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Abstract
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in an endogenous fertility model that generates an endogenous demographic transition by
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optimal solution and characterize the decentralization of the first best. We show that a pension
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1 Introduction

In recent decades declining fertility together with increasing longevity
has resulted in population ageing in most OECD countries. This, by an
increase in the dependency ratio, has placed financial pressure on pay-as-
you-go (PAYG) pension systems.

Indeed, the present demographic crisis that the social security system is
facing is a direct result of the way in which the system is defined. A PAYG
system in its purest state is one in which the pensions that are distributed to
the retired population each period are derived from the contributions
received from the active population in the same period. In this way the
system is financially balanced every year. However, in most countries the
system promises a pension which is solely dependent on the evolution in
wages and not on demographic evolution'. This may never come to
constitute a problem as long as the population structure remains stable. Yet
when the dependency ratio drops, the system does not collect enough
money to pay out all the promised pensions, and so it slides into a crisis. In
fact, any increase in the dependency ratio needs to be matched by a cut in
pension benefits? and/or an increase in payroll taxes. If neither of these
reforms is implemented, the system starts accumulation debt, and
eventually a solution must be fouund in order to finance the system. This

' In most countries there is a combination of the so-called Beveridgean and
Bismarckian systems. In the first, the same fixed level of pension benefits is given to all
beneficiaries with redistributive purposes, while in the second the pension formula
established a replacement on an average of the last wages adjusted for inflation.

2 Either by reducing the pension level or by postponing the retirement age.



accumulation of debt will unavoidably appear in a number of OECD countries
in the following decades unless drastic reforms are undertaken. The current
debate on social security reform mostly refers to the possibility of switching to
a less demographic dependant system.

Obviously, to avoid the PAYG system’s dependency on demographic stability
and to make it financially feasible, pensions should be defined in such a way
that they satisfy the budgetary constraints of the system; that is, they should
be proportional to future wages and to the population growth rate, as this link
operates in macroeconomic terms. Hence, an intuitive reform of the pension
system would be to link, at least partially, pension benefits to the number of
children in the pension benefit formula. On the other hand, it is worth analyzing
the effect of such a policy on the economy, and in particular its influence on
fertility, which is often ignored.

The role of intergenerational transfers in overlapping-generations (OLG)
models was first analyzed within an exogenous fertility framework. In such
a framework, it has been well established that the competitive equilibrium is
generally different from the social optimum?®. A variety of instruments can be
introduced in the competitive economy in order to achieve the optimal capital-
labor ratio, defined by the golden rule. Samuelson (1975) derived the optimal
growth rate for population in the simple two-period Diamond (1965) OLG model
(in which agents do not choose fertility), and showed that even if the economy
is on the golden rule, it might not be in the social optimum as long as the
population growth rate differs from its optimal value. Hence, there is not only
one but two potential inefficiencies that must be corrected in the competitive
equilibrium. One is the achievement of the optimal population growth rate and
the other is the achievement of the golden rule. In fact, Samuelson (1975) shows
that if the population growth rate stands —by chance— at its optimal value, the
centralized and decentralized equilibria coincide?. The fact that the competitive
equilibrium is different from the social optimum in OLG models with exoge-
nous population growth is after all perfectly reasonable. What would have been
surprising is that for a given —non-chosen, thus most probably non-optimal—
population growth rate, the social optimum was reached. Obviously, an en-
dogenous fertility setting is needed to analyze policy instruments that lead the
competitive economy to the first best through their influence on fertility.

In order to be consistent with the observed fertility evolution, we endogenize
fertility using a model that is able to explain and reproduce the demographic
transition at the origin of the financial problems of most PAYG pension systems.
Apart from the social security hypothesis®, the various models that generate an
endogenous demographic transition are usually based on one of the following two

3See de la Croix and Michel (2002) for a recent textbook on OLG models with exogenous
fertility.

4This is his Serendipity Theorem.

5See for example Cigno (1993) and Wigger (1999). According to this hypothesis, if indi-
viduals have children for an investment motive, the introduction of a PAYG pension system
would have been responsible for the decline in fertility observed in many OECD countries in
the last decades.



arguments. One deals with the substitution of quality for quantity of children
due to economic development. Becker, Murphy and Tamura (1990) and Galor
and Weil (2000) rely on this argument in different endogenous growth settings.
The other main argument put forward is the increase in the opportunity cost of
having children experienced by women in a developed economy. This argument is
attractive because, apart from explaining the demographic transition, it is also
able to replicate the observed parallel increase in female labor participation.
This paper focuses on this last explanation, following Galor and Weil (1996).

Some theoretical models with endogenous fertility have studied the capacity
of an optimal intergenerational transfer to solve the pension crisis, but most
of these models are not able to replicate the drop in fertility observed since
the sixties. For example, Eckstein and Wolpin (1985) introduce a voluntary
social security program that gives a return equal to the population growth rate,
although this system does not ensure a financial equilibrium out of the steady
state. Bental (1989) introduces a PAYG system similar to the one we propose
in an economy where children support their parents according to an exogenous
social norm. Peters (1995) investigates optimality in a model with endogenous
growth. Schweizer (1996) establishes an isomorphism between the problem of
optimal population growth in OLG models and the problem of determining
optimal club size in local public goods models. Finally, Kolmar (1997, 2001)
focuses on the effects of similar pension policies in an open economy.

The paper is organized as follows. In Section 2 we describe the model with
endogenous fertility. Section 3 examines the planner’s problem, while Section 4
analyzes the steady state solution of the laissez-faire economy and compares it
with the optimal solution. In Section 5 we show that a policy that links pension
benefits to the number of children is a sufficient device to decentralize the social
optimum (as a single instrument). This pension policy restores the optimal
incentives for individuals to have children, so that the optimal capital and the
optimal population growth rate are achieved simultaneously when the payroll
tax is properly chosen. We also show that other types of PAYG pension system,
such as a Beveridgean or a Bismarckian system, are not useful to restore the
first best.

