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Abstract We consider private good economies with single-peaked preferences. We
show that the uniform rule is the only allocation rule satisfying $2-continuity, no-envy,
and one-sided resource-monotonicity. This result strengthens a characterization of the
uniform rule due to Thomson (Soc Choice Welf 11:205-223, 1994).

Keywords Uniform rule - Single-peaked preferences - €2-continuity

JEL Classification D63 - D71

1 Introduction

We consider the problem of allocating a collective endowment among a set of agents.
Each agent is equipped with a single-peaked preference relation meaning that there
is a most preferred amount, called the peak, and preference is decreasing in either
direction away from the peak. For instance, a group of workers have to provide a cer-
tain amount of working time in finishing a project. Each worker is proportionally paid
according to the time he worked and they only receive their payments if the project
was finished.

A rule is a systematic way of allocating the endowment among the agents. We are
interested in identifying rules on the basis of desirable properties. If the amount of
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time for finishing the project changes, then the allotments of the workers have to be
adjusted. We require that these adjustments are continuous with respect to the endow-
ment (2-continuity). If two economies only differ in their endowments and before and
after the change the economy is in excess demand or in excess supply, then we require
that all agents are affected in the same direction: either all workers weakly gain or they
all weakly lose as a result of the change of the amount of working time (one-sided
resource-monotonicity). Our last axiom postulates that each worker weakly prefers
his working time to any working time allotted to another worker (no-envy). We show
that the uniform rule is the only rule satisfying 2-continuity, no-envy, and one-sided
resource-monotonicity. In contrast to most characterizations of the uniform rule our
result does not use Pareto-optimality.

Sonmez (1994), Moulin (1999), and Ehlers (2002a,b) consider the implications
of different resource-monotonicity requirements. Barbera et al. (1997) consider the
implications of another solidarity property, namely when somebody’s preference rela-
tion changes, then all other agents should be affected in the same direction.'

2 The model and the result

A collective endowment of a perfectly divisible good is allocated among a finite set
of agents. Let N = {1, ..., n} denote the finite set of agents. Each agenti € N
is equipped with a preference relation R; over R, . Let P; denote the strict relation
associated with R;. The relation R; is single-peaked if there is a number p(R;) € R,
called the peak of R;,suchthatforallx,y e Ry,ifx <y < p(Rj)orp(R;) <y <«x,
then y P;x. By r; (0) we denote the maximal amount which is weakly preferred under
R; to receiving nothing, i.e. r;(0) = sup{x € Ry : xR;0}. In general r;(0) might
be infinite. A single-peaked preference relation R; is bounded if r;(0) < +o00. Let
‘R denote the set of all bounded single-peaked preferences over R. A (preference)
profile (Ry, ..., R,) € R" is denoted by R. An economy consists of a profile and an
endowment, i.e. an economy is a tuple (R, ©2) where R € R" and Q € R,. We do
not allow free disposal and negative allotments. An admissible allocation for econ-
omy (R, ) is an N-vector (x1, ..., x,) € Rﬁ such that ",y x; = Q. An economy
(R, Q) is in excess demand if @ < > .y p(R;) and (R, Q) is in excess supply if
ZieN P(R;) < Q.

An (allocation) rule selects for each economy an admissible allocation. Formally,
a rule is a mapping ¢ : RY x Ry — Rﬁf satisfying >,y @i (R, Q) = Q for all
economies (R, €2). We are interested in the following properties.

Pareto-optimality: For all R € R", all @ € R, and all admissible allocations x for
(R, ), if for some i € N, x; P;¢; (R, 2), then for some j € N, ¢;(R, Q) Pjx;.

Q-continuity: For all R € RN, ¢(R, -) is continuous in €.

1 See Ehlers (2002c¢) for another characterization of their class of rules.
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No-envy: For all R € R" and all @ € R, we have forall i, j € N, ¢;(R, Q)R;p;
(R, Q).

