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Abstract

In this paper, | propose an instrumental variable (IV) estimation procedure to estimate global
VAR (GVAR) models and show that it leads to consistent and asymptotically normal
estimates of the parameters. | also provide computationally simple conditions that guarantee
that the GVAR model is stable.
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1 Introduction'

Vector autoregressions (VAR) have become a useful part of the toolbox of
empirical economists. VARs are used for both model estimation and evalu-
ation, as well as for a-theoretical data analysis. In practical applications in
macroeconomics, VAR models are often estimated using data for a particu-
lar cross-sectional unit (typically a country), ignoring any possible interna-
tional linkages. If international linkages are present, this would imply that
the single country models would have to include higher order time lags in
order to be able to capture the complicated international feedbacks. Fur-
thermore, the coefficient estimates would not have the same interpretation
as in a closed-economy model. On the other hand, a model that explicitly
includes international linkages would yield coefficient estimates that are eas-
ier to interpret and would have a better descriptive power, i.e. it would be
able to describe the data equally well but with a smaller number of time
lags. The literature that combines several VARs into a panel VAR model
assumes that the regressors do not include any contemporaneous endogenous
variables and hence also suffers from the same criticism.

As an answer to these challenges, there is a growing volume of empiri-
cal literature that combines VAR models for several countries into so called
global VAR (GVAR) model.> The different VAR models for each country are
linked by inclusion of a foreign variable which is constructed as a weighted
average of endogenous variables in other countries. The estimation strategy
follows the suggestion of Pesaran, Schuermann and Weiner (2002) who esti-
mate the model on a country-by-country basis ignoring the endogeneity of
the foreign variable. This approach is based on the argument that as the
number of countries in the sample grows (N — o0), the foreign variable
becomes 'weakly exogenous’.

However, the conditions for 'weak exogeneity’ might not be satisfied in
many empirical settings, e.g. when using trade weights and there remain
important trading partners even as the number of countries in the sample
increases. Furthermore, in many situations, the asymptotic guidance should

T would like to thank Michael Binder, Ingmar Prucha, Sgren Johansen, Jan Magnus
and seminar participants at Copenhagen, Tilburg and SUNY Albany universities for com-
ments and suggestions. Any remaining errors and omissions are of course my responsibility.

!See e.g. Binder, Pesaran and Hsiao (2005), or Binder, Mutl, Pesaran and Hsiao (2002).

2Pesaran Schuermann and Weiner (2002), Pesaran, Smith and Smith (2005), Dees, di
Maurio, Pesaran and Smith (2004), Pesaran and Smith (2006) to mention a few.



be derived keeping the number of countries fixed (N fixed, T — o0). In this
paper I also argue that the 'weak exogeneity’ concept leads to asymptotic
results that might not serve as a useful small sample guidance even when N is
large. As a result, it is of interest to be able estimate the model consistently
taking the endogeneity of the foreign variables into account. I provide a rel-
atively simple instrumental variable procedure and show that it is consistent
and asymtotically normal.

In the next section I present the model, explicitly state assumptions under
which I derive the large sample results and discuss the conditions under which
the GVAR model is stable. Section 3 then outlines the estimation procedure
and provides the asymptotic results. Finally, Section 4 offers conclusions.
Proofs of the claims made in the paper are contained in the appendix.

2 Model

Consider the following global VAR model as proposed by Pesaran et al.
(2002). There are N countries and for each country the following vector
autoregressive model is assumed to hold:

* *
X = a0 +ant + ®ix 1 + Ajox;; + Az’lxi,tq + €, (2.1)
kx1 kx1 kx1 kxk fx1 kxkkx1 kxk w1 kx1

where x;; is a k x 1 vector of endogenous variables in a country i, at time ¢,
a,g and a;; are k x 1 vector of parameters, ®;, A;o, and A;; are k X k matrices
of parameters, €;; is a k x 1 vector of innovations, and

N
X = Zwijxjt> (2.2)

kx1 j=1 kxk kx1

is so called foreign variable which is constructed as a (country specific)
weighted average of endogenous variables in other countries where W;; are
k x k matrices of observable weights. Pesaran et al. (2002) propose to es-
timate the model on a country-by-country basis, arguing that as N — oo,

under their set of assumptions, C'ov [ Zjvzl WX ,sit] — 0 and this is
what is then referred to as weak exogeneity of the foreign variable.

