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1 Introduction

Dynamiceconomicmodels,whereagentshaveto form expectationsregardingthefuture,are

usuallyclosedby assumingthatagentsform rationalexpectations.Althoughthis conceptis

formally elegant,it is not without problems.Oneof theseproblemsis dueto the fact that

economicmodelsmayexhibit multiple rationalexpectationsequilibria. In sucha caseit is

impossibleto selecta specificequilibriumwithout imposingadditionalrestrictions.This is

especiallyunpleasantif the equilibria differ with respectto their comparative-staticprop-

erties. Thus,economicliterature(e.g. McCallum (1983),EvansandHonkapohja(1992))

discussessomeselectioncriteria that shouldhelp to selecta uniquerational expectations

equilibriumin suchcases.

Oneof theseselectioncriteria requiresthat the respective equilibriaarepossibleresults

of adaptive learningprocesseson the sideof the agentsin themodel. Underthe usualas-

sumptionof boundedrationallearning,agentsuseparametricallyspecified— but possibly

misspecified— auxiliarymodelsof theeconomyandform theirexpectationson thebasisof

thesemodels.Learningin this context thenmeansthat agentsrecursively estimatethepa-

rametersof theirauxiliarymodels.A centralresultof this line of researchis thatthepossible

convergenceof learningprocessesis connectedwith theexpectationalstability (E-stability)

of therespectiveequilibria.Theconceptof E-stabilityis anothercriterionproposedto select

amongmultiplerationalexpectationsequilibria. It tracesbackto Lucas(1978)andDeCanio

(1979),while the extensionof this conceptto the form usedin the context of learningis

attributedto Evans(1989).Assumingthatagentslearnusingrecursive leastsquares,Marcet

andSargent(1988,1989)andEvansandHonkapohja(1994,1995)show that only E-stable

rationalexpectationsequilibriaarepossibleoutcomesof suchlearningprocesses.

This resultsuggeststhat the convergenceanalysisof learningprocessesandthe selec-

tion of equilibriamaybesimultaneouslyachievedsimply by checkingtheE-stabilityof the

respective equilibria. Sucha resultwould be very comfortable,becauseit is usuallymuch

simplerto checktheE-stabilityof anequilibriumthanthepossibleconvergenceof learning

processes.

As is shown in this paper, however, sucha conclusioncannotbedrawn in general,be-

causethe resultsobtainedwith leastsquareslearningdo not generalizeto other adaptive

learningprocedures.On thebasisof a simplelinearmodelexhibiting multiple rationalex-

pectationsequilibriaandusinganalternativelearningprocedure,it is shown thatthepossible

convergenceof this learningprocedureto rationalexpectationsequilibria is independentof

theE-stabilityof theseequilibria.
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The model consideredherealso demonstratesthat the selectionof equilibria using a

criterionthatrequirestheconvergenceof learningprocessesmaynotgivedefiniteanswers:1

it maynot bepossibleto selecta uniqueequilibriumand,moreover, it is quitepossiblethat

differentlearningproceduresselectdifferentequilibria.

2 A linear model

In what follows, I considera modelwhich is equivalentto that of EvansandHonkapohja

(1995)to describetheconceptof E-stabilityandits connectionto thepossibleconvergence

of adaptive learningprocedures.2 It is assumedthat thevalueof theendogenousvariabley

in periodt dependsonits expectedvaluesfor theperiodst andt
�

1 aswell asanexogenous,

serialuncorrelateddisturbancext :

yt � β0
� β1ye

t
� β2ye

t � 1
�

xt (1)

With respectto theexogenousvariableit is assumedthatE � xt � � 0 andE � xt � 2 � Var� xt � � Mx

for all t. Theexpectationsappearingin (1) have to be formedbeforeyt is known andthe

relevant informationsetis given asΩt ��� yt 	 1 
 yt 	 2 
������

 xt 	 1 
 xt 	 2 
�������� . This implies that

theexogenousdisturbancesxt areobservablefor all t — althoughthey areobservableonly

aftertherelevantexpectationsin t have beenformed.

As is shown by Evans(1985),themodelexhibitsmultiplerationalexpectationsequilibria

thatmaybecomputedfrom thegeneralARMA(1,1) solution

yt � a0
�

a1yt 	 1
�

a2xt 	 1
�

xt

imposingparameterrestrictions.3 Thetwo solutionsetsaregivenby:

yt � β0

1 � β1 � β2

�
xt (2-a)

yt � � β0

β2

� 1 � β1

β2
yt 	 1

� φxt 	 1
�

xt 
 φ ��� (2-b)

Note that thewhite noisesolution(2-a) is unique,whereastheARMA(1,1) solution(2-b)

representsa continuumof solutionsfor (1), becauseφ cantakeany value.

1A similarpoint is madeby Duffy (1994).Heshows on thebasisof anOLG-modelthatthis criterionmay

not beselective.
2EvansandHonkapohja(1995)givea comprehensive analysisof this modelwith respectto E-stabilityand

theconvergenceof recursive leastsquareslearning.
3In whatfollows,othersolutionsthatcanbeobtainedby takinginto accountsunspotvariablesareignored.

