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Abstract

In the common nonparametric regression model with high dimensional predictor several
tests for the hypothesis of an additive regression are investigated. The corresponding test
statistics are either based on the differences between a fit under the assumption of additivity
and a fit in the general model or based on residuals under the assumption of additivity. For all
tests asymptotic normality is established under the null hypothesis of additivity and under
fixed alternatives with different rates of convergence corresponding to both cases. These
results are used for a comparison of the different methods. It is demonstrated that a statistic
based on an empirical L? distance of the Nadaraya Watson and the marginal integration
estimator yields the (asymptotically) most efficient procedure, if these are compared with
respect to the asymptotic behaviour under fixed alternatives.

AMS Subject Classification: 62G07, 62G10
Keywords and Phrases: Additive models, dimension reduction, test of additivity, marginal inte-
gration estimate

1 Introduction
Consider the common nonparametric regression model
(1.1) Y =m(X)+o(X)e

where X = (X,...,Xy)" is a d-dimensional random variable, Y is the real valued response,
¢ denotes the real valued error (independent of X) with mean 0 and variance 1, and m, o are
unknown (smooth) functions. Much effort has been devoted to the problem of estimating the
regression function m. While for a one dimensional predictor nonparametric methods as kernel



or local polynomial estimators have become increasingly popular, the regression in the case of
a high dimensional predictor cannot be estimated efficiently because of the so-called curse of
dimensionality.

For this reason many methods of dimensionality reduction have been proposed in the literature
[see e.g. Friedman and Stuetzle (1981), Li (1991)]. Buja, Hastie and Tibshirani (1989) and Hastie
and Tibshirani (1990) promoted the additive regression model

d
(1.2) Hy:m(z)=C+ Y ka(za)
a=1
where ki, . .., kq are unknown smooth functions normalized by E[k,(X,)] = 0and z = (21, ..., 24)7.

A theoretical motivation for this model is that under the assumption of additivity the regression
can be estimated with the same rate of estimation error as in the univariate case [see Stone (1985)].
Buja, Hastie and Tibshirani (1989) proposed the backfitting, where the idea is to project the data
on the space of additive functions. Basically this method estimates the orthogonal projection of
the regression function m(-) onto the subspace of additive functions in the Hilbert space induced
by the density of the predictor X. The asymptotic properties of a related backfitting procedure
have been recently analyzed by Opsomer and Ruppert (1997) and Linton, Mammen and Nielsen
(1999). Because of the implicit definition of these estimates several authors have proposed a direct
method that is based on marginal integration (see e.g. Tjgstheim and Auestad (1994), Tjostheim
(1994), Linton and Nielsen (1995) or Chen, Hérdle, Linton and Severance-Lossin (1996)). This
method does not require an iterative solution of a system of nonlinear equations and yields an
alternative projection onto the subspace of additive functions which is not necessarily orthogonal.
Because the additive structure is important in terms of interpretability and its ability to deliver
fast rates of convergence in the problem of estimating the regression, the additive model (1.2)
should be accompanied by an adequate model check. Although early work dates back to Tukey
(1949), the problem of testing additivity has only found recently interest in the literature [see
e.g. Hastie and Tibshirani (1990), Barry (1993) or Eubank, Hart, Simpson and Stefanski (1995),
Sperlich, Tjgstheim and Yang (1999), Linton and Gozalo (1999)].

As diverse as this literature appears all proposed methods have one thing in common: they all test
what they actually should not, namely that the preassigned additive model is NOT valid. Various
authors argue that, even if the null hypothesis (1.2) is accepted with a rather large p-value, there
need not be any empirical evidence for the additive model [see Berger and Delampady (1987) or
Staudte and Sheater (1990)]. These authors point out that often it is preferable to reformulate the
hypothesis (1.2) in a testing problem, which allows the experimenter to show that m is “close” to
additivity at a controlled error rate. In other words, if M? is a measure of additivity (i.e. M? =0
if Hy is valid) it is proposed to reformulate the hypothesis (1.2) into

(1.3) H.:M*>n H,:M><n

where 7 is a given sufficiently small constant such that the experimenter agrees to analyze the
data under the assumption of additivity, whenever M? < 7. From a mathematical point of view
this approach requires the determination of the distribution of an appropriate estimator for M2
not only under the classical null hypothesis (1.2) (M? = 0) but also at any point of the alternative
(M? > 0).



In this paper we investigate several tests for the hypothesis of additivity which are based on kernel
methods. For the sake of simplicity we will mainly concentrate on a U-statistic formed from the
residuals from a marginal integration fit [see also Zheng (1996), who used a similar idea for testing
a parametric form of the regression] and we prove asymptotic normality of the corresponding
test statistic under the null hypothesis of additivity and fixed alternatives with different rates
of convergence corresponding to both cases. The results are then extended to several related
concepts of testing model assumptions proposed in the literature [see Gonzalez Manteiga and Cao
(1993), Dette (1999) and Gozalo and Linton (1999)]. The main difference between our approach
and the work of the lastnamed authors is that we are able to find the asymptotic properties of
the tests under any fixed alternative of non-additivity. We will demonstrate at the end of Section
3 that these results can be used for the estimation of the type II error of the test for the classical
hypothesis (1.2) and for testing the precise hypotheses of the form (1.3). As a further application
we identify a most efficient procedure in the class of tests based on the kernel method by looking
at the asymptotic distribution under any fixed alternative. In Section 2 we give a motivation of
the test statistic, while the main results are given in Section 3, which includes the corresponding
results for several related tests. Finally, some of the proofs, which are rather cumbersome, are
deferred to the appendix.

