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Abstract

This articles studies the optimal tax mix (taxes on income and commodi-
ties) under asymmetric information in a two-type model, when individuals
make relative consumption comparisons. The model includes both posi-
tional and nonpositional goods, taking into account the fact that relative
concerns matter for some but not for all commodities. We find that in
general the whole tax system is affected by the externalities caused by the
consumption of positional goods, notably also the taxes on income and on
a nonpositional good. The tax rates on positional goods are higher than
in the absence of status effects, reflecting their Pigouvian role. The sign
of the Pigouvian part in the income tax schedule is ambiguous and de-
pends crucially on whether status goods are complements or substitutes to
leisure.
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1. Introduction

This paper studies the optimal mix of a nonlinear income tax and proportional
commodity taxes in the presence of relative consumption concerns. Most part of the
optimal taxation literature assumes that the utility of individuals depends only on
their own consumption of goods and leisure. However, there is increasing empirical
evidence suggesting that individuals value not only their own absolute consumption
but also their relative consumption with respect to others (for an overview see, e.g.,
Clark et al. 2008). Moreover, there is evidence indicating that some goods are more
positional than others, that is relative concerns matter more for some commodities
than for others (e.g. Alpizar et al. 2005 and Solnick and Hemenway 2005). Typically,
visible forms of consumption such as clothing or housing tend to be more positional
than less visible forms such as food or insurance consumption. In accordance with
this empirical evidence we construct a model that allows us to analyze the optimal tax
structure assuming that some but not all commodities are positional.

The idea that the quest for status is an important characteristic of human behav-
ior has already been raised by ancient philosophers (see Aristotle 1924, Rhetoric (II),
Plato 1967, The Republic (IT)).! In economics, already Adam Smith (1759) and later
John Rae (1834) and Thorstein Veblen (1899) have emphasized the importance of
relative concerns for individual well-being.? Veblen (1899) coined the term ’conspicu-
ous consumption’ for the spending on goods which serve to display ones social status.
The first one who formalized this idea was Duesenberry (1949) in his relative income
hypothesis, where he emphasized the importance of relative concerns for consumption
and saving decisions. Since the late 70’s a literature on optimal policy issues when
relative consumption matters, has gradually developed (e.g. Boskin and Sheshinski
1978, Oswald 1983, Ng 1987, Ireland 2001, Wendner and Goulder 2008, Aronsson
and Johansson-Stenmann 2008, Micheletto 2010).* It has become evident from these
studies that several standard results concerning optimal tax policy and public good
provision do not hold or at least have to be adapted if one takes status effects into
account.

However, most part of this literature assumes that there is only one consumption
good and thus, does not differentiate between positional and nonpositional forms of
consumption, as we do. Further, it is typically assumed that individuals compare
their own consumption to the average consumption in the economy. In this paper
we model reference consumption levels in a more general way, which allows us to
introduce substantial heterogeneity among individuals with respect to status effects.
First, in our framework different types of individuals in general have different reference

LFor example, in The Republic (II) (2008, p. 62) Plato wrote: "Since, then, as philosophers prove,
appearance tyrannizes over truth and is lord of happiness, to appearance I must devote myself."

2In the Theory of Moral Sentiments Smith (1759, p. 181) wrote: "The poor man’s son...when he
begins to look around him, admires the condition of the rich. He finds the cottage of his father
too small...It appears in his fancy like the life of some superior rank of beings, and, in order to
arrive at it, he devotes himself for ever to the pursuit of wealth and greatness."

3Relative consumption concerns were also introduced in models analyzing growth (e.g. Corneo and
Jeane 2001, Wendner 2010) or asset pricing (e.g. Dupor and Liu 2003).



levels. Second, the consumption of different types might be weighted differently in the
formation of the reference levels which allows us to model for the idea that there
are high- and low status individuals.* We claim that our flexible formulation of the
reference level conforms more to what one observes in reality than taking the average
consumption as the unique reference level for the whole population.

This paper is also related to the literature that studies optimal mixed taxation (in-
come and commodities) in an asymmetric information setting a la Mirrlees (1971) in
the presence of consumption externalities (Pirttild and Tuomala 1997, Cremer et al.
1998, Kopczuk 2003, Micheletto 2008). Our paper is related to these studies because
the consumption of status goods also causes an externality since when consuming such
goods individuals impose a utility loss on others by worsening their relative position.
One important result from these previous studies is that the so called additivity prop-
erty first discovered by Sandmo (1975) also carries over to the more general optimal
mixed tax case with heterogeneous agents, at least if the externality is of the atmo-
spheric type.> The additivity property states that an externality is best addressed by
imposing a tax directly on the externality-generating good while the rest of the tax
system should be unaffected by the externality. However, in a recent paper Micheletto
(2008) has shown that for the additivity property to be valid it is essential that differ-
ent types are equally effective as externality-generating units, i.e. it should not matter
which individual increases the level of the externality with his/her consumption (as it
is the case if the externality is of the atmospheric type). This is typically fulfilled for
environmental externalities but as argued above, this needs not be the case for posi-
tional externalities. In accordance with Micheletto’s result we show that in our model
in general the whole tax system is affected by the positional externalities. Further, we
extend previous work on optimal mixed taxation and consumption externalities to a
multi-externality setting. So far the literature has confined the analysis to cases with
only one externality-generating good.® This extension to a setting with two positional
goods allows to study the impact of potential interdependences between the positional
goods on optimal tax policy.

The analysis is conducted in a two-group optimal tax model (Stiglitz 1982) where
individuals differ in earning abilities and tastes. Taste differences are reflected by
different reference levels for the two types. As is common in the optimal taxation
literature, earning abilities are private information of the individual. Hence, first-
best taxation of abilities is not feasible which is why the government has to use a
general income tax as a second-best instrument. There are three consumption goods
in the economy. Two of them are positional goods and one good is a nonpositional
good, where only absolute consumption matters. For simplicity we assume a linear

“In Wendner (2012) the consumption of different individuals is also allowed to be weighted differently
in the formation of the reference level, but in his framework all individuals have the same reference
level.

5The term atmospheric externality was introduced by Meade (1952). It is used when the externality
depends on the total consumption of a particular good.

6 An exception is Eckerstorfer (2012) who studies the optimal income and commodity tax structure
in a multi-externality model, where however, in contrast to the present study, the externalities
are restricted to be of the atmospheric type.



production technology with labor as the only input, which allows us to focus on the
consumption side of the economy. Each commodity is subject to a proportional tax
rate, i.e. the tax system consists of a nonlinear income tax and proportional commodity
tax rates.

