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Devwudfw

Wklv sdshu lqwhjudwhv d qxpehu ri uhfhqw wkhphv lq wkh olwhudwxuh rq edqn0
lqj dqg dvvhw pdunhwv9rswlpdo ulvn vkdulqj/ olplwhg pdunhw sduwlflsdwlrq/
dvvhw0sulfh yrodwlolw|/ pdunhw oltxlglw|/ dqg ?qdqfldo fulvhv9lq d jhqhudo0
htxloleulxp wkhru| ri wkh ?qdqfldo v|vwhp1 D frpsoh{ ?qdqfldo v|vwhp frp0
sulvhv erwk ?qdqfldo pdunhwv ?qdqfldo lqvwlwxwlrqv1 Ilqdqfldo lqvwlwxwlrqv
fdq wdnh wkh irup ri lqwhuphgldulhv ru edqnv1 Edqnv/ xqolnh lqwhuphgldulhv/
duh vxemhfw wr uxqv/ exw fulvhv gr qrw lpso| pdunhw idloxuh1 Zh vkrz wkdw
d vrsklvwlfdwhg ?qdqfldo v|vwhp9d v|vwhp zlwk frpsohwh pdunhwv iru dj0
juhjdwh ulvn dqg olplwhg pdunhw sduwlflsdwlrq9lv lqfhqwlyh0h!flhqw/ li wkh
lqvwlwxwlrqv wdnh wkh irup ri lqwhuphgldulhv/ ru hovh frqvwudlqhg0h!flhqw/ li
wkh| wdnh wkh irup ri edqnv1 Zh dovr frqvlghu dq hfrqrp| lq zklfk wkh
pdunhwv iru djjuhjdwh ulvnv duh lqfrpsohwh1 Lq wklv frqwh{w/ wkhuh lv d uroh
iru suxghqwldo uhjxodwlrq= uhjxodwlqj oltxlglw| fdq lpsuryh zhoiduh1



4 Pdunhwv/ lqwhuphgldulhv dqg fulvhv
Ilqdqfldo fulvhv lq Vrxwkhdvw Dvld/ Uxvvld/ dqg hovhzkhuh kdyh uhylyhg lqwhu0
hvw lq wkh wkhru| ri ?qdqfldo fulvhv1 Wr xqghuvwdqg wkh ruljlqv ri ?qdqfldo
fulvhv/ zh qhhg wr vwxg| frpsoh{/ ghfhqwudol}hg/ ?qdqfldo v|vwhpv frpsulv0
lqj erwk ?qdqfldo pdunhwv dqg ?qdqfldo lqvwlwxwlrqv14 Iru wkh prvw sduw/
?uvw0jhqhudwlrq prghov ri ?qdqfldo fulvhv/ ehjlqqlqj zlwk Eu|dqw +4<;3, dqg
Gldprqg dqg G|eylj +4<;6,/ dqdo|}h wkh ehkdylru ri d vlqjoh uhsuhvhqwdwlyh
edqn/ duh sduwldo htxloleulxp lq qdwxuh/ dqg frqvlvw ri d frqwudfwlqj sureohp
iroorzhg e| d frruglqdwlrq sureohp15 Zh kdyh wzr remhfwlyhv lq wklv sdshu=

î wr ghyhors d prgho ri d frpsoh{ ?qdqfldo v|vwhp lq zklfk wkhuh lv d
uroh iru erwk ?qdqfldo lqvwlwxwlrqv dqg ?qdqfldo pdunhwv>

î dqg wr surylgh d plfurhfrqrplf zhoiduh dqdo|vlv ri ?qdqfldo fulvhv dqg
rswlpdo vwdelol}dwlrq srolf|1

Zh frpelqh uhfhqw ghyhorsphqwv lq wkh wkhru| ri edqnlqj zlwk ixuwkhu
lqqrydwlrqv wr prgho d frpsoh{ ?qdqfldo v|vwhp1 Wkh prgho kdv vhyhudo
lqwhuhvwlqj ihdwxuhv1

4Lq wklv sdshu zh xvh wkh whup 3?qdqfldo pdunhwv4 qduurzo| wr ghqrwh pdunhwv iru
vhfxulwlhv1 Rwkhu dxwkruv kdyh doorzhg iru pdunhwv lq zklfk phfkdqlvpv duh wudghg +h1j1/
Elvlq dqg Jrwwdugl +5333,,1 Zh suhihu wr fdoo wklv lqwhuphgldwlrq1 Irupdoo|/ wkh wzr
dfwlylwlhv duh vlplodu/ exw lq sudfwlfh wkh hfrqrplf lqvwlwxwlrqv duh txlwh gl>huhqw1

5Iluvw jhqhudwlrq prghov ri ?qdqfldo fulvhv zhuh ghyhorshg lq wkh 4<;3v/ ehjlqqlqj
zlwk vhplqdo zrun rq edqn uxqv e| Eu|dqw +4<;3, dqg Gldprqg dqg G|eylj +4<;6,1
Lpsruwdqw frqwulexwlrqv zhuh dovr pdgh e| Fkdul dqg Mdjdqqdwkdq +4<;;,/ Fkdul +4<;<,/
Fkdps/ Vplwk/ dqg Zlooldpvrq +4<<9,/ Mdfnolq +4<;9,/ Mdfnolq dqg Ekdwwdfkdu|d +4<;;,/
Srvwohzdlwh dqg Ylyhv +4<;9,/ Zdoodfh +4<;;> 4<<3, dqg rwkhuv1 Wkhruhwlfdo uhvhdufk rq
vshfxodwlyh fxuuhqf| dwwdfnv/ edqnlqj sdqlfv/ wkh uroh ri oltxlglw| dqg frqwdjlrq kdyh
wdnhq d qxpehu ri dssurdfkhv1 Rqh lv exlow rq wkh irxqgdwlrqv surylghg e| hduo| uhvhdufk
rq edqn uxqv +h1j1/ Gldprqg +4<<:,/ Doohq dqg Jdoh +4<<;> 4<<<> 5333d> 5333e,/ Fkdqj
dqg Yhodvfr +4<<;d> 4<<;e,,/ Gldprqg dqg Udmdq +5333, dqg Shfn dqg Vkhoo +4<<<,,1
Rwkhu dssurdfkhv lqfoxgh wkrvh edvhg rq pdfurhfrqrplf prghov ri fxuuhqf| fulvhv wkdw
ghyhorshg iurp wkh lqvljkwv ri Nuxjpdq +4<:<,/ Revwihog +4<;9, dqg Fdoyr +4<;;, +vhh/
h1j1/ Fruvhwwl/ Shvhqwl/ dqg Urxelql +4<<<, iru d uhfhqw frqwulexwlrq dqg Iorrg dqg Pdulrq
+4<<<, iru d vxuyh|,/ jdph wkhruhwlf prghov +vhh Pruulv dqg Vklq +4<<;,/ Pruulv +5333,
dqg Pruulv dqg Vklq +5333, iru dq ryhuylhz,/ dpsol?fdwlrq phfkdqlvpv +h1j1/ Froh dqg
Nhkrh +4<<8, dqg Fkdul dqg Nhkrh +5333, , dqg wkh eruurzlqj ri iruhljq fxuuhqf| e|
?upv +h1j1/ Djklrq/ Edffkhwwd dqg Edqhumhh +5333,,1
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î Lw lqwurgxfhv lqvwlwxwlrqv lqwr d jhqhudo0htxloleulxp wkhru| ri pdunhwv1
Mxvw dv jhqhudo0htxloleulxp wkhru| whqgv wr ljqruh ?qdqfldo lqvwlwxwlrqv/
wkh wkhru| ri edqnlqj odujho| ljqruhv pdunhwv1 Lq rughu wr xqghuvwdqg
wkh rshudwlrq ri frpsoh{/ ghfhqwudol}hg/ ?qdqfldo v|vwhpv zh qhhg wr
lqwhjudwh wkh wkhru| ri edqnlqj zlwk wkh wkhru| ri dvvhw pdunhwv1

î Lw hqgrjhql}hv wkh frvw ri oltxlgdwlrq1 Prvw ri wkh olwhudwxuh/ iroorzlqj
Gldprqg dqg G|eylj +4<;6,/ dvvxphv wkh h{lvwhqfh ri d whfkqrorj|
iru oltxlgdwlqj surmhfwv1 Khuh zh dvvxph wkdw d ?qdqfldoo| glvwuhvvhg
lqvwlwxwlrq vhoov dvvhwv wr rwkhu lqvwlwxwlrqv1 Wklv uhdolvwlf ihdwxuh ri
wkh prgho kdv lpsruwdqw lpsolfdwlrqv iru zhoiduh dqdo|vlv1 H{ srvw/
oltxlgdwlrq grhv qrw hqwdlo d ghdgzhljkw frvw ehfdxvh dvvhwv duh phuho|
wudqvihuuhg iurp rqh rzqhu wr dqrwkhu1 H{ dqwh/ oltxlgdwlrq fdq uhvxow
lq lqh!flhqw ulvn vkdulqj/ exw rqo| li pdunhwv iru khgjlqj wkh ulvn duh
lqfrpsohwh1

î Lw doorzv iru d pruh jhqhudo vshfl?fdwlrq ri wkh hfrqrplf hqylurqphqw/
wkxv doorzlqj xv wr whvw wkh urexvwqhvv ri uhvxowv rewdlqhg xvlqj wkh
pruh vshfldol}hg prghov ri wkh edqnlqj olwhudwxuh1 Lq sduwlfxodu/ lw
doorzv xv wr whvw urexvwqhvv wr wkh lqwurgxfwlrq ri ?qdqfldo pdunhwv1

î Lw doorzv iru lqwhudfwlrq ehwzhhq oltxlglw| dqg dvvhw sulflqj1 Lq sdu0
wlfxodu/ wkhuh lv d uroh iru fdvk0lq0wkh0pdunhw sulflqj +Doohq dqg Jdoh/
4<<7,1 Wkh dvvhw pdunhw lv frpsulvhg ri ?qdqfldo lqvwlwxwlrqv dqg wkhlu
sruwirolr fkrlfhv froohfwlyho| ghwhuplqh krz pxfk oltxlglw| lv dydlodeoh
lq wkh pdunhw1 Iru wkh lqglylgxdo lqvwlwxwlrq/ krzhyhu/ wkh pdunhw lv
d vrxufh ri oltxlglw|/ ehfdxvh wkh lqvwlwxwlrq fdq oltxlgdwh orqj0whup
dvvhwv e| vhoolqj wkhp wr wkh pdunhw1

î Lw doorzv xv wr dqdo|}h wkh uhjxodwlrq ri wkh ?qdqfldo v|vwhp xvlqj wkh
vwdqgdug wrrov ri zhoiduh hfrqrplfv1 Lqvwhdg ri dvnlqj krz wkh fhqwudo
edqn fdq dfklhyh vwdelolw| ru frqwuro lqwhuhvw udwhv/ zklfk lqgluhfwo| di0
ihfw zhoiduh/ zh gluhfwo| dqdo|}h krz wkh srolf| dfklhyhv plfurhfrqrplf
h!flhqf| ru lpsdfwv vrfldo zhoiduh1

î Lw kdv lpsruwdqw lpsolfdwlrqv iru wkh srvlwlyh dqdo|vlv ri wkh ?qdqfldo
v|vwhp/ h1j1/ wkh uroh ri 3pl{hg4 htxloleuld lq zklfk lghqwlfdo edqnv
fkrrvh yhu| gl>huhqw ulvn vwudwhjlhv1
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Iru d orqj wlph hfrqrplf wklqnlqj rq fulvhv kdv wdnhq lw dv d{lrpdwlf
wkdw fulvhv duh ehvw dyrlghg1 Uhfhqwo|/ wkhuh kdv ehhq vrph uh0wklqnlqj ri
wklv d{lrp1 Wklv qhz wklqnlqj pd| eh frpsduhg wr wkh 3idlo vdih4 sulqflsoh
lq dxwrpreloh ghvljq1 Vlqfh zh nqrz wkdw dfflghqwv zloo kdsshq/ zh ghvljq
fduv vr wkdw wkh| fuxpsoh hyhqo|/ suhyhqwlqj vhfrqgdu| froolvlrqv wkdw duh
riwhq pruh gdpdjlqj wr wkh rffxsdqwv wkdq wkh lqlwldo froolvlrq1 Zrxogq*w
lw eh ehwwhu wr ghvljq rxu ?qdqfldo v|vwhpv wr eh 3idlo vdih4/ vr wkdw li dq
3dfflghqw4 kdsshqv lw grhvq*w fdxvh xqqhfhvvdu| kdyrfB Zh kdyh dujxhg lq
d qxpehu ri sodfhv wkdw wkh zhoiduh frvw ri ?qdqfldo fulvhv lv dvvrfldwhg zlwk
lqh!flhqw oltxlgdwlrq ri dvvhwv dqg vxerswlpdo ulvn vkdulqj/ dqg qrw zlwk
fulvhv shu vh +h1j1/ Doohq dqg Jdoh/ 4<<;,1 Khoozlj +4<<7, pdnhv d vlplodu
srlqw zkhq dujxlqj wkdw qrq0frqwlqjhqw ghsrvlw frqwudfwv plvdoorfdwh ulvn
dfurvv gl>huhqw fodvvhv ri ghsrvlwruv1

Dqrwkhu frvw ri jryhuqphqw lqwhuyhqwlrq lv wkh glvwruwlrq lw fdxvhv wr wkh
qrupdo ixqfwlrqlqj ri wkh ?qdqfldo v|vwhp1 Ilqdqfldo lqvwlwxwlrqv dqg ?qdq0
fldo pdunhwv h{lvw wr idflolwdwh wkh h!flhqw doorfdwlrq ri ulvnv dqg uhvrxufhv1
D srolf| wkdw dlpv wr suhyhqw ?qdqfldo fulvhv kdv dq lpsdfw rq wkh qrupdo
ixqfwlrqlqj ri wkh ?qdqfldo v|vwhp1 Rqh ri wkh dgydqwdjhv ri d plfurhfr0
qrplf dqdo|vlv ri ?qdqfldo fulvhv lv wkdw lw fodul?hv wkh frvwv dvvrfldwhg zlwk
wkhvh glvwruwlrqv1

Pruh jhqhudoo|/ zh dujxh wkdw srvlwlyh dqdo|vlv +zkdw fdxvhv fulvhvB zkdw
kdsshqv zkhq d fulvlv rffxuvB, qhhgv wr eh frpsohphqwhg e| qrupdwlyh
dqdo|vlv +zkdw lv wkh rswlpdo srolf| wrzdugv fulvhvB zkdw lv wkh rswlpdo lq0
vwlwxwlrqdo vwuxfwxuh zkhq fulvhv fdq rffxuB,1 Pdfurhfrqrplf dqdo|vhv kdyh
riwhq irfxvhg rq plvwdnhv lq jryhuqphqw srolf|1 D plfurhfrqrplf dssurdfk
hpskdvl}hv krz wkh ?qdqfldo v|vwhp zrunv dqg zk| dqg suhvhqwv fulvhv dv
rqh dvshfw ri d jhqhudo dffrxqw ri ?qdqfldo dfwlylw|1 Zhoiduh0rulhqwhg txhv0
wlrqv derxw wkh rswlpdo ghvljq ri ?qdqfldo v|vwhpv dqg wkh qdwxuh ri dq
rswlpdo srolf| duh qdwxudoo| srvhg lq d plfurhfrqrplf iudphzrun1

Iroorzlqj Gldprqg dqg G|eylj +4<;6,/ zh prgho ?qdqfldo lqvwlwxwlrqv
dv surylghuv ri oltxlglw| dqg ulvn vkdulqj1 Zh glvwlqjxlvk ehwzhhq lqwhuph0
gldulhv/ zklfk fdq r>hu jhqhudo/ lqfhqwlyh0frpsdwleoh/ ulvn0vkdulqj frqwudfwv/
dqg edqnv/ zklfk fdq rqo| r>hu ghpdqg ghsrvlwv1 Edqnv duh vxemhfw wr uxqv/
zkhuhdv lqwhuphgldulhv duh qrw1 Krzhyhu/ wklv lv qrw d vrxufh ri pdunhw idlo0
xuh1 Zh fdq vkrz wkdw d vrsklvwlfdwhg ?qdqfldo v|vwhp surylghv rswlpdo
oltxlglw| dqg ulvn vkdulqj1 D ?qdqfldo v|vwhp lv 3vrsklvwlfdwhg4 li pdunhwv
iru djjuhjdwh ulvnv duh frpsohwh dqg pdunhw sduwlflsdwlrq lv lqfrpsohwh1 Hi0
?flhqf| grhv qrw ghshqg rq zkhwkhu ?qdqfldo lqvwlwxwlrqv duh lqwhuphgldulhv
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ru edqnv1 Vr wkhuh lv d uroh iru fulvhv hyhq lq dq h!flhqw zruog1
Erugr +5333, revhuyhv wkdw/ klvwrulfdoo|/ ?qdqfldo fulvhv kdyh fdxvhg h{0

whqvlyh glvuxswlrq wr wkh hfrqrplhv lq zklfk wkh| rffxuuhg1 Wkh vdph lv
wuxh wrgd| lq hphujlqj pdunhwv1 Krzhyhu/ dgydqfhg hfrqrplhv kdyh uh0
fhqwo| h{shulhqfhg fulvhv wkdw fdxvhg idu ohvv glvuxswlrq1 Zk| lv wklvB Rqh
h{sodqdwlrq lv wkh jurzlqj vrsklvwlfdwlrq ri wkh ?qdqfldo v|vwhpv lq dg0
ydqfhg hfrqrplhv1 Ilqdqfldo pdunhwv doorz lqvwlwxwlrqv wr lpsohphqw vr0
sklvwlfdwhg ulvn0pdqdjhphqw vwudwhjlhv wkdw uhsolfdwh wkh h>hfw ri jhqhudo/
lqfhqwlyh0frpsdwleoh/ ulvn0vkdulqj frqwudfwv dqg wkxv dyrlg wkh frvwv ri wkh
qrq0frqwlqjhqw frqwudfwv wkdw fkdudfwhul}hg wkh ?qdqfldo v|vwhp lq wkh sdvw1

Klvwrulfdo hylghqfh vxjjhvwv wkdw fhqwudo edqnv kdyh ehhq lpsruwdqw lq
frqwuroolqj ?qdqfldo fulvhv1 Wklv udlvhv wkh txhvwlrq= Zkdw fdq wkh fhqwudo
edqn ru wkh jryhuqphqw gr wkdw sulydwh lqvwlwxwlrqv dqg wkh pdunhw fdqqrw
grB Rxu h!flhqf| wkhruhp dvvxphv wkdw pdunhwv iru djjuhjdwh ulvn duh
frpsohwh1 Plvvlqj pdunhwv pd| surylgh d uroh iru jryhuqphqw lqwhuyhqwlrq1
Vr/ rqh lqwhusuhwdwlrq ri wkh h!flhqf| wkhruhp lv wkdw fhqwudo edqnv vhuyh
dv d vxevwlwxwh iru plvvlqj pdunhwv1 Lq wkdw fdvh/ Erugr*v revhuydwlrq fdq
eh h{sodlqhg e| wkh lqfuhdvlqj vrsklvwlfdwlrq ri wkh whfkqltxhv ri fhqwudo
edqnlqj1

Rqh glvwlqfwlyh ihdwxuh ri rxu dssurdfk lv wkdw zh irfxv rq hvvhqwldo fulvhv1
Iroorzlqj Doohq dqg Jdoh +4<<;,/ zh fdoo d fulvlv hvvhqwldo li/ iru fhuwdlq sd0
udphwhu ydoxhv/ hyhu| htxloleulxp ri wkh prgho lv fkdudfwhul}hg e| d fulvlv1
Uhvwulfwlqj dwwhqwlrq wr vlwxdwlrqv lq zklfk fulvhv duh hvvhqwldo jlyhv wkh wkh0
ru| juhdwhu suhglfwlyh srzhu1 Dqrwkhu ylhz/ iroorzlqj Eu|dqw +4<;3, dqg
Gldprqg dqg G|eylj +4<;6,/ hpskdvl}hv wkh h{lvwhqfh ri pxowlsoh htxloleuld1
Iru d jlyhq vhw ri sdudphwhu ydoxhv/ wkhuh h{lvw htxloleuld zlwk dqg zlwkrxw
fulvhv1 Rqh ylhz lv wkdw htxloleulxp vhohfwlrq lv d pdwwhu ri pdunhw 3sv|fkro0
rj|41 Pruulv dqg Vklq +4<<;, kdyh dujxhg wr wkh frqwudu| wkdw dv|pphwulf
lqirupdwlrq ohdgv wr d xqltxh htxloleulxp vhohfwlrq1 Lq hlwkhu fdvh/ zhdn ixq0
gdphqwdov dorqh duh qrw vx!flhqw iru d fulvlv> exw/ lq wkh suhvhqfh ri zhdn
ixqgdphqwdov/ fulvhv fdq eh wuljjhuhg e| vhoi0ixo?oolqj h{shfwdwlrqv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh
sulplwlyhv ri wkh prgho1 Vhfwlrq 6 h{soruhv wkh zhoiduh surshuwlhv ri oltxlglw|
surylvlrq dqg ulvn vkdulqj lq wkh frqwh{w ri dq hfrqrp| zlwk d vrsklvwlfdwhg
?qdqfldo v|vwhp lq zklfk lqvwlwxwlrqv wdnh wkh irup ri jhqhudo lqwhuphgldulhv1
Vhfwlrq 7 h{whqgv wklv dqdo|vlv wr dq hfrqrp| zlwk d vrsklvwlfdwhg ?qdqfldo
v|vwhp lq zklfk lqvwlwxwlrqv wdnh wkh irup ri edqnv1 Vhfwlrq 8 vkrzv wkdw
lqfrpsohwh sduwlflsdwlrq lv fulwlfdo iru wkh rswlpdolw| uhvxowv dfklhyhg lq wkh
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suhylrxv wzr vhfwlrqv1 Lq Vhfwlrq 9 zh dqdo|}h d vlpsol?hg yhuvlrq ri wkh
hfrqrp| zlwk lqfrpsohwh pdunhwv1 Zh fkdudfwhul}h frqglwlrqv xqghu zklfk
odlvvhu0idluh surylvlrq ri oltxlglw| lv lqdghtxdwh dqg vkrz wkdw jryhuqphqw
lqwhuyhqwlrq lv srwhqwldoo| Sduhwr0lpsurylqj1 Ilqdoo|/ lq Vhfwlrq :/ zh glvfxvv
d qxpehu ri h{dpsohv wr looxvwudwh dqg ghyhors lqwhuhvwlqj dvshfwv ri wkh
wkhru|1 Vrph ri wkh surriv duh jdwkhuhg wrjhwkhu lq Vhfwlrq BB1

