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Abstract

We analyse procurement auctions in which sellers are distinguished on the basis of the ratios
of quality per unit of money that they offer. Sellers are privately informed on the offered
quality of the technology or good. We assume that the procurer cannot perfectly identify the
best offer. Thus, with positive and decreasing probability, the second, third, etc. best ratio
offered is selected as the winner of the auction. We model the decision process as based on a
general noisy ranking of offers. We show that, although the problem seems to be analytically
intractable in general, there exists a simple symmetric, pure-strategy equilibrium in which
everyone follows the simple heuristic to match the same “focal’ price-quality ratio.
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1 Introduction

In many procurement settings, bidders are compared, and winners selected, on the basis of the
offered quality per unit of money, or the quality-price ratio.! In these applications, ‘quality’ can be
a multi-dimensional property of the product in question, typically summarised by some score. While
the bidders might be fully aware of the quality they offer, the procurer is often not able to perfectly
assess the offered qualities, for instance, when the procurement decision is based on preliminary
designs or prototypes. Thus, with positive probability, sub-optimal offers are selected as the winner
and the best offer does not get the award with certainty.

Moreover, in many scenarios, the procured objects may have aspects of credence or experience
goods such that the actual quality is not fully revealed (or may not be verifiable by a third party),
making it impossible to make payments conditional on actual quality. Examples seem to abound in
the government procurement of, for instance, long-term defense capabilities which are only developed
on the basis of an award. In such a setting, bidders, offering a certain quality, face the strategic
task to bid such that their expected payoff is maximised, taking into account that the offers might
be misjudged by the procurer. This problem of a buyer's imprecise evaluation of the sellers’ offers
is at the core of our paper.

We explore this problem by assuming that the procurer cannot perfectly rank the sellers’ offers.
Instead, the procurer's decision procedure is modeled as a general noisy or fuzzy ranking technology
that determines a winner from among all offers in a sealed-bid procurement auction. Each seller's
offer consists of an object of given quality and a financial bid. The latter is the payment the seller
demands in case she wins the auction and has to deliver the object in return. At the time of bidding,
the object’s quality is assumed to be fixed.? Thus, the seller's strategic variable is the ‘value for
money’ implied by his financial bid for the given object.

The procurer wants to select the best quality per unit of money among all offers. The ranking
technology determines a winner on the basis of quality-price ratios, i.e., the ratio of the offered
quality and the financial bid. The offer with the best actual quality-price ratio is most likely to
win, but does not win with certainty. The probability of winning depends on the particular ranking

technology used by the buyer.

LIn its Guide to Greener Purchasing, the Organisation for Economic Co-operation and Development (2000, p.12)
writes that the objective of procurement rules in member countries is “to achieve a transparent and verifiable best
price/quality ratio for any given product or service.” Quality-price ratios (or, synonymously throughout the paper,
price-quality ratios) are thus used explicitly for assessing bids for procurement purposes by many governments.
An example is Scottish Government (2011, Annex A).

As an example of an actual procurement which features elements of our model, consider the US Joint Strike
Fighter (JSF) acquisition which resulted in the development of the Lockheed Martin F-35 airplane. After fierce
competition between Boeing and Lockheed, the JSF system development and demonstration contract was awarded
on 26-Oct-01 to Lockheed Martin on a ‘'winner takes all’ basis. In relation to our key model assumptions, evidently
both Boeing and Lockheed Martin were capable of delivering a fighter aircraft technology prior to selection; the
companies’ costs of acquiring this technology was sunk at the competition stage. Since the advanced features
required in the JSF specification were not yet developed at the award stage, a perfect discrimination between
projected qualities seems to have been impossible. Finally, even if serious quality problems should surface ex-post,
recouping a non-negligible share of the estimated US$323 billion development and procurement cost of the F-35
is hardly conceivable as Lockheed Martin is also the exclusive supplier of other key US weapons programmes such
as, for instance, the F-22 Raptor aircraft. For details and references see, for instance, Gertler (2012).



Our main motivation in this paper is to find a tractable way of solving a fuzzy auction assignment
problem in the context of a procurement setting. In order to analyse this problem, we need to assign
well-defined winning probabilities on the basis of the submitted bids. For precisely this purpose, the
complete information contests literature developed the micro-founded and axiomatised generalised
Tullock success function (a generalisation of) which we adopt for our model. From a theoretical
point of view, the contribution of the present paper is to integrate this fuzzy assignment technology
into an incomplete information auction framework.

Although the problem turns out to be difficult to handle in general, we can identify a simple
symmetric, pure-strategy equilibrium of our stylised procurement game, in which all sellers offer the
same quality-price ratio, i.e., sellers with higher quality demand larger payments. For the case where,
for instance, a technology can be transferred to the buyer without further cost to the seller, this
equilibrium requires a particular target precision of the ranking technology employed by the buyer;
it does not exist if the ranking is too precise or too imprecise.3> For the case of positive marginal
costs of supplying the object in terms of quality, the only requirement is that the scrutiny of tender
documents through the buyer is sufficiently precise.

We demonstrate that a class of winning probability assignments, which contains the generalised
Tullock success function, is an example of a feasible technology in our incomplete information setting.
For the Tullock case, both equilibria studied require precision parameters which are incompatible
with the well-known ‘lottery contest.” If the buyer can design the procurement auction such that

these precision range requirements are satisfied, however, then the equilibria always exist.

Literature

This paper combines ideas from fuzzy, or ‘imperfectly discriminating’ contests under complete infor-
mation with a procurement problem that makes use of a price/quality scoring rule under incomplete
information. In other words, we introduce the probabilistic assignment of winners into an auction
setting. Therefore, we combine different strands of the literature as follows.

