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Stochastic Optimal Control, International Finance and Debt
Wendell H. Fleming and Jerome L. Stein

1. Different Approaches to Intertemporal Optimization in Open Economies 

Optimality conditions provide a benchmark whereby one may evaluate the actual

performance of an economy. We would like the optimality conditions to be

implementable, in the sense that (a) they involve observable and measurable

variables, (b) if followed, would maximize the value of sensible criteria and (c) do

not produce very bad results if there is imperfect knowledge or errors of

measurement. Our focus is upon an open economy with free movements of capital

among countries, where there are debtor and creditor nations. Borrowing abroad

to finance capital formation involves two risks. One is the return on domestic

investment. The second is the variable interest rate on debt. The variables of

interest discussed in this paper are the optimal foreign debt, the current account,

the growth rate, and consumption. 

(1) The US has been running current account/GDP deficits since 1976,

which show no signs of converging to zero. Can one infer that the current account

is not optimal? Many people have raised concerns whether such a situation is

sustainable. Is the current situation a cause for concern? (2) How should we

evaluate whether a foreign debt is "too large" or "unsustainable"? Data on the

credit rating of bonds issued in the first half of the 1990s suggest that investors in

emerging market securities paid little attention to credit risk, or that they were

comfortable with the high level of credit risk that they were incurring1. The

compression of the interest rate yield spread prior to2 and the subsequent turmoil

in emerging markets have raised doubts about the ability of investors to
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appropriately assess and price risk. A benchmark is needed to evaluate to what

extent a foreign debt deviates from its optimal value.

(3) Countries borrow to finance investment as well as consumption. What

is the relation between the optimum foreign debt and the optimal endogenous

growth rate of an economy?

Several approaches have been used to derive optimality conditions in open

economies. The dominant ones use either "an inter-temporal budget constraint"

(IBC) or the Maximum Principle of Pontryagin. It is recognized that these

approaches are deficient3 in satisfying criteria (a)-(c) above concerning

implementability.

As a rule, economists have used the Maximum Principle of Pontryagin to

derive optimal control laws. This is an "open loop" type of optimization method

that yields an entire sequence of controls to be followed from initial conditions.

Half of the initial conditions must be obtained from transversality conditions

which imply the solution of differential equations. Given the likelihood of

unpredictable disturbances, errors of measurement, formulation and

implementation, the overall system will not be stable unless converted into a

feedback form. This is to be expected since the optimal path to the desired target

is unique. It is clearly advantageous in economics to derive policies in feedback

form, where the next move depends upon the current state, since these types of

policies are self-correcting and robust to perturbations. 

When the economic system is deterministic, the controller can predict the

future state of the system knowing the initial conditions and the controls used in

the past. In a stochastic system - such as our case where both the productivity of

investment and the interest rate are stochastic and hence unpredictable - the

controller cannot predict the future, because there are many paths that the system

states may follow given the initial conditions and the past controls. Since the

controller cannot predict the future, the Dynamic Programming (DP) approach is

used, where the optimal controls are based upon the observed state. 



Fleming-Stein, Stochastic Optimal Control, International Finance and Debt 4

The paper is divided into several parts. In part 2, we describe the

endogenous growth model of an open economy subject to productivity and

interest rate shocks. This growth model is related to models used in the literature.

Box 1 summarizes the basic equations. Part 3 sets up the stochastic optimal

control/dynamic programming approach and states the results in Box 2 and as

propositions I-V. They provide us with the appropriate benchmarks that satisfy

criteria (a)-(c) above. 

Our exposition first explains the economic significance and intuition

behind our results, and in part 8 we derive them mathematically. Parts 4-7 show

that these results have very simple and clear relations to the Mean-Variance

approaches developed by James Tobin to whom this paper is dedicated4. 'Our

work is a generalization of Merton's model of portfolio selection to an open

economy. Since both our papers use DP, our results have comparable forms; and

both are very different from the literature that uses the IBC or the Maximum

Principle. In the subsequent parts, we provide economic explanations of

propositions I-V.
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2.  A Continuous Time Infinite Horizon Model

The endogenous growth model summarized in BOX 1 is a generalization

of the models in the literature. There are two sources of uncertainty: the growth

rate of GDP, and the interest rate on loans.  It is important and realistic to stress

that there is a correlation of these two sources of uncertainty, which differs among

countries. The model is in real terms and is formulated in terms of the stochastic

calculus. To formulate a stochastic control problem associated with the model, we

must specify state and control variables, the constraints, the dynamics of the state

process and the criterion to be optimized.

There are many criteria of optimality. We use the standard criterion, the

maximization over an infinite horizon of the expectation (E) of the discounted (δ

> 0) value of the utility of consumption U(C(t)). This is the right hand side of

equation (1). The utility function and set Γof constraints and controls are

discussed below. 

(1)V(X) =  maxΓ E {
0

∞

∫ U(C(t)) e -δt dt }.

BOX 1. EQUATIONS OF THE STOCHASTIC GROWTH MODEL

(2) U(t) = (1/γ)Cγ(t), γ < 1 ; (2a) U(t) = ln C(t),  γ = 0

(3) C(t)dt = Y(t)dt - r(t)L(t)dt - I(t)dt + dL(t) > 0

(4) dY(t)/Y(t) = b(I(t) /Y(t)) dt + σ2 dw2 dw2 = ε2 √dt ε2  ~N(0,1)

(4a) E[dY(t)/Y(t)] = b (I(t) /Y(t)) dt

(4b) var [dY(t)/Y(t)] = σ2
2 dt

(5) dL(t) = r(t)L(t)dt + [C(t) + I(t) - Y(t)]dt

(6) r(t)L(t)dt = rL(t)dt + σ1L(t)dw1; dw1 = ε1 √dt ; ε1  ~N(0, 1)

(6a) E[r(t)L(t)dt] = rL(t)dt; 

(6b) var[r(t)L(t)dt] = E[r(t)L(t)dt - rL(t)dt]2 =  E[σ1L(t)dw1]
2 = (σ1L(t))2dt

(7) E[ε1ε2] = ρ, 1 > ρ > −1.