However, when the conditions under which is obtained are too restric-
tive, there is also an asymptotic bias. To examine the endogeneity of the



foreign variable x7,, we need to solve the entire (global) model. Stacking over
countries the model can be written as

xX; = ag + a; t+ P X1+ AO \u4 Xy + A1 \%Y X1+ &,
Nkx1  Nkx1 Nkx1 NEkxXNENpw1 NkxNENEXNENEx1 NExNENEXNENEx] Nkx1

(2.3)
where (m = 0,1):

x; = (xh, ..., x,), (2.4)
a, = (al,,..a\,),

® = diag (®y,...,Pn),
A, = diag (A, s Anm)

W = (Wy) Iy

e = (€], ..., .

The solution of the stacked model is obtained (I will show later that this
expression is well defined, based on an explicit set of assumptions) as

Xy = (IkN — A()W)_l (a() +ait + (ﬁxt—l + Alth—l + Eft) . (25)

Provided that the the innovations €; are independent in the time dimension,
the endogeneity of the regressors Wx; follows from

E(Wxe;) = W (Iiy — AgW) ' E (g,¢)) . (2.6)

Pesaran et al. (2002) assume that the weight matrices W; are diagonal with
W,; = diag (w};, .., w) and that

75 ij

N
Z (wg»l)2 — 0, as N — oo, for all 7 and m. (2.7)

J=0

However, this implies that asymptotically the foreign variables have no ex-
planatory power in the model. Asymptotic properties of such model should
not be used as a small sample guidance for our estimators if we actually ex-
pect some degree of cross-sectional dependence in our model. A more reason-
able assumption is to require some limit on the amount of the cross-sectional
interdependence in the model but leave some room for cross-sectional de-
pendence to survive even in the limit. A typical assumption in the spatial



econometrics literature is to require that
N
Z ‘wm < ¢ < oo, for all ¢ and m, (2.8)
=0

where the constant ¢ does not depend on the sample size N. This is clearly
a weaker assumption but it turns out to be powerful enough to allow us to
derive asymptotic properties of our model.

It also has to be noted that at least some practical applications use data
in which the number of time series is larger than the number of cross-sections.
Furthermore, the general statement of the GVAR model allows for the slope
coefficients to vary across the cross-sections. Both of these observations sug-
gest that it would be of interest to derive the asymptotic distribution of the
estimators holding N constant. In this case the asymptotic (with respect to
N) weak endogeneity argument no longer applies.

2.1 Assumptions

Here I spell out explicitly the general assumptions that are maintained through-
out the paper.

Assumption 1 The disturbances €;; are generated from

Er = RtN n: , (29)

Nkx1 NEkxNENkx1

where M, = (Mg, My) wWhere My = Ny o M) 18 @ k X 1 vector of
innovations and:

(a) The innovations n,,,, are totally independent (with respect to i,t and m
indexes) and have uniformly bounded absolute 4 4+ 5 moments for some
6> 0.

(b) The sequence of Nk x Nk matrices Ry y has uniformly bounded absolute
row sums, i.e. denoting r;;; n the ij-th element of Ry n it holds that

Nk
> Jrigan| <k < o, (2.10)

J=1

where the constant k, does not depend on T or N.

4



Assumption 1 allows for a general heterogeneity structure within a given
time period. However, it imposes the restriction that the disturbances at
different time periods are independent. The part (a) is a standard restriction
required for deriving asymptotic results, while part (b) guarantees that the
amount of heterogeneity in the disturbances is asymptotically limited as the
number of countries in the sample increases. The following assumption then
guarantees that the degree of international interactions in the data does not
explode as the sample size (number of countries) increases:

Assumption 2 (a) The sequence of the weight matrices W has uniformly
bounded absolute row and column sums, i.e. denoting wjj qm the (q,m)—
th element of W;;, it holds that

N k
DY lwijgml < b < o0, (2.11)

j=1 m=1

where the constant k,, does not depend on T or N and the choice of
indezes i and q (but can potentially depend on other parameters of the

model).

