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Abstract

In this paperthe impactsof incomeand consumptiontaxes are analyzedwithin a

modelof stochasticendogenougronth with congestion.It is shavn thatthe opti-

mal amountof governmentainput diminisheswith uncertaintyandthatthe optimal

financingdependson the relation betweenthe degreesof rivalry and relative risk

aversion. Due to the insuranceeffect associatedvith the taxationof stochastidn-

comeflows, the growth effect of taxationis ambiguous. Thereis a continuumof

optimaltax policieswhich depend®n theassumptionaboutthe governmentabud-

getconstraint. The resultsfor a balancedoudgetare contrastedwith the outcomes
in the settingwith governmentdebt. We demonstratdéhat in both casesthe opti-

mal structureof financinggovernmentexpenditurenot only dependsn the degree
of rivalry, asin the correspondingleterministiccongestionmodels,but alsoon the

degreeof risk aversion.

Zusammenfassung

DasvorliegendePapieruntersuchtlie Auswirkungen/on Konsum-undEinkom-
mensteueim RahmereinesstochastischeandogeneiVachstumsmodellsit Con-
gestion.Eswird gezeigt,dalRdie optimaleMengedesstaatlichbereitgestellterPro-
duktionstktorsmit steigendenkisiko abnimmtund dafRdie optimaleFinanzierung
der staatlichemAusgabenvon der RelationzwischenRivalitatsgradund Risikoaver
sionsgradabhangt. Aufgrund des akkumulationsférdeden Versicherungséfkts
derBesteuerungtochastischdtinkommenskmponenteiist die Wachstumswirkung
der Einkommensteueuneindeutigund es resultiertein Kontinuum optimaler Fi-
nanzierungspolitikerDie Ergebnissédir denFall desausgglichenenStaatshdgets
werdendenjenigengegenibegestellt, die ausder Erweiterungum Staatserschul-
dungalszusatzlichmdglichemFinanzierungsinstruméenesultieren.



1 Introduction

The analysisof a governmentalinput in the endogenougrowth settingdrawvs backon
Barro (1990) and later was adoptedby variousotherauthors(seee. g. Barro and Sala-
[-Martin (1992), Futagami,Morita, and Shibata(1993), Turnovsky (1995a)aswell as
Turnovsky andFisher(1998)). While the assumptiorof the public input aspure public
goodis extreme, more recentpapersrefrain from theserestrictionsand analyzepublic
productioninputs as club goods(e. g. Ott (2000)) or public goods,that are subjectto
congestionlin thefirst case userfeesmaybelevied,in thesecondtasecongestiorcauses
anegative externalityfor theremainingeconomicagentsasrivalry in theuseof thepublic
input takes place (seee. g. Atkinson and Stiglitz (1980), Cornesand Sandler(1996)).
BarroandSala-1-Martin(1992),Futagamietal. (1993), Turnovsky (1993,1995b)aswell
asTurnovsky andFisher(1998)amguethatnearlyall sortsof governmentexpenditureare
subjectto congestionThis leadsto thedevelopmenbf theoreticalnodelsof endogenous
growth thatmake allowancefor this aspect.The policy implicationsof thesemodelsare
thatin caseof proportionalcongestion(i.e. maximumrivalry in the useof the public
input), a distortionaryincometax may internalizethe negative external effect that goes
alongwith increasingindividual production. On the contrary in caseof no congestion,
suchadistortionarytax would causea welfareloss. Correspondinglythe optimal fiscal
policy depend®nthe degreeof congestion.

Moreover, the growth effectsof fiscal policy dependcrucially on the assumptiorof risk.
Stochastiendogenougrowvth modelsshow thatpolicy recommendationdependon the
characteristicef uncertainty The ambiguousmpactof incometaxationin a stochastic
growth modelwith lineartechnologywasfirst discussedy Eaton(1981). Recentcontri-
butionsof Turnovsky (1993,1995b),Smith(1996),Corsetti(1997)or ClemensandSoretz
(1997)analyzegovernmentahctuities in severalstochastiendogenougrowth settings.
Our paperassumesinaggregateincomerisk thataffectsthe macroeconomiequilibrium
in variouswaysandsois substantiafor the efficacy of any tax policy. A risk averseindi-
vidual will take uncertaintyinto accountwithin theintertemporaktonsumptiordecision.
If theagentis sufficiently risk aversethereis amotive for precautionarngaving asdefined
by Leland(1968)and Sandmo(1970)which influenceshe optimal responsen income
taxation.Furthermoretheinsuranceargumentof DomarandMusgrave (1944)aswell as
Stiglitz (1969)gainsimportance Taxationof returnsto risky assetsnayactuallyincrease
thedemandor theseassetdecauseaxationwith full lossoffsetreduceghevolatility of
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capitalreturns.Two counteractingyrowth effectsmaybederived: A decreasé expected
returnleadsto a declinein capitalaccumulationwhereasa reductionin riskinessmay
encouraggrowth.