5 Wkh edvlf hfrqrp|

Wkhuh duh wkuhh gdwhv | ' fc �c 2 dqg d vlqjoh jrrg dw hdfk gdwh1 Wkh jrrg lv
xvhg iru frqvxpswlrq dqg lqyhvwphqw1

Wkh hfrqrp| lv vxemhfw wr wzr nlqgv ri xqfhuwdlqw|1 Iluvw/ lqglylgxdo
djhqwv duh vxemhfw wr lglrv|qfudwlf suhihuhqfh vkrfnv/ zklfk d>hfwv wkhlu gh0
pdqg iru oltxlglw| +wkhvh zloo eh ghvfulehg odwhu,1 Vhfrqg/ wkh hqwluh hfrqrp|
lv vxemhfw wr djjuhjdwh vkrfnv wkdw d>hfw dvvhw uhwxuqv dqg wkh furvv0vhfwlrqdo
glvwulexwlrq ri suhihuhqfhv1 Wkh djjuhjdwh vkrfnv duh uhsuhvhqwhg e| d ?qlwh
qxpehu ri vwdwhv ri qdwxuh/ lqgh{hg e| # 5 M1 Dw gdwh f/ doo djhqwv kdyh d
frpprq sulru suredelolw| ghqvlw| DE#ä ryhu wkh vwdwhv ri qdwxuh1 Doo xqfhu0
wdlqw| lv uhvroyhg dw wkh ehjlqqlqj ri gdwh �/ zkhq wkh vwdwh # lv uhyhdohg dqg
hdfk djhqw glvfryhuv klv lqglylgxdo suhihuhqfh vkrfn1

Hdfk djhqw kdv dq hqgrzphqw ri rqh xqlw ri wkh jrrg dw gdwh f dqg qr
hqgrzphqw dw gdwhv � dqg 21 Vr/ lq rughu wr surylgh frqvxpswlrq dw gdwhv�
dqg 2/ wkh| qhhg wr lqyhvw1

Wkhuh duh wzr dvvhwv glvwlqjxlvkhg e| wkhlu uhwxuqv dqg oltxlglw| vwuxfwxuh1
Rqh lv d vkruw0whup dvvhw +wkh vkruw dvvhw,/ dqg wkh rwkhu lv d orqj0whup dvvhw
+wkh orqj dvvhw,1 Wkh vkruw dvvhw lv uhsuhvhqwhg e| d vwrudjh whfkqrorj|= rqh
xqlw lqyhvwhg lq wkh vkruw dvvhw dw gdwh | ' fc � |lhogv d uhwxuq ri rqh xqlw dw
gdwh |n �1 Wkh orqj dvvhw |lhogv d uhwxuq diwhu wzr shulrgv1 Rqh xqlw ri wkh
jrrg lqyhvwhg lq wkh orqj dvvhw dw gdwh f |lhogv d udqgrp uhwxuq ri -E#ä : �
xqlwv ri wkh jrrg dw gdwh 2 li vwdwh # lv uhdol}hg1

Lqyhvwruv* suhihuhqfhv duh glvwlqjxlvkhg h{ dqwh dqg h{ srvw1 Dw gdwh
f wkhuh lv d ?qlwh qxpehu ? ri w|shv ri lqyhvwruv/ lqgh{hg e| ð ' �c éééc ?1
Zh fdoo ð dq lqyhvwru*v h{ dqwh w|sh1 Dq lqyhvwru*v h{ dqwh w|sh lv frpprq
nqrzohgjh dqg khqfh frqwudfwleoh11 Wkh phdvxuh ri lqyhvwruv ri w|sh ð lv
ghqrwhg e| >ð : f1 Wkh wrwdo phdvxuh ri lqyhvwruv lv qrupdol}hg wr rqh vr
wkdw

S
ð >ð ' �1

Zkloh lqyhvwruv ri d jlyhq h{ dqwh w|sh duh lghqwlfdo dw gdwh f/ wkh| uhfhlyh
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d sulydwh/ lglrv|qfudwlf/ suhihuhqfh vkrfn dw wkh ehjlqqlqj ri gdwh �1 Wkh gdwh
� suhihuhqfh vkrfn lv ghqrwhg e| wð 5 Xð/ zkhuh Xð lv d ?qlwh vhw1 Zh fdoo
wð wkh lqyhvwru*v h{ srvw w|sh1 Ehfdxvh wð lv sulydwh lqirupdwlrq/ frqwudfwv
fdqqrw eh h{solflwo| frqwlqjhqw rq wð1

Lqyhvwruv rqo| ydoxh frqvxpswlrq dw gdwhv � dqg 21 Dq lqyhvwru*v suhihu0
hqfhv duh uhsuhvhqwhg e| d yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq üðES�c S2( wðä/
zkhuh S| ghqrwhv frqvxpswlrq dw gdwh | ' �c 21 Wkh xwlolw| ixqfwlrq üðEü( wðä
lv dvvxphg wr eh frqfdyh/ lqfuhdvlqj/ dqg frqwlqxrxv iru hyhu| w|sh wð1 Gl0
dprqg dqg G|eylj +4<;6, xvhg wkh lghd ri d suhihuhqfh vkrfn wð wr prgho
oltxlglw| suhihuhqfh1

Wkh suredelolw| ri ehlqj dq lqyhvwru ri w|sh Eðc wðä frqglwlrqdo rq vwdwh #
lv ghqrwhg e| bðEwðc #ä : f1 Wkh suredelolw| ri ehlqj dq djhqw ri w|sh ð lv >ð1
Frqvlvwhqf| wkhuhiruh uhtxluhv wkdw[

wð

bðEwðc #ä ' >ðc;# 5 Mé

E| wkh xvxdo 3odz ri odujh qxpehuv4 frqyhqwlrq/ wkh furvv0vhfwlrqdo glvwule0
xwlrq ri w|shv lv dvvxphg wr eh wkh vdph dv wkh suredelolw| glvwulexwlrq b1
Zh fdq wkhuhiruh lqwhusuhw bðEwðc #ä dv wkh qxpehu ri djhqwv ri w|sh Eðc wðä lq
vwdwh #1

6 Rswlpdo lqwhuphgldwlrq

Lq wklv vhfwlrq zh dvvxph wkdw ?qdqfldo lqvwlwxwlrqv wdnh wkh irup ri jhqhudo
lqwhuphgldulhv1 Hdfk lqwhuphgldu| r>huv d vlqjoh frqwudfw dqg hdfk h{ dqwh
w|sh lv dwwudfwhg wr d gl>huhqw lqwhuphgldu|1

Rqh fdq/ ri frxuvh/ lpdjlqh d zruog lq zklfk d vlqjoh 3xqlyhuvdo4 lqwhu0
phgldu| r>hu frqwudfwv wr doo h{ dqwh w|shv ri lqyhvwruv1 D xqlyhuvdo lqwhuph0
gldu| frxog dfw dv d fhqwudo sodqqhu dqg lpsohphqw wkh ?uvw0ehvw doorfdwlrq
ri ulvn1 Wkhuh zrxog eh qr uhdvrq wr uhvruw wr pdunhwv dw doo1 Rxu zruog
ylhz lv edvhg rq wkh dvvxpswlrq wkdw wudqvdfwlrq frvwv suhfoxgh wklv nlqg
ri fhqwudol}hg vroxwlrq dqg wkdw ghfhqwudol}hg lqwhuphgldulhv duh uhvwulfwhg lq
wkh qxpehu ri gl>huhqw frqwudfwv wkh| fdq r>hu1 Wklv dvvxpswlrq surylghv
d uroh iru ?qdqfldo pdunhwv lq zklfk ?qdqfldo lqwhuphgldulhv fdq vkduh ulvn
dqg rewdlq oltxlglw|1

Dw wkh vdph wlph/ ?qdqfldo pdunhwv dorqh zloo qrw vx!fh wr dfklhyh rs0
wlpdo ulvn vkdulqj1 Ehfdxvh lqglylgxdo hfrqrplf djhqwv kdyh sulydwh lqiru0
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pdwlrq/ pdunhwv iru lqglylgxdo ulvnv duh lqfrpsohwh1 Wkh pdunhwv wkdw duh
dydlodeoh zloo qrw dfklhyh dq lqfhqwlyh0h!flhqw doorfdwlrq ri ulvn1 Lqwhuphgl0
dulhv/ e| frqwudvw/ fdq r>hu lqglylgxdov lqfhqwlyh0frpsdwleoh frqwudfwv dqg
lpsuryh rq wkh ulvn vkdulqj surylghg e| wkh pdunhw1

Lq wkh Gldprqg0G|eylj +4<;6, prgho/ doo lqyhvwruv duh h{ dqwh lghqwlfdo1
Frqvhtxhqwo|/ d vlqjoh uhsuhvhqwdwlyh edqn fdq surylgh frpsohwh ulvn vkdulqj
dqg wkhuh lv qr qhhg iru pdunhwv wr surylgh furvv0vhfwlrqdo ulvn vkdulqj dfurvv
edqnv1

Doohq dqg Jdoh +4<<7, vkrzhg wkdw gl>huhqfhv lq ulvn dqg oltxlglw| suhi0
huhqfhv fdq eh fuxfldo lq h{sodlqlqj wkh ehkdylru ri dvvhw pdunhwv1 Wklv lv
dqrwkhu uhdvrq iru doorzlqj iru h{ dqwh khwhurjhqhlw|1

614 Pdunhwv

Dw gdwh f lqyhvwruv ghsrvlw wkhlu hqgrzphqwv zlwk dq lqwhuphgldu| lq h{0
fkdqjh iru d jhqhudo ulvn vkdulqj frqwudfw1 Wkh lqwhuphgldulhv kdyh dffhvv
wr d frpsohwh vhw ri Duurz vhfxulwlhv pdunhwv dw gdwh f1 Iru hdfk djjuhjdwh
vwdwh # wkhuh lv d vhfxulw| wudghg dw gdwh f wkdw surplvhv rqh xqlw ri wkh jrrg
dw gdwh � li vwdwh # lv revhuyhg dqg qrwklqj rwkhuzlvh1 Ohw ^E#ä ghqrwh wkh
sulfh ri rqh xqlw ri wkh Duurz vhfxulw| fruuhvsrqglqj wr vwdwh #/ wkdw lv/ wkh
qxpehu ri xqlwv ri wkh jrrg dw gdwh f qhhghg wr ex| rqh xqlw ri wkh jrrg lq
vwdwh # dw gdwh �1

Doo xqfhuwdlqw| lv uhvroyhg dw wkh ehjlqqlqj ri gdwh �1 Frqvhtxhqwo| wkhuh
lv qr qhhg wr wudgh frqwlqjhqw vhfxulwlhv dw gdwh �1 Lqvwhdg/ zh dvvxph wkhuh
lv d vsrw pdunhw dqg d iruzdug pdunhw iru wkh jrrg dw gdwh �1 Wkh jrrg dw
gdwh � lv wkh qxphudluh vr R�E#ä ' �> wkh sulfh ri wkh jrrg dw gdwh 2 iru vdoh
dw gdwh � lv ghqrwhg e| R2E#ä/ l1h1/ R2E#ä lv wkh qxpehu ri xqlwv ri wkh jrrg
dw gdwh � qhhghg wr sxufkdvh rqh xqlw ri wkh jrrg dw gdwh 2 lq vwdwh #1 Ohw
RE#ä ' ER�E#äc R2E#ää ' E�c R2E#ää ghqrwh wkh yhfwru ri jrrgv sulfhv dw gdwh �
lq vwdwh #1

Qrwh wkdw zh gr qrw dvvxph wkh h{lvwhqfh ri d whfkqrorj| iru sk|vlfdoo|
oltxlgdwlqj surmhfwv1 Lqvwhdg/ zh iroorz Doohq dqg Jdoh +4<<;, lq dvvxplqj
wkdw dq lqvwlwxwlrq lq glvwuhvv vhoov orqj0whup dvvhwv wr rwkhu lqvwlwxwlrqv1
Iurp wkh srlqw ri ylhz ri wkh hfrqrp| dv d zkroh/ wkh orqj0whup dvvhwv
fdqqrw eh oltxlgdwhg9vrph rqh kdv wr krog wkhp1
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615 Lqwhuphgldwlrq phfkdqlvpv

Lqyhvwruv sduwlflsdwh lq pdunhwv lqgluhfwo|/ wkurxjk lqwhuphgldulhv1 Dq lqwhu0
phgldu| lv d ulvn0vkdulqj lqvwlwxwlrq wkdw lqyhvwv lq wkh vkruw dqg orqj dvvhwv
rq ehkdoi ri lqyhvwruv dqg surylghv wkhp zlwk frqvxpswlrq dw gdwhv � dqg 21
Lqwhuphgldulhv xvh pdunhwv wr khgjh wkh ulvnv wkdw wkh| pdqdjh iru lqyhvwruv1

Hdfk lqyhvwru ri w|sh ð jlyhv klv hqgrzphqw +rqh xqlw ri wkh jrrg, wr
dq lqwhuphgldu| ri w|sh ð dw gdwh f1 Lq h{fkdqjh/ kh jhwv d exqgoh ri jrrgv
%ðEwðc #ä 5 +2

n dw gdwhv � dqg 2 lq vwdwh # li kh uhsruwv wkh h{ srvw w|sh wð1 Lq
h>hfw/ wkh ixqfwlrq %ð ' i%ðEwðc #äj lv d gluhfw phfkdqlvp wkdw pdsv djhqwv*
uhsruwv lqwr ihdvleoh frqvxpswlrq doorfdwlrqv16

D ihdvleoh phfkdqlvp lv lqfhqwlyh0frpsdwleoh1 Wkh dssursuldwh gh?qlwlrq
ri wkh lqfhqwlyh0frpsdwlelolw| frqvwudlqw ghshqgv rq zkhwkhu wkh djhqwv fdq
xvh wkh vkruw dvvhw wr vwruh wkh jrrg iurp wkh ?uvw gdwh wr wkh vhfrqg1 Li qrw/
wkhq zh fdq dvvxph wkdw dq djhqw zkr uhsruwv ÷wð lq vwdwh # zloo frqvxph
%ðE÷wðc #ä1 Lqfhqwlyh frpsdwlelolw| vlpso| vd|v wkdw dq djhqw grhv qrw jdlq
iurp plvuhsuhvhqwlqj klv w|sh=

üðE%ðEwðc #äc wðä è üðE%ðE÷wðc #äc wðäc ;wðc ÷wð 5 Xðc;# 5 Mé +4,

Lq rwkhu zrugv/ lw lv rswlpdo iru dq lqyhvwru wr uhsruw klv h{ srvw w|sh wð wuxwk0
ixoo| lq hdfk vwdwh # dw gdwh �1 Ohw fð ghqrwh wkh vhw ri lqfhqwlyh0frpsdwleoh
phfkdqlvpv zkhq wkh vwrudjh whfkqrorj| lv qrw dydlodeoh wr djhqwv1

Dowhuqdwlyho|/ zh fdq dvvxph wkdw djhqwv fdq xvh wkh vkruw dvvhw wr vdyh
wkh jrrg iurp gdwh � wr gdwh 21 Vxssrvh wkdw wkh djhqw uhfhlyhv d frqvxps0
wlrq exqgoh %ðEwðc #ä iurp wkh lqwhuphgldu|1 E| vdylqj/ kh fdq rewdlq dq|
frqvxpswlrq exqgoh S 5 +2

n vxfk wkdw

S� é %ð�Ewðc #äc
2[
|'�

S| é
2[
|'�

%ð|Ewðc #äé +5,

Ohw äE%ðEwðc #ää ghqrwh wkh vhw ri frqvxpswlrq exqgohv vdwlvi|lqj +5,1 Wkh
pd{lpxp xwlolw| wkdw fdq eh rewdlqhg iurp wkh frqvxpswlrq exqgoh %ðEwðc #ä

6D gluhfwru phfkdqlvp lv qrupdoo| d ixqfwlrq wkdw dvvljqv d xqltxh rxwfrph wr hdfk
sur?oh ri w|shv fkrvhq e| wkh lqyhvwruv1 Lq d v|pphwulf gluhfw phfkdqlvp/ wkh rxwfrph
iru d vlqjoh lqyhvwru ghshqgv rqo| rq wkh lqglylgxdo*v uhsruw dqg wkh glvwulexwlrq ri uhsruwv
e| rwkhu lqyhvwruv1 Lq d wuxwk0whoolqj htxloleulxp/ wkh uhsruwv ri rwkhu lqyhvwruv lv jlyhq
e| wkh glvwulexwlrq è+ü> ì, vr d v|pphwulf gluhfw phfkdqlvp vkrxog surshuo| eh zulwwhq
{l+ël> è+ü> ì,> ì, exw vlqfh è+ü> ì, lv jlyhq dv d ixqfwlrq ri ì wkhuh lv qr orvv ri jhqhudolw| lq
vxssuhvvlqj wkh uhihuhqfh wr è+ü> ì,1

;



e| vdylqj lv ghqrwhg e| üWð E%ðEwðc #äc wðä dqg gh?qhg e|

üWð E%ðEwðc #äc wðä ' týT iüðESc wðä G S 5 äE%ðEwðc #ääj é

Wkhq wkh lqfhqwlyh frqvwudlqw zlwk vdylqj fdq eh zulwwhq e| uhsodflqj üðEüä
zlwk üWð Eüä lq +4,=

üðE%ðEwðc #äc wðä è üWð E%ðE÷wðc #äc wðäc ;wðc ÷wð 5 Xðc ;# 5 Mé +6,

Qrwlfh wkdw e| sodflqj üðEüä rq wkh ohiw kdqg vlgh ri +6,/ zh hqvxuh wkdw
hyhq d wuxwk0whoolqj djhqw zloo qrw zdqw wr vdyh rxwvlgh ri wkh lqwhuphgldu|1
Wkhuh lv qr orvv ri jhqhudolw| lq wklv uhvwulfwlrq/ vlqfh wkh lqwhuphgldu| fdq
wdloru wkh wlplqj ri frqvxpswlrq wr wkh djhqw*v qhhgv1 Ohw fW

ð ghqrwh wkh
vhw ri lqfhqwlyh0frpsdwleoh phfkdqlvpv zkhq wkh ghsrvlwru kdv dffhvv wr
wkh vwrudjh whfkqrorj|1 Lq zkdw iroorzv zh vwdwh uhvxowv iru wkh fdvh zkhuh
ghsrvlwruv gr qrw kdyh dffhvv wr wkh vwrudjh whfkqrorj|/ exw doo ri wkhvh
uhvxowv uhpdlq ydolg li fð lv uhsodfhg e| fW

ð 1

616 Htxloleulxp

Frpshwlwlrq dqg iuhh hqwu| irufh wkh lqwhuphgldulhv wr pd{lpl}h wkh zhoiduh
ri wkh w|slfdo ghsrvlwru1

Uhfdoo wkdw hdfk lqwhuphgldu| lvvxhv d vlqjoh frqwudfw dqg vhuyhv d vlqjoh
h{ dqwh w|sh ri lqyhvwru1 Zh ghqrwh e| ð wkh uhsuhvhqwdwlyh lqwhuphgldu| wkdw
wudghv zlwk wkh h{ dqwh lqyhvwru w|sh ð1 Wkh uhsuhvhqwdwlyh lqwhuphgldu| ð
wdnhv lq ghsrvlwv ri >ð xqlwv ri wkh jrrg dw gdwh f dqg lqyhvwv lq +ð è f xqlwv
ri wkh vkruw dvvhw dqg >ðý+ð è f xqlwv ri wkh orqj dvvhw1 Lq h{fkdqjh lw r>huv
ghsrvlwruv dq lqfhqwlyh0frpsdwleoh phfkdqlvp %ð1 Jlyhq wkh suhydlolqj sulfhv
ERc ^ä/ wkh fkrlfh ri phfkdqlvp %ð dqg lqyhvwphqw sruwirolr +ð pxvw vdwlvi|
wkh exgjhw frqvwudlqw=[

#

^E#ä
[
wð

bEwðc #äRE#ä ü %ðEwðc #ä é
[
#

^E#äRE#ä ü E+ðc E>ð ý +ðä-E#ääé +7,

Lq vwdwh #/ wkh frvw ri jrrgv jlyhq wr lqyhvwruv zkr uhsruw wð lv RE#ä ü%ðEwðc #ä
dqg wkhuh duh bEwðc #ä vxfk djhqwv/ vr vxpplqj dfurvv h{ srvw w|shv wð zh
jhw wkh wrwdo frvw ri wkh phfkdqlvp lq vwdwh # dv

