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Abstract
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1 Intr oduction

This paperis concernedwith themacroeconomiceffectsof governmentexpenditureand
taxationwithin the context of a stochasticendogenousgrowth model. In extendinga
widely–usedframework, namelytheBarro (1990)modelof productive governmentex-
penditure,with aggregateproductivity shocks,we demonstratethat the introductionof
technologicaluncertaintyhasinterestingimplicationsfor optimalfiscalpolicy.

Themultiplicativedisturbanceis assumedto beastochastictrenddescribedby ageo-
metricBrownianmotion,which is thecontinuous–timecorrespondentto a randomwalk
with drift. Underthis assumptiontheaggregateincomerisk affectsthemacroeconomic
equilibriumin severalways. First, the individual will respondto uncertaintywithin her
optimal intertemporalallocationof consumptionandsaving. If the agentis sufficiently
risk averseshewill decreasetherateof consumptionin favor of additionalsavings. This
motive for precautionarysavingscanbe regardedasself–insuranceon capitalmarkets
over timeandwasfirst discussedby Leland(1968)andSandmo(1970),or morerecently
by Kimball (1990),Weil (1993),Xu (1995)andSmith(1996a).

Next, it is well known from moderngrowth theorythatthegrowth rateof theeconomy
is endogenouslydeterminedby thefactorsthataffect aggregatesavings. Hence,produc-
tivity shockshave to be takeninto accountto theextent in which they impacton capital
accumulationandgrowth.

Third, the issueof efficacy andoptimality of fiscalpolicy hasto beaddressed,aswe
dealwith thestochasticversionof theBarro(1990)model. FromDomarandMusgrave
(1944)or Stiglitz (1969)it is well–known that taxationof risky assetsmay actuallyin-
creasethedemandfor theseassets.In thiscontext, taxationof incomesin orderto provide
publicgoodsmayresultin counterworkingeffectson thegrowth rateof theeconomy:on
theonehand— asknown from thedeterministicsetting—, taxationhasa distortionary
effect andsuppressesgrowth. On theotherhand,taxationprovidesan insuranceasthe
governmentparticipatesin individualincomerisk. Thiseffectmaybegrowthencouraging
andwaslatelydiscussedby Turnovsky (1993)andSmith(1996b).

In theBarro(1990)modelof endogenousgrowth agentsneglect theproductivity en-
hancingeffect of governmentexpenditures,for instanceof public infrastructure.Hence,
thecompetitively chosengrowth ratefalls shortof thesociallyoptimalone. Thecontri-
butionsof Cazzavillan (1997),Corsetti(1997)andTurnovsky (1997)aredevotedto the
analysisof public spendingsandtheir role in a stochasticallygrowing economy. While
Cazzavillan (1997) focuseson externalitiesof public goodsin the productionandcon-
sumptionsectors,Corsetti(1997)stressesthefunctionof governmentbondsin thedeter-
minationof optimalfiscalpolicy. Themainaspectsof theanalysisof Turnovsky (1997)
aretheeffectsfrom stochasticandnonstochasticgovernmentpurchasesandtheinteraction
betweenrisk andcongestion.Thepresentapproachdiffersto theirwork in thatweexpli-
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citly takelaborinputsinto account.In termsof Sandmo(1970),agentsin theeconomyare
thenexposedto two kindsof risk, namelycapitalrisk andincomerisk. Togetherwith the
stochasticincreasingreturnstechnologyof theBarro modelthis givesrise to nontrivial
implicationsfor thedesignof theoptimaltax–scheme.

Thepaperis organizedasfollows. Section2 developsthemodelanddeterminesthe
macroeconomicequilibriumfor thedecentralizedeconomy. In section3 thecorrespond-
ing conditionsfor the commandoptimumarederived. Section4 discussesthe macroe-
conomiceffectsof a changein the tax rateandaddressesthe questionof optimal fiscal
policy. Section5 concludes.Technicaldetailsarerelegatedto theAppendicesA andB.

2 The Model and Indi vidual Optimization in the Decentralized
Economy

We assumeaneconomypopulatedby a continuum
�
0 � 1� of identicalinfinitely–livedin-

dividualswho producea homogeneousgoodaccordingto thestochasticCobb–Douglas
technology

dY � t ��� γK � t � αL � t � 1 	 αG � t � 1 	 α � dt 
 dy � t ���� (1)

K � t � denotestheprivatelyownedcapitalstock.Thereis nopopulationgrowth. Laborin-
putL � t � is suppliedinelasticallyandnormalizedto unity. TheinstantaneousoutputdY � t �
is subjectto an aggregatemultiplicative productivity shock. dy � t � is a seriallyuncorre-
lated incrementto a standardWienerprocesswith zeromeanandvarianceσ2 dt. The
productionfunctionof a typical producerdisplaysconstantreturnsto scalewith respect
to physicalcapitalandlabor. For simplicity, depreciationis neglected.Following Barro
(1990)thegovernmentprovidespublic servicesG � t � to individual firms. Theseservices
may be identifiedasexpenditureson infrastructureanddisplaythe characteristicsof a
pure public good, i. e., are assumedto be non–rival and non–excludable. Hence,we
do not discusscongestionasBarroandSala-I-Martin(1992)or Turnovsky (1996,1997).
Publicspendingsimpactdirectlyonproductivity of physicalcapitalthusassuringongoing
growth. Yet,agentsin thedecentralizedeconomymisperceivethisproductivity enhancing
effecton theaccumulablefactor.

