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Abstract

This article addresses the impact of regulatory policy on levels of infrastructure deploy-
ment and derived welfare in the telecommunications sector. The model considers two
potentially coexisting and partially competing techniques (the “old” ADSL - Asymmet-
ric Digital Subscriber Line - technique) - and the “new” FTTH - Fibre To The Home
- one). Competition is supposed to be high on the ADSL market because of already
existing regulation. We assume that two types of operators are competing in order to
provide FTTH services: those that build and operate the new infrastructures (OPf1)
and those that just buy access to them (OPf2). In our model, the level of investment
is decided at stage 1 and the access price is decided at stage 2. At stage 3, OPf1 and
OPf2 compete à la Cournot. This common framework allows us to show that the
“regulation defining access price in order to maximise infrastructure deployment” is
strictly equivalent to the case in which “no regulation applies”. We also derive from
the model that these two types of regulation induce higher social welfare, but lower
numbers of FTTH consumers than “cost-oriented access regulation”. Finally, we show
that the level of infrastructure deployment (as well as social welfare and number of
FTTH consumers) will be at its highest if both investment and access price decisions
are taken by the regulator. This suggests that the social optimum will be achieved
through a call-for-tender process including deployment and access prices requirements.

Keywords: Access regulation; geographic deployment; network industries; telecom-
munications; investment.

JEL: L43, L51, L96, R58.

1 Introduction

The first phase of liberalisation in the telecommunications market occurred in
the late 1990s in many countries. It was aimed at introducing competition in
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previously monopoly markets. To achieve this, and since national incumbents
generally have retained ownership of infrastructure built before liberalisation,
National Regulatory Agencies (NRAs) have usually been created. They apply
asymmetric and sector specific regulation: national incumbents have specific
obligations in order to prevent them from deterring access. One of the most
important interventions is access regulation which allows new entrants to access
the incumbent’s network at a regulated (and generally cost-oriented) price. This
type of regulation is due to the high levels of fixed and sunk costs of rolling out a
network infrastructure, and also due to the uncertainties for potential entrants
as to market shares and accumulation of a customer base.

Around ten years later, the situation had changed. First, some competi-
tors have developed major market shares and, in all countries, competition has
increased. Second, even though full duplication of the original network is not
complete, all operators - incumbents and competitors - face a much more sym-
metric situation for rolling out the New Generation Access (NGA), such as
Fibre-To-The-Home (FTTH) networks1. These new conditions were integrated
in the recent “review” of the European telecommunications framework, adopted
on 25 November 20092.

However, since the fixed sunk costs for building these new networks are
high, this has raised concerns among regulators about the geographic extension
of NGA deployment in a free market. Since deployment is much more costly
in low-density areas, one of the questions being addressed by the regulators
is whether to subsidise the network in less profitable areas (e.g. organising
beauty contests between operators or leaving public institutions to organise de-
ployment)3. In this article, we study and compare the efficiency of a range of

1 FTTH is the most complete network since it brings the fibre network right to the consumer.
2 The framework includes Directives 2009/136/CE and 2009/140/CE and Regulation (EC)

No 1211/2009, OJEU, 18.12.2009. Although, according to this framework, asymmetric reme-
dies can be reinforced to enable access to the historical infrastructure, the new situation which
is aimed at fostering NGA network, is taken into account. This is the case of mandatory in-
frastructure sharing and taking account of investment risks in the regulation: “In order to
ensure investment in new technologies in underdeveloped regions, electronic communications
regulation should be consistent with other policies, such as State aid policy, cohesion policy or
the aims of wider industrial policy” (Directive 2009/140/EC of the European Parliament, (9),
p. L337/38). “National regulatory authorities should, when imposing obligations for access
to new and enhanced infrastructures, ensure that access conditions reflect the circumstances
underlying the investment decision, taking into account, inter alia, the roll-out costs, the ex-
pected rate of take up of the new products and services and the expected retail price levels.
[...] When imposing remedies to control prices, national regulatory authorities should seek
to allow a fair return for the investor on a particular new investment project. In particular,
there may be risks associated with investment projects specific to new access networks [...].”
(Directive 2009/140/EC of the European Parliament, (55) and (57), p. L337/43).

3 See, e.g., the decision of the European Commission of 30.9.2009, N331/2008 concerning
deployment of NGA in the French department of “Hauts-de-Seine”: “Under the EC Treaty
rules on state aid, the European Commission has approved public co-financing of the roll-
out of a passive, neutral and open broadband network covering the entire French department
of Hauts-de-Seine, including the non-profitable areas. The Commission concluded that the
public funding amounting to €59 millions would be used to offset the cost of complying
with the obligations of a service of general economic interest imposed following an open and
transparent tendering procedure, and did not therefore constitute state aid. [...]” (EC press
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regulatory policies in the context of geographic deployment of NGA networks.
We consider a dynamic framework with two types of operators. In one, the main
operators are already active in the market using the “old technology” (say the
ADSL network)4). These main operators are facing fairly similar opportunities
in building a new network (say the FTTH network). The other type of operator
is the new entrants, attracted by the new market opportunities but unwilling
to be integrated upstream. These “virtual network operators” (VNO) rely on
the access offered by the main operators, with or without the constraints of
regulation. We define a game in which the operators decide on the geograph-
ical coverage before competing à la Cournot and the regulator can decide to
introduce different types of intervention. In the model competition is supposed
to be established in the ADSL market5 and, in areas where FTTH is available,
the consumer can choose between subscribing to the ADSL or FTTH network,
which are imperfect substitutes.

