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A Two-Period Model of International Trade and Payments

1. Introduction
The model presented here has been developed in order to
p;ovide a frémework for analyzing international payments and
debt problems from a classical point of view. The model starts
from the very simplest case: two commodities (a consumer good
and a capital good), two factors of production (labor and capi-
tal), twé countries, and two periods. The framework can in
principile be.extended to *any number of commodities, factors,
countries, and periods; but in order to obtain gualitative re-
sults and to develop an intuitive grasp of the model, one must
start from the very simplest case.
In conformity with the hypotheses of the Heckscher-Ohlin-
Lerner-Samuelson theory, the following addipional simplifying
assumptions will be made: . =
1. Consumer goods (in this case, the single consumer good)
are freely tradable with no transport costs.

"2, Factors of production (in this case, labor and capital)
are freely mobile between industries‘within counfries,
but completely iﬁmobile-befween countries. In particular,

this implies that the capital good is nontradable.




3. Prodﬁction functions are neoclassical (concave; homo-
geneous of degree 1, and strictly quasi-concave). In the
main theorem it will also be assumed that they are identi-
cal between countries. A further assumption to be used is
.nonreversal of factor intensities.

4. Consumer preferences as between present and future consumer
goods are identical and homothetic within and between coun-

tries.
The following notation will be used:

2,(t) = endowment of factor i (i=1,2) in country k (k=1,2) in

4

period t (t=0,1). Factor 1 = labor, factor 2 = capital.

v?j(t) = allocation of factor i to industry j in country k in
period t (i,j,k=1,2; t=0,1).

y?(t) = output of commodity j in country k in period t. Com-
modity 1 = consumer good; commodity 2 = cépital good.

X?(tl = consumption (by households) 6f commodity j in country
k in §erioa t (xg(t) = 0).

p?(t) = price of commodity j*in country k at time t.

wi(t) = rental of factor i in country k at time t. o

z?(t) = net impbért of consumer good by country k at time t

k . k,
= x;(t) - yy ().



Production is carried out by means of production functions

X X
» t) = f A
Yy j

k k . o
(vlj(t), V2j(t)) j,k=1,2; t=0,1.

and subject to resource-allocation constraints

k

k. k . — - —
vil(t) + viz(t) zi(t) ik=1,2; t=0,1.

Endowments obey the following rule:

k k
11(1) ll(O)

k k k
22(1) 22(0) + y2(0).

That is, labor (population) is constant, and capital is augmented
in period 1 by the output of the capital good in period 0.

The present value of the national product is defined as

P05 + ik k=1,2.

The prices must here be interpreted as in Lerner's Economics of

Control. The.real interest rate may be defined as

= pf o) /pf ) - 1.

Since by our assumption that the consumer good is freely traded

with no transport costs, we have

py(t) = pi(tl = p (8} t=0,1,



It follows that rl = r2 = r, that is, the interest rate will

be equal between countries (in equilibrium). The real interest

factor may be defined as

"R =p(0)/p; (1) =1+ r.

In our model, it plays the role of a temporal terms of trade. -

Since newly-produced and old capital must both have the

same rental in period 1, it foliows that
k K,y
wz(l) = p2(0).

The national accounting then proceeds as follows. In period

0, consumption and investment are given by

k ke k X k k k
C*(0) = py(0)y7 (0) = wi(0)vy;(0) + wy(0)vs, (0)
K,y _ koo k Xk X k Kk
I°(0) = py(0Lys (0L = wy (0)v],(0) + w5 (0)vy, (0).

Assuming full employment, these sum to
v 0) = o) + 18001 = WEodE o) + WSS,
In period 1 there is no production of capital goods, hence

k k k ki
wl(l)zl(l) + w2(1)22(1)

L4

*m = pFayfm

k k, k k k k .
wi(1)27(0) + ws(1)23(0) + py(0)yy (0)



In order to avoid double-counting we may define
k _ k 3 k k
Y7 (1) = wy(1)27(0) + wy(1)25(0),

'i.e., asuthe sum of factor rentals times initial endowments.
Ih the cése of capital, this defines the return to capital in
period 1 as the period-l rental times the initial capital.
Then Ik(l)’= —Ik(O), and the present value of the national

product can be expressed as
o+ Y = rFowFamntor + oadmiko.