(8) X(t) = Y(t)/b - L(t)
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C(t)=consumption, Y(t)=GDP, L(t)=foreign debt, I(t)=investment, capital =Y(t)/b,
r(t) = rate of interest, X(t )= net worth = capital - debt = Y(t)/b - L(t) ;Brownian
motion, w1, w2.Constraints: Γ = [C(t) > 0, X(t) > 0].

Consumption equation (3) is GNP less investment plus net capital inflow,

which is current net foreign borrowing. The GNP is the GDP less net interest

payments on the foreign debt. The components of BOX 1 are now discussed.

2.1 Uncertainty concerning the endogenous growth of GDP

The production function and growth are interrelated. Easterly and Levine

(2001) wrote that: "A growing body of research suggests that after accounting for

physical and human capital accumulation, 'something else' accounts for the bulk

of output growth in most countries." Although physical and human capital

accumulation are certainly critical characteristics of the growth process, Easterly

and Levine question the historical focus on factor accumulation per se, and upon

the traditional smooth Neoclassical production function in capital and labor. The

growth (1/Y(t))dY(t)/dt in equation (4) has two components, and does not make a

direct recourse to the concept of capital. There are no diminishing returns to

investment5. 

The expected marginal gross return on investment b is the ratio of the

expected growth in output divided by investment/GDP ratio I(t)/Y(t). The

endogenous part of growth is equation (4a). Investment per se in either the US or

in the EU explains less than 10% of the growth. The "something else" is contained

in the stochastic term.  Capital is not directly measurable due to the well known

insuperable problems concerning the measurement of technical progress,

obsolescence and depreciation. We define "measurable capital" in the sense of

Frank Knight. Capital K(t) is the current GDP capitalized at the stationary gross

return b on investment, K(t) = Y(t)/b. 
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The second element in equation (4) is the stochastic "something else": the

product of a standard deviation σ2 and a Brownian motion term dw2 = ε2 √dt,

where ε2  ~N(0,1) is a standard normal variable. The stochastic elements are

described6 in equations (4a, 4b). The variance of growth of real GDPis σ2
2 dt. A

solution of equation (4) implies the production function7.

2.2 Debt payments uncertainty

In Fleming and Stein (2001), we considered a discrete time-finite horizon

model where borrowing is in the form of short term debt, which must be repaid

with interest at maturity8. Here, we assume that there is no maturity but the debt

must be serviced continually at a variable real interest rate r(t). 

The change in the debt equation (5) is the current account deficit. It is the

sum of the interest payments on the debt L(t) at interest rate r(t), plus the trade

deficit equal to C(t) + I(t) - Y(t) the sum of consumption plus investment less

GDP. 

The real interest payments r(t)L(t) in equation (5) are stochastic. Equations

(6), (6a), (6b) describe the probability distribution function of the stochastic

service payments on the debt. The interest costs on the debt r(t)Ldt are distributed

normally with a mean of rL(t) dt, in equation (6a). The variance is described in

(6b) equal to E[r(t)L(t)dt - rL(t)dt]2 = (σ1L(t) dw1)
2 = σ2

1L(t)2 dt. These two

moments are implied by equation (6).

2.3 The correlation of the shocks to growth and to the interest rate

Equations (4a, 4b) and (6a,6b) describe the uncertainty. The two stochastic

terms dw1, dw2 in equations (4) and (6) are interrelated.  The first concerns the

variability of the real rate of interest, equation (6b), and the second concerns the

variability of the growth of GDP, equation (4b). We consider the general case,

equation (7), where the two shocks are not independent: E(dw1 dw2) = E(ε1 ε2)dt =
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ρ dt. Correlation coefficient ρ could be positive, zero or negative, which varies

among countries. There is evidence that: In the advanced countries the correlation

ρ is positive. It is negative in the emerging market countries and  when there are

financial crises in advanced countries.

 In the advanced countries such as the USA, the real long term rate of

interest r(t) is positively correlated with growth, due primarily to the business

cycle. When investment rises relative to social saving, the economy expands, and

there is an excess demand for loans. Real interest rates tend to rise. Over the

period 1973:1 - 1997:2 in the US, the correlation coefficient between growth and

the real long term interest rate was ρ = 0.24.

A very different situation exists in the emerging market countries or when

there are financial crises in advanced countries9. The interaction of the real and

financial shocks is described by the correlation coefficient ρ.  The fragility of the

financial system is aggravated by a correlation ρ < 0, which has been the case in

the Emerging Market countries, and in advanced countries during financial crises.

The causation between the two shocks dw1 and dw2 runs both ways. 

A severe shock to the economy deteriorates the income statements/balance

sheets of firms and households. They are unable to repay their debts to the banks.

Bank failures rise, lending declines, interest rates on corporate securities rise as

credit ratings are downgraded. The financial stringency in turn depresses the

economy. Growth declines, but real value of the debt payments r(t)L(t) rises. This

negative correlation is extremely important in deriving the optimal debt/net worth

ratio for emerging market countries.

Based upon the study by Stein and Paladino, there is a negative relation

between growth and the rate of interest on dollar denominated loans r(t) for a

panel of emerging market countries 1980 - 2000. In a panel of countries that

concluded debt rescheduling agreements on their external private plus public debt
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with commercial banks and with official creditors, the correlation between growth

and the interest rate on the external debt ρ = −0.15. 

3. The Dynamic Programming Solution

In this section we state the dynamic programming solution, which is

derived in the mathematical section 8. Then it is given an economic interpretation

by showing how it is related to a mean-variance model and is a generalization of

the Merton's model.

The state variable is net worth X(t) defined in equation (8). It is

"measurable capital" less foreign debt. Capital is Y(t)/b, the present value of the

current GDP with a discount rate b, which is the mean productivity of investment

in equation (4a). 

The dynamics of the state variable net worth X(t) are expressed in

equations (9) - (11). The change in net worth dX(t) is equation (9).

(9) dX(t) = (1/b)dY(t) - dL(t).

Substitute dY(t) from equation (4), and the change in the debt from equations (5)

and (6) to obtain equation (10). 

(10) dX(t) = [bX(t) + (b-r)L(t)) - C(t)] dt - L(t)σ1dw1 + (X(t)+L(t))σ2dw2.

The object is to maximize the expected present value of utility equation

(1). The choice of utility function is very important. Assume that utility is HARA,

equation 2 for γ < 1, or equation 2a when γ = 0. Equation (1) becomes equation

(1a).

