
Clemens, Christiane

Working Paper

Social Status and Risk-Taking in a Model of Occupational
Choice

Diskussionsbeitrag, No. 254

Provided in Cooperation with:
School of Economics and Management, University of Hannover

Suggested Citation: Clemens, Christiane (2002) : Social Status and Risk-Taking in a
Model of Occupational Choice, Diskussionsbeitrag, No. 254, Universität Hannover,
Wirtschaftswissenschaftliche Fakultät, Hannover

This Version is available at:
https://hdl.handle.net/10419/78303

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/78303
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


���������
	�����
������
�������������
���
�������
������� ���"!#	���$�%&���'�)(��
��������
	�*,+������'!

-
.#/1032546037�8:9;-=<>95?�9@8:2BA

C�DFEG�HIEEDFJLK'EMIN@MIDFOQPSRTP�UWV@X@Y

Z[N@DLV@\@\@V

]�^`_badcfehgia
j�k:lnmpoLqroLsWtulnmpviw@xBvisWt6x:sWy&z{l}|~k�w@vbvi�LoLqh|~lnw@x:qh�{vbk:w@l}vbs��LxBy`sWt�t6l}m��5�

z;kBsWt6s�qr�5sWx:|�m
vbqrtfs�qh��w@�L|�|�k:sWl}t�m�w@vilnqr�Lm�|�qr|��Lmh�'�~|`lnm��)w@|~ln�Bqh|~sWyu�5��tfsWvisWxB|
y�sW��sW�}w@oL�"sWxB|~m�lnx=|�k:s�� ���f�������b���b���:  �1z{k:l}vbk{l}xBy�l}viqh|�s�|�k:qh|5m�|~qh|~�Lm'oLt6sW¡~sWt6¢
sWxBvisWm#oLw@m�m�l}�5�}�;oLtfw@�Blny`s£qhx�sW¤¥oL�}qhx:qh|�l}w@x�¡dw@t�|�k:s�w@�5m�sWt¦��sWy"m�kBl}¡d|§|�w@z;qht6y�m
sWxB|~tfsWoLt6sWxBsW�Lt¦l}qh�5t¦l}m��5¨h|~qh�5l}x:�'�§©us�ªLxByuq�oLw@m�l}|~ln�Bs�|�t¦qhy�sWw@¡~¡§�5sW|�z;sWsWx�m�|~qh¢
|��Lm��Wt¦l}m���qrxBy{|�k:s«qh|�|~l}|��Ly�s�|�w@z;qht6y�m't¦l}m���lnx=q
t6l}m��5¨rqh��sWt¦m�sSm�w@vilnsW|~�b�Wz;k:sWtfs#q
kBl}�5k:sWt�oLt6w@oLw@t6|~lnw@x¬w@¡@qh�5sWx:|�m�vbk:w@w@m�sWm�|�k:s�sWx:|�t6sWoLtfsWx:sW�Lt§vb�}qhm�m��vbw@�"oLqht6sWy
|�w¬q�m�|~qh|��Lm�¨rxBsW�L|~t6qr�QsWvbw@x:w@�)�Q�h©us�y�sWt6l}�Bs£vbw@x:y�l}|�l}w@x:m#¡dw@tIqhx;w@oL|�l}�"qh�@y�sW¢
�5tfsWsIw@¡@l}x:y�l}��l}y��Lqr�Wm�|�qh|~�Lm���qr�}�Lqh|�l}w@xI�1��}|�k:w@�L�5k�|�k:s#oLw@oL�L�}qh|~l}w@x�m�kBqrtfsWmLw@¡
�}qh�5w@t6sWt6m�qhx:y)sWx:|�t6sWoLtfsWx:sW�Lt6m��rqhx:y)sW¤¥oLsWvb|~sWy�l}xBviw@�)sWm®viw@xB�BsWtf�5s�|�w@z;qht6y�m
|�k:s
sW¡�ªLvilnsWx:|��Bqh�}�LsWm�w@¡B|~kBs
t¦l}m��5¨hx:sW�L|�t¦qh�QsWviw@xBw@�"�b�¯z;k:sWx;oLtfsW¡dsWtfsWx:vbsWm�¡~w@t
m�|�qr|��Lm
l}xBvitfsWqrm�sW�@|�k:lnm
l}m®x:w@|'|~tf�Ls�¡~w@t�sW¤roLsWvi|�sWy°�L|�l}�}l}|��i��z;kBl}vik)qrm��5�)oL|~w@|�l}¢
vbqr�n�}��¡dqh�}�}m���qhvb�;|~w�|�k:s�sW±��Lln�}l}�5t¦l}�L�²��qr�}�Ls�w@¡`|�k:s�m�|~qh|~�Lm�¨hx:sW�L|�t¦qh��m�w@vil}sW|��¥�
[m�sWvbw@x:y�¨r�5sWm�|§z{sW�}¡dqht6s
�)qr¤rl}�"�L�³vbw@t¦tfsWm�oLw@x:y�mS|�w¬qhx;l}xBsW¡~ªLvbl}sWx:|:y`lnm�|~t6l}¢
�5�L|�l}w@x�w@¡§qh��sWxB|~mIw@��sWt�|�k:s£|�z;w�|~�5oLsWmSw@¡§w@vbvi�LoLqh|~lnw@x:mh�
�~´Q´Qµ·¶h¸r¹h¸
¨�¸h¸hºr»
¼~½`¾�¿®�nqrm�m�l}ªLvbqh|~l}w@x�À¯Á�Â�¨�Á�Ã�¨�Á�¸
Ä
sW�5z;w@tfy�mhÀ¯t6l}m��5¨r|�qr�5l}xB�5�hw@vbvb�LoLqr|�l}w@x:qh�@vbk:w@l}vbsW�rm�w@vbl}qh�@m�|~qh|��Lm

ÅÇÆ«ÈrÉËÊhÌÎÍÇÏ6É3Ð}ÑbÐ:Ò�ÓiÈrÈ¥Ô¯ÊrÌÎÍBÕ×ÖØÈ¥ÏfÐ}ÉËÐnÙ@Ð:ÚØÛ@Í�Ü5Ô¯Ý3ÞrÏfß�É3ÍÇÐ}Ïfà¦árÓiÚØÐ}ÏfÝ3ÌbárÍâÌÎã¯ä`åBÐ}ÌÎÉËÝ3Ù@È¥æ�ç¬Óià6á¥ÏfÐ}Ù@èéÙ@È¥ê
Ü�ÌÎÍÇÐ}ÌÎÉ3ÝËÙ@ÈrærãÎë�ì¯ÈrÉËæhÏ6ß�Ô¯ÍÇÐ}á¥ÌÎÍBí@ÝËÓbÐ}î#ïiãbðiñLïbòbó�Ò�ÓiÈrÈ¥Ô¯ÊhÌbÍnãÌâôQè�ÓbÉËÝ3õhöÇ÷>øâù�øâúhûâüSýiþ�÷>ÿ �hú��������¦úhú�	¦ýbø�
nÿ �bø



