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On optimal spatial subsample size for variance estimation
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Abstract

In this paper, we consider the problem of determining the optimal block size for a spatial subsam-
pling method for spatial processes observed on regular grids. We derive expansions for the mean
square error of the subsampling variance estimator, which yields an expression for the theoretical
optimal block size. The theoretical optimal block size is shown to depend in an intricate way on
the geometry of the spatial sampling region as well as on the characteristics of the underlying
random field. Final expressions for the optimal block size make use of some nontrivial estimates
of lattice point counts in shifts of convex sets. Examples are presented to illustrate the variations
in optimal block size for sampling regions of different shapes.
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1 Introduction

We examine the problem of choosing subsample sizes to maximize the performance of subsampling
methods for variance estimation. The data at hand are viewed as realizations of a stationary,
weakly dependent, spatial lattice process. We consider the common scenario of sampling from
sites of regular distance (e.g., indexed by the integer lattice Z?), lying within some region R,
embedded in IR?. Such lattice data appear often in time series, agricultural field trials, and
remote sensing and image analysis (medical and satellite image processing).

For variance estimation via subsampling, the basic idea is to construct several “scaled-down”
copies of the sampling region R,, (subsamples) that fit inside R,,, evaluate the analog of 6,, on
each of these subregions, and then compute a properly normalized sample variance from the
resulting values. The R,-sampling scheme is essentially recreated at the level of the subregions.
Two subsampling designs are most typical: subregions can be maximally overlapping (OL) or
devised to be non-overlapping (NOL). The accuracy (e.g. variance and bias) of subsample-based
estimators depends crucially on the choice of subsample size.

To place our work into perspective, we briefly outline previous research in variance estima-
tion with subsamples and theoretical size considerations. The concept of variance estimation



through subsampling originated from analysis of weakly dependent time processes. Let 6, be
an estimator of a parameter of interest € based on {Z(1),...,Z(n)} from a stationary tempo-
ral process {Z(i)};>1. To obtain subsamples from a stationary stretch Z(1),...,Z(n) in time,
Carlstein (1986) first proposed the use of NOL blocks of length m < n:

{Z(1+(z’—1)m),...,Z(z’m)}, fori=1,...,|n/m],
while the sequence of subseries:
{Z(z’), o Z(i +m— 1)} fori=1,..,n —m+1

provides OL subsamples of length m (cf. Kiinsch, 1989; Politis and Romano, 1993b). Here,
|z| denotes the integer part of a real number x. In each respective collection, evaluations of an
analog statistic 6; are made for each subseries and a normalized sample variance is calculated to

estimate the parameter nVar(6,):
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where J = |n/m| (J = n—m+1) for the NOL (OL) subsample-based estimator. Carlstein (1986)
and Fukuchi (1999) established the Ly consistency of the NOL and OL estimators, respectively, for
the variance of a general (not necessarily linear) statistic. Politis and Romano (1993b) determined
asymptotic orders of the variance O(m/n) and bias O(1/m) of the subsample variance estimators
for linear statistics. For mixing time series, they found that a subsample size m proportional to
nl/3 is optimal in the sense of minimizing the Mean Square Error (MSE) of variance estimation,
concurring also with optimal block order for the moving block bootstrap variance estimator [Hall
et al. (1995), Lahiri (1996)].

Cressie (1991, p. 492) conjectured the recipe for extending Carlstein’s variance estimator
to the general spatial setting, obtaining subsamples by tiling the sample region R, with dis-
joint “congruent” subregions. Politis and Romano (1993a, 1994) have shown the consistency of
subsample-based variance estimators for rectangular sampling/subsampling regions in R? when
the sampling sites are observed on Z4N[]% | [1,n;] and integer translates of [, [1,m;] yield the
subsamples. Garcia-Soidan and Hall (1997) and Possolo (1991) proposed similar estimators un-
der an identical sampling scenario. For linear statistics, Politis and Romano (1993a) determined
that a subsampling scaling choice H;izl m; =C {H?Zl n; }4/(4+2) for some unknown C, minimizes
the order of a variance estimator’s asymptotic MSE. Sherman and Carlstein (1994) and Sher-
man (1996) proved the MSE-consistency of NOL and OL subsample estimators, respectively, for
the variance of general statistics in IR2. Their work allowed for a more flexible sampling scheme:
the “inside” of a simple closed curve defines a set D C [—1,1]?, Z?NnD (using a scaled-up copy of
D) constitutes the set of sampling sites, and translates of mD within nD form subsamples. Sher-
man (1996) minimized a bound on the asymptotic order of the OL estimator’s MSE to argue that
the best size choice for OL subsamples involves m = O(n'/2) (coinciding with the above findings
of Politis and Romano (1993a) for rectangular regions in IR?). Politis and Sherman (2001) have
developed consistent subsampling methods for variance estimation with marked point process
data [cf. Politis et al. (1999), Chapter 6].

Few theoretical and numerical recommendations for choosing subsamples have been offered



in the spatial setting, especially with the intent of variance estimation. As suggested in the liter-
ature, an explicit theoretical determination of optimal subsample “scaling” (size) requires calcu-
lation of an order and associated proportionality constant for a given sampling region R,. Even
for the few sampling situations where the order of optimal subsample size has been established,
the exact adjustments to theses orders are unknown and, quoting Politis and Romano (1993a),
“important (and difficult) in practice.” Beyond the time series case with the univariate sample
mean, the influence of the geometry and dimension of R,, as well as the structure of 6, on
precise subsample selection has not been explored. We attempt here to advance some ideas on
the best size choice, both theoretically and empirically, for subsamples.

We work under the “smooth function” model of Hall (1992), where the statistic of interest 8,
can be represented as a function of sample means. We formulate a framework for sampling in R
where the sampling region R, (say) is obtained by “inflating” a prototype set in the unit cube
in IR? and the subsampling regions are given by suitable translates of a scaled down copy of the
sampling region R,. We consider both a non-overlapping version and a (maximal) overlapping
version of the subsampling method. For each method, we derive expansions for the variance and
the bias of the corresponding subsample estimator of Var(én). The asymptotic variance of the
spatial subsample estimator for the OL version turns out to be smaller than that of the NOL
version by a constant factor K7 (say) which depends solely on the geometry of the sampling region
R,,. In the time series case, Meketon and Schmeiser (1984), Kunsch (1989), Hall et al. (1995) and
Lahiri (1996) have shown in different degrees of generality that the asymptotic variance under
the OL subsampling scheme, compared to the NOL one, is K; = % times smaller. Results of
this paper show that for rectangular sampling regions R,, in d-dimensional space, the factor K;
is given by (%)d. We list the factor K for sampling regions of some common shapes in Table 1.

Table 1: Examples of K, for several shapes of the sampling region R, C IR
Shape of R,, | Rectangle in IR? | Sphere in IR? | Circle in IR?> | Right triangle in IR?

K (2/3)d 177/315 n/4 —4/(37) 1/5

In contrast, the bias parts of both the OL and NOL subsample variance estimators are
(usually) asymptotically equivalent and depend on the covariance structure of the random field
as well as on the geometry of the sampling region R,,. Since the bias term is typically of the same
order as the number of lattice points lying near a subsample’s boundary, determination of the
leading bias term involves some nontrivial estimates of the lattice point counts over translated
subregions. Counting lattice points in scaled-up sets is a hard problem and has received a lot of
attention in Analytic Number Theory and in Combinatorics. Even for the case of the plane (i.e.,
d = 2), the counting results available in the literature are directly applicable to our problem only
for a very restricted class of subregions (that have the so-called “smoothly winding border” [cf.
van der Corput (1920), Huxley (1993, 1996)]. Here explicit expressions for the bias terms are
derived for a more general class of sampling regions using some new estimates on the discrepancy
between the number of lattice points and the volume of the shifted subregions in the plane and in
three dimensional Fuclidean space. In particular, our results are applicable to sampling regions
that do not necessarily have “smoothly winding borders”.

Minimizing the combined expansions for the bias and the variance parts, we derive explicit
expressions for the theoretical optimal block size for sampling regions of different shapes. To



briefly describe the result for a few common shapes, suppose the sampling region R,, is obtained

by inflating a given set Ry € (—%, %]d by a scaling constant A, as R, = A,Rp and that the

subsamples are formed by considering the translates of (R, = A, Rp. Then, the theoretically
optimal choice of the block size ;)\, for the OL version is of the form

)\dBQ 1/(d+2)
AT = (d[ré TO4> (I4+o0(l)) as n— o0
0

for some constants By and Kj (coming from the bias and the variance terms, respectively),
2 is a population parameter that does not depend on the shape of the sampling region
R, (see Theorem 5.1 for details). The following table lists the constants By and K for some
shapes of R,,. It follows from Table 2 that, unlike the time series case, in higher dimensions the

where 7

Table 2: Examples of By, Ky for some sampling regions R,. Cross and triangle shapes appear
in Figure 1, Section 6; see Section 6 for further details. Autocovariances o(-) and Euclidean, [,

and [* norms || - ||, || - |1, || - [« are described in Section 2.3.
R, Ky By
Sphere in IR? 34/105 3/2> |ko(k)
kez?
Cross in IR? 0} 4/9-191/192 4/3 j{: [k[l10(k)
kez.?
Right triangle in R? N\ 2/5 2y lkfio(k) +2 Y [klloo(k)
k=(k1,ko) €72 kez?
signk=signko signkq #signko

optimal block size critically depends on the shape of the spatial sampling region R,,. It simplifies
only slightly for the NOL subsampling scheme as the constant Kj is unnecessary for computing
optimal NOL subsamples, but the bias constant By is often the same for both estimators from
each version of subsampling. These expressions may be readily used to obtain ‘plug-in’ estimates
of the theoretical optimal block lengths for use in practice.

The rest of the paper is organized as follows. In Section 2, we describe the spatial subsampling
method and state the Assumptions used in the paper. In Sections 3 and 4, we respectively derive
expansions for the variance and the bias parts of the subsampling estimators. Theoretical optimal
block lengths are derived in Section 5. The results are illustrated with some common examples
in Section 6. Section 7 addresses data-based subsample size selection. Proofs of variance and
bias results are separated into Sections 8 and 9, respectively.

2 Variance estimators via subsampling

In Section 2.1, we frame the sampling design and the structure of the sampling region. Two
methods of subsampling are presented in Section 2.2 along with corresponding nonparametric
variance estimators. Assumptions and Conditions used in the paper are given in Section 2.3.



2.1 The sampling structure

To describe the sampling scheme used, we first assume all potential sampling sites are located on
a translate of the rectangular integer lattice in IR%. For a fixed (chosen) vector t € [~1/2,1/2)¢,
we identify the t-translated integer lattice as Z¢ = t + Z%. Let {Z(s) | s € Z9} be a stationary
weakly dependent random field (hereafter r.f.) taking values in IR”. (We use bold font as a
standard to denote vectors in the space of sampling IR and normal font for vectors in IRP,
including Z(-).) We suppose that the process Z(-) is observed at sampling sites lying within the
sampling region R, C IRY. Namely, the collection of available sampling sites is

{Z(s) : s € R, NZ%}.