We show that in general all available tax instruments, including the tax on the
nonpositional good and the income tax, are required to internalize the positional ex-
ternalities which violates the additivity property. The intuition for this result is that
if at the margin the status consumption of some individuals is socially more harmful
than the same consumption of others, it would be desirable to tax status consump-
tion of these individuals at different rates. Since commodity taxes are restricted to
be proportional this is not feasible and the government has to exploit other ways to
channel individual consumption decisions in the desired direction. However, we show
that this result hinges crucially on the structure of compensated prices affects and
we provide conditions which are sufficient to restore the additivity property for the
commodity tax structure (not for the income tax) even if the consumption of the two
types is weighted differently in the formation of the reference level. Such conditions
do not exist for the income tax which contains Pigouvian elements as soon as the
consumption of the two types is weighted differently. An interesting implication of
our multi-externality assumption is the result that the Pigouvian elements in the tax
formulas depend on both externalities, implying that the interdependence between the
positional commodities is of importance.

We also discuss the optimal income tax schedule if commodity taxes are restricted to
be uniform across commodities for example due to political economy reasons. In that
case only the income tax can be used to correct for the externalities. An implication of
our assumption that there are both positional and nonpositional forms of consumption
is that the sign of the Pigouvian part in the income tax schedule is ambiguous and
depends crucially on whether the positional goods are complements or substitutes to
leisure. Intuitively, if the status good is a complement to leisure (e.g. playing golf),
a higher marginal income tax rate induces individuals to consume more leisure, and
hence, to consume more of the status good. Clearly, the reduction in income has an
opposite effect, which is why the overall effect is ambiguous. Moreover, we show that if
the consumption of the rich is weighted higher in the formation of the reference levels
(upward comparison) then with a mild additional assumption the Pigouvian part in
the income tax schedule is progressive.

The rest of the paper is organized as follows. In Section 2 we present the model
and the maximization problem of the households and the government. In Section 3
we discuss the optimal commodity tax structure and in Section 4 the results on the
optimal income tax schedule. Section 5 provides some discussion of the results. Proofs
are provided in the Appendix and the derivations of the results are provided in a
technical online Appendix.



2. The model

We consider an economy consisting of two types of individuals ¢ = L, H, who differ
in earning abilities w;, < wpy. The size of the population is normalized to one and
m; represents the proportion of individuals of type ¢ in the population. By providing
labor supply [; individuals earn gross income z; = w;l;. Gross income z; is subject
to a nonlinear income tax and the resulting net income is denoted by z;. Individuals
spend their net income on the consumption of three commodities ¢;, j = 1,2, 3, which
are produced with a linear technology with labor as the only input to production.
Quantities are chosen in such a way that the (constant) marginal costs of production
are equal to one, i.e. the producer prices of all commodities are equal to one.

The consumers’ problem and relative concerns

In our model commodities £ = 1,2 are assumed to be positional goods, i.e. for
these goods individuals care not only about their absolute value of consumption but
also about their relative consumption with respect to others.” Commodity 3 on the
other hand is a nonpositional good where only absolute consumption matters. For the
positional commodities each individual compares his/her own consumption to some
reference consumption level which is determined for the L type by

Crr = opr(L)mrekr + ap (L) Tregn (1)

and for the H type by

G = apr(H)mpepn + apr (H)Tpcgn (2)

with & = 1,2.% As usual reference consumption levels are treated as exogenous to the
individual. The intuition for this assumption is that individuals consider their own
contribution to the reference levels as extremely small.

From (1) and (2) it can be seen that we model the reference consumption level in
a very flexible way. The nonnegative exogenous weights oy (i) and axy(i) denote by
how much the consumption of one unit of good k of individuals L and H, respec-
tively, raises the reference level of individual ¢ for good k. This formulation allows
for the possibility that low- and high-able individuals have different reference levels.
Further, the consumption of the two types is allowed to be weighted differently in the
formation of the reference level (ayr (i) # axy (7)), i.e. the consumption of the H-types
might be weighted higher (lower) in the formation of the reference levels than the same
consumption of the L-types. In its simplest form where all weights are equal to one,
reference consumption levels are equal to the average consumption of the specific com-

"We use the index j = 1,2, 3 when we refer to all commodities and the index k = 1,2 when we refer
to the positional commodities.

8In order to form the reference consumption levels as given by (1) and (2), individuals need to
observe the consumption of at least one high- and one low-able individual, of whom they know
the ability. Since the fractions m; are common knowledge, they need not identify the ability of
each individual.



modity. In that case both types face the same reference levels and their consumption
is weighted equally in the formation of ¢;. However, our formulation of the reference
levels is also flexible enough to study other variants discussed in the literature, such
as upward and within-group comparison, just by adapting weights properly.”?

Both types have the same strictly concave utility function, wu(cy,, co;, €34, li, €17, C24 ),
with first partial derivatives being positive with respect to cy;, co;, c3; and negative
with respect to l;, c;, ¢2;.'° We assume that 9((0u;/dl;)/(0ui/cyi))/0ck > 0, which
defines a keeping up with the Joneses (KUJ) externality (see Dupor and Liu 2003).
That is, an increase in the reference level for good k increases the marginal utility
of consuming good k relative to that of leisure, and by this induces individuals to
work more at given prices. Observe, that the consumption of good 1 and 2 gives rise
to a negative externality, since individuals do not take into account the effect their
own consumption of commodities 1 and 2 has on others via the reference levels (by
worsening the relative position of others).

The individuals’ maximization problem is broken into two steps. In a first step, an
individual ¢ allocates a fixed amount of net income x; over the consumption goods.
Consumer prices are denoted by p; = 1+17;, 7 = 1,2, 3, i.e. the government imposes a
proportional commodity tax 7; on each of the three commodities. Maximizing utility
subject to the private budget constraint yields conditional indirect utility for given
gross and net income:

C14,C2i,C34

> pieii < Iz} (3)

Ui<xi7zi7p17p27p3uc_liac_2i) = maXx {u(cli702i7c3i7Zi/wi7c_l’iuc_2i)
Jj=1

Solving the private maximization problem described by (3) yields conditional demand
functions

¢ji = ¢ji(®i, 23, D1, P2, D3, Criy Cai) (4)

j=1,23and i = L, H. Observe that in general the demand for all commodities
depends on the reference levels ¢j; and ¢;.

