ECOMNZTOR

Make Your Publications Visible.

Hering, Franz

Working Paper

A Service of

ﬂ I I I Leibniz-Informationszentrum
° Wirtschaft
o B Leibniz Information Centre
h for Economics

An algorithm for constructing Hadamard matrices

Technical Report, No. 2000,61

Provided in Cooperation with:

Collaborative Research Center 'Reduction of Complexity in Multivariate Data Structures' (SFB

475), University of Dortmund

Suggested Citation: Hering, Franz (2000) : An algorithm for constructing Hadamard matrices,
Technical Report, No. 2000,61, Universitat Dortmund, Sonderforschungsbereich 475 -
Komplexitatsreduktion in Multivariaten Datenstrukturen, Dortmund

This Version is available at:
https://hdl.handle.net/10419/77314

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dirfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie durfen die Dokumente nicht fur 6ffentliche oder kommerzielle
Zwecke vervielfaltigen, 6ffentlich ausstellen, éffentlich zuganglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your
personal and scholarly purposes.

You are not to copy documents for public or commercial
purposes, to exhibit the documents publicly, to make them
publicly available on the internet, or to distribute or otherwise
use the documents in public.

If the documents have been made available under an Open
Content Licence (especially Creative Commons Licences), you
may exercise further usage rights as specified in the indicated
licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/77314
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

An Algorithm
for Constructing Hadamard Matrices

Franz Hering
Department of Statistics,
University of Dortmund,
44221 Dortmund, Germany
e-mail hering@statistik.uni-dortmund.de

Abstract

We define a new class of Hadamard matrices and present some exam-
ples obtained by an algorithm using a computer program.

Introduction

A Hadamard matrix H,, is an orthogonal (n X n)-matrix in which all elements
are either +1 or —1. If n > 2 then n = 0 mod 4 is a necessary condition
that a H,, exists. In this paper we define a class of Hadamard matrices and
give a list of examples obtained by a computer program.

Hadamard matrices play an important in various field of statistics and math-
ematics. E.g. in statistics: incomplete balanced block designs, orthogonal
arrays, factorial designs, Taguchi methods and Hotellings weighing problem;
e.g. in mathematics: geometry, combinatorics, approximation theory and
coding theory. There exists a wide-spread literature on Hadamard matrices,
especially on the existence problem. A survey may be found in various text
books of combinatorial theory.



1 Hadamard Schemes

To m € N (N includes 0) we write

N, = {0,1,...,m—1,m},
Loy = {—-m,—(m—1),...,—-1,0,1,...,m—1,m}.

To u € Z let p(u) denote the additive residual class of u modulo Z,,. (So, to
u € Z there exists exactly one z € Z with p(u) =u+ 2(2m + 1) € Z,,.) Let

M= {1,i,—1,—i}.

Here ¢ is the imaginary unit. M is a multiplicative cyclic group of order 4
generated by i. For the elements of M we write '+ instead of 1, '—' instead
of —1 and 'j" instead of —i. We use the following notation: Small boldface
letters denote vectors, vectors in M%m carry an asterix; matrices are denoted
by boldface capital letters.

If A is an (n x m)-matrix whose elements A;; are (p x ¢)-matrices, then we
call A a block-matriz. Block matrices are marked by carrying a hat accent. k-
fold iterated block matrices are also marked with a hat accent, (but with one
hat only). If A is an (iterated) block-matrix, then the matrix obtained from
A by stripping off all the block boundaries is called the deblocked matrix
of A. The deblocked matrix of A is denoted by deleting the hat accent.

E.g. if A = [A;jli=1..nj=1..m 1s an (n x m)-block-matrix whose elements
A = laijuvlu=1,.po=1,.¢»0t = 1,...n,5 = 1,...m are (p X ¢)- matrices,
then

A. = [a(z—l)p—l—u,(]—l)q—&—v}]l 11 ..... n,u=1,..., D,

Jj=1,...,m,v=1,...,q

is the deblocked matrix of A.
If 2=2 +1i2z, € C is a complex number then 2 = z; — 129 is its conjugate.

The mapping 0 : M x M — {—1,0, 1} is defined by

u-v if u=wv,
o(u,v) ;== —u-v if u=—uv, (1)
0 if u# +v.
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To k€ Z,a*,c* € M we define

Xk(a*7C*) = Z U(auacp(u+k))-

UEZm
Then
xo(a*,a") = Z o(ay,ay) =2m+1,
uENm
Xk (a*a C*) = Xp(k) (a*a C*)J

Xk(a 7C) = X*k(C*7a*)'

So xx(a*,c*), k € Z is completely determined by the indices k = 1,...