To obtain the results in the paper, we assume that the sampling region R,, becomes unbounded
as the sample size increases. This will provide a commonly used “increasing domain” framework
for studying asymptotics with spatial lattice data [cf. Cressie (1991)]. We next specify the
structure of the regions R,, and employ a formulation similar to that of Lahiri (1999a,b).

Let Ry be a Borel subset of (—1/2, 1/2]¢ containing an open neighborhood of the origin such
that for any sequence of positive real numbers a,, — 0, the number of cubes of the scaled lattice
anZ4 which intersect the closures Ry and R§ is O((a,})? 1) as n — co. Let A, be a sequence of
d x d diagonal matrices, with positive diagonal elements )\(1“>, e )\Ei”), such that each )\E”) — 00
as n — 0o. We assume that the sampling region R, is obtained by “inflating” the template set

Ry by the directional scaling factors A,,; that is,
R, = A, Ry.

Because the origin is assumed to lie in Ry, the sampling region R,, grows outward in all directions
as n increases. Furthermore, if the scaling factors are all equal ()\(1“> =...= )\g”), the shape of
R,, remains the same for different values of n.

The formulation given above allows the sampling region R,, to have a large variety of fairly
irregular shapes with the boundary condition on Ry imposed to avoid pathological cases. Some
common examples of such regions are convex subsets of IR?, such as spheres, ellipsoids, poly-
hedrons, as well as certain non-convex subsets with irregular boundaries, such as star-shaped
regions. Sherman and Carlstein (1994) and Sherman (1996) consider a similar class of such re-
gions in the plane (i.e. d = 2) where the boundaries of the sets Ry are delineated by simple
rectifiable curves with finite lengths. The border requirements on Ry ensure that the number of
observations near the boundary of R, is negligible compared to the totality of data values. This
assumption is crucial to the derivation of results to follow. In addition, Perera (1997) demon-
strates that the border geometry of Ry can significantly influence the asymptotic distribution of
sample means taken with observations from “expanding” sets, like R,,.

2.2 Subsampling designs and variance estimators

We suppose that the relevant statistic, whose variance we wish to estimate, can be represented
as a function of sample means. Let 6, = H (Zn,,) be an estimator of the population parameter
of interest # = H(u), where H : IR — TR is a smooth function, EZ(t) = u € IR? is the mean of
the stationary r.f. Z(-), and Zy, is the sample mean of the N,, observations within R,,. We can
write
Zy, =Nt > Z(s). (2.1)
SEZINRy



This parameter and estimator formulation is what Hall (1992) calls the “smooth function” model
and it has been used in other scenarios, such as with the moving block bootstrap (MBB) and
empirical likelihood, for studying approximately linear functions of a sample mean [Lahiri (1996),
DiCiccio et al. (1991)]. By considering suitable functions of the Z(s)’s, one can represent a wide
range of estimators under the present framework. In particular, these include means, products
and ratios of means, autocorrelation estimators, sample lag cross-correlation estimators [Politis
and Romano (1993b)], and Yule-Walker estimates for autoregressive processes [cf. Guyon (1995)].

The quantity which we seek to estimate nonparametrically is the variance of the normalized
statistic \/mén, say, Tfl = NnE(én—Eén)z. In our problem, this goal is equivalent to consistently
estimating the limiting variance 72 = limy, 00 7'7%.

2.2.1 Overlapping subsamples

Variance estimation with OL subsampling regions has been presented previously in the literature,
though in more narrow sampling situations. Sherman (1996) considered an OL subsample-based
estimator for sampling regions in IR?; Politis and Romano (1994) extended a similar estimator
for rectangular regions in IR? with faces parallel to the coordinate axes (i.e. Ry = (—1/2, 1/2]%);
and a host of authors, in a variety of contexts, have examined OL subsample estimators applied
to time series data [cf. Song and Schmeiser (1988), Politis and Romano (1993a), Fukuchi (1999)].

We first consider creating a smaller version of R,,, which will serve as a template for the OL
subsampling regions. To this end, let ;A, be a d x d diagonal matrix with positive diagonal
elements, {s)\(ln),...,s)\ii”)}, such that SAE”)/)\E”) — 0 and SAE”) — 00, a8 n — 00, for each i =
1,...,d. (The matrix A, represents the determining scaling factors for R, and A, shall be
factors used to define the subsamples.) We make the “prototype” subsampling region,

sl = sAnRoa (22)

and identify a subset of Z9, say Jo;, corresponding to all integer translates of (R, lying within
R,. That is,

JOL:{iEZd:i+$RnCRn}.

The desired OL subsampling regions are precisely the translates of (R, given by: R;,, =i+ R,
i € Jo,. Note that the origin belongs to J,, and, clearly, some of these subregions overlap.

Let (N, = |Z%N 4R,| be the number of sampling sites in 4R, and let |Jo| denote the number
of available subsampling regions. (The number of sampling sites within each OL subsampling
region is the same, namely for any i € Jo,, N, = |Z¢N R;,|.) For each i € Jy., compute
éi = H(Zi,n)a where

Zim=sNa ' > Z(s)

SE€ZINK; ,

denotes the sample mean of observations within the subregion. We then have the OL subsample
variance estimator of 72 as

7A'rQL,OL = ’JOL’_I Z sNn, (éi,n - én)2a én = |JOL|_1 Z éi,n-

icJor icJor



2.2.2 Non-overlapping subsamples

Carlstein (1986) first proposed a variance estimator involving NOL subsamples for time processes.
Politis and Romano (1993a) and Sherman and Carlstein (1994) demonstrated the consistency
of variance estimation, via NOL subsampling, for certain rectangular regions in R¢ and some
sampling regions in IR?, respectively. Here we adopt a formulation similar to those of Sherman
and Carlstein (1994) and Lahiri (1999a).

The sampling region R, is first divided into disjoint “cubes”. Let (A, be the previously
described d x d diagonal matrix from (2.2), which will determine the “window width” of the
partitioning cubes. Let

Jvop = {i ezd: A, (i +(—1/2, 1/2]d) c Rn}

represent the set of all “inflated” subcubes that lie inside R,. Denote its cardinality as |Jyoz]-
For each i € Jyop, define the subsampling region Ri’n = A, (i+ Rp) by inscribing the translate
of ¢A, Ry such that the origin is mapped onto the midpoint of the cube (A, (i + (—1/2, 1/2]%).
This provides a collection of NOL subsampling regions, which are smaller versions of the original
sampling region R,, that lie inside R,,.

For each i € Jyo., the function H(-) is evaluated at the sample mean, say Zim for a corre-
sponding subsampling region Ri,n to obtain éi,n =H (Zi,n)- The NOL subsample estimator of 72
is again an appropriately scaled sample variance:

R L \2 . R
%TQL,NOL = |JNOL|_1 Z sNi,n <9i,n - 9n> Y en = |JNOL|_1 Z ei,n
i€Jyor ieJyor
where (N, = ]Zd N Rm] denotes the number of sampling sites within a given NOL subsample.
We note that (N;, may differ between NOL subsamples, but all such subsamples will have
exactly (N, = ;Ny, sites available if the diagonal elements of ;A, are integers.

2.3 Assumptions

For stating the assumptions, we need to introduce some notation. For a vector x = (21, ...,24)" €
RY, let ||x|| and ||x||; = sz:1 |z;| denote the usual Euclidean and [' norms of x, respectively.
Denote the [*° norm as ||x|| = maxi<y<q|®k|. Define dis(E,, Ey) = inf{||x—y||o : x € By, y €
E,} for two sets Ey, Fy C IR?. We shall use the notation | - | also in two other cases: for a
countable set B, |B| would denote the cardinality of the set B; for an uncountable set A C IR¢,
|A| would refer to the volume (i.e., the IR? Lebesgue measure) of A.

Let Fz(T) = 0(Z(s) : s € T) be the o-field generated by the variables {Z(s) : s € T},
T C Z%. For Ty, To C Z%, write

a(Ty,Ty) =sup{|P(ANB) — P(A)P(B)| : A€ Fz(Th),B € Fz(T)}.
Then, the strong mixing coefficient for the r.f. Z(-) is defined as
ok, 1) =sup{a(Ty,Ty) : T; € 29, |T3| <1, i = 1,2; dis(T}, T») > k} (2.3)

Note that the supremum in the definition of «(k,1) is taken over sets 77, T which are bounded.
For d > 1, this is important. A r.f. on the (rectangular) lattice Z¢ with d > 2 that satisfies a
strong mixing condition of the form

Jim sup{a(T1,Ty) : T1, Ty C Z4, dis(T1,Ts) >k} =0 (2.4)
—00

7



with supremum taken over possibly unbounded sets necessarily belongs to the more restricted
class of p-mixing r.f.’s [cf. Bradley (1989)]. Politis and Romano (1993a) used moment inequalities
based on the mixing condition in (2.4) to determine the orders of the bias and variance of 7%,0 s

%T%, ~or, for rectangular sampling regions.

For proving the subsequent theorems, the assumptions below are needed along with two
conditions stated as functions of a positive argument r € Z, = {0,1,2,...}. In the fol-
lowing, det(A) represents the determinant of a square matrix A. For o = (ou,...,q)" €

(Z4)P, let D* denote the ath order partial differential operator 91+ 9z .. .0r," and
V = (0H(p)/0x1,...,0H(u)/0xp) be the vector of first order partial derivatives of H at p.
Limits in order symbols are taken letting n tend to infinity.

Assumptions:

(A.1) There exists a d x d diagonal matrix Ag, det(Ag) > 0, such that
1

(A.2) For the scaling factors of the sampling and subsampling regions:

d
N det(sAn)](d+1)/d () NG
Z )\(n) + Z )\(n) et (An) = o(1), lrgzagch O(Igliléld A).

i=1 5

(A.3) There exist nonnegative functions a(-) and ¢(-) such that limy o, a1 (k) = 0,
lim;_, o g(I) = oo and the strong-mixing coefficient a(k,[) from (2.3) satisfies the inequality

alk,l) <aq(k)g(l) k>0,1>0.
(A4) sup{ &(Ty,Ty) : Ty, To C Z¢, |Ty| = 1, dis(Ty, T) > k} = o(k™9).
(A.5) 72 > 0, where 72 = Y o(k), o(k) = Cov(V'Z(t), V' Z(t + k)).

keZd
Conditions:

D,: H:RP — 1R is r-times continuously differentiable and, for some a € Z and real C > 0,
max{|D"H(x)| : |lv|i =r} <C(1 +[x[|), xeR".

M,: Forsome0<d<1 0<r<(2r—1-—1/d)(2r+9)/6, and C >0,
BIZ®IFH < o0, 3o D ey (0)/00 < oo, gla) < Ca”,

Some comments about the assumptions and the conditions are in order.

Assumption A.5 implies a positive, finite asymptotic variance 72 for the standardized estima-
tor, VN,0,. We would like 72 € (0, oo) for a purposeful variance estimation procedure.

In Assumption A.3, we formulate a conventional bound on the mixing coefficient «(k,[) from
(2.3) that is applicable to many r.f.s and resembles the mixing assumption of Lahiri (1999a,b).



