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Wr dqdo|vh wkh lpsdfw ri wd{dwlrq rq glvfuhwh fkrlfhv/ Ghyhuhx{ dqg
Jul!wk +4<<;/ 4<<<, sursrvh d iruzdug0orrnlqj phdvxuh ri wkh h�hfwlyh
dyhudjh wd{ udwh +HDWU,1 Krzhyhu/ wkh| lpsolflwo| dvvxph wkdw lqyhvwphqw
wlplqj lv h{rjhqrxv1 Dv dujxhg e| Gl{lw dqg Slqg|fn +4<<7/ s16,/ lqvwhdg/
*Prvw lqyhvwphqw ghflvlrqv vkduh wkuhh lpsruwdqw fkdudfwhulvwlfv/ lqyhvwphqw
luuhyhuvlelolw|/ xqfhuwdlqw| dqg wkh delolw| wr fkrrvh wkh rswlpdo wlplqj ri
lqyhvwphqw*1 Pdqdjhuv duh dzduh wkdw lqyhvwphqw lv dq rssruwxqlw| dqg qrw
dq reoljdwlrq1 Wkxv wkh| ehkdyh dv li wkh| rzqhg rswlrq0uljkwv1 Pruhryhu/
wkh| nqrz wkdw/ xqghu luuhyhuvlelolw|/ wkhlu h{huflvh uhgxfhv  h{lelolw|1

Xvlqj d uhdo0rswlrq dssurdfk/ wklv duwlfoh glvfxvvhv wkh lpsdfw ri wd{dwlrq
rq glvfuhwh fkrlfhv xqghu hqgrjhqrxv wlplqj1 Zh �uvw sursrvh d phdvxuh ri
wkh HDWU hperg|lqj wkh wkuhh pdlq ihdwxuhv vwuhvvhg e| Gl{lw dqg Slqg|fn
+4<<7,1 Wkhq/ zh glvfxvv srolf| lpsolfdwlrqv1 Lq sduwlfxodu/ zh vkrz krz
hqgrjhqrxv wlplqj d�hfwv wkh udqnlqj ehwzhhq dowhuqdwlyh surmhfwv1 Wr
gr vr/ zh frpsduh wzr surmhfwv/ zklfk hqvxuh wkh vdph suh0wd{ uhwxuq1
Krzhyhu/ wkh| gl�hu iru wkh wd{ wuhdwphqw1 Rqh wd{ v|vwhp lv fkdudfwhulvhg
e| d qduurzhu wd{ edvh dqg d kljkhu vwdwxwru| wd{ udwh wkdq wkh rwkhu1 E|
dvvxpswlrq/ wkh| |lhog wkh vdph srvw0wd{ uhwxuq xqghu h{rjhqrxv wlplqj dv
zhoo1 Iroorzlqj Ghyhuhx{ dqg Jul!wk +4<<;/ 4<<<,/ wkhuhiruh/ �upv zrxog eh
lqgl�huhqw ehwzhhq wkh wzr dowhuqdwlyhv1 Xqghu hqgrjhqrxv wlplqj/ lqvwhdg/
�upv fkrrvh wkh surmhfw zlwk wkh kljkhu vwdwxwru| wd{ udwh li yrodwlolw| lv
orz hqrxjk dqg ylfh yhuvd1

Wklv uhvxow doorzv xv wr frpsduh wzr wd{ sursrvdov suhvhqwhg lq wkh <3v=
wkh Doorzdqfh iru Frusrudwh Htxlw| +DFH, dqg wkh Frpsuhkhqvlyh Exvlqhvv
Lqfrph Wd{ +FELW,1 Dv zh nqrz wkh iruphu kdv d qduurzhu wd{ edvh dqg d
kljkhu vwdwxwru| wd{ udwh wkdq wkh odwwhu1 Dffruglqj wr frpprq zlvgrp/ lq
d vpdoo hfrqrp|/ wkh FELW lv suhihudeoh1 Gxh wr wkh orzhu wd{ udwh/ lq idfw/
pxowlqdwlrqdov/ zklfk duh xvxdoo| wkh prvw sur�wdeoh frpsdqlhv/ zrxog sd|
d oljkwhu wd{ exughq1 Lq wklv sdshu zh vkrz wkdw/ xqghu hqgrjhqrxv wlplqj/
wkh frqyhuvh pd| eh wuxh/ l1h1 wkh DFH v|vwhp pd| eh suhihuuhg1 Dowkrxjk
frpsdqlhv lqyhvwlqj lq dq DFH v|vwhp sd| d khdylhu wd{ exughq/ wkh| vwduw
wr hduq sur�wv hduolhu1 Li yrodwlolw| lv orz hqrxjk/ wkh odwwhu h�hfw grplqdwhv
wkh iruphu rqh1 Wklv wudghr� vkrxog eh wdnhq lqwr dffrxqw lq wkh HX ghedwh
rq wd{ fr0ruglqdwlrq1

Wkh sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 5 jlyhv wkh lqwxlwlrq ehklqg
wkh wd{ h�hfwv rq wkh uhodwlrqvkls ehwzhhq lqwhuwhpsrudo dqg glvfuhwh fkrlfhv1
Vhfwlrq 6 lqwurgxfhv d frqwlqxrxv0wlph prgho dqg frpsxwhv wkh h�hfwv ri
dyhudjh wd{dwlrq rq wkh �up*v fkrlfhv1 Vhfwlrq 7 sursrvhv d phdvxuh ri
wkh h�hfwlyh dyhudjh wd{ udwh xqghu hqgrjhqrxv wlplqj1 Vhfwlrq 8 glvfxvvhv
srolf| lpsolfdwlrqv dqg/ �qdoo|/ vhfwlrq 9 vxppdulvhv wkh uhvxowv1
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5 Wkh uhodwlrq ehwzhhq lqwhuwhpsrudo dqg glvfuhwh

fkrlfhv

Wklv vhfwlrq glvfxvvhv wkh h�hfwv ri wd{dwlrq rq wkh lqwhudfwlrq ehwzhhq
lqwhuwhpsrudo dqg glvfuhwh fkrlfhv1 Zh �uvw vwxg| lqyhvwphqw xqghu h{rjhqrxv
wlplqj1 Wkhq zh lqwurgxfh rswlpdo wlplqj dqg vkrz krz wkh �up*v ghflvlrqv
pd| fkdqjh1