 (1a)V(X) =  maxΓ E {
0

∞

∫ (1/γ)C(t)γ e -δt dt }, γ < 1.

There are several advantages to the use of the HARA function. First: it

reduces the dimension of the problem and allows us to solve the model

analytically. Second; it is scale independent. It is valid regardless of the size of the

economy. Mathematically this is expressed by the property V(X) = (1/γ)AXγ for a
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suitable constant A > 0. The constant A is determined by formula (11). Risk

aversion requires that γ < 1. If we assume that γ < 0, we do not have to make any

restrictions on the discount factor δ, which would be needed if we only assumed10

that γ < 1. Consumption C(t) is described by equation (3). Our benchmark system,

with net worth X(t) > 0,  is constrained to preclude Ponzi schemes. The HARA

utility function allows us to use as controls the ratios of: debt/net worth f = L/X =

k - 1 = capital/net worth k minus 1, and consumption/net worth c = C/X. Equation

(10a) is in terms of the control ratios f and c. 

(10a) dX(t) = [(b – c) + (b-r)f] X(t) dt – f X(t)σ1dw1 + (1+f)X(t)σ2dw2.

The optimization (1a) is subject to the dynamic equation (10a) and to the

constraints C(t) > 0, X(t) > 0. 

The control variables are consumption ratio c(t) and the debt ratio f(t).

Given the nature of the uncertainty, the controller cannot anticipate the future.

This is fundamentally different from the "forward looking/ certainty equivalent"

models in the economics literature11, but it is the same orientation as the Merton

approach in mathematical finance. The admissible controls are chosen using any

information known up to time t. We therefore consider the controls which enter as

feedback functions of the state X(t). A simplifying assumption is that the controls

c(t), f(t) can be varied instantaneously and costlessly. 

The dynamic programming equations for the optimal ratio of debt/net

worth f* and consumption/net worth c* are derived from equation (11). This

equation is derived in part 8. Parts 4-7 provide clear and economically significant

and sensible implications of equation 11.

DYNAMIC PROGRAMMING MAXIMIZATION

(11) δ/γ = max c  [(1/γ)cγ/A + (b - c)] + max f  {[(b-r)f ] - (1 - γ)σ2
2/2 [(f2 θ2 )

+ (1+f)2 - 2(1+f)f ρθ] } 

In particular, this equation is at the core of the Mean-Variance analysis, to be

discussed below. We focus upon four crucial variables: optimal foreign debt/net
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worth (part 4), a negative foreign debt is a positive foreign asset; the optimal

expected endogenous growth rate and optimal consumption/net worth (part 6),

and optimal current account/net worth (part 7). Propositions I-V summarize our

contribution to the literature. Net worth X(t) equals capital less debt . Since

capital/net worth less debt/net worth equals one, the propositions apply to the

optimal ratio k* of "capital"/net worth.  BOX 2 states the implications of DP

equation (11) for the optimal debt/net worth, capital/net worth and

consumption/net worth. The economic interpretation is in sections 4 - 7.

PROPOSITION I. The optimal debt/net worth f* and capital/net worth k*

maximize a mean-variance function of expected return and risk.

PROPOSITION II. The optimal f* or k* = 1 + f* are independent of the optimal

ratio of consumption/net worth. 

PROPOSITION III. The optimal debt/net worth f* or capital/net worth k*

maximize the expected endogenous growth rate, for any constant consumption

ratio.

PROPOSITION IV. The optimal debt/net worth will only be positive if the

expected return exceeds the expected real interest rate by an amount that depends

upon the correlation of the growth and interest rate risks and their variances. 

PROPOSITION V. The optimal expected current account deficit/net worth is a

quadratic function of the optimal debt/net worth. Permanent current account

deficits/net worth are optimal if f* and expected growth are positive.

Proposition II is seen directly from an inspection of equation (11). The

maximization with respect to the debt/net worth is independent of the

maximization with respect to consumption/net worth12. Equation (12) for the

optimal debt/net worth illustrates the strengths of the DP approach. In the model,

the expected return on investment b in equation (4) is a constant: there are no

diminishing returns. Similarly, the expectation of the real interest rate r in

equation (6) is constant. Assume that b > r, as is the case in the US13. In the

conventional approach, the optimal stock of capital is such that the expected
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return is equal to the interest rate. Since b > r, the country should increase its

capital without limit. Insofar as the saving ratio is given, the foreign debt should

rise without limit. 

BOX 2 SUMMARY OF OPTIMAL (*) CONTROLS 

debt/net worth

(12) f* = (b-r)/(1−γ)σ2 + λ (ρθ − 1)  = (b-r)/(1−γ)σ2 + f(0).

"capital"/net worth

 (13) [(Y(t)/b)/X(t)]* = k* = 1 + f* > 0 , 

consumption/net worth

 (14) c* = C(t)/X(t) = Α−1/(1−γ) ;  c∗ = δ,  when γ = 0.

Symbols: Net worth X(t) = Y(t)/b - L(t); Expected net return = (b - r); Total
risk = σ2  = var (dY(t)/Y(t) - r(t)) = (σ1

2 + σ2
2 - 2ρσ1σ2 ) > 0; θ = σ1/σ2 = standard

deviation of interest rate/ standard deviation of growth; ρ = correlation between
interest rate and growth;  λ = (σ2

2/σ2 ) = 1/(1 + θ2 - 2ρθ) > 0.Intercept term  f(0).
=λ (ρθ − 1)    

The DP approach yields a different result. Equation (12), graphed in figure

1 as curve U-S, relates the ratio f* of the optimal debt/net worth to the expected

net return on investment (b - r). The ratio of "capital"/net worth k* = 1 + f*, so

that the graph can be used to determine either debt or capital relative to net worth.