Our papetinks botheffects,congestioraswell asuncertaintyandcombineghemwithin

amodelof endogenougrowth. A typical congestiorfunctionfrom the publicgoodsliter-

atureis adoptedseee. g. Edwards(1990)or GlommandRavikumar(1994)). Thedegree
of congestiorplaysa centralrole in deducingtheimpactof publicinvestmenbntherate
of accumulatiorof privatecapital. Hence themodelconsiderslifferentmodesof financ-
ing the provision of the public good and enableshe governmentto levy two forms of

revenue:A distortionaryincometax anda non—distortionaryonsumptiortax. To clarify

theimpactof distortionaryincometaxationon the individual behaior the incometaxis

split up into onepartthatis levied on deterministidtncomecomponentsndanothermpart
thatis levied on stochastiancomecomponents.The analysisfirst takes placewithin a
context of a continuouslybalancedoudget. It is thenconfrontedwith theresultsderved
from a settingwith governmentbondsto allow for public debtor surplusego closethe
governmentoudget.Independentrom the assumptionsn the governmentabudgetcon-
straintit resultsthat the consumptiortax amountsto a lump—sumtax thusinducingno
growth effects. Besidesconcerninghe differentiateincometax ratethereexists a con-
tinuum of of optimaltax policies. But the exactformulationof the continuumis strongly
affectedby theassumptionsn the governmentabudgetconstraint.

The structureof the paperis asfollows: After describingthe assumption®f the model
in section2, themarket equilibriumis analyzed Part 4 derivesthefiscalinstrumentghat
allow for optimalfinancingin caseof balancegublic sectorbudget,whereasn section5
theresultsarecomparedwith the settingwith governmentonds. The papercloseswith
ashortsummary

2 Themodd

Theeconomyis populatedoy N identicalinfinitely longliving individualswho maximize
expectedifetime utility asgivenby

oocl—p
U:Eo[/ —eBtdt,} p>0, p#Ll (1)
o 1-p
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Eo denotegshe mathematicaéxpectation conditionalon time 0 information,c(t) is time
t consumptiong Pt representshe discountfactor with the instantaneousate of time
preferencdd > 0. p denoteshemeasuref relative risk aversionandequalghereciprocal
of theintertemporaklasticityof substitution.If thedegreeof relativerisk aversionequals
unity instantaneoustility is logarithmic.

The representatie firm producesa homogeneougiood, y, accordingto the individual
stochastigroductionfunction

y:a(g)k(dt-i—cdz), a'>0, a’<0, o>0. (2)

y denotegproductionper capita,k representshe amountof capital availableto the rep-

resentatie firm. o may be interpretedas productvity function and satisfiesthe Inada—
conditions. g reflectsthe individually available amountof the productve governmental
input G, thusallowing for theintroductionof congestioreffectswithin theanalysis.The

compositionof g will beexplainedin detailbelon. For aconstantelationof g/k the pro-

ductionfunctionis linearin capital,thusinducingongoinggrowth. The introductionof

uncertaintywithin the analysistakesplacewith anotherassumptiorconcerningthe pro-

ductionfunction: In eachtime incrementthe productionis affectedby a Hicks—neutral
technologicaldisturbance. The Wiener processdz(t) is a continuousMarkov process,
i. e.thedisturbancesareseriallyuncorrelateéanddz ~ N(0O, dt). For simplicity, deprecia-
tion is neglected andlaborleisurechoiceis not consideredothatthehouseholdsupply
theirlaborforceinelastically

Theparameteg in theproductionfunctionrepresentthe partof thepublicinput G which
is availablefor individual production.G is provided by the governmentandequalstotal
guantity of the public good. Usually, suchproductve expenditureis identifiedasbeing
expenditureon infrastructure Within this modelthe public expenditures not necessarily
non-rival but, dependingon the parametek, rivalry mayoccur Thisis expressedy the
following congestiorfunction

k

1-¢
_) ’ S [Oa 1]a (3)

—G- kl—EKE—l -G
g (x

whereK denoteshe aggreyatestockof capital. Theterm (k/K)1~¢ represents scaling
down of theaggreyatepublic goodavailableto theindividual dueto congestionThe ab-
senceof any congestior{norivalry) is representetly € = 1, in whichcasethepublicinput



is fully availableto therepresentatie agent,g = G. In this casethelevel of the produc-
tivity functiona andthusindividual outputdepend®nthefractionG/k. Theotherpolar
case,s = 0, correspondgo proportionalcongestion. This reflectsa situationin which
total amountof the publicinputis divided betweerall N individuals.Hence theindivid-
ually availableamountof the public input reduceso g = G/N. This hasconsequences
for productionasproductvity in caseof arisingcongestiordecreasesAn increaseof G
relative to aggreatecapital,K, expandsy in (2) for agivenamountof individual capital,
k. Ontheotherhand,anincreasdn aggre@atecapitalfor givengovernmentexpenditure
lowersthe public servicesavailableto the individual firms, g/k declinesandareduction
of y results? If 0 < € < 1, eq.(3) just representintermediatecasesn which the public
inputis subjectto partialcongestion.

To financethe provision of the publicinput, G, the governmenteviesatax on consump-
tion w aswell asa proportionalincometax. Thelatter consistsof two parts,t andt’ that
aresetseparatelyasin Eaton(1981). This allows for disentanglinghe effectsof taxation
of deterministicandrandomincomeparts.The public expenditureis financedvia therev-
enuegesultingfrom thedifferentiatdncometaxesanda consumptiortax. In thesections
3 and4, thebudgetis assumedo bebalancedn eachtime incrementwhereasn section
5 we allow for public debtandsurplusesThe governmentoudgetthenwill beclosedby
theissuingof bonds.

