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Uniqueness of Coalitional Equilibria
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Michael Finus, Pierre v. Mouche and Bianca Rundshagen
Introduction

Recent developments in cooperative game theory analyse the formation of coalitions in the context of exter-
nalities based on the partition or valuation function (see for instance Bloch (2003) and Yi (1997)). Typical
examples include Cournot-oligopolies, public good agreements, research coalitions, association of firms
and customs unions. The partition (valuation) function assigns to each coalition structure, i.e., a partition
of players, a vector of coalitional (individual) payoffs, called worth (valuations). For the partition but also
for the valuation function it is assumed that coalitions chose their (economic) strategies by maximizing the
sum of coalition members payoffs, taking the strategies of outsiders as given. Thus, coalitions play a Nash
equilibrium that sometimes is referred to as coalitional equilibrium. Hence, a necessary condition for the
analysis of stable coalitions is that a coalitional equilibrium exists for each coalition structure. Moreover,
a convenient and often implicitly assumed condition is that the coalitional equilibrium for each coalition
structure is unique which implies unique worth and valuations.

Though existence proofs can be found for example in Ray and Vohra (1997), they all are technical.
Therefore, we provide with Theorem 1 an existence result that can be immediately applied to most eco-
nomic models with a simple proof. To the best of our knowledge, uniqueness of coalitional equilibrium
has not been addressed so far. With Theorem 2 we show how a not so well-known uniqueness result of
Corchén (1996) can be generalized for this purpose. We apply our results to public good agreements and
homogeneous Cournot-oligopolies. It turns out that in the latter example uniqueness requires apart from
Theorem 2 some additional arguments.

2 Coalitional Equilibria

LetT" be a game in strategic form betweai{> 1) players, withX® the strategy space of playeand f¢
his payoff function. ThusX? is a non-empty set anff is a real-valued function with doma := X! x
---x XN, Acoalitionis asubset ot := {1,..., N}. A coalition structure is a set consisting of disjoint
non-empty coalitions whose unionAg. If S is a coalition, sayS = {s1,..., s} with s; < --- < s, we
defineX® := X*1 x ... x X*. Note thatX\' = X. If S is a coalition, we writes := M\ 5. Sometimes,
we identify X with X x X and then writex = (x°;x%) € X.

*M.F. and B.R.: FernUniversitat in Hagen, Volkswirtschigitse, Profilstrasse 8, 58084 Hagen, Germany. P.v.M.: Wageni
Universiteit, Algemene Economie, Postbus 6700 EW Wagenintfes Netherlands and Universiteit Utrecht, Faculteit Wiske en
Informatica, Postbus 3508 TA Utrecht, The Netherlands.



For S # 0, define the functior™® : X — Rby F := Y. ¢ f7/. Whenx = (a;b) € X* x X5 (and
we like to seéb as a parameter), we also wri¢ (a) instead off* (a; b); so Fyy : X° — R. We define
the correspondendg® : X% — X by R9(b) := argmax F}5.

Definition 1 Given a coalition structuré, n € X is called aC-equilibrium if n® € R®(n®) (S € C). o

3 Existence and Uniqueness

Theorem 1 Fix a coalition structureC. If each strategy seX’ is compact and convex, each payoff function
f*is continuous and the functioi§’ are quasi-concave, then there existS-aquilibrium. o

Proof.—Let C1,...,C* be the elements af. Define the mapping¢ : X' x -+ x XCI — X by
pe(xC", ..., x°") := x and the correspondend®; : X — X by Re(x) := ¢¢(RC (xC') x -+ x

RC" (x“*)). Then, we have fon € X: n is aC-equilibrium < n is a fixed point of the correspondence
R¢. Thus, the proof is done if we show tHat has a fixed pointX is non-empty and as a product of com-
pact spaces compact. The quasi-concavitygfimplies that the seR®(b) is convex and its continuity
implies thatR*(b) is non-empty and closed. The continuity also implies (uSegyes’ maximum theo-
rem) that the correspondencBS” are upper semi-continuous. This implies that also the spmedence
R is at most singleton-valued, convex-valued, closed-whhred upper semi-continuous, as desired for
applying Kakutani’s fixed point theorerm

The next theorem provides sufficient conditions for the uaitess of &-equilibrium. An obvious
modification of these conditions implies uniqueness ofitioahl equilibria for each coalition structure.