In the M-V section 4, we explain in detail how this equation and the optimal

growth equation can be understood in a Mean-Variance framework. 
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The slope of the curve 1/(1-γ)σ2 is the reciprocal of "total risk" times risk

aversion. Total risk σ2 is the variance of the net return = var (dY(t)/Y(t) - r(t)) =

(σ1
2 + σ2

2 - 2ρσ1σ2 ) > 0. The intercept f(0) = λ (ρθ − 1) is the optimal ratio
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debt/net worth when the expected net return is zero. It can be positive, zero or

negative. In the section 8, we show that f(0) is the ratio of debt/net worth that

minimizes total risk. Based upon estimates for the US14, we draw curve U-S in

figure 1. The intercept f(0) is negative because ρθ = (0.26)(0.18) < 1, the

correlation ρ = 0.26 between the two risks is not sufficiently high15. At the

minimum risk point, the US should be a creditor. The term λ = (σ2
2/σ2 ) is about

1.05 in the US. The risk associated with the gross return on investment var (b) =

σ2
2 is about 5% greater than the total risk associated with the net return on

investment var (b-r) = σ2 in the US. 

Equation (12)/ figure 1 states that, as long as the expected net return is less

than 0A = σ2
2(1−γ)(1−ρθ) , the ratio of debt/net worth should be negative: the

country should be a creditor. As the expected net return rises above 0A, the

country should finance capital with debt. At expected net return 0B, the ratio of

optimal debt/net worth is f*(B) and optimal capital/net worth is 1 + f*(B), both

are finite. A debt/net worth is excessive/non-optimal, insofar as it lies above a line

such as U-S in figure 1. If the expected net return (b-r) = 0B > 0, the conventional

literature would imply that an unlimited amount of debt should be incurred. We

have shown that the DP result equation (12) is quite different from that derived in

the conventional literature, when there is imperfect knowledge of a deterministic

system16 or the system is stochastic.  

4. A "mean-variance" (M-V) interpretation

The Tobin17 mean variance (M-V) analysis is the cornerstone of much of the work

in the field of investment/portfolio allocation analysis. It is based upon a two

period model of portfolio choice between "safe" and "risky" assets, and yields

clear and operational results. Our model in BOX 1 seems to be quite different.

There is an infinite horizon; there is risk on both the debt and on capital. A

negative debt is a positive holding of financial assets. Growth is endogenous. We
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show18 how the DP equations in BOX 2 can be related to the M-V analysis. This is

the subject of this section.

The optimal values of debt/net worth f* or "capital"/net worth k* = 1 + f*

maximize the value function equation V(X) in (1) subject to the law of motion of

the state variable X(t) net worth, equation (10a). In the M-V analysis, the object is

to select a portfolio of risky and safe assets to maximize a V* = M - (1-γ)R, a

linear combination of a mean M and (1-γ)R a risk R times risk aversion (1-γ) > 0 .

To relate the DP equation (12) for the optimal debt to the maximization of V* in

the M-V analysis we must have expressions for "mean" M and "risk" R, which are

based upon the model in BOX 1. 

In general, for all positive risk aversion, the optimal consumption C(t) will

be a constant c* times net worth X(t). Therefore, the growth of consumption will

equal the growth in net worth19, equation (15). 

(15) (1/t) ln [C(t)/C(0)] = (1/t) ln [X(t)/X(0)] = growth rate

Equation (16), "expected growth", is derived from the solution of stochastic

differential equation (10a). If one starts from equation (16), we show how the

dynamic programming results summarized in BOX 2 can be given an

interpretation in the traditional "mean-variance" portfolio choice model.

                         Expected growth of consumption and net worth

 (16) (1/t)E[ln C(t)/C(0)] =  (1/t) E[ln X(t)/X(0)] 

=  [(b-c) + (b-r)f ] - (σ2
2/2)[f2θ2 + (1+f)2 - 2f(1+f) ρθ]  

= M(f,c) - R(f)

Divide equation (16) into two parts, which correspond to Mean and Risk. They

are defined below in equations (17) and (18) respectively. In the discussion here,

the ratios f and c are assumed constant. The mean return M is expected growth if

there were no risks. It is independent of the variances and covariances.

(17) M = [(b-c) + (b-r)f ]  



Fleming-Stein, Stochastic Optimal Control, International Finance and Debt 16

The mean return M depends upon: (b - c) the expected return on investment less

the ratio of consumption/net worth, plus the expected rate of return less the real

interest rate (b-r) times f the ratio of debt/net worth. 

The variance of the growth rate var {1/t) ln [X(t)/X(0)]}is equation (18a),

which is independent of the consumption ratio and depends upon one control

variable, the debt/net worth.            

      Variance of consumption and growth

 (18a) (1/t) var [ln C(t)/C(0)] = (1/t)var [ln X(t)/X(0)] 

= [f2σ1
2 + (1+f)2σ2

2 - 2f(1+f)ρσ1σ2]  = σ2
2  [f2θ2 + (1+f)2 - 2f(1+f)ρθ] 

Define Risk R, equation (18), as equal to one half of the variance of growth.  Risk

R only contains variances, covariances and debt/net worth. The variance of the

return is σ2
2 , the variance of the interest rate is σ1

2, the ratio θ =  σ1/σ2  and ρ is

the correlation between the disturbances. 

 (18) R = (σ2
2 /2) [f2θ2 + (1+f)2 - 2f(1+f)ρθ]  

Define Expected M-V utility as V* in equation (19): the Mean less the

product of risk aversion (1-γ) > 0 and Risk.

(19) V*(f,c) = M(f,c) - (1-γ) R(f)

There is a correspondence between the DP solution, based upon stochastic optimal

control equation (11), and the M-V approach equation (19), because DP equation

(11) can be written as equation (20) using the definitions for "mean" M and risk

"R" above. Equation (20) shows that the maximization with respect to the optimal

debt/net worth is the same in either approach. Recall that a negative debt is a

positive financial asset position.

(20) δ/γ = max c,f {(1/γ)cγ /A + M(f,c) - (1- γ)R(f)} = max {(1/γ)cγ /Α + V*(f,c)}

A graphic discussion of the correspondence between the two approaches, for the

optimum debt/net worth, is the subject of the next section.
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5. Optimal ratio of foreign debt/net worth: Mean-Variance and a

Generalization of Merton solution

A M-V interpretation of equation (12) for the optimal debt/net worth is

done graphically in this section. Suppose that we select a debt/net worth ratio that

maximizes the "mean-variance expected utility" V* = M(f,c) - (1-γ) R(f) equation

(19). 

The mean M(f,c) in (17) is a linear function of f the debt/net worth. The

slope of the Mean function is Mf = (b - r), the expected return less the expected

interest rate, is independent of the debt and consumption. There are no

diminishing returns to investment. Intercept (b-c) is the expected return less the

consumption ratio. Variations in the consumption ratio only affect the intercept

and not the slope of the Mean function.