2 Marginal integration revisited

Let f denote the density of the explanatory variable X = (Xi,...,X,;)? with marginal dis-

tributions f, of X, ; @ = 1,...,d. For a d — dimensional vector v = (z1,...,24) let z,
be the (d — 1) — dimensional vector obtained by removing the a-th coordinate from z, i.e.
To = (T1,. -y Ta1, Tatl,---,Tq). If Lgdd denotes the subspace of additive functions in the Hilbert

space L2(f) we consider the projection Py from L*(f) onto L? 14 defined by

d

(2.1) mo(z) = (Pom)(z) = Y ma(wa) — (d — 1)c

a=1

where

(2.2)  my(x,) = /m(ma, To) fo(Ta)dry = /m(ml, ey T 1, Tay Tty - - - Ta) fa(Ta)dT,,

(2.3) ¢ = / m()f (t)dt.

Here we used the notation
f&(tQ) = /f(tla s Jta—IJ taata-l-la s Jtd)dta

and write in (2.2) with some abuse of terminology = = (4, 4) to highlight the particular coordi-
nate x,. The representation (2.1) can be rewritten as

mo(z) = C+ ) ka(a)
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where ;
C=c+) { / M (tas ty) fa(te) fa(te)dtadty — ¢}
a=1

and

Fo(Ta) = () — / 1t ta) f(t) fs(ta) ol

which corresponds to the normalization given in Section 1. Note that Fj is not necessarily an
orthogonal projection with respect to the Hilbert space L?(f), where f is the joint density of
X. However, one easily verifies that it is an orthogonal projection in the case of independent
predictors.

Unless it is not mentioned differently let K;(-) (i = 1,2) denote one — and (d — 1) — dimensional
Lipschitz — continuous kernels of order 2 and ¢ > d, respectively, with compact support and define
for a bandwidth h; > 0, ¢, € R, t, € IR*!

1 t;
9.4 Kin(t) = —K;(£) i=1,2.
2. nlt) = K
For an i.i.d. sample (X;, V)™, X; = (Xi1, ..., X;q)T we consider the empirical counterparts of the

components of my in (2.1), i.e

n

(2.5) Ma(2s) = %Z

k=1
n

n

Z Kl h1 ]a _xa)K2 hz(X'a _Xka)
7=1

. o Thal y,
)(Iaana)

. 1
(2.6) ¢ = EZYJ-
j=1
where
(27) f( )(xa;xa - ZKI h1 Xux - xoa)K2 h2(XlOé - xg)

=1

is an estimator of the joint density of X. Note that

E l‘aa

where L
(2.8) (@) (s ) = n Zj:l Kip, (Xja - xa)K&hz (ng - xg)YJ
. ) (5 f(a) (:Ea7 xg)

is the Nadaraya-Watson estimator at the point (x,,z,) [see Nadaraya (1964) or Watson (1964)].
The marginal integration estimator of my = Pym is now defined by

(2.9) (1) =Y halwa) — (d— 1),



and the corresponding residuals are denoted by €; =Y, —1g(X;) (j=1,...,n). As a first test
statistic we consider the U-statistic

: ﬁ D Ly(X; — Xj)éem(Xo)w(X;),

i£]

where L is a d-dimensional symmetric kernel of order 2 with compact support, L,(-) = gidLg(;), g >
0 an additional bandwidth and 7 a given continuous weight function. We note that this type of
statistic was originally introduced by Zheng (1996) in the problem of testing linearity of the
regression and independently discussed by Gozalo and Linton (1999) in the problem of testing
additivity in a more general context. A theoretical justification for the application of this statistic
for testing additivity will be given in Section 3. For a heuristic argument at this point we replace
the residuals é; by A(X;) = m(X;) — my(X;) in Tp,, and obtain from results of Hall (1984) that
in this case the corresponding statistic

1

(2.11) Ven = TP D Ly(Xi = X)) A(X)A (X)) (X)) (X;)
i#£j

converges with limit

(2.12) BlVa) = [ Lufa = )A@) AW (@) )r(a)r(y)dady

_ / () — mo(2)]2f2(2) 72 (x)de + o(1).

For this reason a test of the classical hypothesis of additivity can be obtained by rejecting (1.2)
for large values of Tj,,.

There are several alternative ways of defining an appropriate statistic for the problem of testing
additivity, that is

T = D) = o (X)r(X)
(2.13) Ty = D2 Elin(Xo) = o(X)lr(X)
T = L3006 - #r(x)

In (2.13) m is the Nadaraya — Watson estimator with kernel L and czz = Y; — m(X;) denotes
the corresponding residual. The estimate 7}, compares a completely nonparametric fit with the
marginal integration estimate and extends concepts of Gonzalez Manteiga and Cao (1993) and
Hérdle and Mammen (1993) to the problem of testing additivity. 75, is essentially a (weighted)
difference of estimators for the integrated variance function in the additive and nonrestricted
model. This concept was firstly proposed by Dette (1999) in the context of testing parametric
structures of the regression function [see also Azzalini and Bowman (1993) for a similar statis-
tic based on residuals]. Finally, the statistic T3, was introduced by Gozalo and Linton (1999)
motivated by Lagrange Multiplier tests of classical statistics.
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In the following section we investigate the asymptotic behaviour of these statistics under the
hypothesis (1.2) and fixed alternatives. We note that the asymptotic results under the null hy-
pothesis of additivity have been independently found in a slightly more general context by Gozalo
and Linton (1999) using different techniques in the proofs. It is the main purpose of the present
paper to show that the asymptotic behaviour of the statistics 7g,, - 15, under fixed alternatives
is rather different and to demonstrate potential applications of such results.