The assumption of private information is standard and has been extensively analysed in auc-
tion theory, and the theory of perfectly discriminating contests (all-pay auctions). In the realm of
imperfectly discriminating, ‘fuzzy’ contests, however, the literature has largely avoided incomplete
information.* Due to technical difficulties, general solutions remain elusive and, at present, very
little is known about the case of incomplete information.®> The literature has found closed-form
solutions only for special cases, mostly standard two-player Tullock contests where one or both play-
ers are privately informed about their (discrete) valuation of the prize or their (constant) marginal
cost. Examples, among others, are Hurley and Shogren (1998b), Malueg and Yates (2004), and
Schoonbeek and Winkel (2006). In Katsenos (2010), players can signal their marginal cost prior
to the contest. Minster (2009b) looks at repeated contests. Warneryd (2003, 2009) assume a

3 We are able to confirm that, for small deviations from this target precision, a seller still benefits from bidding
close to the prescribed equilibrium bids as the basis for a behavioural rule.

* See, for example, the surveys Corchén (2007), Garfinkel and Skaperdas (2006), and Konrad (2008).

® See the extensive discussion of the state of the literature in Ryvkin (2010) and Wasser (2010).



common value of winning. Existence proofs as well as comparative statics (e.g., with respect to rent
dissipation and aggregate effort) have been provided by Fey (2008), Prada-Sarmiento (2010), Ryvkin
(2010), and Wasser (2010, 2013). Ko (2012) works backwards from the equilibrium distribution
of efforts in order to shed light on the solution. Numerical strategies were found by, e.g., Hurley
and Shogren (1998a). Ewerhart (2010) provides the only available analytical solution for a given
(specially designed) continuous distribution.

All of the above cited works are related to our model only in the sense that they are concerned
with incomplete information contests. The obvious difference is that our private information only
affects a player’s price/quality score and, thus, the probability of winning, rather than the cost of
effort or the valuation of winning. For our setting, we provide a closed-form symmetric equilibrium
for any number of players and an assighment function that is more general than the Tullock form.®
Due to the simplicity of the equilibrium strategy, we can allow for general joint distributions of
private information. Our paper is technically related to Arbatskaya and Mialon (2010) who study
multi-armed contests, in which players choose several efforts simultaneously. Our price/quality ratios
can be seen as two kinds of effort that a player brings into a contest. However, the difference is
that quality in our case cannot be changed at the contest stage and, thus, is a type, rather than a
strategic choice. Moreover, quality is part of our contest designer’s preferences.

Our paper is clearly related to the literature on (standard) scoring auctions.” Che (1993),
Che and Gale (2003), and Asker and Cantillon (2008) study quasilinear scoring rules, the latter
for multidimensional types. We are, however, concerned with price/quality ratios, i.e., a nonlinear
scoring rule. Standard first- and second-score auctions for this case are analysed by Hanazono,
Nakabayashi, and Tsuruoka (2013). In contrast to our paper, all of the above assume that the
highest score wins with certainty, and, with the exception of Che and Gale (2003), that production
takes place after the auction, i.e., the solution is driven by the players’ privately known cost functions
which play no role in our first case of sunk production cost. In the second case that we analyse,
there is a linear cost of production in addition to that sunk development cost.

Our basic assumption that the buyer cannot perfectly determine the quality of an offered good
or service seems to be natural and has been made previously in a different context, for instance, by
Dranove and Satterthwaite (1992). In a theoretical and empirical study of procurement, Decarolis
(2010) gives another justification for our approach that the highest or best bidder does not necessarily
win. Under widely used rules, high bids are eliminated if they differ too much from some weighted
average of bids in order to reduce the risk of defaults and renegotiation. This is equivalent to saying

that the probability of winning for the best bidder is less than one.

6 The widely used Tullock contest specification has been justified axiomatically (e.g., Skaperdas 1996, Miinster
2009a, Arbatskaya and Mialon 2010), through micro foundations (e.g., Corchén and Dahm 2010, Fu and Lu
2012, Jia 2008) and, recently, using a mechanism design approach (Polishchuk and Tonis 2011).

7 We would like to thank an anonymous referee for pointing out that the qualities we discuss in the present paper
are typically referred to as ‘soft’ quality measures in the scoring literature. This contrasts with ‘hard’ measures
such as, for instance, the number of plants at a firm’s disposal.



2 Model

Consider a two-dimensional procurement setting where n > 2 sellers offer objects of privately known
and fixed quality. Qualities (types) @ = (61, ..., 0, ) are distributed according to the joint cumulative
distribution function F{g ..y~ with positive joint density f. Denote the type space by ©. As usual, 0_;
and ©_; indicate vectors with the i" component removed. The joint density of i's rivals' qualities
is f_;(0_;). Sellers simultaneously quote (verifiable) ask prices b; > 0, which we call bids, in a
sealed-bid auction.®

At the time of bidding, the number of participating bidders is commonly known. Moreover, we
assume that the objects to be procured are already in existence and worthless to the sellers. Hence,
initial quality production costs are sunk at that stage.® We do not explicitly model the production
process of the objects on offer, but solve our game assuming that qualities are distributed according
to the cumulative distribution function F'. As will become clear, the equilibrium we derive is entirely
independent of the assumptions on F'. Thus, there may be an unmodeled production or innovation
stage before the procurement stage, in which sellers decide strategically how much to invest into
producing, resp. innovating, an object in some noisy production or innovation process. Making such
choices before deciding whether to participate in the bidding game and how much to bid there,
however, does not change any of our results. The cumulative distribution function of qualities, F',
captures the uncertainty of sellers and the procurer as to what qualities the (other) sellers’ objects
might have at the procurement stage.

