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Abstract

This paperemploysa stochasti@ndogenougrownth modelwith productive gov-
ernmentexpenditureto analyzethe macroeconomieffectsof incometaxation. We
demonstratehat in the presencef capitalandincomerisk the impactof taxation
on consumptiorchoiceaswell ason economiogrowth is ambiguousasit affectsthe
meanaswell asthe varianceof disposabléncome. We obsere that the effects of
taxationcrucially dependon the degreeof risk aversionandon the capitalincome
share. Neverthelessit is possibleto solve for welfaremaximizing policies. Com-

paredto thedeterministicsetting,for theoptimalpolicy designadditionalconditions
have to be met.
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1 Intr oduction

This paperis concernedvith the macroeconomieffectsof governmentexpenditureand
taxationwithin the context of a stochasticendogenougrowth model. In extendinga
widely—usedframewnork, namelythe Barro (1990) modelof productve governmentex-
penditure,with aggreate productvity shocks,we demonstratehat the introductionof
technologicalincertaintyhasinterestingmplicationsfor optimalfiscal policy.

Themultiplicative disturbanceés assumedo bea stochasti¢renddescribedy ageo-
metric Brownian motion, which is the continuous—timeorrespondenb a randomwalk
with drift. Underthis assumptiorthe aggreateincomerisk affectsthe macroeconomic
equilibriumin severalways. First, the individual will respondo uncertaintywithin her
optimalintertemporakllocationof consumptiomandsaving. If the agentis sufiiciently
risk averseshewill decreas¢herateof consumptionn favor of additionalsasings. This
motive for precautionarysavingscanbe regardedas self—-insurancen capital markets
over time andwasfirst discussedby Leland(1968)andSandmq1970),or morerecently
by Kimball (1990),Weil (1993),Xu (1995)andSmith(1996a).

Next, it is well known from moderngrowth theorythatthegrowth rateof theeconomy
is endogenouslyeterminedy thefactorsthataffect aggreatesavings. Hence produc-
tivity shockshave to be takeninto accountto the extentin which they impacton capital
accumulatiorandgrowth.

Third, theissueof efficacy andoptimality of fiscal policy hasto be addressedaswe
dealwith the stochastioversionof the Barro (1990)model. From DomarandMusgrare
(1944)or Stiglitz (1969)it is well-knawn that taxationof risky assetsnay actuallyin-
creaseéhedemandor theseassetsln this context, taxationof incomesn orderto provide
publicgoodsmayresultin counterworkingeffectson the growth rateof theeconomy:on
the onehand— asknown from the deterministicsetting—, taxationhasa distortionary
effect and suppressegrowth. On the otherhand,taxationprovidesan insuranceasthe
governmenparticipatesn individualincomerisk. Thiseffectmaybegrowth encouraging
andwaslately discussedby Turnovsky (1993)andSmith(1996b).

In the Barro (1990)modelof endogenougrowth agentsneglectthe productvity en-
hancingeffect of governmentexpendituresfor instanceof publicinfrastructure.Hence,
the competitvely chosengrowth ratefalls shortof the socially optimal one. The contri-
butionsof Cazzaillan (1997),Corsetti(1997)and Turnovsky (1997)aredevotedto the
analysisof public spendingsandtheir role in a stochasticallygrowing economy While
Cazzaillan (1997)focuseson externalitiesof public goodsin the productionand con-
sumptionsectorsCorsetti(1997)stresseshe functionof governmentoondsin the deter
minationof optimalfiscal policy. The mainaspect®of the analysisof Turnovsky (1997)
aretheeffectsfrom stochasti@ndnonstochastigovernmenpurchaseandtheinteraction
betweerrisk andcongestionThe presentipproachdiffersto theirwork in thatwe expli-



citly takelaborinputsinto account.In termsof Sandmq1970),agentsn theeconomyare
thenexposedo two kindsof risk, namelycapitalrisk andincomerisk. Togethemwith the
stochastidncreasingreturnstechnologyof the Barro modelthis givesrise to nontrial
implicationsfor the designof the optimaltax—scheme.

