationresultsthatarenot reportechereshavedthatcorvergenceof the LS algorithmto
this solutionoccursonly if the conditionof strongE-stabilityis met.

9



Statemeni{a) saysthat thereis no correspondencbetweenthe stability of stationary
pointsof (12) containedn ©R andthe E-stability of the correspondingationalexpectations
equilibrium. Statementb) usesthe relationshipbetweenthe differentialequation(12) and
the SG algorithm(9) to makea similar statementegardingthe convergenceof the SG al-
gorithm. Thus, thereexists an adaptve learningprocedurethat may corverge to rational
expectationsequilibria which are not E-stable. This meansthat what is known aboutthe
LS algorithmcannotbe generalizedo otheradaptve learningproceduregandconsequently
the conceptof E-stability cannotbe usedwithout further qualificationto judgethe possible
convergenceof adaptve learningprocedures.

In orderto verify the above statementsi is first of all necessaryo characterizehe set
of all stationarypointsof (12) and(13). Up to now, the analysisconcentratean the set
OR of the stationarypointsof T(8), but this setis only a subsetbf the setof all stationary
points,i.e. regardingthe stationarypointsof (12) and(13) a restrictionof the analysisonly
to stationarypointsof the operatorT (8) mightbetoo strict. Let ©F bethesetof all 8 ¢ RS,
suchthatM,(8) [T (8) — 6] = 0. Thus,0F isthesetof all stationarypointsof (12) and(13-a).
We thenhave:

Proposition 3. Define@N = OF \ OR. Then:
@N = {9|6, = ((1_ qJ)BO(l_ Bl_ BZ)_17LIJ7_LIJ)7 LIJ € R7 l.IJ % O} % {0}

Proof. GivenM,(6) accordingo (11),thelastequatiorin thesystenof equationdv,(0)[T (6) — 6] =
0 readsas (W + @)[B1 + B2w — 1] = 0. Thereforejts solutionsaregivenby Y = —@ andy = 1@51,

@< R. With o= -, thesecondequationin this systenmof equationsdecomes:

Ta(0) Ta(® \? _
W[Tu(e) —a]+ { (W) + Mx} [Ty(6) — W] +Mx[Ty(8) —@ =0

Since@= —\, we have Ty(0) = —Ty(0) andthis equationis fulfilled, if a andy satisfythe first

eguation
_ Ta(6) o Ta(1-g)
[Ta(©) O‘]‘}‘ﬁw(e)ﬁw(e) Y] = -7, a=20
Substitutingfor Ty and Ty, from (4) thenrevealsthatthis requiresat = (1 — ) 71—510—82' 0]

Proposition3 saysthatthe differentialequationg12) and(13) possesstationarypoints
thatare not simultaneouslystationarypointsof the operatorT (8) andthatdo thereforenot
representationalexpectationsquilibriain theusualsense.

Givena8 € ON, thegeneralARMA(1,1) solutionof themodel(1) becomes:

Yo =(1=W)Bo(1-PBr—PB2) "+ Wy 1 — WX 1+X% (14)

10



As canbe seenthis solutionis generatedrom (2-a) by multiplicationwith thelag polyno-

mial (1— g L) Notethatthe procesg14)andthesolution(2-a) areequvalentfor all t only

if Yo= X0+ 1573 (Evansand Honkapohja(1986))1° If this initial conditionis not satis-
fied, both processeareatIeastasymptotlcallyequvalentlf Q| < 1,i.eif (14)is astationary
process.This meanghatexpectationdasedupon(14) arenot equialentto rationalexpec-
tationsif theinitial conditionyp = Xo + 1—|3I’310—|32 is not satisfied However, theseexpectations
will coincideasymptoticallywith rationalexpectationsvheneer || < 1.

Becausd is not a stationarypoint of (6) we have T(8) # 6 for 6 € ON. This implies
thatif theagentdan the modelform their expectationswith respecto anARMA(1,1) model

parametrizedby 6 € ON theresultingactualprocesdor y; will notbe givenby (14). Substi-
tution of 8 € ON into (8) revealsthatthe actualprocessor y; is givenby:

Bo

ﬁ(l — BaW — BoW?) + [BaW+ BoW?] i1 — [Brl + Bo?] % -1+ X
1— B2

(15)

Wt =

For ary initial values,yy andXg, the procesg15) is asymptoticallyequivalentto (2-a) if
1B W+ B2 W?| < 1.1 Thisconditionis equivalentto |Ty(8)| < 1,i.e.thestochastiprocesg8)
is stationaryfor all 8 € ©N thatin additionsatisfy|B1y + BoW?| < 1. It shouldbe notedthat
for this conditionto hold it is neithemecessaryor suficientthat|| < 1. Sinceary 8 ¢ ON
thatsatisfieghe condition|B, W+ BoW?| < 1 will leadatleastasymptocicallyto expectations
thatcoincidewith rationalexpectations| referto suchsolutionsasbeingasymptotiaational
expectationsequilibriaandsubsumeheseasymptoticationalexpectationsequilibriaunder
therationalexpectationsquilibriaof theunderlyingmodel.