SeeEvansandHonkapohja(1992,1995).
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3 Expectational Stability

The startingpoint for the conceptof E-stability is an auxiliary modelwhich describesthe

perceivedconnectionbetweentheendogenousandtheexogenousvariables.In whatfollows,

this auxiliarymodeltakestheform of anARMA(1,1) model:

yt � α � ψyt 	 1
� φxt 	 1

�
xt (3)

Giventhisauxiliarymodel,expectationsregardingthefuturevaluesof theendogenousvari-

ablearegivenas:

ye
t � E � yt � yt 	 1 
 xt 	 1� � α � ψyt 	 1

� φxt 	 1

ye
t � 1 � E � yt � 1 � yt 	 1 
 xt 	 1� � α � ψ E � yt � yt 	 1 
 xt 	 1 ���� 1 � ψ � α � ψ2yt 	 1

� ψφxt 	 1

Substitutingtheseequationsinto the model(1) yields the following actualprocessfor the

endogenousvariableyt :

yt � β0
� α � β1

� β2 � 1 � ψ � � ��� β1ψ � β2ψ2 � yt 	 1
� � β1φ � β2ψφ � xt 	 1

�
xt� Tα � θ � � Tψ � θ � yt 	 1

�
Tφ � θ � xt 	 1

�
xt

Hereθ � ��� α 
 ψ 
 φ � denotesthevectorof parametersof theauxiliarymodelandtheoperator

T � θ � � ��� Tα � θ � 
 Tψ � θ � 
 Tφ � θ ��� mapstheparametervectorθ of theauxiliary model(3) to the

parametersof theresultingactualprocessfor yt . TheoperatorT � θ � is thusgivenas:

T � θ � � T

���� α
ψ
φ

 "!!# � ���� Tα � θ �
Tψ � θ �
Tφ � θ �

 "!!# � ���� β0
� α � β1

� β2 � 1 � ψ � �
β1ψ � β2ψ2

β1φ � β2φψ

 "!!# 
 (4)

andfrom (4) we maycomputethefollowing stationarypointsof T � θ � :
θ �%$I ��� β0 � 1 � β1 � β2 � 	 1 
 0 
 0 � (5-a)

Θ $I I ��& θ � θ � ��� � β0 β 	 1
2 
 � 1 � β1 � β 	 1

2 
 φ � 
 φ ���(' (5-b)

It is apparentthat the stationarypoints(5-a) and(5-b) imply that the auxiliary model(3)

coincideswith therationalexpectationsequilibriaof (1).

Following Evans(1989),a rationalexpectationsequilibrium is E-stableif this equilib-

rium is (locally) asymptoticallystablewith respectto thedifferentialequation

dθ
dτ � θ̇ � T � θ �)� θ (6)
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basedon the operatorT � θ � . This in turn requiresthat the stationarypoints(5-a) and (5-

b) associatedwith this respective equilibrium are (locally) stablestationarypoints of the

differentialequation(6).

Whetheror notaspecificrationalexpectationssolutionis E-stablemaydependuponthe

underlyingauxiliarymodelusedby theagents.Thecriterionof E-stabilitythusdistinguishes

betweenthecaseof correctlyparametrizedandoverparametrizedauxiliarymodels.A solu-

tion is saidto beweaklyE-stableif it is stablegivenanauxiliary modelwhich is correctly

parametrized,it is stronglyE-stableif it is alsostablegiven anoverparametrizedauxiliary

model. Thus,giventheauxiliary model(3) it is clearthatwe have to checkwhetheror not

thesolution(2-a)is stronglyE-stableandwhetheror not (2-b) is weaklyE-stable.

TheJacobianmatrixof thedifferentialequation(6) is givenas:

J � θ � ��* θT � θ �+� I3 � ���� β1 � β2 , 1� ψ -.	 1 αβ2 0

0 β1 � 2β2ψ 	 1 0

0 β2φ β1 � β2ψ 	 1

 "!!# 
 (7)

Thereforetheresultingeigenvaluesµ1 
 µ2 
 µ3 of J � θ � are:

µ1 � β1
� β2 � 1 � ψ �+� 1 


µ2 � β1
�

2β2ψ � 1 

µ3 � β1

� β2 ψ � 1

Regardingthestationarypoint θ $I from (5-a), it follows thatµ1 � β1
� β2 � 1 andµ2 �

µ3 � β1 � 1. Thus,therationalexpectationsequilibrium(2-a)is stronglyE-stableif:

β1 / 1 
 β1
� β2 / 1

Notethatfor thewhitenoisesolution(2-a)to beweaklyE-stableit is sufficientthatβ1
� β2 /

1.

With respectto stationarypointsθ $ � Θ $I I from (5-b),wegetµ1 � β2, µ2 � 1 � β1 aswell

asµ3 � 0. Thecorrespondingrationalexpectationsequilibrium(2-b) is weaklyE-stableif: 4

β1 0 1 
 β2 / 0

As shown by EvansandHonkapohja(1994),thisrationalexpectationsequilibriumwill never

bestronglyE-stable.

4Becauseoneeigenvalueof J 1 θ 243 equalszero,the stability analysisis moredifficult in this case.But as

shown by EvansandHonkapohja(1992),theabove statedconditionsensureweakE-stabilityfor all θ 265 Θ 2II .
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Figure 1: Expectationalstabilityof (2-a)and(2-b)dependentonβ1 andβ2

As figure 1 makesclear, thesestability conditionsseparatethe parameterspaceof the

model,suchthatgiven theauxiliary model(3) eitheronly oneof the solutions(2-a)or (2-

b) is E-stableor noneof thesesolutionsis E-stable.Thus,dependenton the valuesof the

parametersβ1 andβ2 we candistinguishthreeregionsin figure1. In region ① theonly E-

stableequilibriumis (2-a),whereasin region② only theARMA solutions(2-b)areE-stable.