3 Main results and a comparison

We still start with a detailed discussion of the asymptotic behaviour of the statistic 7y, and its
consequences for the problem of testing additivity. Afterwards the corresponding results for the
statistics 11, Top, T3, will be briefly stated and a comparison of the different methods will be
performed. In order to state and prove our main results we need a few regularity assumptions.

(A1) The explanatory variable X has a density f supported on @ = [0,1]%. f is bounded from
below by a positive constant ¢ > 0 and has continuous partial derivatives of order q > d.

(A2) m € CH(Q), where C}(Q) denotes the class of bounded functions (defined on Q) with con-
tinuous partial derivatives of order q.

(A3) o € Cy(Q) where Cy(Q) denotes the class of bounded continuous functions (defined on Q).

(A4) The distribution of the error has a finite fourth moment, i.e. Ele*] < oc.

(A5) The bandwidths g, hy, hy > 0 satisfy (as n — oo)

logn

hi~n Y2 hd=o(h?), ———
1 2 ( 1) nhlhgfl

= o(h), ¢*=o(h?), ng’— oc.

Note that the optimal order for a two times continuously differentiable regression function
hy ~n~'% in (A5) requires ¢ > d — 1 in order to fulfill

logn

h!=o(h?) and —2—
5 =o(hi) an nhth”

= o(h7)

simultanuously. Our first result specifies the asymptotic distribution of the statistic 7;, under
the null hypothesis of additivity.

Theorem 3.1. If assumptions (A1) - (A5) and the hypothesis of additivity are satisfied, then the
statistic 1o, defined in (2.10) is asymptotically normal distributed, i.e.

(31) ng%TO,n i>J\/(Oa)\g)

where the asymptotic variance is given by
(3.2) X =9 / [2(x)da / o ()72 () f2 () da
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and L 1s the d-dimensional kernel used in the definition of 1j .

Note that Theorem 3.1 has been found independently by Gozalo and Linton (1999) and provides
a test for the hypothesis of additivity by rejecting Hy for large values of Tj,,, i.e.

(3.3) ng%TO,n > ulfaj\o,n

where u;_, denotes the (1 — a) quantile of the standard normal distribution and 5\07,z is an appro-
priate estimator of the limiting variance (3.2). A simple estimator could be obtained by similar
arguments as given in Zheng (1996), i.e.

n

N 2 JOIR
A, = Y DY LUX - Xp)erem(Xiw(X;).

n(n — 1) & &
1=1 i#£j

Our next result discusses the asymptotic behaviour of the statistic 7j, under a fixed alternative
and proves — as a by-product — consistency of the test (3.3). On the other hand it also provides an
interesting possibility of an alternative formulation of the classical hypothesis of additivity, which
will be described at the end of this section.

Theorem 3.2. If assumptions (A1) — (A5) are satisfied and the regression is not additive, i.e.
A =m— Pym #0, then

(3.4) Vi{Ton — E[Toa]} 25 N(0, 22)
where
(3.5) ETy,) = E (A*7*f(X1)) — 2E [A7*f (X1) - b(X1)] - h + 0 (B) + O(g?),

b(z) = ZZZI bo(xq) with

10? 1of 0
) bo (o) = 2 10) [ (555 + F ) o) f (1)

ey (Ky) = [ 1K (t1)dt, and the asymptotic variance is given by

(3.7)  mp = AE[o*(X){P (A7 f)(X1)}]

bV (%210 — B(Ar 3 (e i) — (@~ Dm0} | 3]

a=1

Pim =m — Pim and the mapping Py is defined by

(3.8) Prgte) = 3 Lalra) / (0F) (s ta)dte — (d — 1) / (of) (1)t

Remark 3.3. Note that the mapping P; defined in (3.8) is not a projection on the space of
additive functions. In the case of independent predictors one easily shows P; = F,. Moreover, if
additionally the weight function is given by 7= = %, the asymptotic variance in (3.7) simplifies to

7



ps = 4E[0*(X1)A*(X1)] + 4V[A*(X,)]

where A =m — my.