Accordingto the productivity shocksgeneratedby theabove describedcontinuous–
timegeometricBrownianmotion,theflow of governmentexpenditureis givenby

dG � t ��� G � t ��� dt 
 dy � t ���� (2)

Thegovernmentimposesaconstanttaxof τ ��� 0 � 1 � oncapitalandlaborincomesin each
time increment.Thestochasticprocessof governmentrevenuesis representedby

dT � t ��� τ dY � t ��� (3)
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The agenthastwo waysof saving income: buying risklessbondsor investingin risky
physicalcapital.ThesafeassetB � t � offersasureinstantaneousandconstantyield i. Bonds
areconsideredto beperpetuities.With payoutsreinvestedandcontinuouslycompounded
B � t � followsthedifferentialequation

dB � t ��� i B � t � dt � (4)

WealthW � t � is thesumof theholdingsof thetwo assets

W � t ��� K � t ��
 B � t �� (5)

The identicalhouseholdsarecharacterizedby a time–separableutility function in con-
sumptiononly. E0 denotesthemathematicalexpectationconditionalon time 0 informa-
tion andβ is therateof timepreference,positive by assumption.

The objective of a typical agentis to selecther rateof consumptionaswell asher
portfolio of assetsin orderto maximizetheexpectedvalueof lifetime utility accordingto
thefollowing programtakingpricesandthetax rateasgiven

max
C � t ���K � t ���W � t � � � 0��� E0

� ∞

0
U
�
C � t ��� e	 βt dt (6)

s. t. dW � t ��� �
i � W � t ��� K � t ����
�� 1 � τ ��� r K � t ��
 ω ��� C � t ��� dt 
 dw (7)

with K � 0 ��� K0  0 given, r the pre–taxrateof returnon physicalcapital,ω the wage
rate,andthestochasticprocessof wealthgivenby dw �!� 1 � τ ��� rK � t ��
 ω � dy.

ConsumptionC � t � is assumedto beinstantaneouslydeterministic.Thecurrentperiod
utility functionU

�
C � t ��� is strictly concave andof theisoelasticform

U
�
C � t ���"�$# 1

1 	 ρ C � t � 1 	 ρ ρ  0 � ρ %� 1

ln C � t � ρ � 1
� (8)

Theparameterρ denotestheArrow/Pratt–index of constantrelative risk aversion.
LetV

�
W � t �� t � representthemaximumfeasiblelevel of expectedlifetime utility. Posit-

ing thetime–separableform V
�
W � t ��� t �"� e	 βt J � W � , applicationof Itô’s Lemmaleadsto

thefollowing objective function1

max
C �K �W & � U � C � e	 βt 
 Vt 
 VW

�
i � W � K ��
�� 1 � τ ��� r K 
 ω ��� C�'
 1

2
VWWσ2

W � (9)

1For notationalconveniencethe ( t ) partof thevariablesis omitted.
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Theoptimalityconditionswith respectto C, K andW are2

0 � U *+� C ��� J *+� W ��� (10)

0 � J * � W � � r � 1 � τ ��� i �,
 1
2

∂σ2
W

∂K
J *-* � W �� (11)

0 � J * � W ��� i � β ��
 J *-* � W � � i � W � K ��
�� 1 � τ ��� rK 
 ω �"� C�,
 1
2

J *-*-* � W � σ2
W � (12)

with thevarianceof wealthgivenby σ2
W � E � dw� 2

dt .
Condition(10) displaysthe well known resultof equalizedmarginal utility of con-

sumptionover timeanddeterminestheaccumulationprocesstogetherwith (12)3. Condi-
tion (11) setsup theoptimalportfolio choice.

Theoptimaltime pathsfor consumptionandtheportfolio choicearefunctionsof the
derivativesof thevaluefunctionandform a stochasticdifferentialequationin J � W � . The
solutionstrategy is trial anderror, finding a function J � W � that satisfiesthe optimality
conditions. As householdbehavior is characterizedby constantrelative risk aversion,
by following Merton(1971),we first conjecturethatin macroeconomicequilibriumcon-
sumptionis aconstant,time–invariantfractionof wealth.