Finally, in region ③ noneof thetwo equilibriais E-stable.Two additionalpointshave to be

notedhere:first,while it is truethattheequilibrium(2-a)isnotstronglyE-stablein region②,

therestill exist parametersβ1 andβ2 satisfyingβ1
� β2 / 1 suchtthat(2-a)is at leastweakly

E-stable.Second,theARMA solution(2-b)will bestationaryonly if �7� 1 � β1 � β 	 1
2 � / 1.

4 Analysis of learning processes

4.1 Learning via recursive parameter estimation

Now assumethatagentsin themodeluseauxiliarymodelsof theform (3) to form theexpec-

tationsrelevantin (1). Givena vectorθt of parametersin periodt, this vectoris modifiedby

theagentsif new observationsof theexogenousandendogenousvariablesbecomeavailable.

With z�t ��� 1 
 yt 	 1 
 xt 	 1 � theforecastof theendogenousvariablein periodt (afterxt has

beenoberved)computedin theauxiliarymodelanddenotedby ŷt , is givenasŷt � z�t θt
�

xt.

On the otherhand,expectationsformedon the basisof the auxiliary modelimply that the

actualvaluefor the endogenousvariableis yt � z�t T � θt � � xt . Regardingthevectorzt , this
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resultsin thefollowing stochasticprocess:

zt � 1 � ���� 1

yt

xt

 "!!# � ���� 1 0 0

Tα � θt � Tψ � θt � Tφ � θt �
0 0 0

 "!!# ���� 1

yt 	 1

xt 	 1

 "!!# � ���� 0

1

1

 "!!# xt

� A � θt � zt
�

bxt (8)

Notethatgivenθt , thestochasticprocess(8) is stationaryonly if �Tψ � θt � � / 1. Thestationar-

ity of (8) is animportantassumptionfor theconvergenceanalysisof learningprocessesthat

follows. Notethatthisconditionis notsatisfiedfor any nonstationaryARMA solution(2-b).

Regardingtheestimationproceduresor learningalgorithmsagentsuseto adapttheirpa-

rametervectorθt in thelight of pastexperience,two alternativeproceduresareconsidered:5

(1) StochasticGradientProcedure / SGAlgorithm:

TheSGalgorithmmodifiestheparametervectorbasedon thegradientof theforecast

ŷt � z�t θt
�

xt with respectto θt andtheforecasterroryt � ŷt � z�t � T � θt �+� θt � . We get:

θt � 1 � θt
� γt � 1zt & z�t � T � θt �+� θt � ' (9)

whereγt � t 	 κ with 0 / κ 8 1 is a time dependentanddeclininglearningrate. Such

algorithmsarequitecommon,especiallyfor recursive estimationof nonlinearmodels

like neuralnetworks(seeSargent(1993),KuanandWhite (1994)).

(2) RecursiveLeastSquares/ LSAlgorithm:

ThemaindifferencebetweentheSGalgorithmandrecursive leastsquaresis that the

latteralgorithmtakesthe inverseof theestimatedmomentmatrix of theexplanatory

variablesto determinethestepsizeof theparametermodification.TheLS algorithmis

thusgivenas:6

θt � 1 � θt
�:9 1

t
�

1 ; R	 1
t � 1zt & z�t �T � θt �)� θt � ' (10-a)

Rt � 1 � Rt
� 9 1

t
�

1 ; �
zt z�t � Rt

� (10-b)

If certainassumptionsaresatisfied,we canfollow Ljung (1977)andtheasymptoticproper-

tiesof learningalgorithmssuchas(9) and(10) canbedescribedby meansof anassociated

5For a discussionof theseandotheralgorithmsseeLjung andSöderstr̈om(1983).
6In accordancewith theSGalgorithm,this algorithmmaybemodifiedby usingthemoregenerallearning

rate γt < 1 = 1 t > 13.? κ with 0 @ κ A 1 insteadof 1 1B
1 t > 13C3 . This would result in a weightedleastsquares

estimator.
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deterministicdifferentialequation.Sincecomprehensive descriptionsof this approachand

the requiredassumptionsarealreadyavailablein economicliterature(MarcetandSargent

(1989),Woodford(1990))andbecausemostof theseassumptionsarealreadysatisfiedby

themodelconsideredhere(seeEvansandHonkapohja(1995)),only thoseassumptionsthat

arenotyet fulfilled arementioned.

First, it is assumedthat the exogenousvariablesx arefor all t realizationsof bounded

randomvariables.Second,theparameterspacefor θ is restrictedto asetDθ D � 3, suchthat

for all θ � Dθ the matrix A � θ � hasthe propertythat the resultingstochasticprocessfor zt

from (8) is stationary. As mentionedabove, thisconditionis satisfied,whenever �Tψ � θ � � / 1.

Thesetwo assumptionsimply (seeWoodford(1990))thataboundedsetDz E � 3 existssuch

thatfor all z0 � Dz wehave zt � Dz for all t with probabilityone.