Although the cost of producing initial qualities plays no role in our model, we allow for anticipated
costs of providing the object after procurement is decided. We assume that this cost—which is only
incurred by the winner—is linear and dependent on the private quality of the object. The particular
formulation we choose is v#; with commonly known v > 0. Since the simple technology-transfer
case of v = 0 is significantly different from the positive marginal cost of quality case, we treat the
two cases separately in our analysis.

As a particular ‘scoring’ rule, we assume that the buyer is only interested in each player i's
ratio of quality over the bid ¢; = 6;/b;.1% The procurer prefers higher ratios to lower ratios, but
cannot perfectly assess an offered object's quality. Therefore, his decision making is based on an
imperfect ranking technology, the details of which are specified below. The financial component of

a seller’s bid is perfectly observable to the buyer; the quality component stems from the individual

8 We exclude zero bids for lack of economic sense. See Decarolis (2010) for the common procurement practice to
exclude extreme bids that are ‘too good to be true'. Notice that we study a first-price setting here. In subsection
5.2 we briefly look at a second-score auction. There, a zero bid is feasible, unless the buyer chooses to specify a
minimum acceptable bid, because the winner's payment is independent of his bid.

This is only a conceptual requirement—it is perfectly possible to think about equivalently applicable situations
such as the procurement of some production technology where no physical object exists but the capability to
produce the technology is fixed during the procurement process. Che and Gale (2003) explicitly model production
(innovation) which, similar to our setting, happens before the procurement stage. The authors mention that all
that matters is that quality and financial bids are chosen sequentially, whereby bids are chosen when rivals bidders’
qualities are still unknown. In this sense, Che and Gale (2003) provide a micro-foundation for the distribution of
qualities assumed in our model.

Note that the usually employed linear ‘difference’ scoring rule 8; — b can be analysed in a similar way. The major
difference is that the type of equilibrium we derive in this paper is applicable to the difference case only under
complete information.

10



seller's specifications in the tender documents. Combined, the buyer can infer a fuzzy ranking of
quality-price ratios on the basis of which he makes the award. Setting a reserve price provides an
upper bound to the buyer's payments.

In practical applications, the buyer might be able to verify that the offered items exceed a certain
threshold quality, and, moreover, the buyer might have a ‘target’ quality-price ratio in mind, based
on an existing, currently used technology that is to be replaced by the offered technology.!!

In the following, we consider a procurement game, where n sellers, owning one object of fixed
quality each, simultaneously submit a sealed financial bid. The procurer employs a noisy (imprecise)
ranking technology that determines a winner as a function of sellers’ actual quality-price ratios. The
winning bidder receives his financial bid in return for his object. Before we introduce and analyse
the general ranking technology in section 4, we present an example for such a technology in order to
illustrate the main result. We complement our analysis of fuzzy rankings with that of an infinitely
precise ranking in section 5 and conclude with a short discussion in section 6. All proofs are in the
appendix.

3 Example

Suppose that seller 7, who owns an object of privately known quality 6;, faces the problem of choosing
a bid b; in order to participate in a sealed-bid procurement auction. The winning bidder receives
his own bid in return for delivery of the tendered object. Every other bidder's payoff is zero. We
further assume that the procurer employs a ranking technology that determines seller i's probability

of winning the auction, 7;, as a function of each seller’'s actual quality-price ratio as

P (10 T
mb:b) =Gy s e w7 1)

In the complete information contest literature, this functional form is known as the generalised

Tullock success function.'? The parameter r is sometimes called the ranking's precision parameter.
A higher value of r implies a higher probability for the best ratio to win but no finite r results in
the highest ratio winning with certainty. Thus, a privately informed seller ¢ chooses

% 971'
for anticipated, type-dependent linear production cost v6; with commonly known ~ (implying that

higher qualities are harder to produce). This general problem seems to be analytically intractable

1 In the context of our airplane procurement example of footnote 2, one part of the minimum requirements at
the system development and demonstration stage was that the involved prototypes could actually fly, implying a
minimum verifiable quality threshold. The reserve quality-prices ratio in that example stems from those of the
General Dynamics F-16 and Fairchild Republic A-10 aircrafts the new F-35 is, among others, intended to replace.

12 There are two popular interpretations of the Tullock success probabilities: one is the lottery ticket idea where a
player’'s winning probability is a function of the number of tickets bought over the total number of tickets (where
the equilibrium slope of this function is controlled by the exponent ). The second interpretation—which may be
equally interesting in the present framework—is to see the winning probabilities as contract shares, i.e., the buyer
might simultaneously award a contract to several suppliers. For details and an application to the production of a
divisible good (of differing qualities) across several bidders, see Gong, Li, and McAfee (2011).

6



and has, to the best of the authors’ knowledge, not been solved. However, we conjecture that there
exists a symmetric, pure-strategy equilibrium, in which a player of type ¢; uses her financial bid
in order to achieve a constant ratio 6;/3(0;) = ¢, ¢ > 0, implying a candidate equilibrium bid of
B(8;) = 6;/c. Then the distribution of qualities, F', does not matter because player i only cares
about his rivals' quality-price ratios, not about the components of those ratios. We will solve for

this candidate in two steps. In the first we set v = 0 and in the second consider the case of v > 0.