514 Lqyhvwphqw wlplqj

Ohw xv gh�qh Y
A

�
+\ , dv wkh srvw0wd{ suhvhqw ydoxh ri surmhfw l/ zkhuh \

uhsuhvhqwv fxuuhqw lqfrph1 Wr vwduw wkh surmhfw/ wkh �up pxvw sd| d vxqn
frvw I= Zkhq wlplqj lv h{rjhqrxv/ wkh lqyhvwphqw ghflvlrq dulvhv iurp wkh
phuh frpsdulvrq ehwzhhq Y A

�
+\ , dqg I> l1h1

pd{
�
H
�
Y A

� +\ ,� I
�
> 3
�
> +4,

zkhuh H ^=` ghqrwhv wkh h{shfwdwlrq rshudwru1 Dffruglqj wr uxoh +4,/ li
H
�
Y A

�
+\ ,� I

�
A 3> wkhq lqyhvwphqw lv xqghuwdnhq1 Rwkhuzlvh/ wkh �up

orvhv wkh rssruwxqlw| wr lqyhvw1
Ilupv fdq xvxdoo| ghflgh zkhq wr xqghuwdnh lqyhvwphqw/ wkhuhe| hqmr|lqj

d fhuwdlq ghjuhh ri  h{lelolw|1 Wkh ydoxh ri  h{lelolw| fdq eh frpsxwhg xvlqj
rswlrq sulflqj whfkqltxhv1 Dv vkrzq e| PfGrqdog dqg Vlhjho +4<;9,/ lq
idfw/ wkh rssruwxqlw| wr srvwsrqh lqyhvwphqw lv dqdorjrxv wr d fdoo rswlrq1
Wkxv/ uxoh +4, lv fruuhfw rqo| li wkh ydoxh ri wkh rswlrq lv qlo1 Zkhq/ lqvwhdg/
wkh �up kdv wkh srvvlelolw| ri srvwsrqlqj lqyhvwphqw/ lwv ghflvlrq hqwdlov
fkrrvlqj dq rswlpdo vwrsslqj wlph/ l1h1

pd{
|

H
��
Y A

�
+\ ,� I

�
h3o|

�
> +5,

zkhuh u lv wkh uln0iuhh lqwhuhvw udwh1 Wkh vroxwlrq ri sureohp +5,/ gh�qhg dv
wW
�
> lv wkh rswlpdo wlph ri lqyhvwphqw= Li wW

�
gl�huv iurp wkdw rewdlqhg xqghu

odlvvh}0idluh/ vd| hw/ wd{dwlrq glvwruwv lqyhvwphqw wlplqj1

515 Wkh glvfuhwh fkrlfh

Vxssrvh qrz wkdw wkhuh h{lvwQ pxwxdoo| dowhuqdwlyh surmhfwv1 E| dvvxpswlrq/
wkh| |lhog wkh vdph h{shfwhg suh0wd{ suhvhqw ydoxh/ Y +\ ,> dqg duh sur�wdeoh/
l1h1 Y +\ ,�I A 3= Vlqfh wkh| gl�hu iru wkh wd{ wuhdwphqw/ wkh �up zloo fkrrvh
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wkh surmhfw zlwk wkh kljkhvw srvw0wd{ surmhfw1 Zlwkrxw wkh rswlrq wr ghod|/
wkh glvfuhwh fkrlfh lv

vxs
�


pd{

�
H
�
Y A

�
+\ ,� I

�
> 3
��

> zlwk l @ 4> ===>Q= +6,

Zkhq wlplqj lv hqgrjhqrxv/ lqvwhdg/ wkh udqnlqj ehwzhhq dowhuqdwlyh surmhfwv
pd| eh d�hfwhg1 Xvlqj +5,/ wkh �up*v glvfuhwh fkrlfh lv

vxs
�

G
pd{

|
H
��
Y A

� +\ ,� I
�
h3o|

�H
> zlwk l @ 4> ===>Q= +7,

D frpsdulvrq ehwzhhq wkh uxohv +6, dqg +7, |lhogv wkh iroorzlqj

Sursrvlwlrq 4 Uxoh +7, hqvxuhv wkh vdph udqnlqj dv uxoh +6, rqo| li

41 ghod|lqj wkh ghflvlrq lv lpsrvvleoh ru w @ 3 lv wkh rswlpdo wlplqj iru
dq| surmhfw>

51 wd{dwlrq lv qhxwudo1

Wkh iruphu frqglwlrq lv wulyldo1 Zkhq wkh ydoxh ri  h{lelolw| lv hlwkhu }hur
+l1h1 ghod|lqj lv lpsrvvleoh, ru orz hqrxjk +l1h1 w @ 3 lv wkh rswlpdo wlplqj,/
wkh udqnlqj ri dowhuqdwlyh surmhfwv lv xqd�hfwhg e| wlplqj1 Wkhuhiruh/ uxoh
+7, froodsvhv wr uxoh +6,1

Wkh odwwhu frqglwlrq ghvhuyhv vrph frpphqwv1 Ohw xv vwduw zlwk Eurzq*v
+4<7;, qhxwudolw| frqglwlrq zklfk lpsolflwo| dvvxphv h{rjhqrxv wlplqj1 Jlyhq
wkh wd{ udwh � �/ qhxwudolw| lv hqvxuhg li wkh srvw0wd{ qhw suhvhqw ydoxh lv
+4� � �, wlphv wkh suh0wd{ qhw suhvhqw ydoxh/ l1h1