Givena fixedθ � Dθ, let Mz � θ � denotethe(3 F 3) matrixof momentsE � zt z�t � . Fromthe

above madeassumptionsit thenfollowsthatMz � θ � is boundedandgivenas:7

Mz � θ � � E � zt z�t � � ���� 1 Tα G θ H
1 I Tψ G θ H 0

Tα G θ H
1 I Tψ G θ H J Tα G θ H

1 I Tψ G θ H�K 2 � 1 L Tφ G θ H 2 L 2Tψ G θ H Tφ G θ H
1 I Tψ G θ H 2 Mx Mx

0 Mx Mx

 "!!# (11)

Thedifferentialequationassociatedwith theSGalgorithm(9) cannow beformulatedas:

dθ
dτ � θ̇ � E � zt z�t � � T � θ �+� θ � � Mz � θ �M� T � θ �)� θ � (12)

RegardingtheLS algorithm,theresultingassociateddifferentialequationsare:

dθ
dτ � θ̇ � R	 1 Mz � θ �N�T � θ �+� θ � (13-a)

dR
dτ � Ṙ � Mz � θ �)� R (13-b)

Theessentialresultof Ljung (1977)statesthattheparametervectorθt resultingfrom learn-

ing algorithmssuchas(9) and(10) will — if at all — only convergeto stationarypointsof

theseassociateddifferentialequations.Moreover, theprobability for sucha convergenceto

occur is positive only if the respective stationarypointsare(locally) stable. Convergence

7BecauseE O xt P = 0 we getE O yt xt P = Mx, E O yt xt ? 1 P = 1 Tψ > Tφ 3 Mx andE O yt P = Tα BQ1 1 R Tψ 3 . Fromthetwo

equations:

E O yt yt ? 1 P = Tα E O yt P > Tψ E O y2
t ? 1P > Tφ Mx S

E O y2
t P = Tα E O yt P > Tψ E O yt yt ? 1 P > Tφ E O yt xt ? 1 P > Mx S

it thenfollowsthat 1 1 R T2
ψ 3 E O y2

t P = Tα 1 1 > Tψ 3 E O yt P >TO 1 > T2
φ > 2TφTψ P Mx.
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with probabilityone(almostsureconvergence)canbeguaranteedonly if additionalrestric-

tions areemployed:θt will converge almostsurely to a stationarypoint of the associated

differentialequationif the learningalgorithmis equippedwith a socalledprojectionfacil-

ity. This projectionguaranteesthat the estimatedparametervectorwill almostsurelystay

infinitely often in the domainof attractionof that stationarypoint. Given a stablestation-

ary point of theassociateddifferentialequation,it is alwayspossibleto find a nontrivial set

(i.e. a setcontainingnot only thestationarypoint itself) having this property, suchthatone

canalwaysfind anontrivial projectionfacility ensuringalmostsureconvergence(seeMarcet

andSargent(1989)).

However, with respectto themodelconsideredhere,a remarkis necessary, becausethe

convergenceresultsthat arederived with the help of associateddifferentialequationsare

not valid if the respective stationarypointsbelongto anunboundedcontinuum.As will be

shown below, exactly this is the casehere. But irrespective of this, at leastthe following

statementsaboutthealgorithmsandtheir associateddifferentialequationsarepossible:the

algorithmsconsideredherewill not converge to parametervectorsthat arenot stationary

pointsof theassociateddifferentialequationandthey will not convergeto stationarypoints

thatareunstable.

Now let ΘR be the set of all θ �U� 3, suchthat T � θ � � θ. Obviously all θ � ΘR are

stationarypointsof theoperatorT � θ � andthusstationarypointsof thedifferentialequation

(6). Recall,that this meansthat theauxiliary model(3) coincideswith oneof the rational

expectationsequilibria(2-a)and(2-b) for all θ � ΘR. Looking at (12) and(13) we seethat

we canstatethefollowing propositionwithoutany formalproof:8

Proposition 1. Anyθ � ΘR is a stationarypointof thedifferentialequations(12)and(13).

As alreadynotedabove, rational expectationsequilibria are definedto be stationary

pointsof theoperatorT � θ � . Thus,proposition1 statesthatany rationalexpectationsequi-

librium might bea possibleoutcomeof the learningproceduresconsideredhere.Notethat

becauseΘ $I I is a subsetof ΘR, eachof the differentialequations(12) and(13) exhibits an

unboudedcontinuumof stationarypoints.

Thefollowing propositionestablishesthecorrespondencebetweentheE-stabilityof ra-

tionalexpectationsequilibriaandthepossibleconvergenceof theLS algorithm:

Proposition 2. A necessaryandsufficientconditionfor θ � ΘR andanassociatedR � Mz � θ �
to bea (locally) stablestationarypointof thedifferentialequation(13) is thatθ is a (locally)

8For all θ 5 Dθ a stationarypoint of (13-b) is given by R = Mz 1 θ 3 , suchthat this equationneednot be

considered.
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stablestationarypointof thedifferential equation(6).

Theproofof thispropositionis attributedto MarcetandSargent(1989).It is basedupon

showing thatfor θ � ΘR all eigenvaluesof theJacobianmatrix of (13) thatdo not equal � 1

coincidewith theeigenvaluesof J � θ � from (7): to checklocalstability it is sufficient to look

at thesubsystem(13-a).SinceT � θ � � θ, for all θ � ΘR theJacobianmatrixJKQ � θ � resultsin

JKQ � θ � � R	 1 Mz � θ � J � θ � , whereJ � θ � is theJacobianmatrix from (7). Becausea stationary

pointof (13) impliesR � Mz � θ � , we getJKQ � θ � � J � θ � , suchthattheeigenvaluesof JKQ � θ �
coincidewith thatof J � θ � .

An immediateconsequenceof proposition2 is thattheLS algorithmwill neverconverge

to rationalexpectationsequilibria thatarenot E-stablewith respectto theauxiliary model.