C � W� t �.� µW � t �� (13)

whereµ denotesthemarginalpropensityto consumeoutof wealth.Second,weguessthat
in steadystatetheportfolio sharesarealsoconstant,suchthat

dW � t �
W � t � � dK � t �

K � t � � dB � t �
B � t � � (14)

Theresultsfrom individualoptimizationcannow beemployedtodeterminethemarket
equilibrium.To derivemacroeconomicequilibriumconditions,it is necessaryto establish
thegovernmentbudgetconstraint.In everyperiodof timethegovernmentrunsabalanced
budget.If wedonotallow for publicdeficitsor surplusesasin ClemensandSoretz(1997,
1998)or Corsetti(1997),governmentspendingsequalrevenuesoutof taxation,suchthat

G � dt 
 dy��� τ � rK 
 ω ��� dt 
 dy�� (15)

Theaggregateresourceconstraintof theeconomyincludesinstantaneouslydeterministic
consumptionandgovernmentexpenditureasdefinedin (2). Marketclearingrequires

dK � dY � dG � Cdt � (16)

2Furthermore,thetransversalitycondition lim
t / ∞

Et 0 J (W ) e1 βt 243 0 hasto besatisfiedto assurethat life-

timeutility is bounded.
3Condition(12) replacesthe Bellmanequationthat is usuallyusedin this kind of setting. Sincewe

aredealingwith suboptimaloutcomesin thedecentralizedeconomyandincreasingreturnsto scaleon the
aggregatelevel, Bellman’sprincipleof optimality cannotbeappliedhere.
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We assumeperfectcompetitionin the factor markets. The factor returnscan then be
obtainedby using the first–orderconditionsof the firm problem. In the decentralized
economyagentsignoretheproductivity enhancingeffectof publicexpendituresonprivate
inputs. The pre–taxvaluesof the rental rateof physicalcapitalandthe wagerateare
determinedby theusualmarginalproductivity conditions

r � αγKα 	 1G1 	 α � (17)

ω �5� 1 � α � γKαG1 	 α � (18)

Givenmarketreturns,theequilibriumvalueof publicspendingscanbederivedfrom (15)

G67�5� τγ � 1
α K � (19)

From(19) it is obviousthat theresultsfrom thedeterministicBarromodelextendto the
stochasticsetting.

With identicalindividualsnet tradein assetswill bezero. All agentsareaffectedby
the technologicaldisturbanceto the sameextent. Underthe additionalassumptionof a
closedeconomy, theaggregatestockof physicalcapitalequalsaggregatewealth,K � W.
If we now employthefirst–ordercondition(11) togetherwith theconjecturefor optimal
consumption(13), capital return (17), the wagerate (18), and the equilibrium amount
of governmentexpenditures(19) thecertaintyequivalentof real after–taxcapitalreturn
becomes

i � αγ
1
α � 1 � τ � τ 1 8 α

α 9 1 � ργ
1
α σ2 � 1 � τ � τ 1 8 α

α : � (20)

Dependingonly on theexogenouslygivenparametersof themodel,thesureinterestrate
is constantasassumedabove. From(20) follows that the risk–freeinterestrateandthe
realrateof returnonequitydiffer to theamountof therisk premium.

Given the functional forms of technology(1) and of instantaneousfelicity (8) the
first–orderconditions(10) and(12) togetherwith theguess(13) canbeusedto obtaina
closed–formsolutionfor thepropensityto consumeoutof wealth

µ � β
ρ

�� 1 � τ � γ 1

α τ
1 8 α

α ; ρ � α
ρ


 σ2γ
1
α � 1 � τ � τ 1 8 α

α < α � ρ 
 1
2 =?> � (21)

Individualconsumptionis a time–invariantfunctionof theexogenouslygivenparameters
of themodel. Theconsumption–wealthratio is constantin steadystate,thusconfirming
theconjecturestatedabove.

The relation for optimumconsumption(21) togetherwith the marketclearingcon-
dition (16) cannow be appliedto solve for capitalaccumulation.Taking expectations
allowsfor thedeterminationof thestationarygrowth path.Note,thatdueto theproperties
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of theunderlyingstochasticprocessE
�
dy�@� 0. Theexpectedgrowth rateof theeconomy

ψ �BA 1
K

E� dK �
dt C canbederivedasfollows

ψ � 1
ρ
A αγ

1
α � 1 � τ � τ 1 8 α

α � β C 
 σ2γ
2
α � 1 � τ � 2 τ

2 D 1 8 α E
α < ρ 
 1

2
� α = � (22)