To a*, c* we define the y-vector of a*,c*:

x(@, ¢”) == [xx(a", c)|ren, -

Definition 1.
a) a* € M%m is symmetric, if a, = a_, for every u € N,,.

b) If a € M"» then
G(a) = [a’maa’m—la -+ 0-1,00,01, - . '7a’m—17am]

is the symmetric extension of a.

¢) If a,b € MIm then

x(a, b) := x(e(a), (b)),

Definition 2. Suppose a,b,c,d € M=,

a) [a, bl is a Hadamard pair (of size m), if

x(a,a) + x(b,b) =[1,0,...,0].



b) Suppose that [a, b], [c,d] are Hadamard pairs.

ab
) g
is a Hadamard scheme (of size m) , if
Y(a,¢) + x(b,d) = 0. .

HP(m) symbolizes a Hadamard pair, HS(m) a Hadamard scheme (of size
m) and HM(n) an (n x n)-Hadamard matrix.

Definition 3. If k € Z,x*, y* € M?",d € M then
‘[(kJX*Jy*; d) = {u S Zm : O—(Imyp(quk)) = d} ’

If k,x*,y* are fixed then I(d) := I(k,x*,y*; d).
To x,y € M" d € M define I(k,x,y;d) := I(k,e(x),e(y); d). n

So for every fixed k, x*,y*
T = I(+) + 1() + I(=) + I(j) (8)

is a partition of Z,,.
Lemma 1. Using the notation of definition 2 we obtain

a) [a,b] is a HP(m) if and only if

#I(k,a,a;—i—) + #I(k7b7b7+) = #I(k,a,a;—) + #I(k7b7b7_)7 9
Bk aaii) + #1(kbbi) = #l(kaaj) + #I(kb.bij) O

fork=1,...,m.
b) [ 3 3 } is a HS(m) if and only if [a, b] and [c,d] are HP(m)’s and

#I(k,a,c;—l—) + #I(k7b7d7+) = #I(k7a7c;_) + #I(k7b7d7_)7 (10)
#1(k,a,c;i) k,b,d;q #1(k,a,¢;5) + #I(k,b,d;j).

+
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for k=0,1,....,m
Proof.

xk(a,a) + xx(b,b) =0

—

Z U(au7 ap(u+k:)) + U(bU7 bp(u+k:)) =0

UELim,
<
Z( Z U(CLUJ aﬂ(u-l—k)) + Z U(bua bp(u+k)) =0
deM wel(k,a,a;d) u€l(k,b,b;d)
<~
(+) - #I(k,a,a;+) + () I(k,a,a;—)
+ (@) - #I(kaai) + (j) #1 (k,a,a,J)
<
(+) . #[(k,&,&;—{—) + (_) : #[(kaaaa;_)
+ (+) . #[(k>b>b>+) + (_) : #[(kabab;_) =0
and
+ (@) #1(k,a,a;9) + (j) - #I(k a a;j)
b) Part b follows by a completely analogous calculation. [

The following lemma gives a representation of x(a), using indices in N, only.

Lemma 2. Suppose a € M and k€ 1,...,m. Then

(41
(@) =1 + 2- > ola_g sy o)
u=1



m
+ 20 ) o0 O enty):

u:mf[%’H»l

Proof. The mapping k£ — p(2k) is bijectiv on Z,,. We denote its inverse
mapping by -//2,i.e. k — k//2 for every k € Z,,. Then

k//2:{k/2 :keN,,, k even,

(k—1)/2—m :keNy, k odd. (11)

It follows

xe(a) = xx(e(a))

m
- E o au; Qp( u—l—k
u=—m
m

= Z o(ay, ap(u+k//2+k//2))

= > o(pumty2) Gpush)2)

= o(a—p2, Qrry2) + Z u—k//20)s Gp(ut|k//2)))

= 142D o(@punii//2)l Gntactits 20)- (12)
u=1

If k is even, then p(k//2) > 0, if k odd, then p(k//2) < 0. Using this and
(11) we determine |p(u — |k//2|)| and |p(u + |k//2])].