Risk R(f) in (18) is a quadratic function of the debt/net worth, which is

independent of consumption and the net return. Total risk R(f) is not the same as

the variance of the return on investment σ2
2. Borrowing to finance real investment

involves a risky return and a  risky interest rate liability The two risks may be

correlated positively or negatively, or may be independent of each other. The

uncertainty concerns the variance of the net return. 

Quadratic risk function20 R(f) reaches a minimum at  f(0) in figure 2 and

rises as the net debt/net worth deviates from f(0). The minimum21 risk ratio of

debt/net worth at f(0) = (ρθ - 1)/(1+ θ2 - 2ρθ), is the intercept term in equation

(12) and figure 1. To minimize risk, the country should be a debtor (creditor) if

quantity (ρθ - 1) is positive (negative). 

The mean-variance interpretation of the DP equation (11) is that the

optimal ratio f* of debt/net worth in figure 2 maximizes expected M-V utility V*

equal to the difference between mean return and risk times risk aversion.

 f* = argmax [V* = M(f,c) - (1- γ)R(f)]
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This optimal ratio is precisely the f* in equation (12), derived from the DP

solution of the stochastic optimal control/ infinite horizon model. 
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The optimal ratio of "capital"/net worth is k* = 1 + f*; therefore, we could

have used the maximization with respect to k instead of with f. Our approach is a

generalization of the Merton model to an open economy with two types of risk. In

Merton's model22, the investor has wealth X(t) which he divides between a risky

asset and a safe asset. The price of the risky asset follows a Brownian motion

process similar to our equation (4), and there is no interest rate risk σ1 = 0. The

well-known Merton equation (1990:111) for the ratio of risky assets/net worth k*

is a special case of our equation (12). Since there is no interest rate risk: θ = 0, ρ =

0, λ = 1. The resulting ratio of risky assets/net worth, k* =  1 + f* = (b-

r)/(1−γ)σ2
2,  is the well-known Merton solution. We have shown that our DP

approach generalizes the Merton model. Since we both use dynamic

programming, we both obtain results very different from the open economy

models, which use either the intertemporal budget constraint or the Maximum

Principle. 

6. Optimum Consumption and Growth 

The DP equation (11) implies equations for optimal consumption and, with (10a),

endogenous growth. The implications are quite different from that derived from

the Inter-temporal budget constraint (IBC) literature. Expected growth g, the M-V

expected utility V* and the DP equation are intimately related, as can be seen

from equations (16),(19) and (20.

(20) δ/γ = max c,f {(1/γ)cγ /A+ M(f,c) - (1- γ)R(f)} = max {(1/γ)cγ  /Α + V*(f,c) },

[DP]

(16) g =  (1/t) E[ln X(t)/X(0)] =  M(f,c) - R(f) 

(19) V*(f,c) = [M(f,c) - (1-γ) R(f)], [M-V]

There are several points of note. First: if risk aversion (1-γ)  = 1, then

expected growth g in equation (16) is the same as expected M-V utility V* in

(19). The difference between the straight line M(f,c) and the risk curve R(f) is
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expected M-V utility equal to expected growth g. Second: as we have seen, for

example in (11) and figure 2, the optimal ratio f* of debt/net worth is independent

of the consumption ratio c. Variations in the consumption ratio c change the

intercept, but not the slope, of the line M(f,c), and do not affect the curve for risk

R(f).  Third: decreases in the consumption ratio increase M-V utility and the

expected growth rate in equation (16) by shifting the mean line M(f,c) upwards.

However, from DP equation (20), the optimal consumption ratio must also take

into account current consumption - the first term  - and not just M-V expected

utility V*.

As proved in the mathematical part below, optimal consumption/net worth

c* is a constant. If the utility function is logarithmic, risk aversion (1-γ) = 1, then

the optimal ratio of consumption/net worth is equal to the discount rate δ in

equation (21). The ratio of optimal consumption/GDP, C(t)/Y(t) = c*(y) is

equation (22), where the optimal debt/net worth f* is given by equation (12).

(21) c* = C(t)/X(t) = δ

(22) c*(y) = C(t)/Y(t) = δ [(1/b) - f*] = δ[(1/b) - λ(ρθ-1) - (b-r)/σ2]

The equation for optimal consumption/GDP derived from DP, in either our

model or Merton's, is quite different from that contained in the IBC literature.

There is no use of the concept of the expected present value of future income,

since that concept is unknowable and clearly not objectively measurable. In our

case, optimal consumption/GDP is negatively related to the expected return on

investment b and to the optimal debt/net worth f*. When the utility function is

logarithmic, then the factor of proportionality is the discount rate23. 

Knowing optimal consumption c* from (21), we know the intercept of the

line M(f,c) in figure 2. The optimal debt/net worth f* is derived for any

consumption ratio. Therefore, the optimal endogenous growth g* is equation (23),

when (1-γ) = 1. It is the difference between the M(f,c) line and R(f) curve,
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evaluated at c*,f* from equation (21) and (12) respectively.

(23) g* = M(f*,c*) - R(f*).

7. Optimum Current Account

It is frequently argued that continued current account deficits are unsustainable

and increase the probability of a crisis. For example, the US is a debtor country

and the current deficit/GDP has been increasing during the decade of the 1990s.

Should this be construed as a sign of vulnerability. On the basis of our analysis

based upon stochastic optimal control we answer the following questions: When

optimal policies are followed, what is the expected current account?  Can it be

optimal that the richest country in the world be a debtor? What is a sustainable

current account deficit? Our answer is summarized by proposition V. We explain

the differences between our stochastic optimal control/dynamic programming

approach24 and that implied by the IBC literature. It is not always clear whether it

is claimed that the observed market behavior is the optimal behavior described by

the IBC literature or whether that concept of optimality is just a benchmark. Here,

we take the weaker interpretation that the IBC provides a benchmark. 

The main inter-related propositions implied by the IBC literature25 are as

follows. (i) The expected present value of absorption - public plus private

consumption plus investment - is equal to the expected present value of GDP.