This in turn implies that in order to makepredictionsregardingthe possibleconvergence

of this learningprocedureand in order to selectamongmultiple equilibria it is sufficient

to checkwhetherthe respective equilibria areE-stableor not. This is a quite comfortable

result,becausethe formal proof of E-stability is muchsimplerto checkthanthe possible

convergenceof theLS algorithm.

Thus,with respectto figure1 anddependentuponthevaluesof theparametersβ1 and

β2, we candraw the following conclusionsaboutthe LS algorithm: in region ①, the only

E-stableequilibriumis (2-a)suchthat for all θ � ΘR only θ � θ $I is a possibleconvergence

point for θt from (10). In region②, θt will — if atall — convergeonly to θ � Θ $I I thatleadto

astationaryARMA solution,becauseonly (2-b)isE-stable.Becausenoneof theseequilibria

is E-stablein region③, θt from (10)will notconvergeto afinite valuein this case.9

However, this correspondencebetweentheE-stabilityof a rationalexpectationsequilib-

rium andthepossibleconvergenceof adaptive learningproceduresdoesnot generallyhold.

TheresultconcerningtheLS algorithmis dueto thefact thatSo,for theSGalgorithm(9), it

is possibleto show thefollowing:

(a) There exist θ � ΘR which are (locally) stablestationarypointsof (12) that are not

simultaneously(locally) stablestationarypointsof (6).

(b) TheSGalgorithm(9) mayconvergeto equilibria thatare notE-stable.

9Notethatformalproofsof thisconvergencearenotpossible,becausetheARMA solutions(2-b)correspond

to anunboundedcontinuumof stationarypointsof thedifferentialequation(13-a).However, simultationresults

of EvansandHonkapohja(1994)verify thattheconvergenceof theLS algorithmto anARMA solution(2-b) is

indeeddependentupontheE-stabilityof theseequilibria.Moreover, aswill beshownbelow, giventheauxiliary

model(3) eventhewhitenoisesolution(2-a)correspondsto suchanunboundedcontinuumof stationarypoints.

For thiscaseown simulationresultsthatarenot reportedhereshowedthatconvergenceof theLS algorithmto

thissolutionoccursonly if theconditionof strongE-stabilityis met.
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Statement(a) saysthat thereis no correspondencebetweenthe stability of stationary

pointsof (12) containedin ΘR andtheE-stabilityof thecorrespondingrationalexpectations

equilibrium. Statement(b) usesthe relationshipbetweenthedifferentialequation(12) and

the SG algorithm(9) to makea similar statementregardingthe convergenceof the SGal-

gorithm. Thus, thereexists an adaptive learningprocedurethat may converge to rational

expectationsequilibria which arenot E-stable. This meansthat what is known aboutthe

LS algorithmcannotbegeneralizedto otheradaptive learningproceduresandconsequently,

theconceptof E-stabilitycannotbeusedwithout furtherqualificationto judgethepossible

convergenceof adaptive learningprocedures.

In orderto verify theabove statements,it is first of all necessaryto characterizetheset

of all stationarypointsof (12) and(13). Up to now, the analysisconcentratedon the set

ΘR of thestationarypointsof T � θ � , but this setis only a subsetof thesetof all stationary

points,i.e. regardingthestationarypointsof (12) and(13) a restrictionof theanalysisonly

to stationarypointsof theoperatorT � θ � mightbetoo strict. Let ΘF bethesetof all θ �V� 3,

suchthatMz � θ �)� T � θ �W� θ � � 0. Thus,ΘF is thesetof all stationarypointsof (12)and(13-a).

We thenhave:

Proposition 3. DefineΘN � ΘF X ΘR. Then:

ΘN �Y& θ � θ � �Z�[� 1 � ψ � β0 � 1 � β1 � β2 � 	 1 
 ψ 
 � ψ � 
 ψ ��� 
 ψ \� 0 '�\�Z� /0 �]�
Proof. GivenMz ^ θ _ accordingto (11),thelastequationin thesystemof equationsMz ^ θ _�` T ^ θ _ba θ ced
0 readsas ^ ψ f φ _g` β1 f β2ψ a 1c)d 0. Therefore,its solutionsaregivenby ψ dha φ andψ d 1 i β1

β2
,

φ jlk . With φ dma ψ, thesecondequationin thissystemof equationsbecomes:

Tα ^ θ _
1 a Tψ ^ θ _ ` Tα ^ θ _na α cefporq Tα ^ θ _

1 a Tψ ^ θ _es 2 f Mx t ` Tψ ^ θ _Wa ψcef Mx ` Tφ ^ θ _na φ cud 0

Sinceφ dZa ψ, we have Tφ ^ θ _vdZa Tψ ^ θ _ andthis equationis fulfilled, if α andψ satisfy the first

equation ` Tα ^ θ _Wa α cef Tα ^ θ _
1 a Tψ ^ θ _ ` Tψ ^ θ _na ψcwd Tα ^ 1 a ψ _

1 a Tψ
a α d 0

Substitutingfor Tα andTψ from (4) thenrevealsthatthis requiresα d ^ 1 a ψ _ β0
1 i β1 i β2

.

Proposition3 saysthatthedifferentialequations(12) and(13) possessstationarypoints

thatarenot simultaneouslystationarypointsof theoperatorT � θ � andthatdo thereforenot

representrationalexpectationsequilibriain theusualsense.