3.1 The case of no production cost, v =0

In this case we consider a pure technology transfer without further cost to the seller. In a two-player
setting, i's best-response problem (2) then simplifies point-wise to

(0:/b:)"

Uz’(ezw bi) = bzm (3)

Computing the derivative with respect to b;, and evaluating at the candidate 6;/b; = ¢, player i's
first-order condition simplifies to » = 2, implying that this simple equilibrium with constant quality-
price ratios ¢ = 6,/b; for all j = 1,2 exists only if the ranking technology has the precision r = 2.
Under this provision, any commonly chosen price-quality ratio ¢ > 0 constitutes an equilibrium of
our procurement game. In a numerical example with ranking precision » = 2 and equilibrium price-
quality ratio ¢ = 2, we show deviation utilities for a quality type of 6; = 3 and competitor quality
0; = 10 in figure 1.

() | wlb; = B8:),6)
o ui(bi, 0;)
ol :
o
o
o
i a5 5 s i

Figure 1: The top, horizontal line is player i's equilibrium utility from using the equilibrium bid 5(6;) = 1.5.
The curve below shows i's unilaterally deviation utility from using b;. (The objective has no other extrema.)

Having characterised the set of symmetric equilibria in this example, we now briefly discuss the
economics of our result in the procurement problem. Since participation in procurement contests
is usually restricted to sellers who meet certain criteria, e.g., there might be a minimum verifiable
threshold quality (as mentioned in the previous section). Then participation is restricted to the
players that can provide sufficient quality. Thus, in the following, the number of sellers, n, is
understood to be the number of players who satisfy the buyer's participation criteria. This number

of ‘short listed’ sellers is assumed to be commonly known, as is usually the case in government

7



procurement.!3> As we show in the general analysis, the equilibrium requires a ranking precision
that is a function of the commonly known number of participating sellers. Second, the buyer might
announce a reserve or target quality-price ratio, possibly based on the ratio provided by an existing
technology that is going to be replaced. This announcement might act as a coordination device,

14 Finally, and in the tradition of a large literature on contest success

selecting an equilibrium.
functions, we might want to view the ranking technology itself as a black box determining the
required probabilities on the basis of information which is neither contractible nor, in principle,
verifiable.®

We would like to point out that in this first example case we can only identify an equilibrium for
the particular design parameter of r = 2. The general characterisation of equilibria for all values of
r—perhaps interpretable as either the level of detail applied to the scrutiny of the tender documents
or the level of detail required from the seller in the offer specification—is still elusive. The parameter

of , however, is a design parameter of the used ranking and can be chosen by the designer.

3.2 The case of anticipated private production cost, v > 0

We proceed to the case of positive, linear production cost v > 0 in which the sellers anticipate a
further cost of supplying the final product at the bidding stage. Again restricting attention to the
two-players case, Player i's best-response problem is
(0:/b:)"
ui(0;,b;) = (bi —V0;) 70—~ 4
(6.0 = (b =80 G *)
where we assume that the opponent j bids some constant ¢ > 0 in equilibrium. This problem has

the first-order condition

& (bi(r — 1) — Oiry) = b (i—) (5)

which uniquely identifies player i's best response as

-2
c =" , for r > 2. (6)
yr

Thus, both players find it optimal to offer the same constant price-quality ratio. This equilibrium is
unique and exists if and only if the ranking technology is sufficiently precise. Hence, the inclusion
of a private production cost makes the problem easier to solve in the sense that it provides a unique
focal point for the sellers to converge on. Using the same example quality type of ; = 3 as in the
above example for a ranking precision of » = 3 and marginal cost v = 2, we obtain figure 2.

The economics of this comparatively harder case of private production cost is much easier than

in the previously studied case of zero marginal cost. It is precisely the constant marginal cost of

13 Regardless of whether there is such a verifiable quality level, short listing is a common procurement procedure.
It reduces cost duplication at the bid preparation stage and makes participation more profitable. Moreover, it
simplifies the sellers’ decision problem.

14 Decarolis (2010) provides an analysis of the common procurement practice to reject seller bids that are ‘too good
to be true’ in the sense that their price-quality relation is unrealistic or too far away from the average offer. This
practice might also help sellers to converge on the average offered ratio in the way required for our equilibria.

15 For a recent discussion see, for instance, Corchén and Dahm (2010) and the references therein.

8
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Figure 2: The top, horizontal line is player i's equilibrium utility from using the equilibrium bid 3(6;) = 18.
The curve below shows i's unilaterally deviation utility from using b;. (The objective has no other extrema.)

production which introduces a focal point and allows the derivation of a unique equilibrium price
quality ratio which bidders supply during procurement.’® In equilibrium, sellers respond the the
given ranking precision as well as their privately known production cost, implying a unique best
response. T his second result extends the idea of the first class of equilibria and makes them much
more practically applicable. Equipped with the two-players intuition, we present the general analysis
and results in the following section.

4 Analysis

This section generalises our example results; propositions 1 and 2 are on the case of marginal cost
of zero, propositions 3 and 4 cover the case of constant marginal cost v > 0. Assume that the

procurer can make use of a noisy and partial but verifiable ranking of quality-price ratios!’
r'e)=[m(é),...,m(¢)] (7)

where ¢;; = ¢;/c; is the ratio of sellers i and j's quality-price ratios, and ¢ = (¢;1, o, - - -, Cipy), With
the i'" element equal to 1. Thus (7) ranks the players on the basis of ratios of quality-price ratio
pairs such that 7;(¢;) is player i's probability of being ranked first given the vector of quality-price

ratios ¢ = (c1, ..., ¢,). We make the following assumptions on ;(+):

Al Symmetry: For any two players [ # m and for any two vectors of quality-price ratios,

(c1y...,¢cn) and (¢),...,c,) with ¢ = ¢, for k ¢ {l,m} and ¢, = ¢, and ¢,, = ¢}, we

have m,(¢;) = 7, (¢,). Moreover, for any player i, let the elements of a quality-price ratio

16 In the traditional scoring auction literature, the production cost typically takes the same role of providing a unique
equilibrium.