3 Market Equilibrium and Social Optimum

The representatie agentmaximizesintertemporakxpectedutility while taking tax rates
aswell astheinitial valuesfor capitalky andthe stochastigprocessy asgiven. Formally,
the optimizationproblemmay berewritten as

rrclfax Eo { /0 ) fl__p g Pt dt] 4)
s.t.  dk=[(1-T1)ak— (1+w)c]dt+ (1-1)akadz . (5)

1To posethe assumptiorof congestionjnsteadof the relationbetweerpublic input andprivatecapital
onecouldalternatiely usetherelationbetweerpublicinput andprivateoutput. ThenG would have to rise
accordingto total outputY in orderfor g/y to remainconstant.However, the resultswould be essentially
thesame.



Employing Itd’s Lemmathe stochasti®ellmanequationevolvesto

B = e4nij;—BéﬂJwy+€$U%@K1—ﬂak—UA4@q
+%e&y%mo§ (6)

wherethe valuefunctionrepresentthe maximumlevel of lifetime utility andis assumed
to be of the time—separabléorm e P J(k(t)). The varianceof capitalis givenby o =

E[dz2] /.

Maximizing the Bellmanequation(6) with regardto c andk leadsto the two necessary
conditionsof the optimizationproblem

cP=(1+wJ(K) (7)
Y (K (1- (L —en) — )+ 5" (K)oF
+J"(K)((1—1)ak— (14+ w)c+ (1—1)%a%(1—en)ka?) =0 . (8)

The parametem denotesthe partial productionelasticity of the public input G andis
givenby

000G d'g
1=36a " ak )
Furthermorethe maginal productof capitalaspercevedby theindividualsis givenby
oy _ /9
i (or —€&a E) (dt + odz) (10)

andis influencedby congestioraswell asby risk. If congestiorarisesthe individually
percevedmaiginal productis suboptimallyhighmayinduceexcessvegrowth. Thepolicy
implicationswill bediscussedbelow.

Equation(7) comprisesheusualresultof intertemporabptimizationthatmaminal utility
of consumptioncorrespondso the (weighted)first derivative of the valuefunction and
is equalizedacrosgime. It determineghe accumulatiorprocesgogethemwith (8). The
optimal time pathsfor consumptionand capital dependon the dervatives of the value
functionandform a stochastidifferentialequationin J(k). Hence a maximumof utility
asgiven by the integral (1) is obtainedby determininga function J(k) that solvesthe
first—orderconditions.



For expectedutility to beboundedfeasibleintertemporakonsumptiorpathsrequirethe
following transersalityconditionto be satisfied

lim E [e’BtJ(k)} -0 . (11)

Below, the competitve equilibriumallocationdependingon certainpolicy parameterss
described.Sincethe household$ave constantrelative risk aversionandall parameters
of the model aretime—invariantit is supposedhat capitaland consumptiongrow at a
commonrate(seeMerton(1971)).In this casethe propensityto consumeout of capital,
K, will beconstanin macroeconomiequilibrium

c(t) = pk(t) . (12)
With thisit is possibleto derive a closed—fornmsolutionfor optimalconsumption
B 1
1+wp = 0 +(1-1)a— 5(1—T)G(l— en)
+(1-1)%a%0? (l;zp—er]> : (13)

Public revenuesout of incomeand consumptiontax grow with the sameexpectedrate

as capitaland consumption. Furthermore asall N individuals are identical, aggreate
capital, K, is equalto Nk. Hence,in equilibriumthe ratio g/k in individual production
that determinesa uniquelevel of a aswell asof a’ alsoremainsconstant. Thus, the

productionelasticity of governmentalinput, n, is constantaswell. From this follows

immediately thatthe propensityto consumeout of capitalis time—irnvariantanddepends
ontheunderlyingparameteraswell ason thefiscalinstruments.

The expectedgrowth rateof theeconomy¢, canbe obtainedfrom theindividual budget
constraint(5) togethemwith equation(13)

_Eldk 1

/ 1-p
=g = B((1—T)0((1—sr]) —B)+(1-1)%a%0? (sn — T) . (14)

Thisgrowth rateis determinecndogenouslignddepend®nall parameterghataffectag-
gregatesavings. Besidesjt containsgwo componentsthefirst correspondso the growth
rateof thedeterministiccongestiormodelwhile the secondoartreflectsthe agents opti-
mal responséo technologicatisk.

2Merton (1969) shows that with linear technologythe trans\ersality conditionis equivalentwith the
conditionof a positive relationbetweerconsumptiorandwealth.
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The specificfeatureof a congestiormodelis thatinvestmenin the privatecapital stock
not only increase®utputbut resultsin a secondeffect. It reduceghe ratio of available
governmentexpenditureto individual capital,g/k, andhencethe productvity measured
by a declinesaslong as G doesnot increaseat the samerate as private capital. This
represents negative externaleffect of capitalaccumulatiorthatdrivesa wedgebetween
privateandsocialreturnon capital.

Theexpectedgrowth rate(14) exceeddeterministiagrowth if the secondoartof thesum
is positive. Concerningthe secondterm of the growth rate it becomesbvious that it
is influencedby the underlyingtechnologicalrisk aswell asby congestion.But while
the effect of arisingcongestiondiminishinge) is an unequvocal reductionof expected
growth, the influenceof risk is ambiguous:For sufficiently risk averseagents(p > 1 —
2¢n), the expectedgrowth rateexceedshe onein the deterministicsetting. The contrary
appliesif theagenthastoolow amotive for precautionangaving, (p < 1— 2¢n). Besides,
the tax on permanentapitalincomet aswell asthe tax on transitorycapitalreturnst’
affect expectedgronth. A detaileddiscussiorof the impactof uncertaintyandof fiscal
instrumentdollows in the next section.