The paperis organizedasfollows. Section2 developsthe modelanddetermineghe
macroeconomiequilibriumfor the decentralize@&conomy In section3 the correspond-
ing conditionsfor the commandoptimumarederived. Section4 discusseshe macroe-
conomiceffectsof a changen thetax rateandaddressethe questionof optimalfiscal
policy. Sections concludesTechnicaldetailsarerelegatedto the AppendiceA andB.

2 The Model and Individual Optimization in the Decentralized
Economy

We assumean economypopulatedoy a continuum|0, 1] of identicalinfinitely—livedin-
dividualswho producea homogeneougoodaccordingto the stochasti®Cobb—Douglas
technology

dY(t) = yK(O) L) G(t)* = (dt + dy(t)). 1)

K(t) denoteghe privatelyownedcapitalstock. Thereis no populationgrowth. Laborin-
putL(t) is suppliedinelasticallyandnormalizedo unity. TheinstantaneousutputdY (t)
is subjectto an aggregatemultiplicative productvity shock. dy(t) is a serially uncorre-
latedincrementto a standardWiener processwith zero meanandvarianceo?dt. The
productionfunction of a typical producerdisplaysconstanteturnsto scalewith respect
to physicalcapitalandlabor. For simplicity, depreciationis neglected. Following Barro
(1990)the governmentprovidespublic servicesG(t) to individual firms. Theseservices
may be identified as expenditureson infrastructureand display the characteristic®f a
pure public good, i. e., are assumedo be non-rval and non—ecludable. Hence,we
do notdiscusscongestiorasBarroandSala-I1-Martin(1992)or Turnovsky (1996,1997).
Publicspendingsmpactdirectly on productvity of physicalcapitalthusassuringpngoing
growth. Yet,agentsn thedecentralize@conomymispercere this productvity enhancing
effectontheaccumulabléactor.

Accordingto the productvity shocksgeneratedy the above describedcontinuous—
time geometridBrownianmotion, theflow of governmenexpenditures givenby

dG(t) = G(t) (dt + dy(t)). @)

Thegovernmenimposesaconstantaxof T € (0,1) on capitalandlaborincomesn each
time increment.The stochastigprocesof governmentevenuess representedy

dT(t) = TdY(t). (3)



The agenthastwo ways of savzing income: buying risklessbondsor investingin risky
physicalcapital. ThesafeasseB(t) offersasureinstantaneouandconstanyieldi. Bonds
areconsideredo be perpetuitiesWith payoutseinvestedandcontinuouslycompounded
B(t) followsthedifferentialequation

dB(t) = i B(t) dt. (4)
WealthW(t) is the sumof the holdingsof the two assets
W(t) = K(t) + B(t). (5)

The identicalhouseholdsire characterizedby a time—separabletility functionin con-
sumptiononly. Ey denoteghe mathematicaéxpectationconditionalon time O informa-
tion andp is therateof time preferencepositive by assumption.

The objective of a typical agentis to selecther rate of consumptioraswell asher
portfolio of assetsn orderto maximizethe expectedvalueof lifetime utility accordingo
thefollowing programtaking pricesandthetaxrateasgiven

oo P8 = Ep / ) e P dt (6)
s.t. dW(t) = —K(t)+(1-1) (rK(t) + w) —C(t)] dt +dw  (7)

with K(0) = Ko > 0 given, r the pre—taxrate of returnon physicalcapital, w the wage
rate,andthe stochastiprocesof wealthgivenby dw = (1 — 1) (rK(t) + w) dy.

ConsumptiorC(t) is assumedo beinstantaneouslgeterministic.The currentperiod
utility functionU [C(t)] is strictly concae andof theisoelastidorm

=Ct)P  p>0,p#£1
Vicml = { inC(t) o1 | ®

Theparametep denoteghe Arrow/Pratt—inde of constantelative risk aversion.

LetV[W(t),t] representhemaximumfeasiblelevel of expectedifetime utility. Posit-
ing thetime—separabléorm V|[W(t),t] = e Pt J(W), applicationof It6’s Lemmaleadsto
thefollowing objective function

Crrﬂ(aV)\(IL =UC) e P+ Vi+Mv[i(W—K)+(1—1) (rK+w) —C] + %VWWO\%,. 9)

!For notationalcorveniencehe (t) partof thevariabless omitted.



