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Introduction

Distributed lag models based on the Pascal distribution_
assume implicitely that the lag weights are distributed
infinetely. These distributed lag procedures cannot select
an optimal lag duration. This paper shdws how a truncation
of the Pascal distribution can be used fo estimate the
optimal lag length. Starting with an empirical investigation
by van Alphen and Merkies (I) it is shown (II) that their
procedure cannot answer questions about the optimal time
structure of the impact of the exogenous lagged variable
on the endogenous variable, Section III develops a more.
general procedure which is based on a truncation of the
Pascal distribution and can select optimal values for the
parameters in the Pascal distribution as well as the optimal
time structure. The van Alphen and Merkies procedure turns
‘out to be a special case of the truncation method developped.
Using van Alphen and Merkies data their results are simulated
(IV). It is shown that using their optimum criterion the
optimal lag structure is different from the one they
assume a priori. But usually the kind of a prioriginfor—
mation required is not available and the actual lag duration
is not known in advance and must be estimated instead,

In an appendix I present the computer program which relies
on the model developped previously in the text (section III)

and which was used to compute the results in section IV,



In an empirical study van Alphen and Merkies {2]
tried to forecast the production of houses (yt) explained
by housing starts (Xt)’ by means of distributed lags,
in the Netherlands for the period IV.1963 - III.1973. As
they used a decomposition of the variables over vintages
they were able to estimate the lag structure directly. The
optimal length of the lag was found to be 11 guarters
EZ, 415 ]. This direct estimation was then used to select
the most appropriate hypothetical lag structure. The
comparison of major candidates (among them the Almon lag
procedure [1] and Solow's Pascal distributed coefficient
{ 5] ) led them to conclude that "the Pascal approach 7
seems to be the moé% appropriate" one [2, 420] .

Normally, however, such a decomposition of variables
is not available and a direct estimation procedure must
bes substituted by an indirect one. In doing so none of
the hypothetical lag structures commonly used generated
useful results. In the Pascal case the coefficient A was
either found to be too low or too close to one, compaired
to A = 0.5918 in the Pascal distribution with r = 2
using direot estimation. Moreover some of the coefficients
in the Almon lag procedure came out with the wrong (negative)

sign.

Van Alphen and Merkies provosed a slightly different
procedure than that used by Solow, a procedure which was
also suggested by Maddala and Rao f}] . The search process
by van Alphen and Merkies differs from that by Maddala and
Rao only in another factorization of the Pascal distributed
lag weights ( [2}, 427 £.16 ana [3], 81 £.1) and starts
with the general distributed lag equation (1) [2, 427] :



(1) y(t) = 5 w(i) x(t-1) + w't)

iz0

Taking Pascal distributed coefficients for the lag weights

w(i)
S\ .
(2) wiz) = OB )Tl
(r - 1)1i!
and setting r = 27and j =1 - t wvan Alphén and Merkies
develop

(3) ¥ (1) = LtA® + HAT + u(t)
where

, , & .
(4) 3y (&) = y(t) - (1 -A) 22(i+1) AT x(t-1)

(5) % = (1 -M2A (=)
30

(6) % - T (-2 k(=)
g0

Using all available data of x(t) and y(t) with t = 1,...,N=36
equation (3) can be estimated by means of ordinary least

squares, given A .

The search process used by van Alphen and Merkies

for an optimal value of A can be described as follows:
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1. Vary A in the range O<X ¢ 1 and calculate (4), ,\t
and t‘At,. B

2. Estimate ¥ and & in (3) by ordinary least sauares.

3. Choose that value of A which minmizes the sum of squares
of u(t), taking account of the degrees of freedom,

that is

N -4 .
Min } {yu) - (=02 F(a41) A tx(tm1) - oA’ -M‘_EQ

39 g0

with respect to A .

VA

I1

The. numerical results of this process are reported
by van Alphen and Merkies in their empirical investigation
to be A opt

squared residuals divided by degrees of freedom) = 69.55.\

= 0.50 with a RE (=square root of sum of

(This result refersto the seasonally unadjusted data where

only the lagged variable x(t) is used to, explain y(t)).

The search process suggested by van Alphen and Merkies
rests on two important assumptions: 1) r is set eqﬂ;i to 2,
and 2) the upper limit of the lag length in (1) is assumed

to approach infinity.

