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4 Lqwurgxfwlrq

Wkh ixqglqj ri srolwlfdo sduwlhv lv d ixqgdphqwdo dvshfw ri ghprfudf|/ exw
dowkrxjk prvw frxqwulhv kdyh vrph vruw ri sxeolf0ixqglqj srolf| iru sduwlhv/
wkh zd| lw lv surylghg ydulhv frqvlghudeo| iurp frxqwu| wr frxqwu|1 Lq wkh
X1V1/ iru lqvwdqfh/ sxeolf ixqglqj wdnhv wkh irup ri Rpdwfklqj ixqgv�/ zlwk
fhuwdlq olplwdwlrqv ehlqj lpsrvhg rq frqwulexwlrqv dqg h{shqglwxuhv1 Lq
pdq| rwkhu frxqwulhv/ krzhyhu/ sduwlhv uhfhlyh jryhuqphqw ixqglqj lq uhodwlrq
wr wkh vkduh ri wkh hohfwruldo yrwh wkh| dfklhyhg lq wkh odvw hohfwlrq1 Oh Gxf
hw do1+4<<9,/ lqyhvwljdwh 5: ghprfudflhv dqg uhsruw wkdw lq 4: fdvhv/ sxeolf
vxevlg| ghshqgv rq yrwh +ru vhdw, vkduh1 Lq Ghqpdun/ iru h{dpsoh/ rqh yrwh
lv htxlydohqw wr dssur{lpdwho| 53 Gdqlvk nurqhu shu |hdu +dssur{lpdwho|
'6 XV1,1 Vhh Elooh +4<<:,14 Dw �uvw jodqfh/ vxfk d v|vwhp zrxog fhuwdlqo|
vhhp wr idyrxu wkh odujhu sduwlhv1 Pdlu +4<<7, uhsruwv wkdw lq pdq| Hxurshdq
frxqwulhv sxeolf �qdqfh lv dw ohdvw dv lpsruwdqw iru srolwlfdo sduwlhv dv sulydwh
�qdqfh lv dqg dggv wkdw lq vrph fdvhv lw pd| eh hyhq pruh lpsruwdqw1

Lq wklv sdshu/ zh surylgh d vlpsoh wkhruhwlfdo prgho wkdw fdvwv vrph
oljkw rq wkh lvvxh ri sxeolf ixqglqj ri srolwlfdo sduwlhv1 Zkloh wkh ghedwh
derxw sxeolf ixqglqj kdv riwhq irfxvhg rq idluqhvv dqg rq uhgxflqj wkh srzhu
ri zhdowk| sulydwh oreelhv/ zh vkrz wkdw dq lpsruwdqw frqvhtxhqfh ri wkh
v|vwhp/ zklfk suhydlov lq pdq| Hxurshdq frxqwulhv/ lv srolf| frqyhujhqfh1
Wkhuh lv vxevwdqwldo hpslulfdo hylghqfh wr vxssruw wkh k|srwkhvlv wkdw hohf0
wlrq fdpsdljqv gluhfwo| d�hfw krz wkh hohfwrudwh yrwhv/ +vhh h1j1 Kroeurrn
4<<9,/ zklfk/ ri frxuvh/ lv suhflvho| zk| vxfk fdpsdljqv duh fduulhg rxw15

Zkdw rqh frxog glvfxvv/ krzhyhu/ lv mxvw zk| wklv lv vr1 Edurq +4<<7, +dqg
PfNhoyh| dqg Rughvkrrn +4<;:,, vxjjhvw wkdw wkhuh duh wzr w|shv ri yrw0
huv= �lqiruphg� dqg �xqlqiruphg� ru �lpsuhvvlrqdeoh� yrwhuv1 Wkh lqiruphg
hohfwrudwh yrwhv dffruglqj wr wkh srolflhv sursrvhg e| wkh gl�huhqw srolwlfdo
sduwlhv +ru fdqglgdwhv,1 Lpsuhvvlrqdeoh yrwhuv duh/ krzhyhu/ srruo| lqiruphg
derxw wkh srolflhv ri wkh gl�huhqw sduwlhv dqg wkhlu yrwh lv gluhfwo| lq xhqfhg
e| fdpsdljq vshqglqj61 Dowhuqdwlyho|/ rqh pd| dvvxph wkdw doo yrwhuv duh sro0

4Lq Ghqpdun/ gluhfw sxeolf vxssruw ri srolwlfdo sduwlhv zdv hqdfwhg lq 4<;91 Lq 4<<8 wkh
ohyho zdv irxu0grxeohg1 Eloolh +s534, frqfoxghv wkdw lq frpsdulvrq wr 4<;8/ wkh sursruwlrq
ri wkh sduwlhv* uhyhqxhv wkdw lv surylghg e| vwdwh ixqglqj kdv lqfuhdvhg gudpdwlfdoo|1 Kh
lqyhvwljdwhv doo ri wkh pdmru Gdqlvk sduwlhv dqg �qgv wkdw vwdwh ixqglqj dffrxqwv iru
ehwzhhq 7;( dqg <;( ri d sduw|*v lqfrph

5Vhh dovr Od}duvihog hw do1 +4<77,/ Fdpsehoo hw do1 +4<93, dqg Ilqnho +4<<6,1
6Wklv w|sh ri fdpsdljq lv vlplodu wr wkh shuvxdvlyh dgyhuvlwlvlqj dqdo|}hg lq wkh hfr0
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lf| prwlydwhg exw qrw qhfhvvdulo| zhoo lqiruphg derxw wkh sduwlhv* srolflhv1
Fdpsehoo hw do1 +4<93, surylgh hylghqfh wkdw prvw yrwhuv fdqqrw fruuhfwo|
lghqwli| wkh srvlwlrq ri sduwlhv ru fdqglgdwhv rq wkh pdlq srolwlfdo lvvxhv/
zkloh Srsnlq hw do1 +4<:9, wu| wr h{sodlq zk| yrwhuv kdyh vxfk d srru ohyho ri
lqirupdwlrq/ e| dujxlqj wkdw wkh jdwkhulqj ri lqirupdwlrq lv d frvwo| lqyhvw0
phqw1 Lq vxfk d fdvh/ fdpsdljq vshqglqj frxog vsuhdg lqirupdwlrq derxw
d sduw|*v srolflhv/ dqg dv vxfk/ srolwlfdo fdpsdljqv duh udwkhu olnh lqirupd0
wlyh dgyhuwlvlqj fdpsdljqv/ dv vwxglhg e| Exwwhuv +4<::, ru Jurvvpdq dqg
Vkdslur +4<;7, dprqj rwkhuv1 Srolwlfdo fdpsdljqv wkhq d�hfw wkh rxwfrph ri
dq hohfwlrq vlqfh yrwhuv zloo fdvw wkhlu yrwh ghshqglqj rq wkhlu lqirupdwlrq17

Vlqfh erwk ri wkhvh ylhzv vhhp uhdvrqdeoh/ zh vkdoo lqyhvwljdwh wkhp erwk
zlwklq wkh iudphzrun ri wkh vdph edvlf prgho/ zlwk wzr srolf| prwlydwhg
sduwlhv dqg d xql0glphqvlrqdo srolf| vsdfh1 Zkhq vrph yrwhuv duh lpsuhv0
vlrqdeoh/ d sduw| gluhfwo| uhfhlyhv d odujhu yrwh0vkduh li lw vshqgv pruh rq lwv
fdpsdljqv1 Zh vkrz wkdw sxeolf ixqglqj wkdw ghshqgv rq yrwh0vkduh pdnhv
wkh sduwlhv* srolflhv frqyhujh1 Wkh uhdvrq iru wklv lv lqwxlwlyh1 Wkh olnholkrrg
wkdw d sduw|*v srolf| lv lpsohphqwhg lv dvvxphg wr ghshqg srvlwlyho| rq lwv
vkduh ri wkh wrwdo yrwh1 Iru d srolwlfdoo| prwlydwhg sduw| wklv fuhdwhv d wudgh0
r�/ d pruh prghudwh srolf| lv ohvv jrrg exw pruh olnho| wr eh lpsohphqwhg1
Wklv wudgh r� lv fkdqjhg zkhq sxeolf ixqgv ghshqg yrwh vkduhv1 Lq wklv fdvh
wkh yrwh jdlqlqj h�hfw ri srolf| prghudwlrq lv hqkdqfhg +dv wkh sxeolf ixqgv
jdlqhg ex|v hyhq pruh yrwhv, dqg lq htxloleulxp/ wkhuhiruh/ srolflhv duh pruh
prghudwh1 Wkh pruh uhvsrqvlyh yrwhv duh wr prqh|/ dqg wkh pruh uhvsrqvlyh
sxeolf ixqglqj lv wr yrwhv/ wkh pruh wkh sduwlhv* srolflhv frqyhujh1

Lq frxqwulhv zkhuh sxeolf ixqgv ghshqg rq wkh yrwh vkduhv/ wkh| duh glv0
wulexwhg diwhu wkh hohfwlrq zkhuh wkh yrwh vkduhv duh nqrzq1 Li wkh ixqgv
wkdw duh hduqhg lq rqh hohfwlrq duh xvhg wr �qdqfh wkh iroorzlqj fdpsdljq/
wkhuhiruh/ d g|qdplf surfhvv dulvhv1 Li/ krzhyhu/ d sduw| lv deoh wr eruurz
ixqgv rq d fuhglw pdunhw/ lw pd| vshqg wkh prqh| ehiruh wkh hohfwlrq dqg
uhsd| wkh ghew xvlqj wkh sxeolf ixqgv diwhu wkh hohfwlrq1 Lq rughu wr nhhs rxu
prgho vlpsoh dqg dyrlg frpsolfdwhg g|qdplfv/ zh vkdoo dvvxph wkdw wklv lv
wkh fdvh1 Lq wkh prgho sxeolf ixqglqj ghshqgv rq wkh h{shfwhg yrwh vkduhv1
Zh vwxg| d udwlrqdo h{shfwdwlrqv vroxwlrq/ zkhuh h{shfwdwlrqv duh fruuhfw1

Iru wkh vdnh ri vlpsolflw|/ zh dvvxph wkdw sduwlhv dqg yrwhuv duh ulvn0

qrplfv olwhudwxuh/ vhh iru h{dpsoh Vk| +4<<8,1
7Vhh Pruwrq dqg Fdphurq +4<<5, dqg Dxvwhq0Vplwk +4<<:, iru d fulwltxh wr wkh lqiru0

pdwlyh uroh ri wkh fdpsdljq dgyhuwlvlqj1
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qhxwudo1 Wklv/ krzhyhu/ lv qrw hvvhqwldo iru rxu txdolwdwlyh uhvxowv1 Li djhqwv
duh ulvn0dyhuvh/ wkh Hxurshdq v|vwhp iru sxeolf ixqglqj ri sduwlhv lv zhoiduh0
hqkdqflqj/ vlqfh lw uhgxfhv srolf| srodul}dwlrq dqg/ wkhuhiruh/ wkh jhqhudo ulvn
iru hyhu|rqh1 Rqh frxog dujxh/ wkhuhiruh/ wkdw vxfk d v|vwhp lv prvw fdoohg
iru lq frxqwulhv zkhuh rwkhu srolwlfdo lqvwlwxwlrqv gr qrw pdnh iru srolf|
frqyhujhqfh1

Zh eulh | frqvlghu wkh fdvh zkhuh sduwlhv kdyh vrph sulydwh +oxps vxp,
ixqglqj1 Wklv plwljdwhv wkh h�hfwv ri sxeolf ixqglqj1 Vlqfh wkh| ehfrph
uhodwlyho| ohvv lpsruwdqw/ sduwlhv duh ohvv hdjhu wr prghudwh wkhlu srolflhv wr
rewdlq vxfk ixqgv1 Zh dovr eulh | vwxg| dq h{whqvlrq wr d fdvh zlwk pruh
sduwlhv1 Zlwk d xql0prgdo glvwulexwlrq ri wkh yrwhuv* suhihuuhg srolflhv/ wkh
uhvxowv suhylrxvo| rewdlqhg duh hdvlo| wudqvihudeoh wr wkh h{dpsohv zh kdyh
vwxglhg1 Sxeolf ixqglqj lqfuhdvhv wkh lqfhqwlyh wr prghudwh srolflhv iru doo
sduwlhv/ vr wkdw/ lq htxloleulxp/ wkh srolflhv zloo eh frpsuhvvhg pruh durxqg
wkh plggoh1

Lq wkh vhfrqg fdvh/ zlwk lqirupdwlyh fdpsdljqv/ doo yrwhuv duh srolf|
prwlydwhg exw rqo| vrph duh lqiruphg derxw d sduw|*v srolf|1 Dq xqlqiruphg
yrwhu/ krzhyhu/ kdv dq h{shfwdwlrq uhjduglqj wkh srolf|1 Iru wkh xvxdo uhdvrqv
0 rxu uhvxowv vkrxog qrw klqjh rq duelwudu| dvvxpswlrqv derxw h{shfwdwlrqv
0 zh vwxg| d udwlrqdo h{shfwdwlrqv vroxwlrq1 Fdpsdljq vshqglqj lq xhqfhv
wkh yrwhuv* lqirupdwlrq lq gl�huhqw zd|v1 Yrwhuv pd| vhh whohylvlrq vsrwv dqg
qhzvsdshu dgyhuwlvhphqwv1 Krzhyhu/ wkh h�hfw pd| dovr eh pruh lqgluhfw1 D
sduw| fdq jhw pruh h{srvxuh lq wkh pdvv phgld e| vshqglqj pruh prqh| rq
vwdjlqj hyhqwv/ ru kdylqj d fdpsdljq vwd� wkdw fdwhuv wr wkh mrxuqdolvwv dqg
surylghv uhjxodu suhvv uhohdvhv/ hwf1 Zkdwhyhu wkh uhdvrq pd| eh/ krzhyhu/
zh dvvxph wkdw wkh pruh d sduw| vshqgv rq lwv fdpsdljq/ wkh pruh yrwhuv
ohduq lwv srolf|1