Theorem 2 Consider a game in strategic forfhwhere each strategy sat’ is an interval ofR containing
more than one point. Fix a coalition structué Suppose for each € C andi € S that the partial
derivative of the functio* with respect ta exists as an element Bf:= R U {—o0, +o00}. Furthermore,
suppose there exists an increasing functign X — R and withY := (X)), for eachS € Candi € S a
function7¢ : X? x Y — R that is strictly decreasing in its first and decreasing inséxond variable such
that for eachx € X

S
() =i p(x)

holds. Then,
1. the functionp is constant on the set of aflequilibria and

2. if pis strictly increasing, then there exists at most drequilibrium. ¢

Proof.—Let x, andx, beC-equilibria. We may suppose that := ¢(x.) > ©(Xe) =: Ye-

First, we prove that for alls € C andi € S the inequalityzi < z¢ holds. Ifz{ = inf X* or
xl = sup X?, then this result holds. Otherwise: is not a left boundary point ok andz? is not
a right boundary point of{*. Becausex, is aC-equilibrium, x? is a maximizer of the functiod’fé.

This implies thatzi is a maximizer of the function’ — F*(2%;x’) and therefore it follows that <
OF> (x.) = T(zL,y.). By the same token) > OF% (xy) = Ti(x,y,). Therefore,Té(at,y,) >

T(zy,ye). Becausg, < y., we haveTl(zl,ye) > Ta(xL, yi). Thus,T¢(z?, ye) > T4(z}, e ). Because
Tl is strictly decreasing in’ we haver’ < zi. Now we even may conclude that < x,.
We now havep(x.) < ¢(xe). Thus,p(x.) = ¢(x,) and the proof of 1 is complete.  is strictly

increasing, thew, < x, together withp(x.) = ¢(x,) implies thatx, = x,, which proves 200

1This means that foa = (a1,...,an), b = (b1,...,b,) € X we havea > b (i.e.,a; > b; forall i) = ¢(a) > ¢(b).
Furthermorey is strictly increasing means that farb € X we havea > b (i.e.,a; > b; for all i with at least one inequality strict)
= ¢(a) > ¢(b).



4 Applications

In both applications which are general versions of gamesidered for instance in Bloch (2003) and Yi
(1997), we analyse a game in strategic form with:= R or with X* := [0, m?] (with m?® > 0).

Public Good Game

N

fit,... 2Ny = ﬁi(le) — i (zh).

=1

The functions’ : ', X! — R and+’ : X? — R are continuous and strictly increasing’ will be
calledbenefit functiorand~® cost function

Theorem 3 Consider a public good game with concave benefit functiomsveith strictly convex cost
functions. Fix a coalition structuré.

1. If each strategy space is compact, then the game Idasquilibrium.
2. If each benefit and cost function is differentiable, tHengame has at most offeequilibrium. ¢

Proof.—1. We apply Theorem 1. The only thing that may not be clearésjthasi-concavity of>. Well,
with z := Y, _5 b, we have

Fa)=Y Fz+Y a)+> ().
JES les jES

The first sum is a sum of concave functions and therefore eencehe second sum is a strictly concave
function. Thus,FS is even strictly concave.

2. First observe tha??a%f(a; b) = Y ics B (Ciesal + Xcg ') — 7' (). Next, we apply Theo-
rem 2(2) withp(x) == Y, 2! andTi(a?,y) == 3,5 47 (y) — 77 (2%). O

Homogeneous Cournot-oligopoly Game

fit, .2y = plat -+ 2™t - (ah).