Trade deficits are means to smooth inter-temporal consumption, and they have

expected present values of zero26. The expected present value of the foreign debt

is zero. (ii) The optimal current account is equal to the difference between current

national income and from its "permanent" level less the deviation of government

consumption from its "permanent" level27. The "permanent" level of national

income is the annuity value of the expected present value of national income.

(iii)The stock of capital is such that the expected marginal product of capital is

equal to the interest rate. 
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Despite its great popularity in the theoretical literature, the IBC has not

been used in empirical or policy oriented work to evaluate whether the current

account deficit is sustainable or optimal. The reason for this disparity between

"theory" and "empirical/policy" is that IBC literature is not operational. The

Intertemporal Budget Constraint propositions (i) - (ii) above are unenforceable.

No one can know with reasonable confidence what is the expected present value

of future GDP. When current account deficits are incurred, no one can say with

any confidence that they just reflect consumption smoothing and that they will be

reversed in the future, so that there will not be a debt crisis. There is no objective

measure of what is an unsustainable situation. There is no feedback control to

correct errors. As more information is obtained about future real income, how

should previous errors - excessive trade deficits - be corrected?

Moreover, there is a serious problem concerning investment and trade

deficits, which finance the excess of investment over saving. Point (iii) above

states that as long as the expected marginal product of capital exceeds the interest

rate, the stock of capital should be increased. In our model, the expected marginal

return on investment is constant at b > 0, there are no diminishing returns to

investment. This implies that if b exceeds the real interest rate r an infinite amount

of investment should be undertaken. Given the saving ratio, an infinite amount of

debt should be incurred. Since both the return on investment and the interest rate

are stochastic, this is an extremely risky policy that cannot be optimal.

The results in BOX 2/figures 1-2 show why the stochastic optimal

control/dynamic programming approach arrives at propositions very different

from the IBC propositions above. First: Even though the constant expected return

on investment  exceeds  the constant expected real rate of interest, say b - r = 0B

in figure 1, the optimal debt/net worth is finite at f*(B). The ratio of capital to net

worth k* = 1 + f* = 1 + f*(B) is also finite. 

Second: In our DP analysis, permanent current account deficits will be

optimal if the optimal debt/net worth f* and growth are positive. Then the debt
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should grow at the same rate as net worth. Since the current account deficit is the

change in the debt, it is optimal to have continuing current account deficits. The

derivation of the optimal current account deficit is as follows. Since the ratio f* =

L(t)/X(t) is the ratio of optimal debt/net worth, the optimal current account

deficit/net worth is28 

(24a) dL*(t) = f* dX(t),

where dL*(t) is the change in the debt. The optimal ratio f* is a control variable in

this model and is constant. The actual change in net worth dX(t) in equation (10a)

has two components: a mean M(f,c) = [(b-c) + (b-r)f]X(t) and a stochastic part

containing the two Brownian motion terms with zero expectations. The actual

change in net worth will jump around due to the Brownian motion terms. The

expectation of the change in the debt/net worth is equation (24). Denote the

expected current account deficit/net worth denoted by Z(t),

(24) Z(f*,c*) = E(dL(t)/X(t)) 

        = f* E[dX(t)]/X(t) = f* [(b-c*) + (b-r)f* ] = f*M(f*,c*).

The expected optimal current account deficit/net worth is a quadratic function

of the optimal debt f* ratio. The term M(f,c) is what we called the "Mean" in the

M-V analysis, equation (19), or the straight line in figure 2. The graph of equation

(24) is a parabola. There are two roots.  One is the origin f1 = 0.  The second is f2

= -(b-c)/(b-r) = - slope M(f,c)/intercept M(0,c). Figure 3 draws Z(t) in the case

corresponding to figure 2, and where the utility function is logarithmic so that the

consumption/GDP ratio is equal to the discount rate, c = δ,  and independent of

the debt . Since both slope and intercept of the M(f,c) function in figure 2 are

positive, root f2 is negative. This implies that the Z(f) is positive for positive deb.

When the optimal debt f* > 0, there will be permanent current account deficits/net

worth. 
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If the optimal debt/net worth were positive, such as point f*(B) in figure 1, or

f* in figure 2, then the current account deficit/net worth is Z* = f* M*(f*,δ) in

figure 3. By running these expected deficits, the ratio of the debt to the net worth
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is held constant. We have therefore proved PROPOSITION V: the expectation of

permanent current account deficits may be optimal. 

We may sum up the differences between the DP approach and the IBC

literature concerning the optimal current account as follows. (a) The IBC is

unknowable and cannot be enforced at any time. (b) In the DP approach, a

permanent debtor or creditor position may be optimal. It all depends upon the

mean net return on investment (b-r) relative to the magnitude of the risks on

investment and the real long term rate of interest, their correlations and risk

aversion, as shown in BOX 2. (c) In the IBC literature, the optimum current

account at any time depends upon the difference between current and "permanent

income". (d) In the DP approach, insofar as the optimal debt/net worth is a

positive constant, such as point 0B in figure 1, then permanent current account

deficits are required to maintain the ratio constant. (e) The current account

deficit/net worth should be stationary if the expected net return (b - r) is

stationary. 

8. Mathematical Derivation of Optimal Consumption, Capital, Debt in

Continuous Time over an Infinite Horizon

In this mathematical part, we use the dynamic programming method29 to

solve equations (1) and (10) and derive equation (11) for the optimal debt and

consumption over an infinite horizon. The economic interpretation of the results

stated in propositions I-V is the subject of parts 3-7 above. The mathematical

analysis proceeds in several steps. 

Section 8.1. (a) Derive the Bellman stochastic dynamic programming (DP)

equation.  (b) Prove that the HARA utility function, equation (2), implies that the

value function V(X) in equation (1) is homogeneous of degree γ .The HARA

function permits us to measure the variables: consumption C/X = c, capital k =

K/X and debt L/X = f as fractions of X net worth, where lower case letters refer to

the ratios.  Instead of C and L, we can equivalently take c and f as the control
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variables. Section 8.2. Solve the DP equation (11) for the optimal controls, the

ratio of consumption/net worth and debt/net worth. These are equations (12) and

(14) in BOX 2. Section 8.3. (a) Derive the equation for the optimal growth rate,

its expectation and variance. (b) Prove that the value of the debt/net worth that

maximizes the expected growth rate is precisely the optimum debt/net worth that

maximizes the value function, and is equation (12) in BOX 2. (c) The value of the

debt/net worth that minimizes the variance of the growth rate is precisely the

intercept term f(0) in the equation (12) for the optimum debt/net worth. 