Vlqfh rqo| lqiruphg yrwhuv ohduq derxw d srolf| fkdqjh/ wkh jdlq lq yrwh0
vkduh wkh sduw| pdnhv iurp kdylqj prghudwhg lwv srolf| lv odujhu/ wkh odujhu
lv wkh iudfwlrq ri lqiruphg yrwhuv1 Wkh pruh h�hfwlyh ixqgv duh lq vsuhdglqj
lqirupdwlrq dqg wkh juhdwhu wkh ixqgv dydlodeoh iru fdpsdljqv duh/ wkh pruh
srolflhv zloo wkhuhiruh frqyhujh1 Lq wklv vhwwlqj/ krzhyhu/ lw lv qrw lpsruwdqw
zkhwkhu ixqgv ghshqg rq yrwh0vkduh ru qrw1 Rxu prgho dovr vkrzv wkdw d
sduw| zkr kdv dffhvv wr pruh h!flhqw fdpsdljq whfkqrorj| zloo uhfhlyh d
odujhu vkduh ri wkh yrwh1 Wkxv/ lw dovr kljkoljkwv wkh lpsruwdqfh iru sduwlhv
wr kdyh jrrg uhodwlrqv zlwk wkh pdvv phgld1

Ixuwkhupruh/ pxowlsoh htxloleuld pljkw zhoo h{lvw1 Lq vrph fdvhv/ wkhuh duh
dw ohdvw wkuhh htxloleuld= rqh zklfk lv v|pphwulf dqg wzr dv|pphwulf rqhv1 Lq
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dq dv|pphwulf htxloleulxp/ d odujh sduw| uhfhlyhv odujh ixqgv/ zklfk lpsolhv
wkdw pdq| yrwhuv duh lqiruphg derxw lwv srolf| dqg wkdw lwv jdlq lq yrwhv
iurp prghudwlqj lwv srolf| zloo dovr eh odujh/ vr wkh lqfhqwlyh wr gr vr lv
dovr juhdwhu1 Wkh vpdoohu sduw|/ rq wkh rwkhu kdqg/ �qgv lwvhoi wudsshg lq d
vlwxdwlrq lq zklfk lw kdv ihz yrwhv dqg d plqlpxp ri sxeolf ixqglqj1 Khqfh/
yhu| ihz yrwhuv duh lqiruphg derxw lwv srolf| dqg ihz shrsoh zloo qrwlfh li
lw lv dowhuhg/ vr wkdw wkh jdlq lq yrwhv iurp grlqj vr zloo dovr eh plqlpdo1
Lq htxloleulxp/ wkhuhiruh/ vxfk d sduw| sursrvhv d udwkhu h{wuhph srolf| dqg
uhfhlyhv yhu| ihz yrwhv1

Zh kdyh qrw irxqg pdq| wkhruhwlfdo sdshuv rq sxeolf ixqglqj ri srolwl0
fdo sduwlhv1 Edurq +4<<7, frqvlghuv oree|lqj lq d prgho zlwk lqiruphg dqg
xqlqiruphg yrwhuv/ lq zklfk sduwlhv vhhn wr pd{lpl}h wkhlu suredelolw| ri
zlqqlqj1 Li doo ri wkh yrwhuv duh lqiruphg/ hdfk sduw| fkrrvhv wkh phgldq
yrwhu*v prvw suhihuuhg srolf|1 Dv d uhvxow ri wkh xqlqiruphg yrwhu*v ehkdylru
krzhyhu/ sduwlhv dovr kdyh dq lqfhqwlyh wr udlvh ixqgv1 Frxuwlqj oree| jurxsv/
zkr duh jhqhudoo| frqvlghuhg wr eh h{wuhph/ fdq gr wklv1 Lq wkhlu ghvluh wr
sohdvh wkh oreelhv/ wkhuhiruh/ srolwlfdo sduwlhv whqg wr sursrvh pruh h{wuhph
srolflhv1 Wkh lqwurgxfwlrq ri sxeolf ixqglqj +dv d oxps0vxp dqg lqghshqghqw
ri yrwh0vkduh,/ plwljdwhv wkh srzhu ri lqwhuhvw jurxsv dqg wkhlu frqwulexwlrqv
ehfrph uhodwlyho| ohvv lpsruwdqw1 Dv d uhvxow/ wkh sduwlhv* srolflhv duh ohvv
srodul}hg1

Rxu dujxphqw khuh lv gl�huhqw1 Lw grhv qrw ghshqg rq wkh plwljdwlqj ri
wkh oree| jurxsv* srzhu1 Zh frqvlghu sduwlvdq sduwlhv zklfk/ e| wkhpvhoyhv/
zrxog fkrrvh srodul}hg srolflhv hyhq lq wkh devhqfh ri oreelhv1 Zkhq sxeolf
ixqglqj ghshqgv rq yrwh0vkduh/ sduwlhv jhw dq h{wud lqfhqwlyh wr prghudwh
wkhlu srolflhv1 Zkhq sxeolf ixqglqj grhv qrw ghshqg rq wkh yrwh vkduh/ +dv lq
wkh X1V1 v|vwhp zklfk Edurq dqdo|vhv,/ wkhuh lv qr srolf| frqyhujhqfh lq rxu
prgho zlwk lpsuhvvlrqdeoh yrwhuv1 Khqfh/ rxu dqdo|vlv vkrzv wkdw wkh suhflvh
vruw ri sxeolf ixqglqj v|vwhp hpsor|hg lv vljql�fdqw wr wkh h�hfwv rq srolf|
frqyhujhqfh1 Ixuwkhupruh/ zh h{whqg wkh dqdo|vlv wr lqirupdwlyh dgyhuwlvlqj
fdpsdljqv dqg dqdo|vh wkh h�hfwv ri sxeolf ixqglqj lq wklv iudphzrun1 Wkh
dprxqw ri ixqgv pdgh dydlodeoh wr wkh sduwlhv dqg wkh lqirupdwlrq whfkqrorj|
wkh| hpsor| sod| d pdmru uroh/ exw djdlq/ wkh uhvxowv duh qrw uhodwhg wr
plwljdwlqj wkh srzhu ri oree| jurxsv1

Pxhoohu dqg Vwudwpdq +4<<7, frqvlghu erwk lqirupdwlyh dqg shuvxdvlyh
fdpsdljqv zkhuh prqh| gluhfwo| pryhv yrwhv1 Wkh| kdyh/ krzhyhu/ qr irupdo
prgho iru lqirupdwlyh fdpsdljqlqj dqg irfxv rq sulydwh frqwulexwlrqv wr
srolwlfdo sduwlhv1
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Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv= Vhfwlrq 5 suhvhqwv wkh edvlf
prgho zlwk lpsuhvvlrqdeoh yrwhuv dqg xqlqirupdwlyh fdpsdljqlqj1 Vhfwlrq
6 ghulyhv wkh htxloleulxp fuhdwhg e| sxeolf ixqglqj1 Vhfwlrq 7 frqvlghuv/
eulh |/ wkh fdvh lq zklfk wkhuh duh pruh sduwlhv> Vhfwlrq 8 dqdo|vhv wkh fdvh
ri erwk sxeolf dqg sulydwh ixqglqj1 Lqirupdwlyh fdpsdljqlqj lv wkh vxemhfw
ri wkh uhvw ri wkh sdshu= Vhfwlrq 9 suhvhqwv wkh edvlf prgho dqg glvfxvvhv
htxloleuld1 Vhfwlrq : lqwurgxfhv sxeolf ixqglqj dqg frqwdlqv h{dpsohv ri
gl�huhqw lqirupdwlrq whfkqrorjlhv wkdw ohdg wr gl�huhqw nlqgv ri htxloleuld/
dqg Vhfwlrq ; frqfoxghv1 D ihz surriv duh uhohjdwhg wr dq Dsshqgl{1

5 Wkh prgho zlwk lpsuhvvlrqdeoh yrwhuv

Wkhuh duh wzr sduwlhv/ u dqg -c dqg d frqwlqxxp ri yrwhuv ri phdvxuh rqh1
Srolwlfv lv xql0glphqvlrqdo1 Wkh sduwlhv hdfk sursrvh d srolf|/ , dqg o uh0
vshfwlyho|/ uhfhlyh fdpsdljq prqh|/ Su dqg S-c zklfk lv vshqw/ dqg wkhq dq
hohfwlrq lv khog1 Wkh lpsohphqwhg srolf| zloo eh hlwkhu , ru o1 Wkhuh duh
wzr nlqgv ri yrwhuv/ lqiruphg dqg lpsuhvvlrqdeoh1 Wkh iudfwlrq ri lqiruphg
yrwhuv lv E�� k�c zkhuh f 	 k 	 ��

Li wkh srolf| lv Zc dq lqiruphg yrwhu zlwk eolvv srlqw % jhwv xwlolw|

�EZ(%� ' � mZ � %m � +4,

Wkh eolvv srlqwv duh glvwulexwhg rq wkh lqwhuydo ^3/4` dffruglqj wr wkh fgi
8 E%�c wkh fruuhvsrqglqj +vwulfwo| srvlwlyh/ gl�huhqwldeoh, ghqvlw| lv sE%�� Ohw
6 eh wkh phgldq eolvv srlqw/ 8 E6� ' �*2� Wkh sduwlhv duh frpplwwhg wr
wkhlu srolf| sursrvdov/ , dqg o� Dv , � o8 dq lqiruphg yrwhu zlwk eolvv srlqw
% suhihuv sduw| u�r srolf| li % � ,no

2
� Vlqfh yrwlqj lv vlqfhuh/ 8

�
,no

2

�
ri wkh

lqiruphg yrwhuv yrwh iru sduw| u1 Sduwlhv duh srolf| prwlydwhg dqg kdyh wkh
vdph w|sh ri xwlolw| ixqfwlrq dv yrwhuv +vhh Zlwwpdq 4<<3,1 Wkh eolvv srlqw
ri sduw| u lv %ucwkh eolvv srlqw ri sduw| - lv %-c dqg %u 	 %-�

Wkh gl�huhqfh lq fdpsdljq vshqglqj e| wkh sduwlhv lv { � Su � S-� D
iudfwlrq ME{� ri wkh lpsuhvvlrqdeoh yrwhuv yrwhv iru sduw| u� Zh zloo dvvxph
wkdw M � : fc MEf� ' �

2
dqg M ��E{� � f iru doo { � f� Wkh sduw| vshqglqj

prvw lv prvw srsxodu1 Zh ixuwkhu dvvxph wkdw wkh M ixqfwlrq lv v|pphwulf=

8Lq sulqflsoh/ wkh sduwlhv fdq ri frxuvh sursrvh srolflhv o> u zkhuh u ? o= Wklv zloo qhyhu

rffxu lq htxloleuxlp/ krzhyhu/ vr zh zloo mxvw glvuhjdug wklv fdvh1

8



ME{� ' ��ME�{�c vr M ��E{� � f iru doo { � f dqg M ��Ef� ' f1 9

Sduw| u�r wrwdo yrwh vkduh lv wkhuhiruh

� ' kME{� n E�� k�8

#
, n o

2

$
� +5,

Dv Jurvvpdq dqg Khospdq +4<<9, gr/ zh dvvxph wkdw wkh fkdqfh ri d
sduw|*v srolf| ehlqj lpsohphqwhg lv lqfuhdvlqj lq lwv yrwh vkduh1 Wklv lv
voljkwo| dg krf/ dowkrxjk lw pd| qrw eh xquhdvrqdeoh dw doo/ dqg pd| eh
udwlrqdol}hg lq vhyhudo zd|v1 Lw pd| eh gxh wr wkh idfw wkdw wkh odujhu d
sduw| lv/ wkh odujhu wkh lq xhqfh lw kdv lq sduoldphqw1 Rqh pljkw dovr dvvxph
wkdw sduwlhv duh xqfhuwdlq derxw wkh rxwfrph ri wkh hohfwlrq/ hlwkhu ehfdxvh
ri sroolqj huuruv ru xqfhuwdlqw| derxw zkr zloo yrwh dqg zkr zloo devwdlq1
Wkh odujhu wkh +h{0dqwh, yrwh vkduh d sduw| kdv/ wkh odujhu lwv suredelolw| ri
zlqqlqj wkh hohfwlrq dqg lpsohphqwlqj lwv srolf|/ +vhh Urhphu 4<<7 iru plfur0
irxqgdwlrqv,1 Dowhuqdwlyho|/ rqh fdq dvvxph/ dv lq Dohvlqd dqg Urvhqwkdo
+4<<8/ 4<<9,/ Ruwxqr0Ruwlq +4<<:, dqg Jhuehu dqg Ruwxqr0Ruwlq +4<<;,/ wkdw
wkh srolf| �qdoo| lpsohphqwhg lv d frqyh{ frpelqdwlrq ri wkh wzr srolflhv
ruljlqdoo| sursrvhg/ dqg wkdw wkh zhljkwv duh jlyhq e| wkhlu gl�huhqw vkduhv
ri wkh hohfwruldo yrwh1 Vlqfh rxu djhqwv duh ulvn0qhxwudo/ vxfk dq dssurdfk lv
htxlydohqw wr wkh rqh zh hpsor| khuh1 Iru zkdwhyhu wkh uhdvrq pljkw eh/
zh dvvxph wkdw sduw| u�r srolf| lv lpsohphqwhg zlwk d suredelolw| ri R E�� c
zkhuh/ iru wkh vdnh ri vlpsolflw|/ R E�� ' �� Wkh olqhdulw| vlpsol�hv irupxodv
exw kdv qr txdolwdwlyh lpsruwdqfh1 Lqwxlwlyho|/ wkh vwhhshu wkh R ixqfwlrq
dw �*2 lv/ wkh juhdwhu wkh lqfhqwlyh wkdw wkh sduwlhv kdyh wr prghudwh wkhlu
srolflhv:1

