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Efficient Kernel Calculation for Multir elational
Data

StefanRüping
�

�
CS Department,AI Unit, University of Dortmund,44221 Dortmund,Germany, E-Mail

rueping@ls8.cs.uni-dortmund.de

Abstract. Today, mostof the datain businessapplicationsis storedin relationaldatabase
systemsor in datawarehousesbuilt on top of relationaldatabasesystems.Often, for more
datais availablethancanbe processedby standardlearningalgorithmsin reasonabletime.
This paperpresentsan extensionto kernelalgorithmsthat makesuseof the morecompact
relationalrepresentationof datainsteadof theusualattribute-valuerepresentationto signifi-
cantlyspeedup thekernelcalculation.

Keywords. SupportVectorMachines,Efficiency

1 Intr oduction

Today, mostof the datain businessapplicationsis storedin relationaldatabasesystemsor in
datawarehousesbuilt on topof relationaldatabasesystems.Relationaldatabasesarebuilt upon
awell-definedtheoreticalmodelof how datacanbestoredandretrievedandcandealwith most
questionsthatrevolvearounddatain real-world settings,suchasefficiency andeffectivenessof
storageandqueries,securityof thedata,usabilityandhandlingof metadata.

Cheapstoragespaceandtheefficiency of moderndatabasesystemsin storingandqueryingdata
have led to thecreationof very largedatabases,thatcontainthecompletebusinessinformation
of largecompanies.Thetaskof knowledgediscovery in databasesis to find hiddenknowledge
in this data,thatmaybehelpful to betterunderstandandoptimizethecompaniesbusinesses.

As thetaskof knowledgediscovery requiresto processextremelylargeamountsof data,many
usefulmachinelearningalgorithmscannotbeapplied,becausethey weredevelopedfor much
smallerdatasetsanddo not scalewell enoughto dealwith gigabytesof data.Often, in this
casesamplingis usedin the hopeto generatea subsetof the data,that is small enoughto
beprocessedby the learningalgorithmbut still reflectstheoriginal datacloseenoughto give
acceptableresults.

To increasethe performanceandflexibility of datamining applications,researchis currently
doneto move asmuchof the datamining work into the databaseto avoid costly transportof



databetweendatabaseserversandapplicationmachines.This targetsespeciallyat thestepof
datapreprocessingto cleanandtransformthe data.This stepcanbe ascomplex asthe final
learningtaskitself [8, 2]. Evenworse,thesamepreprocessingstepshaveto betakenin orderto
applytheresultto new examples.

In [4], Kietz et.al. describethat50 - 80%of theefforts in real-world applicationof knowledge
discovery arespenton finding anappropriatepre-processingof thedata.They presenta meta-
databasedframework to the re-useof KDD-applicationsthat is centeredon keepingasmuch
dataanddataoperationsin thedatabaseaspossible.

1.1 Learning and Representation

The relationaldatamodelspecifiesthat datais kept in relations.A relation is a setof tuples
whereeachattribute value in the tuple is a memberof a fixed domain.In practice,relations
arestoredin databasetables,whereeachtablerow definesa tupleof therelationandeachtable
columndefinesanattributeof therelation,wheretheattributedomainis givenbyafixedcolumn
type.Ideally, eachrelationstandsfor a certainreal-world concept,thatcannotbesplit up into
meaningfulsub-concepts,e.g.abankcustomer(givenby name,addressandcustomernumber),
a bankingaccout(givenby customernumber, accountnumberandcredit limit) or anaccount
transaction(givenby two accountnumbersandanamountof money).

The trick with multirelationaldatais, that the tablesdo not have to be takenon their own, but
canbecombinedto querythedatain verycomplex ways.Therelationalalgebrawhichdescribes
thesemanticsof databasequeries– implementedin thestandardquerylanguageSQL– is based
onthreemainoperators:selection,projectionandjoin. A selectionselectstuplesfrom arelation
with respectto differentcriteria.Projectionselectsattributesout of a relation.A join combines
the dataof two different relationsbasedon the equality of somespecifiedattributes.While
selectionandprojectiondecreasesthesizeof thedata,a join of two tablesof size � and � can
producea tableof size ��� � .