The optimality conditionswith respecto C, K andW are?

0=U'(C) = J'(W), (10)
. 100y .,
0=J(W)[r(1-1)~i]+3 523" (W), (11)
0= (W) (i~ B) + (W) [i(W —K) + (1-1) (rK + @) - C 4 23"(W)G%,  (12)
E (dw)?

with thevarianceof wealthgivenby 63, = =g~

Condition (10) displaysthe well known resultof equalizedmarginal utility of con-
sumptionover time anddeterminesheaccumulatiorprocesgogethemith (12)3. Condi-
tion (11) setsup the optimal portfolio choice.

The optimaltime pathsfor consumptiorandthe portfolio choicearefunctionsof the
derivativesof thevaluefunctionandform a stochastidifferentialequationin J(W). The
solution strat@y is trial anderror, finding a function J(W) that satisfiesthe optimality
conditions. As householdbehaior is characterizedy constantrelative risk aversion,
by following Merton (1971),we first conjecturethatin macroeconomiequilibriumcon-
sumptionis a constanttime—invariantfractionof wealth.

C(W,t) = pW(t), (13)

whereu denotegshemaiginal propensityto consumeutof wealth. Secondwe guesghat
in steadystatethe portfolio sharesarealsoconstantsuchthat

dw(t) dK(t) dB(t)
w(t) K@) B

Theresultdrom individualoptimizationcannow beemployedo determinghemarket
equilibrium. To derve macroeconomiequilibriumconditions|t is necessaryo establish
thegovernmenbudgetconstraintIn every periodof timethegovernmentrunsabalanced

budget.If we donotallow for publicdeficitsor surplusessin ClemensandSoretz(1997,
1998)or Corsetti(1997),governmentspendingequalrevenueout of taxation,suchthat

G(dt+dy) = 1(rK + w) (dt + dy). (15)

(14)

Theaggreateresourceconstraintof the economyincludesinstantaneouslgeterministic
consumptiorandgovernmentexpenditureasdefinedin (2). Marketclearingrequires

dK = dY — dG — Cdt. (16)

ZFurthermorethetranS\ersalityconditiontlm E: [J(W)e®] = 0 hasto besatisfiecto assurethatlife-
time utility is bounded.

3Condition (12) replacesthe Bellman equationthat is usually usedin this kind of setting. Sincewe
aredealingwith suboptimaloutcomesn the decentralize&conomyandincreasingeturnsto scaleon the
aggrgatelevel, Bellman’s principleof optimality cannotbe appliedhere.
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We assumeperfectcompetitionin the factor markets. The factor returnscanthen be
obtainedby usingthe first—orderconditionsof the firm problem. In the decentralized
economyagentsgnoretheproductvity enhancingffectof publicexpenditureson private
inputs. The pre—taxvaluesof the rental rate of physicalcapitalandthe wagerate are
determinedy theusualmamginal productvity conditions

r=ayKe-1gl-o, (17)
w=(1—a)yKGC. (18)

Givenmarketreturns theequilibriumvalueof public spendingganbederivedfrom (15)
G* = (1y)3 K. (19)

From (19) it is obviousthattheresultsfrom the deterministicBarro modelextendto the
stochastisetting.

With identicalindividualsnettradein assetwill bezero. All agentsareaffectedby
the technologicalisturbanceo the sameextent. Underthe additionalassumptiorof a
closedeconomytheaggr@atestockof physicalcapitalequalsaggreatewealth,K = W.
If we now employthefirst—ordercondition(11) togethemwith the conjectureor optimal
consumption(13), capitalreturn (17), the wagerate (18), and the equilibrium amount
of governmentexpenditureg19) the certaintyequialentof real aftertax capitalreturn
becomes

i=aya (1-T)Ta (1—py%02(1—T)T13_u>. (20)

Dependingonly onthe exogenouslygiven parametersf the model,the sureinterestrate
is constantasassumedbove. From (20) follows thatthe risk—freeinterestrateandthe
realrateof returnon equitydiffer to theamountof therisk premium.