(b) Furthermore, the sequences of matrices (Iy — AgW) ™" and
[IkN — (Iiv — AOW)_1 (@ + A1W)] ! are well defined (the inverses
exist) and have uniformly bounded absolute row and column sums.

c e parameter space is uniformly bounded, i.e. the matrices ®, Ay,
Th t ' formly bounded, 1 th trices ®, A
and Ay have uniformly bounded absolute row sums and the vectors ag
and a; have elements uniformly bounded in absolute value.

The existence of the inverses in the above assumption will be guaranteed
by the following assumptions that imposes stability of the process in both N
and T dimensions. However the absolute summability is still an additional
condition. It proves to be useful to define the following notation. Let A be
any square n X n matrix with real entries. I denote its spectral radius as

p(A) :=max{|\| : A is an eigenvalue of A}. (2.12)

Assumption 3 The spectral radius of (AgW) is uniformly less than one,
i.e. p(AgW) <k < 1, where the constant k does not depend on N or T.



Assumption 4 The spectral radius of (® + A;W) and of
(I — AOVVY1 (® + A1 W) are uniformly less than one.

Finally to be able to demonstrate that the observable process is a well-
defined transformation of the underlying innovations, we need an assumption
about the initial starting values of the process:

Assumption 5 The initial observations xo are drawn from

xp = Ry £ (2.13)
Nkx1 NEkXNENEkx1

where

(a) The innovations collected in the Nk x 1 vector & are totally independent
of each other as well as of innovations m, for t > 0 and the elements
of & have uniformly bounded absolute 4 + 6 moments for some § > 0.

(b) The sequence of Nk x Nk matrices Ro has uniformly bounded absolute

rOW SUMS, 1.€.
Nk

S rijol < ko < o0, (2.14)
j=1

where the constant ko does not depend on N and T.

Of course the above assumption would be satisfied if the data generating
process is stable and the initial observations were drawn from the stationary
distribution of the process, see e.g. Proposition 1 below.

2.2 Stability Conditions

Inspecting the solution to the global model given in (2.5), it follows that to
determine whether the model is stable, it is not sufficient to examine the sta-
bility of the country-by-country models separately, ignoring the endogeneity
of x},, i.e. to examine the eigenvalues of ®; (and A;). Instead, the stability
of the global model is determined by the spectral radius of

(Liy — AgW) (& + A\ W) . (2.15)



Hence it does not suffice to impose stability of each country model (i.e. re-
quire that p(®) < 1). Accounting for the autocorrelation in the foreign
variable (i.e. imposing that p(® + A;W) < 1) is also not sufficient. In-
stead, the stability of the process also depends on the strength of the con-
temporaneous global links in the model (i.e. on the parameters collected in
Ap) and it must be determined by the spectral radius of the entire matrix
(I — AOVV)f1 (® 4+ A1). In general when both N and T are allowed to
tend to infinity, the claim that this is sufficient is not straightforward and is
demonstrated in the proof of the following proposition:

Proposition 1 Under Assumptions 1-5, x; has well defined uniformly bounded
absolute 4 + &6 moments for some 6 > 0. Furthermore, if a; = 0, then in the
limit as T' — oo, X converges in quadratic means to a random variable X
which has well defined finite absolute 4 + & moments for some 6 > 0 with

_ 1 _
E (Xo) = [Lin — (Tey — AgW) (@ + A1) Ty — AgW) lag.  (2.16)
If additionally limr_, E (g:€}) = Q., we have

vech [VC (x0)] = {Inzge — [A Ty — AgW) ' @ A (Ly — AgW) '] }71
D - vech (€2.), (2.17)
where
A= (Liy — AgW) (@ + A, W) (2.18)

and D is a duplication matriz such that vec () = D - vech (2.).

Proof: See the Appendix.

The asymptotic results in the above proposition can be useful in specifying
the initial distribution of the initial values of the process x,. Of course in
the presence of deterministic time trends (a; # 0), the limiting moments of

x7 only exist when appropriately normalizing by T_%, see the discussion in
Hamilton (1994), Chapter 16.