For r.f.s satisfying Assumption A.3, the “distance” component of the bound, o (-), often decreases
at an exponential rate while the function of “set size,” g(-), increases at a polynomial rate [cf.
Guyon (1995)]. Examples of r.f.s that meet the requirements of A.3 and M, include Gaussian
fields with analytic spectral densities, certain linear fields with a moving average or autore-
gressive (AR) representation (like m-dependent fields), separable AR(1)xAR(1) lattice processes
suggested by Martin (1990) for modeling in IR?, many Gibbs and Markov fields, and important
time series models [cf. Doukhan (1994)]. Condition M, combined with A.3 also provides useful
moment bounds for normed sums of observations (see Lemma 8.2).

Assumption A.4 permits the CLT in Bolthausen (1982) to be applied to sums of Z(-) on sets
of increasing domain, in conjunction with the boundary condition on Ry, Assumption A.3, and
Condition M,. This version of the CLT (Stein’s method) is derived from «-mixing conditions
which ensure asymptotic independence between a single point and observations in arbitrary sets
of increasing distance [cf. Perera (1997)].

Assumptions A.1 and A.2 set additional guidelines for how sampling and subsampling de-
sign parameters, A, and ¢A,, may be chosen. The assumptions provide a flexible framework
for handling “increasing domains” of many shapes. For d = 1, A.1-A.2 are equivalent to the
requirements of Lahiri (1999¢) who provides variance and bias expansions for the MBB variance
estimator with weakly dependent time processes.

3 Variance expansions

We now give expansions for the asymptotic variance of the OL/NOL subsample variance estima-

-2 -2 2 _ )
tors 7, ,, and 77, of 77 = N, Var(6,,).

Theorem 3.1 Suppose that Assumptions A.1 - A.5 and Conditions Dy and Msio, hold, then
det (sAy)

(a) Vaf(ﬁ%,m) = Ko det(Ay) [274] (1+0(1)),
1 det(sAy)
b 72 i Ca VA P NS 1
( ) Var(TmNOL) |R0| det(An) [ T ] ( + 0( ))7
1 2
where Ky = / |G+ RO);RM dx is an integral with respect to the RY Lebesgue mea-
ure [Ro| JIRY | Ro|

The constant Ky appearing in the variance expansion of the estimator %370 , is a property of
the shape of the sampling template Ry but not of its exact embedding in space IR? or even the
scale of the set. Namely, Ky is invariant to invertible affine transformations applied to Ry and
hence can be computed from either Ry or R,, = A, Ry. Values of K| for some template shapes
are given in Table 3 and Section 6.

A stationary time sequence 7y, ..., 7, can be obtained within our sampling formulation by
choosing Ry = (—1/2,1/2] and A"’ = n on the untranslated integer lattice Z = Z. In this special
sampling case, an application of Theorem 3.1 yields

Var(ﬁaOL) = 2/3 : Va’r(ﬁaNOL)’ Va’r(ﬁaNOL) = 8>‘(1n)/>‘(1n> : [27—4](1 + 0(1))7

a result which is well-known for “nearly” linear functions 0, of a time series sample mean [cf.
Kiinsch (1989)]. Theorem 3.1 implies that, under the “smooth” function model, the asymptotic



Table 3: Examples of K from Theorem 3.1 for several shapes of Ry C IR?. *The trapezoid has
a 90° interior Z and parallel sides by > by; ¢ = (ba/by + 1)72[1 + 2(ba /by — 1)/(ba /b1 + 1)].

Ry Shape | IR? Rectangle | IR? Ellipsoid IR? Cylinder IR? Ellipse | IR? Trapezoid*

Ky (2/3)¢ 34/105 2/3(1—16/(37%)) | 1 —16/(37%) | 2/5(1 + 4c/9)

variance of the OL subsample-based variance estimator is always strictly less than the NOL
version because .
K, = lim M = Ko|Ro| < 1. (3.1)
n—00 Var(T%NOL)
If both estimators have the same bias (which is often the case), (3.1) implies that variance
estimation with OL subsamples is more efficient than the NOL subsample alternative owing to
a smaller asymptotic MSE.

Unlike Ky, K; does depend on the volume |Ry|, which in turn is constrained by the Ry-
template’s geometry. That is, K is ultimately bounded, through |Ry| in (3.1), by the amount
of space that an object of Ry’s shape can possibly occupy within (—1/2,1,2]%; or by how much
volume can be filled by a given geometrical body (e.g. circle) compared to a cube. The constants
K in Table 1 are computed with templates of prescribed shape and largest possible volume in
(—=1/2,1/2]%. These values most accurately reflect the influence of Ry’s (or Ry,’s) geometry on
the relative performance (ie. variance, efficiency) of the estimators ﬁ%,o ; and %5, NoL-

To conclude this section, we remark that both subsample-based variance estimators can be
shown to be (MSE) consistent under Theorem 3.1 conditions, allowing for more general spatial
sampling regions, in both shape and dimension, than previously considered. Inference on the
parameter  can be made through the limiting standard normal distribution of Ny, (6, — 6) /%,
for 7, = Ty, 01 OF Ty Nor-

4 Bias expansions

We now try to capture and precisely describe the leading order terms in the asymptotic bias
of each subsample-based variance estimator, similar to the variance determinations from the
previous section. We first establish and note the order of the dominant component in the bias
expansions of %7%,0 ., and ?,%7 ~or» which is the subject of the following lemma.

Lemma 4.1 With Assumptions A.1 - A.5, suppose that Conditions Dy and Moy, holdAfor d>
2; and D3 and Ms,, for d = 1. Then, the subsample estimators of 72 = N ,Var(,) have
expectations:

B(fror) = Ta + O(1/X”) and E(7; y0,) = 73 + O(1/ M),

The lemma, shows that, under the smooth function model, the asymptotic bias of each es-
timator is O(1/ A\\") for all dimensions of sampling. Politis and Romano (1993a, p.323) and
Sherman (1996) showed this same size for the bias of 723,0 , with sampling regions based on rect-
angles Ry = (—1/2,1/2]¢ or simple closed curves in IR?, respectively. Lemma 4.1 extends these
results to a broader class of sampling regions. However, we would like to precisely identify the
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0(1/ sA) bias component for 72 o1 O 75 voy, to later obtain theoretically correct proportionality
constants associated with optimal subsample scaling.

To achieve some measure of success in determining the exact bias of the subsampling esti-
mators, we reformulate the subsampling design slightly so that ;A\, = S)\(1“> =... = s)\(d”). That
is, a common scaling factor in all directions is now used to define the subsampling regions (as in
Sherman and Carlstein (1994); Sherman (1996)). This constraint will allow us to deal with the
counting issues at the heart of the bias expansion.

Adopting a common scaling factor ¢\, for the subsamples also is sensible for a few other
reasons at this stage:

e “Unconstrained” optimum values of ;A, cannot always be found by minimizing the asymp-
totic MSE of ﬁ%,o L O %371\,0 ., even for variance estimation of some desirable statistics on
geometrically “simple” sampling and subsampling regions. Consider estimating the vari-
ance of a real-valued sample mean over a rectangular sampling region in IR? based on
Ry = (—1/2,1/2]¢, with observations on Z¢ = Z%. If Assumptions A.1-A.5 and Condition
M; hold, the leading term in the bias expansion can be shown to be:

d
L
Biasoff3,0L=<—ZT;> (4o Li= 3 IkiCov(2(0), Z(k)).
=1 ' kz(;le,%.d,k’d)/

In using the parenthetical sum above to expand the MSE of ﬁ%,ou one finds that the
resulting MSE cannot be minimized over the permissible, positive range of A, if the signs of
the L; values are unequal. That is, for d > 1, the subsample estimator MSE cannot always
be globally minimized to obtain optimal subsample factors ;4A, by considering just the
leading order bias terms. An effort to determine and incorporate (into the asymptotic MSE)
second or third order bias components quickly becomes intractable, even with rectangular
regions.

e The diagonal components of (A, are asymptotically scalar multiples of each other by
Assumption A.1. If so desired, a template choice for Ry could be used to scale the expansion
of the subsampling regions in each direction.

In the continued discussion, we assume

sy = sAnRo. (4.1)

We frame the components necessary for determining the biases of the spatial subsample variance
estimators in the next theorem. Let C,(k) = |Z? N R, N (k + sR,)| denote the number of pairs
of observations in the subsampling region (R, separated by a translate k € Z<.

Theorem 4.1 Suppose that d > 2, R, = s\, Ry and Assumptions A.1 - A.5, Conditions D3
and Msyq hold. If, in addition, (A, € Z4 for NOL subsamples and

lim Mo — Cn (k)

Jim ST = Ol (4.2)

exists for all k € Z4, then

~2 2 —1

n) —Tn = lRol Y Cl)o(k) | (1+0(1))

kcZd

11



where (k) = Cov(V'Z(t), V'Z(t +k)) and where 72 is either 72, or 72 vo..-

Note that the numerator on the left side of (4.2) is the number of integer grid points that
lie in the subregion ;R,, but not in the translate k + jR,. Hence, computing the bias above
actually requires counting the number of lattice points inside intersections like (R, Nk + (R,
which is difficult in general. To handle the problem, one may attempt to estimate the count
Cy (k) with the corresponding Lebesgue volume, |sR, Nk + ;R,|, and then quantify the resulting
approximation error. The determination of volumes or areas may not be easy either but hopefully
more manageable. For example, if Ry is a circle, the area of ;A\, Ry can be readily computed, but
the number of Z? integers inside 4\, Ry is not so simple and was in fact a famous consideration
of Gauss [cf. Kratzel (1988, p. 141)].

We first note that the boundary condition on Ry provides a general (trivial) bound on the
discrepancy between the count C, (k) and the volume [ R, Nk + ;R,|: O(,A\%1). However,
the size of the numerator in (4.2) is also O(,A%™1), corresponding to the order of Z? lattice
points “near” the boundary of 4R,. Consequently, a standard O(;A%"!) bound on the volume-
count approximation error is too large to immediately justify the exchange of volumes | R,],
|sRy, Nk + R, for counts 3N, Cy(k) in (4.2).

Bounds on the difference between lattice point counts and volumes have received much at-
tention in analytic number theory, which we briefly mention. Research has classically focused on
sets outlined by “smooth” simple closed curves in the plane IR? and on one question in particular
[Huxley (1996)]: When a curve with interior area A is ‘blown up’ by a factor b, how large is
the difference between the number of Z? integer points inside the new curve and the area b?A?
For convex sets with a smoothly winding border, van der Corput’s (1920) answer to the posed
question above is O(b*6/69t¢), while the best answer is O(b%6/73+€) for curves with sufficiently
differentiable radius of curvature [Huxley (1993, 1996)]. These types of bounds, however, are
invalid for many convex polygonal templates Ry in IR? such as triangles, trapezoids, etc., where
often the difference between number of Z? integer points in R, = ;A,Rg and its area is of exact
order O(s\,) (set also by the boundary condition on Ry or the perimeter length of sR,). The
problem above, as considered by number theorists, does not directly address counts for intersec-
tions between an expanding region and its vector translates, e.g. R, Nk + R,.