Given the functional forms of technology(1) and of instantaneouselicity (8) the
first—orderconditions(10) and(12) togethemwith the guesg13) canbe usedto obtaina
closed—formsolutionfor the propensityto consumeout of wealth

Individual consumptions atime—invariantfunction of the exogenouslygivenparameters
of themodel. The consumption—wealthatio is constanin steadystate thusconfirming
theconjecturestatedabove.

The relationfor optimum consumption21) togetherwith the marketclearingcon-
dition (16) cannow be appliedto solwe for capitalaccumulation. Taking expectations
allowsfor thedeterminatiorof the stationarygrowth path.Note,thatdueto theproperties
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of theunderlyingstochastiproces<€ [dy] = 0. Theexpectedgrowth rateof theeconomy

Y= L{E—(Sﬁ} canbederivedasfollows
21-a) (p+1

(T — a) . (22)
The growth rate of the economyis determinedendogenoushand dependson the fac-
torsthataffect aggre@atesavings. It is the sumof two componentsThe first equalsthe
growth rate known from the deterministicBarro model. The secondreflectsindividual
responseo aggreatetechnologicatisk. Fromthis canbe seenthatcurrentshocksmay
have long-lastingeffects on macroeconomitrend. The expectedgrowth rate will ex-
ceeddeterministiogrowth if the agenthasa motive for precautionangaving, aswasfirst
postulatedoy Leland(1968)and Sandma(1970). The sign of the secondermin (22) is
influencedby theagents attitudetowardsrisk andby the sizeof the capitalincomeshare
a. Hencejn this setting self-insurancen capitalmarketsvia precautionargavingsdoes
not only dependon the individual degreeof risk aversion. This is dueto the fact thatin
contrastto Corsetti(1997)and Turnovsky (1997)we explicitly includedlaborinputsin
our analysis.n this casetheindividual doesnot only facerisky capitalreturnsbutis also
exposedto anincomerisk. Sincewe consideredaborto beinelasticallysupplied there
areno transitionaldynamicsandthe economyimmediatelyenterssteadystategrowth.

Y=— {aya(l T)TO‘ —B}Jro ya(l 1)21

3 Command Optimum

In thedecentralize@conomythe agentseglectthe productvity enhancingeffect of gov-
ernmentexpenditure. Only the privatemaiginal productof capitalentersinto the deter
minationof optimalindividual investmentandthereis a wedgebetweerprivateandso-
cial returns.Considemow a beneolentsocialplannerwho maximizesherepresentate
agents welfareaccordingo (6) while takingaccounif this distortion.

Underthis conditionthe equilibriumvaluesof the key macroeconomieariablescan
bederivedasfollows®. Thecertaintyequivalentof risky capitalreturnbecomes

i"=(1- T)yut a (1 po yu(l )T cxa). (23)
The propensityto consumeput of capitalis givenby

* B p_ 3 ~ _ = 3
o= P Bt 1oyt o (1o Spotyt -0 e . (24)

4Thedeterminatiorof the optimalvaluesis providedin AppendixA.




andthe expectedgrowth rateof theeconomycanbedeterminedas

1 1 1-q 1 1 2(1-0)
W =2 [0y T ety (p- (1T e (25)
A comparisorbetweer(22)and(25) shavsthatit is by nomeansbviousthatthestochas-
tic settingdisplaysthe samecharacteristicasthe deterministidBarromodel. Thegrowth
rate determinedby the socialplanneronly exceedsthe competitvely chosenoneif the
following conditionholds:

Proposition 1 Theexpectedgrowth rate of the commandptimumis larger thanthe ex-
pectedgrowthrate of thedecentalizedeconomynlyif the certaintyequivalento capital
returnis positive

P> = 1>podya(l-T)Te. (26)

For feasiblesolutionsof the modelthereis arestrictioneitheron the sizeof thevariance
of thetechnologicablisturbancer on the measuref relative risk aversior?.