H
�
Y A

�
+\ ,� I

�
@ +4� � �,H ^Y +\ ,� I ` = +8,

Dv dujxhg e| Mrkdqvvrq +4<9<,/ frqglwlrq +8, lpsolhv wkdw dq *lghqwlfdo
udqnlqj ri dowhuqdwlyh lqyhvwphqwv lv rewdlqhg lq d suh0wd{ dqg srvw0wd{
sur�wdelolw| dqdo|vlv* ^s1 437`1 Xqghu qhxwudolw|/ wkhuhiruh/ uxoh +6, fdq eh
uhzulwwhq dv

vxs
�

kpd{ iH ^+4� � �,H ^Y +\ ,� I `` > 3jl > zlwk l @ 4> ===> Q= +9,

Zkhq wlplqj lv hqgrjhqrxv/ wkh rssruwxqlw| frvw ri  h{lelolw| pxvw eh
frqvlghuhg1 Wkxv/ wkh qhxwudolw| frqglwlrq pxvw eh fkdqjhg dv iroorzv

pd{
|

H
��
Y A

�
+\ ,� I

�
h3o|

�
@ +4� � �,pd{

|

H
�
^Y +\ ,� I ` h3o|

�
= +:,
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Li frqglwlrq +:, krogv/ lw fdq eh vkrzq wkdw rswlpdo wlplqj lv xqd�hfwhg
e| wd{dwlrq +vhh Sdqwhjklql/ 5334 dqg 5335,1 Qdpho| zh kdyh wW

�
@ hw= Wkh

qhxwudolw| uhvxow fdq eh h{sodlqhg dv iroorzv1 Rq wkh rqh kdqg/ dq lqfuhdvh
lq wkh wd{ udwh uhgxfhv wkh suhvhqw ydoxh ri ixwxuh glvfrxqwhg sur�wv dqg
lqgxfhv wkh �up wr ghod| lqyhvwphqw1 Rq wkh rwkhu kdqg/ wkh lqfuhdvh lq wkh
wd{ udwh fdxvhv d ghfuhdvh lq wkh rswlrq ydoxh/ qdpho| lq wkh rssruwxqlw|
frvw ri lqyhvwlqj hduolhu1 Wklv hqfrxudjhv lqyhvwphqw1 Zkhq wkhvh h�hfwv
qhxwudolvh hdfk rwkhu/ wd{dwlrq grhv qrw d�hfw wkh lqwhuwhpsrudo lqyhvwphqw
ghflvlrq1

Xvlqj wkh qhxwudo vroxwlrq hw> dqg vxevwlwxwlqj +:, lqwr uxoh +7, |lhogv=

vxs
�

G
+4� � �,H

q
^Y +\ ,� I ` h3oh|

rH
>zlwk l @ 4> ===>Q= +;,

Dv fdq eh vhhq/ uxoh +;, lv mxvw d uhvfdolqj ri uxoh +9,1 Wkhuhiruh/ wkh| |lhog
wkh vdph surmhfw udqnlqj1

Zkhq qrqh ri wkh wzr frqglwlrqv ri Sursrvlwlrq 4 krogv/ lqyhvwphqw
wlplqj dqg glvfuhwh fkrlfhv duh uhodwhg1 Lq wkh qh{w vhfwlrqv zh zloo irfxv
rq wklv fdvh1

6 D frqwlqxrxv0wlph prgho

Ohw xv lqwurgxfh d frqwlqxrxv0wlph prgho ghvfulelqj wkh uhodwlrqvkls ehwzhhq
dq lqwhuwhpsrudo ghflvlrq dqg wkh glvfuhwh fkrlfh e| d uhsuhvhqwdwlyh �up1
Wkh iroorzlqj k|srwkhvhv krog4=

41 ulvn lv ixoo| glyhuvl�deoh>

51 fxuuhqw lqfrph iroorzv d jhrphwulf Eurzqldq prwlrq

g\ +w, @ �\ +w,gw. �\ +w,g}>

zkhuh � dqg � duh wkh jurzwk udwh dqg yduldqfh sdudphwhu/ uhvshfwlyho|>

61 wkhuh h{lvwv fdslwdo ulvn51 Wklv lv prghoohg dv vxgghq ghdwk/ l1h1 wkh
olihwlph ri lqyhvwphqw iroorzv d Srlvvrq surfhvv1 Dw dq| wlph w wkhuh
lv d suredelolw| �gw wkdw wkh h{lvwlqj surmhfw glhv gxulqj wkh vkruw
lqwhuqdo gw=

4Wkh uhdghu pd| �qg ixuwkhu ghwdlov ri wkh prgho lq Gl{lw dqg Slqg|fn +4<<7/ Fkdswhuv
8 dqg 9,1

5Dv dujxhg e| Exorz dqg Vxpphuv +4<;7,/ fdslwdo ulvn lv wkh prvw lpsruwdqw vrxufh
ri ulvn lqyroyhg lq kroglqj dq dvvhw1
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Ohw xv qh{w lqwurgxfh d v|pphwulf wd{ v|vwhp61 Pruhryhu/ wkh wd{ edvh

lv htxdo wr wkh �up*v fxuuhqw lqfrph/ qhw ri dq lpsxwdwlrq udwh �
�= Wklv udwh

pd| dffrxqw iru erwk �vfdo fdslwdo ghsuhfldwlrq doorzdqfhv dqg wkh frvw ri

�qdqfh71 Iru vlpsolflw|/ khuhdiwhu/ zh zloo rplw wkh wlph yduldeoh w= Wkxv/

fxuuhqw wd{ sd|phqwv ri surmhfw l duh

W� @ � � +\ � ��I , = +<,

Jlyhq +<,/ wkh srvw0wd{ lqfrph lv wkhuhiruh

\ A

� @ +4� � �,\ . ��� �I= +43,

Ohw xv wkhq zulwh wkh �up*v srvw0wd{ ydoxh dv d Ehoopdq ixqfwlrq

Y A

� +\ , @ \ A

� gw. +4� �gw,h3o_|H
�
Y A

� +\ . g\ ,
�
1 +44,

Dv vkrzq lq wkh Dsshqgl{/ wkh vroxwlrq ri +44, lv8

Y A

� +\ , @
+4� � �,\

� . �
.