In a second step, individuals determine their optimal labor supply by maximizing
conditional indirect utility v;(x;, 2, p1, P2, P3, C1i, C2;) subject to the budget equation
x; = z; — T'(z;), where T(z;) denotes the nonlinear income tax function. Assuming
that the income tax function is differentiable and letting the marginal income tax rate
be denoted by T"(z;), individuals choose their labor supply such that

(%i/azl-

T (z)=1+ B0:/0m;° (5)

9Upward comparison means that individuals compare themselves to other individuals above them
in the income distribution whereas within-group comparison means that individuals compare
themselves to individuals in the same income group.

19A5 in most other studies leisure is assumed to be nonpositional, which is justified by a number
of empirical results (e.g. Solnick and Hemenway 1998, 2005). An exception is Aronsson and
Johansson-Stenman (2012), who assume that individuals care about both relative consumption
and relative leisure.



The government’s problem

The government’s objective is to design a tax system that raises revenues and redis-
tributes income in an efficient way and that takes into account the positional exter-
nalities induced by the consumption of goods 1 and 2. Since the government cannot
observe the ability of individuals - only gross incomes and the distribution of types
are observable - it cannot impose type specific first-best lump-sum taxes. It rather
has to use a general income tax and commodity taxes as second-best instruments.
The problem of finding an optimal income tax schedule can equivalently be stated by
determining the optimal gross and net income bundles x;, z; for each type (the optimal
income tax is then implicitly determined by z; — z;, i = L, H). Commodity taxes are
restricted to be proportional as consumption is assumed to be observable only in the
aggregate, while individual consumption levels are private information. That is, the
government does not know who buys how much of what good, which is why nonlinear
commodity taxes are not feasible.

The utilitarian social welfare function, which is the objective function of the maxi-
mization problem of the government, reads

max frvo(zr, 20, p1, P2, P3, 1L, Car) + favu(TH, 2m, p1, P2, D3, CLH, o) s
T1,T2,T3,%4,2i,Clq,C24,0=L,H
(6)

where f; and fy, with fr > fg > 0, represent the weights of the two types of
individuals including the fractions 77, and 7. We assume that the agent monotonicity
condition is fulfilled, meaning that M RSZ > MRS holds at any vector (z, z), where
MRS, is defined as MRS, = —(0v;/0z)/(0v;/Ox;). This implies that for any
income tax function the high-able individual does not choose to earn less income than
the low-able.

The government is restricted by a budget constraint which reads

T(zL — xp) + 7z — Ty) + Z T(TreiL + TaCiH) 2 9, (7)
=123

i.e. tax revenues have to be raised to finance exogenous public spending ¢. In addition
the government is constrained by a self-selection constraint given by

v (TH, 2, P1, D2y D3, Clas C2i) > Vu (XL, 21, D1, P2y D3, C1L, C2L)- (8)

It guarantees that the high-able individual does not prefer the bundle which is designed
for the low-able individual. The constraint that the L-type does not mimic the H-
type is not binding in the optimum and therefore neglected, given that we restrict
the analysis to cases, where the government wants to redistribute from high- to low-
ability persons. Observe from (8) that we assume that the reference levels for the
mimicker and the L-types are identical, i.e. type H when mimicking compares his/her
consumption to ¢z, k = 1,2. Hence, we assume that income (and not ability) is



decisive for the chosen reference level.!! To abbreviate notation indirect utility of the
mimicker is denoted by vy[L] and consumption of the mimicker by ¢;y[L].

In addition the definitions of the reference levels given by (1) and (2) are taken into
account as separate (equality) constraints. The Lagrange multipliers for the budget
and the self-selection constraint are denoted by A and pu, respectively, and the multipli-
ers for the reference levels are given by v11, Vi, Y21, Ven- The Lagrangian function and
the first-order conditions for this maximization problem are provided in the technical
Appendix.

3. Optimal commodity tax structure

As mentioned in the introduction, the additivity property is generally violated if
individuals of different ability are not equally effective as externality-generating units.
Then a role for other tax instruments arises to internalize the externality (Micheletto
2008). We generalize this discussion to a setting where there are two externality-
generating goods, while the previous literature considered only one externality gen-
erating good. This allows us to analyze the interdependence of the two externality-
generating commodities and its consequences for the optimal tax structure. Further,
we focus on positional externalities, where it in fact matters which individual increases
with his/her consumption the level of the externality (see equations 1 and 2).

We show in the technical Appendix that optimal commodity tax rates have to satisfy

71
A T2 =
T3
p Ovp [L] L dcii™ "/kH Ocia™
82 (1] - 1) + 5, K (w2 + Hta () 20)

v dc cCO
528 gy [L] = cn) + 30 (B (D) 25 MH w(H)m 2850y | (9)
k

820808 (0 [1] — cgr) + 3, 3, (R (L) oo + B (H ), i)

where compensated demand for commodity j of an individual ¢ is denoted by ¢}y and
where

Hecom Hecom Occom
Zi ﬂ-i aglzlm Z’L ﬂ-i 822:17% Zi ﬂ—i 82321771
C{; c57 [
A= Zz i 86112 Zz i 68212 Zz i 86312 : (10)
c§om eSO 59
2 i My 2uiTigpy 2o Ti gy

From equation (9) it can be seen that the shadow prices of the externalities (mea-
sured in terms of the government’s tax revenues) v; /A, k = 1,2 and i = L, H, play a
central role in the determination of optimal commodity tax rates. They can be inter-
preted as the social harm (vx;/A > 0) or gain (/A < 0) of a marginal increase in ;.

A similar assumption is made by Micheletto (2010). However, one could also think of a situation
where the mimicker continues to compare his/her consumption to the reference levels of the H
type. As our main results remain valid under both variants, we chose the one that seems more
plausible to us.



Contrary to intuition, these shadow prices need not necessarily be positive. We show
in the Appendix that due to a potential effect of a change in the reference level on the
self-selection constraint and on the government’s budget constraint, an increase in the
reference level might actually lead to a social gain. However, the sign of these effects
is ambiguous and due to a direct negative impact of an increase in the reference levels
on the utility of individuals, a positive shadow price appears more plausible.

An implication of our assumption that there are two different positional commodi-
ties is that in general the shadow prices of the two commodities depend on each other.
That is, the social harm or gain of a specific externality also depends on the social
harm or gain of the other externalities, at least if compensated demand for the posi-
tional goods react to a change in the reference level of the respective other positional
good.'? Lemma 1 summarizes the results on ;/\.