Remark 3.4. A careful analysis of the proof of Theorem 3.2 shows (see also Chen, Hérdle, Linton,
Severance—Lossin (1996)) that for a sufficiently smooth regression and kernels L and K;, i = 1,2
of sufficiently high order we have

1

E[Tyn) = E[A*(X0)(x* /)(X0)] + 0(%)
where the term M? := E[A%(X) (72 f)(X})] on the right hand side serves as a measure of additivity.
In this case Theorem 3.2 provides an interesting advantage to many of the commonly applied
goodness-of-fit tests which will be explained in the following. It is well known that for model
checks the type II error of a test is more important than the type I error, because, in the case of
acceptance of the null hypothesis, the subsequent data analysis is adapted to the assumed model.
From Theorem 3.2 we obtain as an approximation for the probability of the type II error of the
test (3.3)

P (“rejection”) ~ ®(/n— —

where u;_,, is the (1 — a) quantile of the standard normal distribution. On the other hand, the
result can also be used for testing precise hypotheses [see Berger and Delampady (1987)] of the
form
Ho:M?*>n H,:M*<n
where 7 is a given sufficiently small constant for which the experimenter agrees to analyze the
data in the additive model. An asymptotic level « test is given by rejecting the null-hypothesis
Hy: M? > nif
\/ﬁ(TO,n - 77) S UaﬂO;

where /12 is an appropriate estimator of the asymptotic variance in Theorem 3.2. This formulation
allows to test that the model is “close” to additivity at a controlled error rate. We finally note

that Theorem 3.2 could also be used for the construction of confidence intervals for the measure
of additivity M?.

Theorem 3.5. Assume that (A1) — (A5) are satisfied and 1, Toy, T, are defined in (2.13).
(i) Under the hypothesis of additivity we have

19 {Tj, — By [Tja)} —>N(0,02) 5 j=1,...,3

where
By = Euy[Ton] = nigd/ﬂ(x)dx /JZ(x)yr(x)dero(n;g),
By = Eu,[Tyn] = nigdL(O) / UQ(x)W(x)dx—l—o(n;g),
By = Eu,[Ty] = nigd(zL(O) _ / 2(z)dz) / az(x)w(x)dx—i—o(n;%)

8



and
M o= 2/04(x)7r(x)dx/(L*L)Q(x)dx,
N o= 9 / o (@) (z)dx / [2(z)da,
X = 2/04(x)7r(x)dx/(2L— (L + L)) (x)dx
where f x g denotes the convolution of the functions f and g.
(i1) If the regression is not additive, i.e. A =m —mg # 0, then

D }
Vi{Tjn = B, [T} — N0, 45) 5 5=1,...,3
where

EH1 [Tl,n] = B1 —+ vy — 21/1 —+ 21/2,
Ey [Ty, = Ba+vy — 201 + 1y,
Ey [15,] = Bs+ vy —2v4,

w = Bl(A%r) (X)),
v = B[(Am)(X1)b(X1)] - hT + o (h}),
vy = B[(AT)(X1)byw (X1)] - ¢° + 0 (¢%)

b is defined in Theorem 3.2, byw s the bias of the Nadaraya—Watson estimate, the asymp-
totic variances are given by

p; = 4B[0?*(X){Pi(A7)(X1)}?]
+v]an ) —2E(A7r(X2){Zm(X2a,X1Q) —(d—D)m(X)} | Xl)]

a=1

(j =1,...,3) and the mapping P, is defined in Theorem 3.2.

In the remaining part of this section we will use Theorem 3.2 and 3.5 to compare the tests of
additivity induced by the statistics 1}, (j = 0,...,3). For the sake of a transparent presentation
we assume for this comparison a sufficient smoothness for the regression and sufficiently large
order for the kernel, such that the asymptotic bias of Tj,, under a fixed alternative is given by

1 .

where By =0, By, By, Bs are defined in Theorem 3.5,

Mg = B[A*(X0)(r*f)(X0)],
M; = E[A*(X)7(Xy)] (j=1,...,3).

9



In this case the probability of rejection is approximately given by

(3.9) P ("rejection”) ~ @(i{\/ﬁMf — M}) (j=0,...,3),
Hj \/TQd

where 115, A; (j = 0,...,3) are defined in Theorem 3.1, 3.2 and 3.5, respectively. From this
representation we see that in general, there is no clear recommendation for one of the statistics
T}, The appropriate choice of a test depends sensitively on the relation between variance function
o, weight function 7, regression m and alternative A. A fair comparison seems to be possible by
adjusting with respect to the measure of additivity. This can be done by replacing the weight
function 7 in Ty, by \/LT (in practice an estimator of f has to be used), which gives

M? = E[A*(Xy)n(Xy)] (7 =0,...,3)
and (by the definition of y7 in Theorem 3.2 and 3.5)

(3.10) po > (j=1,...,3).

Looking at the dominating term in (3.9) we thus obtain that (asymptotically) tests based on the
statistics 7}, (j =1,...,3) will be more powerful than the test based on the statistic 7p,. We
note, however, that for realistic sample sizes this improvement will only be substantial, if the
variance function is ”small” compared to the deviation A of the additive approximation from
the model. For a comparison of the remaining statistics observe that for the corresponding tests
the terms with factor y/n in (3.9) are identical and consequently, a most efficient procedure is
obtained by minimizing the variance )\? of the asymptotic distribution under the null hypothesis
of additivity. This comparison coincides with the concept of considering local alternatives which
converge to the null hypothesis at a rate (ng%)’%. The following Lemma shows, that the statistics
T,, and T, should be prefered to T3, with respect to this criterion. This result was also
conjectured by Gozalo and Linton (1999) without a proof. A rigorous derivation will be given at
the end of the appendix.