I now examine the sufficient conditions for stability in more detail. Note
that for any matrix norm, the spectral radius p (A) is smaller than the norm
|A|l (e.g. Theorem 5.6.9. in Horn and Johnson, 1985). Hence using the
submultiplicative property of the matrix norm, we have that

p My — AW) ' @] < [Ty — AgW) (@ + A W)|| (2.19)
< [Ty — AW) | |+ AW

7



Convenient matrix norms can be, for example, the maximum absolute row
sum of a matrix defined as

Al = max Z . (2:20
or the spectral norm
A, = max {\/— A is an eigenvalue of A A} (2.21)

Note that from Assumption 3 and Lemma 5.6.10 in Horn and Johnson
(1985), we have by Corollary 5.6.16 in Horn and Johnson that the inverse
(Iey — AgW) ™" can be expanded as an infinite sum. Therefore, (any) norm
of (Ixny — A[)W)f1 can be bounded from above by

o0

[(Tin = AaW) [ < D> (IW]- (| Ao]])" (2.22)

s=0

Often the weight matrices are row normalized. In this case we have that
W], = 1 and hence

[Ty = AgW) 7Y, < D A3 (2.23)
B 1
1= [Aoll;
1

1— maxi<;<nN {HAiOHJ‘

Note to satisfy Assumption 3 (in the case of ||[W]|; = 1) we can, for
example, require that 0 < maxj<;<n {|[Awl|;} < 1. However, if there are
global feedbacks in the model, we have maxi<;,<n {||Ajol/;} > 0 and hence

1

1 — maxi<i<n {||Aio||1}

> 1. (2.24)

In this case the requirement that ||® + A;W||; < 1 (which is a stronger
requirement than p (® + A;W) < 1) does not necessarily guarantee that the
process is stable.?

3This is motivated by the fact that the requirement ||® + A;W||; < 1 is a sufficient
condition for p (® + A; W) < 1.



The following proposition provides a sufficient condition under which the
process is stable

Proposition 2 Assume that the mazimum absolute row sums of W are less
or equal to ky, i.e. |W|; < ky. Suppose that

1@l + kw (1Al + [[A4]];) < 1. (2.25)
Then the spectral radius of (In — AOVVY1 (® 4+ A1W) is less than one.
Proof: see Appendix.

The above proposition provides a simpler alternative to checking the
eigenvalues of the entire matrix (Iy — AgW) " (@ + A;). Note that when
the weights are normalized to add up to one, we have k,, = 1 and it suf-
fices to check whether for all country models it holds that the row sums of
|®|+ |Ajo| +|Ai1| are less than one. Note however that the above proposition
provides only a sufficient condition for stability. Necessary condition is that
the spectral radius of (Iyy — AgW) ™' (® + A;) is less than one.

3 Estimation Procedure and Large Sample
Results
The stacked model can be written compactly as

Xt = A()WXt -+ 0 . Zt + &4, (31)

NEx4NEk 4NEx1

with

o :Z(EQI@ 5,), 6, :[aig a;1 (ﬁl A21]> (32)

NEkx4Nk i1 \NxN kx4k kx4k
and
N
N 1o / */ !
Z, = E e ® 2y |, 2 = [l’kvl’ktﬁxi,t—hxi,t—l] ) (3'3)
4Nkx1 Nx1 4kx1 4kx1

=1

where Ef}f is an N x N matrix of zeros with an entry of one at the 7j-th
position, by €Y a N x 1 vector of zeros with an entry of one at the i-th

9



position and by ¢, a k x 1 vector of ones. Note that using this notation, the
model for each country can be written as
Xit = AiOX:t + 61 : Zit + Eit. (34)
kx4k 4kx1
Given Assumption 3, the inverse of (Iy; — AgW) exists (cf. Lemma

5.6.10 and Corollary 5.6.16 in Horn and Johnson, 1985) and the solution to
the global model is then

x; = (Iny — AgW) ' (82, + &) . (3.5)

Based on the discussion in Amemiya (1986), ideal instruments for x; =
Wx; would then be W (I — AOVV)f1 0Z;. Observe that we can expand the
inverse (Iyy — AgW)f1 by its infinite sum approximation (see e.g. Corollary
5.6.16 in Horn and Johnson, 1985):

(Ive — AgW) ™' = i (AoW)*. (3.6)

When A and § are scalars, the optimal instruments for Wx;would be WZ;,
W?2Z,, ... However, in the general case of a VAR model, the instrument set
is more complicated.

Note that we can write

N k k
Ay = Ef}’@Ai>, (Wm®Em), 3.7
e (B o) W3S (e Ey) 69

m=1

where the N x N matrices W,,, are weights that relate the m-th foreign
variable in the [-th equation of the domestic system.