Due to the propertiesof the productvity shock, capitalis lognormally distributed and
followsarandomwalk with positivedrift. Startingfrom initial capitalkg attime 0, capital
attimet evolvescorrespondingo®

k(t) = ko el0-30%0%) trac(z(t)-z] (15)

Considemow a beneolentsocialplannerwho maximizeswelfarewhile taking the neg-
ative externality of capitalaccumulatiorarisingfrom congestiorninto account.The con-
gestionfunctionin this caseis obtainedby settingK = Nk in equation(3) andreduces

to
g=GN1 | (16)

Additionally to consumptiorandcapital,the benerolentsocialplannerdecidesaboutthe

optimalamountof governmenexpenditure.Theaccordingnecessargonditionresultsin

(09" = 1~ o (17

3This maybe derivedin analogyto Malliaris andBrock (1982).



which determineghe optimal relation g/k by equatingmaiginal productand mamginal
costof governmentexpenditure. Togethemwith equation(9) andthe congestiorfunction
of theplanner(16) the optimalelasticityn* maybederivedas

. G

T T paoANy 49
with y = E[y]/dt. It is influencedby congestiorvia individual production. The denom-
inatorsin equationg17) and(18) areof the samesign asthe certaintyequivalentof the
stochasticapitalreturn® To ensurefeasiblesolutions the certaintyequivalenthasto be
positive, becausahe maginal productivity a’ is assumedo be positive. Due to the as-
sumptionof diminishingreturns,a” < 0, the underlyingproductvity shockreduceghe
optimal ratio (g/k)* comparedo a deterministicsetting® Under uncertainty the gov-
ernmentalprovision of the public input hastwo impacts: It enhancesot only expected
capitalproductvity but additionallyincreaseshe volatility of capitalreturngivenby oﬁ.
As a consequencdn a societyof risk averseagents,the optimal level of government
expendituredecreasewith arise in uncertainty As long asthe certaintyequvalentof
capitalreturnis positive, the secondnegative) effect of arisein governmentexpenditure
doesnt overcompensatthefirst (positive) effect.

Optimizationof the social plannerleadsto the macroeconomi@quilibrium determined
by

po= g—}-p;la—l—(p—l)orzcz(n*—%) (19)
o = S@a-n)-pratet (-0 (20)

Equations(18), (19) and (20) determinethe social optimum. In the following sections
it will be shavn thatit is possibleto attainthe social optimumwithin in a competitve
economyby the choiceof an optimal policy mix. To evaluatealternatve fiscal policies
thecommandptimumwill sene asreference.

4The certaintyequivalentis o — paa? for the plannersolution. For the determinatiorseee. g. Merton
(1992,p. 45).
5In the deterministicsettingthe optimal elasticityis determinedy a’* = N—¢.



4 Fiscal Policy with Balanced Budget

In this sectionwe determinethe impact of fiscal policy on expectedgrowth with the
assumptiorof abalancedjovernmenbudget.Thereforethemacroeconomiequilibrium
describedn the previous sectionsenesasa basefor comparatre dynamicanalysis.The
expectedgrowth rate (14) reflectsthe optimal responseof the representatie agentto a
givenfiscal policy. We now focuson the growth effects of changesn the differentiate
incometaxesaswell astheconsumptiortax. It resultsthatin the context consideredhere
the effectsof fiscal policy on equilibriumgrowth areambiguousanddo not only depend
onthedegreeof congestiorbut alsoon theindividual attitudetowardsrisk.

Sinceit is assumedhat utility dependsonly on consumptionthereis no laborleisure
choice,andlaboris suppliedinelastically For thisreasortherearenotransitorydynamics
in the underlyinggrownth model. Additionally, we assumegovernmentto changetax
policiesexclusively attimet = 0. Hence theconsequences alternatve tax policiescan
be showvn by directcomparisorbetweerdifferentsteady—states.

Concerningheconsumptiortax ratew, thewell-known resultof intertemporabptimiza-
tion maybederived: ariseof w lowerstheequilibriumlevel of thepropensityto consume
(seeeq.(13)) whereaghe consumptiortax is neutralto accumulation.This canbe seen
asw doesnot appeaiin the solutionfor expectedgrowth rate(14). As laboris supplied
inelastically the consumptiortax hasnoimpacton optimalsavingsandactslike alump—
sumtax.

We now focuson the effectsof changesn the differentiateincometax rates.An increase
in thetax on deterministidncomepartsinducesa reductionin expectedgrowth

0d o

—=——(1-¢en)<0 . 21

Fr p( n) (21)
Sincetaxationof permanenincomereduceghe expectedmaiginal productvity of capi-
tal, accumulatiorof physicalcapitalbecomesessattractve. Thelevel of optimalsavings
decreaseandleadsto a declinein equilibrium growth. This effectis reinforcedif con-
gestionarises® This negative growth effect reflectsthe distortionaryimpactof income
taxationknown from the deterministicsetting.

SNote that a(1 — €n) hasto be positive for feasiblesolutionssinceit representshe expectedprivate
mauginal returnon capital.