Lemma 3.6 If K is an arbitrary density we have

(3.11) /(K*K)Z(x)dx < /KZ(x)dx < /(2K — K % K)*(z)dx

or equivalently
X< X< A

We finally note that the arguments in favour of 77, and 75, are only based on the discussion
of the asymptotic variances, which is correct from an asymptotic point of view. For realistic
sample sizes, however, the bias has to be taken into account. Here we observe exactly the opposite
behaviour, namely that the statistic 1}, is preferable because its standardized version has no bias
converging to infinity.

Remark 3.7. Note that Gozalo and Linton (1999) study the asymptotic distribution of the
statistics 1y, — T3, under the null hypothesis of additivity in the context of generalized nonpara-
metric regression models including discrete covariates. The results of the present paper can also

10



be extended to this more general situation at the cost of some additional notation. For the sake
of a simple notation we did not formulate the results in full detail, but indicate the generalization
of Theorem 3.1, 3.2 in the situation of a known link function as considered in Linton and Hardle
(1996). In the nonparametric regression model

E[Y|X = z] = m(x)

we are interested in testing the hypothesis

d

HY - G(m(x)) = C+ Y kala)

a=1

where G is a given link function. The definition of the marginal integration estimator of m is
straight-forward [see e.g. Linton and Hérdle (1996)]. To be precise let

ZG N(Zas Xia))

denote the estimator of

[ Gnta,za)) fatta)i

where m(® is defined in (2.8). Furthermore let

>

denote an estimator of [ G(m(x))f(x)dz. Defining

SIP—‘

&.IF—‘

Z 2 (Xia, Xig))

fiig(z) =D 1ita(xa) — (d — 1)é

the marginal integration estimator of the regression function m is obtained as
(3.12) m(z) = F(my(z))

where F' = G™! is the inverse of the link function. The statistic Ty, is now exactly defined as in
(2.10) [with residuals obtained from (3.12)] and under the hypothesis H§' and certain regularity
assumptions for the link function [see e.g. Linton and Hérdle (1996) or Gozalo and Linton (1999)]
Theorem 3.1 remains valid. On the other hand, under a fixed alternative /n(1y, — E[Tp,]) is
asymptotically normal where the asymptotic variance is given by

po = 4E[0* (X)) PF(An?)(Xy)]

+ AV |[(Am2(X0) F(X) — (AT ()1 Gm(Xaa, Xia)) — (d = DG m(X0)} X1 ) |

a=1

11



where o?(z) = V[Y|X = z] denotes the conditional variance of the response, A = m — F'my,
my = Py o G om, Py is the projection defined in (2.1), P = I — P and the mapping P§ is
defined by

(PFo)(a) = 6 (m(a)) {3 722

~@=1) [(aNOF (mo(t))at}.

/ (0F) (s ) F' (1 (0, 1))t

The proof of this result follows essentially the steps given in the appendix, observing that for a
smooth link function the residuals are given by

Yi—m(X;) = Yi—m(X;) + m(X;) — F(mo(Xy)) — {F(mo(X;)) — F(mo(X5))}
~ Y —m(Xi) + A(X;) — F'(mo(X3){mo(Xi) — mo(Xy)}-

Therefore in the analysis of the statistic Tp, the terms Vi ,,, Viy, Vg, [see the proof in the appendix]
are treated exactly in the same way as for G(x) = x. For the remaining terms one uses a careful
analysis of the proof in the appendix and a further Taylor expansion of 1 (X;) — m(X;) which
yields the additional terms G’(m(X;)) in the asymptotic variance.

A Proofs

For the sake of a transparent notation we consider the case d = 2. In addition we use 7(z) = 1
as weight function; the general case is treated exactly in the same way. Because all results are
essentially proved similary, we restrict ourselves to a proof of the asymptotic behaviour of the
statistic 1y, (that is Theorem 3.1 and 3.2).

A.1 Proof of Theorem 3.1

Observing that under the hypothesis of additivity my = Pym = m we obtain from (1.1) the
decomposition é; = o(X;)e; — 0(X;), 0(x) =mo(x) — my(x) and

(Al) TO,n - Vin - 2V2n + ‘/377,

where

(A2 Vi = gy D0 Ll = X)o(X)o (X e
i#£]

(A3) Vow = s D Ly(X, = X))o (X,)ei0 (X))
12

(A.4) Vi = ﬁ S7 Ly (X, — X;)3(X)5(X)).
12

The first term can be treated as in Zheng (1996) using the results of Hall (1984) and we obtain

(A.5) ngVin — N(0,A3)

12



where the variance A2 is defined in (3.2). The estimation of the remaining terms is more delicate.
With the notation ¢ (z) = 6, (x1) + 02 (x2) — dp where

_ 1 <
(A.6) 6, () = My () —my (), 7=1,2; 50:521@—0

we derive the decomposition
Vo = Vo + V) = 13
where
Vi = Y ZZL (Xi— X))o (X)) e 6, (X)) ;r=1,2

1=1 j#i

and
Vy) = oy ZZL (Xi — X;) 0 (X)) 2 - .
n _
1=1 j#i

At first we will show that !

e
2 Tbhl

n

=Op(——) 1r=12

Obviously it suffices to treat the case r = 1 : Recalling the definition (2.5) we rewrite m, (1) as

my (z1) = ﬁzzwéz) (z1) - Y1

k=1 =1

where

(A7) w}(j) (21) = Ky, (X — 1) Koy (Xio — Xio)

J?(l) (IlanQ)

and f1 is defined in (2.7). Observing that

1< loglogn
ml(xl):ﬁzm(xl,XkQ)‘i_O(\/%) P —a.s.