Especially the last assumption is crucial for a) the
procedure cannot select an optimal lag duration and b) in
using (1) as a forcasting procedure with limited infor-
mation about x(t) (and y(t)), as it is usually the case,

the number of delayed periods differs between and varies



for every time period. Certainly the weights w(i) will be
close to zero E?, 420] for some 1i& k+1, but there is
normally no a priori information available about k (which
in the van Alphen and Merkies case is a priori known to
be 11). For high values of Aopt the value of k for
which w(i) vanishes may be quite large.

It might be the case that for some other investi~
gations knowledge about the lag length will be as

important as the numerical values of the lag weights.
I7I

I suggest a modification of the seérch process mer-
tioned above which can detect the cptimal lag structure
as well as the optimal A~value. The more geneval procedure
contains the van Alphen and rerkies method as a special
case. It truncates the Pascal distribution of the iaz
weights at that time pericd where the squared sum of
errors will be minimized, Let L be the number of psriods
in which x(t) has an impact on y(t) with the weights w

as a function of the delayed veriods and two patameters

A and r (Pascal distribution):

L . .

(1) y(8) = FZCTH AT (12 A)T 2410+ u(s)
izo
where 1€ te¢N and r<€L &N

and N is the number of observations.

If we set Lwea , or for numerical computations L = I (which
yields the same results as L+ e ), the van Alphen ani Merkies

case results. To ensurs that the numbter of vredetermined



variables in the following regressions does not exceed

the number of observations used, L must be greater than r.

The first step follows the method suzgested by van
Alphen and Merkies. Let

é :
(&) y(1) = y(&) = Z (") A A) (1)

For t¢ L set

(9) ¥ (t)

1
o3
-
;K
+
.
o+

t <L

where 3& = tk_1A-t

O

J

?Q(J’ r, A ’ X("j))

i-t

i

and calculate @'kgiven ) and use ordinary least squares .

to estimate ?& .

For t21L set

"

t -
- YTy IR ) Tx(8-3-1) + u()

*
(10) vy (%) Y41

tzL

where Jj = i - L.

Select a value (positiveainteger) for r and vary A and L
in the ranges |

0 ¢Ahaet

rel &N



in such a way that the sum of squared errors will be

a minimum:

2

<

&
[

§

Tely

, * } : r+i+L=1y . J+L r . ? E
(1) Min {y (t) -{E 9% L 2O A=) x(4-5-1) |
L tal g

=0 _Eﬁza

Examples: For r = 1 equation (7) reduces to the case of
the simple geometric distributed lag model
but with the quaiification of selecting an

optimal L-value. (9) and (10) reduces to

Al

* L : '
y (t) =¥y + u(t>ﬂw_= N(-0Z Mx(=3) + u(t) E

Jeo tel
and
* L 3
y (t) = -é;; M- x(-3-1) + u(t) exl
In the case for r = 2 eﬁuation (11) reads
. 2
Min | y (%) - H% %, @'z?zE + EU-A)Z‘ 2 (1+3+L) )jﬂ”x(t-j-L}‘B
AL R TN =0 2L
=2
N . & .
where ¥ = A R, = (1-A) §:<1+j>)3 x(-3)
Ld ) 774
t ok .
V= tA B, = (=073 X x(=3)

g0

4 equation (11) appears in a similar way as,

]

and for r

1 &
. % . 4 . Ny, s .
gtlef{y (t) 'g%&?q+ 2%‘“273?3“* %ﬁ?@u& + g“';*) é;Z@(“J*L/’(Z*J‘*L)
Te b

2
«(3+3+1) AR x(t—j-x>j }
t 2L



where

% 4o, . . . 3 .
% = A opo= (=0T Z G (5+2)(53) A% x(=3)
r e Jeo

%= tAY; = (-0f ?_’_.o{(w)(jw) + (3+3)(25+3) ]2 3 x(=5)
%= t2T; = (-0 ,}im(j*” Aox(-3)

[ .
= A 9= C-NIZ N (=)

d=o

For large values of r and low values of A it is quite
possible that the corresponding lh sre very alike, In this
case the ordinary least square procedure will rot be
usable in estimating (9) because of singularity in the
relevant matrix. The combination r-A-L cannot be selected

as an optimal point in this case, .