In the stochastienvironmentconsideredhere,atax on capitalreturnsaffectsthe meanas
well asthevolatility of capitalincomestreamslf we analyzearisein thetax onrandom
incomepartsambiguougyrowth effectscanbederived

op Ne2e2 (1P S
7 = 2(1-1)a“o — 20

= psl-2en . (22)

Accordingto Leland (1968) and Sandmo(1970), precautionarysavings are definedas
additionalsavings due to the uncertaintyof future incomeflows. The riskinessof fu-
ture incomeflows leadsto two contraryeffects on individual savings. Rothschildand
Stiglitz (1971,p. 69) describethis ambiguityas"[...] increasedincertaintyin thereturn
onsavingswill eitherlower sarzingsbecausea bird in the handis worth two in the bush’
or raiseit because risk—averseindividual, in orderto insurehis minimum standardof
living, savzesmorein the faceof increaseduncertainty”. First, anincreasdn the volatil-
ity of future capital returnscausesa negative substitutioneffect on savzings. To avoid
futureuncertaintymomentaryconsumptions increaseatthe costof accumulationSec-
ond, an income streamwith highervolatility is associatedvith lower expectedutility.
Thisinducesa positive incomeeffect on optimalaccumulatiorto compensatéor theloss
of future utility. Savings areincreasedo equalizeexpectedmarginal utility over time.
Individual optimizationleadsto precautionarngaving if thedegreeof risk aversionis suf-
ficiently high. The positiveincomeeffect thenoffsetsthe negative substitutioneffect.

Taxationof stochastiancomecomponentseduceghe volatility of capitalreturnwhile

expectedreturn remainsunchanged.Whetherthe representatie agentrespondgo de-
creasinguncertaintywith adeclinein precautionarngaszingsor with arisein capitalaccu-
mulationcrucially depend®n the relationbetweerrelative risk aversionandthe degree
of rivalry. If theindividualis sufiiciently risk averse(p > 1 — 2¢en), thereductionin un-
certaintydueto taxationof stochastiagncomewill leadto a declineof savzingsout of the
precautionarymotive. The negative growth effect of the tax on uncertainincomeparts
in this casereinforcesthe growth diminishingimpactof the tax on deterministiaincome
componentslf insteadherisk aversionis sufficiently low (p < 1— 2¢en), thesubstitution
effect dominatesandlower risk dueto anincreasen 1’ inducesa switchtowardshigher
capitalaccumulation.Hence,in this casetaxationof stochastidncomecomponentsn-

creaseghe resultinggrowth rateandleadsto counterworking growth effectsof overall
incometaxation.
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Furthermorethegrowth effect of arisein thetax rateon stochastigncomepartsdepends
on the degreeof congestiong. The parametenf rivalry specifieshe division of uncer
tainty into capitalrisk andincomerisk.” With alower g, theagentsassigra greatempartof
risk to theuncertaircapitalreturn. Thecasewherethenegative externaleffectis maximal,
thatis € = 0, correspondso the situationof purecapitalrisk. Individualshave a motive
for precautionansaving with p > 1, asSandmao(1970)derved. On the contrary if the
governmeninputis apurepublicgood,thatis € = 1, theindividualsperceve only asmall
partof the uncertaintyascapitalrisk. Theremaininguncertaintyappearsasincomerisk
andinducesadecreasn thecritical level of risk aversionwhichis necessaryo displaya
motive for precautionansavings. This leadsto an enlagementof the parametemterval
in which the motive for precautionangaving is relevant.

An optimal tax policy will eliminateary differencesbetweenequilibrium growth (14)
and optimal growth (20). Due to congestionthe private maginal productof physical
capitaldepend®nthedegreeof rivalry of governmenexpenditure AslongasO< e < 1,
therivalry is neitherperfectnor absentandthe private capital returnis higherthanthe
socialone. Within individual optimization,the representatie agentdoesnot take into
accounthis contribution to the aggreatecapital stock. Thus, the reductionof the ratio
betweenavailable governmentexpenditureandindividual capitalis underestimatednd
theincentve for capitalaccumulations suboptimallyhigh. In the caseof a proportional
congestione = 0), the deviation is maximal, whereaswith a pure public good (e = 1)
privateandsocialmarginal productof capitalcoincide.

In oppositeto theresultsin the deterministiccongestiormodel, the desiredreductionof
the growth rate cannotonly be achiezed by a positive tax rate on expectedincome, but
alsoby ataxationof stochastiégncomepartsor amixtureof bothinstrumentsWith regard
to the latter tax parameterthe optimal policy dependson the degreeof risk aversionof
the representatie individual (seeequation(22)). If the agentis sufficiently risk averse,
i. e.if thereis amotive for precautionarnsaving, the decreasén expectedgrowth canbe
inducedby a positive tax rateon stochastiadncomecomponentsOn the contrary if risk
aversionis sufficiently low, a subsidyon randomincomepartsleadsto thedesireddecline
in expectedgrowth.

Equatingthe expectedgrowth ratesof thedecentralize@quilibrium(14) andof thesocial

"This distinctiondraws backon Sandmq1970)andwasappliedto stochastiendogenougrowvth mod-
elsin ClemensandSoretz(1999).
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optimum (20) leadsto the following quadraticoptimum condition betweenthe income
tax parameters

1-Dd-en") £ (1-1)pac? (%"—sn*)

+(1—n*)—pa02<1;2p—n*> (23)

wheren* is evaluatedat the optimallevel of governmentexpenditureasdefinedin equa-
tion (18). The optimal level of the consumptiontax, w*, is thandeterminedesidually
togethemwith thebudgetconstrainbf thesocialplanner Therelationbetweerthetwo tax
parametersanbeexpresseds

dr 2(1—T/)p002(1;2p—8r]*> "
dr — (1—en¥) ' (24)