k=1

(by the law of the iterated logarithm) we get (note that >, w,S) (x1) =1)

o1 (21) = Zzwm 1) o (Xi) e

k=1 =1
loglogn
(A.8) + = Zzwkl z1) - (m (Xpp, Xig) — ($1;Xk2))+0< gng )
k=1 =1

and
Vi) = (Ve 4+ V) (1 + 0p(1))

13



where

v = Z > Ly (X = X))o (Xi) ewy (Xj1) 0 (X)) &
zkl 1 j#i

Vi ? = Z YLy (X — X)) 0 (X0) gqwy) (Xjn) - (m (X, Xip) = m (X1, Xpa)) -
zkl 1 j#i

Computing the expectation of the first term we obtain

L") = ST S B, (X - X5) o (X0 ) (X))

zly;ézkl

Now, by definition (A.7)

Kz,h2 (XiZ - sz) | ' )
FO (X X))
Ko p, (Xiz — Xi2)
[ (X1, Xia)

where the last equality is obtained by the strong uniform consistency of the kernel density estimate
fW [see e.g. Silverman (1978)]. For k # 4, j Taylorexpansion gives

Ko X = Xia) | 0y hXa) 4
E( f(Xj17Xk2) | Xz;X]> - f(le,Xig) +O(h2),

and the boundedness of the density and the kernels K; and K5 yields

E(w (X;1) | Xi X;) = Kip (Xa — Xj1) E(

= K (Xi — X;1) E( | Xz';Xj) (I+o0(1))

1 1

E(Vz(;'l)) = O(n—hl) + O(m)

where the O-terms correspond to the cases k # i, j and k =i (or k = j) respectively.

Next we compute the variance of ‘/2(;.1) by discussing the individual terms in the sum

(Vz(nl'l))Q— Z > Z ZL (Xi — X)) 0 (X3) sawy) (Xj1) 0 (X0)

1,8/ =1 j#u,5'# k,k'=111'=1
x L, (Xz-, —Xj:)a(X )epwin (Xjn)o (Xy)er

The terms in the above sum have expectation zero exept for the case where

i =d1and ' =1
i/ =1and i =1
i=1and i =1

i'=i = I'=1

14



Consider the first case: ¢/ = ¢ and I’ = [. Conditioning on X;, X; and taking the expectation of
the corresponding terms yields

Z 2. Z [ o (Xi = Xj)wi) (Xj1) | X3, X0)P0% (X5) 0% (X)) | (1 + o(1))

1,l=1 j#i,5' £ k,k'=

which is of order O ( th) by the same reasoning as above. The other cases are treated in the

same way showing that V(V (1. 1)) = O(=5~). It follows by Chebyshev’s inequality

ZhZ

1

(1.1) L
(4.9) Vi = 0=,

For the second term in the decomposition of VZ(;) we obviously have
E(Vy™) =0,
In order to find the corresponding variance we note that

(VQ%Q)Y Z > Z ZL (Xi — Xj) o (Xi)eily (Xo — Xy) o (Xi) en

i,0'=1 j#£i,5 Zi' k,k'=11,I'=1
(A.10) xw,g} (Xﬂ) (m (Xi1, Xi2) — m (X1, X)) wih (X)) (m (Xon, Xiro) — m (X1, Xira))

If ' = ¢, and all other indices are pairwise different we have for the expectation of the corresponding
terms in the sum (A.10)

o (30 (L (X~ X)) B (X32) (m (X, Xi) = m (X1, X0) | Xi, X;) | 1)
(A.11)

Using the strong uniform consistency of 7 again and the assumption Ti;’f,?? = o(h?) we get by a

lengthy argument

B(wl (X;1) (m (Xun, Xi2) — m (X0, Xsa)) | X3, X;)

_ E(Kl,hl (Xn —f)((;;jjf)zé:;)()ﬁz — Xi2) (m (X1, Xi) — m (X1, Xi2)) | Xj> (1+0(1))

where the latter is asymptotically equal to

{E(Kl’h1 ();l(l);j(;;)h (Xoo) (m (X1, Xi2) — m (X1, Xp2)) | Xj) +0 (hg)} (I+o0(1))

= 0(n) +0(h3)

the O-terms being independent of X;. So the term (A.11) is of order

O(h‘f—f—h%")zo( 1 )

n n?h,

15



where the last equality is a consequence of assumption (A5). The terms in the sum (A.10) with
i" =i and I' = [ (all other indices pairwise different) have expectation

1
—B|o* (X,) B (L, (Xi — X;)

2
X B <wl($) (Xj1) (m (Xg1, Xig) — m (X1, Xp2)) | Xi;Xj;Xl) | Xi;Xl> ]

_1p 0% (X)) B(Ly (Xi - X;)

2

! f2 (Xi) 2
< Ky (X — Xj1) (m (m (Xu, Xpp) — m (X;1, X)) + 0 (1)) | X, Xl) ]
- O(nzlh%)

[again by boundedness]. By a similar argument for the remaining terms in the sum (A.10) we
obtain the result

1
A12 12— Op(—
(A12) Vi = 0n( )
Combining (A.9) and (A.12) we get
1
Vi = OP(TL—hl)

Clearly, the same holds for VZ(T?). Finally, it is not hard to show that VZ(T?) = Op (%) and a
combination of these results gives