The functionp : .1, X! — R, is decreasing and continuous, afid: X — R, is continuous and
strictly increasingp is calledinverse demand functicandc? cost function

Theorem 4 Consider a homogeneous Cournot-oligopoly game with cooesifunctions and a concave
inverse demand function. Fix a coalition structidte

1. If each strategy space is compact, then the game Idasquilibrium.

2. If p is differentiable withp’ < 0, each cost function is differentiable and eaghe C contains a
player with a strictly convex cost function, then the game dtamost one interio€-equilibrium. ¢

Proof.—1. We apply Theorem 1. The only thing that may be not clearéscibndition onFy. With

z:=),.5b', we have
Fa)=> p() d' +2)a’ = ().

jeSs les JjES

The second sum is a convex functionzofvhile it is a sum of convex functions of each of the separate
variables. Therefore, the proof is complete if we can shat tthe first sum is concave. For this in turn it
is sufficient to prove that for eache S the functiona’ — p(}",. 5 a' + 2)a’ is concave. Note that this
function is a function onX* C R, and is a product of a decreasing concave functiow ahultiplied by
a’; such a product is known to be also concave.

2. GivenS € C, define the functio : X¥ — R by g(x°) := 3.4 ¢'(z") and givenK € R, denote
B :={a% € R*S | 3, _ca' = K}. LetK be the set of € R for which X® N By # . For each



K € K the restricted functiory | Bx has a uniqgue minimizam(K). (Indeed, we have a continuous
strictly convex function on a non-empty compact convex stb&R*“.) Denote byK’ the set of elements
K € K for whichm(K) is in the interior ofX*. Now definemM? : K’ — R by

S ,_ 1 il i
M3(K) = #Siezsc (m'(K)).

M?¥ is strictly increasing. In order to prove this, fi%;, Ky € K’ with K; < K». It is sufficient to prove
thate'’ (m*(K1)) < ¢’ (m*(K2)) (i € S). Because,cgm' (K1) = K1 < Ky = 3, m'(K>), there
existsj € S such thatm?(K;) < m’(K3). Noting thatm(K) is interior, we find forp = 1,2 (apply-
ing the method of Lagrangey’ (m'(K,)) = ¢’ (m’(K,)) (i € S). Because?' is strictly increasing,
¢ (mF(KY)) < ¢’ (mF(K)) for all 4.

Using this preparation, we now prove the statement. Suppos@dx, are interiorC-equilibria. We
may suppose thaj, :== S 2zt > SN 2l = y.. Note that for« = x e, we have:x5 is the

x

unique maximizer of the (strictly quasi-concave) functibfi, : X° — R, i.e. of the functiona® —

P e+ X e 2h) Yegat = Y e dah). Withw? := 37, s 24, x¥ is a minimizer of the function
X% N B,s — Rdefined bya — 3, ¢ (a'). Hence, by the definition of1*, we have

1 i
45 ZC (x2) = M5 (wl).
i€S
Becausex? is for eachS € C a maximizer of the functiodffg, it follows that for eachi € S, z is a

maximizer of the function’ — F°(2%;x’). Becauser’ is interior, it follows that

OF%

0= 3

(x.) = P/ (g )w? + p(ya) — ' (al). ©

Therefore for eactt € C, we havep (y.)w? + p(y.) = zg Xics ¢'(al) = MS(wS). We now prove
thatw? < wy (S € C). Fix S € C. Becausey, < y. andp andp’ are decreasing, it follows that

P (yo)wy + p(ye) — M5 (wF) > p'(y)wf + p(y.) — M5 (w?) = p'(ye)ws + p(ye) — M5 (w).
Because the functioR . — R defined by
w— P (yo)w + p(ye) — M (w)

is strictly decreasingy? < w? must hold. Because we have this inequality for esich C, it follows that
Y. < y. Thereforey, =y, and henc&_ ¢, w? = 3" .. ws. This in turn implies that even? = wf
must hold for eacl$ € C. Nowz! = % foralli by ©. O
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