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This paper discusses alternative ways to deal with the positive externalities of 
having children in a pay-as-you-go pension system. Family allowances are 
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4 Lqwurgxfwlrq

Kdylqj fkloguhq jhqhudoo| fuhdwhv d srvlwlyh �vfdo h{whuqdolw| li d sxeolf sd|0

dv0|rx0jr +SD\J, shqvlrq v|vwhp lv lq sodfh1 Lq vxfk d vfkhph wkh dfwlyh

jhqhudwlrq sd|v wkh fxuuhqw shqvlrqv ri wkh rog jhqhudwlrq1 Wkh uhwxuq rq vr0

fldo vhfxulw| frqwulexwlrqv ghshqgv rq dyhudjh ihuwlolw| lq wkh hfrqrp|/ dqg

lv wkhuhiruh udlvhg wkurxjk d kljkhu qxpehu ri fkloguhq1 Shqvlrq irupxodv

xvxdoo| ljqruh wklv olqn dqg hlwkhu/ lq d Elvpdufnldq v|vwhp/ glvwulexwh ehq0

h�wv dffruglqj wr suhylrxv frqwulexwlrqv/ ru/ lq d Ehyhulgjhdq vfkhph/ vhw d

xqlirup shqvlrq iru hyhu|erg|1 Iurp dq lqglylgxdo*v shuvshfwlyh/ wkh shq0

vlrq fodlp grhv qrw lqfuhdvh zlwk d kljkhu qxpehu ri fkloguhq1 Wkh shqvlrq

ri sduhqwv zloo hyhq idoo vkruw ri wkh rog0djh lqfrph ri frxsohv zlwkrxw fklo0

guhq li sxeolf shqvlrqv duh hduqlqjv0uhodwhg dqg/ lq dgglwlrq/ sduhqwv kdyh

wr uhgxfh wkhlu olihwlph oderu vxsso| lq rughu wr udlvh fkloguhq1 Lw fdq wkhuh0

iruh eh dujxhg wkdw wkh h{whqvlrq ri SD\J shqvlrq v|vwhpv diwhu wkh Vhfrqg

Zruog Zdu kdv frqwulexwhg wr wkh vhfxodu ghfolqh lq ihuwlolw| ohyhov1 Wklv k|0

srwkhvlv lv frq�uphg e| Fljqr dqg Urvdwl +4<<9,/ dqg Fljqr hw do1 +5336,/

zkr lqyhvwljdwh wkh fdvhv ri Jhupdq|/ Lwdo|/ wkh XN/ dqg wkh Xqlwhg Vwdwhv1

Wkh suhglfwlrq ri d ghfolqlqj ihuwlolw| dv d uhvsrqvh wr dq h{sdqglqj sxeolf

shqvlrq v|vwhp lv jhqhudoo| dovr rewdlqhg li fkloguhq uhvsrqg e| ghfuhdvlqj

wkhlu lqfrph vxssruw wrzdugv wkhlu sduhqwv +Zljjhu/ 4<<<,1

Wkh olwhudwxuh irfxvhv rq wzr pdlq srolf| lqvwuxphqwv wkdw pd| eh xvhg

wr ryhufrph wkh glvwruwlrq ri ihuwlolw| lqfhqwlyhv/ qdpho| idplo| doorzdqfhv

dqg ihuwlolw|0uhodwhg shqvlrqv1 Zkloh lq hdfk fdvh vrph ehqh�w shu fklog lv

sdlg wr sduhqwv/ wkh djh ri wkh uhflslhqwv gl�huv1 Lq rxu iudphzrun/ ihuwlolw|0

uhodwhg shqvlrqv duh sdlg dw d jlyhq wd{ udwh iru vrfldo vhfxulw| frqwulexwlrqv1

Wkhuhiruh/ li shqvlrqv duh sduwldoo| pdgh frqwlqjhqw rq ihuwlolw|/ jhqhudo Elv0

pdufnldq ru Ehyhulgjhdq shqvlrqv zloo w|slfdoo| ghfolqh1 Rxu pdlq txhvwlrq

lv zkhwkhu wkh wzr lqvwuxphqwv frqvwlwxwh shuihfw vxevwlwxwhv dqg fdq wkhuh0

iruh eh fdoohg �Vldphvh wzlqv� +ydq Jurh}hq hw do1/ 5336,1 Vkrxog wklv eh wkh

fdvh/ fruuhfwlqj wkh glvwruwlrq fdq eh dfklhyhg e| d frqwlqxxp ri vroxwlrqv/

lqfoxglqj wkh h{foxvlyh xvh ri dq| ri wkh wzr lqvwuxphqwv1 Rwkhuzlvh/ lw lv

fohduo| lpsruwdqw wr ghulyh zklfk lqvwuxphqw pl{ pd{lpl}hv olihwlph xwlolw|1

Pruhryhu/ zh glvfxvv zkhwkhu wkh rswlpxp vkduh ri ihuwlolw|0uhodwhg shqvlrqv

lq wkh SD\J vfkhph grhv hyhu uhdfk xqlw|1 Wkhvh lvvxhv duh dqdo|}hg lq dq

hqgrjhqrxv oderu vxsso| vhwwlqj zkhuh idfwru sulfhv duh �{hg e| frqvlghulqj

d vpdoo rshq hfrqrp| iudphzrun dqg erwk shqvlrqv dqg idplo| doorzdqfhv

kdyh wr eh �qdqfhg e| d sd|uroo wd{1
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Rxu frpsdudwlyh vwdwlf dqdo|vlv vwuhvvhv wkh lpsdfw ri wd{hv rq krxvh0