To eventually compute “closed-form” bias expansions for %370 ., We use approximation tech-
niques for subtracted lattice point counts. For each k € Z%, we

1. replace the numerator of (4.2) with the difference of corresponding Lebesgue volumes.
2. show the following error term is of sufficiently small order o(,A%1):

(s = Cnl1)) = (N1 Ro| s e+ o B ) = (Vo= X Ro|) = (o (1) = s Bu e+ B ).

We do approximate the number of lattice points in (R, and R, Nk + ¢R, by set volumes,
though the Lebesgue volume may not adequately capture the lattice point count in either set.
However, the difference between approximation errors (N, — A% Rg| and Cy, (k) — | Ry Nk + (R, |
can be shown to be asymptotically small enough, for some templates Ry, to justify replacing
counts with volumes in (4.2) (see Lemma 9.4). That is, these two volume-count estimation errors
can cancel to a sufficient extent when subtracted. The above approach becomes slightly more
complicated for NOL subsamples, Ri,n = A, (i + Rp), which may vary in number of sampling
sites 4NN ,. In this case, errors incurred by approximating counts ]Zd N Ri,n Nk + R1n| with
volumes |Ri7n Nk + Rl,n| are shown to be asymptotically negligible, uniformly in i € Jyo,.
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In the following theorem, we use this technique to give bias expansions for a large class of
sampling regions in IR?, d < 3, which are “nearly” convex. That is, the sampling region R,
differs from a convex set possibly only at its boundary, but sampling sites on the border may be
arbitrarily included or excluded from R,.

Some notation is additionally required. For o = (a1, ...,) € (Z1)P, x € RP, write x* =

Pz, ol = TIP (ei!), and ¢ = D*H(p)/al. Let Zy denote a random vector with a
normal N(0,X) distribution on IRP, where X, is the limiting covariance matrix of the scaled
sample mean /N, (Zy, — i) from (2.1). Let B°, B denote the interior and closure of B € IR?,
respectively.

P

Theorem 4.2 Suppose (R, = MRy and there ezists a convex set B such that B° C Ry C B.
With Assumptions A.2 - A.5, assume Conditions Ds_q and Ms_q4,4 hold for d € {1,2,3}. Then,

d
n—00 (s>\n)d—1 ’ kez

whenever V (k) ezists and the biases E(72 ) — 72, B(71 yo.) — T are equal to:

-1
ford=1, B (Z k|o(k) + coo> (1+ o(1));

keZ

ford=2or3, -y bls |S]TﬂR:|(k+SR”)'a(k> (14 0(1))
kezd 5
or An|Ro| Z V(k)o(k) | (14 0(1)), provided each V (k) ezists;

keZd

where o(k) = Cov(V'Z(t),V'Z(t+k)) and Cx = Var Z C—O;Zgo +2 Z ﬁE (ZSOZEO)
«

llofh=2 " T
18111 =3
w23 Y E e ((260) - )" 2+ k)~ ) 206+ k) —a]).

ki, ko€Z  llalli=1,
1B =1,ll7ll1=1

Remark 1: If Condition D, holds with C = 0 for z € {2,3,4}, then Condition M,_; is sufficient
in Theorem 4.2.

Remark 2: For each k € Z% the numerator in V (k) is of order O(,A%"!) by the Ro-boundary
condition which holds for convex templates. We may then expand the bias of the estimators
through the limiting, scaled volume differences V (k). For d = 1, with samples and subsamples
based on intervals, it can be easily seen that V' (k) = |k| which appears in Theorem 4.2.

The function H(-) needs to be increasingly “smoother” to determine the bias component

of #2

mor O T,

2 o. in lower dimensional spaces d = 1 or 2. For a real-valued time series sample
?
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mean 6, = 7., the well-known bias of the subsample variance estimators follows from Theorem
4.2 under our sampling framework Ry = (—1/2,1/2|, Z = Z:

—1 <Z [k|Cov (V' Z(0), V’Z(k))) (4.3)

A
s$7\n keZ

with V = 1. In general though, terms in the Taylor expansion of éi,n (around p) up to fourth
order can contribute to the bias of %T%,O ; and %T%, ~or When d = 1. In contrast, the asymptotic
bias of the time series MBB variance estimator with “smooth” model statistics is very different
from its subsample-based counterpart. The MBB variance estimator’s bias is given by (4.3),
determined only by the linear component from the Taylor’s expansion of éim [cf. Lahiri (1996)].

5 Asymptotically optimal subsample sizes

In the following, we consider “size” selection for the subsampling regions to maximize the large-
sample accuracy of the subsample variance estimators. For reasons discussed in Section 4, we
examine a theoretically optimal scaling choice s\, for subregions in (4.1).

5.1 Theoretical optimal subsample sizes

Generally speaking, there is a trade off in the effect of subsample size on the bias and variance
of 723,0 , or 723, ~or- For example, increasing s\, reduces the bias but increases the variance of the
estimators. The best value of ;)\, optimizes the over-all performance of a subsample variance
estimator by balancing the contributions from both the estimator’s variance and bias. An opti-
mal ;A\, choice can be found by minimizing the asymptotic order of a variance estimator’s MSE
under a given OL or NOL sampling scheme.

Theorem 4.1 implies that the bias of the estimators A72L70L and ﬁQL,NOL is of exact order
O(1/sApn). For a broad class of sampling regions Ry, the leading order bias component can be
determined explicitly with Theorem 4.2. We bring these variance and bias expansions together

to obtain an optimal subsample scaling factor ¢A,.

Theorem 5.1 Let (R, = A,Ry. With Assumptions A.2 - A.5, assume Conditions Dy and
M3, 24 hold if d > 2; and Conditions D3 and D7, ifd = 1. If By = |Rg|™! > keza Ck)o(k) # 0,
then

. det(A,)(By)? 1/(d+2) . det(A,)|Ro|(Bo)? 1/(d+2)
Db = () o) e i, = (BB i o,

Remark 3: If Condition D, holds with C = 0 for z € {2, 3}, then Condition My, is sufficient.
Remark 4: Theorem 5.1 suggests that optimally scaled OL subsamples should be larger than
the NOL ones by a scalar: (K;)~'/(2) > 1 where K| = Ky|Rp| the limiting ratio of variances
from (3.1).

It is well-known in the time series case that the OL subsampling scheme produces an asymp-

totically more efficient variance estimator than its NOL counterpart. We can now quantify the
relative efficiency of the two subsampling procedures in d-dimensional sampling space. With each
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variance estimator respectively optimized using (4.1), %T%’O ;. is more efficient than %,%’ ~vor and the

asymptotic relative efficiency of %T%, ~xor to %T%,O ;. depends solely of the geometry of Ry:

E(77 o0 — 1)
(A%JVOL _'7%)2

ARE; = lim = (K)%+2) < 1,

n—oo

Possolo (1991), Politis and Romano (1993a, 1994), Hall and Jing (1996), and Garcia-Soidan
and Hall (1997) have examined subsampling with rectangular regions based essentially on Ry =
(—1/2,1/2]¢. Using the geometrical characteristic K1 = (2)? for rectangles, we can now examine
the effect of the sampling dimension on the ARE, of 77 ., to 72, for these sampling regions.
Although the ARE, decreases as the dimension d increases, we find the relative improvement
of 72, over 72 ., is ultimately limited and the ARE, has a lower bound of 4/9 for all R
rectangular regions.

6 Examples

We now provide some examples of the important quantities Ky, K, By associated with optimal
scaling (AP* with some common sampling region templates, determined from Theorems 3.1 and
4.2. For subsamples from (4.1), the theoretically best ;A" can also be formulated in terms of
|Ry| = det(Ay)|Ro| (sampling region volume), K, and By.

6.1 Examples in IR?

example 1. Rectangular regions in IR? (potentially rotated):
If Ry = {((ll cos B,y sin@)x, (—lq sin b,y cos@)x)/ tx € (—1/2, 1/2]2} for 6 € [0,7], 0 < Iy,12,

then
K():é, By = Z |k1 cos @ — ko sin 6] N |k1 sin@ + ky cos 6] o (k).
9 b ly
kez?
k=(k’1,k’2)/

The characteristics Ky, By for determining optimal subsamples based on two rectangular tem-
plates are further described in Table 4.

example 2. If Ry is a circle of radius < 1/2 centered at the origin, then K, appears in Table 3
and By = 2/(rm) X yez: [[kllo (k).
example 3. For any triangle, Ky = 2/5. Two examples are provided in Tables 2 and 4.

example 4. For any parallelogram in IR? with interior angle v and adjacent sides of ratio b > 1,
Ko =4/9+2/15-b"2|cosy|(1 — |cos|). In particular, if a parallelogram Ry is formed by two
vectors (0,11)", (I cosy,lssiny) extended from a point x € (—1/2,1/2]?, then

1 ‘/{:1-|cose|—k2-|sin9|‘ k2|
k 0 li,lo > 0.
Z( maX{ll,lg} min{ll,ZQ} U( )’ Y E( 577_)’ 1502 >
For further bias term By calculation tools with more general (non-convex) sampling re-

gions and templates Ry (represented as the union of two approximately convex sets), see Nord-
man (2002).
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Table 4: Examples of several shapes of Ry C IR? and associated K 1, Bg for sAoP*

Ry K, By
(—1/2,1/2P 1/9 ez oK)
Circle of radius 1/2 at origin /4 —4/(3m) 4/ ene lkllo(k)
“Diamond” in Figure 1(i) 2/9 2> weze koo (k)
Right triangle in Figure 1(ii) 1/5 Table 2
Triangle in Figure 1(iii) 1/5 > 2kalo(k) + X (Jka| + 2|k1])o(k)
2 2
TS ka2 IRSINE
Parallelogram in Figure 1(iv) | 2/9 + (v/5 —1)/375 4/V5 Y wen2 (k1 — 2ka|/5 + [ko|) o (k)

Figure 1. Examples of templates Ry C (—1/2,1/2]? are outlined by solid lines. Cross-shaped
sampling regions R, described in Table 2 are based on Ry in (v).

6.2 Examples in IR?%, d > 3

example 5. For any sphere, K is given in Table 3. The properties By, K; of the sphere
described in Table 1 and 2 correspond to the template sphere Ry of radius 1/2 (and maximal
volume in (—1/2,1/2]3).

example 6. The K, value for any IR? cylinder appears in Table 3. If Ry is a cylinder with
circular base (parallel to x-y plane) of radius r and height A, then

ks|  2y/k2 + k2
By = Y (’}L—’—l—#)a(k).

kecz3
k=(ky,k2,k3)

The results of Theorem 4.2 for determining the bias By also seem plausible for convex sampling
regions in IR?, d > 4, but require further study of lattice point counting techniques in higher
dimensions. However, bias expansions of the OL and NOL subsample variance estimators are
relatively straightforward for an important class of rectangular sampling regions based on the
prototype Ry = (—1/2,1/2]¢, which can then be used in optimal subsample scaling. These
hypercubes have “faces” parallel to the coordinate axes which simplifies the task of counting
sampling sites, or lattice points, within such regions. We give precise bias expansions in the
following theorem, while allowing for potentially missing sampling sites at the borders, or faces,
of the sampling region R,,.
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Theorem 6.1 Let (—1/2,1/2)? C AZIRO C [-1/2,1/2]¢, d > 3 for a d x d diagonal matriz
Ay with entries 0 < £; < 1,4 = 1,...,d. Suppose R, = s \,Ry and Assumptions A.2 - A.5,
Conditions Dy and Myy, hold. Then, the biases B(72,,) — 13, B(72 vo,) — 72 are equal to
— Ay 'Bo(1 + o(1)) where

d .
Bo= > <Z %)a(k), o(k) = Cov(V'Z(t), V'Z(t + k)).
keczd ~i=1

example 7. For rectangular sampling regions R, = A,(—1/2,1/2]¢, optimal subsamples may
be chosen with

]Rn| o\ 1/(d+2) 3 1/(d+2)
Nl (Z ||k||1a(k)> (T+o(1) or Ao, = sA%‘ZFVOL<§>

keZd

(common directional scaling) using the template Ry = (—1/2,1/2]¢.