Relying on this framework, we first compare the case in which the access
price is “unregulated” (and thus is defined on a commercial basis), with the case
of “cost-oriented regulation”. We show that the former is more efficient (in terms
of welfare and geographical deployment). However, welfare in the telecommuni-
cations market is not necessarily the State’s only objective: a larger deployment
of FTTH, for instance, might produce externalities for the whole economy, jus-
tifying regulation focused primarily on geographic coverage. Consequently, we
introduce access price regulation that maximises FTTH coverage. We find,
somewhat unexpectedly, that this is equivalent to the “unregulated” case. Fi-
nally, we compare the previous results to optimal sector specific regulation, i.e.
where not only access price, but also the level of geographic coverage are set, in
order to maximise welfare. This approach is consistent with a beauty contest
that includes requirements such as minimum level of network deployment and
possible subsidies6. We show that this regulation leads to the best results in
terms not only of level of welfare but geographic coverage (and is better with
subsidies than without).

The article is organised as follows: In Section 2, we review the literature.
Section 3 presents the model. In Section 4 we analyse and compare the impacts
of various regulation policies on investment behaviour and welfare. We offer
some concluding remarks in Section 5.

release, IP/09/1391, Brussels, 30.9.2009).
4 ADSL is a technique that was used to upgrade the original copper wire network, to allow

broadband Internet. Compared to FTTH, ADSL is considered an old generation wireline
network.

5 Even if the network is not fully duplicated, this assumption is acceptable if we consider that
the “historical” network has to remain regulated on a cost-oriented basis and possibly separated
from the incumbent. This allows us to study the effects of regulation of FTTH deployment
without distortions caused by profits derived from the ADSL network. The inclusion of the
ADSL network in the model is supposed only to have an impact on consumer choice.

6 E.g., France, Norway and Sweden have a binding coverage requirement for firms that
have been granted UMTS - Universal Mobile Telecommunications System (third generation
mobile network) licences. The case of deployment of a subsidised FTTH infrastructure in
Hauts-de-Seine (France) has been cited in Footnote 3.
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2 Related literature

The impact of sector specific regulation on operators’ investment, and especially
on geographical deployment of new networks, has been rather overlooked in the
literature. To our knowledge, Valletti et al. [2002], Hoernig [2006] and Foros and
Kind [2003] are the main contributions analysing the geographical inequalities
of the infrastructure deployment. Both these works deal with regulation of retail
prices and coverage constraints. The first shows that the effects of regulation
policy depend very much on the “basket” of measures taken by the NRA. They
stress that by linking otherwise unrelated geographic areas, “uniform pricing”
may lead to lower coverage by the incumbent and the new entrants while a
“minimum coverage constraint” induces higher retail prices. Also considering a
“universal service” approach, Foros and Kind [2003] conclude that competition
reduces welfare under uniform retail pricing. These authors show that this effect
can be offset by fixing “a coverage requirement prior to competition” that solves
the co-ordination problems7. However, these contributions do not deal with
the impact of wholesale price regulation (access regulation), which is one of the
most debated issue among NRAs and operators around the world.

Most of the literature dealing with access regulation is relatively new and
addresses the question of static and dynamic efficiency of regulation, but does
not take account of the issues related to geographical coverage. It highlights
that while a low access price may favour competition (and thus lower retail
prices) within a static point of view, it may also reduce the incentives to invest
in upgrading or deploying new networks. Therefore, it will reduce any dynamic
efficiency gains. This literature could be interpreted indirectly in terms of ge-
ographic coverage although optimal regulation is not seen as a way to manage
geographic deployment of the networks in these models8. The corresponding
literature adopts two main approaches9.

The first deals with service-based competition (SBC), where competition de-
pends on the access allowed to competitors and new entrants to the incumbent’s
network. The question then becomes whether or not the incumbent will have
an incentive to invest in improving its infrastructure in the face of the (asym-
metric) regulation. Foros [2004] and Kotakorpi [2006] show that, even if new
entries can encourage incumbents to invest in upgrades to their infrastructure10,
regulating access charge below the level resulting from free commercial bargain-
ing would have a negative impact on investment incentives. Other research,

7 This requirement corresponds to a wider geographic coverage than that based on a free
market.

8 Indeed, thresholds beyond which operators would decide to invest are related to deploy-
ment costs. Also, in these models, cost parameters can be interpreted in relation to the various
densities of the geographic areas. However, it might be difficult to derive conclusions in terms
of welfare exploiting the literature in this way.

9 For a more detailed literature review, see Guthrie [2006], Gans [2007] and Cambini and
Jiang [2009]. In particular, Guthrie [2006] points to the need to consider more deeply the
impact of access regulation on investment and on welfare.