17 The verifiability in the procurement context is often a legal requirement satisfied by means of scores defined in
the tender procedure. The technical specification which follows is adapted from Gershkov, Li, and Schweinzer
(2009), changed to reflect the present quality-price ratio based setup.



vector ¢, be arbitrary permutations of those in ¢; except for the element at the ith position.

For these we require m;(¢;) = m;(&}).

Omi() > 0.

A2 Responsiveness: For any I € {1,...,n} and [ # i,

A3 7(-) is twice continuously differentiable.

Assumption Al says every opponent of player ¢ affects the winning probability of ¢ in a similar
way. Thus, if players [ and m exchange their quality-price ratios, this does not affect the winning
probability of player i ¢ {l,m}. This assumption implies that, in symmetric equilibrium where
¢1 = -+ = ¢y, the slope of m; with respect to any ratio ¢;; is the same for all 7, j, j # i and each
ratio is equal to 1. We denote this slope by 7/(1). The responsiveness assumption A2 says that i's
probability of being ranked first should react positively to both an improvement in i's quality-price
ratio and a deterioration of a rival’s quality-price ratio. Assumption A3 is technical.

The following result characterises a class of symmetric equilibria for this game.

Proposition 1. Consider a procurement game with n > 2 sellers, where the winning probability is

1
n(n—1)"

pure-strategy equilibria where all players bid the same constant quality-price ratio, c.

given by m;(¢;) which has the property ©'(1) = This game has a continuum of symmetric,

Our general class of quality rankings (resp. winning probabilities) includes the generalised Tullock
success function (1) that we have used in the example section in order to illustrate our result. To

see this, consider

mi(&) = (ch—f) = chigcrv r>0. (8)

j=1

For this particular ranking technology, and j # i,

ag;f” __ (Z c;;) (—r)er . (9)

Evaluated in symmetric equilibrium, where ¢;; = c/c = 1, this simplifies to r/nz. From this we

can determine the optimal ‘monitoring precision’ r as follows. By proposition 1, the (necessary)

equilibrium condition is ag_(c) =7'(1) = ——~—. Thus,

Cij n(n—1)"

T 1 n

— =— = rr=— 10

n?  n(n-—1) n—1 (10)
corresponding to our result in the example section. There, we explicitly compute the result, rather

than deriving it from our main result. We summarise our findings in the following corollary.

Corollary 1. Consider a procurement game with n > 2 sellers, where the winning probability is
given by the generalised Tullock assignment probability

cr

7TZ‘(CZ‘,C_Z'> = ﬁ, r > 0. (11)
i=1;

If the ranking precision is equal to r = n/(n — 1), then the game has a continuum of symmetric,

pure-strategy equilibria where all players bid the same constant quality-price ratio, c.

10



In proposition 1 and its corollary, we only look at the necessary first-order condition(s) for sym-
metric equilibria. The following result demonstrates existence for the class of Tullock technologies

used in corollary 1.

Proposition 2. Consider the equilibrium characterised in corollary 1. This equilibrium exists for all

feasible values of model parameters.

Let us now briefly examine the robustness of the proposed equilibrium by checking a slight
deviation from the equilibrium ranking precision r* by the buyer. Assume that all but one sellers
stick to bidding the same constant ratio ¢. Consider a Tullock technology with precision parameter
re = (1 4 &)r* where (as above) r* = n/(n — 1) and the deviation ¢ # 0 is small. Then the

first-order condition of player i's best response problem, given in (23), is satisfied if

(Z_) — (n—1)(r. — 1), (12)

Now, denote some player i's strategy in terms of deviations from the other players’ constant ratio:
0;/b; = dc for § > 0. Hence, 6 = 1 implies no deviation and following the ratios of the other sellers.

Thus, ¢™ cancels out in the above and (12) simplifies to

FRT —ent 1l = §(e) =(en+ )T = limd*(e) = 1. (13)

e—0

Thus, the smaller the buyer's ‘error’ €, the closer is a deviating seller’'s best response to those of the
other ‘constant ratio’ sellers’. This result provides a behavioural continuity argument implying that,
as long as the buyer's ranking precision is reasonably close to the ‘optimal’ precision, it is desirable for
a seller to bid ‘close to' the constant-ratio equilibrium under the optimal precision. Hence, although
we cannot determine sellers’ equilibrium behaviour under precision parameters different from (10),
we know that utility gains or losses in a small neighbourhood about the equilibrium bids are bounded
for small deviations from the target precision.

We now state the corresponding results for the case of constant marginal cost of quality v > 0.
Proposition 3 characterises the equilibrium set and proposition 4 establishes existence under the

generalised Tullock formulation for the full parameter range.

Proposition 3. Consider a procurement game with n > 2 sellers, and marginal production cost
v > 0, where the winning probability is given by m;(¢;). This game has a symmetric, pure-strategy

equilibrium where all players bid the same constant quality-price ratio, c*, as a function of the

=2 () (14)

Proposition 4. Consider the equilibrium characterised in proposition 3. For the class of generalised

ranking precision,

Tullock contest success functions ;(¢;) = ,fircr with v > 2, this equilibrium exists for all feasible
7=15j
values of model parameters.
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5 Infinitely precise ranking technologies

In this section, we assume that the buyer can observe the sellers’ qualities perfectly. Thus, the
procurer still decides on the basis of quality-price ratios, but he can now verify qualities, implying
that the sellers’ ratio offers can be ranked precisely. Notice that, as before, a seller's rivals’ qualities
and financial bids are not observable. Moreover, we only cover the case of a pure technology transfer,
i.e., ¥ = 0 because the case v > 0 is in line with the existing literature.