krog oderu vxsso|1 Vlqfh zh dvvxph krprjhqrxv krxvhkrogv/ wd{hv xvhg iru

�qdqflqj ihuwlolw|0uhodwhg ehqh�wv lq wkh vdph jhqhudwlrq duh qrw dvvrfldwhg

zlwk dq| gluhfw lqfrph h�hfw1 Wkxv/ erwk phdvxuhv glvfxvvhg khuh vlpso|

uhgxfh wkh sulfh ri d fklog/ zkhuh rqo| wkh vxevwlwxwlrq h�hfw lv dw zrun/ lq0

gxflqj dq lqfuhdvh lq ihuwlolw|1 Ohy|lqj wd{hv rq oderu zloo gulyh grzq oderu

vxsso| vlqfh lqfrph orvvhv iru xqfkdqjhg ehkdylru duh ixoo| frpshqvdwhg e|

ulvlqj ehqh�wv frqwlqjhqw rq wkh qxpehu ri fkloguhq1 Krzhyhu/ lw fdqqrw eh

h{foxghg wkdw dq lqgluhfw lqfrph h�hfw sxvkhv oderu vxsso| lq wkh rssrvlwh

gluhfwlrq1 Vkrxog d kljkhu qxpehu ri fkloguhq eh dvvrfldwhg zlwk d uhgxfwlrq

ri wkh lqglylgxdo*v olihwlph frqvxpswlrq/ wkhuh lv d whqghqf| wr lqfuhdvh od0

eru vxsso|1 Ixuwkhu/ lw lv srvvleoh wr frqvwuxfw h{dpsohv zkhuh dq lqfuhdvlqj

idplo| doorzdqfh |lhogv orzhu ihuwlolw| gxh wr d idoo lq oderu vxsso|1

Zh ghprqvwudwh wkdw ihuwlolw|0uhodwhg SD\J shqvlrqv dqg idplo| doorz0

dqfhv fdq eh frqvlghuhg dv Vldphvh wzlqv xqghu wkh Elvpdufnldq shqvlrq

v|vwhp1 Rq wkh rqh kdqg/ �qdqflqj idplo| doorzdqfhv uhtxluhv wkh wd{lqj ri

fxuuhqw zdjh lqfrph1 Rq wkh rwkhu kdqg/ udlvlqj wkh vkduh ri ihuwlolw|0uhodwhg

shqvlrqv phdqv uhgxflqj wkh vkduh ri jhqhudo shqvlrq fodlpv1 Exw wkh jhqhudo

shqvlrq lq d Elvpdufnldq v|vwhp fdq eh lqwhusuhwhg dv zdjh lqfrph wr eh

sdlg diwhu uhwluhphqw1 Khqfh/ erwk lqvwuxphqwv wd{ oderu vxsso| lq wkdw

fdvh1 Lw wxuqv rxw wkdw wkh vdph lpsdfw rq ihuwlolw| lv dfklhyhg zlwk wkh vdph

glvwruwlrq ri oderu vxsso|1

Wklv uhvxow grhv qrw krog li jhqhudo shqvlrqv duh xquhodwhg wr frqwulex0

wlrqv/ dv lq wkh Ehyhulgjhdq vfkhph1 Wkh frqwulexwlrq wrzdugv d  dw0udwh

SD\J vfkhph frqvwlwxwhv d wd{ luuhvshfwlyh ri wkh vkduhv ri jhqhudo dqg

ihuwlolw|0uhodwhg shqvlrqv1 Lqwurgxflqj idplo| doorzdqfhv vwloo lqfuhdvhv wkh

wd{ rq oderu vxsso| dqg wkxv hqodujhv wkh glvwruwlrq lq oderu vxsso|1 Sur0

ylghg wkdw wkh vkduh ri ihuwlolw|0uhodwhg shqvlrqv lv ehorz lwv pd{lpxp/ xvlqj

h{foxvlyho| ihuwlolw|0uhodwhg shqvlrqv zloo wkhuhiruh eh dvvrfldwhg zlwk kljkhu

zhoiduh wkdq kdylqj vrph hohphqw ri idplo| doorzdqfhv1

Li wkh jryhuqphqw rqo| uholhv rq ihuwlolw|0uhodwhg shqvlrqv/ lwv xwlolw|0

pd{lpl}lqj vkduh lq d vwhdg| vwdwh pd| erwk eh vpdoohu ru htxdo wr xqlw|1 Li

wkh ixoo shqvlrq lv frqwlqjhqw rq wkh qxpehu ri fkloguhq/ wkh uhohydqw h{whu0

qdolw| dulvhv iurp wkh idfw wkdw fkloguhq gr qrw wdnh lqwr dffrxqw wkh lpsdfw

ri wkhlu ghpdqg iru ohlvxuh rq wkh zhooehlqj ri shqvlrqhuv1 Vkrxog d pdu0

jlqdo ghfuhdvh ri wkh fklog idfwru lq wkh shqvlrq vfkhph wkhq ohdg wr d ulvh lq

oderu vxsso|/ wkh rswlpxp vkduh ri ihuwlolw|0uhodwhg shqvlrqv zloo eh vpdoohu

wkdq xqlw|1 Lq wkh rssrvlwh fdvh/ olihwlph xwlolw| fdq ixuwkhu eh lqfuhdvhg e|
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lqwurgxflqj idplo| doorzdqfhv li wklv |lhogv d ulvlqj oderu vxsso|1

Rxu uhvxowv sduwldoo| frqwudglfw suhylrxv �qglqjv lq wkh olwhudwxuh1 Ydq

Jurh}hq/ Ohhuv dqg Phlmgdp +5333/ 5336, dqdo|}h wkh rswlrq ri lqwurgxflqj

fklog ehqh�wv vr dv wr jhqhudwh d �uvw0ehvw doorfdwlrq1 Wkh rswlpxp idplo|

doorzdqfh lv htxdo wr wkh suhvhqw ydoxh ri wkh fklog*v frqwulexwlrq wrzdugv

wkh shqvlrq vfkhph1 Dv dovr vkrzq e| Vlqq +5334,/ wklv dprxqw uhsuhvhqwv

wkh qhw vrfldo jdlq ri dq dgglwlrqdo lqglylgxdo jlyhq wkdw khu shqvlrq zloo eh

�qdqfhg e| khu fkloguhq1 Lq wkh h{rjhqrxv oderu vxsso| iudphzrun ri ydq

Jurh}hq hw do1 +5336,/ wkh �uvw0ehvw doorfdwlrq fdq dovr eh dfklhyhg e| pdnlqj

shqvlrqv frqwlqjhqw rq wkh qxpehu ri fkloguhq1 Wkh wzr lqvwuxphqwv idplo|

doorzdqfhv dqg ihuwlolw|0uhodwhg shqvlrqv fdq wkhuhiruh eh ylhzhg dv Vldphvh

wzlqv1 Ihqjh dqg Phlhu +5336, frqvlghu d vlwxdwlrq lq zklfk oderu vxsso| lv

wlhg wr wkh qxpehu ri fkloguhq/ zkhuh sduhqwv uhgxfh krxvhkrog oderu vxsso|

zlwk d kljkhu qxpehu ri fkloguhq1 Xqolnh wkh phvvdjh iru dq h{rjhqrxv oderu

vxsso| iudphzrun glvfxvvhg e| Nropdu +4<<:/ 5334,/ lw lv wkhq qr orqjhu

wuxh wkdw wkh rswlpxp vkduh ri ihuwlolw|0uhodwhg shqvlrqv lv xqlw|1 Wkh vkduh

ri jhqhudo shqvlrqv uhpdlqv srvlwlyh vlqfh fkloguhq gr qrw wdnh lqwr dffrxqw

wkh idoo lq wkhlu sduhqw jhqhudwlrq*v shqvlrqv zkhq wkh| lqfuhdvh wkh qxpehu

ri fkloguhq dqg wkxv uhgxfh oderu vxsso|1 Krzhyhu/ Ihqjh dqg Phlhu +5336,

dovr vkrz wkdw wkh Vldphvh wzlqv surshuw| vwloo krogv li oderu vxsso| lv gulyhq

e| ihuwlolw|1 Wkh rswlpxp doorfdwlrq fdq eh dfklhyhg e| d frqwlqxxp ri

frpelqdwlrqv ri ihuwlolw|0uhodwhg shqvlrqv dqg idplo| doorzdqfhv/ lqfoxglqj

wkh srodu fdvhv zkhuh rqo| rqh lqvwuxphqw lv xvhg1

Dqrwkhu frqvlghudwlrq sxw iruzdug e| Fljqr dqg Oxsrulql +5336, fdoov

iru xvlqj fklog ehqh�wv lq d idvklrq zkhuh sduhqwv gluhfwo| froohfw sduwv ri

wkhlu fkloguhq*v vrfldo vhfxulw| frqwulexwlrqv1 Vxfk d vfkhph hqfrxudjhv xq0

revhuydeoh lqyhvwphqw lq kxpdq fdslwdo1 Vlqfh wkh uhwxuq rq lqyhvwphqw

lv xqfhuwdlq/ lw wxuqv rxw wr eh rswlpdo wr jlyh vrph ehqh�w/ uhjdugohvv ri

wkh fklog*v vxffhvv/ dv d idplo| doorzdqfh ru d ihuwlolw|0uhodwhg shqvlrq1 Lq

frqwudvw/ wkh sureohp ri lqgxflqj wkh h!flhqw hgxfdwlrq ohyho fdq eh vroyhg

wkurxjk d sxeolf hgxfdwlrq v|vwhp ru vxevlglhv iru sulydwh hgxfdwlrq1 D ghew

srolf| pd| wkhq eh xvhg zkhuh hdfk lqglylgxdo sd|v iru khu vkduh ri wkh uh0

wxuq wr hgxfdwlrq1 Krzhyhu/ iru d forvhg hfrqrp| iudphzrun/ Shwhuv +4<<8,

vwuhvvhv wkdw d txdolw|0txdqwlw| wudgh0r� zrunv vxfk wkdw hgxdwlrq zloo dozd|v

eh vxevlgl}hg/ zkloh ihuwlolw| pd| hyhq eh wd{hg1 D vlplodu dujxphqw lq idyru

ri srvlwlyh jurzwk lpsdfwv ri uhgxflqj ihuwlolw| e| h{whqglqj dq xqixqghg

shqvlrq vfkhph kdv ehhq ghyhorshg e| ]kdqj +4<<8,1

Lw vkrxog eh qrwhg wkdw wkh uhohydqw srolf| frpsdulvrq uhtxluhv wkdw wkh
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vl}h ri wkh SD\J shqvlrq vfkhph lv nhsw frqvwdqw1 Dowhuqdwlyho|/ lw pd|