8.1.  The Dynamic Programming Equation30 

If V(X) is the value function as specified in (1), and the dynamic equation

for dX(t) is given by (10) or (10a), the Dynamic Programming Principle implies

equation (25). The admissible controls are u(t) = [C(t) > 0, L(t)] and X(t) > 0 is

the state. Differential generator GuV(X) is defined in (25a). It involves the first

two derivatives of function V(X) . Candidates for the optimal control policy u*(X)

= [C*(X), L*(X)] satisfy (25b). Equation (10a) can be rewritten as (10b) where:

F(X(t),u(t)) = bX(t) + (b-r)L(t) - C(t), and Σ and dw are vectors. The vector

Σ(X(t),u(t)) = [σ2(1+f)X(t), -σ1fX(t)) and vector dw(t) = dw1(t), dw2(t)). 

(10b) dX(t) = F(X(t), u(t)) dt + Σ(X(t),u(t)) dw(t).

(25) δV(X) = maxu[G
uV(X) + (1/γ) Cγ ]

(25a) GuV(X) = F(X,u) Vx + (1/2)ΣΣ' Vxx.

(25b) u*(X) ∈ argmaxu [G
uV(X) + (1/γ) Cγ ].

The HARA utility function implies that the value function V(X) in

equation (1), and hence V(X) in (25), is homogeneous of degree γ < 1, γ ≠ 0. The

proof is as follows31. If the state X, and controls C and L are multiplied by a value

λ > 0, then the new value function V(λX) is:

(26) V(λX) = maxΓ E {
0

∞

∫ (1/γ) [λC(t)]γ e -δt dt } = λγ V(X).
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Therefore, the value function of X is also homogeneous of degree γ. One may

write the value function as (27) where constant A > 0 is to be determined.  The

first two derivatives are (27b) and (27b).

(27) V(X) = (A/γ) Xγ; (27a) Vx  = A X(γ-1)   ; (27b) Vxx = A (γ-1) X (γ-2)

From the equations above and dynamic equation (10a), the Bellman

stochastic dynamic programming (DP) equation is (18) repeated here . 

                          DP equation, HARA case γ < 1, γ ≠ 0.

(11) δ/γ = b + max c  [(1/γ)cγ/A - c] + max f [ (b-r)f + (γ-1)/2  (f2 σ1
2 )

+ (γ-1)/2  (1+f)2 σ2
2 - (γ-1)(1+f)f ρσ1σ2 ]

Ratios c = (C/X) > 0, f = L/X > -1 are the controls. On the basis of equation (25),

we derive the optimal ratio of debt/net worth and consumption/net worth. The

economic analysis in parts 3-7 above is based upon this equation.

8.2 Optimal debt f* and consumption c* relative to net worth

There are two parts in brackets in equation (11): a maximum with respect

to debt/net worth f and to consumption/net worth c. The maximum with respect to

c occurs at:

(28) c* = C(t)/X(t) = c* = A 1/(γ-1)

Where A > 0 is determined as shown in Fleming (2001) and Fleming and Stein

(2002). When the utility function is logarithmic U(C(t)) = ln C(t), which

corresponds to γ = 0, then the optimal consumption/net worth ratio c* is equal to

the discount rate δ > 0. This is equation (14) above, repeated here.

(14) c* = δ > 0.

The maximization over f > -1 in (11) is derived from the second term. The

constraint means that net worth X(t) > 0, to avoid Ponzi schemes. The maximum

occurs at f* in equation (12) above, repeated here.

(12) f* = (b-r)/(1−γ)σ2 + λ (ρθ − 1)  = (b-r)/(1−γ)σ2 + f(0).
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We have derived the optimal controls stated in BOX 2, whose economic

interpretations were discussed above.

8.3. The growth rate: expectation and variance

The change in net worth is equation (10a) abbreviated here as (29). It

describes the dynamics implied by the model, and there is no optimization

involved. We show that the expected growth net worth is maximized when the

optimal controls are used. This mathematics underlies the M-V presentation in

part 4 above. In this section, ratios f and c are assumed constant.

(29) dX(t) = MX(t) dt + B1X(t)dw1 + B2X (t)dw2.

M =  [(b-c) + (b-r)f]; B1  = - fσ1  ; B2  = (1+f)σ2 ;  dwi = εi √dt    i = 1,2, ε ~ N(0,1)

In the deterministic case, the growth rate (1/X)dX(t)/dt is the term

M(f,c). It arises from the expected return on saving (b-c), plus the net expected

return from borrowing (b-r)f. The stochastic elements add the second and third

terms in (29). The dynamics of wealth equation (29) is an Ito process. Using the

stochastic calculus32, it implies (30) for the ln X(t), the logarithm of net worth33.

This equation is tied directly to the M-V analysis in figure 2, by using the

definitions for M and R in equations (17) and (18) above.   

 (30) ln X(t)/X(0) = {M(f,c) - R(f)}t + [B1w1(t) + B2w2(t) ], w(t) =  ∫dw(t)

The first term in braces in equation (30) is the expected growth rate, g(f,c) in

equation (31).

(31) g(f,c) = (1/t)E[ln (X(t)/X(0))] = M(f,c) - R(f)

The expected growth rate g(f,c) = M(f,c) - R(f) is precisely the term that

we maximized with respect to f = debt/GDP in DP equation (11) above, when γ =

0. It is the vertical difference between the mean M and risk R curves in figure 2.

We have proved that: The optimal debt/net worth f* (or capital/net worth k*) in

equation (11) also maximizes the expected endogenous growth rate, for any
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constant consumption ratio. The optimal debt/GDP and "capital"/GDP are

independent of the discount rate.

The variance of the growth rate, from equation (31) is equation (33).

(32) (1/t)var ln X(t)/X(0) = (1/t) E [B1w1(t) + B2w2(t)]
2  

= [f2σ1
2 + (1+f)2σ2

2 - 2f(1+f)ρσ1σ2] = 2 R(f)

The variance depends upon f but not on c. The variance of the growth rate is twice

the risk R(f) function graphed in figure 2.  It is a convex function of the debt. The

minimum value of the risk is obtained when f = f(0) = λ(ρθ-1).