The present section serves two purposes. First, it contrasts and supplements our main results
for imprecise, fuzzy ranking technologies by assuming an infinitely precise ranking, as in standard
auction theory. The point of departure of our paper is that we observe fuzzy procurement rankings
in reality.'® Section five nevertheless presents (yet unknown) results for the the limiting case of an
infinitely precise ranking and pure technology transfers. Second, it highlights the differences between
our sunk-cost setup and the standard setup in which scoring auctions are analysed in the literature.
There, procurement offers are essentially promises, where production takes place after procurement.
Consequently, the results are driven by the sellers’ private information on their (future) production
cost. In our setting, by contrast, the tradeoff between a seller’'s expected revenue and production
cost is only present in the case of v > 0, implying that sellers just maximise their expected revenue.
The latter is typically not concave, which might explain the nature of the equilibria described below.

As mentioned in our discussion of the existing literature, standard first- and second-score auctions
with nonlinear scoring rules and private ex-post production cost are discussed in detail by Hanazono,
Nakabayashi, and Tsuruoka (2013). Following the standard auctions literature, we now refer to a
quality-price ratio as a ‘score’, and to the respective auctions as ‘scoring auctions’. For simplicity,

for this section, we consider only the unit interval [0, 1] as support for qualities.

5.1 First-score auction

In a first-score auction, bidders submit a financial bid b; for their quality 6; from which the buyer
computes the ratio, or score, Hi/bi.m The highest score wins and the winner is paid his financial bid

b; in return for his object.

Proposition 5. The first-score auction has a class of symmetric, pure-strategy equilibria, char-
acterised by the financial bid 3(0) = 6/(kF"~1(0)) where k > 0 is a constant. This implies a

monotonically increasing quality-price ratio equal to kF™1(6).

The proof is constructive and shows that our solution class includes the full family of bidding
functions which feature a monotonically increasing ratio as a function of quality and are consistent

with the first-order approach. In these equilibria, bidders with higher quality have larger expected

18 Consider, for instance, again our fighter jet procurement example of footnote 2. In this scenario, not only the
precise capabilities of the purchased objects is unknown, also the future field of application as well as potential
adversaries is not yet known. The buyer could conceivably reduce this uncertainty and therefore the fuzziness of
the ranking by investing into better information but it is clear that any resulting precision would still be finite.

19 Recall, that the quality of seller i's object is now observable between seller i and the buyer, but unknown to i's
rivals.
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payoffs although they bid higher ratios, i.e., weaker bidders demand relatively more money for their
qualities. Moreover, in these equilibria, a seller’s payoff, as a function of the financial bid, is constant
and, thus, sellers are indifferent between financial bids.

Another class of equilibria arises when we introduce a minimum bid.?° If the c.d.f. of qualities
is such that its reverse hazard rate is larger than a certain multiple of the uniform distribution’s
reverse hazard rate (1/60), then a seller's expected payoff is decreasing in the financial bid, given
that all other sellers also bid the minimum bid. An example for such distributions is F'(6) = 6° for
s>1/(n—1).

Proposition 6. Consider the first-score auction with a minimum bid. If the cumulative distribution
function of qualities satisfies

£(0) 11
FO) ~n—186

for all 0 € [0, 1], (15)

then the first-score auction has a symmetric, pure-strategy equilibrium where the financial bids are

equal to the minimum bid.

5.2 Second-score auction

In this subsection, we again assume that qualities are perfectly observable to the buyer but are private
information among sellers at the procurement stage. We now look at ‘second-score’ auctions defined
as follows: Suppose that, as before, every player submits an object of quality #; and a financial bid
b; from which the score ¢; = 0;/b; is computed. The highest scoring bidder wins and receives a
financial payment such that the winner’s ratio is reduced to that of the second best bidder, i.e.,
if bidder 7 wins and bidder j is the second best bidder, then i receives a payment of p such that
6;/p = 6;/b;. In order to rule out a possible division by zero in a ratio, we assume a minimum

financial bid.?1: 22

Proposition 7. In the second-score auction with minimum bid, bidders have the (weakly) dominant

strategy to bid the minimum bid.

The above derived (precise ranking) equilibria for the first- and second-score auctions are efficient
in the sense that, in each case, the best quality object as well as the best available quality-price
ratio is procured. This efficiency result does not seem surprising, given that a seller (with an item of
given quality) can match any ratio-offer made by a seller with lower quality. Thus, in a symmetric
equilibrium, it seems intuitive that the sellers with the largest qualities should win. For both pricing
rules, we identify equilibria where sellers compete with the maximum permissable quality-price ratios
(implied by the minimum bid). For the first-score auction, we identify a class of equilibria where

each seller is made indifferent between financial bids.

20 A similar result obtains if we assume that, in case of zero financial bids (infinite ratios), the largest quality wins.