2 The Model

We consider a two-period OLG model. The economy is constituted of couples,
each one formed by one man and one woman. Men and women differ in their
ability in the production process. It is assumed that both men and women
are endowed with one unit of gender-specific labor. The production function
includes three inputs, physical capital and two types of labor input:

Y, = F(K,, L], L")

with K; denoting the capital stock, L{ the stock of female labor and L}* the
amount of male labor. For simplicity, capital is assumed to totally depreciate
in the production process.



The crucial assumption in order to have an endogenous demographic tran-
sition is that the production function F(-) is such that capital is more com-
plementary to female labor than it is to male labor. This assumption can be
justified, as in Galor and Weil (1996), by the fact that men have a comparative
advantage in physical labor, which is less complementary to capital than men-
tal labor. They therefore provide more physical labor than women, who have
a comparative advantage in mental labor. This ensures that, as the economy
develops and capital increases, the female wage —which, as will be seen later,
constitutes the opportunity cost of having children— increases proportionately
more than total household income —the sum of the two wages. Hence, indepen-
dently of what the preferences towards children are, the substitution effect of
an increase in wages dominates the income effect and households decide to have
less children. This, in turn, further increases the stock of capital, producing a
demographic transition.

In the first period of their life, men supply inelastically their unit of labor in
the market, while women divide their unit of time between working in the market
and raising children®. As the total amount of male labor, L!", is equal to the
number of working-age couples in the economy, assuming that the production
function exhibits constant returns to scale, we can express it in per-couple terms
as:

Yt = f(ktaltf) (1)
with its derivatives fk(kt,lf) > 0 and fl(k:t,ltf) > 0, and where yt,kt,l{ are
respectively per-couple units of output, capital” and female labor.

To endogenize fertility, we introduce a taste for children and a cost of chil-
dren. First, we suppose individuals derive utility from the number of descen-
dants they have. Individual preferences can be represented by the following
utility function:

U(n, et diyr) = yu(ng) + (1 =) [u(er) + Bu(di)] (2)

where u(-) is increasing and concave in its argument, v € [0, 1] is a parameter

reflecting the taste for children, 8 € [0,1] is the subjective discount factor,

N . .
ng = % represents the number of children (expressed in terms of number of

couples) that each couple has, while ¢; and d;11 are respectively the couple’s
consumption in the first and second period of life. The first derivatives of the
utility function with respect to each argument can be written as yu'(n;) > 0,

(I =mu'(er) >0, (1 —7)Bu/(diy1) > 0.

We could think that women earn lower wages than men, hence have a lower opportunity
cost of raising children; or, alternatively, we could think that women have a comparative ad-
vantage in childcare due to some natural reason. In any case, this assumption will permit to
explain the observed drop in fertility together with the observed increase in female participa-
tion in the labor market. In section 5 we will see that this assumption has further implications
for the analysis. Of course this is only valid if, as still happens in many countries, the role of
the father in child care is much lower than the role of the mother. Needless to say, we are not
advocating for this situation to continue but considering a fact that was present while fertility
was falling.

"In the following we will use the term capital to refer to the per couple —or per male labor—
capital stock.




Second, we assume children are costly in terms of time. Each couple of
children consumes a fraction z of the woman’s endowment of time. The inclusion
of a time cost of children implies the endogeneity of female labor supply, as it
introduces a trade-off between working and having children.

3 The Planner’s Problem

In this section, we solve the planner’s problem and describe how the optimal rate
of population growth is determined. Following Samuelson (1975), we assume
that the planner maximizes the utility of the representative agent at the steady
state.

Definition 1 An optimal allocation at the steady state is a set of positive quan-
tities (c,d,n,k,17) that solve the following problem:

Jmax yu(n) + (1 —7) u(c) + fu(d)]

subject to the resource constraint of the economy:
f d
f(kV)=c+—+nk
n
where 1/ =1 — zn.
If it exists®, an interior optimal solution is characterized by the following

optimality conditions:
u'(c)

w(d) = fpn 3)
ﬁj&ﬂ%:zﬁ (k,17) + & (5)
f(k,lf):c+g+nk (6)
F=1-2n (7)

The first equation replicates the individual allocation of consumption across
time. The second condition is the so-called golden rule, which determines the
optimal stock of capital. Equation (5) is the first order condition determining the
optimal number of children or population growth rate by equalizing the marginal
benefit of children to their marginal cost. The former is given by the marginal

8 As Deardorff (1976) first pointed out, this problem is not necessarily globally concave. In
the following, we assume the existence of an interior optimal solution in the planner’s problem,
and in Appendix A we deal with this issue and show that, contrary to Samuelson’s case, with
endogenous fertility there exists the possibility of having an interior global maximum with
Cobb-Douglas utility and production functions.



utility provided by children to their parents —in terms of consumption— plus the
intergenerational transfer effect (n%) This effect captures the fact that, when
population grows, there are more working individuals to support each retired
person, which reduces the relative cost of consumption of the old. The marginal
cost, of children for the planner is the loss in production due to the time cost
of children plus the so-called capital dilution effect (k), according to which the
higher the population growth, the higher the investment requirement to keep a
constant level of capital.

4 Inefficiencies of the Laissez-Faire Economy

4.1 The Laissez-Faire Economy

In the first period of their life, couples raise their children, supply labor in
the labor market, consume and save. In the second period, they consume the
products of their savings. The budget constraints of the couple are then given
by:

¢+ s =w +wl (1 - zny) (8)

div1 = Riy15¢ (9)

with wtf and wj” being respectively the wages for female and male labor, R;14
the gross interest rate in period ¢+ 1 and s; denoting the savings made in period
t.

Maximizing the utility function of a couple (2) subject to these two budget
constraints gives the two following first order conditions:

u'ler) _

) BRt+1 (10)
v u'(ne) — !