7 Empirical subsample size determination

In this section we consider data-based estimation of the theoretical optimal subsample sizes. In
particular, we propose methods for estimating the scaling factor ;A" for subsamples in (4.1),
which are applicable to both OL and NOL subsampling schemes. Inference on “best” subsample
scaling closely resembles the problem of empirically gauging the theoretically optimal block size
with the MBB variance estimator, which has been much considered for time series. We first
frame the techniques used in this special setting, which can be modified for data-based subsam-
ple selection.

Two distinct techniques have emerged for estimating the (time series) MBB block size.
One approach involves “plug-in” type estimators of optimal block length [cf. Biihlman and
Kiinsch (1999)]. For subsample inference on nVar(Z,), Carlstein (1986) (with AR(1) models)
and Politis et al. (1999) have described “plug-in” estimators for subsample length. The second
MBB block selection method, suggested by Hall et al. (1995) and Hall and Jing (1996), uses
subsampling to create a data-based version of the MSE of the MBB estimator (as a function of
block size) which then is minimized to obtain an estimate of optimal block length. With spa-
tial data, Garcia-Soidan and Hall (1997) extended this empirical MSE selection procedure with
subsample-based distribution estimators. For variance estimation of a univariate time series sam-
ple mean, Leger et al. (1992) proposed a subsample length estimate based on asymptotic MSE
considerations; namely, selecting a size by simultaneously solving (,A%*)% = (3/2)(B/ 723,0 .)?n for
sAPt and the associated estimator ﬁ%,o ., where B estimates the parenthetical quantity in (4.3).

A “plug-in” procedure for inference on the theoretical, optimal subsample size involves con-
structing, and subsequently substituting, (consistent) estimates of unknown population param-
eters in (A" from Theorem 5.1. The limiting variance 72 appears in the formulation of (A2
and could be approximated with a subsample variance estimate based on some preliminary size
choice. The value K can be determined from the available sampling region Ry, but selection
of a template Ry is also required in the “plug-in” approach. The best solution may be to pick
a sampling template Ry to be the largest set of the form Afan for a positive diagonal matrix
A that fits within (—1/2,1/2]%; this choice appears to reduce the magnitude of the bias of 72,
%T%, vor» Which contributes heavily to the MSE of an estimator.
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In a spirit similar to the “plug-in” approach, one could empirically select (A** as in Léger et
al. (1992) and Politis and Romano (1993b). After evaluating K and an estimate By of the leading
bias component By, compute ?370 , (or analogously %,%’ vor) for a series of ¢\, values and simul-

taneously solve the asymptotical MSE-based formulation (A%+% = det(A,)(By)?%/{dK, (?370 )%}
for ;A\, and an associated 723,0 -

8 Proofs for variance expansions

For the proofs, we use C to denote generic positive constants that do not depend on n or any Z? integers (or
Z? lattice points). The real number r, appearing in some proofs, always assumes the value stated under
Condition M, with respect to the lemma or theorem under consideration. Unless otherwise specified,
limits in order symbols are taken letting n tend to infinity.

In the following, we denote the indicator function as Ir.; (ie. Iy.y € {0,1} and I 4y = 1if and only if an
event A holds). For two sequences {r,} and {¢,} of positive real numbers, we write r,, ~ &, if r,,/t,, = 1
as n — o0o. We write A»* and (A for the largest diagonal entries of A, and ;A,,, respectively, while
AT > 1 will denote the smallest diagonal entry of ;A,,.

We require a few lemmas for the proofs.

Lemma 8.1 Suppose T1,T> C Z? =t + Z? are bounded. Let p,q >0 where 1/p+1/q < 1. If X1, X5 are
random variables, with X; measurable with respect to Fz(T;),1 = 1,2, then,

[Cov(X1, X)| < 8(BIX4 )/ (B Xa|") 90 (dis(Ty, To); mas [T3]) 17717,

provided expectations are finite and dis(Ty,T2) > 0.

Proof. Follows from Theorem 3, Doukhan (1994, p. 9). O

Lemma 8.2 Let r € Z. Under Assumption A.3 and Condition M,, for 1 <m < 2r and any T C Z? =
t 4+ 74,

E

> (4(s) - ) Hm < C(a)|T|™?;

seT

C(a) is a constant that depends only on the coefficients a(k,l), | < 2r, and E||Z(t)||>"+9.

Proof. This follows from Theorem 1, Doukhan (1994, p. 26-31) and Jensen’s inequality. O

We next determine the asymptotic sizes of important sets relevant to the sampling or subsampling
designs.

Lemma 8.3 Under Assumptions A.1-A.2, the number of sampling sites within
(a) the sampling region R,: N, = |R, NZ%| ~ |Ro| - det(A,);
(b) an OL subsample, Rin, 1€ Jop : sNp ~ |Ro| - det(sAp);
(¢) a NOL subsample, Riyn, 1€ Jyor : sNip ~ |Rol| - det(sA,).
The number of
(d) OL subsamples within Ry, : |Jo.| ~ |Ro| - det(Ay);
(e) NOL subsamples within R, : |Jxor| ~ |Ro| - det(A,) - det(;A,) L.
(f) sampling sites near the border of a subsample, R;, or I:Zim, is less than
supseza {§ € 24 TIN Ry, # 2, TSNRE, # @ for TV =j+[-2,2]} < C(Ap) 4.

Proof: Results follow from the boundary condition on Rp; see Nordman (2002) for more details.
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We require the next lemma for counting the number of subsampling regions which are separated by
an appropriately “small” integer translate; we shall apply this lemma in the proof of Theorem 3.1. For
k = (ki,...,kq)" € 7%, define the following sets,

Jo(k) = {i€ Jor :i+k+,8,Ro C Ry}, En={keZ:|kj| <A, j=1,...,d}

Lemma 8.4 Under Assumption A.2,

In (k)
1 - 2\
|Jox|

max

KEE, = o()-

Proof: For k € E,, write the set J(k) and bound its cardinality:

Jik) = |[{i€Jop:(i+k+sA,Ro)NALRS # o}
HieZ:T'NALRS # 2, T'N ARy # @; T =i+ Am5[=2,2]% < Camex(Ame=)d—1)

IN

by the boundary condition on Ry. We have then that for all k € E,,,
[Tor| > Jn(k) = [Jor| = Jn(k) > [Jor| = CsAm=(Ar=)* .
By Assumption A.2 and the growth rate of |.J,,| from Lemma 8.3, the proof is complete. O

We now provide a theorem which captures the main contribution to the asymptotic variance expansion
of the OL subsample variance estimator 7, ,, from Theorem 3.1.

Theorem 8.1 Fori € Z%, let Vi, = V'(Zin—p). Under the Assumptions and Conditions of Theorem 3.1,

Ny Z Cov(Ygn, Yien) = Ko-[27(1 + o(1)),
kEE,

where the constant Ky is defined in Theorem 3.1.

Proof: We give only a sketch of the important features; for more details, see Nordman (2002). For a set
T C RY, define the function Z(-) as

S(T)= > V'(Z(s) - p).

s€ZINT
With the set intersection R{:)n =R, N (k+ ,R,), k € Z? write functions:
Hin(k) = E(Rk,n\R{Sn)a Hon(k) = E(RO,H\R{;)”): Hsn(k) = E(R{(I,)n)

These represent, respectively, sums over sites in: Ry , but not Ry, = R,; Ro,, but not Ry ,; and both
Ro,n and Ry ,. Then define h,(-) : Z? — IR as

hn(k) = E[H, (K)|E[H3, (k)] +E[H, (k)]E[H3, (k)] +E[H3, (k)|E[HZ, (k)] + E[H3, (k)] - (:Na)  [E(YG,)]%.
We will make use of the following proposition.

Proposition 8.1 Under the Assumptions and Conditions of Theorem 3.1,

aax |(an)QCOV(Y02na Yien) — (an)_Zhn(k)| =o(1).
=N , ,
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The proof of Proposition 8.1 can be found in Nordman (2002) and involves cutting out Z¢ lattice points
near the borders of Rg, and Ry, (say) BS and BX with

by = L(SAfx?i)n)eJ7 Bj,n = {i € VAR € ma (i"‘gn(_ ] ) N RC 7’£ g} J € Zda

where e = (k6/{(2r+6)(2r—1-1/d)}+1)/2 < 1 from Condition M,. Here £, — oo, £, = o(;A\%.) is chosen

so that the remaining observations in Rg y, Rk, n, R{:)n are nearly independent upon removing Bg ,, Bk,n

points and, using the Ro-boundary condition, the set cardinalities |Bo |, |Bi.n| < Cln(sA2*)97" are of
smaller order than ;N,, (namely, these sets are asymptotically negligible in size).
By Proposition 8.1 and |E,| = O(;N,,), we have
Z Cov(Yg , Yicn) — Z hn( ‘ = o(1). (8.1)

keE, keFE,

Consequently, we need only focus on (;Ny) ™ Y, cp fin(k) to complete the proof of Theorem 8.1.

:o}_

Note the set {0 < € < min{1, (det(Ag)|Ro|)/2} : € ¢ ET} is at most countable [cf. Billingsley (1986),
Theorem 10.4]. For € € ET, define a new set as a function of € and n:

Repn={keZ":|R,| > e(A") B \ B, | > (A7)}

For measurability reasons, we create a set defined in terms of the IR? Lebesgue measure:

det(A
Et =(0,1)N {e < w : Hx e R?: |(x + AoRo) N AgRo| = € or det(Ag)|Ro| — e}

Here Rem C E,, because k ¢ E,, implies R{:)n =a.
We now further simplify (sN,)™3 Yok B, hn (k) using the following proposition involving RQH.

Proposition 8.2 There exist N € Z and a function b(-) : ET — (0,00) such that b(e) L 0 as € | 0 and

Y ) = Y | < e+ (AP + DAl (82)

kel KER.
where C > 0 does not depend on e € EY orn > N.