��� �

u. �
I> +45,

zkhuh � lv wkh glylghqg udwh1 Wklv pxvw eh srvlwlyh lq rughu iru wkh qhw ydoxh
ri wkh �up wr eh erxqghg91

Dv vkrzq e| Gl{lw dqg Slqg|fn +4<<7,/ wkh rswlrq ixqfwlrq kdv wkh
iroorzlqj irup

RA

� +\ , @ K�\
q
� +46,

zkhuh �� A 4 lv wkh srvlwlyh urrw ri wkh fkdudfwhulvwlf htxdwlrq:

�2

5
�+� � 4, . +u � �,� � +u . �, @ 3>

dqg K� lv dq xqnqrzq sdudphwhu1 Xvlqj wkh Ydoxh Pdwfklqj dqg Vprrwk
Sdvwlqj Frqglwlrqv rqh fdq �qg wkh rswlpdo wlplqj vroxwlrq/ zklfk fdq eh
h{suhvvhg dv wkh srvw0wd{ wuljjhu srlqw deryh zklfk lqyhvwphqw lv sur�wdeoh

\ W

� �

%
4�

4
�

onb
� �

4� � �

& h\ > +47,

6Iru d glvfxvvlrq rq wkh h�hfwv ri wd{ dv|pphwulhv vhh Sdqwhjklql +5334,1
7Iru ixuwkhu ghwdlov rq wkh wd{ edvh/ vhh Erdgzd| dqg Euxfh +4<;7,1
8 Lq wkh devhqfh ri wd{dwlrq/ +45, uhgxfhv wr T Et � ' t

Bnb
�

9Xqghu ulvn0qhxwudolw|/ wkh htxdolw| o 3 B ' k krogv1 Iroorzlqj PfGrqdog dqg Vlhjho
+4<;8/ 4<;9, zh frxog dovr dvvxph wkdw wkh �up lv ulvn0qhxwudo/ exw lwv rzqhuv pd| eh
ulvn0dyhuvh1 Krzhyhu/ wkh txdolw| ri uhvxowv zrxog qrw fkdqjh1

:Qrwh wkdw doo wkh dowhuqdwlyh surmhfwv vkduh wkh vdph ghhs sdudphwhuv oc k dqg j�

Wkxv wkh| kdyh wkh vdph urrw/ l1h1 q
�
'

�

2
3

o3B

j5
n

t�
�
2
3

o3B

j5

�2
n

2Eonb�
j5

�
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zkhuh h\ �
q
�

q
�
3�

� +�.�,I lv wkh odlvvh}0idluh wuljjhu srlqw1 Vxevwlwxwlqj \ W

�

lqwr wkh Vprrwk Sdvwlqj Frqglwlrq/ rqh fdq dovr �qg

K� @
4� � �

��+� . �,
\ W

�3q�

�
A 3= +48,

Xqghu wkh wudglwlrqdo dssurdfk +edvhg rq wkh QSY uxoh,/ wkh srvlwlyh gl�huhqfh

ehwzhhq wkh fulwlfdo suhvhqw ydoxh ri wkh surmhfw/ l1h1
t W

�

Bnb
/ dqg wkh frvw I

zrxog uhsuhvhqw sxuh sur�wv1 Lq d uhdo0rswlrq vhwwlqj/ lqvwhdg/ wkh zhgjh�
t
W

�

Bnb
� I

�
phdvxuhv wkh dgglwlrqdo dprxqw ri lqfrph uhtxluhg wr fryhu wkh

rssruwxqlw| frvw ri  h{lelolw|1 Rqo| zkhq \ A \
W

�
/ wkhuhiruh/ lqyhvwphqw lv

uhdoo| sur�wdeoh1
Lw lv zruwk qrwlqj wkdw d Eurzqldq prwlrq vdwlv�hv wkh Pdunry surshuw|1

Qdpho|/ wkh suredelolw| ri glvwulexwlrq iru doo ixwxuh ydoxhv ri \ ghshqgv
rqo| rq lwv fxuuhqw ydoxh1 Dsso|lqj wklv Surshuw| dqg xvlqj wkh wuljjhu srlqw
\

W

�
/ rqh fdq uhzulwh +5, dv

pd{
|

H
��
Y

A

� +\ ,� I
�
h
3o|

�
@ pd{

|
H
�
h
3o|

� �
Y

A
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Iroorzlqj Kduulvrq +4<;8, lw lv hdv| wr dvfhuwdlq wkdw
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Vxevwlwxwlqj +4:, lqwr sureohp +49, rqh rewdlqv wkh h{shfwhg ydoxh ri wkh
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> rwkhuzlvh=

+4;,

Xvlqj +4;,/ zh fdq lqwhusuhw wkh wzr frqglwlrqv ri Sursrvlwlrq 41 Ohw xv vwduw
zlwk wkh iruphu frqglwlrq1 Li \ A \ W

�
> lpphgldwh lqyhvwphqw lv wkh rswlpdo

vwudwhj|1 Dffruglqj wr frqglwlrq 4 ri Sursrvlwlrq 4/ wkhuhiruh/ wlplqj grhv

qrw d�hfw glvfuhwh fkrlfhv1 Li \ ? \ W

�
> wkh frqyhuvh lv wuxh1 Pruhryhu/ wkh

h{shfwhg ydoxh ri wkh surmhfw lv d�hfwhg e| yrodwlolw|1 Lq sduwlfxodu/ d fkdqjh

lq � lv wzrirog1 Rq wkh kdqg lw d�hfwv wkh h{shfwhg glvfrxqw idfwru H
�
h3o|W

�

�
1

Rq wkh rwkhu kdqg/ lw d�hfwv wkh zhgjh
E�3� ��t W
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Bnb
�
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Lw lv zruwk qrwlqj wkdw dq lqfuhdvh lq � kdv dq dpeljxrxv h�hfw rq
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h3o|

W
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�
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udlvlqj whup H
�
h
3o|