—(u—k/2)
a2l =3 T )
u—(m—(k—-1)/2)

even, u<k/2-1,

even, u>k/2,

odd, u<m-—(k-1)/2,
odd, u>m—(k+1)/2;

N

6



u+k/2 k even, u<m—Fk/2,

) —(u+k/2)+(2m+1) k even, u>m—k/2+1,
PR/ PDI=N s m— = 10)/2  kodd, u<(k-1)/2,
—u+m-+(k+1)/2) k odd, u>(k+1)/2.

Inserting these values (7) and using Gauss-brackets leads to the equation of
the lemma. =

Toae MY ke {l,...,m} define

via) = 5 (xela) ~ 1) (13)

and v (a) := [¢k(a)]k=1,.,m- Then we obtain the following version of Lemma
1:

Lemma 3. Suppose a € M and k€ 1,...,m. Then

—k

wk(a) = Z 0(au> av) + U(am au+k,‘) + Z a(au, CLU). ]

utv=k u utv=2m+1—k
1<u<v u<v<m

3

Il
o

From (6) follows
Lemma 4. [a,b] is a HP(m) if and only if

(@) +¢(b) = -1 (14)

(where —1 = —[1,...,1]. "

To obtain a Hadamard scheme one needs two Hadamard pairs [a, b], [c,d]
satisfying x(a, c)+ x(b,d) = 0. The following lemma is a crucial support for
the construction of Hadamard schemes, for it delivers to a given Hadamard
pair a second one so that they together form a Hadamard scheme.

Lemma 5. If [a, b] is a HP(m) then

a b
b, -a



is a HS(m).

Proof. a) We show first, that [b, —a] is a Hadamard pair:

xx(b, b) + xi((—a), (—a))
= Y (0(busbpury) + O(—Tu, —Tpusn)))

UELim

- Z (U(bU7 bp(u+k) + Qy, ap(u+k)))

UELim,

= Xk(a(bv b)) + Xk (0(37 a))
= 0=0.

b) Now we verify the condition b of definition 3.

Xk (a7 E) + Xk(b7 _5)
= Z (U(awgp(uﬂc)) + 0 (bu, —Tp(u+t)))

UELim,
= Z (o(au, bp(u+k)) — 0(bu, ap(u—Hf)))
UELim,
= Z 0 (@, Dp(utk)y) — Z 0 (Dp(—utk) A—u)
UEZm UEZm
= Z U(au;bp(u-l-k)) - Z U(bp(v+k)aav)
UELm VELm
= 0. [

To obtain a HS(m) it is therefore sufficient to construct a HP(m).

It is sometimes desirable to confine the investigation of HP(m) to special
normalized cases. To define them requires the following preparations: On
M introduce the linear order relation + > ¢ > — > 5. Then > introduces
canonically the lexicographical order relation > on M Nm. g = lag, ..., an] >
b = [by,...,by] if there exists r € N, with a, > b, and a5 = bs, s =
0,...,r—1

x € N, is i-leading, if x has the following property: If D := {u € N,, :
z, € {i,j}} # 0, and min is the now well defined mimimal index with
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Tmin € {Zaj}a then Tmin = i

Definition 4. [a,b], a,b € M%™ is a normalized pair if:

a)a>b,
b) apg = bO =+,
c¢) a and b are i-leading. "

The following lemma is trivial:

Lemma 6. To every pair [a, B], a <b € Z,, there exists a normalized pair
[a,b], a,b € Z,, with x(a,a) = x(3,3). "

2 The Construction of Hadamard Matrices

Define

1 1 -1 1
H+:|:1 _1:|7HZ:|: 1 1:|, ,:_H+7 HJZ_HZ

The matrices H,,u € M are symmetric HM(2). To

So the blocked matrix Hg is obtained by replacing each element k, , € M of
K by the corresponding (2 x 2)- matrix Hy, .

Definition 5. If a* € M%m then the ((2m + 1) X (2m + 1))-matrix

Z(a’) = lapG-ilijenon
is the circulant matriz of a*. If a € M then Z(a) := Z(e(a)). n
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Lemma 7. Suppose a,b,c,d € M= If

a, b
c, d
is a HS(m), then define the two-fold blocked (2 x 2)-matrix

- { Hy@ Hzp) }
Hz) Hzq
Then the (4(2m+1) x 4(2m+1)) deblocked matrix H of H is a HM(8m+4).