S
wð
bEwðc #äRE#ä ü %ðEwðc #ä1

Pxowlso|lqj e| wkh frvw ri rqh xqlw ri wkh jrrg dw gdwh � lq vwdwh # dqg
vxpplqj ryhu vwdwhv # jlyhv wkh wrwdo frvw ri wkh phfkdqlvp/ lq whupv ri
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xqlwv ri wkh jrrg dw gdwh f/ dv wkh ohiw kdqg vlgh ri htxdwlrq +7,1 Wkh uljkw
kdqg vlgh lv wkh wrwdo ydoxh ri lqyhvwphqwv e| wkh lqwhuphgldu|1 Lq vwdwh #
wkh vkruw dvvhw |lhogv +ð xqlwv ri wkh jrrg dw gdwh � dqg wkh orqj dvvhw |lhogv
E>ð ý +ðä-E#ä xqlwv ri wkh jrrg dw gdwh 2 vr wkh wrwdo ydoxh ri wkh sruwirolr
lv RE#ä ü E+ðc E>ð ý +ðä-E#ää1 Pxowlso|lqj e| wkh sulfh ri d xqlw ri wkh jrrg
dw gdwh � lq vwdwh # dqg vxpplqj dfurvv vwdwhv jlyhv wkh wrwdo ydoxh ri wkh
lqyhvwphqwv e| wkh lqwhuphgldu|/ lq whupv ri xqlwv ri wkh jrrg dw gdwh f1

Dq lqwhuphgldwhg doorfdwlrq vshfl?hv dq lqfhqwlyh0frpsdwleoh phfkdqlvp
%ð dqg d ihdvleoh sruwirolr +ð iru hdfk uhsuhvhqwdwlyh lqwhuphgldu| ð ' �c éééc ?1
Dq lqwhuphgldwhg doorfdwlrq iE%ðc +ðäj lv dwwdlqdeoh li lw vdwlv?hv wkh pdunhw0
fohdulqj frqglwlrqv dw gdwhv � dqg 2/ wkdw lv/ iru hdfk lqwhuphgldu| ð/[

ð

[
wð

bðEwðc #ä%ð�Ewðc #ä é
[
ð

+ðc ;# +8,

dqg[
ð

[
wð

bðEwðc #äE%ð�Ewðc #ä n %ð2Ewðc #ää '
[
ð

+ð n E>ð ý +ðä-E#äc ;#é +9,

Frqglwlrq +8, vd|v wkdw wkh wrwdo frqvxpswlrq dw gdwh � lq hdfk vwdwh # pxvw
eh ohvv wkdq ru htxdo wr wkh vxsso| ri wkh jrrg +htxdov wkh dprxqw ri wkh
vkruw dvvhw,1 Frqglwlrq +8, lv dq lqhtxdolw| ehfdxvh lw lv srvvleoh wr wudqvirup
dq h{fhvv ri wkh vkruw dvvhw dw gdwh � lqwr frqvxpswlrq dw gdwh 21 Frqglwlrq
+9, vd|v wkdw wkh vxp ri frqvxpswlrq ryhu wkh wzr shulrgv lv htxdo wr wkh
wrwdo uhwxuqv iurp wkh wzr dvvhwv1 Dowhuqdwlyho|/ zh fdq uhdg wklv dv vd|lqj
wkdw frqvxpswlrq dw gdwh 2 lv htxdo wr wkh uhwxuq rq wkh orqj dvvhw soxv
zkdwhyhu lv ohiw ryhu iurp gdwh �1

D sxuh lqwhuphgldwhg htxloleulxp frqvlvwv ri d sulfh v|vwhp ERc ^ä dqg dq
dwwdlqdeoh doorfdwlrq iE%ðc +ðäj vxfk wkdw/ iru hyhu| lqwhuphgldu| ð/ wkh fkrlfh
ri phfkdqlvp %ð dqg sruwirolr +ð vroyhv wkh ghflvlrq sureohp

4@ 
S

#

S
wð
bEwðc #äüðE%ðEwðc #äc wðä

v1w1 %ð 5 fð(S
# ^E#ä

S
wð
bEwðc #äRE#ä ü %ðEwðc #ä é

S
# ^E#äRE#ä ü E+ðc E>ð ý +ðä-E#ääé

+:,
Lq wklv vshfl?fdwlrq/ zh dvvxph wkdw wkh gh?qlwlrq ri lqfhqwlyh frpsdwlelolw|
lv jlyhq e| fð1 Frpshwlwlrq dqg iuhh hqwu| irufh lqwhuphgldulhv wr pd{lpl}h
wkh zhoiduh ri wkh w|slfdo ghsrvlwru1
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Lq d sxuh htxloleulxp/ zh dvvxph wkdw doo lqwhuphgldulhv vhuylqj w|sh ð
fkrrvh wkh vdph sruwirolr dqg frqwudfw1 Wr hqvxuh wkh h{lvwhqfh ri htxlole0
ulxp/ zh qhhg wr doorz iru wkh srvvlelolw| wkdw lqwhuphgldulhv ri w|sh ð pdnh
gl>huhqw fkrlfhv1 D pl{hg doorfdwlrq lv gh?qhg e| d ?qlwh vhw ri qxpehuv
i4æj dqg doorfdwlrqv iE%æð c +æð äj vxfk wkdw 4æ è f dqg

S
æ 4

æ ' �1 D pl{hg
doorfdwlrq lv dwwdlqdeoh li wkh phdq iE%ðc +ðäj '

S
æ 4

æ
õý
%æð c +

æ
ð

üô
vdwlv?hv wkh

pdunhw0fohdulqj frqglwlrqv +8, dqg +9,1 Qrwh wkdw iE%ðc +ðäj pd| qrw eh dq
doorfdwlrq= hyhq li hdfk
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ehorqjv wr fð wkh phdq E%ðc +ðä pd| qrw

ehfdxvh wkh vhw fð lv qrw frqyh{1
D pl{hg lqwhuphgldwhg htxloleulxp frqvlvwv ri d sulfh v|vwhp ERc ^ä dqg d

pl{hg dwwdlqdeoh doorfdwlrq
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vxfk wkdw iru hyhu| lqwhuphgldu| ð/

dqg hyhu| vxejurxs æ/ wkh fkrlfh
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vroyhv wkh ghflvlrq sureohp +:,1

Dvvxpswlrq 4= +Qrq0hpsw| lqwhulru, Iru dq| h{ dqwh w|sh ð ' �c éééc ?/ iru
dq| frqvxpswlrq exqgoh %ð 5 fð dqg sulfh v|vwhp R 5 å / dqg iru dq| 0 : f/
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Wkhruhp 4 Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ li Dvvxpswlrq 4 lv vdwlv?hg/
wkhuh h{lvwv d pl{hg lqwhuphgldwhg htxloleulxp1

D sxuh htxloleulxp lv d vshfldo fdvh ri d pl{hg htxloleulxp/ exw wkhuh lv qr
jxdudqwhh wkdw sxuh htxloleuld h{lvw1 Lq idfw/ zh vkrz lq Vhfwlrq : wkdw sxuh
htxloleuld idlo wr h{lvw lq vwudljkwiruzdug fdvhv1 Pl{hg htxloleuld duh lqwhuhvw0
lqj lq wkhlu rzq uljkw1 Dprqj rwkhu wklqjv/ wkh| ghprqvwudwh wkh h!flhqf|
ri kdylqj h{ dqwh lghqwlfdo edqnv fkrrvh gl>huhqw ulvn vwudwhjlhv1 Wkh| dovr
looxvwudwh dqrwkhu glphqvlrq ri ulvn wdnlqj ehkdylru1 Wzr hfrqrplhv pd| ds0
shdu vlplodu lq whupv ri wkh dyhudjh ohyho ri ulvn lq lqwhuphgldulhv* sruwirolr/
exw rqh pd| kdyh hyhu| edqn fkrrvlqj d prghudwh ohyho ri ulvn zkloh lq wkh
rwkhu prvw edqnv fkrrvh d yhu| vdih vwudwhj| zkloh d ihz fkrrvh dq h{wuhpho|
ulvn| rqh1 Wkh ehkdylru ri wkh wzr hfrqrplhv pd| eh yhu| gl>huhqw1
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Iru vrph sxusrvhv lw lv xvhixo wr lqwhusuhw d pl{hg lqwhuphgldwhg htxlole0
ulxp dv d sxuh lqwhuphgldwhg htxloleulxp zlwk d gl>huhqw vhw ri h{ dqwh w|shv1
Ohw Eðc æä ghqrwh wkh qhz h{ dqwh vxe0w|sh frqvlvwlqj ri lqyhvwruv lq wkh vxe0
jurxs æ ri h{ dqwh w|sh ð dqg ohw >ðæ ' 4

æ>ð ghqrwh wkh phdvxuh ri lqyhvwruv lq
wkh qhz h{ dqwh w|sh Eðc æä1 Qrwlfh wkdw zh kdyh wr gh?qh d glvwlqfw hfrqrp|
iru hyhu| pl{hg lqwhuphgldwhg htxloleulxp1 Wklv lv ehfdxvh wkh zhljkwv >ðæ
ghshqg rq wkh hqgrjhqrxv yduldeohv 4æ1 Lq d pl{hg htxloleulxp/ doo djhqwv
ri jlyhq h{ dqwh w|sh ð uhfhlyh wkh vdph h{shfwhg xwlolw|1 Wkxv/ wkh h{shfwhg
xwlolw| ri vxe0w|sh Eðc æä lv wkh vdph dv wkh h{shfwhg xwlolw| ri w|sh Eðc æâä
iru dq| jlyhq w|sh ð1 Wdnlqj wkh zhljkwv i>ðæj dv jlyhq/ zh pljkw eh deoh
wr ?qg rwkhu sxuh htxloleuld ri wkh duwl?fldo hfrqrp|/ exw wkh| zrxog qrw
qhfhvvdulo| eh pl{hg htxloleuld ri wkh ruljlqdo hfrqrp|/ ehfdxvh wkh| zrxog
qrw qhfhvvdulo| vdwlvi| wklv htxloleulxp frqglwlrq1 Iru prvw sxusrvhv/ wklv lv
qrw dq lvvxh/ vr zlwkrxw orvv ri jhqhudolw| zh fdq uhvwulfw dwwhqwlrq wr sxuh
htxloleuld1

617 H!flhqf|

Zklfkhyhu gh?qlwlrq ri lqwhuphgldwhg htxloleulxp zh fkrrvh/ wkdw lv/ zkhwkhu
zh fkrrvh fð ru fW

ð dv wkh vhw ri lqfhqwlyh0frpsdwleoh frqwudfwv/ zh fdq vkrz
wkdw wkh htxloleulxp doorfdwlrq lv lqfhqwlyh0h!flhqw1 Dq dwwdlqdeoh doorfdwlrq
E%c +ä ' iE%ðc +ðäj lv lqfhqwlyh h!flhqw li wkhuh grhv qrw h{lvw dq dwwdlqdeoh
pl{hg doorfdwlrq
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iru hyhu| Eðc æä zlwk vwulfw lqhtxdolw| iru vrph Eðc æä1 +Wklv gh?qlwlrq gl>huv
iurp Sduhwr h!flhqf| rqo| wr wkh h{whqw wkdw zh uhvwulfw dwwhqwlrq wr wkh
lqfhqwlyh0frpsdwleoh phfkdqlvpv %ð 5 fð,1

Lq rughu wr suryh wkh lqfhqwlyh0h!flhqf| ri htxloleulxp/ zh qhhg dq dg0
glwlrqdo uhjxodulw| frqglwlrq=

Dvvxpswlrq 5= +Orfdo qrq0vdwldwlrq, Iru dq| h{ dqwh w|sh ð ' �c éééc ?/ iru
dq| phfkdqlvp %ð 5 fð/ dqg iru dq| 0 : f/ wkhuh h{lvwv d phfkdqlvp %âð 5 fð

zlwklq d glvwdqfh 0 ri %ð vxfk wkdw[
#

[
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bEwðc #äüðE%
â
ðEwðc #äc wðä :

[
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Uhpdun= Wklv dvvxpswlrq lv wkh frxqwhusduw ri wkh qrq0vdwldelolw| dvvxps0
wlrqv xvhg lq wkh fodvvlfdo wkhruhpv ri zhoiduh hfrqrplfv1 Lw uhtxluhv pruh
wkdq wkh qrq0vdwldelolw| ri hdfk h{ srvw w|sh*v xwlolw| ixqfwlrq/ üðEüc wðä/ krz0
hyhu ehfdxvh wkh lqfhqwlyh frqvwudlqwv pxvw eh vdwlv?hg dovr1 Wr looxvwudwh
wkh phdqlqj ri Dvvxpswlrq 5/ frqvlghu wkh iroorzlqj h{dpsoh1 Wkhuh duh wzr
h{ srvw w|shv wð ' �c 2 zlwk xwlolw| ixqfwlrqv üðESc �ä dqg üðESc 2ä1 Wkh xwlolw|
ixqfwlrq duh gh?qhg dv iroorzv=

üðESc �ä ' S� n S2c

üðESc 2ä ' S� n S2 li S� n S2 é �

dqg iru dq| xwlolw| ohyho 7ü : �/ zh ghqrwh wkh lqgl>huhqfh fxuyh frqvlvwlqj ri
wkh orfxv ri frqvxpswlrq exqgohv |lhoglqj 7ü wr dq djhqw ri w|sh wð ' 2 e|
UðE7üc 2ä dqg gh?qh lw e| sxwwlqj

UðE7üc 2ä '

ã
ES�c S2ä '

ë
E�ý kä 7ün �

2
c k7ü

ê
G f é k é �

â
é

Qrwlfh wkdw erwk w|shv kdyh olqhdu lqgl>huhqfh fxuyhv/ exw wkhlu lqgl>huhqfh
fxuyhv kdyh gl>huhqw vorshv dw frqvxpswlrq exqgohv S ' ES�c S2ä vxfk wkdw
S� n S2 : �1 Qrz frqvlghu dq lqfhqwlyh0frpsdwleoh phfkdqlvp %ð vdwlvi|lqj
%ðE�c #ä ' E�c fä dqg %ðE2c #ä ' Efc �ä1 Erwk lqfhqwlyh frqvwudlqwv +4, duh mxvw
vdwlv?hg1 Dq| phfkdqlvp %âð wkdw lv 00forvh wr %ð dqg pdnhv w|sh ð ehwwhu
r> h{ dqwh pxvw pdnh dw ohdvw rqh ri wkh h{ srvw w|shv ehwwhu r> dqg wkh
lqfhqwlyh frqvwudlqw wkhq uhtxluhv wkdw wkh rwkhu h{ srvw w|sh eh ehwwhu r>
wrr1 Lq rwkhu zrugv/ erwk ri wkh frqvxpswlrq exqgohv %âðE�c #ä dqg %

â
ðE2c #ä

pxvw olh deryh wkh olqh S�nS2 ' �1 Deryh wkh olqh S�nS2 ' �/ wkh wzr h{ srvw
w|shv kdyh olqhdu lqgl>huhqfh fxuyhv dqg wkh lqgl>huhqfh fxuyh ri w|sh 2 lv
vwhhshu wkdq wkdw ri h{ srvw w|sh �1 Vlqfh %âðEwðc #ä lv yhu| forvh wr %ðEwðc #ä iru
wð ' �c 2 dw ohdvw rqh w|sh wð pxvw hqy| wkh rwkhu1 Wkxv/ orfdo qrq0vdwldwlrq
lv qrw vdwlv?hg1

Wkhruhp 5 Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ li ERc ^c %c +ä lv dq lqwhuph0
gldwhg htxloleulxp dqg Dvvxpswlrq 5 lv vdwlv?hg/ wkhq wkh doorfdwlrq E%c +ä lv
lqfhqwlyh0h!flhqw1
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Surri1 Vhh Vhfwlrq BB1
Uhpdun= Wkh gh?qlwlrq ri lqfhqwlyh h!flhqf| xvhg khuh dvvxphv wkdw hdfk
lqyhvwru ri w|sh ð kdv ehhq dvvljqhg wr jurxs Eðc æä zkhq zh pdnh wkh zhoiduh
frpsdulvrq ehwzhhq wkh wzr doorfdwlrqv1 D zhdnhu uhtxluhphqw/ ohdglqj wr
d vwurqjhu qrwlrq ri lqfhqwlyh h!flhqf|/ dvvxphv wkdw lqyhvwruv ri w|sh ð
duh udqgrpo| dvvljqhg wr vxejurxsv Eðc æä dqg lghqwl?hv wkhlu zhoiduh zlwk
wkhlu h{shfwhg xwlolw| ehiruh dvvljqphqw1 Lq wkdw fdvh/ wkh sd|r>v lq wkh
lqhtxdolw| deryh zrxog eh pxowlsolhg e| 4æ dqg vxpphg ryhu vxejurxsv Eðc æä
iru hdfk ð1 Mhqvhq*v lqhtxdolw| lpsolhv wkdw wkh wkhruhp uhpdlqv wuxh zlwk
wklv gh?qlwlrq1 Krzhyhu/ li zh zdqw wr wdnh wklv dssurdfk/ wkhq zh vkrxog
uhdoo| gh?qh lqfhqwlyh h!flhqf| lq whupv ri wkh wuxh h{ dqwh w|shv/ qrw wkh
h{ dqwh w|shv ri wkh duwl?fldo hfrqrp|1

Wkhruhp 5 lv lq wkh vslulw ri Suhvfrww dqg Wrzqvhqg +4<;7d/ e,/ exw wkh
suhvhqw prgho wdnhv wkh ghfhqwudol}dwlrq ri wkh lqfhqwlyh0h!flhqw doorfdwlrq
d vwhs ixuwkhu1 Pdunhwv duh xvhg lq Suhvfrww dqg Wrzqvhqg +4<;7d/ e, wr
doorfdwh phfkdqlvpv wr djhqwv dw wkh ?uvw gdwh1 Diwhu wkh ?uvw gdwh doo wudgh lv
lqwhuphgldwhg e| wkh phfkdqlvp1 Khuh/ pdunhwv duh dovr xvhg iru vkdulqj ulvn
dqg iru lqwhuwhpsrudo vprrwklqj dqg lqwhuphgldulhv duh dfwlyh sduwlflsdqwv
lq pdunhwv dw hdfk gdwh1
Uhpdun= Wkh lqfhqwlyh0h!flhqf| ri htxloleulxp lv lq pdunhg frqwudvw wr

wkh uhvxowv lq Ekdwwdfkdu|d dqg Jdoh +4<;9,1 Wkh gl>huhqfh lv h{sodlqhg e|
wkh lqirupdwlrqdo dvvxpswlrqv1 Lq wkh prgho deryh/ wkhuh lv qr dv|pphwu| ri
lqirupdwlrq lq ?qdqfldo pdunhwv1 Rqfh wkh vwdwh # lv revhuyhg/ doo djjuhjdwh
xqfhuwdlqw| lv uhvroyhg1 Wkh glvwulexwlrq ri h{ srvw w|shv lq hdfk lqwhuphgldu|
lv d ixqfwlrq ri # dqg khqfh ehfrphv frpprq nqrzohgjh rqfh # lv uhyhdohg1
Wudglqj Duurz vhfxulwlhv dw gdwh f lv vx!flhqw wr surylgh rswlpdo lqvxudqfh
djdlqvw doo djjuhjdwh vkrfnv dw gdwh �1 Lq Ekdwwdfkdu|d dqg Jdoh +4<;9,/ e|
frqwudvw/ dq lqwhuphgldu|*v wuxh ghpdqg iru oltxlglw| lv sulydwh lqirupdwlrq
dw gdwh �1 Pdunhwv iru Duurz vhfxulwlhv fdqqrw surylgh lqfhqwlyh0h!flhqw
lqvxudqfh djdlqvw sulydwh vkrfnv1

Zkloh v|pphwu| ri lqirupdwlrq lq ?qdqfldo pdunhwv lv d xvhixo ehqfk0
pdun/ rqh fdq hdvlo| lpdjlqh flufxpvwdqfhv lq zklfk lqwhuphgldulhv kdyh
sulydwh lqirupdwlrq/ iru h{dpsoh/ wkh lqwhuphgldu| nqrzv wkh glvwulexwlrq
ri h{ srvw w|shv dprqj lwv ghsrvlwruv/ exw rxwvlghuv gr qrw1 Lq wkdw fdvh/
surylglqj lqfhqwlyh0h!flhqw lqvxudqfh wr wkh lqwhuphgldulhv zrxog uhtxluh
xv wr vxssohphqw pdunhwv iru Duurz vhfxulwlhv zlwk dq lqfhqwlyh0frpsdwleoh
lqvxudqfh phfkdqlvp/ dv lq Ekdwwdfkdu|d dqg Jdoh +4<;9,1
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7 Rswlpdo edqnlqj
Lq wkh ehqfkpdun prgho gh?qhg lq Vhfwlrq 6/ lqwhuphgldulhv xvh jhqhudo/
lqfhqwlyh0frpsdwleoh frqwudfwv1 Lq uhdolw|/ zh gr qrw revhuyh vxfk frpsoh{
frqwudfwv1 Lq wklv vhfwlrq/ zh dvvxph wkdw ?qdqfldo lqvwlwxwlrqv wdnh wkh irup
ri edqnv/ zklfk duh uhtxluhg wr xvh ghpdqg ghsrvlw frqwudfwv1