Thedirectionof this relationagaindepend®nrisk aversionp aswell ason the degreeof
congestiore
dt 1-p

@20 — psl-2en" — 822*

(25)

With sufficiently risk averseagentsthereis a motive for precautionarysaszing. An in-

creasein taxationof uncertainincomereducesthe volatility of capital return thereby
decreasinghe savings out of precautionarymotivesandlong—rungrowth. This nega-
tive growth effect of a tax on stochastiancomepartsreinforcesthe growth diminishing
impactof atax on deterministiincomecomponentsHence,arisein thetax rateon de-
terministicincomecomponents — accompaniedby a negative growth effect— canbe
offsetby a decreasén thetax rateon stochastiancomepartst’. In caseof a sufiiciently

low degreeof risk aversionthe agumentreverses.The level of congestiorinfluencegshe
critical valueof p thatseparatethesetwo casesasalreadywasexplained.

Dueto thedifferentiationof thetax rates thereexistsa continuumof optimaltax policies
whichis shawvn in figure 1. The curve on the left handside captureghe casewith rela-
tively smallrisk aversion(p < 1— 2en), whereaghe secondsubfigurereflectsthe caseof
precautionangaings (p > 1 — 2en).

8In this case the position of the curve may be partly or entirely belov the T'-axes, dependingon the
valueof €.
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Figurel: OptimalFiscalPolicy for smallversushigh relative risk aversion

We now discussthe implicationsof the relationbetweenthe two incometax ratesgiven
in equation(23) for thetwo benchmarlcases = 0 ande = 1. As alreadymentionedjn
the caseof a purepublic good(e = 1) thereexists no externaleffect. Thus,ary optimal
tax policy hasto remainexpectedgrowth unchangedIn this case therelationbetween
the optimaltax ratesevolvesto

e=1 — T(l—r]*)éT’(Z—T’)pO(GZ(l;ZF)—r]*) . (26)

Any taxationof deterministicincomecomponentsnustbe offset by an appropriatetax
rate on stochastidncomeparts(andvice versa)to ensureoptimal growth. If oneof the
incometaxesis ngglected the othertax ratemustbe setzero. This outcomecorresponds
to the deterministicsetting: sincethereonly exists oneincometax parameterin the case
of apurepublic goodthe incometax vanishesandis replacedoy a consumptiortax (see
e.g. Turnovsky (1995a)).

Onthecontrary in thecaseof a proportionallycongestedjovernmentalnput (€ = 0), the
optimality conditionof anincometax canbe describedasfollows

£e=0 = 1=T7(2-7)pac? ;p +n*(1—pac?) . (27)
With the optimallevel of g/k which determineghe elasticityof governmentainput, n*,

givenin (refeta*),this conditioncanberewritten as

TéT’<1—T—I>pao (1- p)+N—C; : (28)
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If theincometax on uncertainincomeis positive, the level of the tax rateT dependon

thedegreeof risk aversion.Sincethegovernmentalnputis characterizedy proportional
congestionthereis a motive for precautionarysavingsif relatve risk aversionexceeds
unity (seeequation(22)). A tax on stochastiancomethenreducessavings. Hence,the

differencebetweensocially optimal and equilibrium expectedgrownth decreaseandthe

optimaltax rateon deterministiancomedeclineswith aincreasingisk. Onthe contrary

if relative risk aversionis lessthanunity, the oppositeargumentappliesandthe optimal

tax rateon expectedncomeincreasesvith uncertainty

In contrastto the deterministiccongestiormodelthe optimalincometax ratet may ex-
ceedthe expenditureratio if thetax ratet’ is positive andrisk aversionis lessthanunity.
Optimalfinancingin this caseimplies a subsidyon consumptiorto balancethe govern-
mentalbudget.A uniformtax rate,thatis T = 1/, doesonly imply afull financingthrough
incometaxationif utility is logarithmic(p = 1). Insofar, it is not possiblyto apply the
outcomef the correspondingleterministicsettingto uncertainty The optimal uniform
incometax rate is overestimatedy the deterministicmodelif relative risk aversionis
greatethanunity andunderestimateth the oppositecasep < 1.

If insteadthe tax rate on stochastiancomecomponentss zero, e. g. becausestochastic
incomepartscannotbe obsenedby the governmentpublic expenditureis fully financed
by the incometax on deterministicincomeparts. The incometaxationreducesprivate
capitalreturnsanddiscouragegronth. Thus,the negative externaleffect of capitalac-
cumulationis internalized. Within this setting, the consumptiontax vanishesbecause
the governmentakevenueout of incometaxationis sufficient to cover the costsfor the
provision of the publicinput.

5 Fiscal Policy with Government debt

In this section,we relaxthe assumptioraboutthe balancedyovernmentoudget. Instead,
the governmentnow may financedeficits by issuingbonds. The value of government
bondsis not necessarilypositive, thatis, governmentmay be a netcreditor Sincepublic

revenuesoutof incometax arestochastiavhereagpublic expenditures deterministicthe

valueb(t) of governmentondsis stochastic.

The value of bondsis measuredn units of outputandthey are characterizeds perpe-
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tuities payingan uncertainreal return. The expectedrateof returnis givenby i, andthe
stochastiqorocessof bondreturnis dz,. Thus,the value of governmentbondsevolves
accordingto

db= %Hb—wk—wc dt +bdz, — Takodz . (29)

With theseassumptionsthereis an additionalportfolio decision. The household$ave
to decidewhich partsof individual wealth,w, they wantto investin physicalcapitaland
in governmentbonds. We assumehatwealthis entirely distributedinto the two assets.
Thus, with the portfolio shareof physicalcapital denotedby n, the portfolio shareof
governmentoondsis 1 —n.