1
Von, = Op(——
2 P( nh]_ )
It follows from assumption (Ab5) that
1
(A.13) Vo, = OP(n_g)

Since calculations for the statistic
1 n
Vin = mZZLQ (Xi — X)) 0 (X5) 0 (Xy).
i=1 j#i

are similar to those we already did, we only state the estimates for its expectation and variance,
that is

1
(A.14) E (Vi) =0+ h3t 4+ —),.
nh1
hi+ p2a 1

Al = L2
(A.15) V (Van) = O( e th%)

From (A.14) and (A.15) and assumption (A5) we obtain

(A.16) Vi = OP(nig)

and the assertion of Theorem 3.1 follows from (A.1), (A.5), (A.13) and (A.16). 0
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A.2 Proof of Theorem 3.2
If the regression is not additive we obtain a different decomposition of the residuals, that is
é; =Y; —mg(X;) = o(X;)e; + A(X;) — 6(X;)

where 6 = my — my, A = m — Pym = m — my. Therefore the corresponding decomposition of T,
n (A.1) involves three additional terms, that is

(A.17) Top = Vin — 2Van + Vay + 2V — 2V + Va

where Vi, Vou, V3, are defined in (A.2), (A.3), (A.4), respectively, and the remaining terms are
given by

1

(A.18) Vin = WZL (X; — X)) AX;))o(X,)es
i£j

(4.19) Von = oy O Ly — ) ALK)A(X)
12

(A.20) Vin = ﬁZL (X, — X,)A(X)A(X,).
i£j

From the proof of Theorem 3.1 and assumption (A5) (in the case d = 2) we have
1 1

1
(A.21) Von = OP(n_g) = OP(T)
1 1

Vi = OP(n_g) = OP(%)

and it remains to discuss the asymptotic behaviour of the terms Vy,, Vs,, Vi,. For the latter random

variable we apply Lemma 3.1 in Zheng (1996) to the kernel H(z,y) = Ly(x — y)A(z)A(y). A
straightforward calculation and assumption (A5) (in the case d = 2) give

BHE(X1, X)) = O() = ofn)
which implies
(A22) Vg, = B[H(X1, X3)] Z{E (X, X)) |1X5) — E[H(Xi,Xj)]}-i-OP(%)

Note that by Taylorexpansion the first term in this expansion is given by
(A.23) E[H(X1, Xs)] = E[(A*f)(X1)] + O(¢).
In order to treat Vj, we introduce the notation
1 n
Zi=——— L,(X; — X;)A(X;
) 2o Bl = X)AL)
G
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and obtain by straightforward algebra
E[(Z; - E[Z]Xi])’] = o(—)

(uniformly with respect to ¢). This shows
wnzza( Ve B[ Zi) X ] +Z (Z; — B Zi] X))

= ;U(XZ)€ZE[ZZ|XZ] + OP(%)

1
%)
where the third estimate follows from a standard calculation of the conditional expectation
E[Z;| X;].
The estimation of the remaining term Vj,, is more delicate. As we did in the proof of Theorem 3.1
in the analysis of the term V5, we first decompose Vs, into

Vn = Vi + Vi) = V3

where

Vi = n_IZZL (Xi = X;) A (X)) b,

=1 j#u

(r) — Ly (X, — X;) A (X X)) r=12
Vi n_1;; A(X;) 6 (Xip) 5 7 =1,

and the functions dg, 0, 09 are defined in (A.6). With this notation we obtain for \/5(;)

Vil = vy oy ()

where
AR Z S Ly (X = X)) A (X)) wi) (Xa) o (X)) e
zlk 1 j#i
Vi = Z > Ly (Xi = X5) A (X)) wig (Xin) (m (Xuy, Xip) = m Xy, Xia))
zkl 1 j#i
1.3 1 &
L e 33 L (5= X) A ) (23 m(X X))
=1 j#i k=1
and w,(;) is defined in (A.7). The term V},%'l) can be rewritten as
1 n
Vi == o (X)W
=1

18



where
Wi= s T ZZZL (Xi — X;) A (X)) wl) (Xa1) .
=1 j#i k=1

Now a Taylorexpansion and (A.7) give for 4, j, k #

E(Wi| X)) = B(Ly (Xi — X;) A (X)) wly (Xa) | X0) (1 +0p (1))
Ky p (X — Xin) Kopy (Xig — Xio2)
f(Xilan2)

/ (AF) (Xun, ) dty - (14 0p (1))

= E<Lg (Xi — X;) A (X))

()
F (X, X2)

Moreover, a tedious calculation shows

[ X0) (1+0p (1)

(A.25)

E[(Wi—E(W, | X))*] =o(1)

which implies
n

1 1
(A.26) Vi = =30 (X) e (Wi | X))+ op(—=).
b n 1:21 Vn
For the term 1/5%'2) we have
Van? = Z ZH X, Xj, X, Xi)
zkl 1 j#i

with the notation
K1 h (Xu — Xi1) Ko p, (Xig — Xio)
f( ) (X’Lla Xk2)

(m (Xg1, Xog) —m (Xin, Xi2))

Computing the expectation of ‘/5(;'2) we obtain for pairwise different 7, 7, k, [

E(V?) = B[H (X, Xj, X, X0)] - (1 +0(1))