One-sided resource-monotonicity: For all R € RN, and all Q, Q' € R4 such
that @ < Q' < >, ypPR) or Q = Q > >\ p(R;), either [for all i €
N, ¢i(R, Q) R;p;(R, Q)] or [foralli € N, ¢;(R, Q)Ripi(R, Q)].

Benassy (1982) introduced the following rule.

Uniform Rule, U: For all (R, Q) € R"Y x R, (i) when Q < > ien P(Rp), for all
i € N,Ui(R, ) = min{p(R;), A} where A solves >,y min{p(R;), A} = , and (ii)
when Dy p(R) < Q, foralli € N,U;(R, Q) = max{p(R;), A} where A solves
> ieny max{p(R;), A} = Q.

Sprumont (1991) characterized the uniform rule by Pareto-optimality, no-envy, and
strategy-proofness (truth-telling is a weakly dominant strategy for each agent).?

Thomson (1994) showed that in Sprumont’s characterization strategy-proofness
can be replaced by the solidarity property one-sided resource-monotonicity. He shows
in the proof of Theorem 2 (Part (i)) that Pareto-optimality and one-sided resource-
monotonicity imply 2-continuity.

Most characterizations of the uniform rule use Pareto-optimality. We offer a char-
acterization which does not involve Pareto-optimality (and neither any anonymity
requirement) and strengthens the characterization due to Thomson (1994).

Theorem 1 When all agents are only equipped with bounded single-peaked prefer-
ences, then the uniform rule is the only rule satisfying 2-continuity, no-envy, and
one-sided resource-monotonicity.

The following examples show that the axioms in Theorem 1 are independent. In
each of these examples Pareto-optimality is violated. Therefore, any two properties of
Theorem 1 do not imply Pareto-optimality.

Example 1 Let R € RN be such that for all i € N,R; = Ry, p(R) = 1, and
R; is symmetric around p(R;) on [0,2]. For all R € RY and all Q € R, (i) if
(R, Q) # (R, % + 1), then (R, Q) = U(R, Q), and (ii) if (R, Q) = (R, My 1),
then ¢ (R, Q) = % and foralli € N\{1}, ¢;(R, 2) = % The rule ¢ satisfies no-envy
and one-sided resource-monotonicity but not 2-continuity.

Example 2 For all R € RN and all Q € Ry, ¢1(R,2) = Q and for all i € N\{1},
©; (R, 2) = 0. The rule ¢ satisfies L2-continuity and one-sided resource-monotonicity
but not no-envy.

Example 3 For all R € RN allQ e Ri,andalli € N, ¢;(R, Q) = % The rule ¢

satisfies ©2-continuity and no-envy but not one-sided resource-monotonicity.

Note that Theorem 1 restricts the domain of single-peaked preferences by requir-
ing them to be bounded. Let R denote the full domain of single-peaked preferences.

2 Ching (1992, 1994) and Ehlers (2000) further investigate this characterization.
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The following example shows (i) the characterization of Theorem 1 does not hold on
the full domain of single-peaked preferences and (ii) there are other rules, different
from the uniform rule, satisfying the properties of Theorem 1 on the full domain of
single-peaked preferences.

Example 4 [Thomson (1994), Remark 2] Let N = {1, 2} and R € RV be such that
p(R)) = 0, p(Ry) = 3, and /(0) = +o00. Forall R € RY and all Q € Ry, (i) if
R=RandQ > 3,then@(R, Q) = (p(R1), 2—p(R})), and (ii) otherwise (R, Q) =
U(R, Q). The rule ¢ satisfies Q-continuity, no-envy, and one-sided resource-mono-
tonicity on the full domain but ¢ # U.

Finally we note that different versions of one-sided resource-monotonicity have
been proposed. A slightly stronger one is the following by Sonmez (1994).

Strong one-sided resource-monotonicity: For all R € RV, and all Q, Q' € R,
such that @ < Q" < > . vy p(R)or Q > Q > >, yp(R), forali € N,
@i (R, Q) Rip:i (R, Q).