The solution to the model implies then that the stacked foreign variable
is

Xt:WXt:W

Z, + W (I — AgW) ' g (3.8)

i(EN(X)é)

=1

10



1nge=1ng3=1ng=1

WPQ( n13n14Wn11n12 E7]’Z3ns4Wnsln92)
®Ek (AZOEnlln12 AZOEnsln 2) 61} Zt

k k o N k k N N k k N N
=220 0.2 2 2 2
p=1 q=1 s=0 i=1 nii=1nia=1nis=lnia=1 ng=1n.=1na=1nu=1
qu (EN Wnnmz e E7]l\,£3nS4WnSInSZEN) ® I
[Iv ® Ef, (AzoEmmw - é,)] Z

AlOEn s1Ms2
+W (Ing — AOW)
To facilitate manageable notation, we associate a single number, say m
to a given values of the indexes p,q, s, 7,111, ..., nss and denote a matrix of
unknown transformed parameters

Y, = Ek AOE’;HW cAoEF 8, (3.9)

kxdk e kx4k

an observed matrix of transformed powers of the spatial weights

—~

W, = [W (EN oo Waiinis + - EY o W, EN )®Ik . (3.10)

nizn N3N
NkxNE 137114 NxN s3Ms4 Exk

Using this simplified notation, the foreign variable becomes

x| = Z W, Iv®Y,) Zi +W (I — AW) 'e, (3.11)
Nkx1 kaNk NEx4Nk 4Nkx1
- Z (Z; ® Wm> veec Iy @ X,p)

‘|—W (INk: — AOW)_l Et
— Z (ZQ ®W,) Ty vecX,,

ANZ2k2x4k2 4k2x1
m NEx4N2E2

+W (I, — AgW) ' g

11



where Ty is a 4N2k? x 4k? matrix of constants given by (see Magnus and
Neudecker, 1988, page 48)

TT = <IN X K4k,N ) (U€CIN X I4k) X Ik7 (312)
ANZ2k2x4k2 ANkx4Nk ANZ2kx 4k
ANZ2kx4AN2k

where K, is a commutation matrix.

Thus a valid set of instrument for x; can be constructed by selecting
some indexes my, ..., m,, corresponding to a set of values of the indexes
D, q, S,0,M11, ..., Ngg in the expression (3.8), and stacking the instruments

H,, — (z; ® vam) T | (3.13)
Nkx4k2 AN2E2 x 4k2
Nkx4N2E2
so that the matrix of instruments
Ht - [Ht,m17 cey Ht,mn] ) (314)

Nkx4k2n

has independent columns. Based on the arguments in Kelejian and Prucha

(1998), at least the quadratic approximation should be used and hence at

the minimum the instruments should contain terms for which s is at least 2.
Denote the set of stacked instruments for the different time periods by

= (H,...,H,) . (3.15)

TNkx4k?n

In the first step of the procedure, the projected values of x* = (x¥/, ..., x%) are
calculated as

R P -ox* 1
T]\)/(kxl TNkXIa[“Nk TJ\)fckxl’ (3 6)
Py, = H (HH) 'H.

TNEkxTNk

In the second step, we regress x; on the predicted values of the endoge-
nous variables and on the exogenous variables. This amounts to estimating
country-by-country regressions using the predicted instead of the true values
of the foreign variable). Note that the model for country i can be written as

Xy = NjoXj; + 0,2y + €44, (3.17)

12



and hence the instrumental variable estimator is

(Ra.6) - [Z o (%1 20) ] [Z (5 )&z >] R

t=1

To be able to state conveniently large sample results, I now restrict at-
tention to a model without deterministic time trend, i.e. to the case a; = 0.
In this case, the matrix of weakly exogenous regressors at time ¢ for country
1 becomes

Zi = [L;, X;,tfl, Xftq]/ . (3.19)
3kx1

It proves to be convenient to work with the model stacked over the time
periods. Note that the model without deterministic trends can be rewritten
as