Givena θ � ΘN, thegeneralARMA(1,1) solutionof themodel(1) becomes:

yt �x� 1 � ψ � β0 � 1 � β1 � β2 � 	 1 � ψyt 	 1 � ψxt 	 1
�

xt (14)

10



As canbeseen,this solutionis generatedfrom (2-a)by multiplicationwith the lag polyno-

mial � 1 � ψ L � . Notethattheprocess(14)andthesolution(2-a)areequivalentfor all t only

if y0 � x0
� β0

1 	 β1 	 β2
(EvansandHonkapohja(1986)).10 If this initial conditionis not satis-

fied,bothprocessesareat leastasymptoticallyequivalentif �ψ � / 1, i.e if (14) is astationary

process.This meansthatexpectationsbasedupon(14) arenot equivalentto rationalexpec-

tationsif theinitial conditiony0 � x0
� β0

1 	 β1 	 β2
is notsatisfied.However, theseexpectations

will coincideasymptoticallywith rationalexpectationswhenever �ψ � / 1.

Becauseθ is not a stationarypoint of (6) we have T � θ �y\� θ for θ � ΘN. This implies

thatif theagentsin themodelform theirexpectationswith respectto anARMA(1,1) model

parametrizedby θ � ΘN theresultingactualprocessfor yt will notbegivenby (14). Substi-

tutionof θ � ΘN into (8) revealsthattheactualprocessfor yt is givenby:

yt � β0

1 � β1 � β2
� 1 � β1ψ � β2ψ2 � � � β1ψ � β2ψ2� yt 	 1 �z� β1ψ � β2ψ2 � xt 	 1

�
xt

(15)

For any initial values,y0 andx0, the process(15) is asymptoticallyequivalent to (2-a) if�β1 ψ � β2 ψ2 � / 1.11 Thisconditionisequivalentto �Tψ � θ � � / 1, i.e.thestochasticprocess(8)

is stationaryfor all θ � ΘN thatin additionsatisfy �β1ψ � β2ψ2 � / 1. It shouldbenotedthat

for thisconditionto hold it is neithernecessarynorsufficient that �ψ � / 1. Sinceany θ � ΘN

thatsatisfiesthecondition �β1ψ � β2ψ2 � / 1 will leadat leastasymptocicallyto expectations

thatcoincidewith rationalexpectations,I referto suchsolutionsasbeingasymptoticrational

expectationsequilibriaandsubsumetheseasymptoticrationalexpectationsequilibriaunder

therationalexpectationsequilibriaof theunderlyingmodel.

Thus,the model(1) exhibits two distinct (asymptotic)rationalexpectationsequilibria,

eachcorrespondingto a continuumof parametervectorsθ: thesetΘ $I I from (5-b) generates

ARMA solutionsof theform (2-b)andtheset

Θ $I � & θ � θ � ���[� 1 � ψ � β0 � 1 � β1 � β2 � 	 1 
 ψ 
 � ψ � 
 �β1ψ � β2ψ2 � / 1 '
generates,at leastasymptotically, thewhitenoisesolution(2-a).

Regardingtheabove madestatements,thefollowing thingsnow have to beshown: first,

it mustbeshown, thatθ � Θ $I or θ � Θ $I I maybestablestationarypointsof (12) evenif the

respective rationalexpectationsequilibria (2-a)and(2-b) arenot E-stable.Second,it must

beshown that theSGalgorithmwill indeedconverge to E-unstableequilibria. However, a

10(14) impliesyt = β0
1? β1 ? β2

> xt > ψt { y0 R β0
1? β1 ? β2

R x0 | .

11From (15) we get yt = β0
1? β1 ? β2

>}1 β1ψ > β2ψ2 3 t ~ y0 R β0
1? β1 ? β2

R x0 � > xt . If y0 �= β0
1? β1 ? β2

> x0, yt will

convergeto thesolution(2-a)for t � ∞ only if � β1ψ > β2ψ2 �4@ 1.

11



formalproofof convergenceisnotpossible,becauseΘ $I andΘ $I I aretwo unboundedcontinua

of stationarypoints. But even if this is disregarded,the formal analysisof the differential

equation(12) is not a simple task: althoughit is indeedsimple to computethe Jacobian

matrix of (12) for θ � ΘR, this matrix will possessat leastoneeigenvaluethatequalszero.

This meansthatwe cannotusestandardtechniquesfor stabilitiy analysisin this case.For

θ � ΘN eventhecomputationof thisJacobianmatrix is averydifficult task.For this reason,

the remainderof this paperreliesuponnumericalsimulationsof the differentialequation

(12) andtheSGalgorithm(9) to verify thestatements(a)and(b).

4.2 Simulation results

Let usbegin with statement(a),whichsaysthatthereareθ � ΘR whicharestablestationary

pointsof (12),but which arenotsimultaneouslystablestationarypointsof (6).

Figures3 and2 eachshow the resultsfrom solving the differentialequation(12) nu-

merically for alternative valuesof the parametersβ1 andβ2 andgiven fixed valuesfor β0

andMx. Thevaluesfor β1 andβ2 arespecified,suchthat for eachconfigurationwe have�7� 1 � β1 �[� β2 � / 1. Thus,thestochasticprocess(8) for zt will bestationaryfor all θ � Θ $I I .
Stationarityof (8) for θ � Θ $I requiresno further restrictions,becausefor all β1, β2 there

existsa nonemptyinterval for ψ, implying stationarity.12

For thesetwo specificationsof themodel,therespectivedifferentialequationwassolved

numericallygiven25randomlychoseninitial vectorsθ � 0 � .13 For all convergingtrajectories,

the points in the figuresshow the resultingparametersψ � t � andφ � t � for t � 100.14 The

stoppingtime t � 100waschosenlargeenoughto interpretthesepointsas(locally) stable

stationarypointsof therespectivedifferentialequations.In all figuresthatfollow, theparam-

etersψ andφ of theauxiliarymodel(3) areplottedagainsteachother. Thus,thetwo straight

linesdepictedin thefigureseachcorrespondto oneof thecontinuaof stationarypointsΘ $I
andΘ $I I .