We may thus define for each factor the present value of its

-

rentals:
K K :
w? = Wi (0) + wh (1) i,k=1,2.

Now let us define country k's inter-temporal g;oduction-'

possibility set as

k., k k
(v .(t),v2

k k, . k k
37 (z (0),45(0)) = {(y7(0),y](1)): y ()=£5 (vy

(t),
3
l(t)+v (t) < z?(t)}.

Let us further define the inter-temporal national-product

function by

k, k k k -k : k k k k
(23 (0), 25 (0) ,p3 (0),p; (1)) = max p; (0)y; (0)+p7 (L)y; (1)

& egX ko), 2500



/

where y? denotes the vector (yi(O),yi(l)).

The following may be shown:

k k

£ wk ol k
- = W.i —— = ys ().
- 327 (0) 1 ap} (t) J

These generalize Samuelson's reciprocity relations. In parti-

cular, the functions defined by the above are the generaliza-

s

tions of the Stolper-Samuelson and Rybczynski functions

k, .k k k k k k k k k
Wi (27(0),2,5(0),p7(0),py (1)) y5(4) (47(0),25(0),py(0),py (1)),
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2. An Intertemporal Heckscher-Ohlin Theorem

Introducing the assﬁmption of identical production func-
tions between countries, the shapes of two countries' inter-
temporal production-possibility sets 2{(2?(0),2?(0)) depend
entirely on the initial endowments QE(O),Rg(O). In fact, owing
to the assumption of constant returns to scale, the slope de-
pends en%irely on the relative endbw@gnts 22(0)/2?(0). Sup-
posing that the slopes of country l's and country 2's inter-
temporal production-possibility sets are as in the accompanying
Figure 1, and supposing an equilibrium price-ratio él(o)/pl(l)
to be established (given by the slopes of the two straight
lines in the figure), with identical homothetic preferences as
between present and future consumer goods, relative consump-
tions of these goods will be the same in the two countries (in-
dicated by x?(O),x?(l)l. However, if relative outputs
y?(l)/y?(ol are higher in country 1 than country 2, then
country ‘1 will "export" an amount -zi(o) = yi(O) - xi(o) to
country 2 and "import" an amount zi(l) = xi(l) - yi(l) from
country 2. That is, country 1 will export present goods to
‘country 2 in exchange for future goods. This means that -—
country 1 will lend to country 2 in period 0, and country 2
will repay this debt to country 1 in period 1.

‘One thing that is immediately clear is that, in general,

balanced trade ( or balanced payments on current account) is



not optimal. The intertemporal counterpart to the proposition
that "free trade is better than autarky" is that "interna-
tional borrowing and lending is better than balanced trade."

What we would like to do is obtain enough information
about the shapes of the intertemporal production-possibility
sets, as a function of the relative initial capital endow-
ments 2%(0)/&?(0), so that, with the assumption of identical
homothetic preferences across and within countries, we could
predict which country would lend and which would borrow.

One way in which this could be accomplished is the fol-
lowing. Suppose that, at whatever price ratio pl(O)/pl(l) is
chosen, the output ratio y?(l)/yi(ﬂ) is a monotone function of
the initial-endowment ratio 2%(01/2?(01; and that if this func-
tion is monotone increasing (or decreasing) at one price ratio,
it remains monotone increasing (resp. decreasing) at any other
price ratio. Then since in particular this would hold at any
equilibrium price ratio; the direction of borrowing or lending
would be uniquely determined. Following this strategy, the

object is to determine the sign of

¥h (1) (py (0),py (1), 25 (0), 25 (o))

9
ye10) (py (0),py (1), 2% (0), 2% 01
225 (0)
1
— v () —/—— 350
ali(O) 821(0)

= ' for i =1 or 2.