Lemma 1: The shadow prices of the externalities measured in terms of the gov-
ernment’s revenues can be either positive or negative, although status consumption
causes a negative externality. Further, if 0c"/0cy; # 0 the shadow prices of the
two positional commodities depend on each other, i.e. /A depends on v,,;/\, with
k#mand k,m =1, 2.

Proof: See the Appendix.

By applying Cramer’s rule to the system of equations given in (9) one can derive an
implicit solution for 7y, 7o, 73, which is provided in the Appendix (see equations (21)
and (24)). There we show that in general optimal commodity taxes, including the
tax on the nonpositional good, depend in a complex way on all shadow prices 71;/A
and y9;/\, i = L, H. Thus, the additivity property does not hold in our model. It is
optimal for the government to use all available commodity taxes to internalize the po-
sitional externalities. To gain intuition for this result, we provide conditions which are
sufficient to restore the additivity property, as then it can be seen which aspects of the
model drive this result. First, consider the optimal tax rate on the nonpositional good.

Proposition 1: In general the optimal tax on the nonpositional commodity 73 serves
to correct for the externalities induced by the consumption of commodities 1 and 2
which violates the additivity property. 735 is not used to correct for the positional
externalities if at least one of the following properties holds:

(i) equal weights agr (i) = agm (i), k =1,2 and i = L, H,

(ii) no compensated cross-price effects,

L o degn _ e oger N
(iii) o /8[)m = 2 /apm ,k=1,2and j,m =1,2,3.

Proof: See the Appendix.

Each condition (i)-(iii) is sufficient to restore the additivity property with respect
to the tax rate on the nonpositional good.'® Then 7} depends only on the well-known

12For the case of atmospheric externalities this result has originally been shown by Eckerstorfer
(2012).
13Note that if all properties (i)-(iii) do not hold, one gets only a necessary condition for 73 to contain



self-selection part of commodity taxation which we denote by ¢;, j = 1,2,3 (a formal
definition of 13 is provided in the Appendix in equation (22)). That is, if at least one
of (i)-(iii) holds

T3 = 3. (11)

13, and thus 73, is zero if preferences are weakly separable in labor supply and con-
sumption (Atkinson and Stiglitz 1976).

Next, consider the optimal tax rates on the positional commodities. As stated above,
in general also the tax rates on the positional commodities depend in a complex way
on all four shadow prices, in addition to the self-selection part of commodity taxation
(see equation (24) in the Appendix). Remarkably, the shadow prices of the respective
other externality-generating commodity appear explicitly in the optimal tax formula
for a positional good. This is also in contradiction to the additivity property which
states that the presence of an externality only alters the tax formula on that particular
good. But again each of the conditions (i)-(iii) provided in Proposition 1 is sufficient
for the part in the optimal tax formula depending on the shadow price of the other
positional good to be zero. That is, then the optimal 7;° depends only on a correction
term containing 7yx; /A and on the self-selection term . Note, however, from Lemma
1 we know that even then ~,,,/\ has an indirect impact on 75 through its effect on
v&/A. This result is summarized in Proposition 2.

Proposition 2: In general the optimal tax rates on the positional commodities 7,
k = 1,2, depend explicitly on the shadow prices of both externalities. This violates the
additivity property. 7 is not affected directly by v,i/A, with k& # m and k,m = 1,2,
if at least one of the properties (i)-(iii) from Proposition 1 holds. Then ~,,;/\ affects
74 only indirectly through its effect on 75 /A (see Lemma 1).

Proof: See the Appendix.

From Propositions 1 and 2 we can conclude that in general the full set of commodity
taxes should be used to internalize the externalities. The intuition for this result is as
follows. If the consumption of the two types is weighted differently in the formation of
the reference levels (property (i) does not hold, i.e. ag (i) # agm(i)) the government
would want to tax the status consumption of the two types at different rates, which
is, however, not possible as 71 and 7, are restricted to be proportional. As a conse-
quence the government wants to exploit other possibilities to channel the consumption
decision of individuals in the desired direction. This is possible with the full set of
commodity taxes if compensated cross-price effects are present (property (ii) does not
hold) and if the two types react differently to relative price changes (property (iii) does
not hold). For example, if introducing a tax on the nonpositional commodity modifies
the consumption baskets of the two types such that the type, whose consumption is
weighted stronger in the formation of the reference levels, consumes relatively more

Pigouvian elements. That is, even if all of (i)-(iii) do not hold it cannot be excluded that the
Pigouvian part in the optimal tax formula cancels out as there are both positive and negative
terms.

10



of the nonpositional good than the other type after the introduction of the tax, then
T3 serves to correct for the externalities. Concerning the sign of optimal commodity
tax rates not much can be said in particular with respect to 73. Also the tax rates on
the positional commodities can in principle have either sign, but if shadow prices are
positive 71 and 7, are likely to be positive.

If one assumes that the consumption of the two types is weighted equally in the
formation of the reference levels, i.e. oy (i) = agpg(i) = ag(i) (property (i) holds),
k=1,2and i = L, H, then 7} reduces to

T =+ BEan(L) + By (H), (12)
k = 1,2. In this case the optimal tax formula looks similar to those provided by Pirttild
and Tuomala (1997) and Cremer et al. (1998) where the externality is assumed to be
of the atmospheric type. The main difference is that even with equal weights the high-
and the low-able still might face different externalities in our framework, and hence
the Pigouvian part in (12) consists of a weighted sum of the shadow prices for the two
income groups.

Note that two possible variants of our model that are frequently discussed in the
literature are upward and within-group comparison. Both of them can easily be consid-
ered in our model just by adapting weights properly. In particular upward comparison
received a lot of attention from both the theoretical and empirical literature.!* In this
case the reference levels are given by ¢ = apy(L)mgcry and Gy = cpy(H)Tgcry,
i.e. only the consumption of the H-types is relevant in the formation of the reference
levels.!® In the case of within-group comparison individuals compare their consump-
tion with the consumption of individuals in the same income group. Then the reference
levels are given by ¢ = agp(H)mgery and ¢gp = oy (L)mregr. Observe that in case
of upward as well as within-group comparison the consumption of the two types is
weighted differently in the formation of the reference levels. Hence, it follows from
Proposition 1 and 2 that for these special cases it is in general optimal to use all
available commodity taxes to internalize the externalities induced by the consumption
of commodities 1 and 2. Clearly, for this statement to be true it is essential that
properties (ii)-(iii) do not hold.