The proof of Proposition 8.2 is tedious and given in Nordman (2002). The argument involves bounding
the sum of h,(-) over two separate sets in F,: those integers in FE, that are either “too large” or “too
small” in magnitude to be included in Re,n-

To finish the proof, our approach (for an arbitrary ¢ € E*) will be to write (sNn) > Y, cp  hn(k)
as an integral of a step function with respect to the Lebesgue measure of a step function, say , fen (%),
then show lim, o fe n(x) exists almost everywhere (a.e.) on IR, and apply the Lebesgue Dominated
Convergence Theorem (LDCT). By letting ¢ | 0, we will obtain the limit of (N, >y .5 Cov(Yg,, Yy,)-

Fix ¢ € ET. With counting arguments based on the boundary condition of Ry and the definition of
R. ., it holds that for some N, € Z, and all k € R, : |R(I) NZ4 > 1 and ,N, |R{(I)n NZ% > 1 when

n > N.. We can rewrite (;N,) 2h,(k), k € Rm, in the well-defined form (for n > N,):

2
hak) o H?, (k) B Hézn(k) 1 | Ryl N Z°]
(sNn)? N, — R, NZ] — R, NZ| N,
. iE H2, (k) H3,00) | (B 02N (B, 027
= |R‘” N Z4| |R‘” N Z4| Ny N,
Hj, (k) R, N2\’ Y e
E = = — LNLE(YE )P
+ |R1((I)n ) Zd|2 ( an [ ( O,n)]
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For x = (x1,...,z4) € RY, write |x] = (|z1],..., [z4))" € Z% Let f.,(x) : R? - IR be the step
function defined as

fen(®) = No) I s sjer, p in(LATX)).

We have then that (with the same fixed € € E*1):

R O P SR AP 83)
N, _ si¥n n = N, R €,n . .
keR. »
We focus on showing:
: _ - N i1 (1(x+ AgRo) N AgRo|\” 4
nlgr;@ fen(x) = fe(x) = Ieeny [27%] ( det(Do) Fo] a.e. x € IR%, (8.4)

with R, = {x € R : [(x 4+ AgRp) N AgRp| > €,|AoRo \ (x + AgRo)| > €}, a Borel measurable set.
Write x,, = [:A"x], x € IR?, to ease the notation. To establish (8.4), we begin by showing convergence
of indicator functions:
Lveiy = Iixchy @€ XE R, (8.5)

Define the sets A, (x) = ((A™) (%, + sRn) N 5B}, An(x) = {(tA) 1 R} \ An(x) as a function of
X € IR?. The LDCT can be applied to show: for each x € R?, |A,(x)] = |(x + AoRo) N AgRy| and
| A, (x)| = |AoRo \ (x + AgRo)|. Thus, if x € R, then

|4, (x)| = |(x+AoRo) NAgRy| > €, |Au(x)| = |AoRo \ (x + AogRo)| > ¢, (8.6)

implying further that 1= I, 5 4 = Ireepy = 1. Now consider R¢. If x ¢ R, such that |(x + Ao Ro) N
AgRo| < € (or [AgRy \ (x + AoRy)| < €), then |4, (x)| < € (or |4, (x)| < €) eventually for large n and
0= I{xnef%e N s I{xei%e} = 0 in this case. Finally, e € ET implies that a last possible subset of R¢ has
Lebesgue measure zero; namely, [{x € RS : |(x + AgRo) N AgRo| = € or |AgRy \ (x + AgRp)| = €}| = 0.
We have now proven (8.5). .

We next establish a limit for (sN,,) ™ 2hp(x,), X € R.. We wish to show:

|R§imﬁZd| |(x 4+ AoRo) N Ag Ryl -~
No 7 dew(Ao)Re 0 <€ fe (8.7)

Using the bound ||RY | — |RY , NZ4| < C(:A)9=! from the Ry-boundary condition and noting
the limit in (8.6), we find: (; A{”) 4R , NZY — |(x + AgRo) N AoRo|, x € R.. By this and
(A7) /5Ny — (det(Ao)|Rol) ™!, (8.7) follows.

We can also establish: for each x € R., 7 =1 or 2,

Hgyj; Xn i Hzn(xn) p j
m] S BV Za]), E[N g | RO S BV ZP) (88)

where V'Z, is a normal N'(0,7?) random variable and so it follows E([V'Z,.]%) = (25 — 1)7%, j = 1,2.
The limits in (8.8) follow essentially from the Central Limit Theorem (CLT) of Bolthausen (1982), after
verifying that the CLT can be applied; see Nordman (2002) for more details.

Putting (8.5), (8.7), and (8.8) together, we have shown the (a.e.) convergence of the univariate func-
tions f.,(x) as in (8.4). For k € E,, and n > N,, Lemma 8.2 ensures: (sN,) 2|hn(k)| < C, implying
that for x € R |fen(x)| < Clixg[—c )2y for some ¢ > 0 by Assumption A.1. With this uniform bound
on fen(-) and the limits in (8.4), we can apply the LDCT to get

lim fen(x)dx

- +
e = Jge fe(x)dx, ec€E™. (8.9)
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Let {en}2_, C E* where ¢, | 0. Then, Rem C Ao[—l,l]d and lim,, s I{xeRE y I{xef%o} for
x #0 € RY, with Ry = {x € R": 0 < |(x + AgRo) N AgRo| < det(Ag)|Ro|}. Hence, by the LDCT,

x4+ AgR Ao Rol\ 2
BN B I e e e R e e IR CT)

From (8.1)-(8.3), (8.9)-(8.10) and (sA{"")?/sN,, — (det(Ao)|Ro|) !, we have that:

— . 1
limy, oo |sVn Cov an,an - fo(x)dx
e e 2 Qo0 i) = A TR e 0
< lim [,N, ZCOV Yozn,Yk )\(" / femmn(x ; fem (%) — fo(x)dx
keE det(A0)|R0| R’
1
+1m / Jem (X = det(Bg) Rol ]Rdffm(x)dx
1
< o+ len)]) + —— (%) = fo(x)d Lo
< C(e + [b(em)] )+det(A0)|R0| IRdfm(X) fo(x)dx| — 0 asey, 0
Finally,
1 27’4 |(y+Ro)ﬁR0|2

. fo(x)dx = dy,

det(Ao)|Ro| JIR |Rol JR? | Ro?

using a change of variables y = A, !x. This completes the proof of Theorem 8.1. O

For clarity of exposition, we will prove Theorem 3.1, parts (a) and (b), separately for the OL and NOL
subsample variance estimators.

8.1 Proof of Theorem 3.1(a)
For i € Jor, we use a Taylor’s expansion of H(-) (around j) to rewrite the statistic 6;,, = H(Z;,):

b = )+ Y calzin = +2 3 B2 [ 0D G+ (B — )

. 0
llalli=1 llallr=2

We also have: 6, = H(p) + |[Joo| ! ZieJOL Yin + |Jor] ™t Y ety Qin = H(p) + Y, + Qn. Then,

. 1 - ~. o
Prior = oln {|J0L| Z |J0L| Z Wi |JoL| 2 Yin@un = ¥ = @ = 201)(@u)]

icJo icJo icJor

We establish Theorem 3.1(a) in two parts by showing

N ‘ det(sA,,)
- n V2 ) = K, —257 90401 1
@ var(S 3 82,) = Ko SR e+ o),
N, det(sA,)
~2 . siVn Y-2 _ sQAn )
Vo) -var (17 3 )| = o ()
We will begin with proving (8.12)(a) above. For k € Z*, let o, (k) = Cov(Yg,,,Y;2,,). We write

e ) = 3 nWn + 5 509709) = Fin + W

icJor keZA\E,

(8.12)

(b)

22



By stationarity and Lemma 8.2, we bound: |o,(k)| < E(Yy,) < C(:N,n)7?, k € Z%. Using this
covariance bound, Lemmas 8.3-8.4, and |E,| < 3¢ det(sA,,):

(sNn)? |E, | Jn (k) (det(sAn))
onk) — Wi, < C- -max |1 — 8.13
Tol 2 70 = Win] < Coq e L= T dot(A,) (8.13)
Then applying Theorem 8.1 and Lemma 8.3,
N,)2 det (A,
(|J )I 3 oulk) = Ko-ﬁ-[%‘*](l—ko(l)). (8.14)
OL kEEn n

By (8.13)-(8.14), we need only show that Wa, = o (det(;A,)/ det(Ay)) to finish the proof of (8.12)(a).
For i € 7%, denote a set of lattice points within a translated rectangular region:

Fin = (i+T10 (= [AT)/2 [X01/2]) 2,

where [-] represents the “ceiling” function. Note that for k = (ki,...,kq)" € Z%\ E,, there exists
j € {1,...,d} such that |k;| > /\(") implying dis(Ro,, N Z4, Rk, NZY) > dis(Fon, Fxn) > 1. Hence,
sequentlally using Lemmas 8.1-8. 2 we may bound the covariances o,(k), k € Z?\ E,, with the mixing
coefficient «(-,-):

. 2r/(2r+46)
loa(k)| < 8[E(YgrTo/m

B

S C(an)_Qa(diS(FO,na Fk,n)y an)(S/(Qr-&-é).

a(dis(Ro., N Z?, Ry, N Z%), (N,)%/ 279

From the above bound and J,,(k)/|Jo.| < 1, k € Z4, we have

ClJor|™ 12 <ZC .7, n)) n)ﬁ/(2r+6)’ (8.15)

Cajny = Hl e 7% dis(Fo,n, Fi,n) = ¢ = inf{|v; —w;| : v € Fon,W € F,n}H

|W2n|

IN

The function C(, ;) counts the number of translated rectangles F; , that lie a distance of x € Z from
the rectangle Fgp ,, where this distance is realized in the jth coordinate direction for j = 1,...,d. For
iceZ% x>1andj€ {1,...,d}, if dis(Fon, Fin) = ¢ = inf{|v; —wj| : v € Fon,w € F,}, then
i = [S/\;")] + x — 1 with the remaining components of i, namely i,, for m € {1...d}\ {j}, constrained
by |im| < sAS) + 2. We use this observation to further bound the right hand side of (8.15) by:

o0

d d
ol (30 T 36A5 +2) )l Na)¥/ @)

z=1 j=1m=1,j#m

d o0

det . .
- |J | Z sAmin) j[zx] b+ Z ! 1[041(517)9(an)]6/(2 +6)}
or j=1 z=fn+1
1/evdkd/(2r+8) oo
C ) det(SAn) |: dé {Zn/ } Z xzrd—d—lal ($)5/(2r+6):| -0 (det(sAn))
- [Jorl Lo . det(A,,)

using Assumptions A.1, A.3, Condition M,, and ¢,, = o(sA'%,). This completes the proof of (8.12)(a).
To establish (8.12)(b), first note that

5 o)< (S ) (e e v (i £ )

Var .)— Var
( TLO ) (|JOL|
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where Ay, = Var(y;N,Y?), Asp, = Var(|Jor| tsNn ZieJoL ; n) Azp = Var(sN,Q2), Ay, =
Var(|JOL |_13Nn ZieJOL ﬁinm), Asp = Var(anYnQn)-

By (8.12)(a), it suffices to show that A;, = o(det(;A,)/ det(A,)) for each j = 1,...,5. We handle
only two terms for illustration: Ay, A4n.