Proof. In a matrix R = [r; ;]i=o,... s—1, j=0,..+—1 the submatrix consisting of
the rows i1, ..., 0y, 0 <i; < ... < iyt < s—1is denoted by R(iy,...,0,). If
0 < g < 4m is even, then for x € {a, b, c,d} we obtain

HZ(X) (97 g+ 1) = [Hl‘p(fmfg)’ T HI/J(O*Q)’ T Hxﬂ(mfg)]'

To 0 < p < 8m+4 define g(p) = 2-[p/2]. Then H(p) is a row of the deblocked
(2 x (8m + 4))-submatrix H(g(p), g(p) + 1) of

~

H(g(p),9(p) +1) =

[pr(—m—g(p))’ T T p(0—g(p))? T T 7Y Hmp(m—g(p))’
H

Yo(—m—g(p))? " " "7 Hyﬂ(O*Q(P)V T Hyp(mfg(p))]

where [x,y] = [a,b], if 0 < p < 4m + 2 and [x,y] = [c,d] if dm +2 < p <
8m + 4.

Now suppose 0 < p < ¢ < 8n + 4. We show that the rows number p and ¢
of H are orthogonal, thereby proving the theorem. If g(p) = g(q), then p is
even, ¢ = p+ 1 and so H(g(p), g(p) + 1) consists of these two rows. From

H(g(p), 9(p) +1) - H(g(p), g(p) +1)' = 8m + 4) { (1) (1) }

we trivially obtain their orthogonality.

10



Now if g(p) # ¢(q), then the two (2 x (4m+2))-submatrices H(g(p), g(p)+1)
and H(g(q), g(q) + 1) of H have no common row. Define

A(p,q) = H(g(p),g(p) + 1) - H(g(q),9(q) + 1)’

We show
0 0
A(p7 Q) - |: 0 0 :|
thereby proving the lemma.

Define

a,b] :0<p<dm+2,
[w,x] =
’ c,d] :4m+2<p<8m+4,

and likewise

by, 2] = [a,b] :0<¢<4m+2,
2= [c,d] :4m+2<¢qg<8m+4.

We use the partition (8) to obtain canonically a partition of A(p, q) as follows:

Alpg) = Z Z Hy, % H;‘p(v+k)

deM vel(k,w,x;d)

+ Z Z Hy” x H,Zﬂ(v+k)

deM vel(k,y,z;d)

- > [0 v = |80

vel(k,w,x;+) vel(k,y,z;+)
-2 0 -2 0
+ > { 0 _2}+ > { 0 —2}
vel(k,w,x;—) vel (k,y,z;—)
0 2 0 2
D SR I S
vel(k,w,x;i) vel(k,y,z;i)

11



PN Pt IR VI Py

vel (k,w,x;5) vel(k,y,z;j)

= Ik wx+) + #1(ky, 5 4)) 33}

+ (#I(k,w,x; =) + #I(k,y,2;,—)) _(2) —g}

+ (#I(k,w,x;0) +#1(k,y,2;1)) __(2) (2)}

+ (#I(k,w,x;5) +#I(k,y,z;j)) (2) _(2) ]
B 0 0 -
- 0 0"

where zeros in the last equation follow from lemma 1. [

3 Examples

3.1 An Algorithmic Construction
of Hadamard Matrices

If a HP(m) = [a, b] exists, a HM(8m + 4) can be obtained by the following
steps:

Step 1. Build the HS(m)

s[5 2]

Step 2. Build the cyclic extension

. c(a), e(b)
HS*(m) = [ e(b), }
Step 3.  Build the cyclic ((2m + 1) x (2m + 1))-matrices
Z(a), Z(b), Z(b), Z(~3).

12



Step 4. Using the four cyclic (2m + 1) x (2m + 1)-block matrices
Hz (), Hzb), Hy ), Hz(—a), having as elements (blocks) (2 x 2)-matrices
H,, u € M build the twofold blocked matrix

f— IiIZ(a)y P:IZ(b)
Hz®), Hz-a)-

Step 5. Build the ((8m +4) x (8m + 4))-matrix deblocked {+1, —1} matrix
H of H. Then H is a HM(8m + 4). n

3.2 Two Examples
We apply these steps to the sizes m =0 and m = 1.

m = 0.

The only normalized pair is [[+], [+]], obtained from a = [ag] = [+] and
b = [by] = [+] is a HP(0).