4. Optimal income tax structure

In the previous section we have established the result that it is in general optimal to
use the whole set of commodity taxes, notably also the tax on the nonpositional good,
in order to correct for the externalities. In this section we analyze the potential role
of the income tax to serve for the same purpose, that is, we want to find out how the

14Gee for example Micheletto (2010) and Aronsson and Johansson-Stenman (2010) for theoretical
studies assuming upward comparison and Bowles and Park (2005) for an empirical study support-
ing this assumption.

15 An alternaitve approach to model upward comparison would be to assume that only the L-types
compare their consumption to the one of the H types while the H-types themselves have no
positional concerns. In that case apy(H) = 0.
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presence of the externalities affects the optimal income tax schedule. First, we analyze
the optimal income tax in the presence of differential commodity taxation and then
for the case when commodity taxes are restricted to be uniform.

4.1. Marginal income tax rates in the presence of differential commodity taxes

The marginal income tax rates can easily be obtained by dividing the first-order con-
ditions for z; and z; ((32) by (30) and (31) by (29)) and by using equation (5). The
intuition is that the government chooses the optimal gross and net income for each
individual and then determines an income tax function such that individuals realize
those bundles. In the technical Appendix we show that the optimal marginal income
tax rates for arbitrary commodity taxes are given by

Ten) = 3 et + Rlow(h) — n(GEE + MRSLGE
_T3<8823§ + MRS! aa‘;?’g), (13)
() = 3 ann(n) + Blau () - n) (2L + MRSE I2L)
k=1,2 <L L
—73(8;23; + MRS, gj’j) . ag’; [LL] (MRSL, — MRS[L)). (14)

From (13) and (14) it can be concluded that in general also the marginal income tax
rates are affected by the externalities, which implies that the additivity property is also
violated with respect to the income tax. This can immediately be seen by plugging in
the optimal commodity tax rates given by (21) and (24) into (13) and (14). Then one
observes that the optimal income tax schedule depends explicitly on all shadow prices
of the externalities. If, however, aypy (i) = axr (i), k = 1,2 and i = L, H (property (i)
in Proposition 1), then the additivity property is restored with respect to the income
tax as then the Pigouvian elements (the sum term) in (13) and (14) cancel out. Note
that with equal weights optimal commodity tax rates on goods 1 and 2 are given by
(12) and the tax rate on the nonpositional good by (11), from which it follows that
the Pigouvian parts in (13) and (14) drop out.

An interesting difference between the results concerning the income tax and the tax
on the nonpositional good is that from Proposition 1 we know that even if the two
types are not equally effective as externality-generating units, 73 is unaffected by the
externalities if there are no compensated cross price effects (property (ii)) and/or the
proportions of compensated price effects (own to cross and cross to cross price effects)
for commodities 1 and 2 are the same for both types (property (iii)). However, the
same is not true for the marginal income tax rates which are influenced by the exter-
nalities as soon as oy (i) # agr(i). A closely related result is due to Micheletto (2008)
who showed that whenever the additivity property is violated with respect to the com-
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modity tax structure, also the income tax schedule contains Pigouvian elements, but
that the reverse is not necessarily true. We have derived explicit conditions for this
result. Proposition 3 summarizes our characterization of the income tax schedule.

Proposition 3: In general the optimal marginal income tax rates for both types
depend on the externalities. Thus, the additivity property is also violated with re-
spect to the income tax. A sufficient condition for the positional externalities to have
no impact on the income tax is agy (i) = agr (i), k=1,2 and i = L, H.

Note that without further assumptions the sign of the Pigouvian parts in the in-
come tax schedule is ambiguous, even if shadow prices are assumed to be positive.
It depends on whether the optimal commodity tax rates 7, & = 1,2 are larger or
smaller than the weighted sum of the shadow prices of the taxed commodity k, on
whether the status goods are complements or substitutes to leisure (Jcg;/0z; 2 0) and
on whether demand for the status goods increases with net income (9cy;/0x; 2 0). In
the next subsection we discuss the optimal income tax schedule if commodity taxes
are restricted to be uniform. For this scenario more precise statements concerning the
sign and the shape of the Pigouvian parts in the marginal income tax rates can be
made.

4.2. Marginal income tax rates with uniform taxation of commodities

One potential objection against our results is that differential taxation of status goods
might not be feasible for political economy reasons.'® In this subsection we touch
upon this issue and assume that total consumption is restricted to be taxed uniformly
at a rate 7, i.e. differential taxation of status goods is no longer possible. Without
loss of generality we set 7 = 0 since the effect of any uniform consumption tax can
also be attained through the income tax. Given this restriction on the commodity
tax structure we analyze the role of the income tax to internalize the positional exter-
nalities. The optimal marginal income tax rates can again be obtained by combining
the first-order-conditions for z;, z; with equation (5) and by taking into account the
restriction that 7 = 0. From (13) and (14) it follows that in this case the optimal
marginal income tax rates are given by

Ociu i MRSH Ocku

, B VkL TkH

), (15)

, ‘ ey, )
T'(e) = 3 (Frona(l) + *Fou(H)(5 5 + MRSLZE)
k=1,2
p OvylL] L H
— M - M L]). 1
e e (MRSL — MRSI[L) (16)

16This point has been raised for example by Ireland (2001) and Frank (1999, 2008).
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In the abscence of commodity taxes only the income tax can be used to correct for
the positional externalities. Hence, the income tax is affected by the externalities no
matter how the reference level looks like. But surprisingly, the sign of the corrective
parts in (15) and (16) (sum term) is still ambiguous, even if shadow prices are posi-
tive. This ambiguity in the sign of the Pigouvian part in the income tax schedule is
an important difference to the results in previous studies on the optimal income tax
when relative consumption matters, which assume that there is only one consumption
good (see for example Aronsson and Johansson-Stenman 2008). There, as soon as the
shadow price is positive, the Pigouvian part in the income tax schedule is also posi-
tive.!” Things become more complicated if there are both positional and nonpositional
forms of consumption. For instance, if a status good is a complement to leisure, and
hence dcy;/0z; < 0, then there is an effect that works in the opposite direction requir-
ing a lower or even negative marginal income tax rate. As an example think of playing
golf or visiting an expensive restaurant, which are complementary to leisure and have
some status character. The intuition for this effect is that increasing the marginal
income tax rate induces individuals to enjoy more leisure and, thus, to also consume
more of the status good (e.g. play more golf). Clearly, if the status good is a normal
good, and hence Jcy;/0x; > 0, this effect is partly offset by the effect of a reduction
in net income on the demand for the status good. The point is that if individuals can
spend their income on positional and nonpositional goods, a higher income tax does
not necessarily imply lower consumption of the positional good, which is in contrast
to a model where all consumption is assumed to be positional. This result is stated in
Proposition 4.