= E|(Af) (X)) E(Kl,hl (Xn —f)((;le;:;)(XZQ ~ Xp)

X (m (Xll,Xlg) —m (Xﬂ,XkQ)) | Xz) : (1 + 0(1))

(A.27) = E[(Af) (Xi) - by (Xar)] - b + 0 (ki) + O (h3)

where by (1) is defined in (3.6). For the squared statistic we have

1.2 2 1
(‘/:r)(n )) - 6 _ Z Z XZ; XkaXl) H (Xi,7Xj’7Xk,7Xl’)
n (TL 1) 6,87 kKLU =1 A4, 5" £
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and observe that only terms with {i,7,k,(} N {i',j',k',I'} # 0 contribute to the variance. All
terms with more than one index in common give a contribution of order o (1/n). The terms with
exactly one index in common are all treated similary and we exemplarily discuss the case k' = k.
For this case we obtain

EH (X, X, X, X)) H( Xy, Xjr, Xpp, Xp)| = E [E (H (Xy, X, Xk, X)) | Xk)2]
where the conditional expectation can be estimated as follows

EH(X;, X, Xi, X1)| Xk]

_ E[(Af)(XZ)KI,hl (Xkl _fif)?z)l,[(;lf;2)(Xk2 - Xl2) (m(XklanZ) i m(le,Xlg))|Xk:| + 0(1)
= E[(Af)(Xz')Kl’hl();’E}(;,);;i{Q(Xm) (m(Xg1, Xg2) — m(Xilan2))|Xk] +o(1)
= o(1).

Here the first equality follows by conditioning on X;, X, X, the second by conditioning on Xy, X;
and the third by a direct integration. This implies

(A.28) Vi (Vi = BOV®)) = or (1),
Finally,

pa9 %ZE[A F(X0) (m(Xar, Xia) — ma (X)) | X5] + op(%)

= %ZE [Af (Xo) (m( X, Xio)) | Xe] = E[AS (Xo) (m(Xer, Xi2))] + 0p(—=)

R
Vn
(A.29)

which gives by a combination of (A.25) — (A.29) [Note that E(V},(i'?’)) =0 (3)]

1 1 1 < 2 (Xoo 9
‘/5(77,) _ E(‘/E)(n)) — E ZO’ (Xl) €1 [% /(Af ) (Xll,tQ) dtQ]
=1 ) 2

. %Z{E (A (X3) (m( X1, Xa)) | Xe]

(A.30) ~E[AF (X) (m(Xa, Xia))]} + o (=)
and
(A.31) E (VD) = BIAF) (X0) by (Xa)] - 12 + 0 (1) + O (1)

where b, is defined in (3.6). The term \/5(5) is treated exactly in the same way showing that

V- B = LS e s s S X0

Af? (t, Xpo) dt
n - (Xll,XlQ) / f ( 1 l2) 1



n

b IS BIAT (X)) (0(Xer, X)) X0
(A.32) ~E[AF (X)) (m(Xer, X))} + or( =)
where
(A.33) E(Vi)) = EIAS (X)) - by (Xio)] - b + 0 (B]) + O (k)
and by(zy) is given by in (3.6). For the remaining term V},(T?) we have
= 2300 s S Y 4 (6 X A} 0n)
k=1 z;ék j#ik

B %Z (0(Xp)er + (m(Xe) — ) - E(Af (X1)) + op(—)

S

= 23 {o(Xuee B (A (X))

(A.34) FE (Af(X) m(X0)[Xe) — B (Af(X) m(X0)) } +0p(—=)

S -

A combination of the above results (A.22) — (A.24) and (A.30) — (A.34) gives
Vv (To, — E(To,)) = An+ B, + C, + 0p (1)

where E(Tj,,) is defined in (3.5),

4y = Z{E (X, X,)|X) — BIH(X;, X,) Z{AQ B (A (X2))) + op(1)
B, = %;U(Xi)gi {(Af) (Xi) — By (Af) (X3)}

2 n
G 2 B(AF (X)) [n(Xa, Xoo) = (X0, Xia) = m(Xaa, X)]|X:)

—E(Af (X;) [m(Xir, Xia) — m( X1, Xiz) — m(X, Xj2)])

and the mapping PJ is given by (3.8). The asymptotic normality now follows by a standard
application of Ljapunoff’s theorem. The asymptotic variance is obtained by a routine calculation.
We get

V (An —+ Cn) = 4V |:A2f(X1) + E(Af (XQ) [m(XH, X12) - m(Xgl, X12) — m(XH, X22)]|X1)

V (Bu) = 4E (0 (X1) {(I = Fy) (Af) (X1)})

and Cov (A, + C,, B,) = 0 which yields the asymptotic variance in (3.7) for 7 = 1 and completes
the proof of Theorem 3.2. O
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A.3 Proof of Lemma 3.6

From Jensen’s inequality and Fubini’s theorem we have

/(K*K)Q(x)dx _ /{/K(m—u)K(u)du}de
< //KZ(;E — K (u)dudz — /K?(x)dx

which proves the left hand side of (3.11). The remaining part is obtained by using the first part
and the triangle inequality, that is

1 1

{/(2K—K*K)2(x)dx}2 > 2{/K2(a:)da:}é _ {/(K*K)Q(x)dx}2
> {/KQ(x)dx}é

O
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