N
Xy = Z <Eg ®A20> Xt —|—Z E];[@All Xt 1+Z :E)N(g(b thl—i_et-
=1

Nkx1 NxN  kxk/ Nkx1
(3.20)
After vectorizing the right-hand side, we obtain
N
X = Z (x'@ L) T: -vecAy (3.21)
Nkx1 =1 NkxN2E2 N2k2x k2 k2x1
N
+ Z (X:il X IkN) 'I‘z . UGCAﬂ
i=1
N
+ Z (X;—1 ® IkN) T; - vec®; + &,
i=1

where T; is an N2k? x k? transformation matrix of constants given by
Tz‘ = (IN X Kk:N) (U@CEg X Ik) X Ik, (322)
N2k2xk? N2kx N2k N2kxk

where Ky is a kN xkN commutation matrix (see e.g. Magnus and Neudecker,
1988, chapter 3.7).
Stacking over time periods leads to

= Y - 0 + € (3.23)

X
TNkx1  TNkx3Nk? 3Nk2x1 TNkx1

13



where x = (x},...,x}), Y = (Y},...,Y%) and € = (¢/,...,&})" with the
matrix Y collecting the data:

(xr' @ Liy) (Ty, .., Tw) :
Yt 5 = (X;fkil ® IkN) (T17 D) TN) : y (324)
NEkx3Nk (Xé_l 2 IkN) (T4, .. Ty)

where : denotes horizontal stacking, and the vector @ collecting the parame-
ters:

(vecAqg)" : : (vecAno) : ]’
0 = | (vecAp) : :(vecAny) : | . (3.25)
3Nk2x1 / /
(vecd) : : (vec®y)
Note that the instrumental variable estimator can be equivalently written
as
~ ~ -1 ~
Ousrs = (YY) ¥/ . 2
BN L SNEIXTNE TNKx1 (3.26)

3Nk2x3Nk?

where Y is the same as Y except that x; in the definition of Y, is replaced
by X;. Observe that Y is hence

~1

X} X5 xy
? - ; ) & IkN E b
TNEx3NE2 ., . . 3N2k2x3Nk2
X7 X1 X1
Tx Nk TxNk TxNk
(3.27)
where I define the transformation matrices E as
E =1L ® (Ty,..., Ty). (3.28)

3N2k2x3Nk? N2k2x Nk2

The asymptotic distribution of the estimator depends on the choice of
instruments. To fix ideas, I assume that the instruments are chosen so that
asymptotically they perfectly approximate the expectations of the dependent
variable:*

4See e.g. the series type efficient IV estimator introduced in Kelejian, Prucha and
Yuzefovich (2004).
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Assumption 6 The instruments collected in H are such that
p lim (NT)'Y'Y = lim (NT)™' E(Y)' E(Y) =&,
where = is invertible, and

VNTY'e—V/NTE (Y) & =0, (1).

The theorem below summarizes the main asymptotic results:

Theorem 1 Under Assumptions 1-6 and if the limit

Sy = lim E(Y)RE (n)R'E(Y),

T—oo

exists and is strictly positive definite, we have that
vNT (523LS — 0) g N (03Nk27 \I’) as T — 0,

where
P —

(1]

—_
Eygﬂ .

Proof: See the Appendix.

4 Conclusion

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

Although the endogeneity of the foreign variable is normally taken into ac-
count in the empirical implementations of GVAR models when constructing
impulse responses, it is commonly ignored when estimating the model. In
this paper I have argued that GVAR models should be estimated taking the
endogeneity of the foreign variables into account. I showed that a simple
IV estimation procedure has desirable large sample properties and that it
is easily implementable. This paper also provides easy to check stability

conditions.
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A Appendix - Proofs of Claims

The following lemma is useful in evaluating infinite sums of sequences of
matrices:

Lemma A1l Let A, B and C be square matrices with same dimensions and
let ||[A]| and ||B|| be less than one for some matrix norm. Then the matriz
S=>",A"CB" is well defined and

vee(S) = [I— (B'® A)] ' vee (C). (A1)
Furthermore, the finite sum S; = Z;:o A"CB" can be expressed as
S, =S — A'"'SB"!, (A.2)
Proof: We have that
1St = [ISell = [A"CB"[| < A" [|C][ [ B]" — 0, (A.3)

and hence the series ||S,|| is Cauchy and converges to, say ||S||. By Theorem
5.6.15 in Horn and Johnson it must be that the entries in S; converge to the
entries in S. To derive the expression for S, note that

ASB= A <§: A”CB") B = (i A”CB”)
n=0 n=1
= (i A”CB”) —Cc=S-C. (A.4)
n=0

After vectorizing and solving for vec (S) we obtain the claim in the Lemma.
To derive the expression for the finite sum, we write