eh sodxvleoh wr kdyh d jlyhq vrfldo vhfxulw| wd{ wrzdugv wkh jhqhudo shq0

vlrq vfkhph/ dqg wrs wklv xs e| dq dgglwlrqdo SD\J vfkhph wkdw �qdqfhv

ihuwlolw|0uhodwhg shqvlrqv1 Dv dujxhg e| Ihqjh dqg Phlhu +5336,/ kdylqj idp0

lo| doorzdqfhv dv dq dowhuqdwlyh wkhq dprxqwv wr frpsdulqj SD\J vfkhphv

ri gl�huhqw vl}h1 Vxfk d frpsdulvrq zloo xvxdoo| eh jryhuqhg e| wkh Ddurq

+4<99, frqglwlrq/ vwdwlqj wkdw h{whqglqj wkh SD\J vfkhph lqfuhdvhv vwhdg|0

vwdwh xwlolw| ohyhov li wkh udwh ri srsxodwlrq jurzwk h{fhhgv wkh lqwhuhvw udwh/

dqg ylfh yhuvd1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv

wkh prgho1 Wkh frpsdudwlyh vwdwlf dqdo|vlv lq vhfwlrq 6 ghdov zlwk wkh lp0

sdfwv ri fkdqjlqj hlwkhu wkh fklog idfwru lq wkh shqvlrq vfkhph ru wkh ohyho

ri idplo| doorzdqfhv rq ihuwlolw| dqg oderu vxsso|1 Vhfwlrq 7 lqyhvwljdwhv wkh

pdlq txhvwlrq zkhwkhu fklog ehqh�wv vkrxog eh sdlg zlwklq wkh shqvlrq v|v0

whp ru/ dowhuqdwlyho|/ yld idplo| doorzdqfhv1 Vhfwlrq 8 glvfxvvhv wkh fkrlfh

ri wkh fklog idfwru lq wkh shqvlrq vfkhph1 Vhfwlrq 9 frqfoxghv dqg lqglfdwhv

gluhfwlrqv iru ixwxuh uhvhdufk1

5 Wkh edvlf prgho

Zh xvh d wkuhh0shulrg ryhuodsslqj jhqhudwlrqv prgho1 Iru vlpsolflw|/ zh

frqvlghu d rqh0vh{ srsxodwlrq frqvlvwlqj ri ihpdohv1 Doo krxvhkrogv zlwklq d

jhqhudwlrq duh lghqwlfdo1 Wkxv/ d uhglvwulexwlrq ri lqfrph zlwklq d jhqhudwlrq

zloo qrw wdnh sodfh lq htxloleulxp1

D jhqhudwlrq olyhv iru wkuhh shulrgv1 Lq wkh �uvw shulrg/ dq lqglylgxdo olyhv

zlwk khu sduhqw/ zkhuh wkh gluhfw frvw ri d fklog lv ^1 Hgxfdwlrq lv ljqruhg lq

wkh iroorzlqj1 Qrwlfh wkdw wkh sureohp ri fruuhfwlqj wkh ihuwlolw| lqfhqwlyhv

zrxog uhpdlq li wkh surylvlrq ri vfkrrolqj lv vhw dw wkh h!flhqw ohyho1

Lq wkh vhfrqg shulrg/ wkh krxvhkrog fkrrvhv khu oderu vxsso| �� ,|c zkhuh

wrwdo dydlodeoh wlph lv qrupdol}hg wr xqlw| dqg ,| ghqrwhv ohlvxuh1 Wkh krxvh0

krog hduqv d zdjh udwh �| dqg ghflghv krz pxfk wr vdyh/ r|/ dqg wr frqvxph/

S|1 Pruhryhu/ wkh krxvhkrog fkrrvhv wkh qxpehu ri fkloguhq/ ?|n�/ wkdw vkh

zloo kdyh lq wklv shulrg1 Wkhvh fkloguhq hqwhu wkh oderu irufh lq shulrg |n �1

Lq rughu wr vlpsoli| wkh dqdo|vlv/ ?|n� fdq eh fkrvhq iurp wkh vhw ri qrq0

qhjdwlyh uhdo qxpehuv1 Ixuwkhupruh/ lq wkh vhfrqg shulrg wkh krxvhkrog

uhfhlyhv d idplo| doorzdqfh @| iru hdfk fklog vkh eulqjv xs1 Wkh krxvhkrog

kdv wr sd| frqwulexwlrqv wr wkh sd|0dv0|rx0jr shqvlrq v|vwhp dqg sd|v wd{hv
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lq rughu wr �qdqfh idplo| doorzdqfhv1 Wkh frqwulexwlrq udwh lv � |/ dqg wkh

wd{ udwh lv w|1

S| n r| n ^?|n� ' E� � � | � w|�E�� ,|��| n @|?|n�� +4,

Oderu vxsso| lv xquhodwhg wr wkh qxpehu ri fkloguhq/ zklfk pd| eh wkh frq0

vhtxhqfh ri d xqlyhuvdo fryhudjh e| sxeolf fklog fduh idflolwlhv1 Lq idfw/ wkhuh

kdv ehhq vrph grxew wkdw wkh wudglwlrqdo qhjdwlyh uhodwlrqvkls ehwzhhq ihu0

wlolw| dqg ihpdoh oderu vxsso| lv vwloo ydolg1 Zkloh revhuydwlrqv iurp vhyhudo

RHFG frxqwulhv gxulqj wkh odvw wzr ghfdghv hyhq vxjjhvw d srvlwlyh dvvr0

fldwlrq +Dkq dqg Plud/ 5335,/ wkh shufhlyhg fkdqjh ri vljqv fdq dovr eh

lqwhusuhwhg dv d vwdwlvwlfdo duwhidfw ehlqj fdxvhg e| h{rjhqrxv idfwruv wkdw

vlpxowdqhrxvo| lq xhqfh erwk ihuwlolw| dqg oderu vxsso| +Nùjho/ 5335,1

Lq wkh wklug shulrg wkh krxvhkrog uhwluhv dqg frqvxphv 5|n�1 Rog djh

frqvxpswlrq htxdov wkh vxp ri sulydwh vdylqjv pxowlsolhg e| wkh lqwhuhvw

idfwru -|n�c dqg wkh shqvlrq R|n�1

5|n� ' -|n�r| n R|n�� +5,

Wkh xwlolw| ixqfwlrq LES|c 5|n�c ?|n�c ,|� lv frqwlqxrxv/ vwulfwo| frqfdyh/ dqg

vwulfwo| lqfuhdvlqj lq frqvxpswlrq dqg ohlvxuh1 Wkh sduwldo ghulydwlyh ri L

zlwk uhvshfw wr lwv l|� dujxphqw lv ghqrwhg e| L�1 Xwlolw| kdv d eolvv srlqw

�? : f lq wkh qxpehu ri fkloguhq/ wkdw lv/ zh kdyh L� : f iru ? 	 �? dqg

L� 	 f iru ? : �?1 Lq rughu wr nhhs wkh qrwdwlrq vlpsoh/ zh dvvxph wkdw wkh

xwlolw| ixqfwlrq h{klelwv dgglwlyh vhsdudelolw|1 Khqfh/ wkh furvv ghulydwlyhv ri

wkh xwlolw| ixqfwlrq duh }hur= L%+ ' f iru %c + 5 i�c 2c �cej/ % 9' +�

Wkh jryhuqphqw uxqv d shqvlrq v|vwhp dqg d exgjhw iru idplo| doorzdqfhv1

Lq shulrg | wkh vl}h ri wkh zrunlqj srsxodwlrq lv �|1 Wkh jurzwk idfwru ri

wkh zrunlqj djh jhqhudwlrq lq shulrg |n� lv gh�qhg dv �|n�*�| ' ?|n�1 Wkh

frqwulexwlrq uhyhqxhv ri wkh sd|0dv0|rx0jr �qdqfhg shqvlrq vfkhph lq sh0

ulrg |n� duh xvhg wr �qdqfh wkh shqvlrq R|n� ri wkh �| uhwluhhv ri jhqhudwlrq

|1 Wkh shqvlrq ri d krxvhkrog ghshqgv zlwk d vkduh k ri wkh frqwulexwlrqv

rq wkh qxpehu ri fkloguhq ri wkh krxvhkrog dqg zlwk d vkduh � � k rq wkh

djjuhjdwh jurzwk idfwru ri wkh srsxodwlrq/ zkhuh f � k � �1 Lq wkh iroorzlqj

zh fdoo wkh srolf| yduldeoh k wkh fklog idfwru1 Wkh shqvlrq ri dq lqglylgxdo

lv jlyhq e|

R|n� ' � |n��|n�E� � ,|n��

�
E�� k�?|n�

�� ,|

� � ,|

n k?|n�

�
c +6,

8



zkhuh � � ,| ghqrwhv wkh dyhudjh oderu vxsso| ri wkh lqglylgxdov zrunlqj lq

shulrg |� Ri frxuvh/ dv zh dvvxph wkdw doo lqglylgxdov zlwklq d jhqhudwlrq

duh lghqwlfdo/ zh kdyh ,| ' ,| lq htxloleulxp1 Qrwlfh wkdw � |n��|n�E� � ,|n��

lv wkh dyhudjh frqwulexwlrq ri dq lqglylgxdo zrunlqj lq shulrg | n �� Wkh

sduhqw froohfwv wkh vkduh k ri wkh frqwulexwlrqv ri khu ?|n� fkloguhq1 Wkh

uhpdlqghu lv vshqw lq wkh jhqhudo vfkhph lq zklfk ?|n� frqwulexwruv �qdqfh

rqh shqvlrqhu1 Lq d Elvpdufnldq v|vwhp/ wkh shqvlrq ixqg lv glvwulexwhg

dffruglqj wr frqwulexwlrqv/ ehlqj h{suhvvhg e| wkh idfwru � � ,|

�� ,|
� Xqghu d  dw

shqvlrq v|vwhp ri wkh Ehyhulgjhdq w|sh/ wkh fruuhvsrqglqj idfwru lv dozd|v

htxdo wr rqh1

Wkh wd{ uhyhqxhv lq shulrg | duh xvhg wr �qdqfh wkh idplo| doorzdqfhv lq

wkh vdph shulrg1 Wkh ehqh�w iru d fklog ri dq lqglylgxdo lv jlyhq e|

@| '
w|�|E�� ,|�

?|n�

� +7,

Lqvhuwlqj +4,0+7, lqwr wkh xwlolw| ixqfwlrq |lhogv wkh pd{lpl}dwlrq sureohp

�@%
r|c?|n� c,|

LiE�� � | � w|�d� � ,|o�| n

�
w|�|E�� ,|�

?|n�

� ^

�
?|n� � r|c +8,

-|n�r| n � |n��|n�E� � ,|n��

�

�
E�� k�?|n�

�� ,|

� � ,|

n k?|n�

�
c ?|n�c ,|j�

Zh dvvxph wkdw dq lqwhulru vroxwlrq wr wklv sureohp h{lvwv1 Wkh hfrqrp|

lv odujh lq wkh vhqvh wkdw wkh lqglylgxdo ljqruhv wkh lpsdfw ri khu ihuwlolw| dqg