In order to do this, let us set out the system of equa-.

tions that determine equilibrium of a country at any given

k
2

First, we define the national-cost function

values of the variables pl(O), pl(l), RE(O), 24 (0).

wk(wt(t),wg(t),yi(t),yg(t))=

& (o) WS e yi e + Ko Wi enyio,
where

k, k k
gj(wl(t) Wy (£))

is the Shephard minimum-unit-cost function dual to the pro-
duction function f?(vij(t),vgj(t)). Note that wk is concave,
homogeneous of degree I} and strictly guasi-concave in
wi(t),wg(t), since this is true of each g?. By Shephard's

duality theorem

..__ag]? K X k V].< . (t)
—— = bi. (v (£),wo (b)) = —
ow, (t) +J . (t)

i yJ

the partial derivative of wk with respect to w?(t) is the de-—
mand for factor i:
k, k

k k k
wi(wl(t),w2(t),yl(t),y2(t))5

' k, k k k k
20 (wi(t),wz(t),Yl(t),yz(t))

swr (&)
1

k k k k k
= by, (W (), W5 () Y] () + B, 0 (0 wh () y5(e)
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This function is homogeneous of degree 0 in wl(t),wz(t) hence
by Euler's theorem
2
o5 5 [t]w (£) = 0,
j= l 3
where
. 2205 (W (6) (t),yl(t),yz(t)\
o, .[t] =
ij
awi (t) awj (t)
Defining the matrix
k _ .k
e [t] = Iwij[t]J,
o k : . ,
is continuously twice dif-

it is symmetric (so long as each,gj

ferentiable) and negative semi~-definite (ﬁrom the concavity in

wi(t),wé(t) of wk), and since from above

oXrt1wi(£) = o
k,.,  k s
(wl(t),w2(tll ), it has rank at most 1. From

(where wk(t) =
it has rank 1 almost everywhere.

strict quasi-concavity of gk,

We shall assume that @?i < 0 everywhere.

We may now set out our system of seven equations in the

k k k k k k k
‘'seven unknowns wl(O), (0), wl(l), wz(l), yl(O), y2(0), yl(l)

(recall that yg(l) = 0).
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g% X (0) K (0))

g% Wk (0) K (0)) =wh (1)
w?(wi(o)(wk(o),yﬁ(O)fyg‘O))
0% (v} (0,5 (0),¥7 (01,3 (0))
e ()Wl (), yE ), 0

k, k k k k
wz(wl(l),wz(l),yl(l),O)-yz(

ah (W5 (1) w5 (1)

= p?:(O)

k
= 2,1
k
= 22

k
= zl

0)

(0)

(0)

(0)

zg(o)

pi(l)

Taking differentials, we obtain the following system, where by

definition
k _ k k
bij[tJ = bij(wl(t),wz(
and
x S
B [t] = [bij[t]]-
[k 3
bk 101 bk100 0 0 0
k k
bk fo] bh,(01 0 0 0
oX,101 o 101 ¥ 01 bYr01 o
ok,10) of 101 b¥ [01 Bh,101 O
k
0 0 0 0 011[1]
0 [} 0 -1 o5,I1]
K 1)
0 0 ] 0 bll[ll

t))