Proposition 4: Assume that shadow prices are positive and that commodities 1
and 2 are normal goods, i.e. /A > 0 and Jcg;/Ox; > 0 with k = 1,2 and ¢ = L, H.
Then the Pigouvian parts in the income tax schedule are unambiguously positive if
demand for commodities 1 and 2 is either unaffected by leisure or decreases with
leisure (Jcy;/0z; > 0). If, however, the demand for status goods increases with leisure
(Ocki/0z; < 0) the sign of the Pigouvian part is ambiguous.

Finally, we show that with some additional assumptions the Pigouvian part in the
income tax schedule is progressive. The Pigouvian elements in (15) and (16) are given
by the first term on the RHS of these equations. Assuming that the consumption of
the H-type has a larger weight in the formation of the reference levels (e.g. upward
comparison), i.e. ap (i) > (i), 1 = 1,2, the inequality

Z (%akH(L) + %THO%H(H)) = Z (WL/\L%L(D * %TH%L(H)) )

k=1,2 k=12

17Their formulas for the marginal income tax rates do not include a shadow price. In their notation, a
sufficient condition for the relative consumption concerns to contribute to higher marginal income
tax rates is that the low-ability type is at least as positional as the mimicker. In the absence
of commodity taxes this condition would imply positive shadow prices in our framework, which
justifies this statement.
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holds, provided that the shadow prices are positive. Given ayp (i) > ayr(4) a sufficient
condition for the Pigouvian element in the optimal marginal income tax rate to be
larger for the H-type (see (15) and (16)), and hence, for the Pigouvian parts in the
income tax schedule to be progressive, is

8ckH H 8ckH GckL L 8ckL
MRS > MRS >0 18
f@zH * ZxaxH)/_EﬁzL + ZwaxL) ’ ( )
(%’“;)de:o (%’“LL)WL:O

k = 1,2. This condition states that the H-types change their demand for the positional
commodities at least as much as the L-types, in case of a marginal increase of gross
income which is compensated such that their utility does not change. Further, this
change in demand has to be positive, which is guaranteed if commodity k is a normal
good and if demand for k is unaffected by leisure or a substitute to leisure. Observe
that if preferences are weakly separable in labor supply and consumption and homoth-
etic in consumption this condition reduces to M RS > MRS at the optimal bundles
(zu,zn), (z1,xr) as with such preferences Ocy;/0z; = 0 and Ocyy/0ry = Ockr/O0xy.
In the absence of externalities the inequality M RSH > MRSL holds at the optimal
allocation, which is an immediate consequence of the zero at the top result in the
standard version of the Mirrlees income tax model (Sadka 1976, Seade 1977). But
in our model this inequality can in principle be violated as it is optimal to also dis-
tort the decision of the H types. Nevertheless, if the social damage caused by the
externality is small, this condition is likely to hold. The result concerning the progres-
sivity of the Pigouvian part in the income tax schedule is summarized in Proposition 5.

Proposition 5: Assume that agpy(i) > opp(i), £ = 1,2 and ¢ = L, H. Then, if
the externality is socially harmful (positive shadow prices), equation (18) is a suffi-
cient but not necessary condition for the Pigouvian parts in the optimal income tax
schedule to be progressive.

Thus, if the consumption of the H-type has a larger weight in the formation of the
externality, then it is optimal for the Pigouvian element in the income tax schedule
to be larger for the H-type, at least if the consumption of commodities 1 and 2 of
the high-able responds at least as strong to a change in gross-income than that of the
low-able.

5. Conclusion

In this paper we have studied the optimal taxation of income and commodities
when individuals make relative consumption comparisons. In contrast to previous
studies we have assumed that there are both positional and nonpositional forms of
consumption, taking into account the idea that relative concerns matter for some
but not for all commodities. Further, we have modeled the reference consumption
levels in a very general way. We take into account that different individuals might
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have different reference levels and that the consumption of some individuals might be
more important in the formation of the reference levels than the consumption of other
individuals. These extensions have some interesting implications for the optimal tax
structure.

We have found that in general the whole tax system is affected by the positional
externalities. In particular even the tax rate on the nonpositional good and the income
tax serve for externality-correcting purposes at least if the consumption of the two
types is weighted differently in the formation of the reference levels (e.g. in case of
upward comparison). The reason is that in this case the proportional taxes on the
positional commodities alone cannot achieve the additional differentiation between
the two types which then becomes desirable. Some additional differentiation can be
attained with the whole set of commodity taxes provided that cross-price effects are
present and that the two types react differently to relative price changes. Further
differentiation can be achieved with the nonlinear income tax as it allows to tax the
two types differently.

If commodity taxes are restricted to be uniform for example due to political economy
reasons, then only the income tax can serve to correct for the positional externalities.
In general the optimal marginal income tax rates are higher than in the absence of
relative concerns and the well-known zero at the top result does not hold. However,
our assumption that individuals can spend their income on both positional and non-
positional forms of consumption implies that if status consumption is a complement to
leisure then the sign of the Pigouvian part in the income tax is ambiguous. The reason
is that in this case an increase in the marginal income tax rate does not necessarily
lead to a decline in the demand for status goods. Moreover we have shown that if the
consumption of the high-able individuals has a higher weight in the formation of the
reference levels then with some mild additional assumptions the Pigouvian elements
in the marginal income tax rates are progressive.