The growth rateof the economyis determinedendogenouslyanddependson the fac-
tors thataffect aggregatesavings. It is thesumof two components.Thefirst equalsthe
growth rateknown from the deterministicBarro model. The secondreflectsindividual
responseto aggregatetechnologicalrisk. Fromthis canbeseen,thatcurrentshocksmay
have long–lastingeffectson macroeconomictrend. The expectedgrowth ratewill ex-
ceeddeterministicgrowth if theagenthasa motive for precautionarysaving, aswasfirst
postulatedby Leland(1968)andSandmo(1970).Thesignof thesecondtermin (22) is
influencedby theagent’s attitudetowardsrisk andby thesizeof thecapitalincomeshare
α. Hence,in thissetting,self–insuranceoncapitalmarketsvia precautionarysavingsdoes
not only dependon the individual degreeof risk aversion.This is dueto the fact that in
contrastto Corsetti(1997)andTurnovsky (1997)we explicitly includedlabor inputsin
ouranalysis.In thiscasetheindividualdoesnotonly facerisky capitalreturnsbut is also
exposedto an incomerisk. Sincewe consideredlabor to be inelasticallysupplied,there
areno transitionaldynamicsandtheeconomyimmediatelyenterssteadystategrowth.

3 CommandOptimum

In thedecentralizedeconomytheagentsneglecttheproductivity enhancingeffectof gov-
ernmentexpenditure.Only theprivatemarginal productof capitalentersinto thedeter-
minationof optimal individual investmentandthereis a wedgebetweenprivateandso-
cial returns.Considernow a benevolentsocialplannerwho maximizestherepresentative
agent’s welfareaccordingto (6) while takingaccountof thisdistortion.

Underthis conditiontheequilibriumvaluesof thekey macroeconomicvariablescan
bederivedasfollows4. Thecertaintyequivalentof risky capitalreturnbecomes

i 6 �5� 1 � τ � γ 1
α τ

1 8 α
α 9 1 � ρσ2γ

1
α � 1 � τ � τ 1 8 α

α : � (23)

Thepropensityto consumeoutof capitalis givenby

µ6F� β
ρ

 ρ � 1

ρ
� 1 � τ � γ 1

α τ
1 8 α

α ; 1 � 1
2

ρσ2γ
1
α � 1 � τ � τ 1 8 α

α > � (24)

4Thedeterminationof theoptimalvaluesis providedin AppendixA.
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andtheexpectedgrowth rateof theeconomycanbedeterminedas

ψ 6 � 1
ρ
AG� 1 � τ � γ 1

α τ
1 8 α

α � β C 
 1
2

σ2γ
1
α � ρ � 1 ��� 1 � τ � 2 τ

2 D 1 8 α E
α � (25)

A comparisonbetween(22)and(25)showsthatit is by nomeansobviousthatthestochas-
tic settingdisplaysthesamecharacteristicsasthedeterministicBarromodel.Thegrowth
ratedeterminedby the socialplanneronly exceedsthe competitively chosenoneif the
following conditionholds:

Proposition1 Theexpectedgrowthrateof thecommandoptimumis larger thantheex-
pectedgrowthrateof thedecentralizedeconomyonly if thecertaintyequivalentto capital
returnis positive

ψ 6IH ψ JLK 1  ρσ2γ
1
α � 1 � τ � τ 1 8 α

α � (26)

For feasiblesolutionsof themodelthereis a restrictioneitheron thesizeof thevariance
of thetechnologicaldisturbanceor on themeasureof relative risk aversion5.

4 MacroeconomicEffects fr om Tax Policy

Themacroeconomicequilibriumof thedecentralizedeconomydeterminedin theprevious
sectionnow allows for the analysisof tax incidence.Themain objective is to examine
whetherthe stochasticBarro model replicatesthe implicationsfor (optimal) tax policy
known from the deterministicsetting. The equilibrium valuesof the expectedgrowth
rate,thepropensityto consume,andthesureinterestrateform a systemthatcompletely
describestheequilibriumallocationfor agivensetof fiscalintervention.Taxationaffects
thesemacroeconomicvariablestwofold. Considerthefollowingdefinitions: f1 � τ �.� 1 � τ
and f2 � τ ��� τ

1 8 α
α . Thederivativeswith respectto the tax rateareeasyto calculatewith

f *1 � τ ��M 0 and f *2 � τ �  0. For a graphicalillustrationseefigure1. Thefirst, f1 � τ � , stands
for thedistortionaryeffectof taxationonaccumulation.Here,a risein thetaxrateusually
goesalongwith a decreasein after–tax capital return, thus discouraginggrowth. The
second,f2 � τ � , representsthepositive effect of an increasein the governmentspendings
shareGN Y onmarginalproductivity of physicalcapitalthatusuallyis accompaniedby an
increasein accumulation.