Sowhy is thata problemfor datamining?With thenotableexceptionof Inductive Logic Pro-
gramming[6], mostlearningalgorithmscannotdealwith multirelationaldatabut arebasedon
attribute-valuerepresentationof the data.To generatethis representation,all the information
that is necessaryfor learninghasto be compiledinto a singlerelation,which meansbuilding
up a complex querywith possiblymany joins. Think of combiningthe personalandaccount
informationof a bankcostumerwith every of his transactionsto build up a datasetto detect
fraud.By this tranformation,theconciseandusuallyverynaturalmultirelationalrepresentation
is bloatedto a large,redundantsingle-relationalrepresentation.That is, thesizeof thedatathe
learnerhasto handleis verymuchincreased.

In this paper, an algorithmicsolutionis presentedthatallows for certaintypesof learningal-
gorithms– learningalgorithmsbasedon kernelfunctions– to make useof themulti-relational
structurebehindtheattribute-valuerepresentationto increasetheefficiency of thetraining.The
discussionis restrictedto the caseof joining two or more tables.The extensionto the case
of constructinganattribute-valuerepresentationusingalsoselectionandprojectionis straight-
forward.

The next chapterwill give an introductionto SupportVectorMachines(SVMs) as the most
prominentrepresentativeof theclassof kernelmachines.Especially, theproblemof efficiently
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solvingtheSVM problemwill bediscussed.Chapter3 will introducetheideaof kernelevalu-
ationon joineddataandChapter4 will giveexperimentalresults.

2 Kernel Machines

2.1 Support Vector Machines

The principlesof SupportVector Machinesand of statisticallearning theory [12] are well
known, so we give only a short introductionto the partsthat are importantin the context of
this paper. In particular, we will only discussSupportVectorMachinesfor classification.See
[12] and[1] for a moredetailedintroductionon SVMs and[11] for an introductionon SVMs
for regression.

SupportVectorMachinestry to find afunction
���
	������	����

thatminimizestheexpectedRisk��� ������������! �"#���$	��%�%&(')�! +* 	��%&(')�$	��
(1)
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Theresultingdecisionfunctionis givenby
���$	��_a` 6,21�3  0,
DX,9	-,J	8�b�

. It canbeshown thatthe
SVM solutiondependsonly on its supportvectorsc 	-,%*5DX,�deYgf

.

2.2 Kernels

SupportVector Machinesalso allow the useof non-lineardecisionfunctionsvia the useof
kernel function, which replacethe inner product

	-, � 	 I by an inner product in somehigh
dimensionalfeaturespaceh �
	-,."i	 I �j kl�$	-,$� � kl�$	 I � . Then the decisionfunction becomes���
	��m�` 6,21�3  K,JD+, h �$	-,."i	��X�@� .
Popularkernelfunctionsaretheradialbasiskernelh\n �$	+"/ o�� exp

�pFrqs*9* 	)Ft +*9* : �u"
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thepolynomialkernel h)v �$	+"i w��x�$	)y� l� < � v
or theneuralnetkernel h8z#{ | �
	+"/ o�� tanh

�B} � 	8y_ ~�b�u�uA
Actually, almosteverykernelfunction,thatis practicallyused,is a functionof eitherthelinear
productof theeuclidiandistanceof two examples,h �$	+"i w������$	�y� o�

or h �$	+"/ o�������*9* 	sF� +*9*��
.

2.3 SVM Implementations

In practicalimplementationsof SupportVectorMachinesit turnsout thatsolvingthequadratic
optimizationproblem(2)-(5) with standardalgorithmsis not efficient enough,becausethese
algorithmsoftenrequirethat thequadraticmatrix h �� h �$	-,�"i	 I �i��3.�(, { I �(6 hasto becomputed
beforehandandstoredin mainmemory. Threetricks canspeedup thecalculationof theSVM
solutiondramatically.

Working setdecomposition: To improve theefficiency of theSVM calculation,Osunaet. al.
[7] suggestto split the probleminto a sequenceof simplerproblemsby fixing mostvariables
andoptimizing only on the rest,the so-calledworking set.This procedureis iterateduntil all
variablessatisfytheoptimality conditionsof theglobalproblem.Theseoptimality conditions,
theKuhn-Tucker conditionsof thequadraticoptimizationproblem(2)-(5),areessentiallycon-
ditionson thegradientof thetargetfunction

C �!D��
andon its Lagrangianmultipliers.Joachims

[3] proposesanefficientandeffectivemethodfor selectingthisworkingset.