Appendix

Proof of Lemma 1
We show in the technical Appendix that the shadow prices measured in terms of tax
revenues can be expressed as

1 Ovy|L
7% _ o (T, MW Py, — pu aH[ ](MWPkH[L] — MW Pyp)
1-— CYkL(L)WL aka T
- 23:7_‘8052”1 N Ma (L com Z meHO[ ) 8ccom119)
g o ey A 8CkL 1.2 me( OCkr
k,m = 1,2 and k # m, and where MW Py; = _882//?9?}? is the marginal willingness

to pay of an individual 7 to reduce the reference consumption level ¢g; by one unit.
The first factor on the RHS of (19) is the so called feedback effect which captures the
effect of the level of the externality on compensated demand of the commodity which
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generates that externality (see also Bovenberg and Goulder (2002) for a discussion).
It is assumed to be positive in order for the model to be stable. The first term within
parenthesis accounts for the direct negative impact of the externality which increases
the shadow price. The second and the third term within parenthesis capture the impact
of the reference level on the self-selection and the budget constraint, respectively. The
sign of both effects is ambiguous. Finally, the two terms in the second line of (19)
show that the various shadow prices of the externalities depend on each other (again
with ambiguous signs). All together, 74, can be either positive or negative.
Similarly, we show in the technical Appendix that vy /A can be expressed as

3
! DL desom
%TH = 3Cmm( HMWPkH—WHZTJa +WTHamH(H)7rHa =
1 — app (H)my 72 kit
m accom
+ Z uOémH ’/TH o ) (20)
CkH

m=1,2

k,m = 1,2 and k # m. The terms in (20) have a similar interpretation as the terms in
(19). Thus, vk /A can be either positive or negative and is also affected by the other
shadow prices. Note, that (20) contains no effect on the self-selection constraint. This
is because of our assumption that a high-able individual when mimicking compares
his/her consumption to the reference levels of the L types.

Proof of Proposition 1

By applying Cramer’s rule to the system of equations given in equation (9) one can
derive implicit solutions for the optimal commodity tax rates. The optimal tax on the
nonpositional good is implicitly given by

o=t T 3 ()~ aua(D) + v (H) — o ()DL (21

where |A| is the determinant of matrix A (equation (10)) and where 13 and Dy are
defined as

o AR S
B S A T
_; accomz Za;%)+(CQH[L — 1) Zmaccom;mag%
_Z“%?Em%§m "
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Ops  Opy, Ops Opn,  Opg Opn,  Opg ’

(23)

i

with k,n = 1,2 and k # n.

From (21) it can be seen that in general 75 depends on vy, k = 1,2 and i = L, H,
violating the additivity property. If the consumption of both types is weighted equally
in the formation of the reference levels (property (i)), one can see that the Pigou-
vian part in (21) (second term) vanishes. This is also the case if there are no com-
pensated cross price effects (property (ii)) and/or the proportions of compensated
price effects (own to cross and cross to cross price effects) for commodities 1 and
2 are the same for both types (property (iii)), as then Dy as given by (23) is zero.

Proof of Proposition 2
The optimal tax rates on the positional commodities are implicitly given by

= et 3 Bt )
A 5 O () = i (L)) 255 (o (H) = ca () (24)

with k£, m = 1,2 and k # m, and where ¢y, F.s, s = L, H, and F}, are defined by

L O
Z 606‘"” XZ: 86& (cmu|L] — %L)(Z: 7”05% XZ: ma(;%
B Z 8(;}5,;{: 22: 28;%) + (esg[L] — %L)(Z: Wi% Zzzmﬁgffj
S5 o L Loy (25)

o accom e Do D™
E agi(8)m; E E - g 4y i )
: : : : ~ Opm
7 7 7 2 7

Opx, ‘ Ops Ops

dcy 8 : e e degi™
+;0&ki(5)7ﬁ aC;m (Zﬂl ;;k Z?Ti §p3 _Zﬂi ¢ ;WZL)

P p p Opy, Ops

ocsam Occom dcgm
+ o (8)m—= T — T —=
2 omlo)mig ~( mpi Y g

S ) -
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P o= Z . 5 ( crt ey co 5 ot oey
Ops 8pm 0pk 8pm pk 0pm 3pk 8p3
accom com 8Ccom 8Ccom 8ccom accom accom
)+ Z
Opk 8p3 81)3 Opm, Ops  Opm

=). (27)

From (24) it can be seen that in general 7, k = 1,2, depends explicitly on the shadow
prices of both externalities, violating the additivity property. One can see immediately
that if g (1) = (i) (1mp11ed by property (i)) the term depending explicitly on
Yem/ A 18 zero (second line in (24)). The same is true if there are no compensated cross
price effects (property (ii)) and/or the proportions of compensated price effects (own
to cross and cross to cross price effects) for commodities 1 and 2 are the same for both
types (property (iii)), as then F} as given by (27) is zero.

Technical Appendix

First-order conditions of the government’s maximization problem
The Lagrangian for the government’s maximization problem reads

L = frop+ fave + Nmp(zp — ) + 7y(2n — 2m) + Z 7i(7rein + Trcim) — g
j=1,2,3

+u(vg —vg[L]) + (G — aap (D)o, — o (L)mgein) + v (Cia

—onp(H)rpein — arp(H)wpein) + Y20 (Car — aorn(L)mpcar, — aop (L) THrcan)

+v2m(Com — o, (H)mrcar — cop(H)Trcom). (28)
The first-order conditions with respect to the income bundles z;, z;, © = L, H, are given
by:

8vL 8CjL aUH 8ckL

fLaxL = AT — AT, Z T; 0, + Z Z %OZkL (1), (29)

j=1,2,3 k=12 i= LH

aUH 804H 8qu GckH

= A\Tg — A — i 30

fH " " j;:% K Ory axH o kz;Z zZL:H Gy (30

v oc; v oc
fL L :—>\7TL—)\7TL Z Tj JL+M H +7TL Z Z kL’)/]ﬂ ) (31)

. aZL Z
j=1,23 k=12i=L,H

5 e 0 0
fHaZE = —ATy — ATy Z 7j T azllj + 7T Z Z CkH’YmOékH (@) (32)

0z
j=1,2,3 H k=1,2i=L,H
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The first-order condition with respect to commodity taxes 75, j = 1,2, 3, read

Ov; OCpi 0 Ovy L]
Zfzv—l-)\chﬂ—i-)\Z Zmnc‘ (;'H U;_J )

i=L,H i=L,H i=L,H n=1,2,3
8cm Ocy
- i(L)mi—— — J(H)m; =0. 33
> 2 wow(l)m 2 2 wnow(H)mg - (33)
k=1,2i=L,H k=1,2i=L,H

Finally, first order conditions for ¢,; and ¢yg, k£ = 1, 2, are given by:

9 dc;p 0 Ocm
frome + AT Y Tt — p i R DY C—L%’“O‘mLU_O’