As Ehlers (2002a) points out, under Pareto-optimality, strong one-sided resource-
monotonicity and one-sided resource-monotonicity are equivalent.

Obviously, strong one-sided resource-monotonicity implies one-sided resource-
monotonicity and Theorem | remains valid when one-sided resource-monotonicity is
replaced with strong one-sided resource-monotonicity. Not only this, (Ehlers 2002a,
Theorem 4,) shows that after this replacement Theorem 1 is not tight because on
the domain of bounded single-peaked preferences the uniform rule is the only rule
satisfying no-envy and strong one-sided resource-monotonicity.

3 Proof of Theorem 1

Let ¢ be a rule satisfying the properties of Theorem 1. First, we show that ¢ selects
the uniform allocation for all economies in excess demand.

Let R € RN. Let p/(R) < p*(R) < --- < p'(R) be such that for all k €
(1,...,1}, p*(R) € Ry, and {p*(R) : k € {1,...,1}} = {p(R;) : i € N}. For all
kefl,....I},let Sy = {i € N : p(R;) = p*(R)}. Obviously, {Sx : k € {1,...,1}}
is a partition of N. Forall 7 € {1, ..., 1}, let B = 3"t _ | |Sk| min{p*(R), p'(R)}. We
show by induction that for all t € {1, ..., [}, for all Q € [0, B'],

P(R,Q2) =U(R, Q). ey

Induction basis: For all Q € [0, |[N|p'(R)]and alli € N, ¢;(R, Q) = %

Proof of induction basis: Suppose that for some €' € [0, |N|p'(R)] and some j € N,
¢j(R, Q) > p'(R). Since by definition for all i € N, ¢;(R,0) = 0, then Q-con-
tinuity implies that for some Q" € (0, '), ¢;(R, Q") = p!(R). Thus, by no-envy,
foralli € N,¢;(R, Q") > p'(R). Hence, >,y ¢i(R, Q") > [N|p}(R) > ", a
contradiction.

@ Springer
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Therefore, for all @ € [0, |N|p'(R)] and all i € N,¢;(R, Q) < p'(R). By

no-envy, foralli € N, ¢;(R, Q) = %, the desired conclusion. O
Suppose that (1) holds for ¢t € {1,...,1 — 1}.

Induction step: (1) holds for t 4 1.

Proof of induction step: First, we show the following claim.
Claim A: For all Q € (B, B/ and all i € Ui Sk i (R, ) € [0, p(R)].

Proof of Claim A: Suppose that for some Q' € (87, B/+!], some k € {I,...,t},
and some j € Sk, ¢;j(R, Q) > p(R)).If ¢;(R, Q") > p'(R), then Q-continuity
implies that for some Q" € [0, Q"), ¢;(R, Q") = p'(R). Since (1) holds for 7, it
follows that Q" e (87, B/*1). Thus, without loss of generality, we may suppose that
P(R)) < ¢ (R, Q) < p'(R).

By no-envy, the previous fact, and single-peakedness, for alli € S;, ¢; (R, Q) R;¢ i
(R, Q’)Pip(Rj). Since k < t, we have by the induction hypothesis, ¢(R, ,Bk) =
U(R, ). Thus, ¢; (R, B*) = U;(R, ") = p(R;) < ¢;(R, ). Hence, ¢;(R, B*)
Pjg;(R, 2)andforalli € S;, ¢;(R, Q) Pigi (R, pX). Because ¥, @' <> .y P(R)),
this contradicts one-sided resource-monotonicity. O

Let Q € (B!, B'1]. Next we show that for all i € U\_, S,

i (R, Q) = p(R)). @)

Suppose that for some k e {l,...,t} and some j € Si @i (R, Q) # P(Rj). Thus,
by Claim A, ¢ (R, Q) < P(R)), and by no-envy, foralli € N, ¢; (R, Q) # P(Rj).
Ifforalli € N, ¢; (R, Q) < P(R;}), then using Claim A, for all i € N, ¢; (R, Q) <
min{p(R;). p(Rj)}.Hence, > ;. ¢i (R, Q) < X,y min{p(R:), p(R)} < B <,
a contradiction.