�����������������������! N#"%$�J&"ÇD('�N#"ÇOQE£MIOQJLM�)FO*"ÇJ�DFK+'�OQE�"�DFK�N{PÎDFEG-,)MIP�J/.~O�01"`N@K+2 JLMIOQPÎN#"ÇO�N43IP5$7698  D�E: HIOQE�"ÇDFJLK  N@E<;LJ&"  OQP�O�2�O�0WJLK'J&$�D�E="ÇE�>ÇJLP�EJ&$�O�"ÇD?$�O�@¯N@K+2BA�D  )FE�"ÇP¦J&$ N@K+2DCSN#>E>ÇJLK+"FHG=I%J=I#K )FD�E="#N�K�H�$L;LO¥P�J&>M>ÇN#01"ÇJLPÎE�@LEH�0  N@E�O¥K+"ÇP�OQMIP¦OQK�OQHIPÎDFN#)`N#;LD()FD?"H,N@-)�N#;LJLP�EG�D?)()FE�@
N#010WOQEEO"ÇJP0WN@MID?"ÇN#)<$�N@PbG�O�"ÇE¬N@K+2Q"  O)DFK+2SD?'`D?2SHIN#)#N#"H"ÇD("ÇH�2SOD"ÇJ&RTN@P�2#E¬PÎD�E1G%@+R  D?0  $�D(S  "IO�TBM�)FN@DFK+@UR  ,uN@KpN#S�OQKV"�0  JLJLEO¥E9"ÇJB;LO{N@K�OQKV"ÇP�OQMIP�OQK'OQHIPÎU � OW"  DFK�GX"  N#""  DFEY)FDFE�"  N@EY"ÇJZ;LO�O�T["ÇOQKV2#O/2\;&,[N@K�J&"  OQP]$�J&"ÇD?'`O&^4"  O�MIP¦O�>ÇOQP�OQKV0WO_>ÇJLP�EJ&0WDFN#)
E�"ÇN#"ÇHIE5U` JLK�ED?2SOQPa>ÇJLP�O�T�N#$�M�)FOD"  O)O/TBMIN@K'EDFJLK J&>b"  Odc egfihkjMl�m1n-m1ogp%c["  P�JLH�S  JLH�""  O4)FN@E�"�,�OQN@PÎE�N@K+2q"  O¬P�O�0WOQKV"�2SO�'�O�)FJLM�$�OQK+"ÇE£DFKd"  DFE�EO�01"ÇJLP�U&rSEMIO/0WD�N#)?)?,�DFKdrSH�s
P�JLMIO"N@KV2,D�Kt"  ODu�K'D?"ÇO�2Zv�"ÇN#"ÇO¥E�@V"  OQP�O  N@E4;LO¥OQK N@K D?$L$�OQK�EO)DFK+0WP�OQN@E1O°DFKw"  O
K�H�$L;LOQP�J&>§E�"ÇN@P5"Hx@HIMY3IP5$�E�@�R  D?0  MIO¥P  N@MIEMR�N@E«JLKV)(,4$�N#2#O�MIJLEED?;&)FO9;&,{Na0WJ&$Ls;LD�K'N#"ÇDFJLK J&>y"HR�Jq>ÇN#01"ÇJLPbE#^9"  O�N#2SO : HIN#"ÇOuEHIMIM�)?, J&>90WN@MID?"ÇN#)
JLKz"  OuJLK'O  N@KV2{@>ÇJLP�DFK�E�"ÇN@KV0WO�@-;&,pOQN@E�, N#010WOQEE|"ÇJd'�OQKV"ÇHIP�O]0WN@MID?"ÇN#)(@�N@K+2M@�JLK}"  O�J&"  OQP  N@KV2{@%;&,"  O"MIP¦OQEOQKV0WO"J&>
N#S�OQK+"ÇE=@�R  JLR�OQP�ODRTD?)?)FDFK+Sw"ÇJd;LOQN@PW"  O"PÎDFEG J&>~;LOQDFK+S N@K OQKVs"ÇP�OQMIP�OQK'OQHIPÎU�! N#"�$�N#2#O¬MIOQJLM�)FO{DFK+'�OQE="�DFK�N�PÎDFEG-,uE�"ÇN@P5"Hx@HIMpMIP�J/.~O�01"�6W��>�R�O4)FJLJLGX>ÇJLP£DFK+s
E�"ÇN@KV0WO�N#"-�;OQP5$�N@K+,gR�D?"  D?"ÇE
O�T["ÇOQK�ED?'�O�E1J&0WD�N#)BEO�0WHIPÎD?"H,�E�,�E�"ÇO�$ N@KV2 D?"ÇE F $�N#,-;LO K0WJ&$�MIN@PbN#;&)?,[PÎDFEG-x@N#'`O¥PbE1O MIJLMIH�)FN#"ÇDFJLK+@�D("�EOQO�$�E  N@P�2�"ÇJt;LO�)FDFO�'�Od"  N#"9"  OTDFK+s0WP�OQN@EDFK+S�K�H�$L;LOQP¬J&>�E�"ÇN@P5"Hx@HIMQ3IP5$�E)N@KV2\"  O�PÎDFEO�DFK E="ÇJ&0WGw$�N@PÎG�O�"�N#01"ÇD?'�D?"ÇDFOQE0WN@Kw;LO�O�TBM�)FN@DFK�O/2zRTD?"  N@K J&'`O¥PbN#)?)SE  D(>H"«J&>®MIP�O�>ÇOQP¦OQK+0WOQE|"ÇJ&R�N@P�2SE=NB)FJ&RTO¥Pa2SO�sS�P�O¥O�J&>�PÎD�E1G�N#'`O¥PbE1D�JLK"JLPIO�'�OQK"PÎDFEG-x#)FJ&'`DFKVS)N#"H"ÇD?"ÇH�2SOQE5UNr#E1MIO�0WDFN#)()?,�"  O�P�O�0WOQKV"�0WPÎD(s
EDFE�J&>�"  OBc egfih�jMl�m1n-m1o�p%c¥DFK+2SD?0WN#"ÇOQE*"  N#"IMIO¥P  N@MIE9"  O42SO�S�P�O¥O{J&>IPÎDFEG�N#'`O¥PbE1D�JLK N#2uK�J&"  N#2X0  N@KVS�O�2uJ&'�OQP�"  Oy"ÇD?$�O�@¥EDFKV0WO�$�N@K+,�J&>�"  O�>ÇJLP5$�OQPIOQKV"ÇP�OQMIP�O¥K�OQHIPÎE
N@KV2Y"  O¥D�P'O�$�M�)FJ&,�OQOQE�S-)FN#2M)(,¬P�O�"ÇHIPÎK�O/2g"ÇJ�"  O~>ÇJ&)?2°J&>["ÇPÎN#2SO
HIK�DFJLK�E�@NR�N#S�O
N#S�P�OQO�s$�OQK+"ÇE£N@K+2_3�TBO/2dR�OQOQG-)?,  JLHIPÎE�J&>%"  ODc��a���OjMl�m1n%m1o�p%cØU� O�"  DFK�G�D?"%$�JLP¦O�M�)FN@HIED?;&)�O|"ÇJ�O�T�M�)FN@DFKB"  OQE1O�2SO�'�O�)FJLM�$�OQK+"ÇE<R�D("  N¬MIP¦O�>ÇOQP�s
OQK+0WO|>ÇJLP®EJ&0WDFN#)LE�"ÇN#"ÇHIE=@�R  D?0  MIJLE1ED?;&)(,)E�"ÇN@K+2SE£DFK�N4"ÇPÎN#2SOQJ&>E>'P�O�)FN#"ÇDFJLK�E  D�M_R�D("  "  OTD�KV2SD('�D?2SHIN#)�2#O/S`P¦OQO�J&>�PÎD�E1G N#'�OQPÎEDFJLK N@KV2�"  OTPÎD�E1G,D("ÇE1O�)?>bU � OTN@P�S�HIO_"  N#"
N#S`O¥K+"ÇE{RTO¥P�O�N#"H"ÇPÎN#01"ÇO�2X;&,]"  O�H�"ÇD?)FD?"H,]S`N@DFK)N@EEJ&0WDFN#"ÇO�2BR�D?"  "  O�OQKV"ÇP�OQMIP�O¥K�OQHIPÎDFN#)
E�"ÇN#"ÇHIE�N@K+2 N@E1EJ&0WDFN#"ÇO�2  D?S  O�T�MIO�01"ÇO�2 DFK+0WJ&$�OQEg2SHIPbDFKVSw"  O�PÎDFEOTJ&>�"  Otc e�fihj{l�m1n-m1o�p%c5N@KV2�E�R�D?"H0  O�2};LN#0WGP"ÇJ�)FN#;LJLP�N@E|"  O�PÎDFEG�D�K'OQEE�J&>#MIP�J/.~O�01"ÇE�DFK+0WP�O¥N@EO�22#HIPÎDFK+SD"  O|0WPÎDFEDFE5U� )?"  JLH�S  "  DFEO)FDFK�OuJ&>£N@P�S�H�$�OQK+"�2SOQE�0WPÎD?;LOQE¬N@K OQEEO¥K+"ÇDFN#)?)(,q2M,�K�N#$�D?0�MIP�J&s0WOQEE�@&R�O�R�D()?)�D?)?)FHIE�"ÇPÎN#"ÇO)JLHIP�D?2SOQNYR�D?"  DFK�N"E="ÇN#"ÇD(0WS�OQK�OQPÎN#)`O : HID?)�D?;LPÎDFH�$�>ÇPÎN#$�O�sRTJLPÎG�Ud8  O D(2SOQNd"  N#"�PÎDFEG,N@K+2 N#"H"ÇD?"ÇH�2SOQEg"ÇJ&RTN@P�2#E�PÎDFEGz$�N#,Q"ÇHIPbK[JLH�"a"ÇJw;LO
G`O/,�>ÇN#01"ÇJLPÎEL>ÇJLPTJ&010WHIMIN#"ÇDFJLK�N#)40  JLD?0WO DFE�K'J&"�K'O�R N@K+2�0WN@Kk;LOz"ÇPbN#0WO/2�;LN#0WG"ÇJzA=D  )�E="ÇP�J&$ N@K+2!CSN#>E>ÇJLKV" FHG=I%J=I#K N@K+2�N�EOQPÎDFOQE)J&>�0WJLKV"ÇPÎD(;LH�"ÇDFJLK'E"J&>*A�N@K+;LHIPFHG=I%J=I#� @���@ G=I#� \#@ G=I#� V K U&8  OQP�O/@@N@K�N#S�OQK+"�� E£H�"ÇD?)FD?"H,uD�E92SO�"ÇOQP5$�DFK�O�2 OQK+"ÇDFP�O�)?,B;&,  DFE
J&R�K°O�0WJLK'J&$�D(0�N#01"ÇD?'�D("ÇDFOQEyR�D?"  DFK°N40WJ&$�MIO/"ÇD("ÇD?'�O*$�N@PÎG�O�"�E�"ÇP�H�01"ÇHIP�O�U���HIP<$�J&2#O/)2#D?>�>ÇOQPÎEW"ÇJ_"  JLEO�N@MIMIP�JLN#0  OQEW"ÇJ_"  O�D?$�MIJLP5"ÇN@K+"«P¦OQEMIO�01"H@%"  N#"�N#)�E1Jd"  O�P�O�)FN#"ÇD?'�O