Sduwlhv uhfhlyh sxeolf ixqgv iru fdpsdljqlqj1 Vxfk ixqgv w|slfdoo| ghshqg
rq wkh dfwxdo yrwh0vkduh uhfhlyhg lq dq hohfwlrq1 Li d sduw| zdqwv wr vshqg
prqh| ehiruh dq hohfwlrq/ wkhuhiruh/ lw pxvw hlwkhu wdnh d ordq ru vshqg wkh
prqh| lw uhfhlyhg lq wkh odvw hohfwlrq1 Ixuwkhupruh/ li wkh sduw| jhwv d ordq/

9Wkh zd| hohfwrudo fdpsdljqlqj zrunv khuh lv vlplodu wr wkh �suhgdwru| dgyhuvwlv0

lqj� dqdo|}hg lq roljrsro| wkhru|/ vhh Iulhgpdq +4<;6,1 Lw lv wkh irupxodwlrq fkrvhq e|
Khospdq dqg Jurvvpdqq +4<<9,1 Edurq +4<<7, dvvxphv wkdw K ghshqgv rq fO@fU= Lq rxu

vhwwlqj/wklv zrxog frpsolfdwh d ihz irupxodv/ exw wkh txdolwdwlyh uhvxowv zrxog qrw fkdqjh1
:Zh vhh wkdw rxu olqhdu irupxodwlrq ri wkh s ixqfwlrq pdnhv iru ohvv srolf| frqyhujhqfh

wkdq li zh dvvxphg wkdw s zdv yhu| vwhhs dw 4251 Rq wkh rwkhu kdqg wkh olqhdu irupxodwlrq

ri wkh sduwlhv* xwlolw| ixqfwlrqv pdnhv iru pruh frqyhujhqfh wkdq li sduwlhv xwlolw| ixqfwlrqv
zhuh vwulfwo| frqfdyh1 Lq wkh odwwhu fdvh wkh pdujlqdo glvxwlolw| ri prghudwlqj wkh srolf|

zrxog eh lqfuhdvlqj1

9



wkh lvvxh ri fuhglw0zruwklqhvv dulvhv1 Rq wkh rwkhu kdqg/ li wkh ixqgv lw hduqhg
lq wkh odvw hohfwlrq duh xvhg/ wkh sureohp ehfrphv g|qdplf1 Dowkrxjk wkhvh
dvshfwv pd| eh lpsruwdqw lq uhdo olih/ zh vkdoo glvuhjdug fuhglw0zruwklqhvv
dqg g|qdplf lvvxhv khuh/ dqg vwxg| d udwlrqdo h{shfwdwlrqv vroxwlrq lqvwhdg1
Wkh wlplqj lv dv iroorzv= Iluvw/ wkh gl�huhqw sduwlhv sursrvh fhuwdlq srolflhv1
Wkh| wkhq uhfhlyh sxeolf ixqglqj wkdw ghshqgv rq wkhlu h{shfwhg yrwh0vkduh1
Lq htxloleulxp/ wkh h{shfwdwlrq lv fruuhfw1 Wklv lv htxlydohqw wr wkh fdvh lq
zklfk sduwlhv eruurz rq d shuihfw fuhglw pdunhw zlwk udwlrqdo h{shfwdwlrqv
ehiruh dq hohfwlrq/ dqg xvh wkh sxeolf ixqglqj wkh| odwhu uhfhlyh iru wkhlu
dfwxdo yrwh0vkduh wr uhsd| wkh ordqv diwhuzdugv1 Qrwlfh wkdw li sduwlhv kdyh
dffhvv wr d shuihfw fuhglw pdunhw/ sxeolf ixqglqj zloo qrw suhyhqw wkh hqwu|
ri qhz sduwlhv wr wkh srolwlfdo duhqd1 Iru wkh wlph ehlqj/ krzhyhu/ zh vkdoo
glvuhjdug wkh lvvxh ri hqwu|1

Zh qrupdol}h wkh vl}h ri wkh sxeolf ixqgv dydlodeoh wr sduwlhv wr rqh1
Zh vkdoo dvvxph wkdw sxeolf ixqglqj wuhdwv doo sduwlhv htxdoo|1 Li sduw| u lv
h{shfwhg wr uhfhlyh d vkduh �e ri yrwhv/ lw wkhuhiruh uhfhlyhv Su ' �E�e� iurp
sxeolf ixqglqj/ dqg sduw| - wkhq uhfhlyhv S- ' � E�� �e�1 Dffruglqjo|/
�E�

2
� ' �

2
� Zh dvvxph wkdw wkh ixqglqj v|vwhp ixo�oov �� � f iru doo �e dqg

���E�e� � f iru doo �e � �

2
c dqg ���E�e� � f iru doo �e � �

2
� D sduw| wkdw kdv

douhdg| rewdlqhg pruh wkdq 83( ri wkh hohfwruldo yrwh +zhdno|, lqfuhdvhv lwv
ixqgv e| uhfhlylqj pruh yrwhv/ exw dw d qrq0lqfuhdvlqj udwh1 Wkh gl�huhqfh
lq ixqgv uhfhlyhg/ wkhuhiruh/ lv {E�e� � �E�e� � E� � �E�e�� ' 2�E�e� � �c
{�E�e� � f iru doo �ec dqg {��E�e� � f iru doo �e � �

2
dqg {��E�e� � f iru doo

�e � �

2
�

Lq wkh Gdqlvk v|vwhp ghvfulehg lq wkh lqwurgxfwlrq/ lq zklfk d sduw|
uhfhlyhv dssur{lpdwho| 53 Gdqlvk nurqhu1 +XV' 6, shu |hdu shu yrwh/ �� : f
dqg ��� ' f�

Jlyhq dq h{shfwhg yrwh vkduh ri �ec dqg srolflhv ,c oc wkh dfwxdo yrwh0vkduh
ri sduw| u lv

� ' kME{E�e�� n E�� k�8

#
, n o

2

$
� +6,

Xqghu udwlrqdo h{shfwdwlrqv/ �e ' �c khqfh � vroyhv htxdwlrq +6, zlwk �
lqvhuwhg iru �e� Li

kM �E{E���{�E�� 	 �c iru doo � 5 dfc �o +7,

wkh vroxwlrq lv xqltxh1 Zh vkdoo dvvxph wklv lv wkh fdvh/ dqg ghqrwh wkh
vroxwlrq e| �E,c o�� Wklv phdqv wkdw wkh uhvsrqvlyhqhvv ri sxeolf ixqglqj dqg

:



ri wkh lpsuhvvlrqdeoh yrwhuv duh vx!flhqwo| olplwhg wr pdnh wkh sureohp zhoo0
ehkdyhg1 Qrwh wkdw zh duh qrw dvvxplqj wkdw wkh �qdo htxloleulxp lv xqltxh/
exw mxvw wkdw wkhuh lv d xqltxh yrwh0vkduh iru hdfk sduw| iru d jlyhq sdlu ri
srolflhv1 Wkh lpsolflw ixqfwlrq wkhruhp |lhogv=

Y�E,c o�

Y,
'

�3k

2
s
�
,no

2

�
�� k M �E{E��� {�E��

: f +8,

Zkhq sduw| u fkdqjhv lwv srolf|/ vrph lqiruphg yrwhuv fkdqjh wkhlu yrwhv1
Wklv/ lq wxuq/ fkdqjhv wkh vl}h ri wkh sxeolf ixqgv doorfdwhg wr wkh sduw|
dqg/ wkhuhiruh/ wkh vkduh ri lpsuhvvlrqdeoh yrwhv lw jdlqv dv zhoo1 Exw wklv/
rqfh djdlq/ fkdqjhv wkh vl}h ri wkh ixqgv uhfhlyhg/ hwf1/ hwf1 Doo ri wkhvh
uhshufxvvlrqv duh wdnhq lqwr dffrxqw lq wkh udwlrqdo h{shfwdwlrqv vroxwlrq1
Wkh dvvxpswlrq k{3E��M3E{E��� 	 � hqvxuhv wkdw wkh frpsdudwlyh vwdwlfv
pdnh vhqvh/ l1h1/ li sduw| u lqfuhdvhv lwv srolf| +wrzdugv wkh plggoh,/ lw zloo
dovr lqfuhdvh lwv yrwh0vkduh1

6 Srolwlfdo htxloleulxp

Wkh sduwlhv duh srolf| prwlydwhg dqg vhhn wr pd{lpl}h h{shfwhg xwlolw|1 Wkh|
wdnh wkh rwkhu sduw|*v srolf| dv jlyhq dqg uhfrjql}h krz wkh fkrlfh ri srolf|
pljkw lq xhqfh wkh glvwulexwlrq ri ixqgv dqg wkh uhodwlyh fdpsdljq vshqglqj1
Jlyhq wkh sdlu ri srolflhv E,c o� / sduw|*v u h{shfwhg xwlolw| lv

�E,c o� E� m, � %um� n E �� �E,c o�� E� mo � %um� c +9,

Vlploduo|/ sduw|*v - h{shfwhg xwlolw| lv jlyhq e|

�E,c o� E� m, � %-m� n E �� �E,c o�� E� mo � %-m� � +:,

D Srolwlfdo Htxloleulxp zlwk xqlqirupdwlyh fdpsdljqlqj lv d sdlu ri srol0
flhv E,Wc oW�c vxfk wkdw ,W pd{lpl}hv +9, jlyhq oW dqg oW pd{lpl}hv +:, jlyhq
,W�

Lq sulqflsoh/ d sduw|*v rswlpdo srolf| pd| eh htxdo wr wkh sduw|*v eolvv
srlqw zkhuh wkh xwlolw| ixqfwlrq lv qrq0gl�huhqwldeoh1 Zh vkdoo/ krzhyhu/ rqo|
frqvlghu fdvhv zkhuh vroxwlrqv duh lqwhulru/ l1h1/ zkhuh %u 	 , 	 o 	 %-� Zh
kdyh

;



Sursrvlwlrq 4 Lq dq lqwhulru htxloleulxp/ hdfk sduw| kdv d zlqqlqj sure0
delolw| ri 4251 Wkh h{shfwhg srolf| lv htxdo wr wkh phgldq lqiruphg yrwhu*v
suhihuuhg srolf|

,W n oW

2
' 6 +;,

Wkh srolflhv duh v|pphwulf durxqg 6 dqg wkh srolf| srodul}dwlrq lv jlyhq e|

EoW � ,W� '
�� kM �Ef� {�E�

2
�

�� k

�

sE6�
+<,

Surri= vhh wkh Dsshqgl{1
Wkh srolflhv duh v|pphwulf durxqg wkh phgldq lqiruphg yrwhu*v eolvv

srlqw1 Wkh gl�huhqfh lq wkh srolflhv ghshqgv rq wkh ghqvlw| ri yrwhuv dw
wkh phgldq/ sE6�� Li wkh ghqvlw| lv kljk/ wkh srolflhv duh forvh/ dv pdq| yrwhv
fdq eh jdlqhg e| prylqj wkh srolf| wrzdugv wkh plggoh1 Li wkh ghqvlw| lv
vpdoo/ sduwlhv fkrrvh srolflhv wkdw duh forvhu wr wkhlu rzq suhihuuhg srolf|1

Wkh qxphudwru lq +<, uh hfwv wkh iudfwlrq ri lpsuhvvlrqdeoh yrwhuv/ kc
krz uhvsrqvlyh wkh lpsuhvvlrqdeoh yrwhuv duh/ M3Ef�c dqg krz uhvsrqvlyh wkh
sxeolf ixqglqj v|vwhp lv/ {�E�

2
�� Wkh odujhu wkh uhvsrqvlyhqhvv/ wkh forvhu wkh

srolflhv1
Qr sxeolf ixqglqj fruuhvsrqgv wr wkh vshfldo fdvh ri wkh prgho zkhuh

{3Ef� ' fc wkhq

oW � ,W '
�

�� k

�

sE6�

Frpsdulqj zlwk +<, zh vhh wkdw sxeolf ixqglqj pdnhv wkh sduwlhv* srolflhv
frqyhujh1 Wkh lqwxlwlrq lv vlpsoh1 Sxeolf ixqglqj jlyhv dq h{wud lqfhqwlyh wr
prghudwh srolflhv/ vlqfh wkh h{wud yrwhv wkh| jdlq pdnhv pruh sxeolf ixqgv
dydlodeoh/ zklfk/ lq wxuq fdq eh xvhg wr jdlq ixuwkhu yrwhv1