Shrinking: Joachimsalsoproposestwootherimprovementsto theoptimizationproblem.Usu-
ally mostvariables

D
lie at their boundaries

Y
or
?

andtendto staytherefrom very early on
in theoptimizationprocess.This is thecasebecauseusuallytheroughlocationof thedecision
boundaryis foundvery earlywhile mosttime is spentto find its exact location.Therefore,ex-
amplesthat lie far away from thedecisionboundarycanbespottedeasily. This is exploitedby
theideaof shrinkingtheoptimizationproblem:Variablesthatareoptimalat

Y
or
?

for acertain
numberof iterationsarefixedat thatpositionandnot re-examinedin any furtheriteration.

Kernel caching: The third trick to improve SVM efficiency involves the cachingof kernel
functions.Both the selectionof the working set and the checkof the optimality conditions
requirethecomputationof thegradient� of

C �BD��
. The i-th componentof thegradientitself

is givenby � ,^ ` 6I 1�3 D I h �$	 I "i	-,
��F < . Thevalues� ,^ ` 6I 1�3 D I h �
	 I "i	-,
� canbecomputed
onceandbeupdatedby ���,  � ,o���!D �I F�D I � h �$	-,�"i	 I � whenevera variablechangesfrom

D I
toD �I .

Therefore,whenever variable � is updated,thekernelrow h ,9���� h �$	-,�"i	�3i�u"�A�A�A�" h �$	-,�"%	-6��%� is
neededto incrementallyupdatethegradient.As mostlyonly acertainsubsetof all variablesgets
into the working setat all, cachingthesekernelrows cansignificantly improve performance.
Usuallya least-recently-usedcachestrategy is usedfor this.

For optimizationof SupportVectorMachines,theimportantobservationis thatcalculatingthe
kernelfunctionis themostexpensivepartof trainingSupportVectorMachines.
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y x1 x2 x3 x4 x5
1 0.1 -0.3 0.2 0.3 -0.5
1 -0.4 0.2 0.1 0.7 0.6

-1 0.1 -0.3 0.2 0.7 0.6
1 -0.2 0.9 -0.5 0.3 -0.5
1 -0.4 0.2 0.1 -0.8 0.1

-1 -0.2 0.9 -0.5 0.7 0.6
-1 -0.2 0.9 -0.5 -0.8 0.1

Figure1 ExampleDataSet.

x1’ x2’ x3’
0.1 -0.3 0.2

-0.4 0.2 0.1
-0.2 0.9 -0.5

x1” x2”
0.3 -0.5
0.7 0.6

-0.8 0.1

Figure2 JoinSubsetsof theExampleDataSet.

2.4 Kernel Machines

Thetrick of replacingthe linearproductby a kernelfunction to increasethehypothesisspace
of a learningalgorithmto amuchgreaterclassof non-linearfunctionshasbeenappliedto other
learningthanSupportVectorMachinesaswell, for exampleto PrincipalComponentAnalysis
[10] or KernelFisherDiscriminantAnalysis[5]

For thesealgorithms,the sameperformanceargumentsfor the evaluationof kernel function
applyasfor SVMs.

3 Efficient Kernel Evalutation on JoinedData

As alreadysaid,thecompilationof multirelationaldatainto a singlerelationis bloatingup the
concisemultirelationalrepresentationconsiderably. Whenjoining two tables,in theworstcase
every row of thefirst tableis joinedwith every row of thesecondtable.This means,thesame
pieceof informationof arow in theoriginal tableis usedoverandoveragainin thefinal, single
table.But whatif wecouldmakeuseof theoriginal datainsteadof thelargefinal data?

The important observation is, that the inner product of two � � � -dimensionalpoints�$	����l��"i	��W�����
and

�! -�W�l�."/ -�W���!�
canbecalculatedasthesumof an � - andan � -dimensionalinner

product:
�$	 ���l� "%	 �W��� � � �$ ���l� "/ ����� �s]	 ���l� �  �W�l� ��	 ����� �  ����� . A similarobservationholdsfor

theeuclidiandistance:
*9*W�$	 ���l� "%	 �W��� ��F]�$ ���l� "/ ����� ��*9* :��*7* 	 ���l� Ft �W�l� *9* :��a*9* 	 �W��� F� �W��� *7* :

.

This means,insteadof a kernelmatrix of size
� ��� � �p: it sufficesto computetwo matrixesof

size � : and � : of the inner productsor the euclidiandistancesof the vectors
	 ���l�

and
	 �W���

,
respectively, andcalculatethekernelvaluesfrom them.In thecaseof kernelcaching,this trick
allows for a farmoreefficientorganizationof thekernelcacheastwo independentcaches.