Thus, the model (1) exhibits two distinct (asymptotic)rational expectationsequilibria,
eachcorrespondingo a continuumof parametewvectorst: theset®j; from (5-b) generates
ARMA solutionsof theform (2-b) andthe set

= {016 = ((1-WBo(1—B1—B2) LW, —w), B+ B0 <1}

generatesat leastasymptoticallythe white noisesolution(2-a).

Reyardingthe abore madestatementghefollowing thingsnow have to be shavn: first,
it mustbe shavn, that@ € ©f or 8 € ©}, may be stablestationarypointsof (12) evenif the
respectre rationalexpectationsquilibria (2-a) and (2-b) arenot E-stable.Secondjt must
be shavn thatthe SG algorithmwill indeedcornverge to E-unstablesquilibria. However, a

10(14)impliesy = P ! i
(14)impliesyt = -5 +Xt +u (yo— TP-F XO)'
H1From (15) we ety = o ffg + (B -+ Bat) [Yo— mfig; — 0] + % IF Yo 7 g + %o, v wil
convegeto thesolution(2-a)for t — oo only if |y + BoW?| < 1.

11



formalproofof corvergences notpossiblebecaus®; and©j; aretwo unboundedontinua
of stationarypoints. But evenif thisis disregarded the formal analysisof the differential
equation(12) is not a simpletask: althoughit is indeedsimpleto computethe Jacobian
matrix of (12) for 8 ¢ O, this matrix will possessit leastoneeigervaluethatequalszero.
This meansthat we cannotusestandardechniquedor stabilitiy analysisin this case.For

8 ¢ ©N eventhe computatiorof this Jacobiarmatrixis avery difficult task. For this reason,
the remainderof this paperrelies uponnumericalsimulationsof the differential equation
(12) andthe SGalgorithm(9) to verify the statementga) and(b).

4.2 Simulation results

Let usbegin with statemen(a), which saysthatthereare® € ©R which arestablestationary
pointsof (12), but which arenot simultaneouslgtablestationarypointsof (6).

Figures3 and 2 eachshaw the resultsfrom solving the differentialequation(12) nu-
merically for alternatve valuesof the parameter$; and,; andgiven fixed valuesfor 3y
andMy. Thevaluesfor 3; and 3, arespecified,suchthatfor eachconfigurationwe have
|(1—B1)/B2| < 1. Thus,the stochastigrocesy8) for z will be stationaryfor all 8 € ©};.
Stationarityof (8) for 8 € © requiresno further restrictions,becausdor all 3,, 3, there
existsa nonemptyinterval for Y, implying stationarity?

For thesetwo specification®f themodel,therespectire differentialequatiorwassolved
numericallygiven25 randomlychoserinitial vectorsg(0).:3 For all corverging trajectories,
the pointsin the figuresshaw the resultingparametersp(t) and@(t) for t = 10014 The
stoppingtime t = 100 waschosenarge enoughto interpretthesepointsas (locally) stable
stationarypointsof therespecitre differentialequationsin all figuresthatfollow, theparam-
etersy ande of theauxiliary model(3) areplottedagainsieachother Thus,thetwo straight
lines depictedin the figureseachcorrespondo oneof the continuaof stationarypoints ©f
andoy,.

As canbe seenfrom figure 2, given3; = 1.25 and 3, = —1.0, therearetwo branches
of (locally) stablestationarypoints: 0 € ©f aswell as8 € O], are(locally) stablestationary

121f y =0, we get Ty(8) = 0. SinceTy(B) is quadraticin P andtakesan extremevalueat = 0, there
exists an openinterval aroundy = 0, wherewe have |Ty(0)| < 1. If B2 > 0, we get0 < Ty(6) < 1 for all
W € (Wu, Yo), wherew, Yo = - {—Blfc \/B%+4B2}; if B2 < 0,weget0 > Ty(6) > —1forall g e (Yu, Wo),
whereyy, Yo = 2—[152 {—Bli \/Bi— 4[32}-