0 o
-1 0’
0 Y

0 0
o5y 011 By, [1]

k k
wzzlll b21[1]

k .
bzl[ll 0

.
dwl(o)
X
dwz (0)
ay’ (0)

mé(m

k
dwz (1)

k .
dwy {1)

ay% (1)

dpl{(o)

k
at, (o)
k
dzz(o)
Kk
dll(O)

k ]
d!;z (1)"

k
Ldpl (l)_
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Denoting the above matrix by A, let us first evaluate its

determinant, |A|. Partitioning A into its first four rows and

columns and last three rows and columns, we have by Schur's

formula
lal = = |p-0s""R||s],
R S .
‘ : k  _ ..k k _ .2k
where, denoting 91,i = Bgl/awi and gl,ij = 2 gl/awiawj,
PR k k .
_ k k k _

k k
b1p[1] by [11 o

k iy K k., K koo
yi(Dgy 13011 vy (Bgy 5y 11 g7 511
i (e} 1,00] ¥i(Dgy 5,[11 6] Il

k k
gl,l[l] ' gl,z[l] 0

To obtain the expression for S-l we use the following
Lemma 1. Let f(v) = f(vl'VZ""’Vn) be a concave,
homogeneous-of-degree 1, and strictly quasi-concave production
function, and let g(w) = 9(w1,w2,...,wn) be its dual minimum-
. . _ .2
unit-cost function. Denote fi = af/avi’,fij =9 f/aviavj,

- = 32 :
g; = ag/awi, gij = d g/awiawj. Assumelvi, y > 0 and w., P> Q,



wm \mrﬂ!m:
-13- 25. ﬁ7wemm '

where
fi (v) - wi/p = 0; 'gi (w) - Vi/y = 0;
flv) = y; g (w) = p.
Then
- ~1 _
2% af)7 1% ag
p ovev 3V Y owWiw 9w
of 3g
v 0_ | ow q_

Proof. Differentiating the above two systems of equations,

-

we cbtain

v

n N : n _ .
I f,.(v)dv, + — dp = aw,/p; I g,.(wdw. + — dy = av,/y;
=1 i3 3 p2 : i 4=1 ij 3 y2 i
n : n
 £(v)dv. , = dy; z g. (w)dw, = dp.
j=1 J . j=17 )
Using fi = wi/p, g; = vi/y these may be written as
EZR: v T o B e [0 I
R-RY p v “i dwow Y 3w W -l
of - P ’ o -
pl= 0 [ldp dy y lse 0 ||dy dp

Equating the two expressions we have
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2 2
3% Af1[C 3 3g
dw P 3vov 3v||Y Swow owl (9"
: Y 3g .
it EXZ I - | e

from which the ctonclusion follows. o

. k k, k k k
Thus, denqtlng fl,i[t] = afl(vll(t),v21(t))(3vil(t) and

k _ 2.k, k k k kK .y
fl,ij[t] = 3 fl(vll(t),vzl(t))/avil(t)avjl(t), we have
"k k k ]
py (L€ 1 011 py(LF} , 0120 £ (1]
-1 _ | k k ' *k k 3
k k
B £y, £,,208] °
Accordingly, y
0 0 0 0 7
k k
_ 0 0 0 p,(1)f [1]
os~1r = 1'%, 22
0 0 0 0
o 0 o 0 N

ana thus



Note that

_
05,101 o5 10]

k k
|pralo1 b3y10

™k k
y1(0)91,11[°]

yt(o)gt’lzlol

k
91'1[0]

‘ -1 ko ek
|P-0s™ R| = “Py (L)) o5[1]

k .
‘91CI1f§,22I13

03,001 o5 [01

-15-

k n
by;I0]

k
Paalol) =

¥y (0)g} 5101
yt(O)gt'ZZIOJ

k
91’2[0]

. -
91,1101

gi 2{O]

b?l[OJ bk 0] o

oK 1101 o5 101 bX fo]
w§;[01 05,001 BE 0]
WE101 o5ro1 5 fo)
03,101 o% 101 bX [0

k- k
By,10] B5,10] O

L3 k
y2(0)g2'11[o]

yg(o)gg'lzro]

s

0

+ |p]|.

yg(o)g§'21[0fﬁﬂ

y§(0)g§'22[01

0

bl |

o

o
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hence

k k k k k k
011101 @3, 10] b (0] ¥1(0gy 13001 yiOgl- 1101 g} j10]