G



D�KV0WJ&$�O°MIJLED?"ÇDFJLK D�Kt"  O)O�0WJLK�J&$L,PR�D?)?)<;LO)P�O�)FO�'�N@K+"~>ÇJLP|"  OD2SO�"ÇOQP5$�DFK�N#"ÇDFJLK J&>
DFK+2SD?'`D?2SHIN#)�R�O�)?>ÇN@P�O�U��M,�N@EEH�$�DFK+SD"  DFE�@�R�O|>ÇJ&)?)�J&R�"  O�N@P�S�H�$�OQKV"'J&> ` J&)FO|f�� � ���FHG=I#I V K @+R  J�MIJLE�"ÇH�)FN#"ÇO�2M@�"  N#"�MIO¥JLM�)�O40WN@P�O�K�J&"SJLK+)?,TN#;LJLH�"<"  OQDFP�J&R�KPR�OQN#)?"  @;LH�"'N#)FEJ)N#;LJLH�"+"  O¥D�P�P�O�)FN#"ÇD?'�O¬E�"ÇN@KV2SD�KVS"DFK�"  O|R�OQN#)?"  2#DFE�"ÇPÎD?;LH�"ÇDFJLK
U8  O{D?2SOQN]"  N#"IE�"ÇN#"ÇHIEy0WJLK+0WO¥PbK'E  O�)FM�D�K_"  O¬O�TBM�)FN@K'N#"ÇD�JLK J&>�0WOQP5"ÇN@DFK�N@EMIO�01"ÇE
J&>  H�$�N@K�;LO  N#'�DFJLP  N@E{S�N@D�K'O�2°N@K�DFK+0WP�O¥N@EO�2°N#"H"ÇPÎN#01"ÇDFJLK�D�Kg"  O£O�0WJLK'J&$�D?0b2SDFE�0WD?s
M�)FD�K'O�"  P�JLH�S  JLH�"["  Oy)�N@E="�,�OQN@PÎE� rE1OQO9"  O�E1HIP�'�O�,�EM;&,]¡IJLE�"H)FO�R�N@D?"ÇO FHG=I#I#�#K   � OQDFEE
N@K+2_¢`O¥PbE  "H$�N@K FHG=I#I#�#K  [£�JLHIKVS FHG=I#I#�#K @["  O�N@MIM�)FD?0WN#"ÇDFJLK�E�J&>V¤£J&;LEJLK FHG=I#I V K N@KV2` J&)FOgf�� � ��� FHG=I#I V#@ G=I#I#�#K JLP9"  O�EOQPÎDFOQE�J&>{0WJLK+"ÇPÎD?;LH�"ÇD�JLK'E�J&> ` JLPbK'OQJ�N@K+2t¥ÇOQN@K�K'OFHG=I#I%J @ G=I#I#� @BV@\@\ G=K U� O{N@P�O�O¥EMIO�0WDFN#)?)(,�DFK+"ÇO¥P�OQE�"ÇO�2�D�Kd"  O{DFKV"ÇOQPÎN#01"ÇD�JLK J&>SN#"H"ÇD("ÇH�2SOQEy"ÇJ&R�N@P�2SE�PÎDFEG
N@K+2[E�"ÇN#"ÇHIE40WJLKV0WOQPÎK�E¬N@K+2[MIJLE�"ÇH�)FN#"ÇO"N�"ÇPÎN#2SOQJ&>E>
P�O/)�N#"ÇDFJLKt;LO�"HR�OQOQK}"  JLEOg'�N@PbD?s
N#;&)FOQE�@/R  D(0  DFE«EHIMIMIJLP5"ÇO�2�;&,�JLHIP�3IKV2SD�KVS�E5U�rSEMIO�0WDFN#)?)?,;DFKY"  O�$�JLP�O9)FD�G�O�)?,]0WN@EO
J&>�PÎDFEG N#'�OQPÎEDFJLK+@�"  O°MIP�OQEO¥K+0WO"J&>£E�"ÇN#"ÇHIE{K�OQO�2SE�0WN@HIEOQE]"  O"N#S�OQK+"ÇE4"ÇJ�E�R�D("H0  
N#RTN#,L>ÇP¦J&$ EN#>ÇOYR�N#S�O"DFK+0WJ&$�OD"ÇJ&R�N@P�2SE¬PÎDFEG-,pMIP�J&3�"ÇE5Uy¤�O/S`N@P�2#DFKVS�O�>E3�0WDFOQKV01,�@
JLHIP«P�O¥EH�)?"ÇE~0WJLD�KV0WD?2#O|"ÇJ�NW0WO¥P�"ÇN@DFK�2SO�S�P�OQOaR�D?"  "  O�JLK'OQE~2SOQPÎD?'`O/2_;&,DA=D  )�E="ÇP�J&$
N@K+2\CSN#>�>ÇJLK+" FHG=I%J=I#K @
N@K+2\A�N@KV;LHIP FHG=I%J=I � K U�rM>E3�0WDFOQKV"�JLH�"H0WJ&$�O¥E�N@P�O�J&;&"ÇN@D�K'O�2
D�K NuPÎD�E1G%x@K'OQH�"ÇPÎN#)SEJ&0WDFO�"H,N@+R  D?0  DFE;N#)FEJ�E="ÇN#"ÇHIE�x@K�OQH�"ÇPÎN#)IDFK�JLHIP*$�J&2SO�)6U � D("  
N@K DFK+0WP�OQN@E1O°DFK E�"ÇN#"ÇHIE4'�N#)FHIN#"ÇDFJLK+@{"  O)O�0WJLK�J&$�D?0�'�N@PbDFN#;&)FOQE�0WJLK+'�OQP�S`OY"ÇJ&RTN@P�2#E"  OQDFP;O�>�3�0WDFOQK+"9'`N#)FHIOQE=@®O�T[0WOQM�"9>ÇJLP{O�TBMIO/01"ÇO�2 H�"ÇD?)FD?"H,N@bR  D?0  7¦ N#>H"ÇOQP;P�O¥N#0  DFK+S
NB$�N#TBD?$�H�$ ¦ >ÇN#)?)FEO;LN#0WGL"ÇJ�"  O�DFK�O�>�3�0WD�O¥K+"§)FO�'�O�)IJ&>�N°K�JLKVx@PbDFEG-x@K'OQH�"ÇPÎN#)�;LH�"
E�"ÇN#"ÇHIE�x@K�O¥H�"ÇPbN#)�EJ&0WDFO�"H,BU� K E  JLP5"H@IE�"ÇN#"ÇHIE;MIP�O/>ÇOQP�OQKV0WOQEO0WN@Kz0WJLPÎP�O�01"�"  O"N#)()FJ&0WN#"ÇD?'�O_2SDFE�"ÇJLP5"ÇDFJLK�DFKz"  O
O : HID()FD?;LPÎDFH�$¨2SD�E="ÇPbD?;LH�"ÇDFJLKZ;LO�"HR�OQO¥KZ"  OX"HR�J J&010WHIMIN#"ÇD�JLK'N#)§01)FN@EEOQE�E�"ÇO/$L$�D�KVS>ÇP�J&$ K'JLK+x#©@OQP¦J PÎDFEG�N#'�OQPÎEDFJLKV@%;LH�"M"  D�E|2SJLOQE�K'J&"<,�DFO�)?2}$�N#TBD?$�H�$ H�"ÇD?)FD?"H,:U{�fKVs
E�"ÇOQN#2M@rN�EO/0WJLK+2Mx#;LOQE�"[R�O�)?>ÇN@P�O�JLM�"ÇD?$�H�$ DFE§0  N@PÎN#01"ÇOQPÎD?©@O�2�;&,�N@K"DFK�O�>�3�0WDFOQK+"&2SDFE�s"ÇPbD?;LH�"ÇDFJLKuJ&>�N#S�OQKV"ÇE~;LO�"HR�OQOQKB"  O�OQK+"ÇP�O¥MIP�OQK�O¥HIP#N@KV2P"  O|)FN#;LJLP§01)FN@EE5U8  OuMIN@MIOQP�D�E�JLP�S�N@K'D(©@O/2 N@E]>ÇJ&)?)FJ&R�E�^y� KZ"  OX>ÇJ&)()FJ&R�DFK+S EO�01"ÇDFJLK V#@{R�OB2SO�s'`O/)�JLMª"  O�$�J&2SO�)®N@KV2�2#O¥PbD?'�O�"  OTO : HID?)�D?;LPÎDFH�$¨0WJLK+2SD?"ÇDFJLK�E5UXv:O/01"ÇD�JLKQ«pDFEg2SO�s'�J&"ÇO�2�"ÇJ�NW0WJ&$�MIN@PÎN#"ÇD?'�O¬E�"ÇN#"ÇD?0£N@K�N#)?,�EDFE5U � O�O/TBN#$�DFK�O*"  O�D?$�MIN#01"'J&>%0  N@KVS`O�DFK"  O42SO�S�P�O¥O¬J&>SPÎDFEGuN#'�OQPÎEDFJLK�N@E*R�O�)?)�N@E�DFKP"  O¬D�KV2SD('�D?2SHIN#)�E�"ÇN#"ÇHIE9'�N#)�HIN#"ÇDFJLKpJLK"  O�O : HID?)�D?;LPÎDFH�$×O�0WJLK�J&$�D?0�P�O�)FN#"ÇDFJLK�E  D�MIE�N@K+2�JLKTO/TBMIO�01"ÇO/2 H�"ÇD?)FD?"H,:U�8  O�D?$�M�)�D?s0WN#"ÇD�JLK'E4>ÇJLP�N@K JLM�"ÇD?$�N#)�2#O/S`P¦OQO�J&>®E�"ÇN#"ÇHIE|'�N#)�HIN#"ÇDFJLK N@P¦OY2SDFE�0WHIEEO�2�U~v:O�01"ÇDFJLK Y0WJLK+01)FH�2SOQE5U¬|���®�¯{°�������±W²/�������W²/³|´|µW�����-¶/¯{²/�W�z·��#¶/¸�¶/��¶/���-¶&y¸#����¹������1²/³a¹���²/���Wº&»#fM¼Qm1�#fi�½��HIPM$�J&2SO�)@DFE§01)FJLEO�)?,�P�O/)�N#"ÇO/2X"ÇJO"  O�EO�"ÇHIMY>ÇJLP5$�H�)FN#"ÇO�2X;&,�A�N@K+;LHIPFHG=I%J=I � K U � Oy0WJLK�E1D(2SOQP�N�EDFK+S-)FO�x@MIOQPÎDFJ&2YS�OQK'OQPÎN#)QO : HID?)�D?;LPÎDFH�$¾>ÇPÎN#$�O�R�JLPbG]R�D?"  N0WJLK+"ÇDFK'HIH�$�¿

0 À 1Á J&>:N#S�OQKV"ÇE5U�8  O�D?2SOQK+"ÇD?0WN#)#3IP5$�E  DFP�Oy)�N#;LJLPIDFK'MIH�"ÇE L
"ÇJ{MIP�J&2SH�0WO

N  J&$�J&S�OQK'OQJLHIE§S�JLJ&2TN#010WJLP�2SD�KVSB"ÇJg"  O�E  JLP5"Hx@P�HIKuMIP�J&2SH�01"ÇDFJLKB>ÇHIKV01"ÇD�JLK
F Â L À θ Ã{Ä θLα À α Å}Â 0 À 1Ã�À θ Æ Λ Ç θ̄ À σ2 È�É FHG=K

V



8  O MIP¦J&2#H�01"ÇD?'�D?"H,�MIN@PÎN#$�O�"ÇOQP
θ
P�OQMIP¦OQEOQKV"ÇEuN@K D?2SDFJLE�,�K+0WPÎN#"ÇD?0 F 3IP5$ EMIO�0WD?3�0 K"ÇO�0  K'J&)�J&S-,uE  J&0WG-@�R  D?0  DFE�N@EEH�$�O�2q"ÇJ�;LO�K�JLKVx#2SD('�OQPÎED?3IN#;&)FO�@LHIKV0WJLPbP¦O�)FN#"ÇO�2

N@K+2L)FJ&S�K�JLP5$�N#)?)(,�2SDFE�"ÇPÎD?;LH�"ÇO�2M@[R�D?"  $�O¥N@K
E
¿
lnθ Á&Ä θ̄

@U'`N@PÎDFN@K+0WO
Var

¿
lnθ Á-Ä σ2@

N@K+2P2SOQK'ED?"H,
f Â θ Ã U8  O=D?2SOQKV"ÇD(0WN#)LN#S�OQKV"ÇE~0  JLJLEO|;LO�"HR�OQO¥KB"HR�J)N#)?"ÇOQPÎK�N#"ÇD?'�O=J&010WHIMIN#"ÇD�JLK'E5U�rSN#0  

DFK+2SD?'�D?2#HIN#)�0WN@K°OQD?"  OQPM;LO�0WJ&$�O�N@K"O�$�M�)FJ&,`O¥O�@¥DFKBR  D?0  0WN@EO  O�J&>E>ÇO¥PbE«JLK�O�HIK�D?"
J&>y)FN#;LJLP=N@K+2 P�O�0WOQD?'�OQE�N�PÎDFEG-)�O¥EE4R�N#S�OuDFK+0WJ&$�O

yw
UO��P�"  O°N#S�OQKV"~2#O/0WD(2SOQEW"ÇJ;LO�N@K�OQK+"ÇP�O¥MIP�OQK�O¥HIP�@�R  J�P�O/0WOQD?'`O¥E�N)PÎN@K+2SJ&$ MIP�J&3�"IDFK+0WJ&$�O

yπ Ê θ Ë Ä θLα Ì wLN@K+27;LOQN@PÎE�N#)()<"  OuMIP�J&2SH�01"ÇDFJLK�PÎDFEG�UÎÍQ8  OB0WJLPÎP�OQEMIJLKV2#DFKVS�MIJLMIH�)�N#"ÇDFJLK E  N@P�O¥E
J&>�"  O�"HR�JtS�P�JLHIMIE�N@P�O_2SOQK�J&"ÇO�2QR�D?"  

1 Ì λ
N@K+2

λ
N@K+2�R�D?)?)�;LO_2SO�"ÇOQP5$�DFK�O/2

OQK+2SJ&S�OQK�JLHIE=)(,�DFK�O : HID?)FD(;LPÎDFH�$ U#u�KV2SOQP<"  OQEO*0WJLKV2#D?"ÇDFJLK�E=@#"  O*$�OQN@K�DFK+0WJ&$�O=J&>"  O�O�0WJLK�J&$L,�DFE9S�D?'�OQK�;&,
EY Ä λEyπ Ê θ Ë/Ï Â 1 Ì λ Ã yw À F V KR  OQP�O

E
2SOQK'J&"ÇOQE§"  O=O/TBMIO�01"ÇN#"ÇDFJLK°JLMIO¥PbN#"ÇJLP�U

C�HIO�"ÇJg"  O=E�"ÇN#"ÇD?0�K�N#"ÇHIP¦O¬J&>V"  O|$�J&2SO�)?@@D�KV0WJ&$�O{O : HIN#)FEy0WJLK�EH�$�M�"ÇDFJLK
U�8  O
N#S`O¥K+"ÇE]$�N#T�D($�D?©@O O�TBMIO/01"ÇO�2[H�"ÇD()FD?"H,�N@KV2M@<R�D?"  JLH�"�)FJLEE�J&>9S�OQK'OQPÎN#)FD("H,N@MR�O�0WN@K
N@EEH�$�OB"  N#"~"  O°N#S�OQKV"ÇE42SOQPÎD?'`O"H�"ÇD()FD?"H,}>ÇP�J&$Ð"  OQDFP�DFK+2SD?'`D?2SHIN#)«DFKV0WJ&$�OQE5U � 2Ms2#D?"ÇDFJLK�N#)?)?,N@<"  O�,q2SD�E1M�)�N#, N MIP¦O�>ÇOQP�OQKV0WOX>ÇJLPBc Ñim1l�Ò � �§Ñ�� � ��Ó-Ñ�Ô @bR  D(0  DFE�$�OQN@EHIP¦O�2;&,�O�T�MIO�01"ÇO�2�P�O/)�N#"ÇD?'�O�D�KV0WJ&$�O�@�D6U¥O�U�"  O�PÎN#"ÇDFJTJ&>�O�T�MIO�01"ÇO�2 DFK+2SD?'�D?2#HIN#)+"ÇJ_$�OQN@K
N#S-S�P�O�S�N#"ÇO�DFK+0WJ&$�O�U�8  O�)�N@P�S`O¥Pb"  DFE
PÎN#"ÇDFJ&@�"  O*$�JLP¦O*"  O�DFK+2SD?'�D?2#HIN#):D�KV0WJ&$�O�O�TUs0WOQO�2SE�"  O=N#'`O¥PbN#S�O¬D�KV0WJ&$�O{N@KV2P"  O�$�JLP�O{H�"ÇD?)FD?"H,XR�D()?)-;LO�2#O¥PbD?'�O�2P>ÇP¦J&$ E�"ÇN#"ÇHIE5U�fKXS�OQK'OQPÎN#)?@@O�TBMIO/01"ÇO�2�H�"ÇD()FD?"H,°DFE�N@EEH�$�O�2�"ÇJD;LO=J&>+"  O�DFEJLO�)FN@E�"ÇD?0 F ` ¤�¤ � K >ÇJLP5$