Zh fdq dovr frpsduh wklv zlwk wkh fdvh ri qr lpsuhvvlrqdeoh yrwhuv/ k ' f�
Lq wklv fdvh wkh gl�huhqfh lq srolflhv zrxog eh

oW � ,W '
�

sE6�

AIurp +<, lw gluhfwo| iroorzv wkdw li M �Ef� {�E�
2
� : �c wkhq srolfhv duh

pruh frqyhujhqw wkdq lq wkh ehqfk0pdun fdvh zlwk qr lpsuhvvlrqdeoh yrwhuv/
dqg li M �Ef� {�E�

2
� 	 �c srolflhv duh pruh glyhujhqw1 Lq wkh nqlih0hgjh fdvh/

zkhuh M �Ef� {�E�
2
� ' �c wkh yrwh0vkduh ri d sduw| uhvsrqgv lq wkh vdph zd|

wr fkdqjhv lq srolf| zkhwkhu wkhuh duh lpsuhvvlrqdeoh yrwhuv ru qrw1 Wkh

<



lpsuhvvlrqdeoh yrwhuv glvwulexwh wkhlu yrwhv mxvw dv wkh lqiruphg rqhv gr
dqg wkh srolflhv duh wkh vdph dv zkhq wkhuh duh qr lpsuhvvlrqdeoh yrwhuv�
Khqfh/ lq vxfk d fdvh/ wkh sxeolfo| ixqghg hohfwrudo v|vwhp zrunv dv li wkhuh
zhuh rqo| lqiruphg yrwhuv1 Sxeolf ixqglqj/ wkhuhiruh/ r�vhwv wkh suhvhqfh ri
srruo| lqiruphg yrwhuv1

Lq wkh Dsshqgl{/ zh vkrz wkdw wkh vhfrqg rughu frqglwlrq iru pd{lpxp
lv ixo�oohg li

s �

s
	 ec dqg

_2{

_,2

/
_{

_,
n

M ��

M �
	 2� +43,

Wkh odwwhu sduw lv d mrlqw frqglwlrq rq { dqg Mc dqg lw lv gl!fxow wr surylgh
jhqhudo frqglwlrqv wkdw hqvxuh wkdw wkh lqhtxdolwlhv lq +43, duh ixo�oohg1 Zh
vkrz lq wkh Dsshqgl{ / krzhyhu/ wkdw li M �� ' f dqg ��� ' fc vr {�� ' fc
lw lv wkhq ixo�oohg1 Dv lv fohdu iurp wkh ghulydwlrq/ lw lv qrw qhfhvvdu| wkdw
M �� ' f dqg {�� ' f/ exw udwkhu wkdw wkh| vkrxog vlpso| qrw eh qxphulfdoo|
wrr odujh1

Zh kdyh dvvxphg wkdw wkh htxloleulxp lv lqwhulru/ %u 	 , 	 o 	 %-� Wklv
reylrxvo| lpsolhv wkdw o� , 	 %-�%u� Dv fdq eh vhhq iurp htxdwlrq +<, wklv

uhtxluhv sE6� wr eh vx!flhqwo| odujh dqg2ru
�
�� kM �Ef� {�E�

2
�
�
%E�� k�

wr eh vx!flhqwo| vpdoo1 Dq h{dpsoh wkdw ixo�oov wklv frqglwlrq lv/ %u ' fc
%- ' �c 6 ' �*2c M �Ef� {�E�

2
� ' � dqg sE6� : �� Iurp wkh ghulydwlrqv lq

wkh dsshqgl{/ lw lv fohdu wkdw dq lqwhulru htxloleulxp wkhq h{lvwv/ surylghg
wkdw wkh vhfrqg0rughu frqglwlrq lv ixo�oohg/ zklfk lv wkh fdvh li/ iru lqvwdqfh/
M �� ' {�� ' f dqg s �*s 	 e�

7 Pruh wkdq wzr sduwlhv

Lq wklv vhfwlrq zh vnhwfk wkh fdvh zlwk � sduwlhv1 Sduw| ?�r srolf| lv %? dqg
lwv eolvv srlqw lv K?c dqg K� 	 K2 	 ��� 	 K� � Li wkh sduwlhv sursrvh srolflhv
%� 	 %2 	 ��� 	 %� c wkh iudfwlrq ri wkh lqiruphg hohfwrudwh zkr yrwh iru sduw|
? lv

8
�
%?n� n %?

2

�
� 8

�
%? n %?3�

2

�
�

Ohw �e? eh wkh h{shfwhg yrwh0vkduh iru sduw| ?� Wkh sxeolf ixqgv doorfdwhg
wr sduw| ? ghshqgv rqo| rq �e?c dqg qrw rq wkh yrwh0vkduhv ri wkh rwkhu
sduwlhv1 Wklv phdqv/ lq h�hfw/ wkdw �E�e?� lv sursruwlrqdo wr wkh yrwh0vkduh/
zklfk lv wkh fdvh lq prvw uhdo0olih sxeolf0ixqglqj v|vwhpv1 Vlploduo|/ d sduw|*v
lpsuhvvlrqdeoh yrwhv ghshqg rqo| rq lwv rzq fdpsdljq vshqglqj dqg qrw rq

43



zkdw wkh rwkhu sduwlhv vshqg1 Wklv lpsolhv wkdw wkh iudfwlrq ri lpsuhvvlrqdeoh
yrwhv wkdw d sduw| zlqv lv gluhfwo| sursruwlrqdo wkh iudfwlrq ri sxeolf ixqgv
lw uhfhlyhv1 Wkh wrwdo qxpehu ri yrwhv iru sduw| ? lv wkhuhiruh=

�? ' k�e? n E�� k�
�
8
�
%?n� n %?

2

�
� 8

�
%? n %?3�

2

��

Dsso|lqj udwlrqdo h{shfwdwlrqv �e? ' �?c zh jhw

�? ' 8
�
%?n� n %?

2

�
� 8

�
%? n %?3�

2

�
�

Zlwk sursruwlrqdolw| lq wkh � dqg M ixqfwlrqv/ wkh sxeolf ixqglqj v|vwhp
pdnhv wkh prgho zrun dv li wkhuh zhuh rqo| srolf|0prwlydwhg yrwhuv1 Zlwkrxw
vxfk sxeolf ixqglqj/ sduw| ?�r yrwh0vkduh zrxog eh

��? ' k
�

?
n E�� k�

�
8
�
%?n� n %?

2

�
� 8

�
%? n %?3�

2

��

Dv k : fc sxeolf ixqglqj hqkdqfhv wkh h�hfwv ri fkdqjhv lq srolf| rq yrwh0
vkduhv/ mxvw dv lq wkh fdvh ri wzr sduwlhv1

Sduw| ?�r sureohp lv 4@ %? �
S

�

�'� �
� m%� � K?m � Fohduo|/ %? 	 %?3� ru

%? : %?n� lv qrw rswlpdo1 Dvvxplqj %? : K?c wkh �uvw0rughu frqglwlrq lv

�
Y�?3�

Y%?
m%?3� � K?m �

Y�?

Y%?
m%? � K?m � �? �

Y�?n�

Y%?
m%?n� � K?m ' f

+li %? 	 K?c �
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+44,
Dq lqfuhdvh lq %? kdv wkuhh h�hfwv/ hdfk ri zklfk fruuhvsrqg rqh ri wkh wkuhh
whupv1 Iluvw/ zkhq %? : K?c lw orzhuv wkh xwlolw| iurp wkh sduw|*v rzq srolf|/
zklfk lv lpsohphqwhg zlwk d suredelolw| ri �?� Vhfrqgo|/ wkh suredelolw|
wkdw ?��c udwkhu wkdq ?c zlqv lqfuhdvhv/ zklfk jlyhv dq h{shfwhg xwlolw| orvv
iru sduw| ?� Wklugo|/ wkh suredelolw| wkdw sduw| ?c udwkhu wkdq ? n �c zlqv
lqfuhdvhv/ zklfk jlyhv dq h{shfwhg xwlolw| jdlq iru sduw| ?�

Lq jhqhudo/ wkhuhiruh/ zkhwkhu sxeolf0ixqglqj surprwhv srolf| frqyhujhqfh
ru qrw ghshqgv rq wkh glvwulexwlrq ri yrwhuv 1Krzhyhu/ orrn dw wkh h{wuhph
sduwlhv1 Wkh| rqo| idfh frpshwlwlrq iurp rqh vlgh1 Wkh sureohp wkh| idfh
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lv mxvw dv li wkhuh rqo| zhuh wzr sduwlhv= l1h1/ prylqj wrzdugv wkh plggoh
lqfuhdvhv wkh fkdqfhv ri wkhlu srolflhv ehlqj lpsohphqwhg/ exw wkhlu srolflhv
ehfrph ohvv dwwudfwlyh1 Dv zh kdyh douhdg| vhhq/ sxeolf ixqglqj lqfuhdvhv wkh
yrwh0jdlqlqj h�hfw dqg/ fhwhulv sdulexv/ wklv pdnhv wkh sduwlhv pryh forvhu wr
wkh plggoh1 Ohw xv vxssrvh wkdw wkh glvwulexwlrq ri wkh yrwhuv* eolvv srlqwv lv
xql0prgdo zlwk wkh shdn lq wkh plggoh1 D sduw| idflqj frpshwlwlrq rq erwk
vlghv zloo kdyh d qhw jdlq lq yrwhv e| prylqj forvhu wr plggoh/ dv wkh ghqvlw| ri
yrwhuv wkhuh lv kljkhu1 Wkh lqwurgxfwlrq ri sxeolf ixqgv rqo| uhlqirufhv wklv
h�hfw1 Ixuwkhupruh/ vlqfh jryhuqphqw ixqglqj pdnhv wkh h{wuhph sduwlhv
pryh forvhu wr wkh plggoh/ wkh qhljkerulqj sduw| �qgv wkdw wkh srolf| ri wkh
h{wuhph sduw| lv qrw dv edg dv lw vhhphg wr eh ehiruh1 Wkh qhljkeru0sduw|/
wkhuhiruh/ kdv dq lqfuhdvhg lqfhqwlyh wr prghudwh lwv rzq srolf|/ mxvw voljkwo|
pruh wkdq lw glg ehiruh1 Wklv kdv uhshufxvvlrqv rq wkh iroorzlqj qhljkeru/
hwf1/ hwf1 Wkhuh lv wkhuhiruh wkh vwurqj lqwxlwlrq wkdw li wkh glvwulexwlrq ri
yrwhuv lv xql0prgdo zlwk lwv shdn lq wkh plggoh/ sxeolf ixqglqj zloo lqgxfh
sduwlhv wr kdyh pruh prghudwh srolflhv1

Dqdo|wlfdo vroxwlrqv duh kdug wr rewdlq +dv wkh sureohp lv rqh ri ? qrq0
olqhdu htxdwlrqv lq ? xqnqrzqv,/ exw zh kdyh lqyhvwljdwhg d odujh qxpehu ri
h{dpsohv zlwk Pdwkhpdwlfd wkdw doo |lhog wkh uhvxow ghvfulehg deryh/ zkhq0
hyhu wkh glvwulexwlrq lv xql0prgdo1;1 Sxeolf ixqglqj frpsuhvvhv wkh srolflhv
durxqg wkh shdn ri wkh glvwulexwlrq1 Zh suhvhqw mxvw rqh h{dpsoh khuh/
zlwk 7 sduwlhv/ lq zklfk erwk wkh sduwlhv dqg wkh yrwhuv kdyh txdgudwlf
suhihuhqfhv +wr dyrlg qrq0gl�huhqwldelolwlhv,1 Sduw| ��r xwlolw| ixqfwlrq lv
�E%c K�� ' �E% � K��

2� Zh ohw/ K� ' fc K2 ' �*�c K� ' 2*� dqg Ke ' �c
dqg k ' �*e1 Wkh yrwhuv* eolvv srlqwv duh glvwulexwhg dffruglqj wr d ehwd
glvwulexwlrq zlwk erwk sdudphwhuv htxdo wr wzr1 Iljxuh 4 looxvwudwhv wkh uh0
vxowv1 Wkh wuldqjohv uhsuhvhqw wkhlu srolflhv zkhq wkhuh lv qr sxeolf ixqglqj/
dqg wkh shqwdjrqv zkhq wkhuh lv1 Wkh Iljxuh fohduo| uhyhdov wkh h{shfwhg
uhvxow= l1h1/ sxeolf ixqglqj lqgxfhv srolf| frqyhujhqfh1<

Iljxuh 4 khuh

;
Wkh Pdwkhpdwlfd qrwh0errnv duh dydlodeoh iurp wkh dxwkruv rq uhtxhvw1

<Lw fdq dovr eh vkrzq wkdw wkh srolf| yduldqfh lv orzhu xqghu wkh sxeolf ixqglqj fdvh1
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8 Zkhq sduwlhv dovr kdyh sulydwh ixqgv