S, = S— Z A"CB" =S — A'f! (Z A”CB”) Bit!
n=t+1 n=0
— S AttISBIHL (A.5)
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A.1 Proof of Proposition 1

Given Assumption 3, the matrix (I — AgW) is invertible (cf. Lemma 5.6.10
and Corollary 5.6.16 in Horn and Johnson, 1985) and the endogenous variable
X; can be expressed as

Xy = (Ik:N — A()W)_l (a() +ait + @Xt_l + AIWXt—l + Et) . (A6)
By backward substitution, we then obtain
Xt = by + by + bsy + by, (A.7)

where

-
|
—

by = [(Tiy = AgW) ™ (@ + Ay W)™ (Ly — AgW) ™ a,

~ 0
Lol
= o

[(Ten = AgW) ™ (@ + AyW)]™ Ty — AgW) s,

g
I
g

TCIJ
D

by = [Ty = AgW) ™ (@ + Ay W)™ (Liy — AgW) e,

Il
=)

(v — AgW) ™ (@ + A, W)] ' xo. (A.8)

— »

by =

Given Assumption 2b, we then have by; and by, have elements uniformly
bounded in absolute value. I demonstrate that the sequences of stochastic
vectors bg; and by have elements with uniformly bounded absolute 4 + 9
moments for some § > 0. The claim in the Proposition then follows from
Minkowski’s inequality.

To simplify notation, define A = (Iyy — AgW) " (® + A;W) and con-
sider the stochastic term bs;:

t—1
by = > A’ (Iy — AgW) e, (A.9)

s=0

Note that given Assumption 1, the random vector n, and the sequence of
matrices Ry y satisfy the conditions of Lemma B2 in Mutl (2006). Therefore,
the elements of the random vector &; have uniformly bounded absolute 4 +
moments for some ¢ > 0. From Assumption 2, we have that the absolute

17



row sums of A® (Iy — AOW)f1 are uniformly bounded in absolute value.
Hence by repeated application of the Lemma B2 in Mutl (2006), we have
that A® (Iy — AOW)_1 €s has elements with uniformly bounded absolute
4 4+ 9 moments for some § > 0. By Minkowski inequality we then have that
bs; has elements with uniformly bounded absolute 4 + § moments for some
o> 0.

Next, consider the stochastic term by = A'xy. Again, by Assumption
2, the matrix A! has uniformly bounded absolute row sums and hence given
Assumption 5, we have by the same Lemma B2 that the elements of by, have
uniformly bounded absolute 4 + § moments for some § > 0.

We now turn to the asymptotic moments of x; as ¢ — oo, assuming that
a; = 0. Using Lemma A1l and Theorem 5.6.12 in Horn and Johnson, it
follows that by; converges to

by = limby = lim (Lyy - A7 Ly — AY) (Tv — AgW) Hag
= (Liv—A) " (Liy — AgW) " ay. (A.10)

Given Assumption 2b, it follows that b; has elements uniformly bounded
in absolute value and it suffices to show that the elements of bs; and by,
converge in quadratic means to random variables bz and b, with finite 4 4
9 moments (note that trivially by Assumption 1 the elements of bz, are
independent of the elements of by;).

Denote the matrix B3y = A® (Ixy — AOW)_1 R, and note that from As-
sumptions 1 and 2b it follows that

D IBsdly < AT Ty — AoW) | - ks (A.11)
s=0

< A%, - kike = ||(Tve — A) 7|, - ik < kokik, < oo,

where k, is the uniform bound for absolute row sums of matrices R;, and k;
and ky are uniform bounds for absolute row sums of matrices (Ipy — AOW)_1
and (Iyy — A)_l. Given Assumption 1, the elements of b, satisfy conditions
of Lemma B1 in Mutl (2006) and hence converge in quadratic means to a
random variable with uniformly bounded absolute 4 + § moments for some

d > 0.
Finally, note that form Assumption 4 and Theorem 5.6.12 it follows that
lim A’ = 0, (A.12)

t—o00
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and hence given Assumption 5, we have that elements of by converge in
quadratic means to zero.
Therefore the random variable x., is well defined and we have

X = lim Boag + D ALy — AgW) e, (A.13)

s=0

= (Liv—A)7 Ly — AgW) Hag + Z Af (Iy — AgW) ™!
s=0
Hence
E (%00) = Ty = A) ™" Ty — AgW) ™ &y, (A.14)

and using the independence of €, and e, for t # s:

V' (Xs0) ZA (Liy — AgW) Q. (Ty — W/AL) A (A.15)
s=0
Finally, using Lemma A1, we find that

vech [VC (X)) (A.16)
{Tyoz — [A Ty — AgW) '@ A Ty — AgW) ]} D - vech (),

where D is a duplication matrix.