Step 1. Obviously,

+ o+

_|_ _ )
is a HS(0), (which after deblocking accidentally is itself a HM(2).)
Step 2. Here ¢(a) = a,e(b) =b. So HS*(0) = HS(0).

Step 3. Z([a]) = Z([b]) = Z([b]) = Z([+] = [+], Z([-a]) = Z([-]) = []
Step 4.

13



Step 5. Writing ”+” instead of 1 and ”-” instead of -1 we obtain the matrix

+ 4+ + +
Ho |t - T -
+ o+ -
+ - =+
This is a HM(8 - 0+ 4). n

m = 1.

Define a = [+, —|, b = [+,i]. Then according to section 2 [+, —], [+, ] is a
normalized HS(1).

Following again steps 1 to 6 gives us a HM(12).

(Indeed, from the symmetric extensions e(a) = [—,+, —],e(b) = [i,+,1] of
a and b we obtain x;(a) = xi(e(a)) = (1) + 1+ (-1) = —1, xa(b) =
xi(e(b)) = 041+ 0 = 1. This implies ¥ (a) + ¢1(b) = 3((x ( ) — )+
(xg(a) — 1)) = —1. So, as it be checked also easily directly [[1, —], [1,4]] is
HP(1).)

Step 1. The correponding HS(1) is

L+ =10+ 4]
HS(l)_[[+j][—+]]'
Step 2
sy L — + =111 4+ @ ]
HS"(1) [[]+ J][+“+]]
Step 3
[ — + =] i+
Z(a)=| — — + |, Zb)=| i i + |,
|+ - - + o0
[ J o+ 7] + - +
Zb)=|j j + ,Z(w{+4
+ 7] - + +




Step 4.

|+ + +

|+ 4+ +

- =171+ +] - - -+ 1 [+ +]
-+ |+ -] [ - + L+ ] L+ -
- =1 171- -1 T+ +] [ -+ [ - +]
-+ -+ [+ - L+ ] L+
+ +] [- -1 [- - [+ + ] [ - +]
Hgk = :=+_ =_+= =_+=: :=+_ :++=
+ - + + + - + + - -
- -]+ -] [- -] L+ -] -+
+ -1 [+ -1 [+ +] [+ + ] [+ +]
- -1 1= -] [+ - o+ -] L+ -
+ + ] [+ -] [+ - [ - -1 [+ +]
L+ -] - -] Ll--1) Lll-+] L+ -
Step 5.
[ - =+ + = = = + + + = +]
-+ 4+ - -+ + + + - + +
- - - -+ + -+ - + + +
-+ - 4+ 4+ -+ + + + + -
+ 4+ - - - -+ + - + - +
+ - -+ -+ + - + + + +
Hk =
+ -+ + + -+ + - = + +
- -+ - = =+ - = + + -
+ -+ -+ + + + + + - -
- - - =+ -+ -+ - = +
+ 4+ + -+ - - = + + + +
 + - - - = = = + + - + -]

3.3 Tables of all normalized HP(m) of sizes m
for0<m<7

In the following tables on the left entry the Hadamard-pairs are listed. The
right entry contains the two corresponding W-vectors. Every HP(m) gener-
ates a HM(8m + 4).
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m=0

m=2

m=3
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m=>5
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m=6
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m="7

0 -2 -1
-1 1 0

1
-2
0
-1

2 -2 -2
-3 1 1
-2
1

-2
1

-2
1

-1
0

0
1

0
1

-2 -1 -2 -1 -1
1 0 1 0 O
0
-1

0
1

0
1

2
-3
-2

1

-1
0

-3 -2
2 1

0
1

0 -3 -2
1 2 1

-2
1

2 0 -2 -2
3 -1 1 1

-2
1

2 0
-3 -1

-1
0

-2 -2 -1

0

1 0 -1 0
0 -1 0 -1
0o -2 -2 -1
-1 1 1 0

-1
0
1

-2

3 1 0
2 -2 -1

0
-1

20

—~ |-
- |t -
||
U oem|m
IR
- |-




7 (continued)
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3.4 One normalized HP(8)

m=_8
[ - - + - i - 3 J [ 1 0 1 2 0 0 1 0 ]
[ i i i + 3§ - -0 0 -1 -2 1 -1 -1 -2 -1 ]
[ 11 - 3 - 3 i3 I14r-1r 1-1 -1 -1 -2 -2 1 ]
[ - - i - i 4+ + - JJ[ 0o 2 0 0 0 1 1 2]
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