Seefor examplethedatasetgivenin Figure1. It consistsof sevenfive-dimensionalexamples,
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y row1 row2
1 1 1
1 2 2

-1 1 2
1 3 1
1 2 3

-1 3 2
-1 3 3

Figure3 JoinInformationof theExampleDataSet.

so to hold its entirekernelmatrix, sevenkernelrows have to becached.But actually, this data
setcanbe viewed asa join of two tables,wherethe first tablecontributesthe attributes c x1,
x2, x3

f
and the secondtablescontributesthe attributes c x4, x5

f
. Thesetablesareshown in

Figure2. To hold the respective kernelmatrixesof both tables,a total of only six rows hasto
be cached.To reconstructthe datasetfrom Figure1, we alsoneedthe informationof Figure
3 of how to combinethe two individual tables.Altogether, the storageof the completetable
requiresto store42 valuesfor thedataplus7 kernelrows of dimension7, while thestorageof
thedecomposedjoin requiresto storeonly 36valuesfor thedataand6 kernelrowsof dimension
3 and2, respectively.

To computea kernelrow h ,9���� h �$	-,�"i	�3i�u"�A�A�A�" h �$	-,."i	-6 �i� , we first computetherowsof inner
products

�$	 ���l�, yX	 �W�l�3 "�A�A�A�"i	 ���l�, yX	 ���l�6 �
and

�$	 �����, yX	 �����3 "�A�A�Au"i	 �����, yX	 �����6 �
(or squaredeuclidian

distances,asthecasemight be)in thesubspacesgivenby theattributesin ¡ and ¢ . Therows
correspondingto example� in thissubspacesarecachedto avoid their re-computation,asmany
of theoriginal examplesmayhave thesameprojectionin oneof thesubspaces(e. g. think of
thebanktransactionexample,wheretheexamplesbelongingto onecustomercanbeprojected
to thesamecustomerinformationM, but differenttransactioninformationN).

Thefinal kernelrow canthenbecalculatedfrom thiskernelrows,by eachaddinguptwo entries
from this rowsandeventuallyapplyingakernel-specificfunction

�
to thesevalues(seesection

2.2).All thatneedsto beknown to combinethesinglekernelrows to thejoinedkernelrow are
themappingsthatmapanindex � of anexamplein thejoin tableto theindexesof its components
in eachof thecomponenttables(asshown in Figure3). This mappingcanbeeasilycomputed
giventhequerythatwouldbeusedto generatethejoin data.Actually, themappingis generated
by thesamequery, just thatnotall thedatabut only thecorrespondingindex valuesareused.

3.1 CacheStrategies

Assumingthelearningalgorithmmayonly usesomemaximalamountof cachememory, there
aredifferentstrategieshow thememorycanbesplit upbetweenthedifferentkernelcaches.

Theeasiestcachestrategy is to split up theavailablecachememoryevenlybetweenthecaches.
A moreclever way would bealsopossibleto split up thecachememorydependingon thesize
of thedatafrom eachkernel.Thiswouldensurethateachof thesub-kernelscancachethesame
fraction of rows. Assumingthat thekernelrows that needto be cachedaredistributedevenly
overthekernelrowsof eachof thesub-kernels,thiswouldbeanoptimalcachestrategy, asthere
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Testno. 1 2 3 4 5
Cache(kB) 512 1024 2048 3072 4096

Testno. 6 7 8 9
Cache(kB) 5120 6144 7168 8192

Figure4 CacheSizein kB in thetests.

wouldbeanequalprobabilityof acachemissin everykernel.

Onecouldalsodistribute theoverall availablecachememoryamongthesub-kernelsdynami-
cally. Whenever a new kernelrow hasbeencomputedanthereis not enoughspaceleft in the
cache,the least-recently-usedcacherow of all sub-kernelcachesis moved out of the cache.
This would be useful in the casewhereonly a very limited numberof kernelrows from one
sub-kernel is ever usedwhile muchmorekernelrows from the othersub-kernelsareneeded.
Actually, this situationhasaninterestinglink to featureselectionfor SVMs: Themoreimpor-
tantthefeaturesof onesub-kernelare,thelesskernelrowsof thiskernelwill beneededin later
iterations,becausemostof thevaluesof this featuresthatmake anexamplelie far away from
thedecisionboundarycanberecognizedeasilyveryearlyin theoptimizationprocess.