1— v U’(Ct) t (11)

Equation (10) determines the allocation of consumption across time and there-
fore the amount of savings. The second first order condition (11) determines
the total amount of time devoted to child-raising by equalizing the marginal
utility of children to their opportunity cost, both in terms of consumption. As
noted above, the higher the female wage, the higher is the opportunity cost of
children.

The competitive behavior of the representative firm leads to the equalization
of factor prices to their marginal productivity:

Ry = fi(ke, 1) (12)
w] = fi(ke, 1) (13)
wy" = fke, 1)) — ko fu (ko 1) = 1 fu(leo, 1Y) (14)



Capital comes from savings in the previous period. The capital market
equilibrium condition is therefore given by:

kir1ing = s¢ (15)
Finally, the labor market equilibrium condition is:
1l =1-zny (16)
Definition 2 A steady state in the laissez-faire economy is a stationary path

of variables (c,d,n, s, k, 1/, wf , w™, R) with positive quantities verifying the fol-
lowing conditions:

jﬁgzﬁR (17)

T (’3 = 2! (18)
c+s=w"+wl(1-zn) (19)

d = Rs (20)

F=1-2n (21)

s=kn (22)

R = fi(k,17) (23)

w! = fi(k,1%) (24)

w™ = f(k, 1) = kfp(k,17) = 1 fi(k, 1) (25)

Appendix B proves the existence of a unique steady state in the case of log-
linear utility and Cobb-Douglas production and shows the transition path of
capital and fertility towards its steady state values, illustrating the demographic
transition.

4.2 The external effects caused by fertility

A comparison of the steady state solutions for the planner and the laissez-
faire economy gives an intuition for the reason why the latter does not reach
optimality. Using equations (22)-(25), we can rewrite (17)-(21) as:

u'(e) _

i) =PI 1) (26)
A G B
g = k) (27)
f(k,lf):c+g+nk (28)



d
’I’Lfk(k,lf)
F=1-2zn (30)

=k (29)

Note that these five equations determine the same five variables as the plan-
ner’s problem. The intertemporal allocation of consumption is the same for
both steady states, as it is the resource constraint and the labor market equi-
librium condition. However, the golden rule is not present in the laissez-faire
solution, and the equation determining fertility is different. When choosing the
number of children, couples do not take into account the capital dilution nor
the intergenerational transfer effect.

As long as forward altruism is not perfect, in the sense that parents do not
value the utility of their offspring, they are ignoring that their children will be
productive in the next period. In other words, agents ignore that their children
will need an amount of capital to produce —the capital dilution effect— and that
the fact their children are alive will make labor relatively more abundant when
they are old, implying that their consumption in the second period of life will
be cheaper —the intergenerational transfer effect. This necessarily affects prices.
First, the price of the more abundant factor —the wage— decreases. Second, the
price of the more scarce factor —the interest rate, which is, in the competitive
economy, the income left for the retired— increases. Couples are not aware
of these price effects. So it seems clear that the fertility decision causes an
externality that needs to be corrected.

Summarizing, apart from the well-known inefficiencies associated with capi-
tal accumulation, the laissez-faire economy fails to achieve the first best because
the agents do not capture the effect of their children in the next period’s pro-
duction process, which is both positive (intergenerational transfer effect) and
negative (capital dilution effect). We are now ready for the task —undertaken in
the next section— of investigating whether a pension policy can induce agents to
internalize these inefficiencies, leading the laissez-faire economy to the optimal
solution.

5 The Optimal Pension Policy

As said above, understanding the kind of externality induced by the fertility
decision and the channels through which it operates can help us to determine
the structure of the corrective tax needed to internalize it. In this section we
investigate the way to use pension policy as such a corrective tax.

First we analyze the interaction between the presently available PAYG pen-
sion policies and fertility: in Section 5.1 we analyze the effects of a pension
policy with fixed monetary benefits (Beveridgean) and in Section 5.2 the effects
of a pension formula that takes into account past contributions (Bismarckian).
We show why these systems fail to correct the inefficiencies associated with the
laissez-faire economy. By contrast, in Section 5.3, a system that links pensions
to the contributions of own children is shown to provide the optimal incentives



for couples to choose both the first best capital stock and the first best fertility
rate.

5.1 A Beveridgean PAYG Pension System

Suppose that we introduce a pension system that gives a constant pension to
each retired agent. The system is implemented as follows. A proportional
taxation rate, 7, is levied on male labor income® and each retired person at t
receives a pension benefit p; coming from contributions in the same period. For
convenience, we will refer to this type of pension system as Beveridgean PAYG
pension system.

Definition 3 A steady state competitive equilibrium under a Beveridgean PAYG
pension system is a transfer system (p,T) satisfying:

p=nTw™ (31)

and a vector of variables (c,d,n,s,l¥, k,w, R) satisfying (17), (18), (21), (22),
(23), (24), (25) and:

c+s=w"(1-7)+w (1-2n) (32)
d=sR+p (33)

Equation (31) is the social security system’s budget constraint at the steady
state. Observe in (33) that couples perceive their pension as a fixed amount
of money, not being aware that their pension comes from the contributions of
their children. Suppose that the government fixes the value of the payroll tax
7 and pension benefits are determined endogenously from equation (31). The
government can choose the value of the contribution rate such that the golden
rule is attained. However, as stated in the following proposition, this policy
cannot decentralize the first best, as it is not able to ensure simultaneously the
optimal capital stock and the optimal rate of population growth.

Proposition 4 A Beveridgean PAYG pension system cannot be used to decen-
tralize the social optimum.

Proof. Using (22), (23), (25) and (31), we can rewrite (33) as:
d n
-7
Suppose the government sets the tax rate so as to induce the level of capital
satisfying the golden rule. This value of the payroll tax, obtained from equation
(34) by setting fi(k,l) = n, is given by:

1 d
T T 1)) = kn — 1 fi(k, 17)] [ﬁ B k”}

[F(k, 1) — K fi(k, 1) =1 fi(k, 1)) = kn (34)

9This does not produce any distortion in the choice of labor, since male labor supply is
inelastic. The results in this section would still hold if both types of labor were taxed.