However, from theequilibriumvaluesof themacroeconomicvariableswe learnthat
the usuallyobserved effectsjust hold for the deterministicparts. If we look at the dif-
fusioncomponentsit is obvious that thegrowth andconsumptioneffectsof a changein

5It canbeshown that this propositionis alsonecessaryfor the transversalityconditionto bemet. An
equivalentresultcanbederivedfor thestochasticversionof theArrow–Romer(1986)model,cf. Clemens
(1997).
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Figure1: Contraryeffectsof taxation

f1 � τ ��� f2 � τ � crucially dependon thesizeof thedegreeof relative risk aversionandof the
capitalincomeshare.

In general,the agentsrespondto uncertaintywith a changein their intertemporal
consumption–savings decision. Due to the productivity shockfuture labor andcapital
incomeflows are random. As can be seenfrom the definition of the growth rate (20)
second–ordereffectsfrom the varianceof the productivity shockhave to be takeninto
account.Thesecond— stochastic— term is positive if theagenthasa motive for pre-
cautionarysavings. In this case1

2 � ρ 
 1 �  α, that is, the intertemporalincomeeffect
dominatestheintertemporalsubstitutioneffect.For highdegreeof risk aversiontheagent
dislikesdeviationsfrom a uniform patternof consumptionover time. He triesto smooth
consumptionflowsby increasingsavings.

Dueto Sandmo(1970),a precautionarymotive outof (labor)incomerisk ariseswith
decreasingabsoluterisk aversion. A constantdegreeof relative risk aversion(ρ  0)
satisfiesthis condition. In contrastto this, uncertaintyin capital incomesonly causes
precautionarysavings for anattitudetowardsrisk sufficiently high (ρ H 1). Becausethe
agentsof ourmodelareexposedto incomeaswell asto capitalrisk, themarginwhereboth
intertemporaleffectsexactly offset, 1

2 � ρ 
 1��� α, lies below ρ � 1 ��O α � � 0 � 1 � , which is
thecaseof logarithmicpreferences6. In this casethediffusioncomponentvanishesand
therisk averseindividualbehaveslike arisk neutralone.

If thethird case,12 � ρ 
 1 �PM α, occurs,theintertemporalsubstitutioneffectoutweighs
the incomeeffect. This situationis accompaniedby a situationwheregrowth of the
stochasticeconomyevenfalls below growth of thedeterministicscenario.Therisk averse
individual respondsto theaggregateproductivity shockswith anincreasein consumption
above thecertaintylevel.

Following Campbell(1996)empiricalevidencesuggestsa relatively high coefficient
of relative risk aversion. For this reasonwe will restrictour analysisto precautionary

6ThisresultmakesplainthedifferencebetweenthemodeldevelopedhereandthestochasticAK–model,
whereonly capitalrisk is considered(Turnovsky 1995,Ch.14).
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Figure2: Macroeconomiceffectsof a changein thetax rate,ρ � 1

saving, which is definitelygivenfor any ρ H 1. Thisargumentis supportedby Caballero
(1990)or Hall andMishkin (1982)whoseempiricalfindingsindicatea strongmotive for
precautionarysavings.

Figure 2 illustrates the differencesbetweenthe macroeconomicvariablesof the
stochasticandthe deterministicsettingfor logarithmicpreferences.The solid line rep-
resentsthestochasticdecentralizedeconomy, thedottedline thecorrespondingvaluesfor
thedecentralizeddeterministicsettingandthedashedline thestochasticcommandopti-
mum7. Fromthegrowth rateandthepropensityto consumeit becomesobviousthat the
agentincreasessavingsin favourof a smoothconsumptionpatternover time.

Let usnow turn to themacroeconomiceffectsof a changein thetax rate.Thecentral
point of interestwill be the questionof optimal, i. e. welfaremaximizingpolicy. It is
necessaryto considerlifetime utility of arepresentativeagentasspecifiedby (6) evaluated
alongthecompetitively chosenpath.Accordingto theclosed–formsolutionsdescribing
macroeconomicequilibrium,individualwelfarecanbederivedasfollows:8 � 9

V
�
K � 0 �� 0�"� K � 0 � 1 	 ρ

1 � ρ S µ1 	 ρ

β �T� 1 � ρ � S 9 ψ � 1
2ρσ2γ

2
α � 1 � τ � 2τ

2 D 1 8 α E
α : � (27)

From (27) it canbe seenthat the effect of any tax policy on welfarecanbe assessedin
termsof its impacton the propensityto consumeand the expectedgrowth rateof the

7Theparametervaluesweresetasfollows: α 3 0 U 35,β 3 0 U 05,γ 3 2, σ 3 0 U 76.
8For detailsseeAppendixB.
9For the denominatorV N W of (27) the following conditionshasto be met in ordernot to violate the

transversalitycondition: V N W : 3 β XY( 1 X ρ )[Z]\ ψ X 1
2ρσ2γ

2
α ( 1 X τ ) 2τ

2̂ 1_ α `
α acb 0.
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economy. Ceterisparibus,welfareincreasesin both,but additionallythe indirect (nega-
tive) effect from consumptionon growth hasto betakeninto account.As agentsneglect
theproductivity enhancingeffect of public spendingswithin individual optimization,an
optimalpolicy will thenbecharacterizedby a tax–schemethatequatesmarginal (social)
costsof governmentexpenditureto its marginalbenefits.