As canbe seenfrom figure2, givenβ1 � 1 � 25 andβ2 � � 1 � 0, therearetwo branches

of (locally) stablestationarypoints:θ � Θ $I aswell asθ � Θ $I I are(locally) stablestationary

12If ψ = 0, we get Tψ 1 θ 3 = 0. SinceTψ 1 θ 3 is quadraticin ψ andtakesan extremevalueat ψ = 0, there

exists an openinterval aroundψ = 0, wherewe have �Tψ 1 θ 3��g@ 1. If β2 � 0, we get 0 A Tψ 1 θ 3�@ 1 for all

ψ 5 1 ψu S ψo 3 , whereψu S ψo = 1
2β2 � R β1 �T� β2

1 > 4β2 � ; if β2 @ 0,weget0 � Tψ 1 θ 3 � R 1 for all ψ 5 1 ψu S ψo 3 ,
whereψu S ψo = 1

2β2 � R β1 �T� β2
1 R 4β2 � .

13Thenumericalsolutionswereobtainedwith Mathematica2.2usingthefunctionNDSolve O P .
14Althoughtherandomselectionof theinitial vectorswasrestrictedto acloseneighborhoodof thestationary

pointsin ΘR andΘN, thethisprocedureresultedquitefrequentlyin diverging trajectories.
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Figure 2: Stablestationarypointsof thedifferential equation(12) with β0 � 1, β1 � 1 � 25,

β2 � � 1 � 0 (correspondsto region ② in figure 1), andMx � 1 (t � 100).
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Figure 3: Stablestationarypointsof thedifferentialequation(12)with β0 � 1, β1 � � 0 � 25,

β2 � � 1 � 5 (correspondsto region ① in in figure 1), andMx � 1 (t � 100).
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pointsof the respective differentialequation.15 This configurationimplies that the white

noisesolution(2-a) is not stronglyE-stable(however, it is still weaklyE-stable).Although

thisresultscannotbeseenasasupportof thestatement(a)from above,becausethestationary

pointsin figure2 thatbelongto Θ $I do not belongto ΘR, they leadat leastto theconjecture

that thesestationarypointsand thus the white noisesolution (2-a) might be the possible

outcomeof theSGalgorithm.

Figure3 showsasimilar resultfor theotherconfigurationof themodel:if theparameters

aregivenby β1 � � 0 � 25 andβ2 � � 1 � 5, theARMA solution(2-b) is not weaklyE-stable,

but thereareθ � Θ $I aswell asθ � Θ $I I which arestablestationarypointsof the respective

15For this configuration,all ψ 5 1�R 0 � 554S 1 � 8043 imply �Tψ 1 θ 3[�[@ 1.
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Figure 4: Convergenceof theSGalgorithmwith β0 � 1, β1 � 1 � 25, β2 � � 1 � 0 (corresponds

to region ② in figure1), andxt � N � 0 
 1 � , κ � 0 � 5 (t � 1 
������"
 1000).
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Figure 5: Convergenceof the SGalgorithm with β0 � 1, β1 � � 0 � 25, β2 � � 1 � 5 (corre-

spondsto region① in figure 1), andxt � N � 0 
 1� , κ � 0 � 5 (t � 1 
������

 1000).
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differentialequation.16 Thus,herewehave indeedanexampleshowing thatresultregarding

theLS algorithmstatedin proposition2 doesnothold for theSGalgorithm.

Let us now turn to statement(b) from above. If thestability of stationarypointsin the

differentialequation(12) doesnot necessarilycorrespondto the E-stability of the respec-

tive rationalexpectationsequilibrium, onemight supposethat alsothe SG algorithmmay

converge to equilibriawhich arenot (weakly or strongly)E-stable.Simulationsof theSG

algorithmshow that this is indeedthe caseandverify the above madestatement.These

simualtionsarebaseduponthesameconfigurationof theparametersβ1 andβ2 usedfor the

numericalsolutionof the associateddifferentialequation.For bothconfigurations,figures

16With β1 = R 0 � 25andβ2 = R 1 � 5, thestationarityof zt , i.e. �Tψ 1 θ 3��4@ 1, requiresψ 5 1�R 0 � 904S 0 � 7373 .
14



4 and5 show theresultsof 120simulations,eachrunningover 1000periods.Theresulting

parametervaluesfor ψt andφt after 1000periodsaredepictedonly for thosecaseswhere

the SG algorithmconverged. The respective initial valuesθ0 for thesesimulationswhere

chosenrandomlyandwith respectto theexogenousvariable,it wasassumedthatxt is for all

t realizationof a Gaussianrandomvariable.

In figure4 thepointsshow theresultingparametervaluesfor ψ andφ for theconfiguration

β1 � 1 � 25 andβ2 � � 1 � 0. As canbeseen,theSGalgorithmconvergesto solutionswhere

ψ � � φ, i.e. solutionsthat areasymptoticallyequivalentto the white noisesolution(2-a).