21 Again, an alternative assumption is that, in case of zero bids, the largest quality wins.

22 \We mention that a second-score auction requires verifiability of the first- and second-best qualities because the
winner's payment depends on both. This is not necessary in the case of the first-score auction, where the
promised payment (the winner's financial bid) is verifiable, anyway. Our purpose here is to contrast theoretical
results obtained in the different auction formats, rather than recommend a mechanism.
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6 Concluding remarks

This paper is the first to formally employ fuzzy assignment rules in an auction or procurement
context. Our main result is to show that a simple heuristic—in which everyone matches the same
‘focal’ price-quality ratio—can be an equilibrium in this complex environment. Our study is motivated
by procurement settings where the buyer evaluates offers by their price-quality ratios, while sellers’
offers are composed of a financial bid and a design or prototype rather than a finished product. We
take it as given that, in such situations, it might be impossible to identify the best offer with certainty.
Thus, we do not recommend the use of probabilistic rankings, we take them to be descriptive of
reality. Nevertheless, we assume that the degree of the ranking's precision can be influenced by the
buyer who may specify the contents of tender documents, capabilities of prototypes, etc.

In order to capture this uncertain assignment, we employ a general ranking technology that
includes the widely used generalised Tullock contest success function as a special case. Although
the fuzzy assignment problem turns out to be intractable in general, we show that a particular design
case lends itself to a simple solution. The progress we can report, therefore, seems to constitute
a first step with respect the auctioning of goods with fuzzy or stochastic assignment rules under

incomplete information.

Appendix

Proof of proposition 1. Consider seller i's utility maximisation problem, given that all other sellers
J # i choose their bids b; such that they all offer the same constant quality-price ratio ¢, i.e.,
bj = 5(0;) = 6;/c. Seller i needs to choose a bid b;, given the quality §;, in order to maximise

where P .
Ni - i1y Ci2y -+ 3 Cigy - oy Cin ) = _Zv_lv"'ylv"'v_l> 17
C (i1, Cio c Cin) <c . . (17)
and ¢; = 0;/b;. Thus,
0, 0, 0,
i(G) =bim(c) =bimy ( —,—,...,1,...,— ] . 1
w; () i (¢) T (bic b bic) (18)

Note that the slope of ¢; with respect to b; is identically zero because ¢;; = 1. Thus, we only need

to consider 6”2(02 for j # i in the following. The first-order condition is given by

8u,(6z) . 071', Cz aczy o
B, =0 < (e +bZ( Ber )_0. (19)

In our symmetric, pure-strategy equilibrium candidate, all players choose the constant ratio c,
ie, ¢ =cand ¢ = (55,...,1,...,%) = (1,1,...,1) = 1, implying 7;(1) = 1/n. By Al, the

¢’

slopes 87“ () for J # 1 are equal. Recall that the uniform ratio ¢ implies ¢;; = 1 in which case that

slope was denoted by 7’(1). Finally,
Ocij . _ﬂ

(20)
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Evaluated at the equilibrium candidate (where 6;/b; = ¢), this is %cbf = —bi Therefore, the
first-order condition, evaluated at the equilibrium candidate, can be written as
1 1

(1 biin—D7" (1) [ —= ) = 1) = —— 21

R0+ b= DR (1) (<1 ) =0 = 7= (1)

which establishes our claim. O
Proof of proposition 2. Inserting the equilibrium candidate b; = 0, /c, (2) simplifies to

(0:/b:)" (0:/b:)"
il ) /61- (0;/b;)" + (n — 1)0"f (0-) (0:/b;))" + (n— 1)cr (22)

The first-order condition with respect to b; is

B () ~o-ven) .
(&) +m-ve)

Note that only the big parenthesis in the numerator is of importance, given that all players’ ratios

are positive. Inserting the symmetric candidate b; = 0;/c, simplifying, and solving for r we get

(24)

In order to demonstrate existence, we evaluate player 7's incentives to deviate from the equilibrium
candidate quality-price ratio c¢. To simplify the exposition, we denote ¢'s deviations from quality-
price ratio ¢ by kc with k& > 0, i.e., we consider bids b; = 6;/(kc) > 0 which implies that i offers a
quality-price ratio of k¢, with k = 1 in equilibrium. Thus, the payoff from ‘deviation k' is computed
by inserting b; = 0;/(kc) in (22),

0; (ke) 0; k! n
dev 7 7
k) = — = — = ) 25
ui (k) ke (ke +(n—1)c" ck"+n—1 - (25)
In the equilibrium candidate, k =1, .
dev(l)y = 2. 2
up (1) = — (26)

We claim that k£ = 1 is the most profitable deviation, confirming the equilibrium candidate. Thus,

we want to show that n

ul(1) > ud(k), Vk#1, r=

7 K3

(27)

n—1

This is equivalent to

kT

N N e ) <:>n—1>(n—k;)k;ﬁ. (28)
kn=1+4+n—1

1
- >
n
The latter inequality is obviously satisfied for k& > n (then the right-hand side is nonpositive). Thus,
it remains to consider £k < n. Note that the left-hand side of the inequality is constant, while the
right-hand side depends on k. In the following, we maximise the right-hand side. The first-order
condition for a maximum is

0

%<(n—k)k%l) =0 < ...« koi(k—1)=0. (29)
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Since k > 0, the only solution is £ = 1. Note that the second derivative is negative:

82 n 3—2n

BEP ((n—k)kﬁ) =g (2—n—k) <0. (30)

Thus, the right-hand side of our condition is uniquely maximised at k£ = 1. The value of the right-
hand side at £ = 1 is n — 1 which implies that the condition holds for all &£ # 1. Finally, since (26)
is positive, b; = 0 can be ruled out as a best response. This completes the proof. O