X X K
©15[01 wg,101 bS5 (0] = yt(o)gt'r2[0] y§(0)g§'22[0] 9y ,l01] > o,

k k ., k. k
11101 By, i0] 0 9,110 9;,2101 0

the sign following from strict quasi-concavity of gi. Since
f§,22[1] < 0 from strict guasi-concavity of f?, the first term
in the above expression for IP-QS_lR] is positive. Since P,
is a block lower-trianglilar matrix, its determinant is
|8%[0]]% > 0. Thus, |p-0s™'R| > 0. sSince |S| > 0 from strict
quasi-concavity of gi, it follows that la] > 0. .

We now come to the main theorem:

Theorem (Inter-Temporal Heckscher-Ohlin Theorem). Let

' two countries each produce a tradable consumer good and a non-
tradable capital good in each of two periods, with identical
neo-classical production functions. Let the initial endowment
of labor be constant over the two periods, and let the endow-
ment of capital in period 1 be egqual to the initial endowmegz
of capital in period 0 plus the output of the capital good in
period 0. Let preferences as between present and future con-
sumer goods be identical and hcﬁothetic within and across

countries. Let payments be bBalanced over the two periods.
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Assume finally that, at all factor rentals, production of con-
sumer goods uses a higher capital-labor ratio than prodﬁction
of capital goods. Then the country with a higher relative
\initial endowment of capital to labor in period 0 will lend
‘in period 0 to the other country, and be repaid in period 1.
The main work of the theorem consists in proving the fol-
lowing
Lemma 2. Assume that, at all factor rentals Wi Woy
|Bk(wl,w2)l = b?l(wl,wz)bﬁz(wl,wz) bEZ(wllwz) -bgl(wl,wz) < 0.
'

- X
Pralwyrwy) By (wywy)|

Thenv
L ayR(D) . ayh (o)
821(0) 821(0)

Proof. Let A be partitioned into its first two rows and

columns and last five rows and columns, as

B! C X
A = where B' = B [0]' .
D E

Define E10 and Ell as the matrices such that the first and
last columns of E are replaced, respectively, by the column
(1,0,1,0,0)"'. Then from the above matrix differential system'

it is clear that, applying Cramer's rule, and denoting
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B' C B' C
A, = A, =
10 ' 11 ’
P By D By
we have
K ‘ k
3y, (0) ) [Alol g 3y, (1) _ lAllI
32?(0) | A 31?(1) [A]

Applying Schur's factorization

B C B' 0|1I OfI 0 I

Pomy ol gl

we have immediately

_ sl -1
lAltl = IBIIElt - DB' “C].
We verify readily that

— k =t
0 0o 0 -x,lol 0

k
0. 0 0 —A22[O] 0
DB' 1c = |0 0 0 0 0
0o 0 o 0 0
0 0 o0 0 0

where the AEjIO]‘are the elements of the matrix

1

Ak[O] = BkLOJ' @k[ol,
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k k : k k.
}\\\ xk 0] = -wll[OJbleOJ +‘m21[0]b11I0]
21 185101 -
~o%_1036K 101 + oK, 10765 0]

k
Ao,[0] = .
22 IBk[0]|

Since ¢k[0] is negative semi-definite and symmetric and of rank

: k k k k
1, @ll[O] < 0, w22[0] < 0 and wlz[O] = le[O] > 0. On the

hypothesis IBk[OJI < 0 we therefore have

k k
. Azl[OJ < 0 and A22[OJ > 0.
Denoting Elt = Ej, - DB'"!C we find that

= _ .k k k k

[Eqql = Dy 100 07,01 05011 by 1]
k k k
0,011 ®5o[1] bo 11+
k X
by, 1] b5, 1] 0

k k k k k k k k .
bll[l]{-bzl[l]b22[0]kzl[0]+(bzl[l]blz[O]-blﬂl])Xzz[O].

The first term is positive, as is the term involving kgl[o].

