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Abstract
In a recent paper Paparoditis (2000) proposed a new goodness-of-fit test for time series
models based on spectral density estimation. The test statistic is based on the distance
between a kernel estimator of the ratio of the true and the hypothesized spectral density
and the expected value of the estimator under the null and provides a quantification of
how well the parametric density fits the sample spectral density. In this note we give a
detailed asymptotic analysis of the corresponding procedure under fixed alternatives.

Keywords and phrases: goodness-of-fit test, kernel estimator, periodogram, Whittle estimator.

1 Introduction and statement of the main result

Consider a real valued stationary stochastic process (X;)i ez with spectral density f. We are
interested in the problem of testing the hypothesis that this density belongs to a certain para-
metric class Fg (for example the class of densities corresponding to ARMA(p, ¢) processes),
that is

(11) Hy:feFo vs. H; f¢f®

Much effort has been devoted to the problem of testing parametric hypotheses for stationary
processes in the time domain [see for example Ljung and Box (1978), Hong-Zhi and Bing
(1991), Fan and Li (1996), Hjellvik, Yao and Tjgstheim (1998) among many others|, but much
less attention has been paid to the corresponding problem in the frequency domain. Recently
Paparoditis (2000) proposed a test which compares the periodogram
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with an appropriate estimate of the spectral density in the class Fg. To be precise let F denote
the class of all spectral densities which are Lipschitz continuous of order > 1/2 and positive on
the interval [—m, 7]. We assume that the spectral density of the data generating process f € F
has a corresponding Lipschitz constant vy > 1/2 and that the functions f(-,#) in the given
class of parametric functions

(1.3) Fo=A{f(0)]f(-,0) € Fund 6 € B}

are twice continuously differentiable, where the set of parameters © is supposed to be compact
with a nonempty interior. The Whittle estimator 6, [see Whittle (1953)] of the parameter 6 is
defined as

(1.4) 0, = arg mgin L, 1)

where | g 10

1.5 L, 1)=— 1 A6 dA

(15 0.0 =1 [ {ror0n0+ 575

denotes the Whittle Likelihood function. Roughly speaking it follows that at the Fourier fre-
quencies \; = 27j/n (j = —N,...,N = [(n — 1)/2]) the periodogram and the parametric

estimate f(-,0,) estimate the same object if the null hypothesis (1.1) is valid. Therefore Pa-
paroditis (2000) proposed

(1.6) /{ ZKh)\ A) (f(; 92)—1)} d

as a test statistic for the hypothesis (1.1) where K denotes a Lipschitz continuous and symmetric
kernel of order vk > 1/2 with support [—m, 7] and K),(-) = +K(5) denotes the scaled kernel.
Assume that the process (X;)iez has a representation of the form

(17) Xt - Z 77Z)j815—j7
j=—o00
where .
o1
(1.8) > lilzl] < oo
j=—00

(g = 1) and (g4)1ez is a sequence of independent Gaussian variables with with zero expectation
and variance o > 0. Under the assumption that the null hypothesis (1.1) is valid it was shown
by Paparoditis (2000)

(1.9) nVh(S, — ) — N(0,72)

whenever n — 0o, h ~ cn? for some constant ¢ > 0 and 6 € (0,1), where the asymptotic bias
and variance are given by p, =nth™! [T K*(x)dx and

_ %/_Z [/_: K () K (u + ) du] d,

respectively. If we assume further that the minimizing parameter

0* = arg min L(0, f)

fcoO
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exists and is unique, then it can be shown under additional technical assumptions that

(1.10) S, 2 /7r D*(\) d\
whenever f € F\Fg, where

A
(1.11) D(\) = f(f)\( 9)*) -

is a measure of deviation from the null hypothesis (1.1). Note that (1.9) and (1.10) imply the
consistency of the test which rejects the hypothesis (1.1) for large values of the statistic S,,. The
purpose of the present note is to further refine this statement by considering the asymptotic
distributional behaviour of the statistic S,, under fixed alternatives [for local alternatives see
Paparoditis (2000)]. To this end assume for the bandwidth A in the statistic (1.6)

(1.12) h~n

where § = min{y; —1/2, (yx —1/2)/(7vk +1)} and s, vk > 1/2 denote the Lipschitz constants
corresponding to the spectral density f and the kernel K, respectively.