4 MacroeconomicEffects from Tax Policy

Themacroeconomiequilibriumof thedecentralize@conomydeterminedn theprevious
sectionnow allows for the analysisof tax incidence. The main objectve is to examine
whetherthe stochastidBarro modelreplicatesthe implicationsfor (optimal) tax policy
known from the deterministicsetting. The equilibrium valuesof the expectedgrowth
rate,the propensityto consumeandthe sureinterestrateform a systemthatcompletely
describesheequilibriumallocationfor a givensetof fiscalintervention. Taxationaffects
thesemacroeconomivariableswofold. Considethefollowing definitions: f1(1) = 1—1
and fa(1) = T'a . Thederiativeswith respecto the tax rateareeasyto calculatewith
f1(t) < 0andfj(t) > 0. For agraphicalillustrationseefigure 1. Thefirst, f1(1), stands
for thedistortionaryeffect of taxationon accumulationHere,arisein thetaxrateusually
goesalongwith a decreasen aftertax capital return, thus discouraginggrowth. The
second,f,(1), representshe positive effect of anincreasen the governmentspendings
shareG/Y onmamginal productvity of physicalcapitalthatusuallyis accompaniethy an
increasen accumulation.

However, from the equilibriumvaluesof the macroeconomiwariableswe learnthat
the usually obsered effectsjust hold for the deterministicparts. If we look at the dif-
fusioncomponent#t is obviousthatthe growth andconsumptioreffectsof a changen

51t canbe shavn thatthis propositionis alsonecessaryor the trans\ersality conditionto be met. An
equivalentresultcanbederivedfor the stochastiozersionof the Arrow—Romer(1986)model,cf. Clemens
(1997).
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Figurel: Contraryeffectsof taxation

f1(1), f2(1) crucially dependon the sizeof the degreeof relative risk aversionandof the
capitalincomeshare.

In general,the agentsrespondto uncertaintywith a changein their intertemporal
consumption—sangs decision. Due to the productvity shockfuture labor and capital
incomeflows are random. As can be seenfrom the definition of the growth rate (20)
second—ordeeffectsfrom the varianceof the productvity shockhave to be takeninto
account.The second— stotastic— termis positive if the agenthasa motive for pre-
cautionarysavings. In this case%(p+ 1) > a, thatis, the intertemporaincomeeffect
dominategheintertemporasubstitutioneffect. For high degreeof risk aversiontheagent
dislikesdeviationsfrom a uniform patternof consumptiorover time. He triesto smooth
consumptiorflows by increasingsavings.

Dueto Sandmq(1970),a precautionarynotive out of (labor)incomerisk ariseswith
decreasingabsoluterisk aversion. A constantdegreeof relative risk aversion(p > 0)
satisfiesthis condition. In contrastto this, uncertaintyin capitalincomesonly causes
precautionangavings for an attitudetowardsrisk sufiiciently high (p > 1). Becausehe
agentf ourmodelareexposedo incomeaswell asto capitalrisk, themaigin whereboth
intertemporakffectsexactly offset, 3(p+ 1) = a, liesbelow p = 1, Vo € [0,1), whichis
the caseof logarithmicpreferences In this casethe diffusion componenvanishesand
therisk averseindividual behaeslike arisk neutralone.

If thethird case,%(p + 1) < a, occurs theintertemporabubstitutioreffect outweighs
the incomeeffect. This situationis accompaniedy a situationwhere growth of the
stochasti@conomyevenfalls belov growth of thedeterministicscenarioTherisk averse
individual respondso theaggrgateproductvity shockswith anincreasen consumption
above the certaintylevel.

Following Campbell(1996)empiricalevidencesuggests relatively high coeficient
of relative risk aversion. For this reasonwe will restrictour analysisto precautionary

6ThisresultmakesplainthedifferencebetweerthemodeldevelopedhereandthestochastiAK—model,
whereonly capitalrisk is considereqTurnovsky 1995,Ch. 14).
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Figure2: Macroeconomieffectsof achangedn thetaxrate,p =1

saving, which is definitelygivenfor ary p > 1. Thisargumentis supportedy Caballero
(1990)or Hall andMishkin (1982)whoseempiricalfindingsindicatea strongmotive for
precautionargaings.

Figure 2 illustratesthe differencesbetweenthe macroeconomiovariablesof the
stochastiandthe deterministicsettingfor logarithmicpreferencesThe solid line rep-
resentghe stochasticecentralize@conomythedottedline the correspondingaluesfor
the decentralizedleterministicsettingandthe dashedine the stochasticommandopti-
mum’. Fromthe growth rateandthe propensityto consumet becomesbviousthatthe
agentincreasesavingsin favour of a smoothconsumptiorpatternovertime.