The impactof changesin the incometax rateon the expectedgrowth rateandcon-
sumptionchoiceis givenby

∂ψ
∂τ

� γ
1
α τ

1 8 α
α < 1 � τ

τ S 1 � α
α

� 1= S ; αρ 
 2σ2 γ
1
α � 1 � τ � τ 1 8 α

α < ρ 
 1
2

� α =c> � (28)

∂µ
∂τ

� γ
1
α τ

1 8 α
α < 1 � τ

τ S 1 � α
α

� 1=dS ; ρ � α
ρ


 2σ2 γ
1
α � 1 � τ � τ 1 8 α

α < α � ρ 
 1
2 =c> � (29)

From(28) and(29) it canbeseenthattheresultsfrom thedeterministicBarromodelare
notnecessarilyvalid in thestochasticcontext. For τ � γ  0, thederivativesof theexpected
growth rateandthepropensityto consumewith respectto τ aretheproductof two terms.
Thefirst termin bracketsequalsthederivative known from thenonstochasticcase.The
secondonereflectsthe stochasticelementsoriginatingfrom the modelextension. The
optimalvaluescanbefoundby settingthederivativesto 0. Theresultis:

Proposition2 Theexpectedgrowthrateof theeconomyattainsoptimalvalueseitherat

τ 6 � 1 � α (30)

or � 1 � τ � S τ 1 8 α
α � α

2ρσ2γ
1
α 9 α � ρ e 1

2
: � (31)

Condition(30) correspondsto theresultsknown from theoriginal model. Theexpected
growth rateattainsamaximumwhenthedistortionaryeffect from incometaxation,f1 � τ � ,
exactly offsetsthe capital productivity enhancingeffect of an increasein government
expenditures,f2 � τ � . Thesecondconditionis a polynomialin α andrequiresnumerical
solution.

Equivalentresultscanbederivedfor theconsumption–capital–ratio:

Proposition3 Thepropensityto consumeoutof capitalattainsoptimalvalueseitherat

τ 67� 1 � α (32)

or � 1 � τ � S τ 1 8 α
α � ρ � α

2ρσ2γ
1
α 9 ρ e 1

2 � α : � (33)

An analysisof thesecond–orderconditions∂2ψ N ∂τ2 � ∂2µN ∂τ2 showsthatwhetheranop-
timal tax rateτ 6 representsa local/globalmaximum,or minimumrespectively, crucially
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Figure3: Macroeconomiceffectsof achangein thetax rate, ρ � 5

dependson thethesizeof thecoefficient of relative risk aversionandthecapitalincome
share.Thesecondorderconditionfor thegrowth rateof thecompetitiveeconomyevalu-
atedat theoptimumτ 6 � 1 � α canbedeterminedas

∂2ψ
∂τ2 gggg τ h�f 1 	 α

�5� τ
1 8 α

α τ 	 1γ
1
α ; α

ρ

 γ

1
α σ2τ

1 8 α
α < ρ 
 1

2
� α =c> (34)

Fromthis follows immediately:

Proposition4 Thegrowth rateattainsa uniquemaximumat τ 6 � 1 � α for thecaseof
ρ e 1

2 H α, that is thecaseof certaintyequivalenceandof precautionarysavings.

Only in thecaseof precautionarysavings andτ 6 � 1 � α it is possibleto show that
thegrowth rateattainsamaximumasthesufficientconditionis of negativesign. In other
casesthesignremainsambiguous.

As theindex of relativerisk aversionandthecapitalincomeshareappearin bothterms
of theexpressionin squarebracketsin (29),thesecond–orderconditionfor thepropensity
to consumeis of ambiguoussignevenwhenevaluatedatτ 6 � 1 � α.