EU
¿
yi Á�Ä 1

1 Ì ρ
E

ÕÖV×
yi Ø Eyi

EY Ù δ Ú 1 Û ρ ÜÝ
δ Þ 0 À i Ådß wÀ π Â θ Ã�à�À F « K

N@K+2
EU

¿
yi ÁVÄ lnyi Ï δ Â lnE

¿
yi Á Ì lnE

¿
Y ÁEÃ >ÇJLP ρ Ä 1

Ua8  O"MIN@PÎN#$�O�"ÇOQP
ρ
2#O¥K�J&"ÇOQE"  O � PÎP�J&Rtá�¡IPÎN#"H"�$�OQN@E1HIP�O�J&>�P�O/)�N#"ÇD?'�OpPÎDFEG,N#'�OQPÎEDFJLK N@KV2éD�E"N@EEH�$�O�2�"ÇJw;LO0WJLK�E�"ÇN@KV"IN@K+2 D(2SOQKV"ÇD?0WN#)+>ÇJLP�N#)()�N#S`O¥K+"ÇE�J&>M"  O{O�0WJLK�J&$L,BU+8  O�ED?S�K�J&>

ρ
P�O�âIO�01"ÇE2#D?>�>ÇOQP�OQKV"�N#"H"ÇD?"ÇH�2SOQEW"ÇJ&RTN@P�2#E�PÎDFEG�U �! D?)FO�MIJLED?"ÇD('�OB'�N#)FHIOQE�N@P�OuP�O/)�N#"ÇO/2ª"ÇJ�PÎDFEG

N#'`O¥PbE1D�JLKV@rK'O�S�N#"ÇD?'`O9'�N#)�HIO¥E«D?$�M�)?,�PÎDFEG])FJ&'�DFK+S];LO  N#'`DFJLP�@¥N@K+2uN*©@OQP�J4'`N#)FHIOa0  N@P�s
N#01"ÇOQPÎD(©@O¥E�PbDFEG-x@K'OQH�"ÇPÎN#)�D?"H,BU�8  O;MIN@PÎN#$�O�"ÇOQP

δ
$�O¥N@EHIP�OQEa"  O�DFK+"ÇOQK'ED?"H,TJ&>SE�"ÇN#"ÇHIE

MIP�O�>ÇOQP�O¥K+0WOQE5U&8  OW0WN@EO;J&>
δ Ä 0

0WJLPÎP�OQEMIJLKV2SE9"ÇJBA�N@KV;LHIP&� E FHG=I%J=I � K $�J&2SO�)�J&>IN
E�"ÇN#"ÇHIE�x@K�O¥H�"ÇPbN#)�O�0WJLK'J&$L,:Uã fin-fiä � ��jMå�Ó-Ò���Ò���äiÒ�Ó-o 8  O D?2#DFJLE�,�KV0WPbN#"ÇD?0uMIP�J&2SH�01"ÇD?'�D?"H,,E  J&0WG

θ
DFEB"  O EDFK+S-)FO

EJLHIP�0WO�J&>�HIK+0WOQP5"ÇN@DFK+"H, DFK�"  O�O�0WJLK'J&$L,BU � O�N@EEH�$�OP"  N#"W"  OpN#S�OQK+"ÇE  N#'�OæHç É3è=É3Ý3ÓiÍ§ÐnÔ�ë�ÓiÈÎå:Ù@Í&èØï�ébó�é5ê5ëØãß�Ì#ß�É3ÝËÝ¯ÓbÏ6ÏfÙ@è�ÌIÐ}á¥ÓbÐ@ÌÎÈ¥Ð}ÍâÌ5ì@ÍâÌÎÈrÌbÙ@ÍÇÏLárÉËÍdÌ�ÝËÓÇåBÔ¯Í§ÓiÚØÐnÌbÍLÐná¥ÌSê5ÍÇÓiß
ÔhÚ¥È¥ÓbÐ}Ù@ÍâÌSá¥ÓbÏ�Ô¯à¦à6Ù@ÍÇÍâÌÎê5ãiÓbÈ¥ê�Ð}árÓiÐ@Ð}árÌSà¦Ô¯Ï6ÐnÏ'Ô¯ÚQà6á¥ÓbÈ¥æhÉËÈræ�Ô¯à¦à6Ù#ì@ÓiÐ}É3Ô¯È¥Ï`ÓiÍdÌIá¥É3ærá�ÌbÈrÔ¯Ù@ærá�Ð}Ô�ì@ÍâÌ5í
ÊrÌÎÈ¥ÐrÏ6ß�É3Ð}à¦árÉËÈræSåBÌÎÐ}ß�ÌbÌÎÈIåBÔhÐná�æhÍâÔ¯Ù#ì@Ï�î

«



c l�m1o�ogm1ngï1n-m1h|��fi�=ð%f�Ô�R�D("  P�OQEMIO�01"�"ÇJ�MIP¦O�>ÇOQP�OQKV0WOQE�@�"  Oa>ÇHIKV01"ÇDFJLK�N#)�>ÇJLP5$ J&>-"ÇO�0  s
K�J&)FJ&S-,�@M$�N@PÎG�O�"�E�"ÇP�H�01"ÇHIP�OQE�N@KV2�DFK+2SD?'`D?2SHIN#)
E�"ÇPÎN#"ÇO�S�DFOQE5UD8  OX)�N#;LJLP]$�N@PÎG�O�"�DFE0  N@PÎN#01"ÇOQPÎD?©@O�2w;&,TMIOQP5>ÇO�01"�0WJ&$�MIO�"ÇD?"ÇDFJLK
U+8  O{O : HID()FD?;LPÎDFH�$ñR�N#S�O;PÎN#"ÇO]0WN@KL"  OQK;LO]2#O¥PbD?'�O�2};&,_"  O;HIEHIN#)V$�N@P�S�D�K'N#)�MIP�J&2SH�01"ÇD?'�D("H,�0WJLK+2SD?"ÇDFJLKpJ&>M"  O]3IP5$ MIP�J&;&s)�O/$

maxL yπ Ê θ Ë Ä θLα Ì wL
U/8  O|)FN#;LJLP~2SO�$�N@K+2 J&>V"  O�D�KV2SD('�D?2SHIN#)&3IP5$ò0WN@K�;LO2#O/"ÇOQP5$�D�K'O�2�N@E

L Â θ Ã{ÄóÂ θα ô w Ã 1
1 õ α
@BN@K+2  O¥K+0WO{O/TBMIO�01"ÇO/2�N#S-S�P�O�S�N#"ÇOW2SO�$�N@KV2�DFES`D?'�OQKX;&,

λ EL Â θ ÃMÄ λ ö ∞

0
L Â θ Ã f Â θ Ã dθ É F Y K8  O�O/0WJLK�J&$L,-R�D(2SO9)�N#;LJLP�EHIMIM�)?,�O : HIN#)�E~"  O�MIJLMIH�)FN#"ÇDFJLK°E  N@P¦O 1 Ì λ

J&>�N#S`O¥K+"ÇER  Jg0  JLJLEO*"ÇJg;LO�N@KuO�$�M�)FJ&,`O¥O�@QOQN#0  J&>V"  O�$ J&>E>ÇO¥PbDFKVS°N¬E1D�KVS-)�O�HIK'D("`J&>+)FN#;LJLPÎU8  O|$�N@PbG�O�"%01)FOQN@PÎDFK+SB0WJLKV2#D?"ÇDFJLK�0WN@K�;LO¬J&;&"ÇN@DFK�O/2d;&,"DFKV"ÇO�S�PbN#"ÇDFKVS F Y K
1 Ì λ Ä λ ÷ α

w ø 1
1 õ α

exp ù 1
1 Ì α ú θ̄ Ï σ2

2 Â 1 Ì α Ã�ûBü É F X K¢`P¦J&$ý"  O�N@E1EH�$�M�"ÇDFJLK�E�JLKL)FN#;LJLP�EHIMIM�)?,_>ÇJ&)?)FJ&R�E|"  N#"b"  O�O : HID?)�D?;LPÎDFH�$�R�N#S�O
PbN#"ÇO�O : HIN#)FE�D�KV2SD('�D?2SHIN#)LPÎD�E1G%)FOQE1E~)�N#;LJLP
DFKV0WJ&$�O yw

U#¤£OQN@PÎPÎN@K+S�DFK+S F X K )FOQN#2SE�"ÇJ
w þ§Ä α ú λ

1 Ì λ û 1 Û α
exp ù θ̄ Ï σ2

2 Â 1 Ì α ÃVü É F�ÿ#KrMT�MIO�01"ÇO�2uMIP�J&3�"ÇE<0WN@KX;LO*2#O/"ÇOQP5$�D�K'O�2uP�OQE1D(2SHIN#)?)?,D;&,�O�$�M�)FJ&,�DFK+S�"  O�3IP�$ MIP�J&;&s)�O/$L@["ÇN@G�DFK+S)O�T�MIO�01"ÇN#"ÇDFJLK�E
N@K+2�EH�;LE�"ÇD?"ÇH�"ÇDFK+S F�ÿ#K >ÇJLP§"  O�R�N#S�O�PÎN#"ÇO
Eπ Â θ Ã þ Ä Eyπ Ê θ Ë ÄóÂ 1 Ì α Ã ú λ

1 Ì λ û Û α
exp ù θ̄ Ï σ2

2 Â 1 Ì α Ã ü É FHJ=K¢`DFK'N#)()?,N@[$�OQN@K N#S-S�P�O�S�N#"ÇO=DFK+0WJ&$�O{N@KV2P"  O=O : HID?)FD(;LPÎDFH�$ '�N#)FHIO;J&>�O�T�MIO�01"ÇO�2TP�O�)?s
N#"ÇD('�O=DFK+0WJ&$�O�>ÇP�J&$ò"  O=P¦OQEMIO�01"ÇD?'�O�J&010WHIMIN#"ÇD�JLKX0WN@K�;LO|2SOQPÎD('�O�2 N@E9>ÇJ&)?)FJ&R�E

EY Ä λ1 Û α Â 1 Ì λ Ã α exp ù θ̄ Ï σ2

2 Â 1 Ì α ÃVü À F��#K
Eπ Â θ Ã

EY
Ä 1 Ì α

λ
À N@KV2 w

EY
Ä α

1 Ì λ
É F�I#K

C�HIOY"ÇJd"  O"N@EE1H�$�M�"ÇD�JLK J&>§0WJ&$L$�JLK G�K�J&R�)FO�2MS�O�@�OQN#0  J&>§"  O)N#S�OQKV"ÇE¬G�K'J&RTE"  N#"�O�T�MIO�01"ÇO�2 P�O�)FN#"ÇD?'�O;DFK+0WJ&$�OOR�D?)?)V;LOW0WJLK�E�"ÇN@KV"�DFK�O : HID?)FD(;LPÎDFH�$ U&�{,uE1H�;LE�"ÇD?"ÇH�s"ÇD�JLKTJ&> F�ÿ#K N@K+2 F��#K DFK+"ÇJ F « K @§H�"ÇD?)�D?"H,�>ÇP�J&$×PÎDFEG-)FOQEEyRTN#S�O¬D�KV0WJ&$�O{DFEa2SO�"ÇOQP5$�DFK�O/2: HID?"ÇO�OQN@ED?)?,
U Â w Ã�Ä 1