Wkh xvh ri ghpdqg ghsrvlwv uhgxfhv zhoiduh iru wzr uhdvrqv1 Iluvw/ lw
glvwruwv wkh lqwhuphgldulhv* fkrlfh ri wkh lqyhvwphqw sruwirolr dqg wkh ulvn
vkdulqj frqwudfw1 Vhfrqg/ lw ohdgv wr wkh srvvlelolw| ri edqn uxqv/ zklfk
fdxvh ixuwkhu glvwruwlrq ri ulvn vkdulqj wkurxjk suhpdwxuh oltxlgdwlrq ri edqn
dvvhwv1 Krzhyhu/ wkhuh lv qr pdunhw idloxuh1 Rxu prgho wuhdwv wkh xvh ri
ghsrvlw frqwudfwv dv d frqvwudlqw rq edqnv/ wkh uhvxow ri wudqvdfwlrq frvwv/
ohjdo uhvwulfwlrqv/ dv|pphwulf lqirupdwlrq ru sureohpv ri yhul?delolw|1 Dv
orqj dv wkh jryhuqphqw lv vxemhfw wr vlplodu uhvwulfwlrqv/ lw fdqqrw gr ehwwhu1
Lq idfw/ zh fdq vkrz wkdw/ xqghu wkh pdlqwdlqhg dvvxpswlrqv/ wkh doorfdwlrq
ri ulvn vkdulqj lv frqvwudlqhg0h!flhqw1 Wklv lv d yhu| vwurqj uhvxow1 Wkh xvh
ri ghpdqg ghsrvlwv pd| uhgxfh zhoiduh frpsduhg wr wkh ehqfkpdun prgho
zlwk xquhvwulfwhg +lqfhqwlyh0frpsdwleoh, frqwudfwv/ exw lw grhv qrw surylgh d
udwlrqdoh iru jryhuqphqw uhjxodwlrq ru lqwhuyhqwlrq1

Lq wkh ruljlqdo Gldprqg0G|eylj prgho/ wkhuh lv qr djjuhjdwh +lqwulqvlf,
xqfhuwdlqw| dqg d ghsrvlw frqwudfw lv lqwhusuhwhg wr eh d surplvh wr sd| d
?{hg dprxqw _| dw gdwh |1 Pruh jhqhudoo|/ d ghsrvlw frqwudfw r>huv lqyhvwruv
d ?{hg rqh0shulrg udwh ri uhwxuq rq wkh dprxqw ri wkh jrrg ohiw rq ghsrvlw1
Zkhq wkhuh lv djjuhjdwh xqfhuwdlqw|/ wkh lqwhuhvw udwh rq ghsrvlwv fkdqjhv
ryhu wlph lq uhvsrqvh wr qhz lqirupdwlrq1 Dv d uhvxow/ ghsrvlwruv idfh xq0
fhuwdlqw| iurp wzr vrxufhv1 Iluvw/ wkh udwh ri uhwxuq surplvhg dw gdwh � lv
frqwlqjhqw rq wkh djjuhjdwh vwdwh # dqg dsshduv vwrfkdvwlf iurp wkh srlqw
ri ylhz ri gdwh f1 Vhfrqg/ wkh edqn pd| eh xqdeoh wr pdnh wkh sd|phqw
surplvhg dw gdwh f hlwkhu ehfdxvh wkh uhwxuqv wr wkh orqj dvvhw duh wrr orz
ru wkh oltxlglw| ghpdqgv ri wkh ghsrvlwruv duh wrr juhdw1

Dq lqyhvwru ri w|sh ð ghsrvlwv klv hqgrzphqw ri rqh xqlw ri wkh jrrg zlwk
wkh edqn dw gdwh f1 Lq h{fkdqjh/ kh lv surplvhg d ?{hg uhwxuq ri 7oðf dw gdwh
�1 Kh fdq zlwkgudz dq| dprxqw ehwzhhq f dqg 7oðf dw gdwh �1 Wkh rqh0shulrg
lqwhuhvw udwh lv uhvhw dw gdwh � diwhu wkh wuxh vwdwh # lv revhuyhg1 Zkdwhyhu
lv ohiw lq wkh dffrxqw ehwzhhq gdwh � dqg gdwh 2 zloo hduq d ?{hg uhwxuq ri
oð�E#ä1 Lq wkh hyhqw wkdw wkh edqn fdqqrw pdnh wkh surplvhg sd|phqw 7oðf dw
gdwh �/ wkh ydoxh ri wkh ghsrvlw dw gdwh � lv ghqrwhg e| oðfE#ä é 7oðf1

Li wkh edqn +sduwldoo|, ghidxowv rq lwv surplvhg sd|phqwv/ wkhq lw pxvw
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oltxlgdwh doo ri lwv dvvhwv lq rughu wr pdnh wkh pd{lpxp srvvleoh sd|phqw
wr wkh lqyhvwruv dw gdwh �1 Lw iroorzv wkdw doo wkh lqyhvwruv zloo zlwkgudz
wkh pd{lpxp dprxqw dw gdwh � dqg xvh wkh vkruw dvvhw wr doorfdwh wkhlu
frqvxpswlrq rswlpdoo| ryhu wkh uhpdlqlqj gdwhv | ' �c 21 Qrwh wkdw wkh
ydoxh ri wkh edqn*v dvvhwv lv ghwhuplqhg e| wkh pdunhw sulfhv/ lqghshqghqwo|
ri dq| oltxlgdwlrq ghflvlrq1 E| frqwudvw/ lq wkh prgho ri Gldprqg dqg G|eylj
+4<;6,/ jrrgv duh dfwxdoo| xvhg xs lq wkh surfhvv ri oltxlgdwlqj wkh orqj
dvvhw1 Khuh/ wkh rqo| frvw/ h{ srvw/ dulvhv iurp wkh idfw d edqn ghidxow
h{foxghv ghsrvlwruv iurp xvlqj wkh dvvhw pdunhw wr surylgh frqvxpswlrq dw
gdwh 21 Wklv pd| uhvxow lq d glvwruwlrq ri lqwhuwhpsrudo pdujlqdo udwhv ri
vxevwlwxwlrq1

Qrwh dovr wkdw xqolnh wkh fdvh ri jhqhudo lqwhuphgldulhv/ zkhuh lw zdv
odujho| d pdwwhu ri lqgl>huhqfh zkhwkhu zh doorzhg lqyhvwruv wr krog wkh vkruw
dvvhw/ khuh lw lv hvvhqwldo wr doorz lqyhvwruv wr gr vr1 Li d edqn forvhv grzq dw
gdwh �/ wkh rqo| zd| iru lqyhvwruv wr surylgh wkhpvhoyhv zlwk frqvxpswlrq
dw gdwh 2 lv wr krog wkh vkruw dvvhw1

Wkh iruhjrlqj frqvlghudwlrqv duh vxpphg xs lq wkh iroorzlqj gh?qlwlrq1
D ghsrvlw frqwudfw lv gh?qhg e| d frqwlqjhqw sd|phqw vfkhgxoh çð G M $ +n

dqg d sulfh vfkhgxoh Zð G M $ dfc �o vdwlvi|lqj wkh frqvwudlqwé
çðE#ä ÷ 7çð ì 4@ 

#
çðE#ä

è
', dZðE#ä ' �o é +;,

Dw gdwh � lq vwdwh #/ wkh lqyhvwru lv r>huhg d fkrlfh iurp wkh exgjhw vhw

iS 5 +2
n G E�c ZðE#ää ü S é çðE#äj

zkhuh S ' ES�c S2ä lv wkh frqvxpswlrq yhfwru1 Wkh uhvwulfwlrq ZðE#ä é �
uh hfwv wkh idfw wkdw lqyhvwruv kdyh dffhvv wr wkh vkruw dvvhw1 Li wkh uhwxuq
surplvhg e| wkh edqn zhuh ohvv wkdq wkh uhwxuq rq wkh vkruw dvvhw/ lqyhvwruv
zrxog vlpso| wdnh wkh hqwluh dprxqw çðE#ä rxw ri wkh edqn dqg lqyhvw lw
lq wkh vkruw dvvhw1 Wkxv/ wkhuh lv qr orvv ri jhqhudolw| lq dvvxplqj wkdw/ lq
wkh suhylrxv qrwdwlrq/ oð�E#ä è � ru/ lq wkh fxuuhqw qrwdwlrq/ ZðE#ä é �1 Lq
wkh hyhqw wkdw wkh edqn fdqqrw sd| wkh pd{lpxp surplvhg dprxqw 7çð ì
4@ # çðE#ä/ wkh frqglwlrq +;, vd|v wkdw doo lqyhvwruv zloo zdqw wr zlwkgudz
wkh hqwluh dprxqw çðE#ä iurp wkh edqn dqg lqyhvw lw lq wkh vkruw dvvhw lqvwhdg1
Wkxv/ wkhuh lv qr orvv ri jhqhudolw| lq vhwwlqj ZðE#ä ' � lq wkrvh vwdwhv1

Idfhg zlwk d ghsrvlw frqwudfw Eçðc Zðä/ d ghsrvlwru ri w|sh ð zloo fkrrvh d
frqvxpswlrq exqgoh %ð vxfk wkdw

%ðEwðc #ä 5 @h}4@ iüðESc wðämE�c ZðE#ä ü S é çðE#äj
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iru hdfk w|sh wð dqg hdfk vwdwh #1 Ohw ÷fð ghqrwh wkh vhw ri phfkdqlvpv wkdw
fdq eh jhqhudwhg e| dq dssursuldwh ghsrvlw frqwudfw1 Lw lv fohdu wkdw hyhu|
phfkdqlvp %ð 5 ÷fð lv lqfhqwlyh frpsdwleoh/ vr ÷fð ë fð1

D sxuh edqnlqj doorfdwlrq E%c +ä ' iE%ðc +ðäj frqvlvwv ri d phfkdqlvp %ð 5
÷fð dqg d sruwirolr f é +ð é >ð iru hdfk w|sh ð1 Wkh edqnlqj doorfdwlrq E%c +ä
lv dwwdlqdeoh li lw vdwlv?hv wkh pdunhw0fohdulqj frqglwlrqv +8, dqg +9,1 D sxuh
edqnlqj htxloleulxp frqvlvwv ri d sulfh v|vwhp ERc ^ä dqg dq dwwdlqdeoh edqnlqj
doorfdwlrq E%c +ä vxfk wkdw/ iru hdfk w|sh ri lqyhvwru ð/ E%ðc +ðä pd{lpl}hv wkh
ghsrvlwru*v h{shfwhg xwlolw|=
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AIurp lqvshfwlrq/ wklv ghflvlrq sureohp lv lghqwlfdo wr wkh lqwhuphgldu|*v
h{fhsw iru rqh wklqj= wkh vhw ri ihdvleoh phfkdqlvpv fð lv uhsodfhg e| wkh vhw
÷fð ë fð frqvlvwlqj ri phfkdqlvpv wkdw fdq eh lpsohphqwhg wkurxjk ghsrvlw
frqwudfwv1

D pl{hg edqnlqj doorfdwlrq lv gh?qhg e| d ?qlwh vhw ri qxpehuv i4æj dqg
edqnlqj doorfdwlrqv iE%æð c +æð äj vxfk wkdw 4æ è f dqg

S
æ 4

æ ' �1 D pl{hg
edqnlqj doorfdwlrq lv dwwdlqdeoh li wkh phdq iE%ðc +ðäj '
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vdwlv?hv wkh pdunhw0fohdulqj frqglwlrqv +8, dqg +9,1

D pl{hg edqnlqj htxloleulxp frqvlvwv ri d sulfh v|vwhp ERc ^ä dqg d pl{hg
dwwdlqdeoh doorfdwlrq
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vroyhv wkh ghflvlrq sureohp +<,1 Wr

hqvxuh h{lvwhqfh ri d pl{hg edqnlqj htxloleulxp zh qhhg dq lqwhulrulw| dv0
vxpswlrq1

Dvvxpswlrq 4D= +Qrq0hpsw| lqwhulru, Iru dq| h{ dqwh w|sh ð ' �c éééc ?/ iru
dq| frqvxpswlrq exqgoh %ð 5 ÷fð dqg sulfh v|vwhp R 5 å / dqg iru dq| 0 : f/
hlwkhu [

#

RE#ä ü
#[

wð

bEwðc #ä%ðEwðc #ä

$
' f

ru wkhuh h{lvwv d exqgoh %âð zlwklq d glvwdqfh 0 ri %ð vxfk wkdw[
#

RE#ä ü
#[

wð

bEwðc #ä%
â
ðEwðc #ä

$
÷
[
#

RE#ä ü
#[

wð

bEwðc #ä%ðEwðc #ä

$
é

4:



Qrwh wkdw hyhq wkrxjk ÷fð ã fð/ Dvvxpswlrq 4D lv qrw lpsolhg e| Dvvxps0

wlrq 4/ ehfdxvh %âð 5 fð grhv qrw lpso| %âð 5 ÷fð1

Wkhruhp 6 Xqghu wkh pdlqwdlqhg dvvxpswlrqv/ wkhuh h{lvwv d pl{hg edqn0
lqj htxloleulxp li Dvvxpswlrq 4D lv vdwlv?hg1

Dv lq wkh fdvh ri wkh lqwhuphgldwhg htxloleulxp/ zh fdq uh0lqwhusuhw pl{hg
edqnlqj htxloleuld dv +sxuh, edqnlqj htxloleuld iru dq duwl?fldo hfrqrp| zlwk
pruh h{ dqwh w|shv1 Vr/ zlwkrxw orvv ri jhqhudolw| zh uhvwulfw dwwhqwlrq wr
sxuh htxloleuld lq zkdw iroorzv1

Ehfdxvh wkh| duh uhvwulfwhg wr ghsrvlw frqwudfwv/ lw lv fohdu wkdw edqnv
fdqqrw dozd|v gr dv zhoo dv jhqhudo lqwhuphgldulhv1 Krzhyhu/ wkh edqnlqj
htxloleulxp lv frqvwudlqhg0h!flhqw lq wkh vhqvh wkdw qr ihdvleoh edqnlqj do0
orfdwlrq fdq pdnh hyhu| w|sh ri ghsrvlwru ehwwhu r>1 Dq dwwdlqdeoh edqnlqj
doorfdwlrq E%c +ä lv frqvwudlqhg0h!flhqw li wkhuh grhv qrw h{lvw dq dwwdlqdeoh
pl{hg edqnlqj doorfdwlrq
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iru hyhu| Eðc æä zlwk vwulfw lqhtxdolw| iru vrph Eðc æä1
Dv lq wkh fdvh ri wkh lqwhuphgldwhg htxloleulxp/ zh qhhg wr dvvxph orfdo

qrq0vdwldelolw| lq rughu wr hqvxuh h!flhqf|1

Dvvxpswlrq 5D= +Orfdo qrq0vdwldwlrq, Iru dq| h{ dqwh w|sh ð ' �c éééc ?/ iru
dq| %ð 5 ÷fð/ dqg iru dq| 0 : f/ wkhuh h{lvwv d phfkdqlvp %âð 5 ÷fð zlwklq d
glvwdqfh 0 ri %ð vxfk wkdw[
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Wkhruhp 7 Li ERc ^c %c +ä lv d edqnlqj htxloleulxp dqg Dvvxpswlrq 5D lv
vdwlv?hg/ wkhq wkh edqnlqj doorfdwlrq E%c +ä lv frqvwudlqhg0h!flhqw1

Surri1 Wkh surri lv hvvhqwldoo| wkh vdph dv iru Wkhruhp 51
Uhpdun= Dq lpsruwdqw txdol?fdwlrq wr wkh frqvwudlqhg0h!flhqf| ri wkh

edqnlqj htxloleulxp lv wkh 3htxloleulxp vhohfwlrq4 lpsolflw lq wkh gh?qlwlrq ri
htxloleulxp1 Edqnv duh sulfh wdnhuv vr htxloleulxp sulfhv dqg khqfh lqyhvwruv*
ehkdylru dw gdwhv � dqg 2 duh shufhlyhg wr eh lqghshqghqw ri wkh fkrlfhv pdgh
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e| edqnv dw gdwh f1 Lq idfw/ rqfh zh uhfrjql}h wkh srvvlelolw| ri pxowlsoh
htxloleuld dqg wkh ghshqghqfh ri htxloleulxp vhohfwlrq dw gdwh � lq d srvvleo|
frpsolfdwhg zd| rq wkh edqnv* fkrlfhv dw gdwh f/ lw lv fohdu wkdw wkhuh duh
pdq| htxloleuld/ vrph ri zklfk duh lqh!flhqw1 Wklv dvshfw ri wkh sureohp
lv eh|rqg wkh vfrsh ri wklv sdshu/ exw lw ghvhuyhv wr eh lqyhvwljdwhg lq wkh
ixwxuh1

8 Frpsohwh sduwlflsdwlrq dqg uhgxqgdqf|

Frqh +4<;6, dqg Mdfnolq +4<;9, kdyh srlqwhg rxw wkdw wkh ehqh?fldo h>hfwv
ri edqnv lq wkh Gldprqg0G|eylj +4<;6, prgho ghshqg rq wkh dvvxpswlrq
wkdw wkhuh duh qr pdunhwv lq zklfk dvvhwv fdq eh wudghg dw wkh lqwhuphgl0
dwh gdwh1 Li vxfk pdunhwv h{lvw/ dqg ghsrvlwruv duh doorzhg wr sduwlflsdwh
lq wkh pdunhwv/ wkhq wkh pdunhw doorfdwlrq zhdno| grplqdwhv wkh doorfdwlrq
lpsohphqwhg e| wkh edqnv1 Edqnv duh uhgxqgdqw lq wkh vhqvh wkdw wkh| fdq0
qrw lpsuryh rq wkh ulvn vkdulqj dfklhyhg e| pdunhwv dorqh1 D vlplodu uhvxow
krogv khuh1 Wkh delolw| ri lqwhuphgldulhv wr surylgh lqvxudqfh djdlqvw vkrfnv
wr oltxlglw| suhihuhqfh ghshqgv fuxfldoo| rq wkh dvvxpswlrq wkdw lqyhvwruv
fdqqrw sduwlflsdwh gluhfwo| lq dvvhw pdunhwv1 Lqfuhdvlqj dffhvv wr ?qdqfldo
pdunhwv dfwxdoo| orzhuv zhoiduh1 Wr vkrz wklv/ zh ?uvw fkdudfwhul}h dq htxl0
oleulxp zlwk pdunhwv exw zlwkrxw lqwhuphgldulhv1 Wkhq zh vkrz wkdw wkh
lqwurgxfwlrq ri lqwhuphgldulhv lv uhgxqgdqw1

Wkh pdunhw gdwd lv wkh vdph dv lq Vhfwlrq 51 Lqyhvwruv duh doorzhg wr wudgh
lq pdunhwv iru Duurz vhfxulwlhv dw gdwh f dqg fdq wudgh lq wkh vsrw pdunhwv
iru wkh jrrg dw gdwh �1 Ohw +ð ghqrwh wkh sruwirolr fkrvhq e| d uhsuhvhqwdwlyh
lqyhvwru ri w|sh ð dqg ohw %ðEwðc #ä ghqrwh wkh frqvxpswlrq exqgoh fkrvhq e|
dq lqyhvwru ri w|sh wð lq vwdwh #1 Wkh lqyhvwru*v fkrlfh ri E%ðc+ðä pxvw vroyh
wkh ghflvlrq sureohp=
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Wkh pd{lpl}dwlrq sureohp iru wkh lqglylgxdo lv vlplodu wr wkdw ri dq lqwhu0
phgldu| ri w|sh ð h{fhsw iru wzr wklqjv1 Iluvw/ wkhuh lv qr h{solflw lqfhqwlyh
frqvwudlqw %ð 5 fð1 Vhfrqg/ wkhuh lv qr lqvxudqfh surylghg djdlqvw wkh uhdo0
l}dwlrq ri wð1 Wklv lv uh hfwhg lq wkh idfw wkdw/ lqvwhdg ri vxpplqj wkh exgjhw
frqvwudlqw ryhu # dqg wð/ lw lv vxpphg ryhu # rqo| dqg pxvw eh vdwlv?hg iru
hdfk wð1 Wkh h{ dqwh w|sh ð fdq uhglvwulexwh zhdowk dfurvv vwdwhv # lq dq| zd|
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kh olnhv/ exw hdfk w|sh wð zloo jhw wkh vdph dprxqw wr vshqg lq vwdwh #1 Dv d
uhvxow/ iru hdfk uhdol}dwlrq ri wð lq d jlyhq vwdwh #/ wkh fkrlfh ri %ðEwðc #ä pxvw
pd{lpl}h wkh xwlolw| ixqfwlrq üðE%ðEwðc #äc wðä vxemhfw wr d exgjhw frqvwudlqw
wkdw ghshqgv rq # exw qrw rq wð1 Wklv hqvxuhv wkdw lqfhqwlyh frpsdwlelolw|
lv vdwlv?hg1

Dq htxloleulxp iru wklv hfrqrp| frqvlvwv ri d sulfh v|vwhp iRc ^j dqg dq
dwwdlqdeoh doorfdwlrq iE%ðc +ðäj vxfk/ wkdw iru hyhu| w|sh ð/ E%ðc +ðä vroyhv wkh
lqglylgxdo lqyhvwru*v sureohp deryh1

Frpsdulqj wklv gh?qlwlrq ri htxloleulxp zlwk wkh lqwhuphgldu| htxlole0
ulxp/ lw lv fohdu wkdw dq htxloleulxp zlwk frpsohwh pdunhw sduwlflsdwlrq fdq0
qrw lpsohphqw wkh lqfhqwlyh0h!flhqw htxloleulxp h{fhsw lq wkh vshfldo fdvh
zkhuh wkhuh duh qr jdlqv iurp vkdulqj ulvn djdlqvw oltxlglw| suhihuhqfh vkrfnv1