Theorem 1.1. If assumptions (1.7), (1.8) and (1.12) are satisfied and f € F\Feo, then (as
n — oo)

(1.13) V(S — bn) = N(0, %),

where the asymptotic bias and variance are given by

by = /i {%/K(u)D(A —uh) du}Qd/\,

1
f(A,0%)

5 :/167r[(D(/\)+1)D(/\)+{/V F(ND() d/\}Tpf(/\)f(/\)rd/\

respectively, and

1

pr(A) = _[/Z{Wﬂw*) Cf(N) + V2 1ogf(A,0*)}dA]_1v !

FA07)

Remark 1.2. The proof of Theorem 1.1 is tedious and outlined in the following section. The
asymptotic distribution under a fixed alternative f can be used for an approximation of the
power function of the test which rejects the null hypothesis in (1.2) for large values of the test
statistic S,. Alternatively, results for local asymptotics [see Paparoditis (2000)] could be used
for such a power approximation. It has been demonstrated by Dette and Neumeyer (2000) in
the context of testing independence that asymptotics under fixed alternatives usually provides a
more accurate approximation of the power function than asymptotics under local alternatives.
In the present situation the asymptotic properties under fixed alternatives are based on the
classical central limit theorem (see the proof of Theorem 1.1 in Section 2) while the local
asymptotic properties derived by Paparoditis (2000) require a central limit theorem for random
quadratic forms. This observation provides a theoretical justification that for most alternatives
Theorem 1.1 yields a more accurate approximation of the power than a corresponding statement
under local alternatives.



We conclude this section with an example, namely testing randomness against the alternative
models AR(1) and MA(1), respectively.

Example 1.3 Consider the null hypothesis that (X;);cz is White Noise. Then we have § = o2,

and the spectral density is given by f(\,6) = %.

(1) If the true model is AR(1), that is X; = ¢X;_; + &, where |¢| < 1, then we have f(\) =
£ (1 — 2¢cos(A) + ¢*)~" and the asymptotic bias and variance in Theorem 1.1 are given by
_21¢%(¢" — ¢? - 2) 5 32m%9° (2 + 2¢* + 129" — 7¢° + ¢°)

1-¢® 7 (1—¢*)7 '

(2) If the true model is MA(1), that is X; = ag;_;+&;, then we have f(\) = £ (1+2acos(A)+a?)
and the asymptotic bias and variance are given by

b

b= 27'(0,2(2 + (12)’ 62 _ 3272@2(2 + 6a? + 22a* + 2945 + 2408 + Cllo) |
(14 2a?)?

2 Proofs

Proof of Theorem 1.1. The proof of Theorem 1.1 is tedious and we only sketch the main
steps for the sake of brevity. For more details we refer to Spreckelsen (2002).

We begin with a derivation of an appropriate representation of the Whittle estimator. To this

end let
2

1 n
L) = 5—| > e ®
() 2mn ;ste

denote the periodogram of the innovation process (¢;)cz in (1.7) and define

where \; = 2mi/n;i = —N,...,N; N = |(n — 1)/2]. Note that the random variables V();) =
V(—\;) are exponentially distributed and independent, whenever ¢ # 0 (because of the Gaussian
innovations). From Theorem 3 in Taniguchi (1975) and an appropriate approximation of the
integral by a sum we obtain the following representation

(2.1) Ou =07 = = 3 20 (SN V) = 1)+ 0y ()

Recalling the definition of the test statistic in (1.6) we obtain the decomposition
(2.2)  Sn = (Sip + 252, + S3n) + (2540 + 2850 + Sen) + (287 + 258, + 259, + Sion)

where

N m

Sin = % ];N A= A)E (A= ) (;Ei; - 1) (;&; - 1) d)