Qrz ohw xv vxssrvh wkdw wkh sduwlhv dovr kdyh dffhvv wr sulydwh ixqgv1 Iru
wkh vdnh ri vlpsolflw|/ zh vkdoo dvvxph wkdw vxfk ixqgv duh lqghshqghqw ri
wkh srolflhv fkrvhq e| wkh sduwlhv1 Srolwlfdo sduwlhv pljkw kdyh hqgrzphqwv
ru uhfhlyh frqwulexwlrqv iurp gl�huhqw vrfldo jurxsv zkrvh ryhudoo srolwlfdo
whqghqflhv duh pruh lq olqh zlwk wkh sduw|*v1 D w|slfdo h{dpsoh zrxog eh
wkdw ri wudgh xqlrqv zkr vxssruw vrfldo0ghprfudwlf sduwlhv/ uhjdugohvv ri
wkh suhflvh srolf| wkh| fkrrvh1 Wkhuh lv frpsuhkhqvlyh olwhudwxuh rq sul0
ydwh oree|lqj/ dqg lwv h�hfwv rq srolf|0pdnlqj duh zhoo0xqghuvwrrg/ vhh h1j1
Edurq +4<<7,/ Jurvvpdq dqg Khospdq +4<<9,/ ru wkh vxuyh|v lq Shuvvrq dqg
Wdehoolql +4<<<, dqg Dxvwhq0Vplwk +4<<:,1 Lw lv wkhuhiruh qrw rxu lqwhqwlrq
wr pdnh dq| ixuwkhu frqwulexwlrq wr wklv wrslf1 Rxu lqwhuhvw/ khuh/ lv sodfhg
h{foxvlyho| rq wkh lqwhusod| wkdw h{lvwv ehwzhhq sulydwh dqg sxeolf ixqglqj
ri srolwlfdo sduwlhv1

Ohw xv qrz dvvxph/ wkdw sduw| u kdv S�u sulydwh ixqgv dqg sduw| - kdv
S�-c dqg ohw {� � S�u � S�-�Wkh gl�huhqfh lq ixqglqj ehwzhhq wkh wzr
sduwlhv wkhq lv �{E�� ' �E�� � E� � �E��� n S�u � S�- ' {E�� n {� � Wkh
yrwh0vkduh ri sduw| u zloo eh wkh �{hg srlqw ri

� ' kME{E�� n {� � n E�� k�8

#
, n o

2

$

Wkh �uvw0rughu frqglwlrqv iru pd{lpxp duh xqfkdqjhg +h{fhswM � lv wdnhq
lq {n{� �� Khqfh/ zh vwloo kdyh/ lq htxloleulxp/ wkdw � ' �*2 dqg wkhuhiruh
wkdw { ' f� Qrz ohw xv vxssrvh wkdw sduw| u kdv d vpdoohu hqgrzphqw wkdq
sduw| -c vr wkdw {� 	 f� Wkhq MEf n {� � 	 �*2c dqg vlqfh zh vwloo kdyh

� ' �*2c lw pxvw eh wkh fdvh wkdw 8
�
,no
2

�
: �*2/ zklfk phdqv ,no

2
: 6� Wkh

dyhudjh srolf| lv pruh wr wkh uljkw/ wkh uhdvrq ehlqj wkdw wkh ulfk sduw| -
fdq d�rug wr sursrvh d pruh h{wuhph srolf|/ dv lw jhwv d odujhu vkduh ri wkh
lpsuhvvlrqdeoh yrwhuv1

Lq wklv dqdo|vlv/ wkh uhodwlyh vl}hv ri sxeolf dqg sulydwh ixqgv gr qrw pdw0
whu1 Wklv pd| vhhp xquhdvrqdeoh1 Vxssrvh/ lqvwhdg/ wkdw wkh lpsuhvvlrqdeoh
yrwhv ghshqg rq wkh uhodwlyh fdpsdljq h{shqglwxuh ri wkh gl�huhqw sduwlhv1
Wkxv/ M ghshqgv rq Su

SunS-
� Zlwkrxw sulydwh ixqglqj/ wkh deryh dqdo|vlv lv

xqfkdqjhg/ mxvw ohw {E�� ' �E��

�E��n�3�E��
' �E��� Zlwk sulydwh ixqgv/ wkh yrwh
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vkduh ri sduw| u lv d �{hg srlqw ri

� ' kM

#
S�u n �E��

� n S�u n S�-

$
n E�� k�8

#
, n o

2

$

dqg khqfh
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'

�3k
2
s
�
,no
2

�
�� k�� �

�nS�unS�-
M �

�
S�un�E��

�nS�unS�-

�
Wkh yrwh0jdlqlqj h�hfw iurp sxeolf ixqglqj lv vpdoohu wkh odujhu sulydwh ixqg0
lqj lv1 Rqfh djdlq/ wkh ulfkhu sduw| lv deoh wr sursrvh d pruh h{wuhph srolf|
dqg vwloo jhw kdoi ri wkh yrwhv1 Ixuwkhupruh/ lq vxfk d vhwwlqj/ wkh h{suhvvlrq
iru srolf| srodul}dwlrq ehfrphv

o � , '
�� k��E�

2
� �

�nS�unS�-
M �

�
S�un�*2

�nS�unS�-

�
�� k

�

sE6�

Lw lv reylrxv wkdw wkh odujhu sulydwh ixqgv duh/ +uhodwlyh wr wkh vl}h ri sxeolf
ixqgv/ qrupdol}hg wr rqh,/ wkh pruh gl�huhqw wkh sduwlhv* srolflhv duh1 Sul0
ydwh ixqglqj plwljdwhv wkh srolf| frqyhujhqfh lqgxfhg e| wkh sxeolf ixqglqj1
Wr vxppdul}h wkhq/ zlwk erwk sulydwh dqg sxeolf ixqglqj/ wkh prgho suh0
glfwv wkdw wkhuh vkrxog eh pruh srolf| frqyhujhqfh lq frxqwulhv zkhuh sxeolf
ixqglqj duh uhodwlyho| odujh lq frpsdulvrq wr sulydwh frqwulexwlrqv1

Dv glvfxvvhg lq wkh lqwurgxfwlrq/ Edurq +4<<7, frqvlghuv d prgho zlwk
sulydwh dqg sxeolf ixqglqj lq zklfk sduwlhv vhhn wr pd{lpl}h soxudolw|1 Zlwk
qr ixqglqj zkdwhyhu/ wkh sduwlhv fkrrvh srolflhv wkdw duh htxdo wr wkh phgldq
yrwhu*v suhihuuhg srolf|1 Lq Edurq�v prgho/ sulydwh ixqglqj lv surylghg e|
h{wuhph oree| jurxsv/ dqg wkh sduwlhv wkhuhiruh sursrvh pruh h{wuhph srol0
flhv lq rughu wr sohdvh wkh oree| jurxsv1 Sxeolf ixqgv duh jlyhq lq d oxps
vxp/ +dv lq wkh XV v|vwhp,/ dqg wkh| plwljdwh wkh srzhu ri oree| jurxsv/
vlqfh wkh uhodwlyh lpsruwdqfh ri sulydwh ixqgv lv uhgxfhg/ dqg srolflhv eh0
frph pruh frqyhujhqw1 Dv zh kdyh vhhq/ lq rxu prgho h{dfw rssrvlwh uhvxow
lv rewdlqhg iurp jlylqj sduwlhv oxps0vxp frqwulexwlrqv1 Vxfk frqwulexwlrqv/
+zkhwkhu sulydwh ru sxeolf,/ ghfuhdvh wkh uhodwlyh lpsruwdqfh ri wkh ixqgv
hduqhg wkurxjk yrwhv/ zklfk lq wxuq/ plwljdwhv wkh lqfhqwlyh wr prgli| srol0
flhv1 Li zh lqwurgxfhg h{wuhph oree| jurxsv/ krzhyhu/ wklv zrxog reylrxvo|
jlyh sduwlhv dq dgghg lqfhqwlyh wr sursrvh pruh h{wuhph srolflhv1 Wkh erw0
wrp olqh lv fohdu= l1h1/ wkh h{dfw zd| lq zklfk sxeolf dqg sulydwh ixqglqj lv
surylghg lv fuxfldo wr wkh uhvxow1
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9 Lqirupdwlyh fdpsdljqlqj

Lq wklv vhfwlrq/ zh dvvxph wkdw doo yrwhuv duh srolf| rulhqwhg dqg kdyh wkh
vdph suhihuhqfhv dv wkrvh ghvfulehg deryh1 Krzhyhu/ yrwhuv duh qrw dxwr0
pdwlfdoo| dzduh ri wkh sduwlhv* srolflhv/ dqg pxvw eh lqiruphg wkurxjk wkhlu
fdpsdljqv1

Li d sduw| vshqgv dq dprxqw S rq lwv fdpsdljq/ d iudfwlrq �ES� ri wkh
yrwhuv ohduqv derxw lwv srolf|1 Sduwlhv fdqqrw wdujhw wkhlu fdpsdljqv/ vr wkdw
wkh suredelolw| wkdw d sduwlfxodu yrwhu ehfrphv lqiruphg lv lqghshqghqw ri
khu eolvv srlqw1 Rqh fdq lpdjlqh wkdw d sduw| dgyhuwlvhv h{foxvlyho| rq whoh0
ylvlrq43 ru lq pdjd}lqhv/ dqg wkdw rqo| wkrvh yrwhuv zkr kdsshq wr vhh lwv
dgyhuwlvlqj zloo ohduq derxw lwv fxuuhqw srolf|1 Vrph yrwhuv/ krzhyhu/ pljkw
zhoo ehfrph lqiruphg uhjdugohvv ri zkhwkhu wkh| vhh dgyhuwlvhphqw ru qrw1
Wkh| pljkw uhdg qhzvsdshuv/ olvwhq wr udglr vwdwlrqv ru wkh qhzv rq whohyl0
vlrq1 Wkh lpsruwdqw ihdwxuh khuh lv wkdw d pruh lqwhqvlyh fdpsdljq pdnhv d
odujhu sursruwlrq ri yrwhuv lqiruphg derxw wkh sduw|*v srolf|44/ ��ES� : f�

Rq wkh rwkhu kdqg/ hyhq d yrwhu zkr lv xqlqiruphg derxw d sduw|*v srolf|
kdv dq h{shfwdwlrq derxw lw1 Iru wkh xvxdo uhdvrqv/ zh vkdoo dvvxph udwlrqdo
h{shfwdwlrqv1 Wkh wlplqj lv dv iroorzv= Iluvw/ xqlqiruphg yrwhuv irup h{shf0
wdwlrqv/ wkhq sduwlhv fkrrvh srolflhv/ zklfk duh vhhq rqo| e| lqiruphg yrwhuv/
dqg wkhq wkh hohfwlrq lv khog1 Ohw wkh xqlqiruphg yrwhuv* eholhiv derxw sduwlhv
u dqg -*v srolfhv eh ghqrwhg e| ,e dqg oe�

Zh dvvxph wkdw erwk sduwlhv uxq hohfwrudo fdpsdljqv1 Iru wkh wlph ehlqj
zh vkdoo qrw frqfhuq rxuvhoyhv zlwk mxvw krz wkh fdpsdljq ixqgv duh udlvhg1
Ohw �u eh wkh iudfwlrq ri yrwhuv zkr ohduq derxw sduw| u*v srolf| dqg ohw �-
eh wkh iudfwlrq zkr ohduq derxw sduw| -*v1 Jlyhq srolflhv ,c o/ dqg iudfwlrqv
�uc �-c wkh yrwh0vkduh iru sduw| u lv

T E,c oc ,ec oec �uc �-� ' �u�-8
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$
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E�� �u��-8

#
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2

$
n E�� �u� E�� �-�8

#
,e n oe

2

$

D iudfwlrq ri wkh hohfwrudwh/ �u�-/ ohduq derxw erwk , dqg o/ ri zkrp d

43Whohylvlrq dgyhuwlvhphqwv uhsuhvhqw wkh prvw lpsruwdqw h{shqglwxuh lq wkh hohfwrudo

fdpsdljqv lq pdq| frxqwulhv/ vhh Zhvw +4<<6,1
44Vhh Kroeurrn +4<<9, iru hylghqfh ri wkh lqirupdwlrq jhqhudwhg lq wkh hohfwrudo fdp0

sdljqv dqg Doyduh} +4<<9,/ Euldqv dqg Zdwwhqehuj +4<<9, dqg Mxvw hw do1 +4<<3, iru

hylghqfh wkdw whohylvlrq dgyhuwlvlqj lqfuhdvhv yrwhu lqirupdwlrq1
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Zh vhh wkdw YT
Y,

ghshqgv rq �u� Wklv lv wkh fuxfldo dvshfw ri wkh dqdo|vlv= rqo|
lqiruphg yrwhuv zloo uhvsrqg wr d srolf| fkdqjh1 Wkh odujhu lv wkh iudfwlrq ri
lqiruphg yrwhuv/ wkh pruh uhvsrqvlyh wkh yrwh0vkduh ri d sduw| lv wr fkdqjhv
lq srolf|1 Zh dovr kdyh
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+47,
vlqfh/ xqghu udwlrqdo h{shfwdwlrqv/ ,e ' , dqg oe ' o1 Vlploduo|/ YT
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Zh dovr kdyh wkdw/ xqghu udwlrqdo h{shfwdwlrqv/
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Zkhq zh irfxv rq lqwhulru htxloleuld/ sduw| u*v �uvw0rughu frqglwlrq lv
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Lq wkh Dsshqgl{ zh vkrz wkdw wkh vhfrqg0rughu frqglwlrq iru pd{lpxp lv
ixo�oohg xqghu rxu dvvxpswlrq s �*s 	 e�

Vlploduo|/ sduw| -�r �uvw0rughu frqglwlrq |lhogv
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+54,

Wkh yrwh vkduhv duh ghwhuplqhg e| wkh uhodwlyh iudfwlrq ri yrwhuv lqiruphg
derxw hdfk sduw|*v srolf|1 Li wkh iudfwlrqv duh htxdo/ wkhq sduw| u jhwv h{dfwo|
rqh kdoi ri wkh yrwhv1 Li �u : �-c sduw| u uhfhlyhv pruh wkdq kdoi ri wkh yrwhv1
Vlqfh pruh yrwhuv duh lqiruphg derxw u�r srolf| wkdq derxw -�r srolf|/ u�r
yrwh vkduh lv pruh uhvsrqvlyh wr srolf| fkdqjhv1 Wklv lpsolhv wkdw sduw| u
jdlqv pruh yrwhv iurp prghudwlqj lwv srolf| wrzdugv wkh plggoh wkdq sduw|
- grhv1 Khqfh/ lq htxloleulxp/ sduw| u*v srolf| zloo eh pruh prghudwh wkdq
sduw| -�r dqg sduw| u zloo jhw d odujhu yrwh0vkduh1

Htxdwlrq +54, lqglfdwhv wkh ydoxh ri d jrrg lqirupdwlrq whfkqrorj|1 Li zh
vxssrvh wkdw wkh sduwlhv uhfhlyh htxdo ixqglqj/ exw wkdw sduw| u kdv ehwwhu
dffhvv wr pdvv phgld/ +shukdsv iru klvwrulfdo/ shuvrqdo ru rwkhu uhdvrqv, lw
fdq pruh hdvlo| frqyhuw prqh| lqwr lqirupdwlrq/ vr wkdw �u : �-/ dqg wkxv/
rewdlqv d odujhu yrwh0vkduh1 Jrrg uhodwlrqv zlwk wkh pdvv phgld pdnhv iru
kljk yrwh0vkduhv lq rxu prgho1

Lqvhuwlqj htxdwlrq +53, lqwr +4<,/ zh jhw wkdw srolf| srodul}dwlrq lv jlyhq
e|

o � , '
2

E�u n �-� s
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,no

2

� +55,

Ohw xv qrz lqfuhdvh �u dqg �- lq vxfk d zd| wkdw �u*�- lv frqvwdqw1 Iurp
+53,/ ,no

2
lv xqd�hfwhg/ +55, gluhfwo| jlyhv d ghfuhdvh lq srolf| srodul}dwlrq1
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Lq wkh v|pphwulfdo fdvh/ zkhuh �u ' �-c wklv lv sduwlfxoduo| fohdu1 Khuh/ +55,
uhgxfhv wr

o � , '
�

�sE6�
� +56,

Srolf| srodul}dwlrq ghfuhdvhv zkhq pruh yrwhuv ehfrph lqiruphg1 Khqfh/
zkhq fdpsdljqv duh lqirupdwlyh/ srolflhv frqyhujh li wkh ixqgv dydlodeoh iru
fdpsdljqlqj lqfuhdvh1

Frqvlghu eulh | d fdvh lq zklfk h{shfwdwlrqv duh qrw iruphg udwlrqdoo|
exw ghshqg rq sdvw srolf| sursrvdov1 Ohw xv dovr dvvxph wkdw wlph lv glvfuhwh
dqg uxqv iurp }hur wr lq�qlw|1 Hdfk shulrg lv dv ghvfulehg deryh1 Iluvw/ wkh
sduwlhv sursrvh srolflhv/ wkhq wkh hohfwlrqv duh khog/ dqg �qdoo|/ wkh zlqqhu
lpsohphqwv wkh surplvhg srolf|1 Vxssrvh wkdw wkh h{shfwdwlrqv ri shulrg |
ghshqg rq wkh srolf| sursrvdov ri shulrg | � �c vr ,e| ' ,|3� dqg oe| ' o|3��
Vxssrvh/ ixuwkhupruh/ wkdw sduwlhv duh p|rslf/ dqg vhhn wr pd{lpl}h wkh
h{shfwhg xwlolw| ri rqh shulrg rqo|1 Lq d vwdwlrqdu| vwdwh/ rqh kdv ,e| '
,|3� ' ,| dqg oe| ' o|3� ' o| iru doo | � f� Wkh udwlrqdo h{shfwdwlrqv vroxwlrq
vwxglhg deryh fruuhvsrqgv/ wkhuhiruh/ wr d vwdwlrqdu| vwdwh ri wkh g|qdplf
jdph rxwolqhg khuh1

: Sxeolf ixqglqj

Zh zloo qrz lqwurgxfh wkh sxeolf ixqglqj v|vwhp lqwr wkh lqirupdwlyh fdp0
sdljqlqj prgho1 Sduw| u�r yrwh vkduh lv T E,c oc ,ec oec �uc �-� dv jlyhq e|
htxdwlrq +48,1 Wkh ghulydwlrqv deryh wrrn lqwr dffrxqw wkdw sduwlhv uhdol}h
wkdw wkhlu fkrlfh ri srolf| zloo d�hfw ixqglqj dqg wkhuhiruh �u dqg �-c vr wkdw
wkhvh ghulydwlrqv duh vwloo ydolg/ vhh htxdwlrq +4:, dqg wkh uhodwhg glvfxvvlrq1
Dv lv fohdu/ udwlrqdo h{shfwdwlrqv vlpsoli| pdwwhuv frqvlghudeo| khuh1 Xvlqj
htxdwlrq +53,/ zh jhw

T E,c oc ,c oc �uc �-� '
�uESu�

�uESu� n �-E�� Su�
c +57,

zkhuh zh kdyh h{solflwo| zulwwhq wkh ��r dv ixqfwlrqv ri wkh ixqgv doorfdwhg
wr sduw| u� Dv suhylrxvo|/ Su ' �E��c vr

Su ' �

#
�uESu�

�uESu� n �-E�� Su�

$
� +58,
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zklfk ghwhuplqhv Su� Ghshqglqj rq wkh � dqg � ixqfwlrqv/ wkhuh pd| eh rqh
ru pruh �{hg srlqwv1

Zh qrz dvvxph wkdw wkh sduwlhv duh htxdoo| h!flhqw lq lqiruplqj yrwhuv/
vr �uES� ' �-ES� ' �ES�� Lq wklv fdvh htxdwlrq +58, ehfrphv

Su ' �

#
�ESu�

�ESu� n �E�� Su�

$
+59,

Dv wkh sxeolf ixqglqj v|vwhp lv idlu/ �E�*2� ' �*2/ dqg zh vhh wkdw Su ' �*2
lv d vroxwlrq1 Khqfh/ d v|pphwulf htxloleulxp h{lvwv/ lq zklfk hdfk sduw|
uhfhlyhv kdoi ri wkh yrwhv1

Dgyhuwlvlqj e| sduwlhv lv qrw wkh rqo| zd| yrwhuv uhfhlyh lqirupdwlrq
derxw srolflhv1 Vrph +pdq|, yrwhuv uhdg qhzvsdshuv/ olvwhq wr udglrv/ zdwfk
WY hwf1/ wkxv/ vrph yrwhuv zloo eh lqiruphg derxw d sduw|*v srolf| hyhq li
wkh sduw| grhv qrw dgyhuwlvh1 Wklv phdqv wkdw lw lv uhdvrqdeoh wr dvvxph
wkdw �Ef� : f� Frqvhtxhqwo|/ wkh yrwh0vkduh iru sduw| u/ dv jlyhq e| +57,/ lv
srvlwlyh lq htxloleulxp1 Vlploduo|/ wkh yrwh0vkduh iru sduw| - lv srvlwlyh1 E|
dvvxpswlrq/ d sduw| uhfhlyhv ixqgv li lwv yrwh0vkduh lv srvlwlyh/ vr wkdw Su ' f
ru Su ' � fdqqrw eh frpsdwleoh zlwk htxloleulxp1

Zkhwkhu pxowlsoh htxloleuld h{lvw ru qrw ghshqgv rq wkh uljkw0kdqg vlgh
ri htxdwlrq +59,1 Vlqfh lw lv srvlwlyh dw Su ' f dqg ohvv wkdq rqh dw Su ' �/
d vx!flhqw +exw qrw qhfhvvdu|, frqglwlrq iru pxowlsoh htxloleuld lv wkdw wkh
vorsh hydoxdwhg dw Su ' �*2 lv odujhu wkdq rqh1 Xvlqj �E�

2
� ' �

2
c wklv frqglwlrq

fdq eh zulwwhq
�

2
�3
�
�

2

�
�E�

2
�

�
�

2
�3E�

2
�

�E�
2
�

: �� +5:,

Wkh �uvw whup lv wkh hodvwlflw| ri sxeolf ixqglqj zlwk uhvshfw wr d fkdqjh lq
yrwh0vkduh1 Wkh vhfrqg whup lv wkh hodvwlflw| ri wkh iudfwlrq ri lqiruphg yrwhuv
zlwk uhvshfw wr fdpsdljq ixqgv1 Zkhq erwk hodvwlflwlhv duh odujh/ pxowlsoh
htxloleuld h{lvw1 Wkhuh zloo wkhq eh d v|pphwulf htxloleulxp/ zkhuh S ' �*2
dqg +dw ohdvw, wzr dv|pphwulf htxloleuld1 Lq dq dv|pphwulf htxloleulxp/ rqh
ri wkh sduwlhv zloo eh odujh dqg zloo wkhuhiruh uhfhlyh d odujhu iudfwlrq ri sxeolf
ixqgv/ dqg e| yluwxh ri lw/ frqwlqxh wr eh odujh1 Li vxfk dq htxloleulxp h{lvwv/
wkhuh wkhq h{lvwv dqrwkhu/ vlplodu/ htxloleulxp/ zkhuh wkh urohv duh uhyhuvhg1
Khqfh/ lq wklv fdvh/ rqh fdq frqfoxgh wkdw sxeolf ixqglqj 0 frxsohg zlwk
dgyhuwlvlqj whfkqrorj| 0 pd| eh wkh fdxvh ri dv|pphwulf vxssruw iru wkh wzr
sduwlhv1
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Lq wkh dv|pphwulf htxloleulxp/ wkh vpdoo sduw| uhpdlqv vpdoo h{dfwo| eh0
fdxvh lw lv vpdoo1 Wkh uhdvrq iru wklv lv wkh sxeolf ixqglqj v|vwhp1 Wklv
skhqrphqrq kdv ehhq whuphg �shwul�fdwlrq� lq srolwlfdo vflhqfh1 Vhh Qdvv0
pdfkhu +4<;</ s 57;,1

:14 Rq wkh ��ixqfwlrq/ wzr h{dpsohv

Lq wklv vhfwlrq zh zloo sursrvh d irxqgdwlrq iru wkh ��ixqfwlrq/ zklfk jhqhu0
dol}hv wkh irxqgdwlrq sursrvhg e| Jurvvpdq dqg Vkdslur +4<;7, lq wkhlu zrun
rq lqirupdwlyh dgyhuwlvlqj lq prqrsrolvwlf frpshwlwlrq +exloglqj rq Exwwhuv/
4<::,1 Zh zloo vkrz krz h{lvwhqfh ri pxowlsoh htxloleuld ghshqgv rq wkh
vshfl�f dvvxpswlrqv rq wkh dgyhuwlvlqj whfkqrorj|1 Lpdjlqh wkdw sduwlhv sxw
dgv lq pdjd}lqhv1 D pdjd}lqh kdv d uhdghuvkls htxdo wr d iudfwlrq o ri wkh
srsxodwlrq/ vr wkdw zlwk d suredelolw| o d jlyhq yrwhu zloo vhh d sduw|*v dg lq
d vshfl�f pdjd}lqh1 Zh dvvxph wkdw lq rughu wr ehfrph lqiruphg derxw d
sduw|*v srolf| d yrwhu kdv wr vhh pruh wkdq r dgv iurp wkh sduw|/ zkhuh r � f�
Wkh lghd lv wkdw �uhshwlwlrq lv uhsxwdwlrq�$1 Khqfh/ li d sduw| dgyhuwlvhv lq ?
pdjd}lqhv wkh iudfwlrq ri djhqwv lqiruphg derxw lwv srolf| lv htxdo wr/

�r ' ��
r[

%'f

#
?

%

$
o%E�� o�?3% +5;,

zkhuh r � f�
Vxssrvh wkdw wkh frvw ri dq dg lq d pdjd}lqh lv @ shu uhdghu ri wkh

pdjd}lqh/ vr wkdw dq dg frvwv @o� Li wkh sduw| kdv ixqgv S/ lw fdq wkhuhiruh
rewdlq wkh iudfwlrq ri lqiruphg yrwhuv