As the range of i in {(7) is limited %to L the corres-
ponding Pascal distribution is truncated at the point i = L.
Therefore the requirement for the weights to sum up to one
will normally not be fulfilled. But empirical investigations
show that the sum of the weights will be in general not
lower than 0,95, It seems to be the case that small wvalues
of L are associated with small values of A, so that the
weights w(i) are relatively high in the first delayed '
periods. Pigure? and the table below show some combinations
of L and A which were estimated using the data of van

Alphen and Merkies.,

L

L A Z w(i)
L0

4 0.34. 0.9805

6 0.43% 00,9864

8 0.47 0.993%5

10 0.49 0.9974

12 0.50 0.9991



To ensure that the sum of the weights is nevertheless

equal to one define the adjusted beta-weights in (12), as

(12) $(1)

]

b

T wii)
iTg
which‘gives
L
2B = 1.
izo
Iv

Using the van Alphen and Merkies data for x and y
alone as before, setting r = 2 and varving A and L in

the following ranges

0.01% A& 0.99 with steps of 0.01
3L & 36 with steps of 1

I found the optimal lag length to be L = 8 with A = 0.47
and RE? = 4805,86, For L = 36 the van Alphen and Merkies
results, A = 0.50 and RE2 = 4844.19, are reestimated by
our method. The combination L = 8, A = 0,47 is superior

to the latter one and represents the global minimum of RE2
in the relevant ranges of A and L., Figure 1 shoﬁE’;ﬂopt,
given L, the chosen L and the corresponding sguared residuals
adjusted for the degrees of freedom. Surprisingly the RE2
shows a local maximum at L = 11, This is the number of
quarters van Alphen and Merkies detected, in using the
direct estimation procedure, to be the time in which at
least 98% of housing starts are completed. Moreover

the lag coefficients ih the Almon lag technigue show

their unwarranted negative sign after (or in few .
cases beginning with) the eigth quarter Eé, 42%, table 6}.
The procedure of van Alphen and Merkies in comparing

different lag techniques is by the way somewhat arbitrary,
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for in using some lag techniques (for example Almon)
they used a priori information (lag duration) which is
normally difficult to get and in others (their search
procedure) they do not. In comparing the forecasting
qualities of the different procedures they ignore the

unequal information input.

Certainly the differences between the RE2 for different
I values are not large and one can doubt if the combination
of Ay, r and L Yith the lowest RE2 is significantly superior
to the other célbinations (for example Kmenta [3, 494f] ).
But it makes a great difference if one is interested in
knowing the optimal lag duration, in the case where no
a priori information is available. The knowledge of the
lag dura{ion may in some investigations be as important

as the knowledge of the time pattern of the lag weignts,

The inclusion of other exogenous variables besides
the lagged one {2, 428—429] and setting r = 2 leads to
the optimal values A= 0,61 and' L = 7 with RE2 = 2%61,07,
while using the search process of van Alphen and lMerkies
(L = 36) the Pascal c¢oefficient A is selected to be 0,60
and the RE® is 2676.4. The results differ slightly from
the reported ones by van Alphen and Merkies because I did
not include the other exogenous variables in (9) or (10)
but took the differences between y(t) and y*(t) as a new
endogenous variable and used the ordinary least squares
procedure. This is necessary because one cannot simply
introduce other exogenous variables in (10) and use OLS.
But it would be possible if only (9) is used in the case
L = N, By including other excgenous variables L = 11 ghows

again the highest RE2 for all combinations 4 and L.
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The procedure when including other exogenous variables
besides the lagged one follows three steps (the explana-

tion refers to the example above):

1) Estimate

t .
"y = Tuat + weat] =[-8 (1egen) A3l 5 gon)
SO FER) W LR et

+ u(t)

by choosing ) between 0.C1 and 0.99, anel L between 3 and 36,
* -
where y (t)7is defined by (8).

2) take the differences

S OEFAOR CPNE VLS BN

¢ :
* [(1-A)2Z<1+3+L> ,\J*Lxu-a-mj
J=o tzL

form the equation

3 .
(13) ¥ () = 2 dps e{zm —x-ﬁt} + (%)

pet

where Sp =geasonal dummies

z(t) = total construction nof yet built at
the start of gquarter t {2, 421, table ﬁ

z(t) - &4 - 8t = represents business
fluctuations around a

linear trend

and apply ordinary least sgquares on (13).

3) Select those values of A, L, fp, @, £ and 3

for which Ev(t)}z is a minimum.
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The global minimum for RE® was found (see section above)
at A= 0,61 and L = 7. The parameters of the exogenous
variables are as follows (t-ratio in brackets below the

parameters):

-@ = -0,094549
(=2.41)

d = -34.61 d2 = 59.48 Jz= 72.24
(=1.52) (2.65) (3.25)

-8 - 24.185560 -@KL = 222,513993

(3.46) (2.06)

which lead to

# = 255.80 oL = 2353,42

Summery statistics:
R® = 0.82 , F-ratio = 27.47; Degrees of freedom = 30
Durbin Watson = 1.79.