However, equation (18), i.e. the couple’s first order condition with respect
to fertility, is still different from the optimal one given by (5). Thus the optimal
values of the capital stock and the population growth rate are not achieved.
Alternatively, if 7 is chosen so as to reach the optimal k, neither the golden rule
nor the optimal n would be attained. And something similar would happen if
the payroll tax was chosen so as to reach the optimal population growth rate.
Therefore, another instrument is required to restore the first best. m

This result is not surprising as far as the Beveridgean pension policy has
no corrective effects on fertility. It simply crowds out capital accumulation, but
it does not introduce the right incentives for couples to choose the number of
children in an optimal way.

5.2 A Bismarckian PAYG Pension System

Although the previous analysis is interesting as a starting point, one might point
out that in reality individuals do not perceive their pension as fixed. In fact,
in most OECD countries, pension benefits are defined as a replacement rate
on past wages. This replacement rate often depends on labor participation, as
benefits are a function of the number of years of contribution to the system.
Moreover, in many countries, recent reforms of the pension system tend to
increase the proportionality between contribution years and pension benefits. In
the following we analyze a pension system where benefits are defined according
to the following pension formula:

pre1 = Bus [w) +wf (1= 2ny)] (35)

where 641 is the gross replacement rate on the couple’s labor earnings. Then,
from the couple’s point of view, the pension is positively related to female labor
force participation. As a result, the pension will be negatively related to fertility,
so that, with respect to the Beveridgean pension formula, we may expect more
interaction with fertility.

The social security system’s budget constraint, which must be balanced every
period, can be expressed as:

s [wf" + ol (1= zn))| = meri [wiy + 0l (U= 2ni)] - (36)

We refer to this system as Bismarckian PAYG pension system. Under such
a system, which is assumed to tax all wages'?, the first order conditions of the
couple’s maximization problem are:

w'(ct)
' (diy1)
10 As it corresponds to reality, i.e. female labor is also taxed by the social security adminis-

tration. Again, the main result that the system cannot decentralize the social optimum does
not change if only male labor is taxed.

= fBRi11 (37)

10



v u'(ng) f [ O141
— =zwj [(1—7¢) +
11— u(er) 0| 2 Riyq
Factor prices are still given by (12), (13), (14), and the equilibrium conditions
for the labor market and the capital market by (15) and (16).

(38)

Definition 5 A steady state competitive equilibrium under a Bismarckian PAYG
pension system is a transfer system (p,0,7) satisfying:

p=0[w™ +w/(1-2n)] (39)
0=nr (40)

and a vector of variables (c,d,n, s, k,wf,w™, R) satisfying (17), (21), (22),
(23), (24), (25) and:

A O PR

i = [0-n+ g “

c+s= [wm+wf(1—zn)] 1-1) (42)
d=sR+0[w™ +w!(1-2zn)] (43)

As can be seen from equation (41), the existence of a Bismarckian pension
system affects the fertility decision in two ways. On the one hand, the payroll
tax reduces the opportunity cost of children in terms of net wage, having a pos-
itive effect on fertility. On the other hand, the social security system increases
such a cost by reducing second period consumption (through lower pension ben-
efits), having a negative effect on the choice of the number of children. We could
then expect that these two opposite effects on the fertility decision would al-
low to internalize the capital dilution and the intergenerational transfer effects.
However, it is not the case, as explained in the following proposition.

Proposition 6 A Bismarckian PAYG pension system cannot be used to decen-
tralize the planner’s optimum.

Proof. Suppose that the government chooses the value of the replacement
rate, and then determines the payroll tax according to equation (40) and pension
benefits according to (39)!*. Using (24) and (40), equation (41) can be written

as:
!
v u'(n) f 6 6
— = EU)|I1T——+—=
1—u(c) 2hilk. ) n R
Therefore, if the payroll tax is chosen so that the golden rule is satisfied, i.e.
R = n, the last two terms of the previous expression cancel out and the first
order condition with respect to n becomes:

7 un)
1 —vu(c)

= 2f(k,1%)

1 Results would not change if the government fixed the contribution rate instead and the
replacement rate was adjusted.

11



which always differs from the optimal fertility decision, unless by chance the
capital dilution and intergenerational transfer effects cancel each other in the
planner’s solution and thus disappear. However, in such a case the optimal
pension policy would be to have no transfer system. Hence, this pension policy
cannot be used to decentralize the first best. m

We can also remark that, in addition to the two direct effects on the cou-
ple’s fertility decision, the introduction of a payroll tax produces several general
equilibrium effects by affecting capital accumulation and therefore factor prices.
Taking into account all these effects, the sign of the impact of the pension sys-
tem on fertility at the steady state is ambiguous and crucially depends on the
benefit formula as well as on preferences and technology. It can be proven that
with a Cobb-Douglas production function and a log-linear utility function, an
increase in the size of the Bismarckian pension system increases the steady state
fertility level, while it decreases the steady state capital stock!2.

5.3 A PAYG System Linking Pensions to the Number of
Children

So far in this section we have seen that the existing PAYG pension systems
are not able to decentralize the social optimum. The reason is, going back
to the discussion in Section 4.2, that those systems do not properly inform
agents on the size and direction of the intergenerational transfer effect and the
capital dilution effect. It seems that what we need is agents to be aware that
their children will be productive in the next period and that this will affect
prices. As we argued in the Introduction, an intuitive reform of social security
to resolve the pension crisis would be to change the pension system so that it
linked somehow benefits to the number of children.

Suppose we introduce a pension formula in which pension benefits are dis-
tributed proportionally to fertility behavior as well as to the level of future
wages —i.e. proportionally to the children’s contribution to the pension scheme.
As we did in Section 5.1, to avoid any distortions on the labor supply choice,
we assume this system is financed by proportional taxation on male labor in-
come only'3. We refer to this type of pension system as PAYG pension system
with fertility link. In the following we analyze whether such a transfer system
achieves the social optimum, so that both the optimal capital stock and the op-
timal population growth rate are achieved simultaneously and the golden rule
is attained. The answer is positive: this PAYG pension system can decentralize
the first best.