oderu vxsso| ghflvlrqv rq dyhudjh ihuwlolw| dqg oderu vxsso| shu fdslwd1 Wkh

�uvw0rughu frqglwlrqv ghwhuplqh wkh krxvhkrog*v rswlpdo ghflvlrqv=

Lr ' �L� n-|n�L2 ' fc +9,

L? ' L�

�
w|�|E�� ,|�

?|n�

� ^

�
n L2� |n��|n�E�� ,|n��kn L� ' fc +:,

L, ' �L�E�� � | � w|��| n L2

YR|n�

Y,|
n Le ' fc +;,
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zlwk
YR|n�

Y,|
' �� |n��|n�E� � k�?|n�

� � ,|n�

�� ,|
	 f lq d Elvpdufnldq v|vwhp

zkhuhdv
YR|n�

Y,|
' f li d Ehyhulgjhdq vfkhph lv lq sodfh1 Wkh ghulydwlyhv

zlwk uhvshfw wr wkh rswlpl}dwlrq yduldeohv duh uhsuhvhqwhg e| Lr ' YL

Yr|
/

L? ' YL

Y?|n�
/ dqg L, ' YL

Y,|
1 Dv lw lv ghprqvwudwhg lq Dsshqgl{ D/ wkh

remhfwlyh ixqfwlrq lv vwulfwo| frqfdyh lq wkh ghflvlrq yduldeohv erwk xqghu wkh

Elvpdufnldq dqg xqghu wkh Ehyhulgjhdq vfkhph/ hqvxulqj xqltxhqhvv ri wkh

pd{lpxp1

Dffruglqj wr htxdwlrq +:,/ wkh qxpehu ri fkloguhq lv fkrvhq vxfk wkdw

wkh pdujlqdo xwlolw| ri dq dgglwlrqdo fklog r�vhwv wkh pdujlqdo glvxwlolw| iurp

frqvxpswlrq gxulqj wkh dfwlyh shulrg gxh wr wkh qhw frvw ri d fklog/ ^ � @|/

dqg wkh pdujlqdo ehqh�w dulvlqj wkurxjk kljkhu ihuwlolw|0uhodwhg shqvlrqv1 Li

prqhwdu| lqfhqwlyhv vhw e| idplo| doorzdqfhv dqg ihuwlolw|0uhodwhg shqvlrqv

duh vwurqj/ wkh qxpehu ri fkloguhq fdq h{fhhg wkh lqglylgxdo*v eolvv srlqw1

Wkh rswlpdolw| frqglwlrq +;, fdq eh lqwhusuhwhg dv iroorzv1 Wkh pdujlqdo

glvxwlolw| ri ohlvxuh/ uhvxowlqj iurp d orzhu qhw zdjh lqfrph dqg 0 xqghu d

Elvpdufnldq uhjlph 0 d uhgxfhg frqwulexwlrq0uhodwhg shqvlrq/ lv htxdo wr wkh

gluhfw pdujlqdo ehqh�w ri ohlvxuh1

6 Frpsdudwlyh vwdwlfv

Sursrvlwlrq 4 ghvfulehv krz ihuwlolw| dqg oderu vxsso| ri d krxvhkrog uhdfw

wr d ulvlqj fklog idfwru lq wkh shqvlrq v|vwhp1 Zkloh wkh lpsdfw rq ihuwlolw|

lv xqvxusulvlqj/ wkh srvvleoh idoo lq oderu vxsso| fdq eh wudfhg edfn wr d

vxevwlwxwlrq h�hfw wkdw pd| hyhq eh uhlqirufhg e| dq lqgluhfw lqfrph h�hfw1

Sursrvlwlrq 4 Ihuwlolw| lqfuhdvhv zlwk d kljkhu fklog idfwru lq wkh shqvlrq

v|vwhp1 Oderu vxsso| ghfuhdvhv li wkh sulfh ri d fklog/ ^ � @| �
� |n��|n�

-|n�
E��

,|n��k/ lv qhjdwlyh1 Xqghu d Ehyhulgjhdq uhjlph/ oderu vxsso| lqfuhdvhv li wkh

sulfh ri d fklog lv srvlwlyh1

Surri1 Vhh Dsshqgl{ E1 �

Wkh lqwxlwlrq iru wkh uhvxowv lv vwudljkwiruzdug1 D kljkhu fklog idfwru

fkdqjhv wkh vwuxfwxuh ri wkh shqvlrq lqfrph lq idyru ri wkh fklog0uhodwhg

frpsrqhqw1 Wklv lqfuhdvhv wkh pdujlqdo ehqh�w ri kdylqj fkloguhq/ |lhog0

lqj d kljkhu ihuwlolw| ohyho1 Li wkh sulfh ri d fklog lv qhjdwlyh/ kdylqj pruh

:



fkloguhq ohdgv wr d kljkhu olihwlph lqfrph1 Wklv rffxuv li wkh dgglwlrqdo

idplo| doorzdqfhv dqg ihuwlolw|0uhodwhg shqvlrqv h{fhhg wkh frvw ri d fklog1

Frqvhtxhqwo|/ ghpdqg iru wkh qrupdo jrrg ohlvxuh jrhv xs dqg oderu vxs0

so| lv uhgxfhg1 Frqyhuvho|/ vkrxog wkh sulfh ri d fklog eh srvlwlyh/ wkhuh lv

d whqghqf| wr lqfuhdvh oderu vxsso|1 Wkhvh frqvlghudwlrqv fryhu doo dvshfwv

wkdw h{sodlq wkh rxwfrphv zlwk uhvshfw wr ihuwlolw| dqg oderu vxsso| xqghu d

Ehyhulgjhdq uhjlph1

Li d Elvpdufnldq shqvlrq vfkhph suhydlov/ d vhfrqg fkdqqho kdv wr eh wdnhq

lqwr dffrxqw1 Wkh sulfh ri ohlvxuh idoov zlwk d vpdoohu vkduh ri hduqlqjv0uhodwhg