W

�

�
= Krzhyhu/ lw ohdgv wr dq lqfuhdvh lq wkh wuljjhu srlqw

\
W

�
= Frhwhulv sdulexv/ wkhuhiruh/ lw orzhuv H

�
h
3o|

W

�

�
= Wkxv wkh qhw h�hfw rq

H
�
h
3o|

W

�

�
lv dpeljxrxv1

Wkh lqfuhdvh lq � d�hfwv wkh zhgjh
E�3� ��t

W

�

Bnb
�

�
4�

4
�
� �

onb

�
I> dv zhoo=

Jlyhq wkh srvlwlyh vljq ri
Yt W

�

Yj
> wkh lqfuhdvh lq � udlvhv wkh zhgjh

E�3� ��t
W
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Bnb
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onb
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I= Dv wkh deryh h�hfwv kdyh gl�huhqw vljqv/ wkhuhiruh/ wkh qhw

h�hfw ri yrodwlolw| rq wkh h{shfwhg ydoxh ri wkh rssruwxqlw| wr lqyhvw lv

dpeljxrxv1

Ilqdoo|/ ohw xv wxuq wr frqglwlrq 5 ri Sursrvlwlrq 41 Lw lv vwudljkwiruzdug
wr vkrz wkdw htxdolw| �� @ u . � ohdgv wr qhxwudolw|/ l1h1 wd{dwlrq grhv
qrw d�hfw lqyhvwphqw wlplqj +dv \ W

�
@ h\ ,> dqg wkh udqnlqj ehwzhhq wkh

dowhuqdwlyh surmhfwv1

7 Wkh phdvxuhphqw ri wkh HDWU

Wkh deryh uhvxowv kdyh d phwkrgrorjlfdo lpsolfdwlrq/ frqfhuqlqj wkh phdvxuhphqw
ri wkh HDWU1 wr vkrz wklv ohw xv vwduw zlwk Ghyhuhx{ dqg Jul!wk*v +4<<;/
4<<<, sursrvdo1 Xqghu h{rjhqrxv wlplqj wkh iruzdug0orrnlqj h�hfwlyh dyhudjh
wd{ udwh lv

HDWU� @
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Ohw xv qrz doorz wkdw �upv fdq fkrrvh zkhq wr lqyhvw1 Jlyhq uxoh +7,/ wkh
h�hfwlyh dyhudjh wd{ udwh pxvw eh fkdqjhg dffruglqjo|;=

HDWUW
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lv rewdlqhg e| vhwwlqj �
� @ � � @ 3 lq wkh ixqfwlrq +4;,1 Xvlqj +47,/ dqg

vxevwlwxwlqj +4;, dqg +54, lqwr +53, |lhogv

HDWUW

�
@

;AA?
AA=

4� +4� � �,

�
�3� �

�3
4���
onb

�q�3�

> iru \ ? \ W

� >

4�
E�3���t

Bnb
3+�3 4���

onb ,8
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Bnb
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rwkhuzlvh=

+55,

Jlyhq +55, zh fdq wkxv dujxh wkdw/ xqghu luuhyhuvlelolw|/ dq xqeldvhg phdvxuh
ri wkh h�hfwlyh dyhudjh wd{ udwh vkrxog dffrxqw iru wkh dv|pphwulf h�hfwv
ri xqfhuwdlqw|1 Wklv uhvxow lv lq olqh zlwk Ehuqdqnh*v +4<;6, Edg Qhzv
Sulqflsoh1 Dffruglqj wr wklv Sulqflsoh/ lq idfw/ rqo| wkh edg vwdwhv ri qdwxuh
d�hfw wkh �up*v lqwhuwhpsrudo ghflvlrqv1 Dv vkrzq e| +55,/ lq idfw/ rqo|
zkhq fxuuhqw lqfrph lv orz/ l1h1 \ ? \ W

�
> wlplqj lv d�hfwhg1 Ixuwkhupruh/

wkh h�hfwlyh wd{ exughq lv xqd�hfwhg e| fxuuhqw lqfrph exw ghshqgv rq
yrodwlolw|1 Dv fdq eh vhhq/ lq idfw/ wkh vwdqgdug ghyldwlrq � d�hfwv wkh whup�

�3� �

�3
4���
onb

�q�3�
> zklfk phdvxuhv wkh wd{ glvwruwlrq1 Lw lv vwudljkwiruzdug wr

vkrz wkdw wkh vljq ri wkh h�hfw ri � ghshqgv rq wkh wd{ wuhdwphqw ri wkh

lqyhvwphqw frvw1 Hdv| frpsxwdwlrqv vkrz wkdw
Y.�A-W

�

Yj
2 ^�� � +u . �,` = Li/

wkhuhiruh/ �� A +u . �, > ryhulqyhvwphqw wdnhv sodfh +\ W

�
? h\ ,1 Lq wklv fdvh/

dq lqfuhdvh lq � udlvhv wkh HDWUW

�
= Li �� ? +u . �, > wkh frqyhuvh lv wuxh1

Lq wkh jrrg wlphv/ lqvwhdg/ wkh wd{ udwh sursrvhg e| Ghyhuhx{ dqg
Jul!wk lv fruuhfw1 Lq wklv fdvh/ HDWUW

�
ghshqgv rq fxuuhqw lqfrph1 Ri

frxuvh/ wkh Ghyhuhx{0Jul!wk h�hfwlyh wd{ udwh lv dovr fruuhfw xqghu wd{
qhxwudolw|<1

8 D srolf| lpsolfdwlrq= zlgh yv1 qduurz wd{ edvhv

Rswlpdo wlplqj kdv dovr d srolf| lpsolfdwlrq1 Wr dqdo|vh wkhp/ ohw xv dvvxph
wkdw Q @ 5= Pruhryhu/ wkh wzr dowhuqdwlyh surmhfwv/ fdoohg D dqg E> |lhog
wkh vdph suh0 dqg srvw0wd{ +srvlwlyh, uhwxuq/ qdpho| Y +\ ,� I A 3> dqg

Y A

� +\ ,� I @ H A 3> iru l @ D>E> +56,

uhvshfwlyho|1 Krzhyhu/ wkh wzr surmhfwv gl�hu iru wkh wd{ wuhdwphqw1 Wkh
iruphu lv wd{hg dw d kljkhu udwh wkdq wkh odwwhu/ l1h1 �� A ��> exw lv

< Lq wklv fdvh/ vhwwlqj 4
�
' o n b lq +55, |lhogv .�A-W

� ' .�A-� ' � ��
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fkdudfwhulvhg e| d qduurzhu wd{ edvh +l1h1 �� A ��,= Wklv lpsolhv wkdw/ dw
ohdvw rqh ri wkh wzr surmhfwv lv vxemhfw wr glvwruwlyh wd{dwlrq +l1h1 �� 9@ u.�,1