With such a pension policy, the budget constraints of the couple become:

ct+ s =w"(1— 1) + wtf(l — zny) (44)

12 As the utility is log-linear, the substitution and income effects cancel each other and the
pension system only affects the fertility decision through general equilibrium effects. The pay-
roll tax crowds out capital and pushes the economy back to an earlier stage of the demographic
transition. See Abio (2002).

131t is therefore equivalent to using a lump-sum tax, which should be used if male labor was
also elastically supplied. We come back on this issue later in this section.
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diy1 = s¢Ryp1 + Wiy Tepamny (45)

where 74 is the social security contribution rate, fixed by the government. As
can be seen in (45), the pension formula exactly replicates the budget constraint
of the PAYG pension system, given by:

Pt+1 = ntwﬁ_lﬂﬂ

Hence, this pension policy provides couples with the information that their
pensions depend on the productivity of their children as well as on the popula-
tion growth rate.

The first order conditions of the couple’s maximization program expressed
at the steady state become:

w'(c)

u'(d)
v u'(n) N w™T

1— v u(c) R

= BR (46)

= 2w/ (47)
Definition 7 A steady state competitive equilibrium under a PAYG pension
system with fertility link is a transfer system (p,T) satisfying:

p=wmmn (48)

and a vector of variables (c,d,n, s, k,1¥,w?,w™, R) with positive quantities ver-

ifying (46), (47), (21), (22), (23), (24), (25) and:
c+s=wm(l—-71)+w (1-2n) (49)
d=sR+w"tn (50)

We assume the government fixes the payroll tax and then determines pension
benefits according to (48).

Proposition 8 In a model with endogenous fertility, if an interior optimal al-
location exists, a PAYG social security system with fertility link decentralizes
the first best if the payroll taz satisfies:
d
] n —kn

TS ) — kn = U (k1) (51)

Proof. Isolating the term w™r from (50), (47) can be written as:

!
d
7 w(n) :wa-%—i

1—~u'(c)  nR n

Substituting (22)-(25) into this new expression and in (46), (49) and (50), we
can rewrite these four equations as:

u'(c)

) = Pk 1) (52)
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v u(n) d o
1—vu(c) +nfk(k,lf) =zfi(k, ') + & (53)
Skt =c+ % +kn (54)

d= fr(k, U)kn+ [f(k 1) = kfu(k, 1) =V fy(k, 1) 7 (55)

The first three equations are identical to the planner’s first order conditions
(3), (5) and (6), once we take into consideration (4), and (21) is the same as (7).
Hence, this pension policy provides the right incentives to choose the fertility
rate optimally. The optimal value of 7 can then be obtained from (55) once the
golden rule has been introduced in that equation:

d = kn® + [f(k,1) — kn — U fi(k, 1)) 7n

Isolating the payroll tax in the previous expression, equation (51) is obtained.
]

The reason for such a policy to constitute a single instrument to reach the
first best comes from the fact that such a pension system introduces the links
that are missing in the couple’s fertility and savings decision. As can be seen in
(45), this policy introduces a specific link between n and d and between n and
k. It introduces a positive link between consumption of the old and the fertility
decision (internalizing the intergenerational transfer effect). Moreover, it affects
capital accumulation because it introduces another way of saving through hav-
ing children. This allows the capital dilution effect to be internalized. Hence, for
any value of the payroll tax, the proposed policy corrects the divergences from
the optimal fertility decision. The value of the payroll tax can then be chosen
so as to restore the optimal capital stock, accomplishing the golden rule. Since
the individual allocation rule of consumption over the life-cycle is the same as
the optimal one, there is no need for another instrument to allocate consump-
tion optimally. Thus, for any interior optimal allocation there exists a transfer
system 7* such that this allocation is a steady state intertemporal equilibrium
with perfect foresight.

Note that the sign of the transfer is not necessarily positive. Since one effect
is positive —intergenerational transfer effect— and the other one is negative —
capital dilution effect—, the sign of the transfer depends on the balance of the
two. The weight of each effect depends on the parameters of the production and
utility functions as well as on the size of n. A negative value for 7* implies a
transfer mechanism from the old to the young that would no longer be a pension
system. Note also that this system works as long as no additional distortions
on fertility are introduced. In particular, it is necessary to avoid taxing female
labor so that the pension policy does not affect the fertility decision through
a decline in the female net wage —as we had in the Bismarckian system!*. In
Peters (1995) there is an additional source of external effects, as human capital
accumulation is the source of growth. Hence, two corrective taxes are required

141f the cost of children is a fixed monetary amount, instead of a time cost, then female
labor supply can be taxed without producing any distortions on the fertility choice.
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to decentralize the first best. First, a corrective tax on educational expenditures,
which is unambiguously negative (implying a subsidy); second, a tax on other
expenditures related to child care, which has an ambiguous sign depending on
similar factors to our payroll tax.

Finally, remark that this kind of policy could be implemented in different
ways. For example, designing a transition to a partially funded system —as
proposed by Sinn (2000)- in which pension benefits were linked to the fertility
behavior of individuals. Alternatively, a compensatory family allowance equiv-
alent to the present value of the children’s future contribution to the pension
scheme could be given to parents while they are raising children. In this line,
Schweizer (1996) shows that a PAYG-financed family allowance combined with
a PAYG-financed pension system leads the economy to the social optimum as
long as the collected revenue is equally divided between the two systems.

6 Conclusion

In order to shed some light on the current debate over the pension reform
required by the drop in fertility, this paper approaches the issue of optimality
of the pension policy in an endogenous fertility setting. The purpose of the
paper was not to characterize a full set of policies and design a transition from
the present PAYG pension system to another, but rather to contribute to this
debate by clarifying the interaction between pension policies and the fertility
decision.