We concludeour analysiswith thederivationof thewelfareeffect of a changein the
tax rate.It is givenby

∂V � 0 �
∂τ

� K � 0 � 1 	 ρ µ	 ρ γ
1
α τ

1 8 α
α S < 1 � τ

τ S 1 � α
α

� 1=ji (35)

i ρ 	 α
ρ 
 2γ

1
α σ2 � 1 � τ � τ 1 8 α

α 9 α � ρ e 1
2
: � µk

N l A αρ 
 1
2γ

1
α σ2 � 1 � τ � τ 1 8 α

α m 1
2 � α n Co

N p
Thederivativeof lifetime utility confirmstheresultsalreadyderivedabove:
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Proposition5 Thewelfare effectof a changein the incometax rate is ambiguous.Ex-
pectedlifetimeutility attainsan optimumeitherat

τ 67� 1 � α or (36)

ρ � α
ρ


 2γ
1
α σ2 � 1 � τ � τ 1 8 α

α ; α � ρ 
 1
2 > � µo

N p ; αρ 
 γ
1
α σ2 � 1 � τ � τ 1 8 α

α � 1 � 2α � > � (37)

Equation(37) againis a polynomialin thetax rateτ anddoesnot allow for ananalytical
solution10. For this reason,we performedsomenumericalcomputations.In figure2 and
3, we contrasttwo caseswhich differ only to the underlyingsizeof the coefficient of
relative risk aversion. In both caseswe assumea motive for precautionarysavings, in
figure2 with logarithmicpreferences,ρ � 1, in figure(3) with a measureof relative risk
aversionof ρ � 5. Thecapitalincomeshareis setto α � 0 � 35. Let furthermoretherate
of time preferencebeβ � 0 � 05. Thestandarddeviation of the technologicaldisturbance
wassetaccordingto Smith(1996b)with σ � 0 � 76. Furthermoreweassumea low capital
coefficientwith γ � 2.

Figure2 displaystheresultsonewould usuallyexpectin theBarro–typeframework.
All macroeconomicvariableshave uniquemaximain the interval for feasibletax rates,
τ ��� 0 � 1 � , andfor feasiblesolutionsof the model, that is ψ � µ� i  0. Maximizationof
thegrowth rateimpliesmaximizationof individual welfare.Contraryto this, in figure3
the growth rate indeedhasa maximum. Yet, this goesalongwith a local minimum of
the propensityto consumeandof lifetime utility. This is dueto the fact that both, the
propensityto consumeaswell as the expectedgrowth rate impacton welfareandare
affectedby thechangein thetax ratein anambiguousway. Thus,maximumgrowth and
maximumwelfaredo not necessarilycoincide.This effect doesnot arisefor thePareto–
optimaldecisionwhich caneasilybeverified if we calculatetherespective derivative of
V � 0� 6 . In thiscasethereis only onuniquewelfaremaximizingtax rateτ 6 � 1 � α.11

However, for a given parameterset, it is importantto excludeall tax ratesfrom our
analysisthatgive riseto anegativecertaintyequivalentof capitalreturn.Thesesituations
do not representfeasibleconsumptionprogramsbecausethe transversalityconditionis
violated.

10Thecorrespondingderivative for theplannereconomyis determinedin AppendixC. From(C.1) and
(C.2) it canbeseenthatfor a positivecertaintyequivalentto capitalreturnthereis only oneuniquewelfare
maximizingtax rategivenby τ

� 3 1 X α, thusreflectingthepropertyof Pareto–optimality.
11For thederivationof this resultseeAppendixC.
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5 Conclusions

In this paperwe developeda continuous–timestochasticendogenousgrowth modelwith
a positive productionexternalitydueto productive governmentexpenditure.A separate
analysisof thedrift andthediffusioncomponentsof themacroeconomicvariablesleadto
theconclusionthatespeciallyin thediffusioncomponenttaxationmaybeeithergrowth
enhancingor growth depressing,the resultsdependingentirelyon thecoefficient of rel-
ative risk aversionandon thecapitalincomeshare.We demonstratedthat in contrastto
thedeterministicBarromodelthereis nouniquegrowth andwelfaremaximizingtax rate,
asthesecond–ordereffectsfrom the technologicaldisturbancehave to be takeninto ac-
count.Yet,oneof theoptimaltax ratesreplicatestheresultknown from thedeterministic
framework. Theshareof governmentpurchasesis chosenoptimally if themarginalcosts
of governmentspendingequalmarginalbenefits.

Finally, it is importantto stressthat for feasibility of an intertemporalconsumption
program,the stochasticeconomydiscussedhere has to suffice additional conditions,
namelytherestrictionon thecertaintyequivalentof capitalreturn.

A Solution to the Planner’sProblem

For simplicity, theanalysisis restrictedto theclosed–economycase,whereK � W. The
plannerchoosestheconsumption–capitalratio andsavingsasto maximizeexpectedlife-
timeutility (6) of therepresentativeagentsubjectto thecapitalaccumulationequation

dK �rq γKαL1 	 αG1 	 α � G � Cs dt 
tq γKαL1 	 αG1 	 α � Gs dy� (A.1)

He takesthe equilibriumvalueof public spendings(19) into account.Substitutioninto
(A.1) leadsto

dK
K

� ; γ 1
α � 1 � τ � τ 1 8 α

α � C
K > dt 
 γ

1
α � 1 � τ � τ 1 8 α

α dy� (A.2)

The individual budgetconstraint(7) cannotbe appliedhereas thereare increasingre-
turnsto scaleon theaggregatelevel. Privateinputscannotbepaidaccordingto marginal
productivity conditionssincetheEuleradding–uptheoremis no longermet.