Wkh pruh lqwhuhvwlqj txhvwlrq lv zkhwkhu lqwurgxflqj lqwhuphgldulhv lq
wklv frqwh{w fdq pdnh lqyhvwruv dq| ehwwhu r>1 Wkh dqvzhu/ dv zh kdyh
vxjjhvwhg/ lv qhjdwlyh1 Wr vhh wklv/ qrwh ?uvw ri doo wkdw lq dq htxloleulxp
zlwk frpsohwh sduwlflsdwlrq/ doo wkdw lqyhvwruv fduh derxw lq hdfk vwdwh lv
wkh pdunhw ydoxh ri wkh exqgoh wkh| uhfhlyh iurp wkh lqwhuphgldu|1 Li dq
lqwhuphgldu| r>huv d phfkdqlvp %ð wkh lqyhvwruv ri w|sh wð zloo uhsruw wkh
h{ srvw w|sh ÷wð wkdw pd{lpl}hv RE#ä ü %ðE÷wðc #ä lq vwdwh #1 Xvlqj wkh Uhyh0
odwlrq Sulqflsoh/ wkhuh lv qr orvv ri jhqhudolw| lq dvvxplqj wkdw wkh ydoxh ri
frqvxpswlrq RE#ä ü %ðEwðc #ä ' çðE#ä lv lqghshqghqw ri wð1 Exw wklv phdqv
wkdw wkh lqwhuphgldu| fdq gr qrwklqj pruh wkdq uhsolfdwh wkh h>hfw ri wkh
pdunhwv iru Duurz vhfxulwlhv1 Pruh suhflvho|/ wkh lqwhuphgldu| lv r>hulqj d
vhfxulw| wkdw sd|v çðE#ä lq vwdwh # dqg wkh lqwhuphgldu|*v exgjhw frqvwudlqw[
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hqvxuhv wkdw içðE#äj fdq eh uhsurgxfhg dv d sruwirolr ri Duurz vhfxulwlhv dw
wkh vdph frvw1

Wkhruhp 8 Lq dq htxloleulxp zlwk frpsohwh pdunhw sduwlflsdwlrq/ wkh lq0
wurgxfwlrq ri lqwhuphgldulhv lv uhgxqgdqw lq wkh vhqvh wkdw dq htxloleulxp
doorfdwlrq lq dq hfrqrp| zlwk lqwhuphgldulhv lv zhdno| Sduhwr0grplqdwhg e|
dq htxloleulxp doorfdwlrq ri wkh fruuhvsrqglqj hfrqrp| zlwkrxw lqwhuphgl0
dulhv1

Wklv lv/ hvvhqwldoo|/ d 3Prgljoldql0Ploohu4 uhvxow/ vd|lqj wkdw zkdwhyhu dq
lqwhuphgldu| fdq gr fdq eh grqh +dqg xqgrqh, e| wkh pdunhw1
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Wkh vdph uhvxow krogv d iruwlrul li zh uhsodfh wkh jhqhudo lqwhuphgldu| zlwk
d edqn lvvxlqj ghsrvlw frqwudfwv1 Dv ehiruh/ frpsohwh sduwlflsdwlrq lpsolhv
wkdw lqyhvwruv rqo| fduh derxw wkh pdunhw ydoxh ri wkh exqgoh wkh| uhfhlyh
iurp wkh edqn1 Lq dq hfrqrp| zlwk pdunhw sduwlflsdwlrq dqg qr edqnv/ hyhu|
lqyhvwru ri w|sh ð uhfhlyhv wkh vdph dprxqw lq vwdwh #/ lqghshqghqwo| ri klv
h{ srvw w|sh wð1 Olnhzlvh/ lq dq hfrqrp| zlwk edqnv/ hyhu| ghsrvlwru ri w|sh
ð uhfhlyhv wkh ydoxh ri wkh edqn*v sruwirolr lq vwdwh #/ lqghshqghqwo| ri klv h{
srvw w|sh wð1 Lw lv d pdwwhu ri lqgl>huhqfh zkhwkhu wkh edqn irupdoo| ghidxowv
ru qrw +wkh ghsrvlwru uhfhlyhv wkh vdph dprxqw lq hlwkhu fdvh,/ vr wkh ydoxh
ri wkh ?{hg sd|phqw _ lv luuhohydqw dqg pljkw dv zhoo eh vhw htxdo wr }hur1

9 Suxghqwldo uhjxodwlrq

Wkh devhqfh ri pdunhwv iru lqvxulqj lqglylgxdo oltxlglw| vkrfnv grhv qrw e|
lwvhoi ohdg wr pdunhw idloxuh1 Dv zh vkrzhg lq Vhfwlrq 6/ lqwhuphgldulhv fdq
dfklhyh dq lqfhqwlyh0h!flhqw doorfdwlrq ri ulvn xqghu fhuwdlq frqglwlrqv1 Xq0
ghu wkh vdph frqglwlrqv/ edqnv fdq dfklhyh d frqvwudlqhg0h!flhqw doorfdwlrq
ri ulvn1 Wzr dvvxpswlrqv duh fuxfldo iru wkhvh uhvxowv= pdunhwv iru djjuhjdwh
xqfhuwdlqw| duh frpsohwh +wkhuh lv dq Duurz vhfxulw| iru hdfk vwdwh #, dqg
pdunhw sduwlflsdwlrq lv olplwhg1 Pdunhwv iru djjuhjdwh ulvn doorz lqwhuph0
gldulhv wr vkduh ulvn dprqj gl>huhqw h{ dqwh w|shv ri lqyhvwru dqg olplwhg
sduwlflsdwlrq doorzv lqwhuphgldulhv wr r>hu lqvxudqfh djdlqvw wkh uhdol}dwlrq
ri h{ srvw w|shv1

Lq rughu wr jhqhudwh d pdunhw idloxuh dqg surylgh vrph uroh iru jryhuqphqw
lqwhuyhqwlrq/ dq dgglwlrqdo iulfwlrq pxvw eh lqwurgxfhg1 Khuh zh dvvxph wkdw
lw frphv lq wkh irup ri lqfrpsohwh pdunhwv iru djjuhjdwh ulvn1 Wkhuh duh wzr
vrxufhv ri djjuhjdwh ulvn lq wklv prgho1 Rqh lv wkh uhwxuq wr wkh ulvn| dvvhw
-E#ä> wkh rwkhu lv wkh glvwulexwlrq ri lqyhvwruv* oltxlglw| suhihuhqfhv bEwðc #ä1
Dowkrxjk wkhuh lv d frqwlqxxp ri lqyhvwruv/ fruuhodwhg oltxlglw| vkrfnv jlyh
ulvh wr djjuhjdwh  xfwxdwlrqv lq wkh ghpdqg iru oltxlglw|1

Pdunhw lqfrpsohwhqhvv pd| eh h{shfwhg wr ydu| dffruglqj wr wkh vrxufh
ri wkh ulvn1 Rq wkh rqh kdqg/ dvvhw uhwxuqv fdq eh khgjhg xvlqj pdunhwv iru
vwrfn dqg lqwhuhvw udwh rswlrqv dqg ixwxuhv1 Iru h{dpsoh/ ?qdqfldo pdunhwv
doorz lqwhuphgldulhv wr wdnh khgjlqj srvlwlrqv rq ixwxuh dvvhw sulfhv dqg
lqwhuhvw udwhv1 Dgglwlrqdo khgjhv fdq eh v|qwkhvl}hg xvlqj g|qdplf wudglqj
vwudwhjlhv1 Rq wkh rwkhu kdqg/ oltxlglw| vkrfnv vhhp kdughu wr khgjh1 Dvvhw
sulfhv dqg lqwhuhvw udwhv duh ixqfwlrqv ri wkh djjuhjdwh glvwulexwlrq ri oltxlglw|
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vkrfnv lq wkh hfrqrp|1 Lqyhuwlqj wklv uhodwlrqvkls/ zh fdq xvh dvvhw sulfhv dqg
lqwhuhvw udwhv wr lqihu wkh dyhudjh ghpdqg iru oltxlglw|/ exw qrw wkh oltxlglw|
vkrfn h{shulhqfhg e| d sduwlfxodu lqwhuphgldu|1 Khqfh/ wudglqj rswlrqv dqg
ixwxuhv zloo qrw doorz lqwhuphgldulhv wr surylgh lqvxudqfh djdlqvw wkhlu rzq
oltxlglw| vkrfnv1 Vr pdunhwv iru khgjlqj oltxlglw| vkrfnv duh olnho| wr eh pruh
lqfrpsohwh wkdq wkh pdunhwv iru khgjlqj dvvhw uhwxuqv1

Lq wkh vhtxho/ zh dqdo|}h d srodu fdvh= zh dvvxph wkdw wkhuh h{lvw frp0
sohwh pdunhwv iru khgjlqj dvvhw uhwxuq vkrfnv/ exw qr pdunhwv iru khgjlqj
oltxlglw| vkrfnv1 Vlqfh frpsohwh pdunhwv iru dvvhw0uhwxuq vkrfnv shuplw hi0
?flhqw vkdulqj ri wkdw ulvn/ zh pljkw dv zhoo dvvxph wkdw dvvhw uhwxuqv duh
qrq0vwrfkdvwlf1 Lq zkdw iroorzv/ zh dgrsw wkh vlpsoli|lqj dvvxpswlrq wkdw
wkh uhwxuq wr wkh orqj dvvhw lv d frqvwdqw o : � dqg wkh rqo| djjuhjdwh
xqfhuwdlqw| frphv iurp oltxlglw| vkrfnv1

914 Uhjxodwlrq ri lqwhuphgldulhv

Zh frqwlqxh wr dvvxph wkdw hdfk lqwhuphgldu| vhuyhv d vlqjoh w|sh ri lq0
yhvwru1 Ohw %ð ghqrwh wkh phfkdqlvp dqg +ð wkh sruwirolr fkrvhq e| wkh
uhsuhvhqwdwlyh lqwhuphgldu| ri w|sh ð1 Wkh sureohp idfhg e| wkh lqwhuphgl0
du| lv wr fkrrvh E%ðc +ðä wr pd{lpl}h wkh h{shfwhg xwlolw| ri wkh uhsuhvhqwdwlyh
ghsrvlwru vxemhfw wr pxowlsoh/ vwdwh0frqwlqjhqw exgjhw frqvwudlqwv=
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bEwðc #äRE#ä ü %ðEwðc #ä

é RE#ä ü E+ðc E>ð ý +ðä-E#ääc ;#é
Wkh lqfrpsohwhqhvv ri pdunhwv lv uh hfwhg lq wkh idfw wkdw wkhuh lv d vhsdudwh
exgjhw frqvwudlqw iru hdfk djjuhjdwh vwdwh ri qdwxuh #/ udwkhu wkdq d vlqjoh
exgjhw frqvwudlqw wkdw lqwhjudwhv vxusoxvhv dqg gh?flwv dfurvv doo vwdwhv1

Wkh zrun ri Jhdqdnrsorv dqg Srohpdufkdnlv +4<;9, +khuhdiwhu JS, vxj0
jhvwv wkdw jhqhudo htxloleulxp zlwk lqfrpsohwh pdunhwv +JHL, lv jhqhulfdoo|
lqh!flhqw1 Pruh suhflvho|/ JS vkrz wkdw d sodqqhu fdq pdnh doo lqyhvwruv
ehwwhu r> e| pdqlsxodwlqj gdwh f yduldeohv zkloh uho|lqj rq wkhpdunhw dw gdwh
�1 Pdujlqdo udwhv ri vxevwlwxwlrq ydu| dfurvv lqyhvwru w|shv zkhq pdunhwv duh
lqfrpsohwh> d fkdqjh lq wkh ?uvw0shulrg doorfdwlrq zloo fkdqjh vhfrqg0shulrg
sulfhv lq d zd| wkdw fdxvhv wudqvihuv dprqj lqyhvwruv lq hdfk vwdwh ri qdwxuh
dw gdwh 2> ehfdxvh ri wkh gl>huhqfh lq pdujlqdo ydoxdwlrqv/ vwdwh0frqwlqjhqw
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wudqvihuv fdq lqfuhdvh hyhu| djhqwv* xwlolw|1 Wkh suhvhqw prgho lv qrw d vshfldo
fdvh ri wkh JHL prgho/ vr wkh JS uhvxow grhv qrw dsso|1 Vwloo/ wkh uhdvrqlqj
vxjjhvwv wkdw htxloleulxp zloo eh lqh!flhqw lq wkh vhqvh ri JS1

Udwkhu wkdq sxuvxlqj jhqhudo lqh!flhqf| uhvxowv/ zh lqyhvwljdwh vshfl?f
srolf| lqwhuyhqwlrqv wr lghqwli| wkh suhflvh zd|v lq zklfk zhoiduh fdq eh lq0
fuhdvhg1 Pdqlsxodwlrq ri sruwirolr fkrlfhv dw wkh ?uvw gdwh fdq eh lqwhusuhwhg
dv d irup ri suxghqwldo uhjxodwlrq1 Iru h{dpsoh/ d orzhu erxqg rq wkh dprxqw
ri wkh vkruw dvvhw khog e| lqwhuphgldulhv fdq eh lqwhusuhwhg dv d uhvhuyh uh0
txluhphqw1 Zh h{dplqh suxghqwldo uhjxodwlrq lq wkh frqwh{w ri dq hfrqrp|
zlwk Gldprqg0G|eylj suhihuhqfhv1

Dv xvxdo/ wkhuh duh ? h{ dqwh w|shv ri lqyhvwruv ð ' �c éééc ?1 Wkh h{
dqwh w|shv duh v|pphwulf dqg wkh vl}h ri hdfk w|sh lv qrupdol}hg wr >ð ' �1
Wkhuh duh wzr h{ srvw w|shv/ fdoohg hduo| frqvxphuv dqg odwh frqvxphuv1
Hduo| frqvxphuv rqo| ydoxh frqvxpswlrq dw gdwh �/ zkloh odwh frqvxphuv
rqo| ydoxh frqvxpswlrq dw gdwh 21 Wkh h{ dqwh xwlolw| ixqfwlrq ri w|sh ð lv
gh?qhg e|

üðES�c S2c wðä ' E�ý wðäLES�ä n wðLES2äc
zkhuh wð 5 ifc �j1 Wkh shulrg xwlolw| ixqfwlrq L G +n$ + lv wzlfh frqwlq0
xrxvo| gl>huhqwldeoh dqg vdwlv?hv wkh xvxdo qhrfodvvlfdo surshuwlhv/ L âESä :
fc L ââESä ÷ fc dqg *ð4S�f L âESä '41

Hdfk lqwhuphgldu| lv fkdudfwhul}hg dw gdwh � e| wkh sursruwlrqv ri hduo|
dqg odwh frqvxphuv dprqj lwv fxvwrphuv1 Fdoo wkhvh sursruwlrqv wkh lqwhuph0
gldu|*v w|sh1 Wkhq djjuhjdwh ulvn lv fkdudfwhul}hg e| wkh glvwulexwlrq ri w|shv
ri lqwhuphgldu| dw gdwh �1 Zh dvvxph wkdw wkh furvv0vhfwlrqdo glvwulexwlrq ri
w|shv lv frqvwdqw dqg qr yduldwlrq lq wkh wrwdo ghpdqg iru oltxlglw|1 Lq wklv
vhqvh wkhuh lv qr djjuhjdwh xqfhuwdlqw|1 Krzhyhu/ lqglylgxdo lqwhuphgldulhv
uhfhlyh gl>huhqw oltxlglw| vkrfnv= vrph lqwhuphgldulhv zloo kdyh kljk ghpdqg
iru oltxlglw| dqg vrph zloo kdyh orz ghpdqg iru oltxlglw|1 Wkh dvvhw pdunhw
lv xvhg wr uh0doorfdwh oltxlglw| iurp lqwhuphgldulhv zlwk d vxusoxv ri oltxlg0
lw| wr lqwhuphgldulhv zlwk d gh?flw ri oltxlglw|1 Lw lv rqo| wkh furvv0vhfwlrqdo
glvwulexwlrq ri oltxlglw| vkrfnv wkdw grhv qrw ydu|1 Wr pdnh wklv suhflvh/ zh
qhhg dgglwlrqdo qrwdwlrq1 Zh lghqwli| wkh vwdwh # zlwk wkh ?0wxsoh E#�c éééc #?ä/
zkhuh #ð lv wkh iudfwlrq ri lqyhvwruv ri w|sh ð zkr duh hduo| frqvxphuv lq vwdwh
#1 Wkh iudfwlrq ri hduo| frqvxphuv wdnhv d ?qlwh qxpehu ri ydoxhv/ ghqrwhg
e| f ÷ j& ÷ �/ zkhuh & ' �c éééc g1 Zh dvvxph wkdw wkh pdujlqdo glvwulexwlrq
ri #ð lv wkh vdph iru hyhu| w|sh ð dqg wkdw wkh furvv0vhfwlrqdo glvwulexwlrq lv
wkh vdph iru hyhu| vwdwh #1 Irupdoo|/ ohw b& ghqrwh wkh h{ dqwh suredelolw|
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wkdw wkh sursruwlrq ri hduo| frqvxphuv lv j&1 Ohw Mð& ' i# 5 M G #ð ' j&j1
Wkhq b& '

S
#MMð& bðEfc #ä/ iru hyhu| & dqg hyhu| w|sh ð1 H{ srvw/ b& htxdov

wkh iudfwlrq ri h{ dqwh w|shv zlwk d sursruwlrq j& ri hduo| frqvxphuv1 Wkhq
b& ' ?

3�rið G #ð ' j&j/ iru hyhu| & dqg hyhu| vwdwh #1
Wkh uhwxuq rq wkh orqj dvvhw lv qrq0vwrfkdvwlf/

-E#ä ' o : �c ;#é
Wkh rqo| djjuhjdwh xqfhuwdlqw| lq wkh prgho uhodwhv wr wkh glvwulexwlrq ri
oltxlglw| vkrfnv dfurvv wkh gl>huhqw h{ dqwh w|shv ð1

Lq zkdw iroorzv/ zh irfxv rq v|pphwulf htxloleulxp/ lq zklfk wkh sulfhv
dw gdwhv � dqg 2 duh lqghshqghqw ri wkh uhdol}hg vwdwh # dqg wkh fkrlfhv ri wkh
lqwhuphgldulhv dw gdwh f duh lqghshqghqw ri wkh h{ dqwh w|sh ð1 Ohw wkh jrrg
dw gdwh � eh wkh qxphudluh dqg ohw R ghqrwh wkh sulfh ri wkh jrrg dw gdwh 2
lq whupv ri wkh jrrg dw gdwh �1 Dw gdwh f wkh uhsuhvhqwdwlyh lqwhuphgldu| ri
w|sh ð fkrrvhv d sruwirolr +ð ' + dqg d frqvxpswlrq phfkdqlvp %ðE#ä ' %E#ðä
wr vroyh wkh iroorzlqj sureohp=

4@ 
S

& b& ij&L E%�Ej&ää n E�ý j&äLE%2Ej&ääj
v1w1 j&%�Ej&ä n E�ý j&äR%2Ej&ä é + n RoE�ý +äc ;&c

%�Ej&ä é %2Ej&äc ;&é
+43,

Wkh lqfhqwlyh frqvwudlqw %�Ej&ä é %2Ej&ä lv qhyhu elqglqj1 Wr vhh wklv/ gurs
wkh lqfhqwlyh frqvwudlqw dqg vroyh wkh uhod{hg sureohp1 Wkh vshfldo hduo|0
frqvxphu/ odwh0frqvxphu vwuxfwxuh ri suhihuhqfhv dqg wkh dvvxpswlrq o : �
lpso| wkdw wkh lqfhqwlyh frqvwudlqw lv dxwrpdwlfdoo| vdwlv?hg e| wkh vroxwlrq
wr wkh uhod{hg sureohp1

D v|pphwulf htxloleulxp frqvlvwv ri dq duud| ERc %c +ä vxfk wkdw E%c +ä
vroyhv wkh sureohp +43, iru wkh htxloleulxp sulfh R dqg wkh pdunhw0fohdulqj
frqglwlrqv Sg

&'� b&j&%�Ej&ä é +cSg
&'� b& ij&%�Ej&ä n E�ý j&ä%2Ej&äj ' + n oE�ý +äé

duh vdwlv?hg1

Sursrvlwlrq 9 Wkhuh h{lvwv d xqltxh v|pphwulf htxloleulxp ERWc %Wc +Wä1

Surri1 Xqltxhqhvv1 Wkh Lqdgd frqglwlrqv lpso| wkdw wkh rswlpdo phfkd0
qlvp zloo surylgh srvlwlyh frqvxpswlrq dw erwk gdwhv/ vr erwk dvvhwv duh khog
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lq htxloleulxp1 Erwk dvvhwv zloo eh khog ehwzhhq gdwh f dqg gdwh � rqo| li
wkh uhwxuqv rq wkh wzr dvvhwv duh htxdo1 Li Ro : � wkhq wkh uhwxuq rq wkh orqj
dvvhw lv juhdwhu wkdq wkh uhwxuq rq wkh vkruw dvvhw ehwzhhq gdwhv f dqg � dqg
qr rqh zloo krog wkh odwwhu > li Ro ÷ � wkhq wkh uhwxuq rq wkh vkruw dvvhw lv
juhdwhu wkdq wkh uhwxuq rq wkh orqj dvvhw ehwzhhq gdwhv f dqg � dqg qr rqh
zloo krog wkh orqj dvvhw1 Wkhq htxloleulxp uhtxluhv wkdw R ' �*o dw gdwh �
+Doohq dqg Jdoh +4<<7,,1

Dw wkh sulfh R ' �*o/ wkh vkruw dvvhw lv grplqdwhg ehwzhhq gdwhv � dqg 2
vr qr rqh zloo krog lw1 Lw iroorzv wkdw doo frqvxpswlrq dw gdwh � lv surylghg e|
wkh vkruw dvvhw dqg doo frqvxpswlrq dw gdwh 2 lv surylghg e| wkh orqj dvvhw1
Wkhq wkh pdunhw0fohdulqj frqglwlrqv duhSg