By differentiating between female and male labor, the model both highlights
the relation between female labor supply and the fertility decision and produces
an endogenous demographic transition. A comparison of the planner steady
state solution with the laissez-faire solution confirms that in this setting the
competitive economy fails to achieve the first best as it usually happens in
OLG models. The reason for this divergence is analyzed, concluding that in
addition to the inefficiencies associated with the choice of savings, the fertility
decision produces external effects. This is mainly because, in the absence of
perfect forward altruism, parents fail to perceive that their children will be
future producers: they ignore that capital and labor available in the next period
will change as a result of their choice of the number of children, affecting prices
and the return of transferring resources between generations.

In order to decentralize the social optimum, different pension policies are
analyzed which aim at making couples internalize the effects of their fertility
choice as well as to induce the optimal level of capital. First we show that
the systems which are more commonly used at the moment fail to lead the
economy to the first best: a Beveridgean system with constant pension benefits
has no direct effect on fertility, while a Bismarckian system where benefits are
proportional to labor force participation has both a positive and a negative
effect on fertility that nevertheless do not have the appropriate size to correct
the externality. By contrast, a simple way to make the non perfectly altruistic
parents aware of the next period productivity of their offspring is giving them

15



the opportunity to save in children. This can be achieved through a PAYG
pension policy where benefits are proportional to the number of children as well
as to future wages.

Finally, remark that in addition to restore the social optimum, such a transfer
system is attractive as it suggests a pension policy that could solve the finan-
cial crisis of the pension system, eliminating its dependency on demographic
stability. Other proposals to reform the pension system by taking into account
the interaction between fertility and the pension policy could be to use family
allowances or to switch to a mixed funded system.
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A Interiority of the Optimal Solution

Deardorff (1976) shows that, for a wide range of utility and production func-
tions, Samuelson’s (1975) problem of finding the optimum growth rate for pop-
ulation in Diamond’s OLG model does not have an interior global maximum.
For instance, with a Cobb-Douglas production function and a log-linear utility
function, there exists no interior solution to the planner’s problem when capital
depreciation is total, while there may only exist an interior minimum if capital
depreciation is lower than 1. Michel and Pestieau (1993), using CES utility
and production functions and assuming total depreciation of capital, analyze
the conditions guaranteeing the existence of an interior solution. They conclude
that, in order to have such a solution, there must exist complementarity be-
tween labor and capital in production. Alternatively, if the production function
is of the Cobb-Douglas type, complementarity between first and second period
consumption in preferences is required. In all other cases, the optimal popula-
tion growth rate is a corner solution. Schweizer (1996) deals with this problem
in a context with endogenous fertility. He compares Samuelson’s model with
local public goods models, and insists on the fact that the planner’s first order
conditions are not sufficient for optimality.

In the following we analyze whether it is possible to have an interior global
mazimum in the planner’s problem in our framework. The existence of an inte-
rior solution depends on the shape of the utility and production functions. After
giving necessary and sufficient conditions for the existence of such a solution for
general preferences and technology, we focus on the case of a log-linear utility
function and a Cobb-Douglas production function.

A.1 The general case

A necessary condition to have an interior global maximum is that there is a
solution to the planner’s set of first order conditions. In addition, the Hessian
matrix corresponding to the planner’s problem evaluated at such a critical point
must be negative semidefinite; this guarantees that this point is a local max-
imum. A sufficient condition that ensures that the maximum is unique and
global is that the planner’s objective is strictly concave, i.e. that the Hessian
matrix is negative definite at all points. In order to determine sufficient con-
ditions guaranteeing this result, we impose the following assumptions on the
utility and production functions:

e Ui(-) >0,Uyu() <0,U;(-) =0, Vi,j =n,c,d, 14 .
o fi(:) >0, fi(-) >0, fre(*) <O, fu(:) <O, fru(-) = fix(:) > 0.

We first reduce two dimensions of the problem by eliminating variables d and
I/, using the resource constraint. Hence the planner’s objective is expressed as
Ul(ec,d(k),n) and the production function as f(k,I1f(n)). The Hessian matrix
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can be written as:
aUu? aU? aU?
d2¢ Ocdk HcOn

H=| av2 au®2 oU?
dcOk 0%k Ondk

1O/ 1V

dcOn  Ondk 82n
We know this matrix is negative definite if the first and third order principal
minors are negative and the second order ones are positive. Given the assump-
tions made on preferences, some of this minors have the right sign. For the rest,
we have to find necessary or sufficient conditions. The following is a sufficient
condition on the utility function which ensures that the fifth principal minor is

2
s : aU? sU? aU? .
positive, i.e. Z5- g5 — (acan >0:

—2U4Uqad — (Ug)* > 0 (56)

which is always satisfied in the case of log-linear utility.
On the other hand, the following sufficient conditions on the production func-

2
. . . . . . o, . . 2 2 2
tion ensure that the sixth principal minor is positive, i.e. %gk ‘g[{n — ( 3‘9”% k) > 0:

0<fr—m<n (57)
2(fn — k:)n fkk > (fk — 2n) (2f;mn + fk — 2n) (58)
<0 ~— ~ -~ “
T <0 >0 if condition (57) above holds
— —
>0

Finally, the seventh principal minor corresponds to the determinant of the
whole Hessian matrix and is more complex. The following is a necessary condi-
tion for its determinant to be negative:

d 2
Uanfir |Unn (Uee + 12Uaa) + UsaUse < fam + = = kn> n (—2UdUddd - (Ud)Q) +

~ v

>0 if condition (56) holds

~ v

~~

<0 if condition (56) above holds
+Uce (Ua)? 26w (fu = k) = (fi = 20) 2fsnn + fi = 20)] + UgaUcen (. = n) -

. v

~~

>0 if conditions (57) and (58) above hold

v

'

<0 if conditions (57) and (58) hold

(fx —m) (Unnn+Ud [fan —Q%D —2Udn<fnn+ g —Im> (fin =D | +

~ v
~~

?