3The numericalsolutionswereobtainedwith Mathematice2.2 usingthefunctionNDSol ve[ ].
14Althoughtherandomselectiorof theinitial vectorswasrestrictedo acloseneighborhoof thestationary

pointsin @R and@V, thethis proceduregesultedquite frequentlyin diverging trajectories.
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Figure 2: Stablestationarypointsof the differential equation(12) with 3o = 1, 1 = 1.25,
B2 = —1.0 (corresponddgo region [J in figure 1), andMy = 1 (t = 100).
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Figure 3: Stablestationarypointsof thedifferential equation(12) with 3o = 1, 1 = —0.25,
B2 = —1.5(correspondgo region [J in in figure 1), andMy = 1 (t = 100).
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points of the respectie differential equationt® This configurationimplies that the white
noisesolution(2-a) is not strongly E-stable(however, it is still weakly E-stable).Although
thisresultscannobeseerasasupporif thestatemenfa) from above, becaus¢hestationary
pointsin figure 2 thatbelongto ©; do not belongto O, they leadat leastto the conjecture
that thesestationarypoints and thus the white noise solution (2-a) might be the possible
outcomeof the SGalgorithm.

Figure3 shavs asimilarresultfor theotherconfiguratiorof themodel:if theparameters
aregivenby 3; = —0.25andf3; = —1.5, the ARMA solution(2-b) is not weakly E-stable,
but thereare8 € ©f aswell asb € O], which arestablestationarypointsof the respectie

15For this configurationall Y € (—0.554, 1.804) imply |Ty(6)] < 1.

13



Figure 4: Cornvergenceofthe SGalgorithmwith 3o = 1, 31 = 1.25, B, = — 1.0 (corresponds
to region O in figure 1), andx ~ N(0,1), k =0.5(t = 1,...,1000.
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Figure 5: Corvegenceof the SGalgorithm with Bg = 1, 1 = —0.25, 2 = —1.5 (corre-
sponddgo region [ in figure 1), andx ~ N(0,1), k =0.5(t =1,...,1000.
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differentialequationt® Thus,herewe have indeedan exampleshaving thatresultregarding

theLS algorithmstatedn proposition2 doesnot hold for the SGalgorithm.
Let usnow turn to statementb) from above. If the stability of stationarypointsin the

differentialequation(12) doesnot necessarilycorrespondo the E-stability of the respec-
tive rational expectationsequilibrium, one might supposehat alsothe SG algorithmmay
cornverge to equilibriawhich are not (weakly or strongly) E-stable. Simulationsof the SG
algorithmshow that this is indeedthe caseand verify the abore madestatement. These
simualtionsarebaseduponthe sameconfiguratiornof the parameter§; and3, usedfor the
numericalsolution of the associatedlifferentialequation. For both configurationsfigures

18Wwith B; = —0.25andp, = —1.5, thestationarityof z, i.e. | Ty(8)| < 1, requiresy € (—0.904,0.737).
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4 and5 shav theresultsof 120 simulations gachrunningover 1000periods. Theresulting
parameteraluesfor Y and after 1000 periodsare depictedonly for thosecasesvhere
the SG algorithmcorverged. The respecire initial values8, for thesesimulationswhere
choserrandomlyandwith respecto theexogenousariable it wasassumedhatx; is for all
t realizationof a Gaussiamandomvariable.

In figure4 thepointsshaw theresultingparametevaluesfor Y andgfor theconfiguration
B1 = 1.25andp, = —1.0. As canbe seenthe SG algorithmcornvergesto solutionswhere
Y = —@, i.e. solutionsthat are asymptoticallyequvalentto the white noisesolution(2-a).
But becausehis white noisesolutionis not strongly E-stable(but it is neverthelessveakly
E-stable)theresultspresentedn figure 4 give anexampleof a situationwherethe possible
cornvergenceof anadaptve learningproceduredoesnot correspondo thecriterionof strong
E-stability

A similar resultcanbe obtainedwith the otherparameteconfiguration3; = —0.25and
B2 = —1.5. Althoughthe ARMA solutions(2-b) are not evenweakly E-stablein this case,
figure5 revealsthatthe SG algorithmmay neverthelessornverge towardstheseARMA so-
lutions. Thus, herewe have an examplewhereeven the criterion of weak E-stability does
nothelpin orderto assesshepossiblecorvergenceof anadaptve learningprocedure.