A.2 Proof of Proposition 2

Observe that by (2.22) and the assumption in the proposition we have
p[Mv — AW) ' @] < [Ty — AW) |, - [|@ + A W,

< [Z (kw [[Aol[1)7] (1@ + Fuw [|A]]
s=0

@1y + Ko [| Al

1= K [[Aolly
Next note that from the condition in the proposition (||®||, + K ||A1]l, +
kw || Aoll; < 1) it follows that ||®]|, + kw [[A1]]; < 1 — Ky ||Ao]|; and thus

(observe that the condition also implies that &, ||Agl|; < 1, thus also 1 —
ko [[Aoll, > 0)

(A.17)

12y + Ko [As]ly, _

, (A.18)
1= Ko || Aoll;

which proves the claim.
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A.3 Proof of Theorem 1

Using the expression (3.26), we have

VTN (525L5 . 9) - (%) (%) . (A.19)

Given Assumption 6, it remains to be shown that
(TN) > E(Y) e =(TN)""> E(Y) Ry (A.20)

converges in distribution. I now verify that E(Y)' R and n satisfy con-
ditions of a central limit theorem for triangular arrays of linear-quadratic
forms, given for example in Theorem A1l in Mutl (2006). Observe that by
Assumption 1(a), conditions Al and A3 in in Mutl (2006) are satisfied. It
then remains to be demonstrated that the elements of the E (Y)' R, denoted
by [E(Y)'R],, with i = 1,.., NT, satisfy

sup (NT) 'S |[E (Y)Y R]T < o, (A.21)

i
=1

for some § > 0 and that the smallest eigenvalue of E (Y) RE (nn) RE (Y)

is uniformly bounded away from zero.

Observe that by backward substitution as in the proof of Proposition 1,
we obtain (with a; = 0) that

E (Xt) =F (blt) + E (bgt) + E (b4t) . (A22)

Given Assumption 3, we have from Lemma Al

3 [Ty — AgW) ™ (@ + Ay W) ag (A.23)

= [;kN — Ly — AgW) ™ (@ + A, W) a
— [Tn — AoW) (@ + A W)] .

It then follows from Assumption 2(b) and (c), it follows that E (by;) has
elements uniformly bounded in absolute value. By the same argument, it
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follows from Assumption 1 that E (bs;) also has elements uniformly bounded
in absolute value. From Assumption 5, it follows that the elementsF (xq) =
Ry E (&) are uniformly bounded in absolute value. By Assumptions 3, the se-

quence of matrices [(Ly — AW) (@ + A1W)}t has row and column sums
uniformly bounded in absolute value and, therefore, F (bs) has elements
uniformly bounded in absolute value as well. Therefore, we conclude that
E (x;) has elements uniformly bounded in absolute value.

Observe that by Assumption 1(b), the sequence of matrices R has col-
umn sums uniformly bounded in absolute value and, therefore, the vector
E (Y)'R has elements uniformly bounded in absolute value and hence satis-
fies condition (A.21) above.

Finally, note that it is assumed in the Theorem that
Sy, = limp o E(Y)' RE () R'E (Y) exists and is strictly positive def-
inite. Hence by there is a sample size Ny such that for N > Ny we have
that Amin [E(Y)'RE (np) RE(Y)] > 0. Therefore, we can conclude that
the conditions of the central limit theorem are satisfied and

(Sy.) V2E(Y) e % N (03np2x1, Inv) - (A.24)

Given the second part of Assumption 6, we have that

VTN

From the first part of Assumption 6 it then follows by Corollary 5 in Pétscher
and Prucha (2001) that

Y'e
( ) L N (O3np21, Bye) - (A.25)

VTN (525L5 - 0) N (On521, Sy (A.26)
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