+ [—Udd (Ua)*n* (1 - kan)] <0 (59)

v

'

>0
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Hence a sufficient condition that guarantees that the objective of the planner
is concave is that conditions (56), (57), (58) and (59) are satisfied.

A.2 The case of a log-linear utility function and a Cobb-
Douglas production function

In such a case, the problem is drastically simplified since the indirect utility
function can be expressed as a function of n only. Preferences and technology
are assumed to satisfy:

Ui(ng, ¢ty diyr) = vlog(ng) + (1 — ) [log(et) + Blog(di+1)] (60)

Flle,ly) = ARSI + B (61)

with A > 0 and B > 0. Observe that this production function allows a demo-
graphic transition to be generated'® but represents a strong assumption as it
implies that male labor is not complementary to capital. It however strongly
eases the analytical resolution.

For these specific functions, using the first order conditions of the planner’s
problem, we can express ¢, d and k as a function of n only:

k=k(n)=(1-zn) <%>_

1

c:c(n):m[

1- 1 —a
c (Aa) ™= (1 — zn)nT== + B}

«

d=d(n) :ﬂnﬁ [1;0‘ (Aa)T= (1— zn)ni-= +B}

Hence we can write the following indirect utility function:

Vi (n) =~log(n) + (1 =) [log (¢ (n)) + Slog (d (n))]

which has the following limit values:

—00 if @ <ay
lim V(n) = ¢ +o0 ifa>ao
n—0 . ~
I if o=
with
5, = 2t Bl —7)
T 1+28(1-7)
and

I = 1og [ §70- gre2a0— A= DT [y 4+ 81— PO
[1+26(1 =)+

15Recall that the only condition required is that female labor is more complementary to
capital than male labor is. See also Appendix B.
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while

nliI{I/ZV(n) =[y+B(1-9)] log(%) +(1=7)(1+5) log(%Hﬁ (1—7)logp

is a constant.
Second, taking the first derivative of V(n) and grouping terms together we
obtain:

V’(n):w Aa 1+ 2n (=22)

—a—wa+m(——

n n> [ (40) ™= (1 - 2n)n =5 + B

which can also be written as:

V'(n) = —— Bly 18 (1—7)] — g(n)
n'"° [1_70‘ (Aa)T== (1 — zn)nT-= + B]
N ~ _
where
gn)=nTs —Tn+ 0O
with
r= 2(40) 77 [1+26(1 =) —a[1+ 281 -9 + 1=+ A)]]
B aB[y+B(1-7)]
and

(A) ™= [y + B(1 = 7) — a1 +28(1 = 7)]]
aB[y+ B(1—7)]

It can be shown that T’ > Q0 iff a < ap = 1+2B(11j72)'8+(2171)/)(1+ﬂ) >1/2and © >0
iff a<a; < as.

Note also that:

C]

lim V'(n) =

n—0

400 if a <ay
—00 if > aq
The function g (n) can be used to analyze the critical points of V (n). As-
suming o < 1/2, T is always positive and g (n) has a maximum given by:

1— =7
ﬁ:[ ar]
Q

On the other hand, the function g (n) has the following limit values:
lim g(n) = 0O
n—0

and

- (T (Awee oy, 12y
hmg“”‘() Bl sy 1T
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Figure 1: Shape of g(n)
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which is negative under the sufficient condition that:
l-a
1 ( Bly+B(1-1)] ) ¢
aAl/* \(1+4B)(1=7)(1-a)

This condition guarantees that zn* < 1.
Hence, two cases can be distinguished:

Z > Zmin =

elf a < a; and 2z > 2zmin, © > 0, T > 0 and g(n) has one root for
n € [0,1/z]. This is depicted in panel (a) of Figure 1. Hence, V(n) has
one critical point. The utility function first increases, reaches a maximum
and then decreases, as represented graphically in panel (a) of Figure 2.

elfay; < a<1/2,0© < 0butT > 0, and g(n) can have one, two or
no roots depending on the values of the parameters, as shown in panel
(b) of Figure 1. The utility function starts decreasing, as can be seen in
panels (b) and (c) of Figure 2. Depending on parameter values, utility
may always decrease (in case g(n) has no root) with the possibility of
having an inflexion point (in case g(n) has one root) or it may have first
a local minimum and then a local maximum (in case g(n) has two roots).
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Figure 2: Shape of V(n)
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Therefore, with a log-linear utility function and a Cobb-Douglas produc-
tion function, there exists a unique interior global maximum if and only if the
following conditions are satisfied'®:

T1428(0-7)
and
Z > Zmin

If &1 < a < 1/2, the global maximum is reached when n — 0.

The intuition for these conditions can be observed from the planner’s first
order condition with respect to n, equation (5). In order for the planner’s
objective to be hump-shaped and to achieve an interior maximum, we need
that the marginal benefit of children —which corresponds to the left-hand-side
of equation (5)— dominates the marginal cost —i.e. the right-hand-side of (5)-
for low values of n, and that the opposite happens for high enough values of
n. The first condition above ensures that, for sufficiently low values of n, the
marginal benefit of children is higher than their marginal cost. Observe that
it requires that labor is sufficiently important in the production process («a
sufficiently low, so that the capital dilution effect is not very important), that
the taste for children ~ is sufficiently high (so that the marginal utility term is
important enough), and that future consumption is not discounted too much
by individuals (8 sufficiently high, so that the intergenerational transfer effect
is sufficiently valued). For larger values of n, due to the different proportions in
which the terms in equation (5) depend on n, the marginal cost dominates the
marginal benefit and utility is decreasing in n. The second condition requires

167t can also be shown that, in a model with a monetary cost (instead of a time cost) of
children and with exogenous labor supply, the result of the existence of an interior optimum
for a sufficiently low value of a would still hold.
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that the cost per child is high enough so that utility is maximized for a feasible
value of the fertility rate, that is for zn < 1.