1 Ì ρ

×
α1
� δÂ 1 Ì λ Ã δ ú λ

1 Ì λ û 1 Û α
exp ù θ̄ Ï σ2

2 Â 1 Ì α Ã ü Ú 1 Û ρ É FHG \ K
Y



r{T�MIO�01"ÇO�2�H�"ÇD?)FD?"H,B>ÇP�J&$�PÎDFEG-,"MIP¦J&3�"ÇE
D�EyS�D?'`O¥K�;&, F « K @ FHJ=K @ F��#K @�N@K+2 F�I#K
EU

¿
π Â θ Ã�Á�Ä ö ∞

0

1
1 Ì ρ

÷ π Â θ Ã ¿ Â 1 Ì α Ãiô λ Á δ ø 1 Û ρ
f Â θ Ã dθ

Ä 1
1 Ì ρ

× Â 1 Ì α Ã ú 1 Ì λ
λ û α � δ

exp ù Ì α
1 Ì α ú θ̄ Ï σ2

2 Â 1 Ì α Ã û|ü Ú 1Û ρ�
� ö ∞

0
θ

1 õ ρ
1 õ α f Â θ Ã dθÄ 1

1 Ì ρ

× Â 1 Ì α Ã 1� δ

λδ ú 1 Ì λ
λ û α

exp ù θ̄ Ï σ2 Â 1 Ì ρ Ì α Ã
2 Â 1 Ì α Ã 2 ü Ú 1 Û ρ FHG#G=K� )?"  JLH�S  R�O;N@EEH�$�O/2�D(2SOQKV"ÇD?0WN#)�N#S�OQK+"ÇE�N@K+2 N�HIK�D?>ÇJLP5$ 2#O/S`P¦OQO¬J&>SPÎDFEG�N#'�OQP�s

EDFJLK�N#"�"  O)JLH�"ÇEO�"H@+R�OBR�N@KV"~"ÇJLS`D?'�OuN�E  JLP5"®P¦O�$�N@PÎG JLKt"  O°D?$�M�)FD?0WN#"ÇDFJLK�E�J&> O�"ÇOQP¦J&S`O¥K�OQJLHIE�N#"H"ÇD?"ÇH�2SOQE|"ÇJ&R�N@P�2SE{PÎDFEGL>ÇJLP�J&010WHIMIN#"ÇDFJLK�N#){0  JLD?0WO�Ua� KwS�OQK�O¥PbN#)?@
O�'�OQK NuPbDFEG-x@N#'�OQPÎEO�N#S�OQK+"<RTD?)?)M0  JLJLEOg"ÇJd;LO�N@K�O¥K+"ÇP�OQMIP¦OQK�OQHIP�N@E4)FJLKVS�N@E4"  O
O�TBMIO/01"ÇO�2�H�"ÇD()FD?"H,B>ÇP�J&$�MIP�J&3�"ÇE
O�T[0WOQO�2SE~"  O�H�"ÇD?)FD("H,Y2#O¥PbD?'�O�2_>ÇP�J&$�PÎDFEG-)FOQEE~R�N#S�O
D�KV0WJ&$�OQE5U*A�N@K+;LHIP FHG=I%J=I � K 2SO�$�JLK�E�"ÇPÎN#"ÇO�2t"  N#"~"  D�EW2SO�0WDFEDFJLK�DFEO)FDFK�G�O�2z"ÇJL"  O$�OQN@EHIP�O�J&>®PÎDFEGpN#'�OQPÎEDFJLK
U9�M,P>ÇJ&)?)FJ&R�DFK+S  DFE=N@K�N#)?,�EDFE{N@KV2z>ÇJLP*S`D?'�OQKq$�N@PÎG�O�"
D�KV0WJ&$�OQE�@#R�O|3IK+2

EU
¿
π Â θ Ã�Á � U Â w Ã ��� ρ þ�� 2 Â 1 Ì α Ã 2

σ2 Â 1 Ï δ Ã ln ú 1 Ì α
α 	 1 Ì λ

λ û É� K�O : HID?)�D?;LPÎDFH�$ 2#DFE�"ÇPÎD?;LH�"ÇDFJLK)J&>  J&$�J&S�OQK�OQJLHIESN#S�OQKV"ÇEb;LO�"HR�OQOQK�"  O�"HR�J;J&010WH�s
MIN#"ÇD�JLK'E�DFEa0  N@PÎN#01"ÇOQPÎD?©@O�2};&, N�ED?"ÇHIN#"ÇDFJLK+@UR  OQP�O4"  O{MID?'�J&"ÇN#)`N#S`O¥K+"�� Ea$�N@P�S�DFK�N#)
H�"ÇD()FD?"H,dS�N@DFKq>ÇP�J&$ E�R�D("H0  DFK+Sd>ÇP¦J&$ JLK�O�J&010WHIMIN#"ÇDFJLKL"ÇJ�"  O�J&"  OQP�DFE|©@OQP�J&@�JLP�DFK
E  JLP5"H@`D(>

U Â w ÃbÄ EU
¿
π Â θ Ã�Á�
 EU þ U9�M,pO : HIN#"ÇDFK+S FHG \ K N@KV2 FHG#G=K @�R�OY0WN@K EJ&)?'�O>ÇJLPb"  O�O : HID?)FD?;LPbDFH�$ MIJLMIH�)FN#"ÇDFJLKuE  N@P�O¬J&>`OQKV"ÇP�OQMIP�OQK'OQHIPÎE
λ þbÄ 1 Ì α

1 Ì α Ï α exp � ρσ2

2 Ê 1� δ ËiÊ 1 Û α Ë 2  À FHG V K
N@K+2

1 Ì λ þ P�OQED?2SHIN#)?)?,:UY8  OTMIJLMIH�)FN#"ÇDFJLK,E  N@P�OQE�N@P�O�0WJLK�E�"ÇN@KV"�DFK,O : HID?)FD?;LPbDFH�$N@K+2z2SOQMIOQKV2�JLKq"  O�E�"ÇP�H�01"ÇHIPÎN#)IMIN@PÎN#$�O�"ÇOQPÎE¬J&>b"  Og$�J&2#O/)¦U � OD3IKV2
0 � λ þ �

1 À�� α À δ À ρ U¬R�J&"ÇOg"  N#" λ þ DFE;DFKV2#O¥MIOQK+2SOQKV"�J&>~"  OB$�OQN@K θ̄
J&>~"  O)MIP�J&2SH�01"ÇD('�D?"H,

E  J&0WG�U[8  D�E�P�OQEH�)?"V0WN@K_;LO¬N@E�0WPÎD(;LO/2L"ÇJY"  O=N@EEH�$�M�"ÇDFJLKuJ&> ` ¤y¤ � MIP�O/>ÇOQP�OQKV0WOQE�@R  OQP�O|"  O|2SO�S�P�OQO�J&>�PÎDFEG"N#'�OQPÎEDFJLK�DFE�DFKV2#O¥MIOQK+2SOQKV"LJ&>+"  O�DFK+0WJ&$�O�)FO�'�O�)6Ur : HIN#"ÇDFJLK FHG V K E  J&RTE<"  O9"ÇPbN#2SOQJ&>�>�;LO�"HR�OQOQK�E�"ÇN#"ÇHIE<0WJLK+0WOQPÎK'E«N@K+2�PÎDFEG�N#'�OQP�s
EDFJLK�JLKL"  O�JLK�O  N@KV2M@'N@KV2w;LO�"HR�OQOQK�E�"ÇN#"ÇHIE�N@K+2�PÎDFEG JLK}"  O�J&"  OQPÎU{��"{0WN@K};LO

X



E�"ÇN#"ÇO�2�$�JLP�O|>ÇJLP�$�N#)?)?,N@UR�D?"  
dλ þ Ä 0

D(>
dρ
dδ

Ä ρ
1 Ï δ � 0

N@KV2 FHG « K
dσ2

dδ
Ä σ2

1 Ï δ � 0 É FHG Y K� PÎDFEO�DFKX"  O�'`N@PÎDFN@K+0WO¬J&>-"  O*"ÇO�0  K�J&)FJ&S-,�E  J&0WG-@¥JLP#DFKX"  O*2SO�S�P�OQO�J&>�PÎDFEG�N#'`O¥P�s
EDFJLK P¦OQEMIO�01"ÇD?'�O�)?,N@b0�U§M�U§P�O�2SH�0WOQE�"  OTMIJLMIH�)FN#"ÇD�JLK[E  N@P�OTJ&>�OQK+"ÇP¦OQMIP�OQK'OQHIPÎE�@SN@E
N#S�OQK+"�E�R�D?"H0  >ÇP�J&$�PÎDFEG-,�MIP�J&3�"ÇE~"ÇJ�EN#>ÇO|)�N#;LJLP«D�KV0WJ&$�OQE5U/8  DFE�2SO�01)FDFK�O�DFKX$�O�$Ls;LOQPÎE�J&>�"  O¬O¥K+"ÇP�OQMIP¦OQK�OQHIP{01)FN@EEa0WN@K�;LO40WJ&$�MIOQK'EN#"ÇO�2_;&,uN@K O : HID?'�N#)FOQK+"�PÎDFEO=DFK
MIP�O�>ÇOQP�O¥K+0WOQE~>ÇJLP®E1J&0WD�N#):E�"ÇN#"ÇHIE5U8  O°PÎD�E1G%)FOQE1EWR�N#S�O°DFK+0WJ&$�OX0WN@KZ;LO"P�O�S�N@P�2SO�2,N@EO"  OB0WOQP5"ÇN@DFK+"H, O : HID?'`N#)FOQKV""ÇJ PÎDFEG-,�MIP�J&3�"�DFK+0WJ&$�O�U���"�DFE�MIJLEED?;&)FO�"ÇJ O�T�MIP�OQEE]"  O�P�O�)FN#"ÇDFJLK�E  D�Mª;LO�"HR�OQOQK"  O]R�N#S�O�PbN#"ÇO�N@KV2 O�T�MIO�01"ÇO�2 MIP�J&3�"ÇE�DFKL"ÇOQP5$�E�J&>M"  O�O/TBMIO�01"ÇO/2 PÎDFEGTMIP�O�$�DFH�$� Â θ ÃMÄ Eπ Â θ Ã Ì w

R�D?"  "  O|0WJLPÎP�OQE1MIJLK+2SDFK+S�O : HID()FD?;LPÎDFH�$ '�N#)�HIO
� Â θ ÃMÄ αα Â 1 Ì α Ã 1 Û α exp ù θ̄ Ï σ2

2 Â 1 Ì α Ã ú 1 Ì ρ
1 Ï δ ûXü �� Ø exp ù ρσ2

2 Â 1 Ï δ Ã�Â 1 Ì α Ã 2 ü Ì 1Ù É FHG X K
r{T�MIO�01"ÇO�2 MIP�J&3�"ÇE�O�T[0WOQO�2tRTN#S�O�DFK+0WJ&$�OQE=DFKt0WN@E1O)J&>�PbDFEG�N#'`O¥PbE1D�JLKV@'D6U@O�U

ρ � 0
U��OQP�O/@�"  O
OQK+"ÇP¦OQMIP�OQK'OQHIPÎE�2SO�$�N@K+2)N�MIJLED?"ÇD?'�O�PÎDFEG;MIP¦O�$�DFH�$ N@E#N�0WJ&$�MIOQK'EN#"ÇDFJLK>ÇJLP§;LOQN@PÎDFK+SB"  O=MIP¦J&2#H�01"ÇDFJLKuPÎDFEG�U�8  O¬O/TBMIO�01"ÇO/2TPÎDFEG°MIP¦O�$�DFH�$�DFE�K'O�S�N#"ÇD?'`O�>ÇJLP