As before,the value functionV
�
K � t �� t �u� e	 βt J � K � representsmaximizedlifetime

utility. Applicationof Itô’s Lemmaandtakingexpectationsimpliesthefollowing objec-
tive function:

& � U � C � e	 βt 
 Vt 
 VK
�
γ

1
α � 1 � τ � τ 1 8 α

α K � C�,
 1
2

VKKσ2
K � (A.3)
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Takingpartialderivativeswith respectto C andK leadsto thenecessaryconditions:

0 � U * � C �"� J * � K � (A.4)

0 � J * � K �vA γ 1
α � 1 � τ � τ 1 8 α

α � β C 
 J *-* � K � K ; γ 1
α � 1 � τ � τ 1 8 α

α � C
K

 σ2 γ

2
α � 1 � τ � 2 τ

2 D 1 8 α E
α >
 1

2
σ2 γ

2
α J * *w* � K � K2 � 1 � τ � 2τ

2 D 1 8 α E
α � (A.5)

Theconjecturefor theoptimalprogramis, asbefore,that theconsumption–capital–ratio
C
K � µ is constantin equilibrium.From(A.4) thenfollowsimmediately

J * � W �P� C 	 ρ � J *-* � W ���5� ρµC 	.� ρ e 1� � J *-*-* � W ��� ρ � ρ 
 1 � µ2 C 	.� ρ e 2� � (A.6)

Substitutioninto (A.5) andsolvingfor µ leadsto expression(24)of thetext. Theexpected
growth rateof the economy(25) is thenobtainedby substituting(24) into the capital
accumulationequation(A.2) andtakingexpectations.

B Derivation of Lifetime Utility

B.1 DecentralizedEconomy

Accordingto (6) lifetime utility is a functionof instantaneouslydeterministicconsump-
tion. Fromsubstitutionof (21) follows� � 0 �P� E0

� ∞

0

µ1 	 ρ S K � t � 1 	 ρ

1 � ρ S e	 βt dt � (B.1)

By assumptionthestochasticprocessof productionisageometricBrownianmotion.From
this follows thattheaggregatestockof capitalis log–normallydistributed.Theexpected
capitalstockof time0 canthenbederivedas

E0 q K � t � 1 	 ρ sI� exp ; � 1 � ρ � S < lnK � 0 ��
 ψ t � 1
2

σ2
K = 
 1

2
� 1 � ρ � 2σ2

Kt >� K � 0 � 1 	 ρ S eo � 1 	 ρ ��x � ψ 	 1
2ρσ2

K � t p � (B.2)

With theinitial capitalstockexogenouslygiven,aconstantgrowth rateandpropensityto
consume,combinationof (B.1) and(B.2), andintegrationleadsto theexpression(27) for
maximizedindividualwelfare

V
�
K � 0�� 0�"� K � 0 � 1 	 ρ

1 � ρ S µ1 	 ρ

β �T� 1 � ρ � S m ψ � 1
2ρσ2

K n � (B.3)

with thevarianceof physicalcapitalgivenby σ2
K � σ2γ

2
α � 1 � τ � 2 τ

2 D 1 8 α E
α .
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B.2 Planner Economy

The solutionprocedureis equalto the onedescribedin the precedingsection. By sub-
stitution of the consumption–capital–ratioandthe initial capitalstockof the command
economy, welfarecanbederivedas

V
�
K � 0 ��� 0�+67� K � 0 � 1 	 ρ

1 � ρ S � µ6 � 1 	 ρ

β �d� 1 � ρ � S m ψ 6 � 1
2ρσ2

K n � K � 0� 1 	 ρ S � µ6 � 	 ρ

1 � ρ
� (B.4)

C WelfareMaximizing Tax Rateof the Planner Economy

Thederivativeof (B.4) with respectto thetax rateis givenby

∂V � 0 � 6
∂τ

� K � 0 � 1 	 ρµ	y� ρ e 1� γ 1
α τ

1 8 α
α ; 1 � τ

τ S 1 � α
α

� 1>zS 9 1 � ργ
1
α σ2 � 1 � τ � τ 1 8 α

α : (C.1)

From(C.1) it becomesobviousthattherestrictionon thecertaintyequaivalentto capital
returnis crucial for feasiblesolutionsof themodel.Thereonly is a uniqueglobalmaxi-
mumof lifetime utility if thesecondtermin bracketsis positive. If we now solve for τ 6
thewell–known resultfrom thedeterministicsettingcanbeobtained

τ 67� 1 � α � (C.2)
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