B Dynamics and Steady State of the Competi-
tive Economy

This appendix analytically studies the dynamics and the steady state equilib-
rium of the laissez-faire economy. We focus on the log-linear utility and Cobb-
Douglas production case as specified in equations (60) and (61) in the previous
appendix.

Definition 9 Assume an initial capital stock kq. A perfect foresight, intertem-
poral laissez-faire equilibrium is a vector (cy, dy, ny,s¢, Ky, ltf, w{, wi, Ry) starting
at ko and satisfying the following conditions:

¢t + 5 = w4+ wl (1 — zny) (62)
dip1 = Riy18t (63)
iy = o
1 j 0% u’((ct)) - zw{ (65)
wf = filke,1]) (66)
= filke, 1Y) (67)
wit = f(ke, 1) — ke fi (e, 1) = 1 fi(ke, 1) (68)
kiying = St (69)
ltf =1—-2z2ny (70)
With the production function in (61), factor prices are given by:
147 =Ry = Aok (1) = (71)
wi = A1 — )k ()~ (72)
w = B (73)

With the utility function in (60), the first order condition of the maximiza-
tion program with respect to consumption (64), together with the budget con-
straints (62) and (63), allow to define the savings function as follows:

B

St:m

pr+wﬁ1—mm] (74)
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The first order condition relative to fertility (65) determines the time spent
by women raising children:

2Zny = min

gl wy”
1,1+ﬁ(1_7) <1+w—{>] (75)

The log-linear utility function ensures the positivity of zn;, and the fertility
choice is restricted by the maximum available time of women (1 unit). After
substituting (70), (72) and (73) in (75), the amount of time devoted to raising
children can be defined by the following implicit function:

_ 5 B(1—zny)*\
H(znt’kt):znt_l+ﬁ(l—7) <1+ A(l—a)kf>_0 (76)

with

8H(Z’I7,t,k't) 1 Y B
Ozny N 1+601—79) Al — )k

a(l — zng) > 1(-1)

This derivative is positive, as any zn; that satisfies the above equation will
always be inferior to 1 as long as k; > 0. Indeed, we can isolate k; from (76) as:

1/«
5y B 1
ki =(1—
1=t z”t)<1+ﬁ(1—v>A<1—a)znt—Hﬁg—w>

Then, since v/(1+ (1 —7)) < 1, zn; > 1 implies that k; < 0. Thus for positive
values of the capital stock, zn; < 1. Women will always supply some labor in
the market, implying that the time devoted to raising children is strictly smaller
than 1.

. OH (14 .k
Since 2H(Gnike)

dzny

> 0, there exists a function ®(k;) such that:
2Ny = (I)(k't)

Hence, we can rewrite (76) as:

, Bl1—a(k)]"\
k)~ TR =) <1+ AT — a)kp )‘0

Differentiating this expression, we obtain:

, v B ad’ (k) all — ®(k)]” _
R T TR I TGyl R T L v ] Y
and therefore:
[1— @(ks)]

3 (ky) = — <0 (77)

by (14 S0 iza 1 @ (k)] k)

o
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The negative sign of the previous expression means that, as capital accumulates,
the female wage increases and fertility decreases.

Let’s now turn to the accumulation of capital. Using (74) and (75), equation
(69) can be written as:
-

ki1 = 2Bwf (78)

Substituting factor prices,

1—zny

kt+1:1;'VzﬁA(1—a)< i )a (79)

Hence the evolution of the capital stock is defined by:

_ 1=y ky *
kiy1 = 5 zBA(1—a) (m)

Differentiating this expression:

dkt—i—l _ 1-— Yy
dk Y

ke O\ 1= @(k) + ke (k)
ZBA(1-a)a (TW) [L— @ (k)

Using (77), it is easy to see that:

1= ®(ke) + k@ (k) [1— 0k e g 0= g >0 (80)
[ — &(k )]’ T 14 1aAl+Bl)pa [1— &k )]1_0‘
t a B Y t t

and therefore, capital accumulation is increasing over time. In addition:
lim k1 =0
ki{—0 i+
Note also that capital stops increasing in the long run:

lim dhi

i k. =0

Hence, we can conclude the ezistence of at least one non-trivial steady state.
We will now prove the existence of a unique non-trivial steady state. The
fertility equation (76) at the steady state can be written as:

. 5y B(1 — zn)~
- Tt [ A (81)

zZn

whereas the capital accumulation equation (79) at the steady state becomes:

1—2z2n

k= I_TVAﬂz(l —a) ( K )a (82)
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Figure 3: Evolution of the capital stock towards the steady state
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These two equations fully characterize the steady state, determining n and
k. In fact, we can isolate capital per couple in (81) as follows:

CB g
k= (A(l —a)(zn — 0)) (1= 2n)
where C = W

= Substituting this into (82), we obtain only one equation
in one variable, i.e. the number of children n:

CB %(1_ ) 1=78:CB
Al —a)(zn—-0C) = v zn—-C
which can be rewritten as:
CB g a—1 1—x B
(m) [(zn — )= (1 - zn)] - 1p20B=0 (83)

Taking the first derivative with respect to zn'”

¢B B -l —2zn Zn — (=
(qi2m) | Smen =0 =)+ (e = 0" (-1

v

<0

170Observe that we know that the term (2n — C) is positive from equation (81).

27



which means that this function is decreasing in zn. Hence, (83) will have, at the
most, one root. Since we have proven the existence of at least one non-trivial
steady state, there will be a unique steady state solution.

Figure 4: Evolution of the fertility rate towards the steady state
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Figures 3 and 4 illustrate the dynamics of the laissez-faire economy for the
parameter values indicated in the following table:

Parameter | Value
B 0.5
y 0.2
« 0.3
a 2.4
b 1
z 0.4

These figures have been obtained by simulating a temporary shock on the
economy that reduces the capital stock (to 14% of its steady state value) and
computing the evolution of capital and fertility on the transitory path towards
the steady state.
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