&'� b&j&%�Ej&ä ' ?+cSg
&'� b&E�ý j&ä%2Ej&ä ' ?oE�ý +äé

+44,

Dw wkh sulfh R ' �*o/ lqwhuphgldulhv duh lqgl>huhqw ehwzhhq wkh wzr dvvhwv dw
gdwh f1 Wkxv/ wkh txdqwlwlhv ri wkh dvvhwv khog lq htxloleulxp duh ghwhuplqhg
e| wkh pdunhw0fohdulqj frqglwlrqv1

Ilqdoo|/ qrwh wkdw dw wkh sulfh R ' �*o/ wkh uljkw kdqg vlgh ri wkh exgjhw
frqvwudlqw lq +43, lv htxdo wr � iru doo &/ vr wkh fkrlfh ri % lv lqghshqghqw ri +1
Vwulfw frqfdylw| lpsolhv wkdw wkhuh lv dw prvw rqh vroxwlrq wr wkh pd{lpl}dwlrq
sureohp1 Khqfh/ wkh htxloleulxp ydoxhv duh xqltxho| ghwhuplqhg1
H{lvwhqfh1 Wkh h{lvwhqfh ri d v|pphwulf htxloleulxp iroorzv gluhfwo| iurp

wkh h{lvwhqfh ri d vroxwlrq ri wkh lqwhuphgldu|*v ghflvlrq sureohp +43,1 D
vroxwlrq h{lvwv ehfdxvh wkh fkrlfh vhw lv frpsdfw dqg wkh remhfwlyh ixqfwlrq
lv frqwlqxrxv1 Wkh remhfwlyh ixqfwlrq lv lqfuhdvlqj/ vr wkh exgjhw frqvwudlqw
krogv dv dq htxdwlrq iru hdfk &1 Vxpplqj wkh exgjhw frqvwudlqw ryhu & zh
jhw [

&

b& ij&%�Ej&ä n E�ý j&äR%2Ej&äj ' ?c

zkhuh R ' �*o1 Fohduo|/ wkhuh h{lvwv d ydoxh ri f é + é � vxfk wkdw wkh
pdunhw0fohdulqj frqglwlrqv +44, duh vdwlv?hg1 Wkhq ERc %c +ä frqvwlwxwhv d
v|pphwulf htxloleulxp1

Wr vwxg| wkh h>hfw ri uhjxodwlrq ri lqwhuphgldulhv/ zh wdnh dv jlyhq wkh
fkrlfh ri sruwirolr + dw gdwh f dqg frqvlghu wkh ghwhuplqdwlrq ri wkh frqvxps0
wlrq phfkdqlvp % dqg wkh pdunhw0fohdulqj sulfh R1 Fdoo ERc %c +ä d uhjxodwhg
htxloleulxp li % vroyhv wkh sureohp +43, iru wkh jlyhq ydoxhv ri R dqg +/ dqg
E%c +ä vdwlv?hv wkh pdunhw0fohdulqj frqglwlrqv +44,1
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Sursrvlwlrq : Iru dq| R vx!flhqwo| forvh wr RW/ wkhuh h{lvwv d xqltxh uhj0
xodwhg htxloleulxp ERc %c +ä1

Surri1 Vhh Vhfwlrq BB1
Vxssrvh wkdw ERc %c +ä lv d uhjxodwhg htxloleulxp dqg R : RW1 Wkhq wkh

vkruw dvvhw lv grplqdwhg e| wkh orqj dvvhw ehwzhhq gdwhv f dqg � dqg qr rqh
zloo zdqw wr krog wkh vkruw dvvhw1 Li wkh uhjxodwru uhtxluhv lqwhuphgldulhv wr
krog d plqlpxp dprxqw ri wkh vkruw dvvhw wkhq hdfk lqwhuphgldulhv zloo zdqw
wr krog wkh plqlpxp1 Lq wkdw fdvh/ E%c +ä vroyhv wkh pd{lpl}dwlrq sureohp
+43, vxemhfw wr wkh dgglwlrqdo frqvwudlqw + è 7+ iru dq dssursuldwho| fkrvhq
ydoxh ri 7+1 Vlploduo|/ li R ÷ RW wkhq wkh orqj dvvhw lv grplqdwhg dqg E%c +ä
vroyhv wkh pd{lpl}dwlrq sureohp vxemhfw wr dq dgglwlrqdo frqvwudlqw + é 7+1
Wkxv/ dq| uhjxodwhg htxloleulxp fdq eh lqwhusuhwhg dv dq htxloleulxp lq zklfk
wkh lqwhuphgldulhv fkrrvh wkh phfkdqlvp % dqg wkh sruwirolr + wr pd{lpl}h
wkh h{shfwhg xwlolw| ri wkh ghsrvlwruv vxemhfw wr d frqvwudlqw wkdw uhtxluhv
wkhp wr krog d plqlpxp dprxqw ri wkh vkruw dvvhw lq wkh fdvh R : RW ru ri
wkh orqj dvvhw lq wkh fdvh R ÷ RW1 Lq wklv vhqvh/ wkh uhjxodwru fdq lpsohphqw
wkh uhjxodwhg htxloleulxp ERc %c +ä e| lpsrvlqj dq dssursuldwh frqvwudlqw 7+
rq wkh lqwhuphgldulhv* sruwirolr fkrlfh1

E| pdqlsxodwlqj wkh lqwhuphgldulhv* sruwirolr fkrlfh/ wkh uhjxodwru lv deoh
wr pdqlsxodwh wkh htxloleulxp sulfh R1 Wkh zhoiduh h>hfw ri wklv fkdqjh
lq sulfh ghshqgv rq wkh ghjuhh ri ulvn dyhuvlrq1 Zh glvwlqjxlvk wzr fdvhv/
dffruglqj wr zkhwkhu wkh ghjuhh ri ulvn dyhuvlrq lv juhdwhu wkdq ru ohvv wkdq
rqh1 Ohw ` ERä ghqrwh wkh h{shfwhg xwlolw| ri wkh w|slfdo ghsrvlwru lq wkh
uhjxodwhg htxloleulxp ERc %c +ä1

Wkhruhp ; Iru dq| R : RW vx!flhqwo| forvh wr RW/ ` ERä : ` ERWä li

ýL
ââESäS
L âESä

: �é +45,

Iru dq| R ÷ RW vx!flhqwo| forvh wr RW/ ` ERä : ` ERWä li

ýL
ââESäS
L âESä

÷ �é

Surri1 Vhh Vhfwlrq BB1
Vr dq lqfuhdvh lq oltxlglw| +lqfuhdvh lq wkh sulfh ri wkh orqj dvvhw, pd| lqfuhdvh
ru ghfuhdvh zhoiduh/ ghshqglqj rq wkh ghjuhh ri ulvn dyhuvlrq1
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Wkh lqwxlwlrq ehklqg wkhvh uhvxowv lv wkh iroorzlqj1 Zkhq uhodwlyh ulvn
dyhuvlrq lv kljk/ rswlpdo ulvn vkdulqj uhtxluhv lqwhuwhpsrudo vprrwklqj +wkh
frqvxpswlrq dw gdwh � lv kljkhu wkdq wkh suhvhqw ydoxh ri frqvxpswlrq dw gdwh
2,1 Wkhq dq lqfuhdvh lq j& lpsolhv wkdw shu fdslwd frqvxpswlrq pxvw idoo dw
erwk gdwhv1 Krzhyhu/ wkh exgjhw frqvwudlqw hqvxuhv wkdw wrwdo frqvxpswlrq
pxvw ulvh zlwk j& dw wkh ?uvw gdwh1 Vr shu fdslwd frqvxpswlrq dqg ghpdqg
iru oltxlglw| jr lq rssrvlwh gluhfwlrqv1 Dq lqfuhdvh lq oltxlglw| +lqfuhdvh lq
wkh sulfh ri wkh orqj dvvhw,/ uhgxfhv frqvxpswlrq lq jrrg vwdwhv +zkhuh shu
fdslwd frqvxpswlrq lv kljk, dqg udlvhv lw lq edg vwdwhv +zkhuh shu fdslwd
frqvxpswlrq lv orz,1 Wklv wudqvihu iurp kljk0frqvxpswlrq vwdwhv wr orz0
frqvxpswlrq vwdwhv udlvhv zhoiduh1 Zkhq uhodwlyh ulvn dyhuvlrq lv orz/ wkh
dujxphqw zrunv lq wkh rssrvlwh gluhfwlrq1 Wkh zhoiduh h>hfw ghshqgv rq wkh
fruuhodwlrq ehwzhhq htxloleulxp frqvxpswlrq dqg wkh oltxlglw| vkrfnv1

915 Edqn uhjxodwlrq

D vlplodu dqdo|vlv fdq eh fduulhg rxw iru dq hfrqrp| zlwk edqnv1 Wkh dqdo|0
vlv uhtxluhv d gl>huhqw whfkqltxh exw wkh uhvxowv wxuq rxw wr eh yhu| vlplodu1
Li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv ohvv wkdq rqh wkhuh lv qr srvvlelolw|
ri edqnuxswf| lq d v|pphwulf edqnlqj htxloleulxp dqg zhoiduh lv lpsuryhg
e| ghfuhdvlqj oltxlglw|/ l1h1/ iruflqj wkh edqnv wr krog pruh ri wkh orqj dvvhw1
Frqyhuvho|/ li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv juhdwhu wkdq rqh/ edqn0
uxswf| lv srvvleoh lq d v|pphwulf edqnlqj htxloleulxp dqg zhoiduh lv lpsuryhg
e| lqfuhdvlqj oltxlglw|/ l1h1/ iruflqj wkh edqnv wr krog pruh ri wkh vkruw dvvhw1
Wkh ghwdlov ri wkh dqdo|vlv fdq eh irxqg lq Doohq dqg Jdoh +5333f,1

: H{dpsohv
Wr looxvwudwh wkh surshuwlhv ri wkh prgho/ zh h{dplqh d vhulhv ri qxphulfdo
h{dpsohv lq wklv vhfwlrq1 Iluvw/ zh orrn dw h{dpsohv lq zklfk wkhuh lv rqo|
xqfhuwdlqw| derxw wkh uhwxuq wr wkh orqj dvvhw1 Wkhq zh orrn dw dq h{dpsoh
lq zklfk wkhuh lv rqo| xqfhuwdlqw| derxw oltxlglw| vkrfnv1 Lq hdfk fdvh/ zh
?qg d ulfk ydulhw| ri htxloleulxp ehkdylru1
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:14 Uhwxuq vkrfnv

Zh ehjlq e| frqvlghulqj dq hfrqrp| lq zklfk wkhuh lv rqh h{ dqwh w|sh
ri lqyhvwru1 Wkh ghflvlrq sureohp ri d uhsuhvhqwdwlyh lqwhuphgldu| lv wkh
vdph dv wkh sodqqhu*v sureohp/ vr wkh h!flhqf| surshuwlhv ri htxloleulxp duh
lpphgldwh1 Zkhwkhu wkh lqfhqwlyh frqvwudlqw lv elqglqj ru qrw ghshqgv rq
wkh ghjuhh ri xqfhuwdlqw| derxw wkh uhwxuq wr wkh orqj dvvhw1

H{dpsoh 4= Zh xvh wkh jhqhudol}hg Gldprqg0G|eylj suhihuhqfhv lqwur0
gxfhg lq Vhfwlrq 91 Wkhuh duh wzr htxdoo| olnho| vwdwhv # ' �c 21 Lq hdfk
vwdwh/ dq djhqw kdv dq htxdo suredelolw| ri ehlqj dq hduo| ru d odwh frqvxphu1
Wkh shulrg xwlolw| ixqfwlrq lv LESä ' u?ESä1 Wkh uhwxuq rq wkh orqj dvvhw lv
frqwlqjhqw rq wkh vwdwh=

-E�ä ' o(-E2ä ' 2é

E| ydu|lqj o/ wkh uhwxuq lq vwdwh �/ zh jhqhudwh d ydulhw| ri gl>huhqw htxl0
oleuld1

Jhqhudo Lqwhuphgldulhv
Wkh lqwhuphgldulhv uhfhlyh d wrwdo ri � xqlw ri wkh jrrg dqg lqyhvw + lq wkh
vkruw whup dvvhw dqg �ý+ lq wkh orqj whup dvvhw1 Lqwhuphgldulhv zulwh jhqhudo/
lqfhqwlyh0frpsdwleoh frqwudfwv zlwk lqyhvwruv1 Vlqfh wkhuh lv rqo| rqh h{ dqwh
w|sh/ wkh lqwhuphgldu| vroyhv wkh vdph sureohp dv wkh sodqqhu1 Ehfdxvh ri
wkh orj xwlolw| ixqfwlrq/ wkh ?uvw0ehvw doorfdwlrq wdnhv d sduwlfxoduo| vlpsoh
irup1 Wkh lqyhvwphqw lq wkh vkruw dvvhw lv + ' féD1 Frqvxpswlrq dw gdwh �
lv lqghshqghqw ri wkh vwdwh dqg wkh lqwhuphgldu|*v kroglqj ri wkh vkruw dvvhw
lv mxvw vx!flhqw wr surylgh wkh frqvxpswlrq dw gdwh �1 Frqvxpswlrq dw gdwh
2 lv htxdo wr uhwxuqv wr wkh orqj dvvhw1

S�E#ä ' � ' 2+(

S2E#ä ' 2-E#äE�ý +ä ' -E#äé

H{dpsoh 4D1 Iru kljk ydoxhv ri o wkh lqfhqwlyh frqvwudlqw lv dxwrpdwlfdoo|
vdwlv?hg e| wkh ?uvw0ehvw doorfdwlrq/ wkdw lv/ wkh ?uvw ehvw lv wkh vdph dv
wkh lqfhqwlyh0h!flhqw doorfdwlrq1 Wklv phdqv wkdw lqwhuphgldulhv fdq dfklhyh
wkh ?uvw ehvw1 Pruh suhflvho|/ iru o è �/ wkhuh h{lvwv d sxuh lqwhuphgldwhg
htxloleulxp wkdw lpsohphqwv wkh ?uvw ehvw1 D w|slfdo htxloleulxp zlwk o ' �éD
lv vkrzq lq Wdeoh 41
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H{dpsoh 4E1 Wkh lqfhqwlyh frqvwudlqw lv mxvw vdwlv?hg e| wkh ?uvw0ehvw
doorfdwlrq iru o ' �1 Iru ydoxhv ri o ÷ �/ wkh ?uvw0ehvw doorfdwlrq ylrodwhv
wkh lqfhqwlyh frqvwudlqw vr wkh lqfhqwlyh0h!flhqw doorfdwlrq lv vwulfwo| zruvh
wkdq wkh ?uvw ehvw lq whupv ri zhoiduh1 Iru fée é o ÷ �/ wkhuh lv d xqltxh
sxuh lqwhuphgldwhg htxloleulxp lq zklfk wkh frqvxpswlrq sur?oh vdwlv?hv
S�E�ä ÷ 2+ dqg S2E2ä ' 2+1 Lq vwdwh 2/ doo ri wkh vkruw dvvhw lv frqvxphg dw
gdwh �> lq vwdwh �/ wkh uhwxuqv wr wkh orqj dvvhw duh vr orz wkdw vrph ri wkh
vkruw dvvhw pxvw eh vdyhg wr surylgh frqvxpswlrq dw gdwh 21 Zkhqhyhu d
srvlwlyh dprxqw ri wkh vkruw dvvhw lv khog ehwzhhq gdwh � dqg gdwh 2/ h!flhqf|
uhtxluhv wkdw wkh lqwhuwhpsrudo pdujlqdo udwh ri frqvxpswlrq eh htxdo wr �1
Wkxv/ frqvxpswlrq lv htxdol}hg dfurvv wlph lq vwdwh �1 Wkh dprxqw lqyhvwhg
lq wkh vkruw dvvhw ulvhv dv wkh h{shfwhg sd|r> rq wkh orqj dvvhw idoov1 Wdeoh
4 looxvwudwhv wkh htxloleulxp ydoxhv iru wkh fdvh zkhuh o ' féD1

H{dpsoh 4F1 Lw uhpdlqv wr frqvlghu wkh fdvh f é o é fée1 Dv o frqwlqxhv
wr idoo wkh lqwhuphgldu| lqyhvwv pruh lq wkh vkruw dvvhw dqg ohvv lq wkh orqj
dvvhw1 Wkh wrwdo rxwsxw dqg frqvxpswlrq lq vwdwh 2 duh dovr idoolqj dqg dw
o ' fée wkh frqvxpswlrq dw gdwh � lv ohvv wkdq wkh kroglqj ri wkh vkruw dvvhw
lq erwk vwdwhv= S�E#ä ÷ 2+1 Frqvxpswlrq lv htxdol}hg dfurvv wlph lq erwk
vwdwhv1 Wkh htxloleulxp ydoxhv fruuhvsrqglqj wr o ' féô duh jlyhq lq Wdeoh 41

Lq H{dpsoh � wkhuh lv rqo| rqh h{ dqwh w|sh ri lqyhvwru dqg khqfh rqh w|sh
ri lqwhuphgldu|1 Wkhuh lv qr srvvlelolw| ri ulvn vkdulqj ehwzhhq lqwhuphgldulhv
+w|shv,1 Wkh qh{w h{dpsoh lqwurgxfhv d vhfrqg h{ dqwh w|sh frqvlvwlqj ri ulvn
qhxwudo lqyhvwruv1 Wkh sxusrvh ri wklv h{dpsoh lv wr looxvwudwh krz wkh Duurz
vhfxulwlhv doorz furvv0vhfwlrqdo ulvn vkdulqj1

H{dpsoh 51 Wkhuh duh wzr w|shv ri lqyhvwruv/ wkh ulvn dyhuvh lqyhvwruv/
ghqrwhg e| ø/ dqg wkh ulvn qhxwudo lqyhvwruv ghqrwhg e| ù 1 Rwkhuzlvh wklqjv
duh wkh vdph dv lq H{dpsoh �1 Wkh shulrg xwlolw| ixqfwlrqv duh LøESä ' u?ESä
dqg Lù ESä ' S/ uhvshfwlyho|1 Wkh phdvxuh ri hdfk w|sh lv qrupdol}hg wr �
dqg hdfk w|sh kdv d suredelolw| féD ri ehlqj dq hduo| ru odwh frqvxphu1

Dv lq H{dpsoh �/ wkh txdolwdwlyh ihdwxuhv ri wkh htxloleulxp ghshqg rq
zkhwkhu vrph ri wkh vkruw dvvhw lv fduulhg ryhu iurp gdwh � wr gdwh 21 Rqh
fdvh lv vx!flhqw wr looxvwudwh krz wkh Duurz vhfxulwlhv doorz ulvn wr eh vkduhg1
Iru o è fée wkh doorfdwlrq lv wkh vdph dv lq H{dpsoh 4D/ h{fhsw wkdw doo
xqfhuwdlqw| lv devruehg e| wkh ulvn qhxwudo w|sh1 Wkh htxloleulxp sruwirolrv
duh +ø ' féD dqg +ù ' f/ iru wkh uhsuhvhqwdwlyh lqwhuphgldulhv ri w|sh ø dqg
w|sh ù uhvshfwlyho|1
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Wdeoh 4 jlyhv wkh htxloleulxp ydoxhv iru wkh fdvh zkhuh o ' féD1 Wkh
pdunhw0fohdulqj sulfhv duh ^E�ä ' féDc ^E2ä ' féDc R2E�ä ' féHc R2E2ä ' féH1
Wkh sruwirolr uhwxuqv +uhfhlswv, ri hdfk lqwhuphgldu| dqg frqvxpswlrq ri
hdfk w|sh duh jlyhq lq wkh iroorzlqj wdeoh1

Vwdwh � Vwdwh 2
E+øc -E#äE�ý +øää E�c féDä E�c 2ä
E+ù c -E#äE�ý +ùää Efc �ä Efc eä
ESø�E#äc Sø2E#ää E�c �é2Dä E�c �é2Dä
ESù�E#äc Sù2E#ää Efc fé2Dä Efc eé.Dä

Ulvn vkdulqj ehwzhhq wkh wzr jurxsv lv dfklhyhg wkurxjk wudglqj lq wkh
Duurz0vhfxulw| pdunhwv dw gdwh f1 Wkhvh doorz wkh w|sh ø lqwhuphgldulhv wr
ex| fé.D shu fdslwd lq vwdwh 2 dw gdwh 21 Wkh| edodqfh wkhlu exgjhw e| vhoolqj
fé.D shu fdslwd lq vwdwh 2 dw gdwh 21 Wkh w|sh ù *v duh zloolqj wr wdnh wkh
rwkhu vlgh ri wkhvh wudghv vlqfh wkh| duh ulvn qhxwudo1 Lw fdq eh vhhq wkdw wklv
lpsuryhphqw lq ulvn vkdulqj lqfuhdvhv wkh h{shfwhg xwlolw| ri w|sh ø*v iurp
féfD lq H{dpsoh 4E wr fé�� khuh1

Zkhq wkhuh duh wzr jurxsv hdfk w|sh ri lqwhuphgldu| kdv lwv rzq remhfwlyh
ixqfwlrq1 Lw lv qr orqjhu lpphgldwh wkdw wkdw wkh doorfdwlrq lv lqfhqwlyh0
h!flhqw1 Krzhyhu/ wkh uhvxowv ri Vhfwlrq 6 ghprqvwudwh wkdw wkh lqylvleoh
kdqg ri wkh pdunhw grhv lqghhg zrun khuh dqg wkh doorfdwlrq lv lqfhqwlyh0
h!flhqw1