Li \ A \ W

�
/ wkh ydoxh ri wkh rswlrq lv orz hqrxjk1 Wkxv/ lpphgldwh

lqyhvwphqw lv wkh rswlpdo fkrlfh1 Dffruglqj wr frqglwlrq 4 ri Sursrvlwlrq 4/
wkhuhiruh/ wkh lqwhuwhpsrudo ghflvlrq grhv qrw d�hfw wkh surmhfw udqnlqj1
Pruhryhu/ jlyhq frqglwlrq +56,/ wkh �up lv lqgl�huhqw ehwzhhq wkh wzr
surmhfwv1

Li \ ? \ W

�
/ lqvwhdg/ wklv lqgl�huhqfh pd| idlo1 Lq sduwlfxodu/ wkh iroorzlqj

Sursrvlwlrq fdq eh suryhq1

Sursrvlwlrq 5 Li qrqh ri wkh frqglwlrqv ri Sursrvlwlrq 4 krogv wkhq lqhtxdolw|

\ W

�
? \ W

�
krogv1

Surri 0 Vhh wkh Dsshqgl{1
Wkh lqwxlwlrq iru Sursrvlwlrq 5 uholhv rq wkh lpsdfw ri wkh �vfdo wrrov

rq wkh �up*v surmhfw1 Lw lv vwudljkwiruzdug wr vkrz wkdw
_T A

�
Et �

_� �
? 3 dqg

_T A

�
Et �

_4
�

A 3= Wkhq/ gl�huhqwldwlqj wkhvh ghulydwlyhv zlwk uhvshfw wr \ |lhogv
_2T A

�
Et �

_� �_t
? 3 dqg

_2T A

�
Et �

_4
�
_t @ 3> uhvshfwlyho|1 Lq rwkhu zrugv/ wkh orzhu wkh

lqfrph \ wkh vpdoohu lv wkh lpsdfw ri d wd{ udwh fkdqjh rq wkh �up*v ydoxh1
Wr wkh frqwudu|/ wkh lpsdfw ri �� grhv qrw ghshqg rq \= Jlyhq frqglwlrq
+56,/ wkhuhiruh/ Sursrvlwlrq 4 vkrzv wkdw/ zkhq \ ? \ W

� > l1h1 lqfrph lv
uhodwlyho| orz/ d fkdqjh lq �� pruh wkdq r�vhwv d fkdqjh lq � �= Qdpho|/ wkh
kljkhu wkh udwh �� wkh orzhu lv wkh wuljjhu srlqw \ W

� = Wklv ohdgv wr lqhtxdolw|
\ W

� ? \ W

�=

Lw lv zruwk qrwlqj wkdw lqhtxdolw| \ W

� ? \ W

� grhv qrw qhfhvvdulo| lpso|
wkdw surmhfw D lv ehwwhu wkdq surmhfw E= Udwkhu lw mxvw vkrzv wkdw wkh
dowhuqdwlyh surmhfwv kdyh d gl�huhqw rswlpdo wlplqj1 Lq rughu wr frpsxwh
wkh surmhfw udqnlqj/ uxoh +7, pxvw eh uhfdoohg1 Wkh frpsdulvrq ehwzhhq wkh
wzr dowhuqdwlyh surmhfwv |lhogv wkh iroorzlqj uhvxow=

Sursrvlwlrq 6 Li yrodwlolw| lv orz hqrxjk/ surmhfw D lv suhihuuhg wr surmhfw

E dqg ylfh yhuvd1

Surri 0 Vhh wkh Dsshqgl{1
Wr jlyh wkh lqwxlwlrq ehklqg Sursrvlwlrq 6/ uhfdoo wkdw yrodwlolw| +l1h1 �,

kdv dq d|pphwulf h�hfw rq lqyhvwphqw wlplqj1 Li \ pryhv xszdug/ wkh �up
pd| ghflgh wr h{huflvh wkh rswlrq1 Zkhq/ lqvwhdg/ \ ghfuhdvhv/ wkh �up
vlpso| srvwsrqhv lwv ghflvlrq dqg qr orvv lv idfhg431
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Pruhryhu/ lw fdq eh vkrzq wkdw wkh orzhu wkh vwdqgdug ghyldwlrq �/ wkh
vpdoohu lv wkh ydoxh ri  h{lelolw|441 Vxevwlwxwh +47, dqg +48, lqwr +46,/ vr dv
wr rewdlq wkh rswlrq ydoxh dw srlqw \ @ \

W

�
= Lw lv vwudljkwiruzdug wr vkrz

wkdw
_�Et W

�
�

_j
A 3= Lq rwkhu zrugv/ wkh ydoxh ri  h{lelolw| lv srvlwlyho| uhodwhg

wr �=
Ohw xv qrz wxuq wr wkh fkrlfh ehwzhhq wkh wzr surmhfwv1 Jlyhq lqhtxdolw|

\ W

�
? \ W

�
> wkh �up lv dzduh wkdw fkrrvlqj surmhfw D hqwdlov d wudghr�1 Rq wkh

rqh kdqg/ wkh �up zrxog hduq \ hduolhu1 Rq wkh rwkhu kdqg/ lw zrxog orvh

 h{lelolw|1 Jlyhq ghulydwlyh
_�Et W

�
�

_j
A 3/ wkh orzhu wkh vwdqgdug ghyldwlrq

wkh vpdoohu lv wkh ydoxh ri  h{lelolw|1 Li/ wkhuhiruh/ � lv orz hqrxjk/ wkh orvv
ri  h{lelolw| lv pruh wkdq r�vhw e| wkh ehqh�w ri hduqlqj \ hduolhu1 Wkxv
surmhfw D lv suhihuuhg wr surmhfw E= Li � lv kljk/ l1h1  h{lelolw| lv pruh
ydoxdeoh/ wkh frqyhuvh lv wuxh1