�rES� ' ��
r[

%'f

#
S

@o

%

$
o%E�� o�

S

@o
3% +5<,

Wkh pruh h{shqvlyh dgyhuwlvlqj lv/ wkh orzhu S

@o
lv dqg wkh orzhu �rES� zloo dovr

eh1 Qrwh wkdw wklv dgyhuwlvlqj whfkqrorj| lpsolhv �rEf� ' f dqg ��rES� : f45

Jurvpdqq0Vkdslur dqg Exwwhuv dvvxphv wkdw dq djhqw jhwv lqiruphg li
vkh vhhv dw ohdvw rqh dg/ lq rxu iudphzrun wklv fruuhvsrqgv wr wkh fdvh zkhuh
r ' f� Rqh fdq hdvlo| vkrz wkdw wkh hodvwlflw| ri �f hydoxdwhg dw S ' �*2 lv

�

2
�f3E

�

2
�

�fE
�

2
�

	 �

45Wklv ghulydwlyh grhvq*w qhhg wr eh srvlwlyh iru f ? du/ l1h1 iru ydoxhv ri q ohvv wkdq 41

Zh zloo glvuhjdug vxfk ydoxhv1
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Khqfh/ wkh hodvwlflw| ri wkh �0 ixqfwlrq kdv wr eh juhdwhu wkdq 4 iru wkh vx!0
flhqw frqglwlrq iru pxowlsoh htxloleuld wr eh ixo�oohg� Lqvhuwlqj wklv �f�ixqfwlrq
lq htxdwlrq +58, |lhogv

Su ' �

#
�� E�� o�

S

@o

�� E�� o�
S

@o n �� E�� o�
�3S

@o

$
+63,

Ohw xv frqvlghu wkh vshfl�f fdvh �E%� ' %/ vr wkdw zh fdq irfxv rxu
dqdo|vlv rq wkh uroh sod|hg e| wkh dgyhuwlvlqj whfkqrorj| rq wkh h{lvwhqfh ri
pxowlsoh htxloleuld1 Lw lv reylrxv wkdw/ Su ' �

2
lv d vroxwlrq wr +63,1 Vlploduo|/

e| lqvhuwlrq/ lw lv uhdglo| vhhq wkdw Su ' f dqg Su ' � dovr duh vroxwlrqv/ li zh
dvvxph wkdw d sduw| wkdw uhfhlyhv qr yrwhv/ uhfhlyhv qr ixqgv �Ef� ' f� Wkhvh
duh wkh rqo| vroxwlrqv lq wkh lqwhuydo ^3/4`1 Pxowlsoh htxloleuld/ wkhuhiruh/
h{lvwv46/ exw wkh fruqhu htxloleuld ghshqg fuxfldoo| rq wkh idfw wkdw �fEf� ' f
dqg �fE�� ' �c zklfk pd| vhhp xquhdvrqdeoh dv douhdg| glvfxvvhg deryh1

Li zh prgli| rxu iudphzrun voljkwo| dqg dvvxph wkdw d iudfwlrq q ri
wkh yrwhuv ehfrphv lqiruphg derxw d sduw|*v srolf| uhjdugohvv ri zkhwkhu
lw dgyhuwlvhv ru qrw/ wkh dv|pphwulf htxloleuld glvdsshdu1 Wkh uhpdlqlqj
iudfwlrq ��q duh dv ghvfulehg deryh1 Li d sduw| uhfhlyhv ixqgv htxdo wr S/ lwv
srolf| zloo eh ohduqhg derxw e| q n E�� q��fES� yrwhuv1 Zh wkhq jhw

Su '
q n E�� q�

�
�� E�� o�

S

@o

�
q n E�� q�

�
�� E�� o�

S

@o

�
n q n E�� q�

�
�� E�� o�

�3S

@o

�

Khuh Su ' �

2
lv wkh rqo| vroxwlrq lq wkh lqwhuydo dfc �o�

Wkh dgyhuwlvlqj whfkqrorj| sursrvhg e| Jurvvpdq dqg Vkdslur kdv wkh
ihdwxuh wkdw wkh pdujlqdo ydoxh ri dgyhuwlvlqj lv ryhudoo ghfuhdvlqj/ ���

fES� 	 f�
Vxssrvh/ lqvwhdg/ wkdw yrwhuv kdyh wr vhh dw ohdvw wzr dggv lq rughu wr eh
lqiruphg derxw d sduw|*v srolf|/ l1h1 wkdw r � �� Wklv fruuhvsrqgv wr wkh fdvh
zkhuh d fhuwdlq dprxqw ri dgyhuwlvlqj lv uhtxluhg wr �jhw wkh phvvdjh dfurvv�
dqg |hw/ rq wkh rwkhu kdqg/ lw lv yhu| kdug wr uhdfk doo ri wkh yrwhuv1 Lq wklv
fdvh/ lw lv hdv| vkrz wkdw iru orz ydoxhv ri S zh fdq kdyh ���

rES� : f� Wkh
lqwxlwlrq wr xqghuvwdqg wklv srvvlelolw| ri lqfuhdvlqj uhwxuqv lv vlpsoh= Ohw xv
frqvlghu wkh fdvh r ' � +wkh vdph lghd dssolhv wr wkh dgyhuwlvlqj whfkqrorjlhv
zlwk r : �,1 Dq djhqwv qhhgv wr vhh dw ohdvw wzr dgv wr ehfrph lqiruphg
derxw wkh sduw|*v srolf|1 Wkhuhiruh/ wkh dgv lq wkh �uvw pdjd}lqh lqirup qrqh1

46Uhphpehu wkh hodvwlflw| frqglwlrq zdv d vx!flhqw frqglwlrq/ vr wkhuh lv qr frqwudglf0

wlrq khuh1
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Wkh dgv lq d vhfrqg pdjd}lqh/ krzhyhu/ lqirup d srvlwlyh iudfwlrq ri djhqwv/
qdpho| o21 Hyhqwxdoo|/ wkh h�hfw ri dq dg lq wkh ? pdjd}lqh/ iru ? odujh
hqrxjk/ lv vlplodu wr wkh rqh lq wkh Jurvvpdq0Vkdslur whfkqrorj| vlqfh prvw
shrsoh douhdg| vdz dq dg lq wkh suhylrxv pdjd}lqhv1 Wkxv/ wkh dgyhuwlvlqj
whfkqrorj| vkrzv �uvw lqfuhdvlqj uhwxuqv dqg wkhq ghfuhdvlqj uhwxuqv1

Wkh srvvlelolw| ri lqfuhdvlqj uhwxuqv iru vrph ydoxhv ri f doorzv iru wkh
h{lvwhqfh ri pxowlsoh htxloleuld doo ri wkhp zlwk erwk Su dqg S- srvlwlyh1
Zkhq wkh sulfh ri dq dg/ @/ lv yhu| orz wkh ixqfwlrq ��ES� orrnv/ lq wkh
uhohydqw udqjh/ yhu| pxfk dv wkh Jurvvpdq0Vkdslur whfkqrorj| �fES�1 Iru
kljk ydoxhv ri @/ krzhyhu/ wkh wzr ixqfwlrqv pljkw ehkdyh txlwh gl�huhqwo|1
Wkxv/ zh kdyh wkdw iru orz ydoxhv ri @ wkh rqo| vroxwlrq +ehvlgh wkh wzr
�fruqhu� vroxwlrqv, wr

S '
��ES�

��ES� n ��E�� S�

lv S ' �*2c wkdw lv wkh vdph rqh zh kdg lq wkh fdvh r ' f1 Zh pljkw kdyh/

krzhyhu/ wkdw iru odujh ydoxhv ri @ wkh vorsh ri �
�
ES�

�
�
ES�n�

�
E�3S�

dw S ' �*2 lv
juhdwhu wkdq rqh1 Ohw xv prgli| rxu iudphzrun dqg dvvxph wkdw d iudfwlrq
q ri wkh yrwhuv lv lqiruphg uhjdugohvv ri zkhwkhu wkh sduw| dgyhuwlvhv ru
qrw1 Lq wklv fdvh/ wkh �fruqhu� htxloleuld/ dv h{sodlqhg deryh/ glvdsshdu dqg
wzr qhz dv|pphwulf htxloleuld dsshdu1 Pruhryhu/ zlwk wklv ixqfwlrq ��ES�c
rqh fdq dovr jhqhudwh qrq0fruqhu pxowlsoh htxloleuld zlwkrxw dvvxplqj wkh
h{lvwhqfh ri d iudfwlrq q ri lqiruphg djhqwv1 Wkxv/ lw fdq hdvlo| eh fkhfnhg
wkdw wkhuh lv d zkroh udqjh ri lqwhuphgldwh ydoxhv ri @ iru zklfk wkh vorsh ri

�
�
ES�

�
�
ES�n�

�
E�3S�

dw S ' �*2 lv ohvv wkdq rqh/ dv lq wkh Jurvvpdq0Vkdslur fdvh/ dqg
vwloo wkh v|vwhp suhvhqwv pxowlsoh/ qrq0fruqhu htxloleuld1 Vd|/ iru h{dpsoh/
wkdw o ' f�f�/ vr wkdw d pdjd}lqh uhdfkhv 4( ri wkh srsxodwlrq/ dqg wkh frvw
ri dq dg lv @ ' f���1 Lq wklv fdvh/ rqh fdq vkrz/ e| frpsxwlqj vlpxodwlrqv/
wkdw wkh wkuhh htxloleuld duh Su ' �*2/ Su ' f�2S dqg Su ' f�.e / vhh Iljxuh 51
Wkxv/ wkh h{lvwhqfh ri lqfuhdvlqj uhwxuqv lq wkh dgyhuwlvlqj whfkqrorj| pljkw
ohdg wr dq htxloleulxp zkhuh d sduw| rewdlqv d pxfk juhdwhu yrwhu*v vxssruw
wkdq wkh rwkhu sduw|1

Iljxuh 5 khuh
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; Frqfoxglqj uhpdunv

Sxeolf ixqglqj ri srolwlfdo sduwlhv whqgv wr prghudwh sduwlvdq srolflhv zkhq
vxfk ixqglqj ghshqgv rq yrwh0vkduh1 Wklv frqfoxvlrq krogv htxdoo| zhoo
zkhwkhu fdpsdljq vshqglqj lv xqlqirupdwlyh dqg gluhfwo| d�hfwv wkh yrwhv ri
lpsuhvvlrqdeoh yrwhuv ru zkhwkhu fdpsdljq vshqglqj frqwulexwhv wr lqirup d
srolf|0rulhqwhg hohfwrudwh derxw wkh gl�huhqw srolflhv ri wkh sduwlhv1

Lq wkh �uvw fdvh/ fdpsdljq prqh| ex|v yrwhv1 Li sxeolf ixqglqj ghshqgv
rq d sduw|*v yrwh0vkduh/ lw lqfuhdvhv d sduw|*v lqfhqwlyh wr prghudwh lwv srolf|1
Dprghudwh srolf| jlyhv pruh yrwhv dqg/ wkhuhiruh/ kljkhu sxeolf ixqgv/ zklfk
lq wxuq/ fdq eh xvhg wr ex| hyhq pruh yrwhv1 Wkh sduwlhv/ krzhyhu/ idfh d
wudgh0r� lq ghflglqj zkhwkhu wr pdlqwdlq d srolf| wkh| olnh ru wr prghudwh
lw vr wkdw lw zloo eh pruh olnho| wr eh lpsohphqwhg1 Zlwk sxeolf ixqglqj wkh
wudgh0r� fkdqjhv/ pdnlqj prghudwlrq d pruh dwwudfwlyh rswlrq1

Li fdpsdljqlqj lv lqirupdwlyh wkh uhvxow lv wkh vdph/ exw wkh fkdqqho
lv gl�huhqw1 Zkhq ghflglqj rq d srolf|/ d sduw| wdnhv lqwr dffrxqw wkdw
rqo| d iudfwlrq ri wkh hohfwrudwh zloo eh lqiruphg derxw lwv fkrlfh ri srolf|1
Xqlqiruphg yrwhuv zloo qrw ohduq derxw wkh suhflvh srolf| fkrlfh ri d jlyhq
sduw|/ exw udwkhu/ zloo uho| rq wkhlu h{shfwdwlrqv1 Khqfh/ wkh lqfuhdvh lq
d sduw|*v yrwh0vkduh iurp prghudwlqj lwv srolf| ghshqgv rq wkh iudfwlrq ri
yrwhuv zkr zloo ehfrph lqiruphg derxw lwv srolf|1 Wkh odujhu wklv iudfwlrq lv/
wkh pruh dwwudfwlyh d prghudwlrq ri wkh srolf| zloo eh1 Vlqfh sxeolf ixqglqj
hqvxuhv wkdw d odujhu iudfwlrq ri wkh hohfwrudwh lv lqiruphg/ lw lqgxfhv srolf|
prghudwlrq1 Qrwh wkdw zkdw lv lpsruwdqw khuh lv wkh ohyho ri ixqglqj/ zkloh/ lq
wkh fdvh ri lpsuhvvlrqdeoh yrwhuv/ lw lv wkh uhvsrqvlyhqhvv ri sxeolf ixqglqj wr
fkdqjhv lq yrwh0vkduh wkdw lv lpsruwdqw1 Wklv lv zkhuh wkh phfkdqlvp gl�hu
lq wkh wzr fdvhv1