shqvlrqv/ lqgxflqj d ulvlqj ghpdqg iru ohlvxuh1 Wkh dvvrfldwhg orvv lq lqfrph

zloo sduwldoo| eh frpshqvdwhg iru e| kdylqj pruh fkloguhq li wkh sulfh ri d

fklog lv qhjdwlyh/ dqg ylfh yhuvd1 Lw wxuqv rxw wkdw wkh qhw lpsdfw rq ihuwlolw|

lv xqdpeljxrxv hyhq li d Elvpdufnldq shqvlrq vfkhph lv lq sodfh1

Sursrvlwlrq 5 frqvlghuv wkh lpsdfwv ri dq lqfuhdvh lq wkh wd{ udwh w|1 Wklv

fruuhvsrqgv wr d kljkhu ohyho ri idplo| doorzdqfhv shu fklog zkhuh wkh idplo|

doorzdqfh exgjhw ri wkh jryhuqphqw lv nhsw edodqfhg iru xqfkdqjhg ehkdylru1

Djdlq/ d frpelqdwlrq ri vxevwlwxwlrq dqg lqgluhfw lqfrph h�hfwv pd| fdxvh

d idoolqj oderu vxsso|1

Sursrvlwlrq 5 Ihuwlolw| lqfuhdvhv zlwk d kljkhu wd{ iru idplo| doorzdqfhv

xqghu d Elvpdufnldq shqvlrq vfkhph1 Li d Ehyhulgjhdq vfkhph lv lq sodfh/

ihuwlolw| lqfuhdvhv li olihwlph frqvxpswlrq grhv qrw idoo vkruw ri wkh jhqhudo

shqvlrq/ wkdw lv/ li -|n�S| n 5|n� � � |n��|n�?|n�E� � ,|n��E�� k� � f1 Oderu

vxsso| ghfuhdvhv xqghu erwk v|vwhpv li wkh sulfh ri d fklog lv qrw srvlwlyh1

Xqghu d Ehyhulgjhdq uhjlph/ oderu vxsso| dovr idoov li wkh sulfh ri d fklog lv

srvlwlyh dqg olihwlph frqvxpswlrq grhv qrw h{fhhg wkh jhqhudo shqvlrq1

Surri1 Vhh Dsshqgl{ F1 �

D kljkhu wd{ iru �qdqflqj idplo| doorzdqfhv dprxqwv wr d sxuh uhglvwulex0

wlrq lq d krprjhqrxv srsxodwlrq1 Wkxv/ wkhuh lv qr lpphgldwh lqfrph h�hfw

rq ihuwlolw| dqg oderu vxsso|1 Krzhyhu/ erwk wkh sulfh ri d fklog dqg wkh

sulfh ri ohlvxuh jr grzq1 Wkh vxevwlwxwlrq h�hfwv ri d kljkhu wd{ dorqj zlwk d

kljkhu idplo| doorzdqfh lpso| d ulvlqj ghpdqg iru fkloguhq dqg ohlvxuh1 Wkh

odwwhu ghfuhdvhv zdjh lqfrph zkloh wkh iruphu udlvhv lqfrph li wkh sulfh ri d

fklog lv qhjdwlyh/ dqg uhgxfhv lqfrph li wkh sulfh ri d fklog lv srvlwlyh1 Zdjh

lqfrph orvvhv dulvlqj iurp d uhgxfwlrq ri oderu vxsso| duh sduwldoo| frpshq0

vdwhg e| kdylqj pruh fkloguhq vkrxog wkh sulfh ri d fklog eh qhjdwlyh/ zkloh

wkh ghpdqg iru fkloguhq ghfuhdvhv lq wkh rssrvlwh fdvh1

;



Li wkh sulfh ri d fklog lv qhjdwlyh/ d kljkhu ihuwlolw| gxh wr wkh vxevwlwxwlrq

h�hfw zloo eh dffrpsdqlhg e| dq lqfuhdvhg ghpdqg iru ohlvxuh1 Lq frqwudvw/

lqfrph orvvhv wkdw dulvh li wkh sulfh ri d fklog lv srvlwlyh whqg wr udlvh oderu

vxsso|1 Wkh frqglwlrq wkdw olihwlph frqvxpswlrq grhv qrw idoo vkruw ri wkh

jhqhudo shqvlrq zloo jhqhudoo| eh vdwlv�hg1 Khqfh/ wkh phvvdjh ri Sursrvlwlrq

5 lv wkdw ihuwlolw| zloo doprvw dozd|v lqfuhdvh/ hyhq li wkh lqgluhfw lqfrph

h�hfw zrunv djdlqvw wkh vxevwlwxwlrq h�hfw1 Zkloh oderu vxsso| whqgv wr idoo/

lw fdqqrw eh h{foxghg wkdw wkh lqgluhfw lqfrph h�hfw r�vhwv wkh vxevwlwxwlrq

h�hfw vkrxog wkh sulfh ri d fklog eh srvlwlyh1 Dv vkrzq lq Dsshqgl{ G/ lw lv

lqghhg srvvleoh wkdw ihuwlolw| ghfolqhv1 Vxfk d frxqwhulqwxlwlyh uhdfwlrq zloo

dozd|v eh dffrpsdqlhg e| d idoo lq oderu vxsso|1

7 Fklog idfwru yhuvxv idplo| doorzdqfhv

Dq lqwhuhvwlqj lvvxh wr h{soruh lv zkhwkhu ru qrw lqwurgxflqj d fklog idfwru lqwr

wkh shqvlrq irupxod lv suhihudeoh wr xvlqj idplo| doorzdqfhv zkhq frqvlghulqj

olihwlph xwlolw|1 Rqh pdlq dgydqwdjh ri kdylqj d fklog idfwru udwkhu wkdq

idplo| doorzdqfhv lv wkdw wkh hfrqrp| fdq jhw ulg ri wkh glvwruwlrq ri wkh

oderu vxsso| ghflvlrq wkdw dulvhv wkurxjk wkh sd|uroo wd{ wr �qdqfh idplo|

doorzdqfhv1 Krzhyhu/ lq d Elvpdufnldq shqvlrq vfkhph/ lqwurgxflqj d fklog

idfwru dw d jlyhq frqwulexwlrq udwh dovr dprxqwv wr wd{lqj oderu vxsso| vlqfh

lqglylgxdov orvh hduqlqjv0uhodwhg shqvlrqv1 Sursrvlwlrq 6 vkrzv wkdw erwk

lqvwuxphqwv duh htxlydohqw xqghu wkhvh flufxpvwdqfhv1

Sursrvlwlrq 6 Xqghu d Elvpdufnldq shqvlrq vfkhph/ idplo| doorzdqfhv

dqg ihuwlolw|0uhodwhg shqvlrqv frqvwlwxwh shuihfw vxevwlwxwhv1

Surri1 Qrwlfh wkdw wkh wzr exgjhw htxdwlrqv ri wkh krxvhkrog xqghu d

Elvpdufnldq shqvlrq vfkhph fdq eh frpelqhg wr duulyh dw
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Wkh ohiw0kdqg vlgh ri +<, lv wkh krxvhkrog*v lqfrph zkloh wkh uljkw0kdqg

vlgh vkrzv wkh h{shqglwxuh vlgh1 Ohw EkW

f
c w

W

f
� ghqrwh dq rswlpdo yhfwru ri

lqvwuxphqwv zlwk k
W

f
: f ru wW

f
: f/ |lhoglqj dq doorfdwlrq

�
S
W

| c 5
W

|n�c ?
W

|n�c ,
W

|

�
wkdw pd{lpl}hv olihwlph xwlolw|1 Li k dqg w duh ydulhg vxfk wkdw

_w ' �_k
� |n��|n�

�|-|n�

?
W

|n�

� � ,
W

|n�

�� ,W|

c

doo sulfhv dqg wkh krxvhkrog*v lqfrph uhpdlq frqvwdqw1 Wkxv/ wkh vdph ghfl0

vlrqv zloo eh wdnhq/ lpso|lqj dq lghqwlfdo doorfdwlrq1 �

Wkxv/ xqghu d Elvpdufnldq v|vwhp dq rswlpxp doorfdwlrq fdq jhqhudoo|

eh dfklhyhg erwk zlwk d frpelqdwlrq ri wkh fklog idfwru dqg wkh idplo| do0

orzdqfh dqg dq h{foxvlyh xvh ri rqo| rqh lqvwuxphqw1 Lqfuhdvlqj dq| ri wkh

wzr srolf| sdudphwhuv uhgxfhv erwk lqfrph dqg wkh sulfh ri ohlvxuh1 Wkh

sulfh ri d fklog idoov1 Lw wxuqv rxw wkdw wkh wzr lqvwuxphqwv d�hfw lqfrph

dqg wkh wzr yduldeoh sulfhv lq d shuihfwo| v|pphwulfdo idvklrq1 Dv lw zloo eh

ghprqvwudwhg lq wkh qh{w vhfwlrq/ xwlol}lqj rqo| rqh lqvwuxphqw pd| qrw eh

vx!flhqw lq rughu wr pd{lpl}h olihwlph xwlolw|1 Vxfk d vlwxdwlrq pd| rffxu

li zhoiduh jdlqv fdq eh dfklhyhg e| lqwurgxflqj wkh vhfrqg lqvwuxphqw zkhq

wkh rwkhu srolf| sdudphwhu lv douhdg| vhw dw lwv pd{lpxp ohyho1

Wkh htxlydohqfh uhvxow grhv qrw fduu| ryhu wr d Ehyhulgjhdq vfkhph1 Wkh

frpelqhg exgjhw htxdwlrq wkhq uhdgv
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Lq frqwudvw wr wkh Elvpdufnldq v|vwhp/ wkh lqfrph h{suhvvlrq lv odujhu/

dqg rqo| wkh idplo| doorzdqfh wd{ d�hfwv wkh sulfh ri ohlvxuh1 Sursrvlwlrq 7

vkrzv wkdw idplo| doorzdqfhv ehdu d vxevwdqwldo glvdgydqwdjh frpsduhg wr

pdnlqj shqvlrqv frqwlqjhqw rq ihuwlolw| li wkh jhqhudo SD\J shqvlrq lv  dw1

Sursrvlwlrq 7 Zlwk d Ehyhulgjhdq shqvlrq vfkhph/ wkh rswlpxp doorfdwlrq�
S
W

| c 5
W

|n�c ?
W

|n�c ,
W

|

�
uhtxluhv wkdw wkh idplo| doorzdqfh wd{ lv qrw srvlwlyh li wkh

fklog idfwru uhpdlqv ehorz lwv pd{lpxp ohyho/ wkdw lv/ k 	 �1
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Surri1 Vhh Dsshqgl{ H1 �

Wkh sursrvlwlrq fdq eh h{sodlqhg dv iroorzv1 Doo lpsdfwv ri fkdqjlqj wkh

srolf| sdudphwhuv zrun wkurxjk lq xhqflqj shu fdslwd ghpdqg iru fkloguhq

dqg ohlvxuh1 Dv ghprqvwudwhg deryh/ wkh xvh ri erwk lqvwuxphqwv lv yluwxdoo|

dozd|v dvvrfldwhg zlwk kljkhu ihuwlolw|1 Wklv lqfuhdvhv olihwlph lqfrph e| udlv0

lqj wkh jhqhudo shqvlrq1 Qrwlqj wkdw wkh idplo| doorzdqfh kdv wr eh uhgxfhg

dw d jlyhq wd{ udwh/ lw dovr |lhogv d kljkhu sulfh ri fkloguhq1 D idoolqj oderu

vxsso| ghfuhdvhv lqfrph ehfdxvh vrfldo vhfxulw| frqwulexwlrqv shu fdslwd eh0

lqj vshqw rq shqvlrqv jr grzq1 Wkh sulfh ri d fklog lv lqfuhdvhg gxh wr wkh

qhfhvvdu| uhgxfwlrq ri wkh idplo| doorzdqfh dqg wkh vpdoohu ihuwlolw|0uhodwhg

wudqvihu wr shqvlrqhuv dw d jlyhq vrfldo vhfxulw| wd{ udwh1 Khqfh/ d idoo lq

oderu vxsso| shu fdslwd kdv dq xqdpeljxrxvo| qhjdwlyh h�hfw rq xwlolw|1

Vlqfh wkh idplo| doorzdqfh wd{ uhgxfhv wkh sulfh ri ohlvxuh/ lw hqwdlov d

qhjdwlyh lpsdfw rq oderu vxsso| ehlqj devhqw zlwk ihuwlolw|0uhodwhg shqvlrqv1

Wkh pdlq sduw ri wkh surri frqvlghuv d vlwxdwlrq lq zklfk wkh fklog idfwru lv

lqfuhdvhg dw wkh h{shqvh ri d orzhu idplo| doorzdqfh wd{ vr dv wr nhhs ihuwlolw|

frqvwdqw1 Wklv yduldwlrq lqfuhdvhv dyhudjh oderu vxsso| lq wkh hfrqrp|/ ehlqj

dvvrfldwhg zlwk d kljkhu zhoiduh ohyho1 Wklv h{shulphqw fdq eh uhshdwhg dv

orqj dv wkh idplo| doorzdqfh wd{ lv srvlwlyh1 Lw fdqqrw eh h{foxghg wkdw

olihwlph xwlolw| fdq eh ixuwkhu lqfuhdvhg e| lqwurgxflqj d idplo| doorzdqfh

wd{ li wkh vkduh ri ihuwlolw|0uhodwhg shqvlrqv lv douhdg| dw lwv pd{lpxp ohyho1

Zh zloo vkrz lq wkh qh{w vhfwlrq wkdw vxfk d vlwxdwlrq uhtxluhv d srvlwlyh

pdujlqdo lpsdfw ri wkh idplo| doorzdqfh wd{ rq oderu vxsso|1

Rxu uhvxowv vxjjhvw wkdw xvlqj ihuwlolw|0uhodwhg shqvlrqv udwkhu wkdq uho|0

lqj rq idplo| doorzdqfhv |lhogv d kljkhu zhoiduh ohyho li wkhuh lv vrph  dw udwh

hohphqw lq wkh shqvlrq irupxod1 Wkh rqo| mxvwl�fdwlrq iru idplo| doorzdqfhv

zrxog wkhq olh lq ryhufrplqj fuhglw frqvwudlqwv iru |rxqj idplolhv1 Krzhyhu/

wkh dqdo|vlv lqglfdwhv wkdw wklv dujxphqw lv  dzhg vlqfh wkh jryhuqphqw fdq

vlpso| r�hu wr eruurz djdlqvw ixwxuh ihuwlolw|0uhodwhg shqvlrq fodlpv1

8 Rswlpxp fklog idfwru

Wkh suhfhglqj vhfwlrq kdv vkrzq wkdw fruuhfwlqj wkh glvwruwlrq ri wkh ihuwlolw|

ghflvlrq fdq jhqhudoo| eh dfklhyhg e| dq h{foxvlyh xvh ri ihuwlolw|0uhodwhg shq0

vlrqv1 Dq lqwhuhvwlqj txhvwlrq lv qrz zklfk ohyho ri wkh fklog idfwru zrxog

pd{lpl}h xwlolw| lq wkh vwhdg| vwdwh lq wkh devhqfh ri idplo| doorzdqfhv1

Lq rxu uhsuhvhqwdwlyh djhqwv iudphzrun rqh lv whpswhg wr dvvxph wkdw lq0
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fuhdvlqj wkh fklog idfwru wr xqlw| holplqdwhv doo h{whuqdolwlhv dvvrfldwhg zlwk

kdylqj fkloguhq1 Lw wxuqv rxw/ krzhyhu/ wkdw wkh oderu vxsso| uhdfwlrq wr dq

lqfuhdvlqj fklog idfwru sod|v d fuxfldo uroh lq wklv uhvshfw1

Lq wkh devhqfh ri d idplo| doorzdqfh v|vwhp/ wkh lqgluhfw xwlolw| ixqfwlrq

xqghu d Elvpdufnldq vfkhph lv jlyhq e|

T Ek� ' LiE�� � |�d� � ,|Ek�o�| � ^?|n�Ek�� r|Ek�c
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zkhuh wkh idfwru
�� ,|Ek�

� � ,|Ek�
zrxog eh uhsodfhg e| � xqghu d Ehyhulgjhdq uxoh1

Hpsor|lqj wkh hqyhorsh wkhruhp/ wkh ghulydwlrq zlwk uhvshfw wr k |lhogv/

diwhu uhduudqjlqj=
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Lq wkh vlpsoh fdvh ri krprjhqrxv krxvhkrogv wkh djjuhjdwh srsxodwlrq

jurzwk idfwru lv lghqwlfdo wr wkh lqglylgxdo ihuwlolw| idfwru= ?| ' ?| lq wkh

htxloleulxp1 Khqfh/
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_k
Ek ' �� ' �L2� |n��|n�?|n�

Y,|n�

Yk
� +46,

Wkxv/ li Y,|
Yk

: f dw k ' �/ wkh rswlpxp fklog idfwru lv vpdoohu wkdq xqlw|1

Uhfdoolqj Sursrvlwlrq 4/ vxfk d uhdfwlrq fdq eh h{shfwhg li wkh sulfh ri d

fklog ehfrphv qhjdwlyh zkhq wkh ixoo shqvlrq lv frqwlqjhqw rq ihuwlolw|1 Wklv

frqglwlrq whqgv wr eh vdwlv�hg li wkh vl}h ri wkh shqvlrq vfkhph/ phdvxuhg

e| wkh frqwulexwlrq udwh � / lv odujh dqg dyhudjh ihuwlolw| lv vpdoo hyhq dw

k ' �1 Frqyhuvho|/ vkrxog Y,|
Yk

	 f dw k ' � krog/ d kljkhu xwlolw| ohyho pljkw

eh dfklhyhg e| lqwurgxflqj d idplo| doorzdqfh wd{1 Ri frxuvh/ wklv uhtxluhv

Y,|
Yw

	 f dw Ek ' �c w ' f�� Wkh dgglwlrqdo jdlq lq olihwlph xwlolw| wkhq dulvhv

iurp d kljkhu oderu vxsso| ri rwkhu lqglylgxdov1 Lq frqwudvw/ wkh pdujlqdo

lpsdfw yld wkh ihuwlolw| uhdfwlrq lv }hur1

Wkh uhvxow fdq eh h{sodlqhg dv iroorzv1 Iluvw/ wkh lqfuhdvlqj fklog idfwru

fkdqjhv wkh zhljkwv ri wkh frqwulexwlrq0uhodwhg shqvlrq dqg wkh ihuwlolw|0

uhodwhg shqvlrq1 Vlqfh lqglylgxdov kdyh wkh vdph qxpehu ri fkloguhq/ wkh qhw

h�hfw ri fkdqjlqj wkh frpsrvlwlrq lv }hur/ dv h{suhvvhg e| L2� |n��|n�E� �

,|n��

�
?|n� � ?|n�

� � ,|

�� ,|

�
' f�

Vhfrqg/ udlvlqj wkh fklog idfwru d�hfwv xwlolw| ehfdxvh wkh qh{w frqwulexwru

jhqhudwlrq fkdqjhv lwv oderu vxsso| shu fdslwd1 Frqvhtxhqwo|/ wkh frqwulex0

wlrqv wr �qdqfh wkh shqvlrqv ri wkh suhvhqw jhqhudwlrq pryh lq wkh vdph

gluhfwlrq1 Wkh lpsdfw ri wkh dvvrfldwhg fkdqjh lq shqvlrqv rq zhoiduh lv

vkrzq e|

�L2� |n��|n�

Y,|n�

Yk

�
E� � k�?|n�

� � ,|

�� ,|

n k?|n�

�
�

Wklug/ dq h�hfw dulvlqj rqo| lq wkh Elvpdufnldq vfkhph/ exw qrw lq wkh

Ehyhulgjhdq v|vwhp/ wkh jhqhudo shqvlrq fkdqjhv dw d jlyhq shqvlrq ixqg

ohyho zlwk ydu|lqj fodlpv e| rwkhu shrsoh gxh wr wkhlu oderu vxsso| uhdfwlrq1

Wklv lpsdfw lv fdswxuhg e| L2� |n��|n�E�� ,|n��E�� k�?|n�
� � ,|

d�� ,|o
2

Y,|
Yk

�

Irxuwk/ d kljkhu fklog idfwru lqfuhdvhv wkh qxpehu ri ixwxuh frqwulexwruv

wr wkh jhqhudo sd|0dv0|rx0jr shqvlrq v|vwhp dqg/ wkhuhiruh/ wkh udwh ri uhwxuq

ri wklv sduw ri wkh v|vwhp1 Wklv udlvhv wkh xwlolw| ri wkh suhvhqw jhqhudwlrq/ dv

vkrzq e| L2� |n��|n�E��k�E�� ,|n��
Y?|n�

Yk

� � ,|

�� ,|
: f1 Vlqfh rqo| wkh vhfrqg
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h�hfw vxuylyhv li wkh vkduh ri jhqhudo sxeolf shqvlrqv whqgv wr }hur/ wkh oderu

vxsso| uhdfwlrq lv fuxfldo iru hydoxdwlqj wkh wrwdo pdujlqdo h�hfw dw k ' �1

Dv lq Ihqjh dqg Phlhu +5336,/ vhwwlqj wkh fklog idfwru wr xqlw| zloo qrw qhf0

hvvdulo| pd{lpl}h olihwlph xwlolw| ri d uhsuhvhqwdwlyh krxvhkrog lq wkh vwhdg|

vwdwh1 Dq lqfuhdvh ri wkh fklog idfwru lv dvvrfldwhg zlwk pruh khdgv ri wkh

ixwxuh jhqhudwlrq/ udlvlqj wkh uhwxuq wr jhqhudo vrfldo vhfxulw| frqwulexwlrqv/

exw suredeo| ohvv zdjh lqfrph shu khdg/ uhgxflqj wkh uhwxuq lq erwk eudqfkhv

ri wkh sxeolf shqvlrq v|vwhp1

Wkh fklog idfwru fdq eh xvhg wr uhgxfh wkh lqwud0jhqhudwlrqdo h{whuqdolw|/

zkhuh wkh jdlqv dffuxh wr wkh jhqhudo shqvlrqv1 Li wkh vkduh ri wklv jhqhudo

sduw ehfrphv vpdoo/ wkh lpsdfw rq zhoiduh zloo dovr jr grzq1 Dw wkh vdph

wlph/ wkh lqwhu0jhqhudwlrqdo h{whuqdolw|/ fdxvhg e| fkloguhq fkdqjlqj wkhlu

zrunlqj krxuv zlwkrxw wdnlqj lqwr dffrxqw wkh lpsdfw rq wkhlu sduhqwv* shq0

vlrqv/ fdqqrw eh ryhufrph1 Wklv h{whuqdolw| dulvhv gxh wr wkh uhdolvwlf vhwwlqj

ri zdjh0uhodwhg frqwulexwlrqv dw d �{hg udwh1 Lq frqwudvw/ vkrxog shqvlrqv eh

�qdqfhg e| oxps0vxp frqwulexwlrqv/ wkh rswlpxp fklog idfwru lq wkh devhqfh

ri idplo| doorzdqfhv zrxog eh xqlw|1

9 Frqfoxvlrqv

Wkh pdlq phvvdjh ri wklv sdshu lv wkdw ihuwlolw|0uhodwhg shqvlrqv dqg idplo|

doorzdqfhv fdqqrw eh ylhzhg dv shuihfw vxevwlwxwhv1 Li wkhuh lv vrph oxps0vxp

ehqh�w lq wkh shqvlrq irupxod/ wkh fruuhvsrqglqj vrfldo vhfxulw| frqwulexwlrqv

zloo eh shufhlyhg dv wd{hv1 Zkloh �qdqflqj idplo| doorzdqfhv dw d gh�qhg

frqwulexwlrq udwh wrzdugv wkh shqvlrq v|vwhp zloo lqfuhdvh wkh wd{ ordg rq

oderu/ wklv grhv qrw kdsshq li ihuwlolw|0uhodwhg shqvlrqv duh lqwurgxfhg dw wkh

h{shqvh ri jhqhudo Ehyhulgjhdq  dw shqvlrqv1 Gxh wr wkh vpdoohu glvwruwlrq

lq wkh oderu vxsso|/ wkh uhvxowlqj zhoiduh ohyho zloo eh kljkhu zlwk ihuwlolw|0

uhodwhg shqvlrqv1

Ixuwkhu/ wkh srvlwlyh h{whuqdolw| ri kdylqj fkloguhq iru sd|0dv0|rx0jr shq0

vlrq vfkhphv vkrxog jhqhudoo| qrw eh lqwhuqdol}hg e| pdnlqj wkh shqvlrq

frpsohwho| ghshqghqw rq ihuwlolw|1 Wklv uhvxow kdv wr eh wudfhg edfn wr wkh

idfw wkdw dq lqwhujhqhudwlrqdo h{whuqdolw| h{lvwv lq wkh shqvlrq vfkhph1 Lqgl0

ylgxdov gr qrw wdnh lqwr dffrxqw wkh lpsdfw ri fkdqjlqj wkhlu oderu vxsso|

rq wkh sduhqw jhqhudwlrq1 Li oderu vxsso| idoov zlwk d kljkhu fklog idfwru lq

wkh shqvlrq irupxod/ wkh rswlpxp vkduh ri ihuwlolw|0uhodwhg shqvlrqv uhpdlqv

ehorz xqlw|1 Lq wkh rssrvlwh fdvh/ olihwlph xwlolw| fdq vwloo eh lqfuhdvhg e|
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lqwurgxflqj d idplo| doorzdqfh li krxvhkrogv gr qrw uhvsrqg e| lqfuhdvlqj

wkhlu ghpdqg iru ohlvxuh1

Dq lqwhuhvwlqj h{whqvlrq ri wkh fxuuhqw dqdo|vlv zrxog eh wr gurs wkh

dvvxpswlrq ri d vpdoo rshq hfrqrp|1 Jlyhq d Ehyhulgjhdq shqvlrq vfkhph/

xwlol}lqj ihuwlolw|0uhodwhg shqvlrqv udwkhu wkdq fklog ehqh�wv zloo w|slfdoo| eh

dvvrfldwhg zlwk d kljkhu oderu vxsso| dqg pruh vdylqj shu fdslwd1 Lw lv qrw

fohdu lq dgydqfh krz wkhvh fkdqjhv d�hfw wkh fdslwdo0oderu udwlr dqg idfwru

sulfhv lq d forvhg hfrqrp|1 Lq dgglwlrq/ lw lv frqfhlydeoh wkdw gl�huhqfhv lq

lqfrph dqg zhoiduh zloo eh hyhq pruh dffhqwxdwhg li dq hqgrjhqrxv jurzwk

iudphzrun lv dgrswhg1

Ixuwkhu/ glvwulexwlrqdo dvshfwv zlwklq jhqhudwlrqv kdyh qrw ehhq glv0

fxvvhg1 Lqwurgxflqj khwhurjhqhlw| lq ihuwlolw| zrxog lpso| wkdw lqglylgxdov

duh d�hfwhg e| srolf| phdvxuhv hqfrxudjlqj ihuwlolw| lq dq dv|pphwulf idvk0

lrq1 Lw pd| wkhq eh dvnhg xqghu zklfk flufxpvwdqfhv d Sduhwr lpsuryhphqw

lv fuhdwhg zlwkrxw dgglwlrqdo uhglvwulexwlyh phdvxuhv/ dqg krz vxfk phd0

vxuhv vkrxog eh ghvljqhg li wkhuh lv d frq lfw ri lqwhuhvw ehwzhhq fklogohvv

lqglylgxdov dqg sduhqwv1 Lqfrusrudwlqj erwk hqgrjhqrxv idfwru sulfhv dqg

khwhurjhqhlw| lq ihuwlolw| zrxog pdnh lw srvvleoh iru fklogohvv shrsoh zkr duh

vxevlgl}lqj rwkhuv wkurxjk ihuwlolw|0uhodwhg shqvlrqv ru lq idplo| doorzdqfhv

wr eh frpshqvdwhg e| dq lqfuhdvh lq wkh lqwhuhvw udwh lq wkh hfrqrp|/ dv lq

Ihoghuhu dqg Ulw}ehujhu +4<<8,1 Qhyhuwkhohvv/ zh h{shfw wkdw wkh pdlq dujx0

phqwv ghyhorshg lq wklv sdshu uhpdlq lqwdfw lq vxfk dq h{whqghg iudphzrun1

Dsshqgl{

D= Vwulfw frqfdylw| ri wkh remhfwlyh ixqfwlrq

Iru vwulfw frqfdylw| zh kdyh wr vkrz wkdw
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li wkh jhqhudo shqvlrq lv ri wkh Ehyhulgjhdq w|sh1