Let usnow turnto the macroeconomieffectsof a changen thetaxrate. The central
point of interestwill be the questionof optimal, i. e. welfare maximizingpolicy. It is
necessaryo considetifetime utility of arepresentatie agentasspecifiecby (6) evaluated
alongthe competitvely chosenpath. Accordingto the closed—fornmsolutionsdescribing
macroeconomiequilibrium,individual welfarecanbe derived asfollows 9

pl-P

VIK(0),0] = (27)

K(0)*°
—0 2 20q)\ -
L= B-(1-p) (w-gpodyi(1-1p2r e )
From (27) it canbe seenthatthe effect of ary tax policy on welfarecanbe assesseuh
termsof its impacton the propensityto consumeand the expectedgrowth rate of the

"Theparametevaluesweresetasfollows: a = 0.35,8 = 0.05,y= 2,0 = 0.76.
8For detailsseeAppendixB.
9For the denominator{N} of (27) the following conditionshasto be metin ordernot to violate the

trans\ersalitycondition: {N} := B— (1—p) - (L]J— %pozyé (1- T)ZTZ(lt;a)) > 0.
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economy Ceterisparibus, welfareincreasesn both, but additionallythe indirect (nega-
tive) effect from consumptioron growth hasto betakeninto account.As agentseglect
the productvity enhancingeffect of public spendingswvithin individual optimization,an
optimalpolicy will thenbe characterizedy a tax—scheméhatequatesnamginal (social)
costsof governmentexpenditureto its marginal benefits.

The impactof changesn the incometax rate on the expectedgrowth rateandcon-
sumptionchoiceis givenby

O _ ok (12120 ) 9 ogryd (oot (PEL
E_VT < 1) {p+20y (1-1)1 ( 5 0(>], (28)

T a
O 1 1a/l-T l-a p—a 2,1 La p+1
a_y T (T-T—l)-{T+20 ya (1-1)T (O(_Tﬂ' (29)

From(28) and(29)it canbe seenthattheresultsfrom the deterministicBarromodelare
notnecessarilyalid in thestochasticontet. For T,y > 0, thederivativesof the expected
growth rateandthe propensityto consumewith respecto 1 arethe productof two terms.
Thefirst termin bracketsequalsthe derivative known from the nonstochasticase.The
secondonereflectsthe stochasticelementsoriginating from the model extension. The
optimalvaluescanbefoundby settingthedervativesto 0. Theresultis:

Proposition 2 Theexpectedyrowthrate of theeconomyattainsoptimalvalueseitherat
T"=1-aq (30)

or (1—1)-113_(’ = a (31)

 2p02ys (a—B5)

Condition(30) correspondso the resultsknown from the original model. The expected
growth rateattainsamaximumwhenthedistortionaryeffectfrom incometaxation, f1 (1),
exactly offsetsthe capital productvity enhancingeffect of an increasein government
expenditures,fa(1). The secondconditionis a polynomialin a andrequiresnumerical
solution.

Equwalentresultscanbe derivedfor the consumption—capital—-ratio:

Proposition 3 Thepropensityto consumeut of capital attainsoptimalvalueseitherat
"=1-a (32)

1-a p—a
or (1-71) 10 = . (33)
2p02ya (%—a)

An analysisof the second—ordeconditionsd?y/ 912, 8%/01? shaws thatwhetheranop-
timal tax ratet* represents local/globalmaximum,or minimum respectely, crucially
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depend®n thethe sizeof the coeficient of relative risk aversionandthe capitalincome
share.The secondrderconditionfor the growth rateof the competitve economyevalu-
atedattheoptimumt* = 1— a canbedeterminedis

azl.IJ la 710 1 5 1-a p+1
E {a“‘” (—2 —“)} (34)

Fromthisfollowsimmediately:

Proposition4 Thegrowthrate attainsa uniquemaximumat 1 = 1 — a for the caseof
%1 > d, thatis the caseof certaintyequivalenceind of precautionarysavings.