Consider Ay,. Fors € R, NZ%, let w(s) = [2%det(,A,)] " {i € Jor : s € i+ ;A,Rp}| so that
0 < w(s) < 1. By Condition M, and Theorem 3, Doukhan (1994, p.31) (similar to Lemma 8.2),

Say _ (20 det(An))! / ! (Nn)?(det(sAn))*
Aln S E(Yn) = mE({SeRz;ZdW(S)V (Z(S) —[J,):I ) S C- |JOL|4(SNn)2 . (816)

Then A1, = o(det(sA,)/ det(A,)) follows from Lemma 8.3.
To handle A4y, write o1,(k) = Cov(Yo,nQo.n, Ye.n@x.n), k € Z%. Then,

- Y A9 < (S o001+ 3 lounli9]) = Aun(B) + Aun (B

kezd keE, keZNE,

A4n =

IJOLIZ

For k € E,, note |o1,(k)| < C(sNy,) ™2 using |Y0.,Qo.n| < CllZon — pllP(1 + || Zon — pl|*) (from
Condition D) with Lemmas 8.1-8.2. From this bound, Lemma 8.3, and |E,| < 3%det(,A,), we find
Aun(E,) = o(det(sA,,)/ det(A,,)). We next bound the covariances o1, (k), k € Z%\ E,,

2r/(2r+6)

|o1n (k)| a(dis(Ro,, N Zd’ Rk N Zd), an)a/(2r+5)

IN

[ (lYO nQO nl (2r+3) /T)
C(an)_ Oé(diS(Fg’n’ Fk,n), SNn)(S/(Qr—i-(S)

IN

by the stationarity of the random field Z(-) and Lemmas 8.1-8.2. Using this inequality and repeating
the same steps used to majorize ‘Wa,’ from the proof of (8.12)(a) (see (8.15)), we have Ay, (FES) =
o(det(sAy,)/ det(Ay)). The proof of Theorem 3.1(a) is finished. O

8.2 Proof of Theorem 3.1(b)

To simplify the counting arguments, we assume here that ;A, € Z., implying (Nj,, = sNp, 1 € 7% The
more general case, in which the NOL subregions may differ in the number of sampling sites, is treated in
Nordman (2002).

For each NOL subregion Rim, we denote the corresponding sample mean Zim = (sNin) ! Zsef%; hzd Z(s).
The subsample evaluations of the statistic of interest, éim, i€ Jyor, can be expressed through a Taylor’s
expansion of H(-) around p, substituting Zi ,, for Zi ,, in (8.11): 61, = H(Zin) = H(p) + Yip + Qin

We will complete the proof of Theorem 3.1(b) in two parts by showing

@ Var( Mo g ﬁ?n)zw.p#](uo(m,

[Tvorl 5~ det(An)|Bol (817)
N N det(sAy) .
5 n V2 — ——smml )
(b) Var( Th, NOL) Var(|JNOL| ler:o 1,n) ‘ 0 (det(An) )

We will begin with showing (8.17)(a). For k € Z*, let Ju(k) = {i € Jyor :i+k € Jyo,} and 6, (k) =
Cov(Yp,n, Yk,). Then we may express the variance:

~c s n2
(2 3 ) = (S donw s 3 wm09 ¢ e o)
| NOL| ieJnor | NOL|

O<||k||oo<1 IIkIIoo>1

Uin + Usp + |Jvor] " (sN»)?5,(0). (8.18)

We first prove Us,, = o(|Jyor|!), noting that det(sA,,)/ det(A,) = O(|Jyor| ™) from Lemma 8.3.
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When k = (ki, ..., k)" € Z% ||kl > 1, then for some 1 < my < d:

dis(RO,n n Zd7 Rk,n N Zd) > dis (sAn[_l/2 1/2]d7 sAn(k + [_1/27 1/2]d))

jmax, (ki1 = DA = ([, | = DsAin -

If j € {1...d},j # my, we have [k;] < (A7) 7' (|km, | — 1)sAG), + 1. Note also if k € Z9, [[k[|o > 1, then
|6(k)| < C(sNn) 2e((|km,| — 1)sAG) , sNy) by Lemmas 8.1- 8.2. Hence, we have

me?’ S
C 00 d d
Ul € i | A T (A4 ) a3,
or j=1 i=1,ij
C [o%e] /\max d—1
= T |Z‘Ed1( Am) A(AEL 2, N, )P CrH)
OFl =1 min
Kkd/(2r+4
< C {det(sAn)} /(2r+3) Z( A(n)x)sz d— 1 (/\(n) x)d/(2r+§) -0 1
>~ |JNOL| (s)\f::i)n)Qrd—d—l = min min |JNOL| 9

by Assumptions A.1, A.3 and Condition M,..
We now show that Uy, = o(|Jyor| ). For k € Z4 0 < ||k||oo < 1, define the trimmed set:

, {x e R :1/2- AP < <1/2- A0 + £} if k=1,
Ti,=9{ {xeR":-1/2- A" — £, <z; < —1/2- A} if by = —1,
%] if k’j =0,
for each coordinate direction j = 1,...,d. Let Tk, = U?:1le,n- We decompose the sum: (N, Vi, =

S(Rien \ Tien) + E(Ricn N Tien) = Sien + Si - Then, U = 0(|yor| 1) follows from (1)-(4) below:
e o~ - - - 1/3

(1) |E(VE,SknSt)] < [E(YOGm)EuSk,n|3)E(|S;;n|3)] = (1), using Lemma 8.2 and

~ d ~ . d

|Raen NTaen NZY <Y R N T, N2 < £ det(s80) Y (M)

j=1 j=1
(2) Likewise, E(Yg,5:2,) < [E(Yg,)E(SEA )2 = o(1).
. .. .. L q1/2 .
(3) LN2B(2,) = (M) TE(S},)] < 4(Na) " max { [B(SEDES2)] T E(S2) | = o(D).
) |Cov(1~/'02n, S? 2| < Cally, s N,)3/r+9) = (1) by applying Lemmas 8.1-8.2, Assumption A.3, and

(4
Condition M, with dlS(Rk 0 NZ4N\ Ty s sBn N 74 > ¢,.
Since 6, (0) = Var(Yg,), the remaining quantity in (8.18) can be expressed as

(Nu)?
on(0
om0 = |JNOL|

by applying the CLT (as in (8.8)) and Lemma 8.3. We have now established (8.17)(a).
We omit the proof of (8.17)(b), which resembles the one establishing (8.12)(b) and incorporates argu-
ments used to bound Uy, Usy; Nordman (2002) provides more details. O

det(A,,)
det(A,,)|Rol

Var([V’Zm]z)(l +o(1) = [274(1 + o(1))

9 Proofs for bias expansions

We will use the following lemma concerning 72 = NnVar(gn) to prove the theorems pertaining to bias

expansions of 7, and 72

TLOL n,NOL"*
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Lemma 9.1 Under the Assumptions and Conditions of Theorem 3.1,
2 _ .2 —1/2
2= 4 O([det(An)] )

Proof: By a Taylor’s expansion around p: 6, = H(Zn,) = H(u) + Yn, + Qn, (veplacing Zy, for Zi , in
(8.11)) and so N,Var(d,) = N,Var(Yx, + Qn,). For k € Z¢ let Ny(k) = |{i€¢ R, NZ?:i+k € R,}|.
It holds that N, (k) < N,, and

N, No(k) +{i€c 2T T'NR, # &, T'NRS # &; T' =i+ ||kl|oo][-1, 1]}

<
< Na() + ORI (), 0.1)
by the boundary condition on Ry. Also, by Lemma 8.1 and stationarity, for each k # 0 € Z%

lo(k)] < Car(l[kllo) ), ke’ (9.2)
Using |[{k € Z?: ||k||oo = x}| < C2?~1, > 1, the covariances are absolutely summable over Z%:

Z lo(k)| < |o(0 |+C2xd Yoy (2)/Cr+9) < oo, (9.3)

kez?

From (9.1)-(9.3), we find

N,Var(Yy,) = — Z Ny ( = 7% + I; (9.4)
" kezd
1In| < —ZIN = Nu(k)| - |o (k)|
" kezd
max z:l 1
S A £L’2d 1 5/ 2r44) _ =0 ([det( )] 1/d> . (95)

By Condition D and Lemma 8.2, it follows that N, Var(Qy,) = O([det(A,)]™1).
Finally, with bounds on the variance of Yy, and Q. , we apply the Cauchy-Schwartz 1nequahty to the

covariance: N,|Cov(Ya,,Qn, )| = O([det(A,)]1/2), setting the order on the difference | N, Var(,,) — 72|.
O

We give a few lemmas which help compute the bias of the estimators 7 ,, and 772 ., .

Lemma 9.2 Let Vi, = (;Ni,) ! Yeczini, V' (Z(s) — p), i € Z. Suppose Assumptions A.1 - A5 and
Conditions Do and Msy, hold with d > 2. Then,

E(72,,) — sNonE(YE,)

| o O =0 (et A7) + o ([det(An) ).

E( ﬁ,,NOL) - |JNOL|_1 ZigJNOL sNi,nE(Yi,Zn)

Proof: We consider here only E(77 ). For integer ,A,, the arguments for E(77 ,,,) are essentially the
same; more details are provided in Nordman (2002).
By stationarity and an algebraic expansion:

E(%rzl,OL) = an I:E(Yoz,n) + E(Q?),n) + 2E(YO,nQO,n) - E(Yi) - E(Q%) - QE(YnQn) '
With the moment arguments based on Lemma 8.2 and Condition D,, we have

NnB(Y5,) C oNaE(Y) < CNa(No) ™, oNaE(Q] ), sNaE(Q7) <C(Nu) ™!, (9.6)
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where bound on ¢N,E(Y,?) follows from (8.16). By Holder’s inequality and Assumption A.2:
B(72 0,) = oNaB(YS,) + O((:Na) ™) + O (N (M) ™).

Note that E(an) = E(f{in), sNpn = sNo.,. Hence, applying Lemma 8.3 and Assumption A.2, we establish
Lemma 9.2 for 7 Tn o 4

The next lemma provides a small refinement to Lemma 9.2 made possible when the function H(:) is
smoother. We shall make use of this lemma in bias expansions of 7, and 72 in lower sampling

TL oL n,NOL
dimensions, namely d = 1 or 2.

Lemma 9.3 Assume d =1 or 2. In addition to Assumptions A.1 - A.5, suppose that Conditions D3 and
Msy, hold. Then,

E(72,,) — sNonB(F2,) O([det(,A)] ) ifd=1,

E(i—rzz NOL) |JNOL|71 ZiEJNOL SN‘ME(Y/;,Zn) 0([det(sAn)]7l/2> Zf d=2.