/

The result for the ordinary least sguare procedure by
including other exogenous variables and assuming L =36,
r = 2, are reported in the appendix as an output example

for the presented computer model.

It is also possible to vary r. In doing so I found
the following optimal combinations (the number of other

exogenous variables was again assumed to be zero):

r L A RE®

2 8 0.47 4805.86
3 8 0.38 4903%.41
4 6 0.28, 4774.37
5 6 0.24 4767.32
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It can be seen that setting r = 2 may only lead to a local
minimum of RE2 in selecting L = 8 and A= 0.47. The general
observation that the higher is r the smaller A will be is
in accordance with the results given by Maddala and Rao
[4, 81, table 1} . While their minimum residual sum of
squares declines steadily when r is increased the data
used in my case (which is identical with the data used by
van Alphen and Merkies) show first an increase in REZ

until r» = 3 and then a decline.
Ve

Setting r = 1 leads to the global minimum RE° = 4645.24
with A = 0,68 and L = 36. A local minimum was found at
M= 0,64 and L =9 (RE2 = 4676.97). This case refers to

the simple geometric lag distribution.

For r = 5 a "better" result concerning RE2 was located
at L = 36 and A = 0.99 with RE® = 3769.66, But the extremely
high A-value is very implausible because it implies a
very low weight w(i) for i = 0 (w(0) = 0,000002) and i = 1
(w(1) = 0.000009) and then a continously rising weight
w(i) until the strongest influence of x on y is reached
in period 3%6 with w(36) = 0.114637. Therefore I chose
the next local minimum for r = 5 which is the f;gorted

one (L = 6 and A = 0.24) in the table above.
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Summary

VA

The lag procedures of Solcw, var Alphen and Merikies
and Maddala and Raoc based on the Pascal distrihution with
a full range of the lag weights from zero to infinity can
not detect the relevant (optimal) lag duration. Allowing
truncation of the Pascal distribution and using the search
process of van Alphen and Merkies leads to optimal values
for A and r (the two parameters of the Pascal distriﬁution)
as well as the optimal lag duration (range of the lag
weights or optimal truncation line). Setting the time lag
duration equal to the number of obzervations leads to

the normal search process of van Alphen and Merkies,
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Appendix: Computer Program for the lag procedure based

Introduction: The computer program is written in ALGOL 60,

Input:

2., L1

3. L2

~

-
=4
1}

5. R

on truncated Pascal distribution using van
Alphen and Merkies' search process

There is no data format reguirement ecxept
that between two numbers there have to be
at least two blanks. The input requirements

are given below.

VA

number of observations

lower limit of lag space in which the optimal
number of delayed periods is searched

upper limit of lag space in which the optimal

number of delayed periods is searched

number of exogenous variables besides the lagged

variable

r - parameter of the Pascal distribution (R 1)

all numbers 1) - 5) must be of type integer

6. data
7. data
8. if E

data

each

Output:

for the endogenous variable (1 to N data)
for lagged variable (1 to N data)

1s not equal zero:

for the other exogenous variabtles,

set containing 1 to N data

The.- following output-example illustrates the way
the results are presented.

This example used the data given by van Alphen and
Merkies (reffered to in the text), for the case

L =3, r = 2 and addionally six other exogenous

variables. The input set for the first five numbers:

N =36, L1 =12 = 3, E =6 and R = 2,
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DISTRIBUTED LAGS WITH TRUNCATED PASCAL DlSTRIPUTl”N

THE OPTIMAL LAG DURATION 1S SEARCHED RBETWEEN 36 AKND 36 PERICDS
R-PARAMETER OF THE PASCAL DISTRIBUTICN: 2 ,
NUMBER CF EXOGENCUS VAR!ABEES BESIDES LAGGED VARIABLE: 6

LAG DURATICN: 36 PERICDS
OPTIMAL LAMDA VALUE: 0.60

SUM CF SQUARED ERRCRS: 267640
STANDARD ERRCR CF ESTIMATIONg 51.73
(BCTH ADJUSTED FOR 928 DEGREES CF FREEDOM)

THE CPTIMAL LAG DURATICON IS 36 PERIGDS
CPTIMAL LAMDA VALUE: 0.60

SUM OF SQUARED ERRORS: Ph76.b0

STANDARD ERRCR CF ESTIMATICNg 51.73
(BCTH ADJUSTED FCR 28 DEGREES OF FREEDOM)