Both figuresrevealthatthe SGalgorithmmayindeedconvergeto 8 ¢ OV, i.e. parameter
vectorsthatarenot stationarypointsof (6). Thus,it is by no meansecessaryhatlearning
with anoverparametrizedhodelwill resultin valuesfor the additionalparameterghatcon-
vergeto zero,asit would be the casefor the differentialequation(6) basedon the operator
T(8). While this resultmight be not very surprisingit is neverthelessvorth to be noted,
becausasshavn in thefigures,a simulatedearningalgorithmwill quite oftencornvergeto
suchoverparametrizedolutionst’

In summarythe simulationsof the SG algorithmallow the following conclusionsfirst,
thereexist solutionsto the model(1) thatarenot strongly E-stable put thatarenevertheless
possiblesolutionsof anadaptve learningprocedure Secondthereexist possiblesolutionsof
anadaptvelearningprocedureghatarenotevenweaklyE-stable.Third, thereexist stationary
pointsof the differentialequationassociatedavith the SG algorithmthat are not stationary
pointsof the operatorT (8) relevantfor the conceptof E-stability Thesestationarypoints
prove to beadditionalcornvergencepointsfor the SGalgorithm.

It shouldbe notedthat not every configurationof the parameter$, and[3, allows for

171t shouldbe notedthatthis behaior is not a specialfeatureof the SG algorithm. Simulationsperformed
with theLS algorithmhave shavn thatthis algorithmtoo quite oftencorvergesto 8 € ON (clearly, contraryto
the SGalgorithmthis canonly occurif thewhite noisesolution(2-a)is stronglyE-stable).
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resultsasdescribedabove. For instanceary configurationthatresultsin |[(1—B1)/B2] > 1
impliesthatsolutionsof theform (2-b) arenonstationarylf, in addition,3; andf3,; aresuch
thatwe arein regionJ of figure1, theconsequencis thatonly 6 € ©f — andthereforeonly
the E-stablesolution(2-a)— arepossiblecorvergencepointsfor the SGalgorithm.Because
the intention of this paperis to shav that even equilibriathat are not E-stablemay be the
outcomeof adaptve learningproceduresthis causesio problems:the examplespresented
herearesuficientto substantiatéhis proposition.

5 Conclusions

The aim of this paperwasto shav thattheremay be no correspondencketweerthe con-
ceptof E-stability and the possiblecornvergenceof adaptve learningproceduresn linear
economianodels.Suchacorrespondencedeedexistsif recursve leastsquareslgorithms
aretakeninto consideration But thesealgorithmsconstitutemerely oneclassout of mary
plausibleadaptve learningprocedures.

Assuminga simplelinearrationalexpectationsnodelandan alternatve learningproce-
dure,it hasbeenshavn thatthislearningprocedurenaycornvergeto equilibriawhicharenot
(weakly or strongly) E-stable. This meangthatthe connectionbetweerE-stability andthe
possiblecorvergenceof adaptve learningproceduress in generainot asstrongasthat for
theLS algorithm.However, to befair, it mustbe emphasizethata generalassertiorsaying
that E-stabilityandthe possibleconvergenceof adaptve learningproceduregorrespondo
eachotheris madenowherein theliterature.So,themessagef this paperis merelythatone
shouldnot hopefor sucha generalssertiorio bevalid.

Surely onemightraisetheobjectionthatthe LS algorithmis a moreefficientestimation
procedurehanthe SG algorithmconsiderecdhere,suchthatthe resultsof the paperare of
little practicalimportance However, the simulationresultspresentedhereshav thatthe SG
algorithmis a more robust estimationprocedure pecausecontraryto the LS algorithmit
may corverge evento equilibriawhich arenot E-stable.But wheneer it is possibleto use
the criterionof efficiengy in orderto selectamongvariousadaptve learningprocedured is
by no meansneptto usethe alternatve criterionof robustness.

By the way, the paperalso gives anotherexampleof the problemsthat are associated
with theselectiorof equilibriaby meanf a’learnability’ criterion. While the LS algorithm
givesadefiniteresultin thatatmostoneof thetwo equilibriaof themodelwouldbeselected,
thisis nottruefor the SG algorithm. As hasbeenindicatedby the simulationresultsshavn
above (andsomemorethatarenotreportedchere) the SGalgorithmwouldnotselectaunique
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equilibriumwheneerthe ARMA solutions(2-b) arestationaryandthe white noisesolution
(2-a)is at leastweakly E-stable. Thus, apartfrom the fact thatit might not be possibleto
selecta uniqueequilibrium using sucha 'learnability’ criterion, theremight exist different
but equallyplausiblelearningprocedureshateachselectdifferentequilibria.
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