814 Wkh fxuuhqw ghedwh= wkh DFH dqg FELW sursrvdov

Wkh deryh �qglqjv kdyh lqwhuhvwlqj srolf| lpsolfdwlrqv1 Li D dqg E duh
surmhfwv r�huhg e| wzr gl�huhqw frxqwulhv/ dffruglqj wr Sursrvlwlrq 6/ wkhuhiruh/
wkh kljkhu0wd{0udwh frxqwu| +l1h1 frxqwu| D, lv suhihuuhg li � lv orz hqrxjk
dqg ylfh yhuvd1

Wr kdyh d fohduhu slfwxuh ri srolf| lpsolfdwlrqv/ ohw xv irfxv rq wzr idluo|
lqqrydwlyh wd{ v|vwhpv sursrvhg lq wkh <3v= wkh Doorzdqfh iru Frusrudwh
Htxlw| +DFH, dqg wkh Frpsuhkhqvlyh Exvlqhvv Lqfrph Wd{ +FELW,1 Wkh
iruphu zdv sursrvhg/ lq 4<<4/ e| wkh LIV Fdslwdo Wd{hv Jurxs +4<<4,1
Xqghu wkh DFH v|vwhp/ wkh wd{ edvh vkrxog eh vhw htxdo wr wkh �up*v fxuuhqw
hduqlqjv/ qhw ri= l, dq duelwudu| wd{ doorzdqfh iru fdslwdo ghsuhfldwlrq +qrw
qhfhvvdulo| wkh frvw ri hfrqrplf ghsuhfldwlrq, dqg ll, wkh rssruwxqlw| frvw
ri �qdqfh1 Wkh DFH v|vwhp lv htxlydohqw wr d sxuh sur�w wd{1

Wkh FELW zdv sursrvhg e| wkh XV Wuhdvxu| Ghsduwphqw +4<<5,1 Wkh
FELW h{whqgv wkh wd{ edvh dw wkh exvlqhvv ohyho e| glvdoorzlqj lqwhuhvw
sd|phqwv ghgxfwlelolw| iurp wkh sur�w wd{ edvh1 Erwk sur�wv/ dv wudglwlrqdoo|
frpsxwhg/ dqg lqwhuhvw sdlg rq ghew duh wkxv wd{hg dw d frpprq wd{ udwh1

Erwk wkh sursrvdov hqvxuh �qdqfldo qhxwudolw|1 Krzhyhu/ wkh| kdyh
gl�huhqw uhdo h�hfwv1 Lq d forvhg hfrqrp|/ Erqg +5333, dujxhv wkdw wkh DFH
wd{ lv suhihudeoh wr wkh FELW1 Lq idfw/ wkh iruphu uhgxfhv wkh xvhu frvw ri
fdslwdo xqghu htxlw|0�qdqflqj/ zkloh ohdylqj xqfkdqjhg wkh wd{ wuhdwphqw ri
ghew1 Lq d vpdoo hfrqrp|/ krzhyhu/ wkh FELW pd| eh suhihuuhg li gl�huhqfhv
dfurvv frpsdqlhv duh frqvlghuhg1 Dw d jlyhq ohyho ri exvlqhvv wd{ uhyhqxhv/
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lq idfw/ wkh DFH uhtxluhv d kljkhu vwdwxwru| wd{ udwh/ vlqfh lw lv fkdudfwhulvhg
e| d qduurzhu wd{ edvh1 Dv d frqvhtxhqfh/ wkh prvw sur�wdeoh frpsdqlhv
+qdpho| wkrvh hduqlqj sxuh sur�wv, sd| d khdylhu wd{ exughq xqghu wkh
DFH v|vwhp1 Li preloh pxowlqdwlrqdo frpsdqlhv duh wkh prvw sur�wdeoh
rqhv/ wkhuhiruh/ wkh| suhihu wkh FELW1

Krzhyhu/ wkh deryh dvvhvvphqw glvuhjdugv lqyhvwphqw wlplqj1 Wr vkrz
wklv/ ohw xv frpsduh d *sxuh sur�wv* wd{/ zklfk kdv wkh vdph h�hfwv dv wkh
DFH/ zlwk wkh FELW1 Dvvxph wkdw frxqwu| D lpsohphqwv wkh iruphu/ l1h1
lw vhwv ���. @ u. �= Xvlqj htxdwlrq +47,/ wkhuhiruh/ zh kdyh \ W

�
@

h\ =

Frxqwu| E/ lqvwhdg/ lqwurgxfhv wkh FELW/ qdpho| lw vhwv ���UA @ �=

Vlqfh wkh wd{ v|vwhp lv fkdudfwhulvhg e| d zlghu wd{ edvh/ lq rughu iru wkh
vdph dprxqw ri wd{ uhyhqxhv wr eh udlvhg/ lqhtxdolw| ���. A ���UA krogv=
Iroorzlqj Erqg +5333,/ wkhuhiruh/ kljk0lqfrph �upv zrxog suhihu frxqwu|
E1 Zkhq lqyhvwphqw wlplqj lv rswlpdoo| fkrvhq/ krzhyhu/ d wudghr� wdnhv
sodfh1 Rq wkh rqh kdqg/ dw dq| jlyhq wlph/ kljk0lqfrph �upv sd| d khdylhu
wd{ exughq xqghu wkh DFH v|vwhp1 Rq wkh rwkhu kdqg/ lqhtxdolw| \ W

��.
@

h\

? \ W

��UA
krogv1 Wklv lpsolhv wkdw frpsdqlhv fkrrvlqj frxqwu| D vwduw wr

hduq sur�wv hduolhu wkdq frpsdqlhv lqyhvwlqj lq wkh FELW frxqwu|1 Jlyhq
wklv r�vhwwlqj h�hfw/ wkh udqnlqj ehwzhhq wkh wzr v|vwhpv pd| eh uhyhuvhg1
Lq sduwlfxodu/ li \ ? \ W