Zh kdyh dvvxphg wkdw yrwhuv duh ulvn0qhxwudo1 Zkloh wklv pdnhv iru vlp0
solflw|/ lw dovr lpsolhv wkdw zh glvuhjdug d srwhqwldoo| lpsruwdqw ihdwxuh ri lq0
irupdwlyh fdpsdljqlqj1 Qdpho|/ wkdw lqirupdwlrq uhgxfhv xqfhuwdlqw| derxw
d sduw|*v srolf|1 Li yrwhuv duh ulvn0dyhuvh/ wklv lv d srvlwlyh ihdwxuh ri fdp0
sdljqlqj +vhh Eurfn dqg Pdjhh 4<:;/ Dxvwhq0Vplwk 4<;: dqg Fdphurq dqg
Hqhorz 4<<5 iru wkhruhwlfdo prghov zlwk ulvn0dyhuvh yrwhuv/ xqfhuwdlqw| derxw
sduwlhv* sodwirupv dqg fdpsdljq vshqglqj �qdqfhg e| sulydwh frqwulexwruv,

Lq rxu prgho/ d yrwhu zkr lv xqlqiruphg derxw d sduw|*v srolf| kdv d
srlqw h{shfwdwlrq derxw lw1 Lq htxloleulxp/ wkdw h{shfwdwlrq lv fruuhfw1 Li
wkh yrwhu zdv xqfhuwdlq derxw wkh srolf|/ vxfk wkdw vkh kdg d qrq0ghjhqhudwh
suredelolw| glvwulexwlrq ryhu srvvleoh srolflhv/ dqg li/ ixuwkhupruh/ vkh zhuh
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ulvn0dyhuvh/ vkh zrxog wkhq whqg wr glvolnh wkh sduw|/ vlpso| ehfdxvh ri vxfk
xqfhuwdlqw|1 D ulvn0dyhuvh yrwhu zkr lv lqgl�huhqw ehwzhhq ,e dqg oe zrxog
suhihu sduw| u li vkh zhuh qrw frpsohwho| vxuh derxw -*v srolf|1 Lq vxfk d
fdvh/ fdpsdljqlqj zrxog kdyh d srvlwlyh h�hfw/ iurp wkh sduw|*v srlqw ri ylhz1
Hyhq wkrxjk xqlqiruphg yrwhuv pd| kdyh fruuhfw h{shfwdwlrqv rq dyhudjh/
pruh yrwhuv zrxog yrwh iru - li wkh| zhuh vxuh derxw lwv srolf|1

Zh frqmhfwxuh wkdw dgglqj xqfhuwdlqw| dqg ulvn0dyhuvlrq wr rxu prgho
zrxog vlpso| uhlqirufh rxu uhvxowv1 Sduwlhv zrxog eh pruh hdjhu wr udlvh
fdpsdljq ixqgv/ vlqfh uhgxflqj wkh xqfhuwdlqw| derxw wkhlu srolflhv zrxog
dwwudfw pruh yrwhv/ zklfk/ lq wxuq/ zrxog jlyh wkhp d ixuwkhu lqfhqwlyh wr
prgli| wkhlu srolflhv wrzdugv wkh plggoh/ lq rughu wr hqmr| odujhu sxeolf ixqgv1

Dv lw vwdqgv/ rxu prgho vkrzv wkdw srolf| frqyhujhqfh uhvxowv hyhq li
yrwhuv duh ulvn0qhxwudo dqg wkhuh lv qr xqfhuwdlqw| derxw dq| sduw|*v srolf|1

Uhihuhqfhv

^4` Dohvlqd/ D1 dqg K1 Urvhqwkdo +4<<8,1 Sduwlvdq Srolwlfv/ Glylghg Jryhuq0
phqw/ dqg Wkh Hfrqrp|1 Qhz \run= FXS1

^5` �+4<<9,1 �D Wkhru| ri Glylghg Jryhuqphqw/� Hfrqrphwulfd/ 97+9,=
4644046741

^6` Doyduh}/ U1P1 +4<<;,1 Lqirupdwlrq dqg Hohfwlrqv1 Dqq Dueru= Wkh Xql0
yhuvlw| ri Plfkljdq Suhvv1

^7` Dxvwhq0Vplwk/ G1 +4<;:,1 �Lqwhuhvw Jurxsv/ Fdpsdljq Frqwulexwlrqv/
dqg Suredelolvwlf Yrwlqj1� Sxeolf Fkrlfh 87=45606<1

^8` Dxvwhq0Vplwk/ G1 +4<<:,1 �Lqwhuhvw Jurxsv= Prqh|/ Lqirupdwlrq/ dqg
Lq xhqfh1� Lq G1 F1 Pxhoohu +Hg1,/ Shuvshfwlyhv rq Sxeolf Fkrlfh= D
Kdqgerrn/ ss1 5<906541 Fdpeulgjh Xqlyhuvlw| Suhvv1

^9` Edurq/ G1 S1 +4<<7,1 �Hohfwrudo Frpshwlwlrq zlwk Lqiruphg dqg Xqlq0
iruphg Yrwhuv1� Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ ;;/ 6607:

^:` Elooh/ O1 +4<<:,= �Sduwlhu l irudqgulqj�/ Rghqvh Xqlyhuvlwhwviruodj1 +Lq
Gdqlvk= �Sduwlhv xqghu Fkdqjh�,

^;` Exwwhuv/ J1 +4<::,1 �Htxloleulxp Glvwulexwlrq ri Vdohv dqg Dgyhuwlvlqj
Sulfhv�/ Uhylhz ri Hfrqrplf Vwxglhv/ 77+6,/ 79807<4
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^<` Euldqv/ F1O1 dqg P1S1 Zdwwhqehuj +4<<9,1 �Fdpsdljq Lvvxh Nqrzohgjh
dqg Vdolhqfh= Frpsdulqj Uhfhswlrq iurp WY Frpphufldov/ WY Qhzv
dqg Qhzvsdshuv1� Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh 73= 47804:41

^43` Eurfn/ Z1D1/ dqg V1 S1 Pdjhh +4<:;,1 �Wkh Hfrqrplfv ri Vshfldo0
Lqwhuhvw Srolwlfv= Wkh Fdvh ri wkh Wdul�1�Dphulfdq Hfrqrplf Uhylhz
9;= 5790831

^44` Fdphurq/ F1P1/ dqg M1 P1 Hqhorz +4<<5,1 �Dv|pphwulf Srolf| H�hfwv/
Fdpsdljq Frqwulexwlrqv/ dqg wkh Vsdwldo Wkhru| ri Hohfwlrqv1� Pdwkh0
pdwlfdo dqg Frpsxwhu Prghoolqj 49=44:0651

^45` Fdpsehoo/ D1/ S1 H= Frqyhuvh/ Z1 H= Ploohu dqg G1 H= Vwrnhv +4<93,1
Wkh Dphulfdq Yrwhu1 Qhz \run= Mrkq Zloh|1

^46` Ilqnho/ V1H1 +4<<6,1 �Uhh{dplqlqj wkh cPlqlpdo H�hfwv* Prgho lq Uhfhqw
Suhvlghqwldo Fdpsdljqv1� Mrxuqdo ri Srolwlfv 88=40541

^47` Iulhgpdq/ M1Z1 +4<;6,1 �Dgyhuwlvlqj dqg Roljrsrolvwlf Htxloleulxp1�
Wkh Ehoo Mrxuqdo ri Hfrqrplfv 47= 79707:61

^48` Jhuehu/ D1 dqg L1 Ruwxqr0Ruwlq1 +4<<;, �Srolwlfdo Frpsurplvh dqg Hq0
grjhqrxv Irupdwlrq ri Frdolwlrqv1� Vrfldo Fkrlfh dqg Zhoiduh/ 46+6,=
77807871

^49` Jurvvpdq/ J1P1 dqg H1 Khospdq +4<<9,1 �Hohfwrudo Frpshwlwlrq dqg
Vshfldo Lqwhuhvw Srolwlfv�/ Uhzlhy ri Hfrqrplf Vwxglhv/ 96/ 59805;91

^4:` Jurvvpdqq/ J1P dqg F1 Vkdslur +4<;7,1 �Lqirupdwlyh Dgyhuwlvlqj zlwk
Gl�huhqwldwhg Surgxfwv�/ Uhylhz ri Hfrqrplf Vwxglhv/ 84/ 960;41

^4;` Kroeurrn/ W1P1+4<<9,1 Gr Fdpsdljqv pdwwhuB1 Wkrxvdqg Rdnv= Vdjh
Sxeolfdwlrqv1

^4<` Mxvw/ P1/ D1 Fuljohu dqg O1 Zdoodfk +4<<3,1 �Wkluw| Vhfrqgv ru Wkluw|
Plqxwhv= Zkdw Ylhzhuv Ohduq iurp Vsrw Dgyhuwlvhphqwv dqg Fdqglgdwh
Ghedwhv1� Mrxuqdo ri Frppxqlfdwlrq 73= 45304661

^53` Pdlu/ S1 +4<<7,= �Sduw| Rujdql}dwlrqv= Iurp Flylo Vrflhw| wr wkh Sxe0
olf�/ lq U1V1 Ndw} dqg S1 Pdlu +Hgv1,=�Krz Sduwlhv Rujdql}h= Fkdqjh
dqg Dgdswdwlrq lq Sduw| Rujdql}dwlrq lq Zhvwhuq Ghprfudflhv�/ VDJH
Sxeolfdwlrqv1
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^54` Pxhoohu/ G1 F1 dqg W1 Vwudwpdq +4<<7,= �Lqirupdwlyh dqg Shuvxdvlyh
Fdpsdljqlqj�/ Sxeolf Fkrlfh/ ;4/ 880::

^55` Od}uvihog/ S1/ E1 Ehuhovrq dqg K1 Jdxghw +4<<7,1 Wkh Shrsoh*v Fkrlfh1
Qhz \run= Froxpeld Xqlyhuvlw| Suhvv

^56` Oh Gxf/ O1/ U1J1 Qlhpl dqg S1 Qruulv +Hglwruv, +4<<9,1 Frpsdulqj
Ghprfudflhv1 Hohfwlrqv dqg Yrwlqj lq Joredo Shuvshfwlyh1 Wkrxvdqg
Rdnv= Vdjh Sxeolfdwlrqv1

^57` PfNhoyh|/ U1 dqg S1 Rughvkrrn +4<;:,1 �Hohfwlrqv zlwk Olplwhg Lq0
irupdwlrq= D Pxowlglphqvlrqdo Prgho1� Pdwkhpdwlfdo Vrfldo Vflhqfh
47=::0<<1

^58` Pruwrq/ U1/ dqg F1P1 Fdphurq +4<<5,1 �Hohfwlrqv dqg wkh Wkhru| ri
Fdpsdljq Frqwulexwlrqv= D Vxuyh| dqg Fulwlfdo Dqdo|vlv1� Hfrqrplfv
dqg Srolwlfv 7=:<043;1

^59` Qdvvpdfkhu/ N10K1+4<;<,= �Vwuxfwxuh dqg Lpsdfw ri Sxeolf Vxevlglhv
wr Srolwlfdo Sduwlhv lq Hxursh= wkh H{dpsohv ri Dxvwudold/ Lwdo|/ Vzh0
ghq dqg Zhvw0Jhupdq|1 Lq K1H1 Doh{dqghu +Hg,/ Frpsdudwlyh Srolwlfdo
Ilqdqfh lq wkh 4<;3v�/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^5:` Ruwxqr0Ruwlq/ L1 +4<<:,1 �D vsdwldo Prgho ri Srolwlfdo Frpshwlwlrq dqg
Sursruwlrqdo Uhsuhvhqwdwlrq/� Vrfldo Fkrlfh dqg Zhoiduh/ 47= 75:06;1

^5;` Shuvvrq/ W1 dqg J1 Wdehoolql +4<<<,/ �Srolwlfdo Hfrqrplfv dqg Sxeolf
Ilqdqfh1� Zrunlqj Sdshu :3<:/ QEHU1

^5<` Srsnlq/ V1/ M1Z1 Jrupdq/ F1 Skloolsv dqg M1D1 Vplwk +4<:9,1 �Zkdw
Kdyh \rx Grqh iru Ph Odwho|B Wrzdugv dq Lqyhvwphqw Wkhru| ri Yrw0
lqj1� Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ :3=::<0;381

^63` Urhphu/ M1H1 +4<<7,1 �D Wkhru| ri Srolf| Gl�huhqwdwlrq lq Vlqjoh Lvvxh
Hohfwrudo Srolwlfv1� Vrfldo Fkrlfh dqg Zhoiduh 441

^64` Vk|/ R1 +4<<8, Lqgxvwuldo Rujdql}dwlrq1 Wkhru| dqg Dssolfdwlrqv1 PLW
Suhvv/ Fdpeulgjh/ PD1

^65` Zhvw/ G1 +4<<6,1 Dlu Zduv= Whohylvlrq Dgyhuwlvlqj lq Hohfwlrq Fdp0
sdljqv/ 4<8504<<51 Zdvklqjwrq/ GF= FT Suhvv1
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^66` Zlwwpdq/ G1 +4<<3,1 �Vsdwldo Vwudwhjlhv zkhq Fdqglgdwhv Kdyh Srolf|
Suhihuhqfhv/� lq M1 Hqhorz dqg P1 Klqlfk +Hg1,/ Dgydqfhv lq wkh Vsdwldo
Wkhru| ri Yrwlqj = Fdpeulgjh= FXS1
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Figure 2 
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