Wkh ghqrplqdwru rq wkh UKV ri htxdwlrq +54, kdv d qhjdwlyh vljq gxh

wr wkh vwulfw frqfdylw| ri wkh xwlolw| ixqfwlrq zlwk uhvshfw wr wkh ghflvlrq

yduldeohv1 Lq d srsxodwlrq zlwk lghqwlfdo krxvhkrogv lq hdfk jhqhudwlrq/ ?| '

?| dqg ,| ' ,| krog lq dq| v|pphwulfdo htxloleulxp1 Khqfh/ Lrk ' f dqg

L?k : f duh ydolg xqghu hdfk uhjlph1 L,k : f krogv lq d Elvpdufnldq
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lq wkh Ehyhulgjhdq fdvh/ qrwlqj wkdw LrrL,, � L,rLr, : f lv ydolg gxh wr wkh
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	 f lq d Elvpdufnldq vfkhph/ wklv h{suhvvlrq lv qhjdwlyh

li/ dqg rqo| li/ � |n��|n�E�� ,|n��kn-|n�E@|� ^� : f krogv/ wkdw lv/ wkh wrwdo

prqhwdu| ehqh�w ri kdylqj d fklog h{fhhgv wkh frvw ri udlvlqj wklv fklog1 Wkh

iruphu lv jlyhq e| wkh vxp ri wkh dgglwlrqdo ihuwlolw|0uhodwhg shqvlrq dqg wkh

fklog ehqh�w/ zkhuh sd|phqwv lq gl�huhqw shulrgv duh pdgh frpsdudeoh e|
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xvlqj wkh lqwhuhvw idfwru -|n�� Hydoxdwlqj wkh ghulydwlyhv |lhogv
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Khqfh/ Y?
Yk

: f dovr krogv zlwk d Elvpdufnldq shqvlrq vfkhph1

Wkh ghulydwlyh ri ohlvxuh zlwk uhvshfw wr k lv jlyhq e|

Y,

Yk
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5
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L,r L,? L,k

6
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5
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�
' r}? iL,k dLrrL?? � Lr?L?ro� L?k dLrrL,? � L,rLr?oj +65,

li d Elvpdufnldq vfkhph lv lq sodfh dqg
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�
Y,

Yk

�
' r}? i�L?k dLrrL,? � L,rLr?oj +66,
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xqghu d Ehyhulgjhdq uhjlph1 Qrwlfh wkdw LrrL?? � Lr?L?r : f krogv gxh

wr wkh vwulfw frqfdylw| ri wkh remhfwlyh ixqfwlrq dqg r}? dLrrL,? � L,rLr?o '

�r}?
�
� |n��|n�E� � ,|n��kn-|n�E@| � ^�

�
c dv vkrzq deryh1 Hydoxdwlqj wkh

ghulydwlyhv |lhogv
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Khqfh/ lw iroorzv wkdw -|n� E@| � ^� n � |n��|n�E�� ,|n��k : f lv vx!flhqw wr

duulyh dw Y,

Yk
: f xqghu d Elvpdufnldq uhjlph1 �

F= Surri ri Sursrvlwlrq 5

Dsso|lqj wkh lpsolflw ixqfwlrq wkhruhp wr wkh vhw ri �uvw0rughu frqglwlrqv

+9, 0 +;, ohdgv wr
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Djdlq/ lq d krprjhqrxv srsxodwlrq zlwk lghqwlfdo krxvhkrogv lq hdfk

jhqhudwlrq/ ?| ' ?| dqg ,| ' ,| krogv lq htxloleulxp1 Khqfh/ Lrw ' fc L?w : fc

dqg L,w : f� Gxh wr wkh vwulfw frqfdylw| ri wkh remhfwlyh ixqfwlrq/ lw iroorzv

wkdw
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Yw

�
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Hydoxdwlqj wkh ghulydwlyhv vkrzv wkdw
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xqghu d Elvpdufnldq shqvlrq vfkhph/ lpso|lqj wkdw Y?
Yw

: f/ zkloh

�
E� � ,|�

�
E�� � | � w|��|-|n� �

YR|n�

Y,|

�
+76,

n-|n�?|n� E@| � ^� n � |n��|n�?|n�E� � ,|n��k
�
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Ixuwkhu/
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,|n��k � f1 Xqghu d Ehyhulgjhdq vfkhph/ Y,
Yw

: f lv dovr ydolg li-|n� E@| � ^�n

� |n��|n�E�� ,|n��k 	 f dqg -|n�S|n 5|n�� � |n��|n�?|n�E�� ,|n��E��k� � f

krog/ zkhuh +76, lv wdnhq lqwr dffrxqw1
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G= H{dpsoh zlwk Y?
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Frqvlghu d Free0Grxjodv xwlolw| ixqfwlrq � ' q
�
*? S| n q

2
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iurp +74, dqg +76, wkdw xqghu d Ehyhulgjhdq vfkhph zlwk k ' �/
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wkdw , lv qrw forvh wr xqlw|/ dqg frqvlghulqj wkh vlwxdwlrq zlwk w ' @ ' fc

wkhq jhqhudwhv Y?
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H= Surri ri Sursrvlwlrq 7

Ohw U G' E� � � | � w|��| n
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E� � k�?|n� ghqrwh olihwlph
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Lwv ghulydwlyhv zlwk uhvshfw wr wkh wzr srolf| lqvwuxphqwv kdyh wr wdnh lqwr

dffrxqw wkh lpsdfwv rq ghpdqg shu fdslwd iru ohlvxuh dqg fkloguhq=
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V : f lv gh�qhg e|
Y?|n�

Yw
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Y?|n�

Yk
1 Lqfuhdvlqj k dqg ghfuhdvlqj w dw wkh

vdph wlph vr dv wr nhhs ihuwlolw| frqvwdqw zloo wkhq |lhog d kljkhu lqgluhfw

xwlolw| ohyho yld wkh idoolqj ghpdqg iru ohlvxuh1 Dffruglqjo|/ vkrxog Y?
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zlwk V 	 f krog/ dq lqwhulru rswlpxp zlwk k : f dqg w : f

fdqqrw h{lvw1 Uhgxflqj erwk k dqg w vr dv wr nhhs ihuwlolw| frqvwdqw djdlq

lqfuhdvhv zhoiduh gxh wr d ulvlqj oderu vxsso|1 Odvw/ lw vkrxog eh qrwlfhg wkdw

dq rswlpxp srolf| pl{ zlwk w : f fdq qhyhu eh fkdudfwhul}hg e| Y?

Yw
' f

dw wkh pdujlq1 Dffruglqj wr Sursrvlwlrq 5/ vxfk d vlwxdwlrq lpsolhv Y,

Yw
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Iroorzlqj wkh surriv ri wkh Sursrvlwlrqv 4 dqg 5/ lw wxuqv rxw wkdw
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Ekfc wf�/ wkdw lv/ ESc 5c ?c ,�Ekfc wf�/ lv dovr ihdvleoh iru d ghyldwlqj krxvhkrog

dw Ek ' fc w ' f�1 Frpsduhg wr wkh lqlwldo vlwxdwlrq/ wkh ghyldwlqj krxvhkrog
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Uhihuhqfhv

Ddurq/ K1/ 4<991 Wkh vrfldo lqvxudqfh sdudgr{1 Fdqdgldq Mrxuqdo ri Hfr0

qrplfv dqg Srolwlfdo Vflhqfh 65/ 6:4�6:71

Dkq/ Q1/ Plud/ S1/ 53351 D qrwh rq wkh fkdqjlqj uhodwlrqvkls ehwzhhq ihuwlolw|

dqg ihpdoh hpsor|phqw udwhv lq ghyhorshg frxqwulhv1 Mrxuqdo ri Srsxodwlrq

Hfrqrplfv 48/ 99:�9;51
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