- 20 -

REGRESSICN—ANALYSIS FCR THE CTHER (NCT DELAYED) EXOGENOUS VARIABLES
(THE ENDOGENCUS VARIABLE 1S ADJUSTED FCR THE EXFLANATION CF THE LAGES
D VARIABLE) '

Y

VARI AR, PARAMETER STANDARD- T=RATIL DEGREES CF
DEVIATION FREETOHM

1 e-= -0.096981 0.0L0761 -2,27%20L 2

2 &= =-33.055163 24 .259177 -1.362584 30

3 fas 62.250072 23.904829 2.£0407° 30

b gy« 69.4L6710 '23.689818 2.231500 30

2 es:  20.170105 7436771 2,712213 30

e« 223.438710 115.122486 1.2L0878 30

R#R( ADJUSTED) R R F-RATIC DEG. CF FREELCM

0.54958 0.618892 S,.74061 30
DURBIN-WATSCN  AUTOREGRESS|ON- DEGREES CF
COEFFICIENT OF THE FREEDOW
RES|DUALS N-1
1.55002441  ,16060193 35

DISTRIBUTION GF THE LAG WEIGHTS AND THE CCRRESPCNDING BETA WEIGHTS
DELAYED PERICDS WEIGHTS BETA=WEIGHTS
0 0.160000 0.160000
0.192000 0.192000
0.172800 0,172800
0.138240 0.,138240
0.103680 0:103680

S B s VS A

0.074650 0.074650




7

THE WEIGHTS OF THE DELAYED PERICDS 32 TGO 36 ARE SMALLER THAN o

5

- 21 -

0.052255
0.,035832
0.024186
0.016124
0.010642
0.,006966
0.004528

' 0.002926

0.001881
0.00126k
0.000767
0.000487
0.000309
0.000195
0.000123

0.000077

0.000048

0.,000030
0.000019
0.,000012
0.,000007

0.000005

0000003

0..000002
0,000001

0.000001

0,052255
0.,035832
0,024186
0.,016124
0.010642
0.006966
0.004528
0.002926
0.001881
0.001204
0.000767
0.000487
0.000309
0.000195
0.000123
0.000077
0.,000048
0.000030
0.,000019
0,000012
0.000007
0.,000005
0,000003
0,000002
0,000001

0,000001

2000000
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'BEGIH' : e

S VCOMMEMTY DISTRIBUTED LAGS. BASED .CN TRUNCATED
PASCAL DISTRIBUTIDON:

'PRDC&OUPE'NIVACDR(AJN;M)P{SULT {MT,VARLKOR)

"'WALUETAs M M;

'THTEGER M, M :

VARRAY A, M I)VAR;KQP;

YBEGIHY

VINTEGER'IpdsK;

'REAL'81,82; o o

YEORY =L STEPYLVUNTIL MDD

YBEGIN! _ - '

Pl =521 ;0#
PFORYT: =L’9TEPTI'UNT!L'M'B64
"BEGINY
Sli=81+Af v 3l -
S¢==52+A[IJJ]*ACIJJ » o
'END’ . - : C TELE
MICJYe=S1/M; ' ‘ ' -
VARfJ;J3 (SZ“MFLJJ*HI[‘J*N)/(V 1)3
KORTJsdY:=12

1thc S , S

YFORY l'STE”'l‘UN"IL'"DJ"F“W'K ‘l’STEP' 'UHTIL’J“erU’

'BEGIN‘ . oET

51 =0,

‘FDR'I-=1'$TEP?1'U ITILIN'DD's1e= Sl*A[I:J]#ﬁEI:KI,
VARTJ»KT: =(51RN*WI[J3*MIf¥])/(N 1)
VARIK,»JY:=VARLIRK I, g e S SR
52:2VARLJ» JIRVARTK, KT o ’ ) "
VIFIS2'NOTGREATER "OYTHEN'KERDY»K I =0
‘ELSE'KUR[JJK]'*VAR[JJK]/(SCRT(S?))a

KORLK T =KORLI2K]

TERDY; T
TEHDYMIVACTRS - i S T - T
’"FUCEDURE'QUADMULT(AI:A3)x:M), ' - 7 ' )

PYALUE *Al oM E . .
YIMTCEGER TR, M ’ o T ' T
VARRAY YAL1,5A3; ‘;:77 e B .. SEL
YREGIN! - - e T S S

'I“TEGEP'I:IU:KU; /'1fg A s

'REAL'S; e |
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