L) 1) J{( ) (D(Ag) + 1)d(A;) dA

Son = — ZN/ZKh()\—)\i)Kh(/\—)\j) 70

Z’vjzi

/N

N

_ 1 " Y TN VI) | |
S = — Z'J:_N/7r Kn(A— M) Kn(X )\])f()\i) (D) +1)d(Az)f(Aj)(D(Ag) +1)d(A;) dA
1 al i I(\) 1())
Sin = n? ]ZN —WK"(A_Ai)Kh(A_Aj)(f<Ai> - 1)(fw) ~1)P0)
! N i I(N) I1()\)
Son = E;N - Kn(A = X) Kn(X = )\j)f()\i) (D) + 1)d(Az)(f(Aj) - 1>D(Aa) dA
Son = 2 Y _ﬂ Kn(A = A) K (A — A;)(J{Eii - 1)D<Ai>(% ~1)D(;) dA
[ % | Z /_ﬂ Kn(A = \)Kn(A = \)) (;8% - 1)D(Ag) dA
LS M K a2 o \D(A
Son = — M;N/W Kn(h = M) Ky () )\])f()\i) (D(A) +1)d(A) D(A;) dA
Son = % | Z _ﬂ Kn(A = X\)Kp(A = \)) (;Eig - 1>D()\i)D()‘J) dA
Sion = % i " Ka O — A)Kn(h — \)D()D() dA
and where we have used the notation (1.11) and
_ SN
(2.3) d(\) = R 1,

The terms Sy, Son, S3, were treated by Paparoditis (2000) who showed that
1

(2.4) Sin + 25, + Ssp = —h/Kz(u) du + op(n’%) = o,(n"?).
n

The terms Sy, Ssn, Sen differ from these quantities only by bounded factors and can be treated
similarly, which gives

2
(2.5) 2854 + 2S5, + Sen, = %/KQ(U) du/D()\) d\
]_ 1 1
4 %/I@(u) du/Dz()\)d)\+op(n5) — o,(n}).
Finally, a straightforward calculation shows that

(2.6) Ston = /_: {%/K(U)D(A — uh) du}Qd)\ + o(nfé)
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and therefore the assertion can be proved by showing

(2.7) 20/ (S + Ssn + Son) — N(0, 82).
To this end we use two lemmata, which will be proved at the end of this section.

Lemma 2.1. Under the assumptions of Theorem 1.1 we have

(2.8) Stn + Sop = % EN: 27 (D(N) + 1)D(A)(V(N) — 1) + op(n_%).
Lemma 2.2. Under the assumptions of Theorem 1.1 we have
N
(2.9 Sin = 37 2T SOV () = 1) + (07
i=—N
where

1
= /vmm)p@) ar.

With the aid of Lemma 2.1 and 2.2 we obtain

N

1 1

2.10 Stn + Ssgn + Son = — (V(N) — 1 T2
(2.10) 7n 7+ Osn + 9 ”Z:X_:NC( (M) = 1) +0p(n72)
where
and the random variables V();) = V(—);) are independent and exponentially distributed with
mean 1 for i # 0. The assertion (2.7) now follows from the central limit theorem and Theorem
1.1 is a consequence of the estimates (2.4) (2.5), (2.6) and the representation (2.2). O

For the proof of Lemma 2.1 and 2.2 we need a further auxiliary result which refines Lemma 1
in Paparoditis (2000).

Lemma 2.3. Under the assumptions of Theorem 1.1 we have for the process {R(\)}rej—nx]

defined by

RO = () = VOV FO) = T() — 5 L.()

(i) ER(\) = o(n™2) uniformly with respect to X € [—m, ).

(ZZ) COV(R(/\]’); R()‘m)) = { 00(5?11)) ZZ ij 3:& iim

Proof of Lemma 2.3. Let ¢)(2) = Y72 __ 4;27, then it follows from standard arguments [see
e.g. Brockwell and Davis (1991) ] that

BO) = (2 (e ) S 3 e[ 3 e =3
j=—00 t=1—3 t=1
n—j n
(211)  + (2mn) (™) Zss s Z G Y eem™ = 3 e Y, ()2
t=1

j=—00 t=1—3



where
(2.12) Y,(A) = (27n)~ Z pje _’/\J{ Z gre” M — Zste_i/\t}.
Jj=—00 t=1—j t=1

Now an analogous argument as given in Brockwell and Davis (1991) p. 347 shows that
E|Y,(N)]* = O(n?) uniformly with respect to A € [—m, 7]. The expectations of the first two
terms in (2.11) are estimated similarly and we restrict ourselves to the first term. Observing
(1.8) and Lebesgue’s theorem it follows that