Only in the caseof precautionansavingsandt* = 1 — a it is possibleto shawv that
thegrowth rateattainsa maximumasthe sufiicient conditionis of negative sign. In other
caseghesignremainsambiguous.

Astheindex of relativerisk aversionandthe capitalincomeshareappeain bothterms
of theexpressionn squarebracketsn (29),thesecond-orderonditionfor the propensity
to consumas of ambiguoussignevenwhenevaluatedatt* = 1 —q.

We concludeour analysiswith the derivationof thewelfareeffect of a changen the
taxrate.lt is givenby

6V(O) _ K(O)l_p u—py% Ta - <_ —_ 1) X (35)

Thederative of lifetime utility confirmstheresultsalreadydervedabove:
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Proposition5 Thewelfare effectof a changein the incometax rate is ambiguous.Ex-
pectedifetimeutility attainsan optimumeitherat

T"=1-qa or (36)

p—0 15 1—_a[ p+1] u
——+2ye0°(1-T)T ™ |0———| =—=

Equation(37) againis a polynomialin thetax ratet anddoesnot allow for ananalytical
solution'®. For this reasonwe performedsomenumericalcomputationsin figure 2 and
3, we contrasttwo caseswhich differ only to the underlyingsize of the coeficient of
relative risk aversion. In both caseswve assumea motive for precautionarysavings, in
figure 2 with logarithmicpreferencesp = 1, in figure (3) with ameasuref relative risk
aversionof p = 5. The capitalincomeshareis setto a = 0.35. Let furthermoretherate
of time preferencée 3 = 0.05. The standardieviation of the technologicabisturbance
wassetaccordingo Smith (1996b)with o = 0.76. Furthermoreve assume low capital
coeficientwith y= 2.

Figure2 displaysthe resultsonewould usuallyexpectin the Barro—typeframework.
All macroeconomiwariableshave uniqguemaximain the interval for feasibletax rates,
T € (0,1), andfor feasiblesolutionsof the model, thatis g, p,i > 0. Maximizationof
the growth rateimplies maximizationof individual welfare. Contraryto this, in figure 3
the growth rateindeedhasa maximum. Yet, this goesalongwith a local minimum of
the propensityto consumeand of lifetime utility. This is dueto the fact that both, the
propensityto consumeaswell asthe expectedgrowth rate impacton welfare and are
affectedby the changean thetax ratein anambiguousvay. Thus,maximumgrowth and
maximumwelfaredo not necessarilyoincide. This effect doesnot arisefor the Pareto—
optimal decisionwhich caneasilybe verifiedif we calculatethe respectre derivative of
V(0)*. In this casethereis only on uniquewelfaremaximizingtax ratet* = 1 — a.1?

However, for a given parameteset, it is importantto excludeall tax ratesfrom our
analysighatgive riseto a negative certaintyequialentof capitalreturn. Thesesituations
do not representeasibleconsumptiorprogramsbecausehe trans\ersality conditionis
violated.

{% _|_y%02(1— T)TlE_a(l— 20)|. (37)

10The correspondinglerivative for the plannereconomyis determinedn AppendixC. From(C.1)and
(C.2)it canbeseerthatfor a positive certaintyequivalentto capitalreturnthereis only oneuniquewelfare
maximizingtax rategivenby ™ = 1 — a, thusreflectingthe propertyof Pareto—optimality

LFor thederivationof this resultseeAppendixC.
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5 Conclusions

In this paperwe developeda continuous—timetochastiendogenougrowth modelwith
a positive productionexternality dueto productive governmentexpenditure.A separate
analysisof thedrift andthediffusioncomponentsf themacroeconomigariabledeadto
the conclusionthatespeciallyin the diffusioncomponentaxationmay be eithergrowth
enhancingor growth depressingthe resultsdependingentirely on the coeficient of rel-
ative risk aversionandon the capitalincomeshare.We demonstratethatin contrastto
thedeterministidBarromodelthereis no uniquegrowth andwelfaremaximizingtax rate,
asthe second—ordeeffectsfrom the technologicabisturbancénave to be takeninto ac-
count.Yet, oneof theoptimaltax ratesreplicateghe resultknown from the deterministic
framework. The shareof governmenfpurchasess choseroptimally if themaiginal costs
of governmentspendingequalmamginal benefits.