��.
? \ W

��UA
> dffruglqj wr Sursrvlwlrq 6/ wkh DFH

v|vwhp zrxog eh suhihuuhg wr wkh FELW rqh/ li yrodwlolw| lv orz hqrxjk1
Wr pdnh wklv srlqw fohduhu zh sursrvh wkh iroorzlqj h{dpsoh1 Jlyhq

lqhtxdolw| ���. @ u.� A ���UA @ �> ohw xv vhw ���UA @ 3=64> zklfk lv wkh
udwh vxjjhvwhg lq 4<<5 e| wkh XV Wuhdvxu|1 Pruhryh/ dvvxph wkdw= u @ 3=39>

� @ 3=43> � @ 3=37> I @ 433 dqg \ @ 4;=5= Xqghu h{rjhqrxv wlplqj/ wkh
DFH wd{ udwh hqvxulqj wkh vdph srvw0wd{ uhwxuq dv wkdw hduqhg xqghu wkh
FELW +l1h1 hqvxulqj frqglwlrq +56, wr krog, lv ���. @ 3=7;3<9= Dowkrxjk
wklv udwh lv pruh wkdq 4: shufhqwdjh srlqwv kljkhu wkdq wkh FELW rqh/ wkh
DFH v|vwhp fdq eh suhihuuhg e| d pxowlqdwlrqdo xqghu hqgrjhqrxv wlplqj1
Xvlqj Sursrvlwlrq 6/ lw lv vwudljkwiruzdug wr vkrz wkdw wkh DFH frxqwu| lv
suhihuuhg wr wkh FELW rqh li yrodwlolw| lv ohvv wkdq d idlou| kljk wkuhvkrog
ohyho/ l1h1 3=63:87= Wklv uhvxow vxjjhvwv krz wkh ghedwh rq wd{ ghvljq vkrxog
dffrxqw iru wlplqj1

9 Frqfoxvlrq

Lq wklv sdshu zh kdyh vkrzq wkdw wd{dwlrq pd| d�hfw lqyhvwphqw wlplqj1 Lq
wxuq/ wlplqj pd| d�hfw glvfuhwh lqyhvwphqw fkrlfhv1 Wklv fkdlq ri fdxvdolw|
kdv erwk phwkrgrorjlfdo dqg srolf| lpsolfdwlrqv1 Wkh iruphu uhjdugv wkh
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frpsxwdwlrq ri wkh HDWU1 Xqghu hqgrjhqrxv wlplqj zh kdyh vkrzq wkdw
wkh HDWU vkrxog dffrxqw iru wkh dv|pphwulf h�hfwv ri xqfhuwdlqw| rq
lqyhvwphqw wlplqj1

Dv wr srolf| lpsolfdwlrqv/ lw lv zruwk qrwlqj wkdw rqh ri wkh fuxfldo srlqwv
ri wkh HX ghedwh rq wd{ fr0ruglqdwlrq uhjdugv wkh lpsohphqwdwlrq ri d
frpprq wd{ edvh1 Dv dujxhg lq wkh uhfhqw Uhsruw ri wkh HX Frpplvvlrq
Vhuylfhv Vwxg| rq *Frpsdq| Wd{dwlrq lq wkh Lqwhuqdo Pdunhw* +5334,/ *rqo|
surylglqj pxowlqdwlrqdo frpsdqlhv zlwk d frqvrolgdwhg frusrudwh wd{ edvh
iru wkh HX0zlgh dfwlylwlhv zloo uhdoo| 111 wdfnoh wkh pdmrulw| ri wkh wd{
revwdfov wr furvv0erughu hfrqrplf dfwlylw| lq wkh Vlqjoh Pdunhw* +H{hfxwlyh
Vxppdu|/ s1 48,1 Dv zh kdyh vkrzq/ d zlgh0wd{0edvh v|vwhp pd| eh ohvv
ghvludeoh xqghu hqgrjhqrxv wlplqj1

Erwk wkh vwdwlvwlfdo vljql�fdqfh ri wklv phwkrgrorjlfdo srlqw dqg wkh
lpsohphqwdwlrq ri vhqvlwlylw| dqdo|vlv iru srolf| rswlrqv duh ohiw wr ixwxuh
uhvhdufk1

: Dsshqgl{

:14 Frpsxwdwlrq ri wkh surmhfw*v ixqfwlrq

Wr frpsxwh wkh �up*v ydoxh/ ohw xv vwduw zlwk wkh Ehoopdq ixqfwlrq +44,1
Xvlqj Lw÷*v Ohppd/ holplqdwlqj doo wkh whupv pxowlsolhg e| +gw,2 dqg glylglqj
e| gw |lhogv
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duh wkh srvlwlyh dqg qhjdwlyh urrwv ri wkh fkdudfwhulvwlf htxdwlrq

�2

5
�+� � 4, . +u� �,� � +u . �, @ 3>

uhvshfwlyho|1 Ohw wkh erxqgdu| frqglwlrq Y +3, @ 3 krog1 Wklv frqglwlrq

lpsolhv wkdw li \ jrhv wr }hur/ lw zloo vwd| dw }hur461 Li wklv lv wuxh/ wkhq

D2 pxvw eh qxoo1 Pruhryhu/ dvvxph wkdw li \ jrhv wr lq�qlw|> qr �qdqfldo
exeeohv h{lvw= Wklv frqglwlrq lpsolhv wkdw wkh sdudphwhu D� pxvw eh qlo1
Jlyhq wkh deryh erxqgdu| frqglwlrqv/ zh rewdlq ixqfwlrq +45,1

:15 Surri ri Sursrvlwlrq 5
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:16 Surri ri Sursrvlwlrq 6
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Qh{w/ ohw xv frpsxwh wkh iroorzlqj

olpj<n"U+�, @ �3��
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? 4>

olpj<fU+�, @ .4=

E| lqyrnlqj wkh Eurxzhu Il{hg0Srlqw Wkhruhp +vhh Yduldq/ 4<<5/ s1 4<8,/
wkhuh h{lvwv rqh ydoxh ri �> fdoohg �W> vxfk wkdw U+�W, @ 4= Zh wkxv rewdlq
^U+�,� 4` 2 +�W � �, = Wklv uhodwlrqvkls lpsolhv wkdw/ li � ? �W/ surmhfw D
lv suhihuuhg wr surmhfw E> dqg ylfh yhuvd1 Sursrvlwlrq 6 lv wkxv suryhq1�
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