‘E( —1 —z)\ ng —iAs Z I/J] z)\]|: Z é‘tei/\t _zn:gtei/\t]>‘
=1—3 t=1

— ‘—n_lw(e_iA)UQ Z e min{|j|,n}‘

jffoo

<l Y stmin { L i} = oo )

which proves the assertion (i) of Lemma 2.3. The second part is proved similarly and therefore
omitted [see Spreckelsen (2002) for more details]. O

_]7700

Proof of Lemma 2.1. Observing the representation
(2.13) I(N) = [(e™PLA) + R(\) = VA F(A) + RV

we obtain

(2.14) Sy + Son = iQ i /Kh (A = M) En(r = ) (V) = D(D(A) + DD dA + R,

where the remainder is defined by

(2.15) = Z /Kh)\ M) () — /\)?((//\\))(D()\i)nLl)D()\j)d)\.

7]__

A straightforward calculation with an application of Lemma 2.3 shows

ER: = Z //Kh (A = M) RN = ) Ku(N = N)EKR(N — A) dhdN
o ROW)Y?
x (D) +1PDONDME(F535)
+ = Z //Kh (A = M) KRN = M) KR (N = M) (N — X)) dAdX
o ROV RO

x (D) +1)(D(A) + 1) D) DO E(



which implies R,, = 0,(n~'/2) by Markov’s inequality. Consequently it follows from (2.14) that
it is sufficient to prove the representation of Lemma 2.1 for the term

- Ly / K3\ = MK = ) (V () = (D) + 1)D(y) dA

7]__
= St + Son + op(nfi).

To this end note that
B[Un =2 37 2n(D() + DDA = 1] = =5 37 RO +17 = ofn )

where the last estimate follows from the Lipschitz continuity of K and f, which implies for the
coefficients

b_/Kh/\ ) ZKh)\ A)D()) — D(/\)}d)\

(2.16) + /Kh()\— A)D(N) dA — 27D(\) = o(1)

the estimate b? = o(1) uniformly with respect to i € {—N,..., N}. This completes the proof of
Lemma 2.1. O

Proof of Lemma 2.2. By a Taylor expansion there exists 0, € © such that ||0, — 6*||] <
|0, — 0%|] and we have

1(A)
ey

Sgn = — Z /Kh (A = A ER(A = \) =22 (D(A) + 1)d(A)D(A;) dA

[ ]77

= (0, —0%)T Z (A, 09V

7]__

g (PO + 1) [ Ka = MKa = 2,)D()

. 9 I(\) .
(6, — 0) Z £\, 67) f()\ue*)(f()\i)—1>(D()\Z)+1)

7]__

« /Kh()\ — KR = A)D() dA

1
22
7]
1 o
X A, 07 \V& —D(\;)d\ (6,, — 07
POV DO A (B~ )

— Z /KhA i) Kp (A — )\);Ei;(D(/\i)+1)d()\i)D()\j)d/\_|_Op(n—1/2)7

()

Al )

/ K (A= M) Ea(r = A) =22 (D(A) + 1)D(N)

7]__

where the last estimate follows by a straightforward calculation of the second moment of the
terms # Zij ... in the second and third expression in the above decomposition observing that

8



the periodogram satisfies

2f2(\;) +O(n"2) if \j = A\ =0,
Cov(Ix(N), Ix (M) = § f2(A) +0(n72) if \; = A #0,
O(n 1) i\ # A,

uniformly with respect to j and k € {—N, ..., N}. The assertion of Lemma 2.2 is now obtained
by an approximation of the sum in the first term by an appropriate integral, that is

Z F(h, 69V (A“H*)( (\i) + 1)/Kh()\ — M)ER(A = A)D();) dA

[ ]77

/f )75 0*)(D(A)+1)D(A) A+ 0= +o(1) = x+o(L).
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