Wkhuh duh rwkhu lqwhuphgldwhg htxloleuld fruuhvsrqglqj wr wkhvh sdudph0
whu ydoxhv1 Lq sduwlfxodu/ wkh sruwirolr kroglqjv ri wkh w|sh0ø lqwhuphgldulhv
duh qrw xqltxho| ghwhuplqhg1 Iru h{dpsoh/ wkh w|sh0ø lqwhuphgldulhv frxog
krog ohvv ri wkh vkruw whup dvvhw dqg pruh ri wkh orqj whup dvvhw/ dv orqj
dv wklv lv r>vhw e| fkdqjhv lq wkh kroglqjv ri wkh w|sh0ù lqwhuphgldulhv1 Dv
orqj dv wkh djjuhjdwh sruwirolr uhpdlqv wkh vdph/ lqyhvwruv* frqvxpswlrq dqg
zhoiduh lv xqfkdqjhg1

Edqnv
Qrz zh dvvxph wkdw wkh ?qdqfldo lqvwlwxwlrqv duh edqnv/ wkdw lv/ wkh| duh
uhvwulfwhg wr lvvxlqj ghsrvlw frqwudfwv1 D ghsrvlw frqwudfw surplvhv d ?{hg
sd|phqw dw gdwh f1 Li wkh edqn lv xqdeoh wr phhw lwv frpplwphqw wr lwv
ghsrvlwruv/ wkhq lw lv oltxlgdwhg dqg doo lwv dvvhw duh vrog1

H{dpsoh 61 Wr looxvwudwh wkh surshuwlhv ri d edqnlqj htxloleulxp/ zh uhyhuw
wr wkh sdudphwhuv iurp H{dpsoh 41
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H{dpsoh 6D1 Iru o è � wkh ?uvw ehvw fdq djdlq eh lpsohphqwhg dv d
edqnlqj htxloleulxp1 Wkh ?uvw0ehvw doorfdwlrq uhtxluhv wkdw frqvxpswlrq
dw gdwh � eh wkh vdph lq erwk vwdwhv/ vr wkh rswlpdo lqfhqwlyh0frpsdwleoh
frqwudfw lv lq idfw d ghsrvlw frqwudfw1 Pruhryhu/ edqnuxswf| grhv qrw rffxu
lq htxloleulxp1 Wkh doorfdwlrq fruuhvsrqglqj wr d sxuh edqnlqj htxloleulxp
lv h{dfwo| wkh vdph dv wkh doorfdwlrq fruuhvsrqglqj wr d sxuh lqwhuphgldwhg
htxloleulxp/ zklfk dv zh kdyh vhhq lv wkh vdph dv wkh ?uvw ehvw1 Iru o ' �éD/
iru h{dpsoh/ wkh htxloleulxp ydoxhv zloo eh wkh vdph dv iru H{dpsoh 4D/ dv
vkrzq lq Wdeoh 41

Wkh pdlq gl>huhqfh ehwzhhq H{dpsohv 4D dqg 6D lv wkdw wkh sulfhv
vxssruwlqj wkh ?uvw ehvw doorfdwlrq duh xqltxh lq H{dpsoh 4D exw duh qrw
lq H{dpsoh 6D1 Lq H{dpsoh 4D wkh jhqhudo lqwhuphgldulhv fdq iuhho| ydu|
sd|r>v dfurvv vwdwhv dqg gdwhv vr rqo| rqh vhw ri sulfhv fdq vxssruw wkh
rswlpdo doorfdwlrq1 Ehfdxvh wkh edqnv duh uhvwulfwhg wr xvlqj ghsrvlw frq0
wudfwv lq H{dpsoh 6D/ frqvxpswlrq dw gdwh � lv lqghshqghqw ri wkh vwdwh dv
orqj dv wkhuh lv qr edqnuxswf|1 Wklv suhyhqwv wkh edqnv iurp duelwudjlqj
ehwzhhq wkh vwdwhv dw gdwh �1 Lq h>hfw/ zh kdyh orvw rqh htxloleulxp dv frq0
glwlrq frpsduhg zlwk wkh lqwhuphgldwhg htxloleulxp1 Dq| yhfwru ri sulfhv
E^E�äc ^E2äc R2E�äc R2E2ää wkdw vxssruwv wkh htxloleulxp doorfdwlrq dw gdwh 2 lv
frqvlvwhqw zlwk d edqnlqj htxloleulxp1 Wkh iroorzlqj qr0duelwudjh frqglwlrqv
duh vdwlv?hg

^E�äR2E�ä ' féôô +46,

^E2äR2E2ä ' fé2D +47,

^E�ä n ^E2ä ' � +48,

dqg wkh h{lvwhqfh ri wkh vkruw dvvhw lpsolhv wkdw

R2E�ä é �( R2E2ä é �é

Frpelqlqj wkhvh frqglwlrqv/ lw iroorzv wkdw wkh udqjh ri srvvleoh sulfhv iru
^E�ä lv

féôô é ^E�ä é fé.Dé

Wkh rwkhu sulfhv duh ghwhuplqhg e| +46,0+48,1
Iru o ÷ � ghsrvlw frqwudfwv fdqqrw eh xvhg wr lpsohphqw wkh ?uvw ehvw

ru lqfhqwlyh0h!flhqw doorfdwlrq1 Lq sduwlfxodu/ d ghsrvlw frqwudfw wkdw lv frq0
vlvwhqw zlwk wkh lqfhqwlyh0h!flhqw frqvxpswlrq lq vwdwh 2 zrxog lpso| edqn0
uxswf| lq vwdwh � +vhh/ h1j1/ H{dpsoh 4E,1 Li doo edqnv zhuh wr r>hu d frqwudfw
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zklfk doorzhg edqnuxswf| lq vwdwh � wkh| zrxog doo eh irufhg wr oltxlgdwh
wkhlu dvvhwv1 Li wkh| doo gr wklv/ wkhuh lv qr edqn rq wkh rwkhu vlgh ri wkh
pdunhw wr ex| wkh dvvhwv dqg wkh sulfh ri ixwxuh frqvxpswlrq/ R2E�ä/ idoov wr
f1 Wklv fdqqrw eh dq htxloleulxp ehfdxvh lw zrxog eh zruwkzkloh iru dq lqgl0
ylgxdo edqn wr r>hu d frqwudfw zklfk glg qrw lqyroyh edqnuxswf|1 Wklv edqn
frxog wkhq ex| xs doo wkh orqj whup dvvhw lq vwdwh � dw gdwh � iru R2E�ä ' f
dqg pdnh d odujh sur?w1

Wklv dujxphqw lqglfdwhv wkdw iru o ÷ � wkhuh fdqqrw eh d sxuh edqnlqj
htxloleulxp zlwk edqnuxswf|1 Wkhuh duh wzr rwkhu srvvlelolwlhv1 Rqh lv wkdw
wkhuh lv d sxuh htxloleulxp lq zklfk doo edqnv uhpdlq vroyhqw1 Wkh rwkhu lv
wkdw wkhuh lv d pl{hg htxloleulxp lq zklfk edqnv fkrrvh gl>huhqw frqwudfwv
dqg sruwirolrv1 Lq sduwlfxodu/ d jurxs ri edqnv zlwk phdvxuh 4 pdnhv fkrlfhv
wkdw doorz lw wr uhpdlq vroyhqw lq vwdwh � zkloh wkh uhpdlqlqj �ý 4 edqnv jr
edqnuxsw1 Wkh edqnv wkdw duh hqvxuhg ri vroyhqf| duh ghqrwhg w|sh 7 zkloh
wkrvh wkdw fdq jr edqnuxsw duh ghqrwhg w|sh î1 Lw wxuqv rxw wkdw erwk wkh
sxuh htxloleulxp zlwk doo edqnv uhpdlqlqj vroyhqw dqg wkh pl{hg htxloleulxp
fdq rffxu zkhq o ÷ �1

H{dpsoh 6E1 Iru fébf é o ÷ � wkhuh lv d sxuh edqnlqj htxloleulxp lq
zklfk doo wkh edqnv fkrrvh wr uhpdlq vroyhqw +4 ' �,1 Wkhuh lv djdlq d
udqjh ri sulfhv zklfk fdq vxssruw wkh doorfdwlrq1 W|sh07 edqnv vwd| vroyhqw
e| orzhulqj wkh dprxqw surplvhg dw gdwh �/ orzhulqj wkhlu lqyhvwphqw lq wkh
vkruw dvvhw dqg lqfuhdvlqj wkhlu lqyhvwphqw lq wkh orqj dvvhw1 Wkh htxloleulxp
ydoxhv iru wkh fdvh zkhuh o ' fébD duh vkrzq lq Wdeoh 41 Wkh udqjh ri
^E�ä wkdw zloo vxssruw wkh doorfdwlrq dqg suhyhqw hqwu| e| w|sh î edqnv lv
féDD ÷ ^E�ä ÷ fé..1 Wkh rwkhu sulfhv duh ghwhuplqhg e| wkh htxloleulxp
frqglwlrqv

^E�äR2E�ä ' féDe

^E2äR2E2ä ' fé2e

^E�ä n ^E2ä ' �é

Iru fébf é o ÷ �/ wkhuh lv qr htxloleulxp zlwk d srvlwlyh phdvxuh ri w|sh0î
edqnv1 Lq wklv fdvh wkh sulfhv dw gdwh f duh xqltxho| ghwhuplqhg dw ^E�ä ' 2*ô
dqg ^E2ä ' �*ô dqg dw wkhvh sulfhv wkh w|sh î ghsrvlwruv duh zruvh r> wkdq
wkh w|sh 7 ghsrvlwruv1

H{dpsoh 6F1 Iru f ÷ o ÷ fébf wkhuh h{lvwv d pl{hg edqnlqj htxloleulxp1 Dw
wkh erxqgdu| o ' fébf/ wkh vhw ri sulfhv wkdw zloo vxssruw wkh htxloleulxp ri
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wkh w|sh vkrzq lq H{dpsoh 6E vkulqnv wr d vlqjohwrq= E^E�ä ' 2*ôc ^E2ä ' �*ôä1
Iru ydoxhv ri o ÷ fébf exw forvh wr fébf wkh sursruwlrq ri w|sh07 edqnv lv
odujh +4 r �,1 Dv o idoov/ wkh sursruwlrq ri w|sh0î edqnv ulvhv xqwlo dv o jrhv
wr f wkh sursruwlrq ri w|sh0î edqnv �ý 4 dssurdfkhv �1 Wkh pl{hg edqnlqj
htxloleulxp fruuhvsrqglqj wr o ' fé. lv vkrzq lq Wdeoh 41 Wkh sursruwlrq
ri w|sh07 edqnv lv 4 ' féSô1 Dv lq wkh hduolhu h{dpsohv/ wkh sruwirolrv ri
lqglylgxdo edqnv duh lqghwhuplqdwh1 Lw lv rqo| wkh djjuhjdwh sruwirolr wkdw lv
ghwhuplqhg e| wkh htxloleulxp frqglwlrqv1 Oltxlglw| lv wudqvihuuhg ehwzhhq
vwdwhv e| wkh xvh ri Duurz vhfxulwlhv1

Wkhuh duh d qxpehu ri rwkhu w|shv ri htxloleulxp/ ghshqglqj rq zkhwkhu
wkh vkruw dvvhw lv khog ehwzhhq gdwh � dqg gdwh 21 Wkh surshuwlhv ri wkhvh
htxloleuld duh vlplodu wr wkrvh looxvwudwhg lq H{dpsohv 4 dqg 5 dqg zloo qrw
eh uhshdwhg khuh1

Wkh pl{hg edqnlqj htxloleulxp looxvwudwhv d qxpehu ri lqwhuhvwlqj skh0
qrphqd1 Iluvw/ edqnv vhuylqj lghqwlfdo ghsrvlwruv pd| gr txlwh gl>huhqw
wklqjv lq htxloleulxp1 Rqh vxevhw zloo ?qg lw rswlpdo wr iroorz d vdih vwudw0
hj| dqg dyrlg wkh ulvn ri edqnuxswf|1 Dqrwkhu vxevhw zloo iroorz d ulvn|
vwudwhj| wkdw pdnhv edqnuxswf| lqhylwdeoh lq vwdwh �1 Dv d uhvxow/ hyhq zkhq
doo lqyhvwruv duh lghqwlfdo h{ dqwh/ wkhuh fdq eh d ?qdqfldo fulvlv lq zklfk
vrph edqnv uhpdlq vroyhqw zkloh rwkhuv jr xqghu1 Lq wkh frqwh{w ri wkh h{0
dpsoh/ wkh fulvlv lv pruh vhyhuh zkhq wkh vwdwh0� uhwxuq o lv orzhu1 Krzhyhu/
wkh uhvxowv lq Vhfwlrq 7 vkrz wkdw wkhvh fulvhv duh frqvlvwhqw zlwk wkh frq0
vwudlqhg h!flhqf| ri htxloleulxp1 Wkhuh lv qr mxvwl?fdwlrq iru lqwhuyhqwlrq
ru uhjxodwlrq ri wkh ?qdqfldo v|vwhp1 D sodqqhu frxog qrw gr ehwwhu1

Pdq| dqdo|vhv ri edqnlqj dvvxph wkdw wkhuh lv d whfkqrorj| iru hduo|
oltxlgdwlrq ri wkh orqj whup dvvhw1 Wkh uhvxowlqj htxloleuld duh w|slfdoo|
v|pphwulf1 Wklv h{dpsoh looxvwudwhv wkdw wklv dvvxpswlrq pdwhuldoo| fkdqjhv
wkh irup ri wkh htxoleulxp1 Zlwk hqgrjhqrxv oltxlgdwlrq rqh jurxs ri edqnv
pxvw surylgh oltxlglw| wr wkh pdunhw dqg wklv uhvxowv lq pl{hg htxloleuld1

D frpsdulvrq ri H{dpsoh 6F zlwk H{dpsoh 4 vkrzv wkh lpsruwdqfh ri
ghsrvlw frqwudfwv lq fdxvlqj ?qdqfldo fulvhv zkhq dwwhqwlrq lv uhvwulfwhg wr
hvvhqwldo fulvhv1 Lq H{dpsoh 4 wkh delolw| wr xvh vwdwh frqwlqjhqw frqwudfwv
zlwk lqyhvwruv phdqv wkdw edqnuxswf| qhyhu rffxuv dqg dv d uhvxow wkhuh
lv qhyhu d fulvlv1 Krzhyhu/ zlwk ghsrvlw frqwudfwv fulvhv ri ydu|lqj vhyhulw|
dozd|v rffxu lq wkh orz rxwsxw vwdwh1
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:15 Oltxlglw| vkrfnv

Wkh fulvhv lq wkhvh h{dpsohv duh jhqhudwhg e| vkrfnv wr dvvhw uhwxuqv1 Vlplodu
uhvxowv fdq eh rewdlqhg e| dvvxplqj djjuhjdwh xqfhuwdlqw| derxw wkh ghpdqg
iru oltxlglw|1

H{dpsoh 71 Wklv h{dpsoh lv vlplodu wr H{dpsoh 41 Wkhuh duh wzr pdlq
gl>huhqfhv1 Iluvw/ lw lv dvvxphg wkdw wkhuh lv qr xqfhuwdlqw| derxw wkh uhwxuq
wr wkh orqj dvvhw=

-E�ä ' -E2ä ' oé

Vhfrqg/ wkhuh lv djjuhjdwh xqfhuwdlqw| derxw wkh ghpdqg iru oltxlglw|1 Wkh
vwdwhv # ' �c 2 duh htxdoo| olnho| exw qrz wkh sursruwlrqv ri hduo| dqg odwh
frqvxphuv gl>hu dfurvv vwdwhv=

Sursruwlrq Vwdwh � Vwdwh 2
Hduo| frqvxphuv fée féS
Odwh frqvxphuv féS fée

E| ydu|lqj o zh fdq jhqhudwh wkh vdph skhqrphqd dv lq wkh fdvh ri uhwxuq
vkrfnv1 Udwkhu wkdq jr wkurxjk doo wkh gl>huhqw fdvhv/ zh looxvwudwh d sxuh
lqwhuphgldwhg htxloleulxp iru wkh fdvh o ' �éS1 Wkh htxloleulxp ydoxhv duh
vkrzq lq Wdeoh 41 Iru wklv fdvh wkh djjuhjdwh oltxlglw| frqvwudlqw elqgv lq
erwk vwdwhv ehfdxvh wkh uhwxuq rq wkh orqj dvvhw lv kljk1 Dw gdwh � doo wkh
surfhhgv iurp wkh vkruw dvvhw duh xvhg iru frqvxpswlrq1 Lq vwdwh � djjuhjdwh
oltxlglw| qhhgv duh orz dw gdwh �1 Vlqfh frqvxpswlrq lv vsolw hyhqo| dprqj
hduo| frqvxphuv shu fdslwd frqvxpswlrq lv kljk frpsduhg wr vwdwh 2 zkhuh
djjuhjdwh oltxlglw| qhhgv duh kljk dw gdwh �1 Dw gdwh 2 wkhuh duh pdq| odwh
frqvxphuv lq vwdwh � vr frqvxpswlrq shu fdslwd lv orzhu wkdq lq vwdwh 2 zkhuh
wkhuh duh uhodwlyho| ihz odwh frqvxphuv1

; Surriv

;14 Surri ri Sursrvlwlrq 5

Wkh dujxphqw iroorzv wkh olqhv ri wkh idploldu surri ri wkh ?uvw ixqgdphqwdo
wkhruhp ri zhoiduh hfrqrplfv1 Ohw E%c +c Rc ^ä eh dq htxloleulxp dqg vxssrvh/
frqwudu| wr zkdw zh zdqw wr vkrz/ wkdw wkhuh lv dq dwwdlqdeoh pl{hg doorfd0
wlrq

õý
4æc %æð c +

æ
ð

üô
wkdw pdnhv vrph h{ dqwh w|shv ehwwhu r> dqg qrqh zruvh
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r>1 Li w|sh Eðc æä lv +vwulfwo|, ehwwhu r> xqghu wkh qhz doorfdwlrq wkhq fohduo|[
#

^E#ä
[
wð

bEwðc #äRE#ä ü %æð Ewðc #ä :
[
#

^E#äRE#ä ü ý+æð c E>ð ý +æð ä-E#äü c
ru E%æð c +

æ
ð ä zrxog kdyh ehhq fkrvhq1 Wkh qh{w wklqj wr vkrz lv wkdw iru hyhu|

h{ dqwh w|sh Eðc æä[
#

^E#ä
[
wð

bEwðc #äRE#ä ü %æð Ewðc #ä è
[
#

^E#äRE#ä ü ý+æð c E>ð ý +æð ä-E#äü é
Li qrw/ wkhq e| Dvvxpswlrq 7 lw lv srvvleoh wr ?qg d ihdvleoh phfkdqlvp %âð
vxfk wkdw E%âðc +

æ
ð ä vdwlv?hv wkh exgjhw frqvwudlqw dqg pdnhv w|sh ð +vwulfwo|,

ehwwhu r> wkdq E%ðc +ðä/ frqwudglfwlqj wkh gh?qlwlrq ri htxloleulxp1 Wkhq
vxpplqj wkh exgjhw frqvwudlqwv iru doo w|shv Eðc æä zh kdyh[
ð

[
æ

4æ
[
#

^E#ä
[
wð

bEwðc #äRE#äü%æð Ewðc #ä :
[
ð

[
æ

4æ
[
#

^E#äRE#äüý+æð c E>ð ý +æð ä-E#äü c
ru[
#

^E#äRE#äü
[
ð

[
wð

bEwðc #ä
[
æ

4æ%æð Ewðc #ä :
[
#

^E#äRE#äü
[
ð

[
æ

4æ
ý
+æð c E>ð ý +æð ä-E#ä

ü
é

+49,
Wkh pdunhw0fohdulqj frqglwlrqv lpso| wkdw/ iru hdfk vwdwh #/ hlwkhu[

ð

[
wð

bEwðc #ä
[
æ

4æ%æð Ewðc #ä '
[
ð

[
æ

4æ
ý
+æð c E>ð ý +æð ä-E#ä

ü
li doo wkh jrrg lv frqvxphg dw gdwh �/ ru R�E#ä ' R2E#ä dqg[
ð

[
wð

bEwðc #ä
[
æ

4æE%æð�Ewðc #än%
æ
ð2Ewðc #ää '

[
ð

[
æ

4æ
ý
+æð n E>ð ý +æð ä-E#ä

ü
c

li vrph ri wkh jrrg lv vwruhg xqwlo gdwh 21 Lq hlwkhu fdvh/

RE#ä ü
[
ð

[
wð

bEwðc #ä
[
æ

4æ%æEwðc #ä ' RE#ä ü
[
ð

[
æ

4æ
ý
+æð c E>ð ý +æð ä-E#ä

ü
é

Pxowlso|lqj wklv htxdwlrq e| ^E#ä dqg vxpplqj ryhu # |lhogv[
#

^E#äRE#äü
[
ð

[
wð

bEwðc #ä
[
æ

4æ%æEwðc #ä '
[
#

^E#äRE#äü
[
ð

[
æ

4æ
ý
+æð c E>ð ý +æð ä-E#ä

ü
c

lq frqwudglfwlrq ri wkh lqhtxdolw| +BB,1 Wklv frpsohwhv wkh surri1
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;15 Surri ri Sursrvlwlrq :

Xqltxhqhvv1 Dw dq| sulfh R forvh wr RW/ wkh vkruw dvvhw lv grplqdwhg ehwzhhq
gdwhv � dqg 2 vr qr rqh zloo krog lw1 Lw iroorzv wkdw doo frqvxpswlrq dw gdwh
� lv surylghg e| wkh vkruw dvvhw dqg doo frqvxpswlrq dw gdwh 2 lv surylghg e|
wkh orqj dvvhw1 Wkhq wkh pdunhw0fohdulqj frqglwlrqv duhSg