PbDFEGD)FJ&'`O¥PbE=@@N@K+2 � Â θ ÃMÄ 0
DFK�0WN@EO¬J&>'PÎD�E1G%x@K'OQH�"ÇPÎN#)FD("H,BU´D����±W²/��²/�����y¶X¹��1²/�����-� O�K�J&R "ÇHIPÎKP"ÇJ_"  O : HIOQE�"ÇDFJLKpJ&>  J&R�MIP¦O�>ÇOQP�OQKV0WO�N@K+2t"ÇO�0  K'J&)�J&S�D?0WN#)�MIN@PÎN#$Ls

O�"ÇOQPÎE{DFK+âIHIO¥K+0WO�"  O°O : HID?)FD?;LPÎD�H�$ P�O�)FN#"ÇDFJLK�E  DFMIE]2#O¥PbD?'�O�2[DFKz"  O°MIP¦O�'�D�JLHIE�E1O�01s"ÇD�JLK®U��#O¥ED?2#O¥E�"  O{N@EMIO�01"IJ&>SPÎD�E1G N#'�OQPÎEDFJLK+@:JLHIP�DFK+"ÇO¥P�OQE�"IDFE�OQEMIO/0WD�N#)?)?,�2#DFP�O/01"ÇO�2"ÇJ&RTN@P�2#E|"  O�O/>E>ÇO�01"ÇE�E�"ÇO�$L$�DFKVSd>ÇP�J&$ E="ÇN#"ÇHIE�MIP�O�>ÇOQP�O¥K+0WOQE�N@E�$�OQN@EHIP�O�2t;&,P"  O
MIN@PÎN#$�O�"ÇOQP

δ
U � O9R�D?)?)�0WJ&$�MIN@P�O�"  O�O : HID?)FD?;LPÎD�H�$�P¦O�)FN#"ÇD�JLK'E  DFMIE�J&>�"  O�O�0WJLK'J&$L,R�D?"  E�"ÇN#"ÇHIEb0WJLKV0WOQPÎK�E F

δ � 0
K "ÇJ�"  O�0WJLPbP¦OQEMIJLK+2SDFK+S]'�N#)FHIOQE
J&>`N�E�"ÇN#"ÇHIE�x@K�O¥H�"ÇPbN#)

O�0WJLK�J&$L, F
δ Ä 0

K U¢�JLP£P�OQN@E1JLK�E�@�R  D(0  R�D?)?)+;LO�0WJ&$�O�J&;&'�DFJLHIE*)FN#"ÇOQP�@LD?"SDFE*0WJLK+'�OQK�DFOQKV"M"ÇJX;LO�S�D�KRTD?"  "  O�>ÇJ&)?)FJ&R�DFK+S°P�O¥EH�)?"ÇEy>ÇJLP�N@K�O�0WJLK�J&$L,)J&>�PÎDFEG-x@K�OQH�"ÇPÎN#):N#S�OQKV"ÇE5U
���������� "!$#$!$��%'&)(+*,!$ "-�./%�0/1�#$��2/3$!$#$452/%�6' "#$2/#$1� 7����0/8�0/��0/%�9"0/ ":<; � � ��Ó-Ñ<n%fifi�#Ñ<�#man-m[��>=?= fil��§��»#f9fiå�Ó-Ò���Ò���äiÒ�Ó-o � ����m1l � ��Ò�m1nqm =|� äiÒ�Ñiï"@#n-fiÓ<��ä � ��fil�m1n-m1o�pBA-Ò = Ñ�� � ��Ó%Ñ�Ób��Ò���Ò���pYÒ�Ñ��#f�CäiÒ?D#fi� = ä�m1o f�E/F#fil/��fi��ä�fi� � ��Ò?D#f�Ò�n-l�m1o�f��¡IP�JLJ&>�^�r : HIN#"ÇDFJLK FHG V K D($�M�)FDFOQE λ þBG ρ H 0 
 λρ H 0 Ä 1 Ì α

U]¢�P�J&$ F�ÿ#K @ FHJ=K @#N@K+2 F��#K>ÇJ&)?)�J&R�E�"  N#"
w þ Ä Eπ Â θ Ã þ Ä EY þ @@N@K+2_;&, F�I#K "  N#" w þ ô EY þ Ä Eπ Â θ Ã þ ô EY þ Ä 1

Uÿ



v:H�;LE�"ÇD?"ÇH�"ÇDFK+Sg"  DFE£P�OQE1H�)("�DFK+"ÇJ F « K ,�DFO�)?2SE
EU þ G ρ H 0 Ä EY þ R  D?0  DFE£DFK+2SOQMIOQKV2SOQK+"J&>

δ
U I
C�HIO�"ÇJO"  O�N@EE1H�$�M�"ÇD�JLK�J&>�0WJ&$L$�JLK�G�K�J&R�)FO�2MS�O�@1"  O�N#S�OQK+"ÇE#G�K�J&R "  N#"�"  O

PÎDFEG;MIP�O�$�DFH�$ R�D?)?)�;LO9©@OQP¦J{DFK)O : HID?)FD?;LPÎD�H�$L@rN@K+2  OQK+0WOy"  N#"BD�KV0WJ&$�OQE{>ÇP�J&$ ;LJ&"  
J&010WHIMIN#"ÇDFJLK�E~R�D?)?)§O : HIN#)�$�OQN@KuK'N#"ÇDFJLK�N#):DFKV0WJ&$�O�U ` JLK�EO : HIO¥K+"H)?,N@¥K�J�N#2M2SD?"ÇD�JLK'N#)
H�"ÇD()FD?"H,B0WN@K�;LO�2#O¥PbD?'�O�2�>ÇP�J&$�MIJLE1D("ÇDFJLK'N#)§E�"ÇN#"ÇHIE5U
JyÒ�Ñiï5KLD#fiäiÑiÒ�m1n � OdR�D?)?)�K'J&R N@EGzR  O/"  OQPW"  OTD�KV"ÇP�J&2SH�01"ÇDFJLK J&>�E�"ÇN#"ÇHIE)MIP¦O�>Hs
OQP�OQKV0WOQE¬E1D(S�K'D(3�0WN@KV"H)?, N#)?"ÇOQPÎEW"  Og0WJ&$�MIN@PbN#"ÇD?'�OuE�"ÇN#"ÇD?0;P�O¥EH�)?"ÇEW2SOQPÎD?'�O�2z;&,LA�N@K+s;LHIP FHG=I%J=I � K N@KV2qA=D  )�E="ÇP�J&$ N@K+2qCSN#>E>ÇJLK+" FHG=I%J=I#K >ÇJLP9'�N@PÎDFN#"ÇDFJLK�E�DFKP"  O¬N#"H"ÇD?"ÇH�2#O"ÇJ&RTN@P�2#E{PbDFEG�U4� KZR  N#"�>ÇJ&)?)FJ&R�E]"  O°N@EE1H�$�M�"ÇD�JLK J&>  J&$�J&S�OQK�O¥JLHIE¬N#S�OQKV"ÇE;DFE$�N@D�KV"ÇN@DFK�O�2�U{8  O�O : HID()FD?;LPÎDFH�$ P�O�)FN#"ÇDFJLK�E  DFMIE F�ÿ#K*FHJ=K @ F��#K @`N@K+2 FHG V K P�OQEMIJLKV2L"ÇJ0  N@K+S�OQE£DFK�"  O�DFK+2SO�T;J&>'PÎD�E1G"N#'�OQPÎEDFJLKuDFK�"  O|>ÇJ&)()FJ&R�DFK+SB$�N@K'K�OQP

∂λ þ
∂ρ

� 0 À ∂w þ
∂ρ

� 0 À ∂Eπ Â θ Ã þ
∂ρ � 0 À

∂EY þ
∂ρ

�
0

>ÇJLP
λ þ � 1 Ì α À N@KV2 ∂2EY þ

∂ρ2 MMMM λ H 1 Û α
� 0 À FHG=ÿ#K

N@K+2z0WJLDFK+0WD?2SOYR�D?"  "  OD0WJLPÎP�O¥EMIJLK+2SDFK+S P�OQEH�)?"ÇE=J&>§A�N@K+;LHIP FHG=I%J=I � K U�v:DFKV0WOY"  O
D�KV"ÇP�J&2SH�01"ÇDFJLKpJ&>«E�"ÇN#"ÇHIE*0WJLKV0WOQPÎK�E*2SJLOQE�K'J&"#N#)?"ÇOQP9"  O�0WJ&$�MIO�"ÇD?"ÇD?'�O�E="ÇP�H�01"ÇHIP�O�J&>$�N@PbG�O�"ÇE=@U"  D�E�JLH�"H0WJ&$�OW0WJLH�)?2  N#'�OW;LOQOQKTO�TBMIO/01"ÇO�2�UU¢�D(S�HIP�O G 2SD�E1M�)�N#,�E9"  O{P¦O�s
EH�)?"ÇE5U�8  O�;&)�N#0WG�S�PÎN@M  E�P�OQMIP�OQE1OQK+"%"  O�'�N@PbDFN#;&)FOQE�J&>�"  O{O�0WJLK'J&$L,BR�D?"  E�"ÇN#"ÇHIE
MIP�O�>ÇOQP�O¥K+0WOQE�@#R  D()FO�"  O�2SN@PbGYS`P¦O�,YS�PÎN@M  Ey2SOQMID?01"V"  OW0WJLPÎP�OQE1MIJLK+2SDFK+S�P�O�)FN#"ÇDFJLK+s
E  DFMIE�>ÇJLP

δ Ä 0
U�8  O�)�D?S  "9S�P�O�,wS�PÎN@M  E�E  J&R�"  O�O : HID?)FD?;LPbDFH�$ '�N#)FHIOQE�J&>�N

PbDFEG-x@K'OQH�"ÇPÎN#):EJ&0WDFO�"H,)N@E�N4;LOQK+0  $�N@PbG�U N� KPS�OQK'OQPÎN#)?@LN@K�D�KV0WP�OQN@EO�DFKL"  O]2SO�S�P�O¥O;J&>SPbDFEGTN#'�OQPÎEDFJLK�DFK+2SH�0WOQE�Ng2#O/01)�DFK'O
DFKB"  O�MIJLMIH�)FN#"ÇDFJLK"E  N@P�O�J&>LOQKV"ÇP�OQMIP�O¥K�OQHIPÎE� ¯EOQOy¢�D?S`HIP¦O G#F N K U�8  O�N#S�OQK+"ÇE�E�R�D?"H0  
N#R�N#,Y>ÇP�J&$ HIK+0WO¥P�"ÇN@DFK°MIP¦J&3�"%"ÇJ�EN#>ÇO*R�N#S�O�DFK+0WJ&$�O�U�8  O�D�KV0WP�OQN@EO�DFKX)FN#;LJLP«EHIM�s
M�)?,;DFE«N#010WJ&$�MIN@K�DFO�2X;&,�N�P�O�2SH�01"ÇDFJLK�DFKg"  O�$�N@P�S�DFK�N#)�MIP�J&2SH�01"ÇD?'`D?"H,;J&>�)�N#;LJLPIN@KV2)�O¥N#2#Ey"ÇJ�NO2SO�01)FD�K'O¬DFK�"  O�O : HID?)FD(;LPÎDFH�$ R�N#S�O=PÎN#"ÇO�@�R  D?)FO{O/TBMIO�01"ÇO/2 MIP�J&3�"ÇE£PÎDFEO�U8  O;EJ&)FD?2t)FDFK�O¥E=DFKP3�S�HIP�O G#F 2 K E  J&R "  O]0  N@K+S�O�DFKLR�N#S�O;DFK+0WJ&$�OQE�@&R  D()FO�"  O2#N@E  O�2q)FDFK�OQE|2SOQMID?01"�O/TBMIO�01"ÇO/2�MIP�J&3�"ÇE5U{8  O�O : HID()FD?;LPÎDFH�$ PÎDFEG�MIP�O/$�D�H�$ PÎDFEOQE�@;LO�0WN@HIEO°J&"  OQP5RTDFEOg"  O)DFK+0WP�OQN@E1D�KVS-)(, PÎDFEG-x@N#'`O¥PbE1O"N#S�OQK+"ÇEWR�JLH�)(2[K'J&"§;LOBR�D?)()?s
DFK+Sg"ÇJ�;LOQN@Pb"  O�MIP�J&2SH�01"ÇDFJLK°PÎD�E1G«U�8  O�O�0WJLK�J&$L,-R�D?2SO�O�T�MIO�01"ÇO�2uDFK+0WJ&$�O�N#"H"ÇN@DFK�E
D("ÇEy)FN@P�S�OQE�"V'`N#)FHIO;DFKTN@K O/0WJLK�J&$L,YR�D?"  PbDFEG-x@K'OQH�"ÇPÎN#)§N#S�OQK+"ÇE�@#R  OQP�O�@5N#010WJLP�2SDFK+S"ÇJB¡IP�JLMIJLED?"ÇDFJLK G @:E�"ÇN#"ÇHIE�0WJLK'ED?2#O¥PbN#"ÇDFJLK'E�N@P�O�K'J&"�P�O�)FO�'�N@KV"�>ÇJLPy"  O{O : HID?)FD?;LPbDFH�$
N#)()FJ&0WN#"ÇDFJLK+ �EOQO*¢�D?S�HIP�O G#F 2 K UCSO�"«HIE;K�J&R "ÇHIPÎKw"ÇJ&R�N@P�2SEW"  O"E1D(©@O"O�>E>ÇO�01"ÇE4>ÇP�J&$ E�"ÇN#"ÇHIE¬K'OQO�2SE5U�R�O�TU"H@VR�ORTD?)?)%0WJ&$�MIN@P�OO"  O¬O : HID?)�D?;LPÎDFH�$ '`N#)FHIOQE�J&>�"  O{O/0WJLK�J&$�D?0*'�N@PbDFN#;&)FOQE*>ÇJLP�"  OW"HR�J0WN@EOQE