However, the term involving Agz[o] is nonnegative only if

X
byy 1l 1

X 2 %
bpafil o by,l0d

v
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i.e., if the capital-labor ratio in the consumer-good industry
in period 1 exceeds or equals the output-labdr ratio in the
capital-good industry in period 0. This is}a rather stfong
conditiomwhich cannot be expected to be realized in practice.
Thus, we cannot in general conclude that a?ﬁ?ET/azt(O) < 0.

Proceeding to Byi(l)/azi(o) we find that
= | _ .k k k k | k ‘
B,y = b5001 071011 w5 (11 |+|B 0] |e7,[1]  w5,[1]

k k k ' k
by [1] by [1] b (1] b5, [1]]

k k k k k
+ b3 [11{b5, 10135, [0] - by, [0]1x5,[01}.

The first two terms are unambiguously negative (given that
IBk[Ojl < 0), and so are the two terms involving xgl[OJ and
kgz[ol. Thus, we may conclude that By?(l)/ali(o) > 0.
In order to obtain our desired result, we combiné the
. = = . . k .
terms in [Eloland IEll' involving A22[O]. That is, we compute -

k

the coeffipient of A;,[0] in the expression

22
k k
Yl(O) kK, Yl(l) Tk,
azl(o) azl(o)

k
155101 ke - oK (1B
Omitting the common factor b?l[l]' the coefficient of the term in

.braces is easily seen to be, using our assumptions in the subse-

guent steps,



_21-
-b% 101y5 (0) + BY 111v5 (1) —AbEZ[Q]bgl[jhyt(l)

= v 0 + K @ - pXro1vE

= -tk - WK 4 Ko - Bt ) + v

= Vi, - vi @ - B¥, 1012500

k k
= -by,[0]25(0) < 0.

It follows that

k -

1 -

< 0,

and the lemma is proved. 5

The proof of the main theorem now proceeds exactly as in
the standard Heckscher-Ohlin theorem. Let us suppdse.that
country 1 has a highe; capital-labor endowment‘ratio than coun-
try -2, i.e.,

1 2
22(0) 22(0)

>

2%(0) zi(ol

Then from Lemma 2 it follows that

1 2
yl(l) ) yq (1)

yi(O) yi(o)

14
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i.e., that country 1 will have a greater capability of producing
present goods relative to future goods than country 2, as in
Figure 1. On the other hand, the assumption of identical homo-

thetical preferences implies that

l ' 2
xl(l) _ .xl(l)

1 2 )
%3 (0) x7(0)

From the definition of net imports z?(t) = xt(t) - y?(tl, and

the material-balance condition

Zi(t) + zi(‘t) =0 t=0,1
it follows that
1 -1 2 2 2 1
yl(l) + zl(l) B yl(l) + zl(l) _ yl(l) - zl(l)
1 1 - 2, 2 - 2 1
Yl(O) + 21(0) yl(O) + zl(O) »yl(O) - zl(O)

Cross-multiplying the two outside fractions we have, after

cancellation,
Iy - yI Wzl + y2mzl) =
y1oy2m - vzl + y2wealo,
or
[y7(0) + y3(0)1z7(1) - [y7(1) + y2(1)IzI(0) =

1l 2 l 2
yl(O)yl(l) - yl(l)yl(o) > 0.
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Now, making use of the balanced-payments condition-
p,(0)25(0) + p, (L5 (1) = 0,

or
RzK(0) + 2K(1) = 0

(the value of the repayment, zi(l), is equal to the loan, -zi(o),

times the interest factor R), the above inequality becomes
1 1l 2 1 2
0 < -zl(O){RIyl(O) + yl(O)] + [yl(l) + yl(l)]}

which implies

1l
Zi(O) < 0,

i.e., that country 1 will export present goods to country 2, or
lend to country 2 in period 0, and import future goods from

country 2, or receive repayment from country 2 in period 1.
. o