Proof of proposition 3. The proof is very similar to that of proposition 3. Hence, we concentrate
mainly on the differences. Here, seller ¢ needs to choose a bid b;, given the quality #;, in order to
maximise
w; (&) = (by —v0;)mi (&) = (b — v0;)m; (ﬁ, ﬁ, U ﬁ) : (31)
b;c’ bjc b;c
The corresponding first-order condition is given by

_ om;(¢;) Ocij
=0 — mla bi — 0 ——— | = 0. 2
=0 = e - Y (T ) <o (32)
J#i
Evaluated at the equilibrium candidate c = 0;/b;, i.e., inserting ¢; = (£,%,...,1,...,¢) = (1,1,...,1) =
1, %? = —bi and, due to ¢;; = 1, denoting 7/(1), the first-order condition can be written as

7i(1) + (b — 46:)(n — 1)7(1) (—bl) — 0

= % — (I =~v¢)(n—1)7'(1)

= C:%(l‘m)

which establishes our claim. O

|
[a)
—~
(O8]
w
~

Proof of proposition 4. Consider equation (4). First, we determine the equilibrium value of c.

The derivative of (4) w.r.t. b; can be written as

Qi (&) (4 (&) +em-nm-n) +mei)). "

b (er(n—1) + (Z—))Q

Inserting the candidate b; = 6;/c, this can be simplified to

n+(n—Dr(cy—1)

. (35)

The first-order condition (i.e., setting the above equal to zero) delivers the equilibrium value of ¢,

c= % (36)

Second, we evaluate player i's deviation incentives if all n — 1 rivals bid the above ratio. We do this

by expressing, w.l.0.g., i's deviations from ratio ¢ by kc where k > 0. Thus, & = 1 represents ‘no
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deviation.” We insert (36) as well as b, = 6;/(kc) into (4). Then seller i's objective is to maximise

B (kn = (k= 1)(n = Dr)y6;

37
(kr+n—1)(nr—n—r) (37)
The derivative w.r.t. deviation k of the above is
=(4)
kr=2(n — 1)r (1 — k") + (1 — k) (nr —n — 1)) 70i (38)

(k"+n—1)2(m’—n—r)

Observe that the term (nr — n — r) occurs twice in the above, and is positive iff » > n/(n — 1).
Thus, our assumption of r > 2 is sufficient to make this term positive. Therefore, the sign of (38) is
determined by the sign of term (A). It is easy to see that this term is positive if £ < 1 and negative
for k > 1, confirming existence of the equilibrium. O

Proof of proposition 5. By assumption, qualities are fixed and observable by the buyer. Therefore,
a seller's choice variable is the financial bid, 5(6), and each bid implies a unique quality-price
ratio. W.l.o.g., we express strategies in terms of quality-price ratios where a ratio is denoted by
B(@) = %. We conjecture that there is a symmetric, pure-strategy equilibrium, where every seller
bids a monotonically increasing (and, thus, invertible) quality-price ratio, i.e., 5'(#) > 0. Denote
the c.d.f. of the largest quality among n — 1 sellers by G(0) = F"~!(#) and its density by g(6).
Suppose seller i submits the financial bid b;. We derive the first-order condition of seller i's expected

profit maximization given that the other j = 7 sellers bid according to the ratio B(Hj).

o) = {Z_ ~ I?Q?B(@j)} bi = Pr {5‘1 <Z—) > r?ggcej} b= G (5—1 <Z_)) b
(6, = _M@ bi+G<B‘1 (9_)) o (39)

o N 72 '
P ) bz
In symmetric equilibrium, 3(6;) = 9— Thus, the first-order condition simplifies to the differential
equation R
0;) ~ G(6; 0;
—€< )6(9,-)+G(9i) =0 <= ( ):?< ) (40)
B'(6;) 9(6:)  p(6y)

The solution of this differential equation is
B(0) = kG(0), (41)

where k£ > 0 is a constant. Thus, the ratio is indeed monotonically increasing in quality. The
associated financial bid 3(6) is determined using 3(8) = 6/5(0), i.e., B(0) = 0/(kG(6)). In order

to see that the above candidate is an equilibrium, we insert it into i's expected profit from (39).
77—2(‘9@) = Pr b_ > maxX;-£; ]{JG(QJ) b, = Pr b_ > kG (Il’lan;éZ' 93) b;

3 K3

92‘ _ 92 (9@
= PT{G_I (]{j_bl) > max;; Hj} bl =G (G 1 (]{j_bz)) bl = E
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Thus, i's expected profit is constant, implying that the ratio B(@Z) is a best response to the other
sellers’ ratios ((6;), j # i. O

Proof of proposition 6. Suppose seller i's rivals bid the minimum financial bid, denoted by e.
Denote the c.d.f. of the largest quality among n — 1 sellers by G(#) = F"~'(6) and its density by
g(0). Then i's expected payoff associated with the financial bid b; is

o 92 Hj o 9i€

;o 92‘6 92‘8 Gie

Observe that the argument <%> € (0,1). Thus, if G(0) < g(0)0, seller i's expected payoff is

The first derivative w.r.t. b; is

decreasing in the financial bid, implying that b; = € is a best response. It is easy to verify that the
condition G(6) < g(6)6 is equivalent to (15). O

Proof of proposition 7. In the second-score auction, each bidder i maximises expected income
since there is no cost. Bidder ¢'s own bid only affects the probability of winning but not the payoff in
the event of winning. Bidder i's payoff in the event of winning, p; = 6,;b,/6; is entirely determined
by i's (fixed) quality, and the best rival j's quality-price ratio. Thus, bidder i needs to maximise the
probability of winning. This is achieved by bidding the minimum bid. O
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