But becausethis white noisesolutionis not stronglyE-stable(but it is neverthelessweakly

E-stable),theresultspresentedin figure4 give anexampleof a situationwherethepossible

convergenceof anadaptive learningproceduredoesnotcorrespondto thecriterionof strong

E-stability.

A similar resultcanbeobtainedwith theotherparameterconfigurationβ1 � � 0 � 25 and

β2 � � 1 � 5. AlthoughtheARMA solutions(2-b) arenot evenweaklyE-stablein this case,

figure5 revealsthattheSGalgorithmmayneverthelessconvergetowardstheseARMA so-

lutions. Thus,herewe have an examplewhereeven the criterionof weakE-stability does

nothelpin orderto assessthepossibleconvergenceof anadaptive learningprocedure.

BothfiguresrevealthattheSGalgorithmmayindeedconvergeto θ � ΘN, i.e.parameter

vectorsthatarenot stationarypointsof (6). Thus,it is by no meansnecessarythat learning

with anoverparametrizedmodelwill resultin valuesfor theadditionalparametersthatcon-

vergeto zero,asit would bethecasefor thedifferentialequation(6) basedon theoperator

T � θ � . While this resultmight be not very surprisingit is neverthelessworth to be noted,

becauseasshown in thefigures,a simulatedlearningalgorithmwill quiteoftenconvergeto

suchoverparametrizedsolutions.17

In summary, thesimulationsof theSGalgorithmallow thefollowing conclusions:first,

thereexist solutionsto themodel(1) thatarenotstronglyE-stable,but thatarenevertheless

possiblesolutionsof anadaptivelearningprocedure.Second,thereexist possiblesolutionsof

anadaptivelearningprocedurethatarenotevenweaklyE-stable.Third, thereexist stationary

pointsof the differentialequationassociatedwith the SG algorithmthat arenot stationary

pointsof the operatorT � θ � relevant for the conceptof E-stability. Thesestationarypoints

prove to beadditionalconvergencepointsfor theSGalgorithm.

It shouldbe notedthat not every configurationof the parametersβ1 andβ2 allows for

17It shouldbenotedthat this behavior is not a specialfeatureof theSGalgorithm. Simulationsperformed

with theLS algorithmhave shown thatthisalgorithmtoo quiteoftenconvergesto θ 5 ΘN (clearly, contraryto

theSGalgorithmthis canonly occurif thewhitenoisesolution(2-a)is stronglyE-stable).
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resultsasdescribedabove. For instance,any configurationthat resultsin ��� 1 � β1 ��� β2 � 0 1

impliesthatsolutionsof theform (2-b)arenonstationary. If, in addition,β1 andβ2 aresuch

thatwearein region① of figure1, theconsequenceis thatonly θ � Θ $I — andthereforeonly

theE-stablesolution(2-a)— arepossibleconvergencepointsfor theSGalgorithm.Because

the intentionof this paperis to show that even equilibria that arenot E-stablemay be the

outcomeof adaptive learningprocedures,this causesno problems:theexamplespresented

herearesufficient to substantiatethisproposition.

5 Conclusions

Theaim of this paperwasto show that theremaybe no correspondencebetweenthecon-

ceptof E-stability and the possibleconvergenceof adaptive learningproceduresin linear

economicmodels.Suchacorrespondenceindeedexistsif recursive leastsquaresalgorithms

aretakeninto consideration.But thesealgorithmsconstitutemerelyoneclassout of many

plausibleadaptive learningprocedures.

Assuminga simplelinearrationalexpectationsmodelandanalternative learningproce-

dure,it hasbeenshown thatthis learningproceduremayconvergeto equilibriawhicharenot

(weaklyor strongly)E-stable.This meansthat theconnectionbetweenE-stabilityandthe

possibleconvergenceof adaptive learningproceduresis in generalnot asstrongasthat for

theLS algorithm.However, to befair, it mustbeemphasizedthata generalassertionsaying

thatE-stabilityandthepossibleconvergenceof adaptive learningprocedurescorrespondto

eachotheris madenowherein theliterature.So,themessageof thispaperis merelythatone

shouldnot hopefor sucha generalassertionto bevalid.

Surely, onemight raisetheobjectionthattheLS algorithmis a moreefficientestimation

procedurethanthe SG algorithmconsideredhere,suchthat the resultsof the paperareof

little practicalimportance.However, thesimulationresultspresentedhereshow thattheSG

algorithmis a morerobust estimationprocedure,becausecontraryto the LS algorithmit

mayconvergeeven to equilibriawhich arenot E-stable.But whenever it is possibleto use

thecriterionof efficiency in orderto selectamongvariousadaptive learningproceduresit is

by no meansineptto usethealternativecriterionof robustness.

By the way, the paperalsogivesanotherexampleof the problemsthat areassociated

with theselectionof equilibriaby meansof a’learnability’ criterion.While theLS algorithm

givesadefiniteresultin thatatmostoneof thetwo equilibriaof themodelwouldbeselected,

this is not truefor theSGalgorithm.As hasbeenindicatedby thesimulationresultsshown

above(andsomemorethatarenotreportedhere),theSGalgorithmwouldnotselectaunique

16



equilibriumwhenever theARMA solutions(2-b)arestationaryandthewhite noisesolution

(2-a) is at leastweaklyE-stable.Thus,apartfrom the fact that it might not be possibleto

selecta uniqueequilibriumusingsucha ’learnability’ criterion, theremight exist different

but equallyplausiblelearningproceduresthateachselectdifferentequilibria.
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