0ck1 j=1,2,3 JCk1 Jckr, m=1,2i=L,H

(34)

ov oc; Ovg oc,,
fu " + Ay Z Tj i +,uackH+7k:H—7TH Z Z _H%mOémH(l)_O-

ICkn j=1,2,3 OCkn m=1,2 i= LH
(35)
Derivation of v/ and yep /A
. 8 com c
Further, we make use of the Slutsky decomposition gci = gc - M WPkZ%;Z,

which can be derived as follows. Let the expenditure function of an individual i
be denoted by E;(p1,pe,ps, zi, €14, C2i, 4), which in equilibrium is equal to z;. Now

use Cji(p17p27p37 E ( ) Zi, C14, C_QZ) - com(p17p27p37 Ziy C1i Coiy U ) and differentiate it with
B ) 8 com
respect to c; to get 3 BC” =+ %‘21 gCET’ = ;7 Take the expenditure minimization problem

of an individual ¢ and make use of the Envelope Theorem to get 3 8El = MWP,. All
together this yields the Slutsky decomposition as written above.
Now take the first-order condition for ¢z given by (34) and add and subtract

pag’;?] % Then (34) can be written as

(f B a’UH[L] 81},;/0@ _ a’UH[L] GUH[L]/(B?@ _ 8UL/aCkL )\7'(' Z . 0ch
La P L vy L T oy V7 P g e b2 Voa
0 0
+ Vkr — L L Z%Oém — T cor Z Yoituar (1 (36)

k = 1,2. Make use of the definition for MW Py; and substitute for ( Lg% - M%LL])

from the first-order condition for z, given by (29). In addition use the Slutsky decom-
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8Ccom

positions g;i; = 50— — MWP, 3" 80“ ,7=1,2,3 and k = 1,2. Then one gets

1 Ovy|L ’
L g R (T MW Py — va| ](MWPkH[L] MW Pr) _WLZTJ
A 1-— OékL(L)ﬂ'L 8CkL al’L
YmL acfgan VYmH et
+ 3 OémL( aCkL Z Osz ﬂ-L Ocrr )

m=1,2

k,m =1,2 and k # m.
To get an expression for v,z /A take the first-order condition for ¢z (equation (35))
which can be converted to

0 Ovy /0 0
(fH Vg UH) UH/CkH )\HZTJ CiH

83:H 81‘1{ 8vH/8:cH 23
Ocap
—TH e Z Yoitvap (i (38)

k = 1,2. Substituting for ( ng”H + ,uaUH ) from (30) and again making use of the
Slutsky decompositions, (38) can be written as

ViH 1 Z G| Ymu Ocmt
- = com (WHMWPkH — TH T; amH(H)WH —
A 1— O-/kH(H)ﬂ-Haam ’ 8Cch aCkH
2 : ’YmL 8Cfgm
m=1,2

k,m =1,2 and k # m.

Derivation of optimal commodity tax rates

Take the first-order condition for 7; given by (33) and plug in for BZZ_ = —¢ji g?
J i
%%TJ[.L] = —cju(L] agH and for the Slutsky-equations %‘%i = ;JTS- Cﬂ%cxﬂ and 35:;1 =
6;;; - Cjzaac"” with j,m =1,2,3 and j # m. One gets
(%L 8'UH com acmi
_ CijLamL C]HfH_ —i—)\chﬂ +/\m;327m7r2 : Cjia_:r;i)
Ovy uall] acggm chi
- M<8.TH CiH — 8x — 1L Z alz Cﬂ@_xi)
oc§om ocy; ocsom™ 0ca;
- (H)mi(—— — ¢jim—) — i (L)my (2= — cjim
Wlei:Ozl (H)m( op; C; 8xi) %in: 91 (L)m;( o, : (%Ui)
accqm 862
— ; H ; 21 . A 0 40
2 ;OQ (H)mi( Ipj K 8%) (40)
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Substituting for fLa and fy a”H from (29) and (30), equation (40) can be written as

8C60m 1% (%H[L] YIL 8Ci0m
§ § Tm T 2 = —-= 5 | L] — E i 771 2
m=1,2,3 1 Dj A L (C]H[ ] CJL al C(IJ

4 JeL Vo Do
Zazz T b\ ZOéQi(H)Wz‘ apj ) (41)

7 7

7 =1,2,3. There are three equations with three unknowns 7y, 79, 73. Thus, equation
(41) can be transformed to matrix notation as given by (9) in the text.

Derivation of optimal marginal income tax rates
To get an expression for the optimal marginal income tax rate of an H-type divide
the first order condition for zy and xg ((32) by (30)) to get

(fu + ) gi —>\7TH —AMH D Tig C]H +7 &m Z Yiion g (1) + 7 520 > i Yeicam (1)

Oz
(fH +u)§§ AT — )\WHZ i CJH + 7 8 S Z 71ZCY1H( ) +7TH%(;2§ ZZ 72¢042H(i)
(42)
Use the definition M RS! = —(‘;Z?';g;f and rewrite (42) as
0 (9 0
— MRSE My — My Z g CJH CIH Z’le&m + TH - Z’YmOéQH
dc Jc , oc .
— ATy — Aty ;Tj 82]5 + Ty 8,215 ;"}/11’@1[{(2) + T 8225 ;’y%am(z). (43)
After dividing by Amy, (43) can be rewritten as
Ockn Ockn
1— MRS? = L e (L) + L o () — + MRSH
s k;; y e (L) + — o (H) Tk)((?zH e 8xH)
803[{ o 803[{
— + MRS 44
7—3( aZH 2T 8 ) ( )

Using equation (5) yields equation (13) from the text. To arrive at the optimal
marginal income tax for the L-types, first divide (31) by (29) to get

fr oL —)\7TL —ATLY i Ti% a% + MavH[L] + m ZL Yo (i) + WLach 2 V2ic2r (1)

0z, 8ZL
vy, dcjr, vy |L I5] 0 ’
fogee  Amp—Amp T agfL +p aZ[ L Tak > i vionn (1) + TG 37, yeicar (i)

(45)

Again use the definition for M RS% from above and divide (45) by Az and Qv [L]/dz .
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Then (45) can be rewritten as

MRSE ocir, p Ovyl[L]  Oeqp V1 _ ocor, Yoi
_ W g 75 Ju J2
8UH[L]/8xL< ZT] 8xL + /\7TL EML 8xL - A OélL(Z) 8xL A 062L<Z))
1 dejr, 3011: i : ach N2
S — G J _ —M H
8UH[L]/8xL( zg: i (9zL 8zL Z alL 6’zL Zz: )\7TL RS
(46)

Multiply (46) by dvg|L]/0x, and use equation (5) to get equation (14) from the text.
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