Finally, it is importantto stressthatfor feasibility of an intertemporakconsumption
program,the stochasticeconomydiscussechere hasto suffice additional conditions,
namelytherestrictionon the certaintyequivalentof capitalreturn.

A Solution to the Planner's Problem

For simplicity, the analysiss restrictedto the closed—economgasewhereK = W. The
plannerchooseghe consumption—capitaihtio andsavings asto maximizeexpectedife-
time utility (6) of therepresentatie agentsubjectto the capitalaccumulatiorequation

dK = [yKILT 4G — G—C] dt + [yKL' G - G] dy. (A1)

He takesthe equilibriumvalueof public spendingg19) into account. Substitutioninto
(A.1) leadsto

d?K: y%(l—T)Tlg_a—% dt+y%(1—T)T¥dy. (A.2)
The individual budgetconstraint(7) cannotbe appliedhereasthereareincreasingre-
turnsto scaleonthe aggreatelevel. Privateinputscannotbe paidaccordingto maiginal
productvity conditionssincethe Euleradding—ugheoremis nolongermet.

As before, the value function V[K(t),t] = e Pt J(K) representsnaximizedlifetime
utility. Applicationof It6’s Lemmaandtaking expectationgmpliesthe following objec-
tive function:

i 1
L=U(C)e PV +vK[y%(1—r)rlTK—C]+§vKKo§, (A.3)
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Taking partialderivativeswith respecto C andK leadsto thenecessargonditions:

0=U'(C) - J(K) (A.4)

0=J(K) |ys (1-1)T% - B} +J"(K)K {V% (1-mre - % +o2yE (1120

2 2(1-a
a .

+ 10 ya I"(K)K2(1-1)%1 (A.5)

The conjecturefor the optimal programis, asbefore,thatthe consumption—capital—-ratio
% = uis constanin equilibrium.From(A.4) thenfollowsimmediately

J(W)=CP, J'(W)=—puC P J"W)=p(p+1)PC P2 (A6)

Substitutioninto (A.5) andsolvingfor pleadsto expression(24) of thetext. Theexpected
growth rate of the economy(25) is then obtainedby substituting(24) into the capital
accumulatiorequation(A.2) andtaking expectations.

B Derivation of Lifetime Ultility

B.1 DecentralizedEconomy

Accordingto (6) lifetime utility is a function of instantaneouslgeterministicconsump-
tion. Fromsubstitutionof (21) follows

1—
Eo/ WP KOTP K e Pt (B.1)

By assumptiothestochastiproces®of productlons ageometridBrownianmotion. From
this follows thatthe aggregatestockof capitalis log—normallydistributed. The expected
capitalstockof time 0 canthenbedervedas

Eo [K(1*] —exp|(1-p)- (InK(0) + - 50% ) + 5 (1 p) %0kt
:K(O)l—p_e{(l—p)-(w—%poﬁ)t}_ (B.2)

With theinitial capitalstockexogenoushgiven,aconstanggrowth rateandpropensityto
consumegombinationof (B.1) and(B.2), andintegrationleadsto the expression(27) for
maximizedindividualwelfare
K(0)1-P 1-p
—P B—(1-p) (Y- 3P0%)
with thevarianceof physicalcapitalgivenby 0% = 2 ya (1-1)21 T
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B.2 Planner Economy

The solutionprocedurds equalto the one describedn the precedingsection. By sub-
stitution of the consumption—capital—ratiandthe initial capital stock of the command
economywelfarecanbederivedas
. KOlr ¥)1-p K(0)1—P . (u*)—P
VIK(0),0]" = g) _ (1) S ()1 )" (ga
—p  B—(1-p)- (V" —3p0}) —p

C Welfare Maximizing Tax Rate of the Planner Economy

Thedervative of (B.4) with respecto thetax rateis givenby

V(O

From(C.1)it become®bviousthattherestrictionon the certaintyequavalentto capital
returnis crucial for feasiblesolutionsof the model. Thereonly is a uniqueglobal maxi-
mum of lifetime utility if the secondermin bracketds positve. If we now solve for T*
thewell-known resultfrom the deterministicsettingcanbe obtained

T=1-a. (C.2)
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