δ � 0
N@K+2

δ Ä 0
U�8  O�P�O¥EH�)?"ÇEy0WN@K�;LO=EH�$L$�N@PÎD?©@O�2pN@E�>ÇJ&)?)�J&R�E�^OQP á¥Ì�ì@ÓbÍÇÓiè�ÌÎÐ}ÌÎÍ:ÊhÓiÝ3Ù@ÌÎÏ�ß�ÌÎÍâÌ�ÏfÌÎÐrÓbÏ�ÚØÔ¯ÝËÝ3Ô¯ß�Ïfõ

α R 0 S 7 T δ R 1 T σ R 0 S 8 T θ̄ R 1
îJ



���������� "!$#$!$��%'U)(+VW#$#$!$#$1�6�0X#$��Y)2/��6� Z��!$ "-[2/%�6[ "#$2/#$1� 7����0/8�0/��0/%�9"0/ ":�\ ä�f = fiä�fin-l�fiÑ= m1äbÑim1l�Ò � ��Ñ�� � ��Ó-Ñ �>=?= fil/����»#f{fiå�Ó-Ò���Ò���äiÒ�Ó%o ��f�D#fi��Ñ§m = ��»#f<fil�m1n-m1o�Ò�l]D � äiÒ � ����fiÑ � l�l�m1äi�#Ò�n�ðt��m
^ Ò?_ = m1ä

ρ ` 0: λρ H 0 ` λ þ ` λδ H 0 À Eπ Â θ Ã ρ H 0 a Eπ Â θ Ã þ a Eπ Â θ Ã δ H 0 À
wρ H 0 ` w þ ` wδ H 0^ Ò�Ò?_ = m1ä

ρ bÄ 0 : EYρ H 0 � EY þ � EYδ H 0 À EU þ � EUδ H 0^ Ò�Ò�Ò?_ = m1ä
ρ Ä 0 :

Ñifif \ ä�m"F#m1ÑiÒ���Ò�m1ndc#�
\ ä�f = fiä�fin-l�fiÑ = m1ä*Ñim1l�Ò � ��Ñ�� � ��Ó-Ñ*o�Ò���Ò ð � ��fg��»#f*f =?= fil���Ñ = ä�m1o � l�» � n�ð%faÒ�n7��»#f � �H��Ò���Ó-�#fD��m"Ch � äi�#ÑbäiÒ�Ñiï[�` JLK'ED?2SOQP�@/>ÇJLP#DFK�E�"ÇN@KV0WO�@QN|S�D?'`O¥K°MIJLED?"ÇD?'`O�2#O/S`P¦OQO�J&>�PÎDFEG)N#'�OQPÎEDFJLK®U/¡IP�JLMIJLED?"ÇDFJLK
Va"  OQK�D?$�M�)FD�O¥Eb"  N#"�"  O�O : HID?)FD?;LPÎD�H�$�MIJLMIH�)FN#"ÇDFJLK�E  N@P�O�J&>§OQKV"ÇP�OQMIP�OQK'OQHIPÎEIDFKY"  O
O�0WJLK�J&$L,LR�D?"  E="ÇN#"ÇHIE{MIP�O�>ÇO¥P�OQK+0WO¥EWR�D?)?)<;LOB)FN@P�S�OQP|"  N@K�DFKw"  O"E�"ÇN#"ÇHIE�x@K'OQH�"ÇPÎN#)
O�0WJLK'J&$L,:U � 010WJLP�2#DFKVSD"ÇJ�"  O�"ÇPbN#2SOQJ&>�>�P�O�)FN#"ÇDFJLK�E  D�M FHG « K @�"  O�MIP�OQEOQKV0WO�J&>�E�"ÇN#"ÇHIE
K�OQO�2SEy$�D?"ÇD(S�N#"ÇOQE�"  O{O/>E>ÇO�01"�>ÇP�J&$ PÎDFEG�N#'�OQPÎEDFJLK N@KV2 N#"H"ÇPÎN#01"ÇE�$�JLP¦O;N#S�OQK+"ÇE�D�KV"ÇJ"  O�OQK+"ÇP�O¥MIP�OQK�O¥HIPbDFN#)�01)FN@EE5U�8  DFE~)FOQN#2SE§"ÇJ�N|2#O/01)�DFK'O�D�KX)FN#;LJLP�EHIMIM�)?,�N@KV2_0WJLK'EO�s: HIOQK+"H)?,�DFK+2SH�0WOQE
N=PÎD�E1O�D�KXR�N#S�O�DFK+0WJ&$�O¥E5U�8  DFE
O�TBM�)FN@DFK�E~R  ,D"  O�O : HID?)�D?;LPÎDFH�$R�N#S�O�PÎN#"ÇO�D�KY"  O�O/0WJLK�J&$L,]R�D?"  E�"ÇN#"ÇHIE<0WJLK+0WOQPÎK'E«DFE®N#;LJ&'�Oa"  O�JLK�O�J&>&"  O�O/0WJLK+s
J&$L,_R�D?"  JLH�"H@LN@KV2tR  ,TO�T�MIO�01"ÇO�2 MIP�J&3�"ÇEa>ÇN#)?)�;LO�)FJ&R >ÇJLP�N#)?)�MIJLED?"ÇD?'�O]2SO�S�P�OQOQE
J&>�PÎD�E1G°N#'�OQPÎEDFJLK
UU8  O�JLMIMIJLED?"ÇO�N@P�S�H�$�OQKV"�N@MIM�)FDFOQE�>ÇJLP§"  O¬PÎDFEGB)FJ&'�DFK+SuEJ&0WDFO�"H,N@"  N#"`D�Ey"  O|0WN@EO�J&>

ρ � 0
U

λ þ )FD�O¥EX01)�JLE1OQP�"ÇJz"  OpO : HID?)FD?;LPbDFH�$ MIJLMIH�)�N#"ÇDFJLK E  N@P�O�J&>�"  OpPÎDFEG-x@K�OQH�"ÇPÎN#)O�0WJLK�J&$L,
λρ H 0 Ä 1 Ì α

@�DFK+2SOQMIO¥K+2SOQK+"�J&>*"  O_2#O/S`P¦OQO�J&>�PÎDFEG[N#'�OQPÎEDFJLK
Ut8  O
EN#$�O�N@P�S�H�$�OQK+"LN@MIM�)FDFOQE§>ÇJLP#O�T�MIO�01"ÇO�2°MIP�J&3�"ÇE�N@K+2TPÎD�E1G%)FOQE1EbR�N#S�O�DFK+0WJ&$�OQE5U/¢�JLP"  D�E«P�OQN@EJLKV@/"  O�O�T�MIO�01"ÇO�2uK�N#"ÇDFJLK'N#)BDFK+0WJ&$�O�J&>&"  O�O�0WJLK'J&$L,]RTD?"  E="ÇN#"ÇHIE«K�O¥O�2SE
N#)?R�N#,`E#O�T[0WOQO�2SEID?"ÇE<0WJLHIKV"ÇOQPÎMIN@P5"BJ&>U"  O£O�0WJLK�J&$L,WR�D("  JLH�"BE="ÇN#"ÇHIE{0WJLKV0WOQPÎK�E�@¯N@KV20WJLK�EO : HIOQKV"H)?,�@rO�T�MIO�01"ÇO�2TH�"ÇD()FD?"H,YR�D?)?)&;LO  D?S  OQPÎU¢�D?S�HIP�O G D?)?)�HIE="ÇPbN#"ÇO¥E}"  O P¦OQEH�)?"ÇEq>ÇP�J&$ ¡IP�JLMIJLE1D("ÇDFJLK³V#@�R  OQP¦O7"  Oª;&)FN#0WGS`PÎN@M  E42SOQK�J&"ÇO�"  O"O�0WJLK'J&$�D(0]'�N@PÎDFN#;&)FOQE�J&>~"  O)O�0WJLK�J&$L,LR�D?"  E="ÇN#"ÇHIE{MIP�O�>ÇO¥P�s
OQK+0WOQE*R  D()FO]"  O]2#N@PÎG�S�P�O�,TJLK�OQEa2SOQMID?01"M"  O]0WN@E1O�J&>

δ Ä 0
U{rSEMIO/0WD�N#)?)?,�Ng0WJ&$Ls

MIN@PbDFEJLKQ;LO�"HR�OQO¥KZ¢�D(S�HIP�O¥E G#F N K N@KV2 G#F 0 K '�DFEHIN#)FD?©@OQEB"  O�0WJLPÎP�O�)FN#"ÇDFJLKQ;LO�"HR�OQOQK0  N@KVS`O¥E
D�KX"  O�O : HID?)�D?;LPÎDFH�$ò2SDFE�"ÇPÎD?;LH�"ÇD�JLK"J&>V01)FN@EEO¥E
N@K+2d0  N@K+S�OQE
DFKX"  O*0WJLPÎP�O/s
EMIJLK+2SDFK+SX$�N@PÎG�O�"IP�O�"ÇHIPÎK'E5U'Z[JLP�OQJ&'�OQP�@�;&,�0WJ&$�MIN@PÎDFK+S�"  O{E�)FJLMIOQE�J&>M"  O4>ÇHIK+01s"ÇDFJLK�E�@/"  Oa3�S�HIP�OQE~0WN@KXS�D?'�O�N¬DFKV"ÇHID("ÇD?'�O�HIK+2SOQPÎE�"ÇN@KV2#DFKVS�J&>-"  O*$�D("ÇD?S�N#"ÇDFK+S�O�>E>ÇO/01">ÇP�J&$�E�"ÇN#"ÇHIE
MIP¦O�>ÇOQP�OQKV0WOQE5U
; � � ��Ó%Ñ \ ä�f = fiä�fin-l�fiÑ � OyR�D()?)5K�J&R 2#DFE�0WHIE1E<"  O�P�O¥EMIJLK�EO£J&>�"  O�O : HID?)FD?;LPÎD�H�$¾'�N#)?s
HIOQE£J&>V"  O�O�0WJLK�J&$�D?09'`N@PÎDFN#;&)FOQE�"ÇJ�N@K�DFK+0WP�O¥N@EO¬DFKX"  O=MIP¦O�>ÇOQP�OQKV0WOQE~>ÇJLP«E="ÇN#"ÇHIE5U���>RTO�P¦O�0WHIP�"ÇJTJLK�O�JLKL"  O]$�N@D�K P�O¥EH�)?"ÇE�J&><"  O�MIP�O�0WO�2SDFK+STEO�01"ÇDFJLK+@LK'N#$�O�)?,N@%"  N#"
E�"ÇN#"ÇHIEM0WJLK+0WOQPÎK'E#MIN@P5"ÇDFN#)?)?,g0WJ&$�MIO¥K�EN#"ÇO£PÎDFEG;MIP�O�>ÇO¥P�OQK+0WO¥E#N@KV2B$�J&'�O9"  O�O : HID?)FD?;&s
PÎDFH�$ 01)FJLEO¥P{"ÇJ&R�N@P�2SE§"  O�PÎDFEG-x@K�OQH�"ÇPÎN#)�N#)()FJ&0WN#"ÇDFJLK+@#R�O*R�JLH�)?2�O�TBMIO/01"LN@K°O : HID?'%s�



-3 -2 -1 0 1 2
0

0.2

0.4

0.6

0.8

1

ρ

λ þ

èØÓ�ërí@Ô�ì@Ù@Ý3ÓbÐ}ÉËÔ¯È�Ï6árÓiÍdÌ
λ
Å 0 1 2 3 4

-4

-2

0

2

4

6

8

ρ

EU þ

è åUëfehg�ì@ÌÎà6Ð}ÌÎê�Ù@Ð}É3ÝËÉ3Ðji
EU
Å

-2 -1 0 1 2

5

10

15

20

25

30

ρ

w þ À Eπ Â θ Ã þ

èØà�ëQç¬ÓiæhÌ
w
Å ÓiÈrê�Ìkg�ì@ÌÎà¦Ð}ÌÎêaì@ÍâÔml@Ð

Eπ n θ o Å -4 -2 0 2 4 6 8

0

1

2

3

4

ρ

EY þ

èØê�ëqp�ÌÎÓbÈ�É3È¥à6Ôhè�Ì
EY
Å¢�D(S�HIP�O G ^#jMå�Ó-Ò���Ò���äiÒ�Ó%o ä�fiÑ�F#m1n-ÑifW��m�l�» � n�ð%fiÑ§Ò�nq��»#f � �H��Ò���Ó-�#f|��m1h � äi�#Ñ~äiÒ�Ñiï"A

ρ

N#)�O¥K+"
P�OQE1H�)("b>ÇJLP=NX0  N@K+S�O°DFKw"  O"E�"ÇN#"ÇHIE=MIN@PÎN#$�O�"ÇOQP�@+R  D?)�OX"  OY2SO�S�P�OQO�J&>
PÎDFEG
N#'`O¥PbE1D�JLKuDFE  O�)?2_3�TBO�2�U8  OW2SOQPÎD?'�N#"ÇD('�OQE�J&>�"  O=O�0WJLK�J&$�D?0a'�N@PÎDFN#;&)FOQE*R�D("  P�OQE1MIO�01"+"ÇJ°N40  N@K+S�O¬D�K

δN@P�OWS�D?'�OQKuN@Ey>ÇJ&)()FJ&R�E
Â i Ã >ÇJLP

ρ
�

0
^ ∂λ þ

∂δ

�
0 À ∂w þ

∂δ

�
0 À ∂Eπ Â θ Ã þ

∂δ
� 0 À ∂ r Ey si

EY sQt
∂δ

� 0Â ii Ã >ÇJLP
ρ bÄ 0

^ ∂EY þ
∂δ � 0 É FHG#J=K�fKV2SOQMIOQK+2SOQKV"SJ&>§"  O�ED?S�K J&>~"  OD$�OQN@E1HIP�O"J&>®PÎDFEG�N#'�OQPÎEDFJLK+@+RTOg0WN@K�E="ÇN#"ÇOY"  O>ÇJ&)()FJ&R�DFK+S°P¦OQEH�)?"ÇE�^���������� "!$#$!$��%'u)(+VW "4�vw��#$�x#$!$9y*,0/ "1�3$#$ ": º�»#fzF#m"F#Ó-� � ��Ò�m1n!Ñi» � ä�fiÑ

λ þ À 1 Ì λ þ A|o�f � nn � ��Ò�m1n � �%Ò�n-l�m1o�f
EY þ A&f�E/F#fil���fi�zF#ä�m>{4��Ñ Eπ Â θ Ã þ � n-�gh � ð%fyÒ�n-l�m1o�fiÑ w þ l�m1nxD#fiä?ð%f���m"Ch � äi�#Ñ9��»#f{l�m1äiä�fiÑ�F#m1n-�#Ò�n#ðBfiå�Ó-Ò���Ò���äiÒ�Ó-o|D � ��Ó-fiÑ{m = ��»#fMäiÒ�Ñiï"@#n-fiÓ<��ä � ��Ñim1l�Ò�f���pBA � Ñ9��»#f�F#ä�f = Cfiä�fin-l�f = m1ä§Ñ�� � ��Ó-Ñ§Ò�n-l�ä�f � ÑifiÑ

lim
δ } ∞

λ þ Ä λρ H 0 À lim
δ } ∞

EY þ Ä EY þρ H 0 À lim
δ } ∞

Ey þi
EY þ Ä 1

lim
δ } ∞

w þ<Ä wρ H 0 À lim
δ } ∞

Eπ Â θ Ã�þ~Ä Eπ Â θ Ã�þρ H 0
É FHG=�#K
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λ þ >ÇJ&)?)FJ&RTE{D($L$�O/2#DFN#"ÇO�)?,q>ÇP�J&$ FHG V K U4v:DFKV0WO

Eπ Â θ Ã þ À w þ N@KV2 EY þ N@P�O�JLK+)?,TD?$�M�)�D?0WD?"H)?,P2SO�"ÇOQP5$�DFK�O�2q;&, δ
@LN#)?)�N@E�,-$�M�"ÇJ&"ÇD?0=P¦O�s

EH�)?"ÇE�N@P¦OW2SDFP�O�01"H)?,"P¦O�)FN#"ÇO�2d"ÇJg"  O|0  N@KVS�O¬DFK
λ þ U I¢�D?S�HIP�OQE�V F N K @IV F 0 K @�N@KV2,V F 2 K D()?)FHIE�"ÇPÎN#"ÇOY"  O)P¦OQEH�)?"ÇE|>ÇP�J&$�¡IP�JLMIJLED?"ÇDFJLKq«B>ÇJLP"  O]0WN@EO�J&>�N)PÎD�E1G%x@N#'�OQPÎEO�EJ&0WDFO�"H, F

ρ � 0
K @VR  D(0  q¦ P¦O�S�N@P�2SD�KVS�O�$�MIDFPÎD?0WN#)IO�'-s

D(2SOQKV0WO°JLK�N#"H"ÇD?"ÇH�2SOQEW"ÇJ&RTN@P�2#E{PbDFEG ¦ DFE]"  OB$�JLP¦O°P�OQN#)FDFE�"ÇD?0D0WN@E1O� �E1OQOYrSMIE�"ÇOQDFK
N@K+2�~�DFK FHG=I#I%G=K U � D?"  N@K,DFK+0WP�O¥N@EOuDFK E�"ÇN#"ÇHIE{K'OQO�2SE{DFKZ"  O°O�0WJLK'J&$L,�@

δ
$�JLP¦O

N@K+2L$�JLP�O�0WJ&$�MIOQK�E1N#"ÇOQE�"  O=K�O�S�N#"ÇD?'�O¬E  D?>H"�O�>E>ÇO/01"�N#R�N#,X>ÇP�J&$ PÎDFEG-,°MIP�J&3�"ÇE�"ÇJ&sR�N@P�2SE�PÎDFEG-)FOQEEMR�N#S�O�DFKV0WJ&$�OQE�@�R  D?0  JLPÎD?S�D�K'N#)?)(,�E="ÇO�$�EM>ÇP�J&$ N�MIJLE1D("ÇD?'�Oy2#O/S`P¦OQO
J&>®PÎD�E1G�N#'`O¥PbE1D�JLK®Ua8  O)DFKV0WP�OQN@EO°DFKt"  O�MIJLMIH�)�N#"ÇDFJLK E  N@P¦O"J&>®OQKV"ÇP�OQMIP�O¥K�OQHIPÎE�DFE
N#010WJ&$�MIN@K�DFO�2w;&, NY2SO�0WP�O¥N@EO;DFKq)�N#;LJLP�EHIMIM�)?,BU � E|"  O]$�N@P�S�DFK�N#)�MIP�J&2SH�01"ÇD('�D?"H,
J&>�)FN#;LJLP�D�KV0WP�OQN@EO¥E�@b"  O_R�N#S�O PÎN#"ÇOTPÎD�E1OQE�N@K+2éO�T�MIO�01"ÇO�2 MIP�J&3�"ÇE�2SO�01)FD�K'O�U_8  O
N@P�S�H�$�OQK+"  J&)?2SE�RTD?"  JLMIMIJLED?"ÇO�ED?S�K+@@D?>VRTO|0WJLK'ED?2#O¥P«N@K�PÎD�E1G%x#)FJ&'�DFK+S°E1J&0WD�O/"H,:U�SO�0WN@HIE1OOR�OO2SJTK'J&"�2SD�E=0WHIEEa"  O40WN@EO�J&>M2#DFEH�"ÇD?)FD?"H,_>ÇP¦J&$ E�"ÇN#"ÇHIE=@:D6UrO�U

δ � 0
@R  D?0  $�D?S  "IMIOQP  N@MIEa;LO;P�O�)FO�'�N@KV"#DFKpN@K�EJ&0WDFO�"H,uJ&>  OQP5$�D?"ÇE�@�"  O43�S�HIP�OQE�E�"ÇN@P5"

DFK
δ Ä 0
U�8  O�0WJLPbP¦OQEMIJLK+2SDFK+S]2SN@PÎG�S�P�O�,  JLPÎD?©@JLK+"ÇN#)U)�DFK'O=P¦OQMIP�OQEO¥K+"ÇE{"  Oa0WN@EO�J&>

N�E�"ÇN#"ÇHIE�x@K�O¥H�"ÇPbN#):O�0WJLK�J&$L,BU�rMTBMIO/01"ÇO�2�K'N#"ÇD�JLK'N#)'DFKV0WJ&$�O�@BO/TBMIO�01"ÇO/2pMIP�J&3�"ÇE�N@K+2RTN#S�O�DFK+0WJ&$�OQE�0WJLK+'�OQP�S`O�$�JLK'J&"ÇJLK�D?0WN#)?)(,d"ÇJ&RTN@P�2#E|"  O�O : HID?)FD?;LPÎD�H�$ '�N#)FHIOQE=J&>"  O�PÎD�E1G%x@K'OQH�"ÇPÎN#):EJ&0WDFO�"H, F )FD(S  "+S�P�O�, K N#"�NW2#O/01)�DFK'D�KVS°PÎN#"ÇO�U8  DFE
P�OQE1H�)("LPÎN@DFEOQEb"  O : HIOQE�"ÇDFJLKV@rN@E~"ÇJ]R  O/"  OQP�0WJLKV'`O¥P�S�OQK+0WO�J&>-"  O�DFK+0WJ&$�O'`N@PÎDFN#;&)FOQE�N#)FEJpD?$�M�)FDFOQE4"  N#"®O�T�MIO�01"ÇO�2�H�"ÇD?)FD?"H,
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