As individualwealthis the sumof thetwo assetsthewealthconstraintresultsin
dw=[(1-1)anw+i(1—nw— (1+w)cldt+ (1—1)anwodz+ (1 —n)wdz, (30)

andthe optimizationproblemis to maximize expectedutility (1) subjectto the wealth
constraint(30). The Bellmanequatiomow is

B = e—BtCT: —Be P I(w) + &P (W) [(1— T)anw+i(1— n)w— (1+ w)c]
e (W) o (31)

with oy, denotingthe standarddeviation of wealth. Intertemporalutility is maximized
with respecto consumptionyealthandthe portfolio shareof physicalcapital,resulting
in thenecessargonditions

cP = (14 w) Y (W) (32)
¥ (w) (1-T)an(1—en) + (1- n)u—B)+§J"'< W)}

+J3"(w) <(1—T)an+i(l— nw— (14 w)c+ 5") (33)
JW) [(1-1)a(1—en)w—iw]+J"( )%:O : (34)

Optimal consumption(32) togethermwith the conjectureof a constanfpropensityto con-
sumeoutof capital(12) leadto specificfunctionsfor thederivativesof thevaluefunction.
Additionally, we supposéhatin steady—statéhe portfolio sharesare constant.Thatis,
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all assetgrow with the sameexpectedrateandfurthermorethe evolution of the stochas-
tic processess equal. Hence,the equilibrium stochasticprocessof the real return of

governmentondsis
ao

“1-n
Togetherwith the arbitragecondition (34) for optimal portfolio choicethis implies the
steady—statealueof expectedrealreturnon bond$

dz, (1-(1-1)n)dz . (35)

pa2o?

i=(1-1)a(l—en)— T=n

(A-1)2-(2-nen)-1) . (36)

Using theseinformationsin the necessargondition(33) leadsto the ratio betweencon-
sumptionandcapital,un, is givenby

1+wpun = §+ p%l(l—t)a(l—sr]) +(1-1)aenn

—|—0(202((1—T’)(1—sr]—p(l—(l—n)sr]))—l—p%l) . (37

andis constanin steady—statsincethe productionelasticityn aswell asportfolio choice
areconstantNow it is possibleto determineaxpectedgrowth out of equation(30)

E[dw] p+1

—Z%((l—T)G(l—Sn)—B)JraZGZ( 5 (1—T’)(1—€ﬂ)> (38)

0 wdt

andtheresultinggrowth effectsof tax policy are

o _ o,
% = —p(l en) <0 (39)
9 20,
P a“c“(1—en) >0 . (40)

Thetaxationof deterministiitncomecomponentseadsto the growth diminishingeffect
describedn the last section. This outcomeis independenof the assumptioraboutthe
governmentudgetconstraintandreflectsthe reductionin netcapitalreturn.

A rise in the tax on stochastiancomecomponentseduceshe volatility of the netre-
turn on capital while the expectedreturn on capital remainsconstant. Thus, taxation

9This outcomeonly appliesif n# 1. In the casen = 1, the valueof governmentbondsis zero,b = 0.
This implies no taxationof stochasticapitalreturns,t’ = 0, andno stochastigrocesof returnon bonds,
dz, = 0. With this setting the expectedreal returnon bondsis i = (1—1)a(1—&n) — pa?c?(1—en).
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of stochastiaccapitalreturnsinducesthe reverseof a meanpreservingspreadasdefined
by RothschildandStiglitz (1970). Therisk associateavith the aftertax returnon capital
decreaseandcapitalaccumulatiorgetsmoreattractvefor arisk averseagent.Thisinsur
anceargumentwasfirst discussedby DomarandMusgrave (1944)andfurtherdeveloped
by Stiglitz (1969). Sincetaxationwith full loss—ofset reducegshe varianceof returns,
it may increasethe demandn risky assets.Hence,with the assumptiorof government
bondswhich balancethe governmentbudgetconstraint,the growth effect of the tax on
stochastiancome componentshangessubstantially It doesnot longerdependon the
motive for precautionargaving, but is now unambiguouslyositive 10

With theseresultswe now candetermineoptimalfiscal policies. For a welfaremaximiz-
ing policy, the equilibrium growth rate hasto equalizeoptimal growth asdeterminedn
equation(20). Thisimpliesthelinearrelationship

*

1= pac?t + nl(—lisr]?(l_ pac?) (41)
betweenthe tax rateson deterministicand stochastidncomecomponents.The produc-
tion elasticityn* is evaluatedat the optimal level of governmentexpenditureas given
by equation(18). As in the last sectionwith balancedyovernmentbudgetthereresults
a continuumof optimaltax policies. But the relationbetweerthe optimal tax ratesnow
is unambiguoushpositive. This reflectsthe unambiguouslyositive growth effect of the
taxationof stochastiancomecomponentsStartingfrom anoptimal tax policy, arisein
thetax rateon deterministiancomeleadsto adeclinein expectedgrowth which only can
becompensatetly athe positive growth effect of anincreasan thetax rateon stochastic
income.