Proof: We again consider only 7, n o For i € Jo,,, we use a third-order Taylor’s expansion of each
subsample statistic around pu: Gw =H(u) + Yip + Qipn + Cip, where Y; , = V'(Zi,, — p);

1
Co a Ca a p [e%
Gn= Y D=0 Ca =3 Y Bl [ (=P DO+ o(Zi — )i
. 0

llalli=2 llall1=3

Here C},;, denotes the remainder term in the Taylor’s expansion and @, is defined a little differently.
Write the sample means for the Taylor terms: Yy, @, as before, C, = [Jor|™" ¥ ;) . Cin. The mo-
ment inequalities in (9.6) are still valid and, by Lemma 8.2 and Condition D, we can produce bounds:
sNaE(C§ ), sNnE(C2) < C(,N,) 2. By Holder’s inequality and the scaling conditions from Assumptions
A.1-A.2, we then have

O ([det(sA,)] 1) ifd=1,

E(72or) = oNa[B(E,) + 2E<Y0mQ°7”)] ' { o([det(An)) /%) ifd =2,

Since ;N E(Yg,,) = sNomE(Y ,), Lemma 9.3 for 7, will follow by showing

TLOL

anE(YO,nQO n N Z Cza] kE[ ,0,n — )(Zj,O,n - ,u’)(Zk,O,n - u)] = O ([det(SAn)]_l) ) (97)
t,5,k=1

where Zo n, = (Z1,0n,---5Zpo,n) € RP is a vector of coordinate sample means; ¢; = OH (u)/0x;; ajp =
1/2-0%H (u)/0z ;0.
Denote the observation Z(s) = (Zl( )s ey Zp(s)) € ]Rd s € Z. Fixi,j,k € {1,...,p} and WLOG

assume [ — 0. Then, SN |E 1,0,n ] 0, nZk 0, n | | (Zl( )Z]( )Zk( )) + L”k ”k| where
Lyt = (N7 Y E[Ziwz (v)zk<w>},
u,v,zifi:,mn,
LEE = (NP Y B[22 () Z(v) + Zi(w) Z5(v) 2k (w) + Zi(v) 25 (w) Z ().

u,veZiNs Ry,
u#v

By Lemma 8.1, Assumption A.3, and Condition M,.,

|szk Jff Zxdila(x, 1)5/(2r+6) =0 ([det(sAn)]il) ’
" op=1
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similar to (9.3). For y1,y2,ys € ]Rd, define diss({y1,¥2,¥3}) = maxi<;<z dis({y:}, {¥1,¥2,¥y3}\{y:}). If
x>1¢€Zy, then |{(y1,y2) € (Z9? : dis3({y1,y2,0}) = z}| < C2??~! from Theorem 4.1, Lahiri (1999a).
Thus,
. C & ‘
Lk <~ 224 T a(z,2) ) = O ([det(;A,)] 1) .
|1n|_anZ (z,2) ([det(sAn)] )

z=1

This establishes (9.7), completing the proof of Lemma 9.3 for 7 ,,. O

We use the next lemma in the proof of Theorem 4.2. It allows us to approximate lattice point counts
with Lebesgue volumes, in IR? or IR?, to a sufficient degree of accuracy.

Lemma 9.4 Letd = 2,3 and Ry C (—1/2,1/2]¢ such that B° C Ry C B for a convex set B. Let {b,}%,

be a sequence of positive real numbers such that b, — co. Ifk € 74, then there exists Ny € 7 and Cq > 0
such that for n > Ny, i € Z4,

‘(|bnR0| —1Z by (i R0)|) - (|bnR0 Ak + by Ro| — |Z% N by (i + Ro) Nk + (i + R0)|)‘
Ca|klI3, ifd=2
Collkllt, (8" + &nbl)  ifd=3,
where {€x 122, C IR is a nonnegative sequence (possibly dependent on k) such that &, — 0.
Proof: Provided in Nordman and Lahiri (2002). O
To establish Lemma 4.1, we require some additional notation. For i,k € Z%, let sNj,(k) = |Z¢ N
]:Zi,n ﬁk+Ri7n| denote the number of sampling sites (lattice points) in the intersection of a NOL subregion

with its k-translate. Note ;Nj (k) is a subsample version of N, (k) from (9.1).

Proof of Lemma 4.1: We start with bounds:

sup |3Nn - sNi,n| S C(s)\zmx)d_la (98)
i€z
sNin = sNin(k)| < i €27 TN R, # &, TN R, # 95 T = j + ||kl [-2, 2]}

< ClIKIL (AR (9.9)

by the boundary condition on Ry (cf. Lemma 8.3) and infjezq ||sAni — jlloo < 1/2.

Modify (9.4) by replacing N, N, (k), Y, with ¢Ni . sNin(k),Yip = V' (Zi — p) (ie., use a NOL
subsample version in place of the sample one); and replace Ny, Ap, A2 with the subsample analogs
sNin, s, A2 in (9.5). We then find using (9.3): for each i € Z9,

~ . 1
sNi,nE(Yifn) - = - Z (sNin(k) = sNig)o(k) = slin, (9.10)
570 yezad
1
su in,n S su sNi,n k _sNi,n -lo(k
swp L fial < s { e 3 N () = Vi o)1}

Ln kEZd

< _ (s)\’;ax):i _ ixzd—lal(x)é/(2r+5) =0 <[det(SAn)]_1/d) , o (9.11)
an - C(s)‘n ) z=1

from (9.8)-(9.9) and Assumption A.1. Now applying Lemma 9.1 and Assumption A.2 with Lemma 9.2 for
d > 2 or Lemma 9.3 for d = 1, Lemma 4.1 follows. O
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Proof of Theorem 4.1: Here ;N ,, = sNp, sNin(k) = Cr(k), E(Y,n) = E(Yg’n) for each i,k € Z< (since
sAn € Z4) and det(,A,) = AL, Applying Lemma 9.2 for d > 3 and Lemma 9.3 for d = 2, Lemma 9.1,
Assumption A.2, and (9.11):

sNp — Cn(k) SA%|R0|
A sNn

B(2) 72 = ﬁ;' S gu(K) + (AL, galk) = o(K).

keZd

From (9.11) and Lemma 8.3, it follows that 3, ;. lgn(k)| < C, n € Zy and that g,(k) = C(k)o(k) for
k € Z%. By the LDCT, the proof of Theorem 4.1 is complete. (]

To establish Theorem 4.2, we require some additional notation. For i,k € Z? denote the difference
between two Lebesgue volume-for-lattice-point-count approximations as:

Din() = (1Binl = Nin ) = (1Fin W+ Bl = Niin 0)]) = (B =Nin ) = (1o et B = Nin (1)1

Proof of Theorem 4.2: We handle here the cases d = 2 or 3. Details on the proof for d = 1 are given in

Nordman (2002). We note first that if V (k) exists for each k € Z%, then Lemma 9.4 implies C(k) = V (k).
Consider 77 |, . Applying Lemma 9.2 for d = 3, and Lemma 9.3 for d = 2, with (9.8), (9.10), and

(9.11) gives

sNi,n

|5 B

E(ﬁ%,NOL)_Ti = |JNOL|71 Z in7n + 0(8)‘1;1)'

ieJnorL

Then, using (9.3), we can arrange terms to write

_ sNin Gn(k) Din(k) - o(k)
JIyor ! ~slin = ¥y + ; Gn(k) = ; >
rosl ™ 2 |sRn|*" kgd sAn| ol (9= 2 An | Ivor |

icJyor icJnor

for ¥, = = > czalsBal M (|sBn| — |sRn Nk + (Ry|)o(k). Since Ry is convex, the boundary condition is
valid and it holds that for all i,k € Z%

Nin(K) = [oRa kN Ral| < CLAZY,

(Bl = B (K + Rl | < IR (AT (912)

from Lemma 8.3 and (9.9). Then (9.3), Lemma 9.4, and (9.12) give: > ,.|Gn(k)| < C, n € Z4;
Gn(k) = 0 for k € Z% and A\, ¥, = O(1). By the LDCT, we establish

Gn (k)
An|Ro|

= 0(A")s B wor) —Th = Tu(l+0(1)),
kezd ®

representing the formulation of Theorem 4.2 in terms of ¥,,. If V (k) exists for each k € Z?, then (9.3)
and (9.12) imply that we can use the LDCT again to produce
-1
v, = 4( > V(k)a(k)) (14 o(1)). (9.13)
s)\n|R0|

keZ4

The proof of Theorem 4.2 for 72 ., is now finished.

Consider 7.2 ,, . We can repeat the same steps as above to find

G (k)

_ Dou(k) - (k)
ol Rol '

E(7l o) —Tn = ¥y + N1
s\n

o (A1), Gy (k)

kezd ®

The same arguments for G,, apply to G and (9.13) remains valid when each V (k) exists, k € Z9, es-
tablishing Theorem 4.2 for 72 Note as well that if V (k) exists for each k € Z%, then Lemma 9.4 and

,OL"
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Lemma, 4.1 also imply the second formulation of the bias in Theorem 4.2. O

Proof of Theorem 5.1: Follows from Theorems 3.1 and 4.1 and simple arguments from Calculus in-
volving minimization of a smooth function of a real variable. .

Proof of Theorem 6.1: We develop some tools to facilitate the counting arguments required for expand-
ing the biases of #2 _ and 72 We first define a count for the number of Z¢ lattice points lying in a

n,0L n,NOL"
“face” of a d-dimensional rectangle. For a rectangle T, where H’;:l(cj, é)cTcC H‘;:l[cj, i), ¢j, ¢ € R,
define the “border” point set: B{T} = U?:1 {s=1(s1,...,80) €Z°NT: sj € {c;,¢;}}. Withk € Z%, it
can be shown that there exists Ny € Z such that: for n > Ny,

B{s)\n(i—l-R_o)}‘—‘B{s)\n(i+R_o)ﬁk+s)\n(i+R_0)} < 32D |K[| o A2, iezd (9.14)

See Nordman (2002) for more details.
Fix k # 0 € Z? and assume minj<j<qsAnf; > 3 + ||k|lc. We then write, for i € Z% (Ni, =
P5,i,n - P4,i,n + PS,i,na sNi,n(k) = PG,i,n - P?,i,n + P8,i,n7 and

|Din(k)| = (P2j—1in — P2jin)

1

?

J

Prin = H?:l sAnlj, Pain = Hj:1(s)‘n£j = ki]), Pain = |B{sAn(i+ Ro)}, Pain = [B{s n(i +R_0)}|,
Psin = TTj_1 lsAn(ij +€;(=1/2,1/2]) = t; N Z], Posn = T5y (IsAnlis + €5(-1/2,1/2]) = t; N Z] — [k;]),
P7,i,n = |B{5An(i + RO) Nk + s/\n(i + RO)}|7 P8,i,n = |B{5An(i + RO) Nk + s/\n(i + RO)}|

We show now that, for k # 0, there exists C > 0, Ny € Z, such that: n > Ny,

4

4
Din®)] = | Y (Prjotin = Prjin)

j=1

< Ol A2, iezd (9.15)

By (9.14), for large n > Ny, we have that 0 < (Psin — Psin) < (Prin — Prin) < Cllk[|oosA2 2. Note
that: || An(i +€;[—1/2,1/2]) —t; NZ| — Anl;| <3 fori € Z,j € {1,...,d}. Hence,

|(Prin — Psin) — (P2in — Poin)l

< > KR TT shnts = T Ishalis + 451-1/2,1/2)) = t; NZ]| < ClIKIIS AT,
d},

AcC{1,..., icA icA
1<|Al<d I€ I€

J

which holds uniformly in i € Z9. With these bounds, we have (9.15).
Applying (9.15) in place of Lemma 9.4, the same proof for Theorem 4.2 establishes Theorem 6.1. O
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