Thus, for some & € N, gp(R, Q) > P(R)). If pp(R, Q) < p'(R), then by no-
envy, foralli € Sy, ¢; (R, Q) R;on(R, Q)P,p(R ). Hence, byk < t and the induction
hypothesis, ¢(R. f*) = U(R. p*). Hence, by ¢;(R. B5) = p(R)) # ¢;(R, <),
we have ¢; (R, BY)Pjg;(R, Q) and for all i € S, ¢i(R, Q) Pig;(R, B5). Because
,Bk, Q< Zle ~ P(R;), this contradicts one-sided resource-monotonicity.

Hence, we are left with the case that for some & e N, on(R, Q) > pl(R). By
Q-continuity, for some Q € [0,9), on(R, Q) = PL(R). By no-envy, for all i €
S1, ¢i (R, Q) = p (R) If Q € [0, B'1, then the previous facts contradict the induction
hypothesis. Thus, & > 8. By no- envy, foralli € N, ¢i(R, Q) < p'(R), and, by
Claim A, foralli € UkzlSk, i (R, Q) < p(R;). Suppose that for some k € {1, ..., ¢}
and some j € S, (R, Q) < p(R}). By the induction hypothesis, ¢(R, g =
U(R, B%). Hence, ¢;(R, B5)Pj¢;(R, Q) and for all i € S, ¢: (R, Q) P;pi(R, p5).
Because ,Bk , Q < Zie ~ P(R;), this contradicts one-sided resource-monotonicity.
Hence, for all i € Uj_, Sk, ¢i (R, Q) = p(R)).

@ Springer
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Ift+1 =1 thenforalli € N,¢;(R,Q) = p(R;). Thus, >; .y ¢i(R, Q) =
>y P(R) = B > Q > Q, a contradiction.

Ifr+1< l,thenbyfz < ﬂ’“,forsomek e{t+1,t4+2,...,1 — 1} and some
j € Sk, 9j(R, Q) < pX(R). Leti € S;. By Q-continuity and ¢; (R, Q) = p'(R), for
some Q € [0, ), v:i(R, Q) = p*(R). By no-envy and p(R;) = p*(R), ¢;(R, Q) =

(R).
! Thus, ¢;(R, fZ)Pjgpj(R, fZ) and ¢; (R, fZ)P,-(p,-(R, fZ). Because Q, Q < zieN
p(R;), this contradicts one-sided resource-monotonicity.

Therefore, (2) is true. Now similar arguments as in the proof of the induction basis
show that for all i € Ui:tHSk, vi(R, 2) = U;(R, 2), the desired conclusion. O

Let Q € R, be such that (R, ) is in excess demand. Then @ < > ..y p(R)) = B!
and by (1), (R, ) = U(R, 2), the desired conclusion for all economies in excess
demand. Let 7 = max{r;(0) : i € N}. Since for all i € N, R; is bounded, we have
r < 4o00. For economies in excess supply, we make the following observations.

First, it follows from no-envy and the definition of 7 that for all 2 € [0, |N|r] and
alli € N, ¢i(R,2) € [0, r].

Second, forall 2 € (|N|r, +o0) andalli € N, ¢; (R, Q) = % Suppose the previ-
ous statement is not true for Q" € (|N|r, 4-00). Then for some i, j € N, ¢;(R, Q) <
@i (R, Q) and F < ¢; (R, '), contradicting no-envy.

Using the first observation, for all 2 € [ZieN p(R;), |N|r] we apply the same
arguments as for economies in excess demand to deduce that (R, Q) = U (R, Q2).
Then by the second observation it follows that ¢ selects the uniform allocation for all
economies in excess supply, the desired conclusion.

Open Access This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution and reproduction in any medium, provided the original author(s) and
source are credited.
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