Condition(41) for the optimality of fiscal policy is shown in figure 2. Thetwo parallel
linesshaw thespecialcaseof apurepublicanda pureprivategood. Theremainingcases
(0 < € < 1) arefoundin between For feasiblesolutionsthe slopeis lessthanunity ascan
beseerfrom equation(17). Thethird line (1 = 1) reflectsthe caseof uniform taxationof

deterministicandstochastiagncomeparts.

10This differencein the outcomess alreadyknown from other stochasticendogenougrowth models
with taxation. Independentlyfrom the assumptiongboutthe productionfunction, the growth effectsare
ambiguousslong asthe public budgetis continuouslybalancedseee.g. Smith(1996))andgetunambigu-
ouslypositive with theassumptiorof governmenbonds(seee. g. Turnovsky (1995achapterl4), Clemens
andSoretz(1997)).
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Optimal Taxationfor € = 0

Optimal Taxationfor € = 1

Figure2: Optimalfiscalpolicy with governmentonds

If thereis no congestior(e = 1), uniform taxationof deterministicandstochastiagncome
(t=1') impliestheabsenc®f any incometaxation.This outcomereflectstheresultin the
deterministicsetting,whereoptimalfiscal policy in the caseof a purepublic goodleads
to completefinancingof the public input via a consumptiortax. But with a differentiate
incometax, thereis neverthelessa continuumof optimaltax policies. All fiscal policies
which meetequation(41) are equivalentwith respectto expectedintertemporalutility.

The higher the taxation of averageincome, the higher the taxationof randomincome
mustbe. Condition (41) ensureghat the distortionaryimpactof a positive tax rate on

deterministiancomecomponentss offsetby the growth enhancingnsuranceeffect of a
positive tax rateon stochastiGncomeparts.

If insteadproportionalcongestiorarises (€ = 0), the equilibrium growth rateis subopti-
mally highandcanbereducedvia incometaxation.Usingcondition(18) leadsto

2.1 G

e=0 = t:paor-i—N—)T . (42)
A policy without taxationof stochastiégncomeparts(t’ = 0) is optimalif governmentex-
penditurds fully financedoy thetaxationof deterministiancome.Insofarit is possibleto
replicatetheresultof thedeterministianodel. If insteadhetax rateon stochastiencome
is positive, thisincreaseshe optimaltaxrateon deterministiancome.In particular in the
caseof auniformtaxrate(t = 1’) the correspondingleterministicsettingunderestimates
the optimalincometax rate. Thereasonis thattaxationof uncertainncomecomponents
leadsto anincreasan expectedgrowth, driving it away from the Pareto—optimagrowth
rate. Hence the tax rateon sureincomepartshasto be higherto compensat¢his addi-
tional positive growth effect.
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If congestions neitherabsentmor complete(0 < € < 1), the line of optimal tax policy
is situatedin betweenthe two linesin figure 2. Again, thereis a continuumof optimal
fiscal policies, with positive relation betweenthe two tax rates. The suboptimallyhigh
equilibrium growth rateis reducedvia taxationof deterministicincomepartsandin the
caseof apositivetax rateon stochastiagncomethe growth enhancingnsuranceeffecthas
to becompensateddditionallyby a highertax rateon expectedncome.

6 Summary

This paperanalyzesvithin adynamicmacroeconomicontext thegrowth effectsof tech-
nologicaluncertaintyanda productve governmentalnput which may be subjectto con-
gestion. The formal frame is a stochasticendogenougrowth model with productive
governmentpendinghatis financedby differentiatesncome—-andconsumptiortaxes.

After describinghe setupof the modelthedecentralize@quilibriumis derived. An anal-
ysis of the effects of differentfiscal policiesfollows. Due to inelasticsupply of labor,
taxationof consumptiondoesnot affect economicgrowth. This well-known featureis
unchangedby congestioror uncertaintyandthe consumptioriaxamountgo alump—sum
tax. Concerningthe tax on expectedincome,the following resultis derived: Indepen-
dentof congestioror uncertaintyarise in the tax on deterministicincomepartsleadsto
a decreasen the expectedgrowth rate and thus reflectsthe distortionaryeffects of in-
cometaxationin adeterministiccontext. However, theanalysisof theimpactsof ataxon
stochastiadncomecomponentss more sophisticatecdindthe growth andwelfare effects
areambiguous.Dependingon the degreeof risk aversionand henceon the motive for
precautionarysavings a highertax on risky incomemay increaseor decreas@accumula-
tion.

Congestionnfluenceshe maiginal productof capitalandthe individualshave too great
anincentve to accumulationTaxationof the stochastiegncomepartsin this context may
be oppositeto the incometax in a deterministiccontext: It may rise the sub—optimally
high growth rateanddiminish welfare,dependingon the degreeof risk aversionand of
congestionA comparisorof optimalandexpectedyrowth rateleadsto arelationbetween
the optimaltax rateson deterministicandstochastiagncome. It is shaovn thatfor optimal
fiscal policiesarisein thetax on deterministiaincomemay be offsetby a decreaser an
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increasdan thetax rateon risky incomedependingon the degreeof risk aversionandof
congestion.

Theseresultsare contrastedwith the optimal policy outcomesin caseof government
bonds.Theassumptiorf acontinouslybalancegublicbudgetis droppedn thelastsec-
tion of the analysis.This changegheimpactof taxationof uncertainncomeon growth.
Becausef theinsuranceeffect atax on stochastiégncomepartsunambiguouslyncreases
expectedgronth. Neverthelessthe growth effectsof taxationof expectedanduncertain
incomecomponentareoppositeandagaina continuumof optimaltax policiesresults.
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