&'� b&j&%�Ej&ä ' ?+cSg
&'� b&E�ý j&ä%2Ej&ä ' ?oE�ý +äé

Wkh exgjhw frqvwudlqwv duh

j&%�Ej&ä n E�ý j&äR%2Ej&ä ' + n RoE�ý +äc

iru hdfk &1 Iru wkh jlyhq ERc +ä/ vwulfw frqfdylw| lpsolhv wkdw wkhuh lv dw prvw
rqh vroxwlrq wr wkh pd{lpl}dwlrq sureohp1 Khqfh/ wkh htxloleulxp ydoxhv
duh xqltxho| ghwhuplqhg1 Li wkhuh h{lvw wzr/ glvwlqfw/ uhjxodwhg htxloleuld
ERc %c +ä dqg ERc %âc +âä/ vd|/ wkhq iurp wkh exgjhw frqvwudlqwv dqg wkh idfw
wkdw frqvxpswlrq dw hdfk gdwh lv d qrupdo jrrg/ frqvxpswlrq pxvw eh xql0
irupo| kljkhu dw hdfk gdwh lq rqh uhjxodwhg htxloleulxp1 Exw wklv lv fohduo|
lpsrvvleoh iurp wkh pdunhw0fohdulqj frqglwlrqv1 Khqfh/ wkhuh lv dw prvw rqh
uhjxodwhg htxloleulxp
H{lvwhqfh1 Vlplodu wr wkh surri ri Sursrvlwlrq 91

;16 Surri ri Sursrvlwlrq ;

Ohw fEj&c Rc +ä ' Ef�Ej&c Rc +äcf2Ej&c Rc +ää ghqrwh wkh rswlpdo phfkdqlvp
iru hdfk ydoxh ri ERc +ä1 Dq rswlpdo phfkdqlvp lv rqh wkdw vroyhv wkh sureohp=

4@ j&L E%�Ej&ää n E�ý j&äLE%2Ej&ää
v1w1 j&%�Ej&ä n E�ý j&ä%2Ej&ä*o é + n RoE�ý +ä

iru hdfk &1 Wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru wklv duh

L âEf�Ej&( Rc +ää ' oL
âEf2Ej&( Rc +ääc +4:,

dqg
j&f�Ej&( Rc +ä n E�ý j&äRf2Ej&( Rc +ä ' + n RoE�ý +äc +4;,

iru hyhu| &1
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Wkh ixqfwlrq fEj&c Rc +ä lv zhoo gh?qhg dqg frqwlqxrxvo| gl>huhqwldeoh iru
hyhu| ERc +ä lq d vx!flhqwo| vpdoo qhljkerukrrg ri ERWc +Wä1 Wklv iroorzv iurp
wkh lpsolflw ixqfwlrq wkhruhp dqg wkh uhjxodulw| ri wkh v|vwhp +BB,0+BB, dw
ERWc +Wä=

_i|

é
L ââEf�Ej&( RWc +Wää ýoL ââEf2Ej&( RWc +Wää
j& E�ý j&äRW

è
9' fé

Wkh pdunhw0fohdulqj frqglwlrq fdq eh zulwwhq dv

g[
&'�

b&j&f�Ej&( Rc +ä ' +c

vlqfh wkh rwkhu pdunhw0fohdulqj frqglwlrq lv dxwrpdwlfdoo| vdwlv?hg e|Zdoudv*
odz1 Wr vkrz wkh h{lvwhqfh ri d uhjxodwhg htxloleulxp iru hdfk R vx!flhqwo|
forvh wr RW zh fdq xvh wkh lpsolflw ixqfwlrq wkhruhp djdlq/ qrwlqj wkdw

Y

Y+

#
g[
&'�

b&j&f�Ej&( Rc +äý +
$

'
g[
&'�

b&j&
Yf�Ej&( R

Wc +Wä
Y+

ý �

' ý�c
ehfdxvh + n RWoE�ý +ä ' � lv lqghshqghqw ri +1

Zh qh{w fdofxodwh wkh fkdqjh lq h{shfwhg xwlolw| fdxvhg e| d vpdoo fkdqjh
lq R dw RW1

_

_R

[
&

b& ij&LEf�Ej&( Rc +ää n E�ý j&äLEf2Ej&( Rc +ääj

'
[
&

b&

ã
j&L

âEf�Ej&( Rc +ää
Yf�

YR
Ej&( Rc +ä n E�ý j&äL âEf2Ej&( Rc +ää

Yf2

YR
Ej&( Rc +ä

â
'

[
&

b&L
âEf2Ej&( Rc +ää

ã
oj&

Yf�
YR

Ej&( Rc +ä n E�ý j&äYf2

YR
Ej&( Rc +ä

â
'

[
&

b&L
âEf2Ej&( Rc +ää ioE�ý +äý E�ý j&äf2Ej&( Rc +äj é

Qrz vxssrvh wkdw wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv ohvv wkdq rqh +wkh
rwkhu fdvh fdq eh ghdow zlwk lq h{dfwo| wkh vdph zd|,1 Wkhq +BB, lpsolhv
wkdw

o%�Ej&ä ÷ o%2Ej&äc ;j&é
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Wklv lq wxuq lpsolhv wkdw %�Ej&ä dqg E� ý j&ä%2Ej&ä pryh lq rssrvlwh gl0
uhfwlrqv1 Wr vhh wklv/ qrwh wkdw/ zlwklq d ?{hg htxloleulxp/ dq lqfuhdvh lq
E� ý j&ä pxvw ohdg wr d ghfuhdvh lq frqvxpswlrq dw erwk gdwhv +wklv iro0
orzv gluhfwo| iurp wkh idfw wkdw %�Ej&ä ÷ %2Ej&ä*o,1 Wkhq j&%�Ej&ä idoov dv
E�ýj&ä lqfuhdvhv dqg vr lq rughu wr vdwlvi| wkh exgjhw frqvwudlqw lw pxvw eh
wkh fdvh wkdw E�ýj&ä%2Ej&ä*o lqfuhdvhv1 Dvvxplqj wkh glvwulexwlrqv duh qrw
ghjhqhudwh/ lw pxvw eh wkh fdvh wkdw[

&

b&L
âEf2Ej&( Rc +ää ioE�ý +äý E�ý j&äf2Ej&( Rc +äj

:
[
&

b&L
âEf2Ej&( Rc +ää

[
&

b& ioE�ý +äý E�ý j&äf2Ej&( Rc +äj

' fc

zkhuh wkh odvw htxdwlrq iroorzv iurp wkh pdunhw0fohdulqj frqglwlrq[
&

b&E�ý j&äf2Ej&( Rc +ä ' oE�ý +äé
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Wdeoh 4
H{dpsohv

H{dpsoh o + E^E�äc R2E�ää E^E2äc R2E2ää ES�E�äc S2E�ää ES�E2äc S2E2ää .dL o
4D �éD féD EféDc féS.ä EféDc féDä E�c �éDä E�c 2ä fé2.
4E féD féSe EféS�c �ä Eféôbc féHbä EféH2c féH2ä E�c 2ä féfD
4F féô fé.H EféDbc �ä Efée�c �ä EféHDc féHDä E�é2�c �é2�ä féf2
5 ø G féD féD EféDc féHä EféDc féHä E�c �é2Dä E�c �é2Dä fé��
5 ù G �éf Efc fé2Dä Efc eé.Dä �é2D
6D �éD féD Eféôôý fé.Dc Efé2Dý féS.c E�c �éDä E�c 2ä fé2.

fé2Dý �ä féôHý �ä
6E fébD féeb EféDDý fé..c EféeDý féôôc Eféb.c féb.ä Eféb.c 2éfDä fé�S

fé.fý fébHä féDôý fé.ôä
6F 7 G fé. féDH EféS.c féHHä Eféôôc féHHä Efébec fébeä Efébec �é.ä féfb
6F î G f Efé.Dc �éDä Efé.Dc �é.ä féfb

7 �éS féD Eféec fébeä EféSc fée2ä E�é2Dc �éôôä EféHôc 2ä �.
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Uhihuhqfhv

Djklrq/ S1/ S1 Edffkhwwd dqg D1 Edqhumhh +5333,1 3Fxuuhqf| Fulvhv dqg
Prqhwdu| Srolf| lq dq Hfrqrp| zlwk Fuhglw Frqvwudlqwv/4 zrunlqj
sdshu/ Xqlyhuvlw| Froohjh/ Orqgrq1

Doohq/ I1 dqg G1 Jdoh +4<<7,1 3Oltxlglw| Suhihuhqfh/ Pdunhw Sduwlflsdwlrq
dqg Dvvhw Sulfh Yrodwlolw|/4 Dphulfdq Hfrqrplf Uhylhz ;7/ <660<881

9 dqg 9 +4<<;,1 3Rswlpdo Ilqdqfldo Fulvhv/4 Mrxuqdo ri Ilqdqfh 86/
4578045;71

9 dqg 9 +4<<<,1 Frpsdulqj Ilqdqfldo V|vwhpv1 Fdpeulgjh= PLW Suhvv1

9 dqg 9 +5333d,1 3Ilqdqfldo Frqwdjlrq/4 Mrxuqdo ri Srolwlfdo Hfrqrp|
43;/ 40661

9 dqg 9 +5333e,1 3Rswlpdo Fxuuhqf| Fulvhv4 Mrxuqdo ri Prqhwdu| Hfr0
qrplfv/ Fduqhjlh0Urfkhvwhu Vhulhv rq Sxeolf Srolf|/ wr dsshdu1

9 dqg 9 +5333f,1 3Edqnlqj dqg Pdunhwv Dgghqgxp= Suxghqwldo Uhjxod0
wlrq ri Edqnv/4 zzz1hfrq1q|x1hgx2xvhu2jdohg2sdshuv1

Ekdwwdfkdu|d/ V1 dqg G1 Jdoh +4<;:,1 3Suhihuhqfh Vkrfnv/ Oltxlglw| dqg
Fhqwudo Edqn Srolf|/4 lq Zlooldp Eduqhww dqg Nhqqhwk Vlqjohwrq/ hgv1/
Qhz Dssurdfkhv wr Prqhwdu| Hfrqrplfv +Fdpeulgjh Xqlyhuvlw| Suhvv/
Qhz \run/ Q\,1

Elvlq dqg Jrwwdugl +5333,1 3Ghfhqwudol}lqj Lqfhqwlyh0Frpsdwleoh Doorfd0
wlrqv lq Dgyhuvh Vhohfwlrq Hfrqrplhv/4 Qhz \run Xqlyhuvlw|/ xqsxe0
olvkhg1

Eu|dqw/ M1 +4<;3,1 3D Prgho ri Uhvhuyhv/ Edqn Uxqv/ dqg Ghsrvlw Lqvxu0
dqfh/4 Mrxuqdo ri Edqnlqj dqg Ilqdqfh 7/ 66806771

Erugr/ P1 +5333,1 3Wkh Joredol}dwlrq ri Lqwhuqdwlrqdo Ilqdqfldo Pdunhwv=
Zkdw Fdq Klvwru| Whdfk XvB4 zrunlqj sdshu/ Uxwjhuv Xqlyhuvlw|1

9 dqg E1 Hlfkhqjuhhq +5333,1 3Lv wkh Fulvlv Sureohp Jurzlqj Pruh Vh0
yhuhB4 zrunlqj sdshu/ Uxwjhuv Xqlyhuvlw|1

Fdoyr/ J1 +4<;;,1 3Vhuylflqj wkh Sxeolf Ghew= Wkh Uroh ri H{shfwd0
wlrqv/4 Dphulfdq Hfrqrplf Uhylhz :;/ 47440475;1
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Fkdps/ Euxfh/ Euxfh Vplwk/ dqg Vwhskhq Zlooldpvrq/ 4<<91 3Fxuuhqf|
Hodvwlflw| dqg Edqnlqj Sdqlfv= Wkhru| dqg Hylghqfh/4 Fdqdgldq Mrxu0
qdo ri Hfrqrplfv 5</ ;5;0;971

Fkdqj/ U1 dqg D1 Yhodvfr +4<<;d,1 3Ilqdqfldo Iudjlolw| dqg wkh H{fkdqjh
Udwh Uhjlph/4 zrunlqj sdshu/ Qhz \run Xqlyhuvlw|1

9 dqg 9 +4<<;e,1 3Ilqdqfldo Fulvhv lq Hphujlqj Pdunhwv= D Fdqrqlfdo
Prgho/4 zrunlqj sdshu/ Qhz \run Xqlyhuvlw|1

Fkdul/ Y1 +4<;<,1 3Edqnlqj Zlwkrxw Ghsrvlw Lqvxudqfh ru Edqn Sdqlfv=
Ohvvrqv Iurp d Prgho ri wkh X1V1 Qdwlrqdo Edqnlqj V|vwhp/4 Ihghudo
Uhvhuyh Edqn ri Plqqhdsrolv Txduwhuo| Uhylhz 46 +Vxpphu,/ 604<1

9 dqg U1 Mdjdqqdwkdq +4<;;,1 3Edqnlqj Sdqlfv/ Lqirupdwlrq/ dqg Udwlrqdo
H{shfwdwlrqv Htxloleulxp/4 Mrxuqdo ri Ilqdqfh 76/ :7<0931

9 dqg S1 Nhkrh +5333,1 3Ilqdqfldo Fulvhv dv Khugv/4 zrunlqj sdshu/ Ihg0
hudo Uhvhuyh Edqn ri Plqqhdsrolv1

Froh/ K1 dqg W1 Nhkrh +4<<8,1 3Vhoi0ixo?oolqj Ghew Fulvhv/4 Mrxuqdo ri
Lqwhuqdwlrqdo Hfrqrplfv +iruwkfrplqj,1

Frqh/ N1 +4<;6,1 Uhjxodwlrq ri Ghsrvlwru| Lqvwlwxwlrqv1 Vwdqirug Xqlyhuvlw|
Sk1G1 glvvhuwdwlrq1

Fruvhwwl/ J1/ S1 Shvhqwl dqg Q1 Urxelql +4<<<,1 3Sdshu WljhuvB D Prgho ri
wkh Dvldq Fulvlv/4 Hxurshdq Hfrqrplf Uhylhz 76/ 4544045691

Gldprqg/ G1 +4<<:,1 3Oltxlglw|/ Edqnv dqg Pdunhwv/4 Mrxuqdo ri Srolwlfdo
Hfrqrp| 438/ <5;0<891

9 dqg S1 G|eylj +4<;6,1 3Edqn Uxqv/ Oltxlglw|/ dqg Ghsrvlw Lqvxudqfh/4
Mrxuqdo ri Srolwlfdo Hfrqrp| <4/ 734074<1

9 dqg U1 Udmdq +5333,1 3Oltxlglw| Ulvn/ Oltxlglw| Fuhdwlrq dqg Ilqdqfldo
Iudjlolw|= D Wkhru| ri Edqnlqj/4 zrunlqj sdshu/ Xqlyhuvlw| ri Fklfdjr1

Iorrg/ U1 dqg Q1 Pdulrq +4<<<,1 3Shuvshfwlyhv rq Uhfhqw Fxuuhqf| Fulvhv
Olwhudwxuh/4 Lqwhuqdwlrqdo Mrxuqdo ri Ilqdqfh dqg Hfrqrplfv 7/ 40591
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Jhdqdnrsorv/ M1 dqg K1 Srohpdufkdnlv +4<;9,1 3H{lvwhqfh/ Uhjxodulw|/ dqg
Frqvwudlqhg Vxerswlpdolw| ri Frpshwlwlyh Doorfdwlrqv Zkhq wkh Dvvhw
Pdunhw Lv Lqfrpsohwh/4 lq Zdowhu/ Khoohu/ Urvv Vwduu/ dqg Gdylg Vwdu0
uhww hgv1 Hvvd|v lq krqru ri Nhqqhwk M1 Duurz= Yroxph 6/ Xqfhuwdlqw|/
lqirupdwlrq/ dqg frppxqlfdwlrq1 Fdpeulgjh/ Qhz \run dqg V|gqh|=
Fdpeulgjh Xqlyhuvlw| Suhvv/ 980<81 Dovr uhsulqwhg lq Gheuhx/ Jhudug/
hg1 +4<<9,1 Jhqhudo htxloleulxp wkhru|1 Yroxph 51 Hojdu Uhihuhqfh
Froohfwlrq1 Lqwhuqdwlrqdo Oleudu| ri Fulwlfdo Zulwlqjv lq Hfrqrplfv/
qr1 9:1 Fkhowhqkdp/ X1N1= Hojdu> glvwulexwhg e| Dvkjdwh/ Eurrn?hog/
Yw1 9:0<:1

Khoozlj/ P1 +4<<7,1 3Oltxlglw| Surylvlrq/ Edqnlqj/ d qg wkh Doorfdwlrq
ri Lqwhuhvw Udwh Ulvn/4 Hxurshdq Hfrqrplf Uhylhz 6;/ 4696046;<1

9 +4<<;,1 3Edqnv/ Pdunhwv/ dqg wkh Doorfdwlrq ri Ulvnv lq dq Hfrqrp|/4
Mrxuqdo ri Lqvwlwxwlrqdo dqg Wkhruhwlfdo Hfrqrplfv 487/ 65;06781

Mdfnolq/ F1 +4<;9,1 3Ghpdqg Ghsrvlwv/ Wudglqj Uhvwulfwlrqv/ dqg Ulvn Vkdu0
lqj/4 lq H1 Suhvfrww dqg Q1 Zdoodfh/ hgv1/ Frqwudfwxdo Duudqjhphqwv
iru Lqwhuwhpsrudo Wudgh +Xqlyhuvlw| ri Plqqhvrwd Suhvv/ Plqqhdsrolv/
PQ,1

9 dqg V1 Ekdwwdfkdu|d +4<;;,1 3Glvwlqjxlvklqj sdqlfv dqg lqirupdwlrq0
edvhg edqn uxqv= Zhoiduh dqg srolf| lpsolfdwlrqv/4 Mrxuqdo ri Srolwlfdo
Hfrqrp| <9/ 89;08<51

Ndplqvn|/ J1 dqg F1 Uhlqkduw +4<<<,1 3Wkh Wzlq Fulvhv= Wkh Fdxvhv
ri Edqnlqj dqg Edodqfh0ri0Sd|phqwv Sureohpv/4 Dphulfdq Hfrqrplf
Uhylhz ;</ 7:608331

Nuxjpdq/ S1 +4<:<,1 3D Prgho ri Edodqfh0ri0Sd|phqwv Fulvhv/4 Mrxuqdo ri
Prqh| Fuhglw dqg Edqnlqj 44/ 64406581

Pruulv/ V1 +5333,1 3Frqwdjlrq/4 Uhylhz ri Hfrqrplf Vwxglhv 9:/ 8:0:;1

Pruulv/ V1 dqg K1 V1 Vklq +4<<;,1 3Xqltxh Htxloleulxp lq d Prgho ri Vhoi0
Ixo?oolqj Fxuuhqf| Dwwdfnv/4 Dphulfdq Hfrqrplf Uhylhz ;;/ 8;:08<:1

Pruulv/ V1 dqg K1 V1 Vklq +5333,1 3Joredo Jdphv= Wkhru| dqg Dssolfd0
wlrqv/4 zrunlqj sdshu/ \doh Xqlyhuvlw|1
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Revwihog/ P1 +4<;9,1 3Udwlrqdo dqg Vhoi0Ixo?oolqj Edodqfh ri Sd|phqwv
Fulvhv/4 Dphulfdq Hfrqrplf Uhylhz :9/ :50;41

Shfn/ M1 dqg N1 Vkhoo +4<<<,1 3Edqn Sruwirolr Uhvwulfwlrqv dqg Htxloleulxp
Edqn Uxqv/4 zrunlqj sdshu/ Fruqhoo Xqlyhuvlw|1

Srvwohzdlwh/ D1 dqg [1 Ylyhv +4<;:,1 3Edqn Uxqv dv dq Htxloleulxp Skh0
qrphqrq/4 Mrxuqdo ri Srolwlfdo Hfrqrp| <8/ 7;807<41

Pholw}/ M1 +4<<3,1 3Ilqdqfldo Ghuhjxodwlrq lq Iudqfh/4 Hxurshdq Hfrqrplf
Uhylhz 67/ 6<707351

Suhvfrww/ H1 dqg U1 Wrzqvhqg +4<;7d,1 3Sduhwr Rswlpd dqg Frpshwlwlyh
Htxloleuld zlwk Dgyhuvh Vhohfwlrq dqg Prudo Kd}dug/ Hfrqrphwulfd 85/
540781

Suhvfrww/ H1 dqg U1 Wrzqvhqg +4<;7e,1 3Jhqhudo Frpshwlwlyh Dqdo|vlv lq dq
Hfrqrp| zlwk Sulydwh Lqirupdwlrq/4 Lqwhuqdwlrqdo Hfrqrplf Uhylhz
58/ 40531

Zdoodfh/ Q1 +4<;;,1 4Dqrwkhu Dwwhpsw wr H{sodlq dq Looltxlg Edqnlqj V|v0
whp= Wkh Gldprqg dqg G|eylj Prgho zlwk Vhtxhqwldo Vhuylfh Wdnhq
Vhulrxvo|/4 Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv Txduwhuo| Uhylhz 45
+Idoo,/ 60491

Zdoodfh/ Q1/ +4<<3,1 3D Edqnlqj Prgho lq zklfk Sduwldo Vxvshqvlrq lv
Ehvw/4 Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv Txduwhuo| Uhylhz 47 +Idoo,/
440561
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