(33) f(0) = argmin f [f
2σ1

2 + (1+f)2σ2
2 - 2f(1+f)ρσ1σ2]

The debt associated with the minimum value of the risk f(0) is precisely

the intercept term in the optimal debt/net worth in equation (12), and the M-V

graph in figure 2.

9. Conclusion

We use stochastic optimal control-dynamic programming (DP) to derive

the optimal foreign debt/net worth, consumption/net worth, current account/net

worth, and endogenous growth rate in an open economy. Unlike the literature that

uses an Intertemporal Budget Constraint (IBC) or the Maximum Principle, the DP

approach is operational. It does not require perfect foresight or certainty

equivalence. Errors of measurement and the effects of unanticipated shocks are

corrected in an optimal manner. We contrast the DP and IBC approaches, show

how the results of the dynamic programming approach can be interpreted in a

traditional simple mean-variance/Tobin-Markowitz context, and explain why our

results are generalizations of the Merton model.
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Paladino (1997).
4 James Tobin (1918 - 2002) developed the content of his "Liquidity Preference" RES 1958 paper
in 1950, in his graduate course on macroeconomics where Stein was a graduate student. It is fitting
that this paper be dedicated to this "gentleman and scholar".
5 Equation (4) is a generalization of the AK production function.
6 There is no need for us to discuss here the extensive literature that attempts to explain the "Solow
residual" or the "something else".
7 The production function is ln [Y(t)/Y(0)] = ∫[bI(s)/Y(s) - σ2

2/2]ds + σ w(t),
w(t) = ∫dw(s), 0 < s < t
8 The analysis in the Fleming-Stein (2001) paper was applied by Stein and Paladino (2001) to
explain which countries have renegotiated their debts.
9 See Friedman and Schwartz (1963, p. 312).  The negative correlation between growth and the
yield on lower grade bonds is crucial in understanding the severity of the depression and financial
crises.
10 See the mathematical section below.
11 In the models that use IBC, one must know the expected present value of future income over
(say) an infinite horizon. In the model in BOX 1, such a concept is unknowable.
12 The converse is not true, except in the case of the logarithmic utility function.
13 From 1973:1 - 2000:1, the mean return on investment b = 14.8 % pa and the mean real long term
interest rate r = 3.8% pa.
14 The sample period is 1973:1 - 2000:1.
15 Ratio θ = σ1/σ2  = 0.18  is standard deviation of interest rate/ standard deviation of growth  .
16 This issue is discussed in detail in Infante and Stein (1973), where a dynamic programming
approach is taken. See also Gandolfo (2001, pp. 306-07).
17 Markowitz provided an algorithm to derive the efficient frontier.
18 The mathematical analysis is in part 8.
19 If the utility function is logarithmic (γ = 0), then the ratio c of consumption/net worth is a
constant equal to the discount rate δ > 0. The growth of utility, the growth of consumption and the
growth of net worth, over time interval [0,t], the present time t = 0, are equal and are described by
equation (15a).
(15a) [U(t) - U(0)/t = (1/t) ln [C(t)/C(0)] = (1/t) ln [X(t)/X(0)] , when the utility function is
logarithmic.
20 The net debt is constrained to exceed -1, because f = k - 1, and capital/net worth k is non-
negative. At f= -1, the country has no capital, and all of its assets are foreign obligations.
21 Let a country borrow to finance investment. The total risk concerns the difference between the
gross return on investment dY(t)/Y(t) and the rate of interest r(t). The variance of this net return
var (dY/Y(t) - r(t)) is total risk σ2, equation (a)  σ2 = σ2

2 (1+ θ2 - 2ρθ),  θ = σ1/σ2. Τerm λ = 1/(1+
θ2 - 2ρθ)= σ2

2 / σ2 is the ratio of the risk on the return σ2
2 /total risk σ2. It is greater (less) than 1 if

risky borrowing reduces (increases) total risk. The debt is negative if the country is a creditor. The
slope of the quadratic risk function evaluated at f = 0 is Rf (0) = σ2

2 (1 − ρθ), where θ = σ1/σ2 is
the ratio of the interest rate risk to the risk of the productivity of investment, and ρ is the
correlation between the return and the interest rate. The change in V*, the M-V expected utility at f
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= 0, is dV*(0,c)/df = (b - r) - σ2

2(1 - ρθ). Figure 2 is drawn for the case where dV*(0,c)/df  > 0, it
is optimal to be a debtor
21 The net debt is constrained to exceed -1, because f = k - 1, and capital/net worth k is non-
negative. At f= -1, the country has no capital, and all of its assets are foreign obligations.

22 We use our notation, for purposes of comparison.
23 The discount rate, in effect, reflects inversely the length of the horizon.
24 Stein and Paladino (2001) evaluate the "sustainablility/solvency" criteria concerning a short term
external debt. Then, they apply work by Fleming and Stein (2001) to provide an objective
implementable estimate of country default risk.
25 The IBC is discussed fully in Gandolfo (2001:ch.18-19), Obstfeld & Rogoff (1996; pp. 60- 87).
26 Let the initial debt be zero.
27 See Gandofo: 305.
28 The optimal debt L*(t) = f* X(t) =L(X(t)), where Lx = f* and Lxx = 0. Therefore the change dL(t)
= Lx dX(t) + (Lxx/2)(dX(t))2 =  f* dX(t).
29 The dynamic programming method is presented in a form accessible to economists in Turnovsky
ch. 15 . Mathematical analyses of the Dynamic Programming method in finance models is in
Fleming (1999), (2001) and Fleming and Soner (1992).
30 See Fleming (2001) and Fleming and Stein (2002) for more technical details.
31 The logarithmic case, corresponding to γ = 0, implies V(X) = A ln X + B, where A and B are to
be determined.
32 Integrate d(ln X(t)) = (1/X(t)) dX(t) - (1/2X2(t)) (dX(t))2.
33 Insofar as the initial net worth X(0) > 0, the net worth X(t) at any time t will be positive, because

each exponential is non-negative.

  X(t) = X(0) [exp (g(f,c)t)]{exp [B1w1(t) + B2w2(t)]}  > 0, for X(0) > 0.
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