As thecomputationof theoverall kernelrow from therows of thesub-kernelsis not trivial, it
maybea goodideato usea two-level cachingapproach:All availablememorythatis not used
to cacherows of the sub-kernelscanbe usedto cacheadditionalrows of the overall kernel.
Especiallyfor high dimensionaldata,the performancegain by not needingto recomputethe
cacherowswill exceedtheoverheadof having to maintaintwo cachestructuresby far.

4 Experiments

For theexperiments,anartificial datasetwasgeneratedthatconsistedof 1000examplesdrawn
from thecartesianproductof two tablesof 100exampleswith dimension1000each.Theex-
ampleswhereclassifiedwith a lineardecisionfunctionwith 1% of noiseandcorrespondingly,
a linearkernelwasused.TheSVM implementationmySVM [9] wasusedin theexperiments.

Thehighdimensionalityof theexampleswaschosento make thecalculationof theinnerprod-
uct betweentwo examplescostly, suchthat cachemisseswill have a high impacton runtime.
However, theresultsarevalid regardlessof thedimensionof theexamples,becausethesizeof
thekernelmatrix – andthereforethecachingprocess– is independentof thedimensionof the
examples.In termsof runtime,theonly influenceof theexamplesdimensionis a linear factor
whentheinnerproductis calculated.

In thefinal SVM solution,380out of the1000examplesendedup assupportvectors.In a first
experiment,a standardSVM wascomparedto a SVM usingcachingof thesub-kernelswith a
fixed,evenlysplit cachesize.Theoverallcachesizewasvariedbetween8 MB and0.5MB (see
thetablein Figure4).A quickcalculationshows,thatcachingthecompletekernelmatrixonthe
level of thejoineddatawouldneed7.6MB of cacheandcachingall kernelrowscorresponding
to supportvectorswouldneed2.9MB of cache.

In Figure5, the averageruntimeof two SVM implementationsis compared.The line labeled

7



0

1000

2000

3000

4000

5000

6000

7000

8000

9000

1 2 3 4 5 6 7 8 9

tim
e 

(s
)£

test no.

local cache
global cache

Figure5 Comparisonof theaverageruntimeof thelocalandtheglobalcachingapproach.

”global cache”shows theruntimeof ausualSVM implementation,thatcachesthekernelrows
over all attributes.We see,that for small cachesizes,the runtimeincreasesdramatically(for
512kB of cache8618s,almost2.5 hours).For large enoughcachesizes(4 MB or more),the
runtimestaysconstantat about114s.In the later case,thecachewaslarge enoughto contain
the whole kernelmatrix, suchthat no kernelvalueshadto be re-computed.The line labeled
”local cache”shows theperformanceof a SVM thatusesan own cacheof the innerproducts
for the attributesin eachpart of the join. Here,the runtimestaysconstantat about118sfor
all testedcachesizes.This means,eventhesmallercachesizeswerestill largeenoughto hold
the completesub-matrixes.In this case,the runtimeis dramaticallyreducedcomparedto the
”global cache”SVM!

In the experiments,the ”local cache”SVM wasslightly slower thanthe ”global cache”with
full cache(118scomparedto 114s).This smalldifferenceis not theresultof a statisticalerror
but wasto beexpected:gettinga kernelrow in the”local cache”SVM involvescombiningthe
kernelrows returnedfrom thesubcachesinto a singlerow, which meansoneadditionfor each
examplein the training set.In the ”global cache”SVM, the row hasonly to be readfrom the
cache,whichcanbedonein constanttime.

Butwhatif wecombinedbothcachingstrategies?Wesaw thatthecachesizesfor afull subcache
areverysmall,comparedto thecompletekernelcache.This means,for all but verysmall total
cachesizes,thereis still enoughspaceto cachesomeof the kernelrows on the global level.
Figure6 comparestheruntimeof bothapproaches.Here,theruntimewith thecombinedcache
approachwasaboutonehalf to onethird of theruntimeof thelocalapproach,dependingonthe
total sizeof thecache.

5 Conclusion

In this paper, a cachingalgorithmfor kernelmachineswaspresented,thatmakesuseof rela-
tional structuresin thedata.This allows for a muchmoreefficient andcompactcalculationof
thekernelvaluescomparedto theusualattribute-valuerepresentation.Thecachealgorithmwas
testedfor SVMs,but canbeusedfor otherkernelalgorithmsaswell.
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