10 This is the case when access charges are not too low and when the new entrants’ quality
of service (or the consumer’s willingness to pay for their service) is higher than that of the
incumbent.
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particularly work based on “real options” theory, points out that the situation
for incumbents is more risky than that of new entrants: Jorde et al. [2000] and
Pindyck [2007], for instance, show that a regulated access charge is a disincen-
tive to the incumbent to invest. All these contributions support the existence of
a trade-off between promotion of competition, and incumbent’s deployment (or
upgrade to) the network. However, Klumpp and Su [2010] consider the alterna-
tive that dynamic efficiency can be consistent with static allocative efficiency if
the access price is set according to the principle of “revenue neutrality”. Indeed,
a revenue-neutral open access may motivate the incumbent to invest more in
quality improvements as competition increases. In Klumpp and Su’s model,
competition and investment (in the incumbent’s network quality) are comple-
mentary. The access price prescribed is a linear access tariff, chosen after the
investment is made and before the downstream outputs are chosen, in order
that firms pay for the upstream investment in proportion to their downstream
market shares. This access pricing internalizes extension of the industry size
due to the incumbent’s investment and to the competition. Consequently, com-
petition in the retail market raises the incumbent’s return on its investment,
thus leading to stronger incentives to invest.

The other approach deals with facility-based competition (FBC), focusing
mainly on the investment incentives of new entrants. In this field, Bourreau and
Dogan [2005] show that it can be profitable for incumbents to set a low access
charge in order to reduce the entrants’ incentives to invest. Consequently, if
FBC is considered socially desirable, the access charge must be set at a high
enough level by the regulator. However, policies fostering FBC are usually
decided after a first phase of SBC policies. Indeed many NRA, especially in
the European Union (EU), have implemented the “ladder of investment” theory
(Cave and Vogelsang, 2003, De Bijl and Peitz, 2004, Cave, 2006). According to
this theory, NRA should first set the incumbent’s access charge low, in order
to stimulate entry and help new entrants to achieve a critical mass of users.
In a second step, the NRA increases the access charge in order to persuade
the new operators to “climb” the ladder of investment by deploying their own
infrastructures. Avenali et al. [2010] made a contribution to this literature by
focusing on the first step of the investment ladder: They assume that rather
than being unavoidable (as in Bourreau and Dogan, 2005), deployment of the
new entrant’s own infrastructure depends on its capacity to build a customer
base, which will increase its reputation and brand loyalty, and on the access
policy. Like Bourreau and Dogan, 2005, Avenali et al. conclude that access
charges should increase over time in order to incite competitors to climb the
investment ladder. They conclude also that, in order to induce investment from
both early and late entries, NRA should implement a system of differentiated
access prices for all sequential entries depending on the time and entry period.
On this same issue, the investment ladder, Bourreau et al. [2010] highlights the
imperative for the regulator to increase access prices in order to remove entrants’
replacement effects and encourage the rolling out of the infrastructure.

In most of the articles cited above, investment is related to the upgrade of
the existing network or the duplication of a network by new entrants, leading
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mainly to horizontal differentiation. However, FBC should be considered in
a different way in the context of the deployment of networks based on new
and vertically differentiated technologies. As in the case of FTTH networks,
the expected quality is supposed to be much higher than the quality of the
previous wireline network (ADSL). Also, if the market and costs make the roll
out of a new network profitable, we can consider, for the first time since the
beginning of the liberalisation process11, that the incumbent and its competitors
are facing almost symmetric conditions. This situation revises the regulatory
approach characterised by asymmetric regulation between the incumbent (owner
of the former public infrastructure) and competitors (relying on the regulator’s
decision to access the network or on pure duplication of the existing historical
network). With FTTH, all operators can invest; the NRA needs to decide the
access rules before investment takes place.

Within this framework, Gans [2001], Hori and Mizuno [2006, 2009] and
Vareda and Hoernig [2007] propose models inspired by the literature on in-
novation races (Fudenberg and Tirole [1985] and Katz and Shapiro [1987]). The
main question they address is the impact of access regulation on the timing of
investment. Due to technical process, investment cost is supposed to be lower if
investment is made later. However, delayed investment reduces the total poten-
tial profits for the operator from the new infrastructure. Moreover, firms risk
being preceded by a competitor. Therefore, depending on the situation, each
firm must decide whether to wait (choosing the investment date that will max-
imise net profit value) or preempting the market. In this context, the literature
shows that the access regulation can incite firms to deploy their networks at
socially optimal dates. Brito et al. [2010] take account of the coexistence of an
old and a new infrastructure, and the (in)ability of regulators to commit to a
policy (i.e. to decide on access rules before operators invest). They show that,
depending on the circumstances, two-part access tariffs or a regulation mora-
torium can solve the dynamic consistency problem characterising the trade-off
between static and dynamic efficiency in the context of rolling out a NGA net-
work. However, they consider that the old network is phased out when the new
network is deployed, which does not allow the effects of competition between
likely coexisting generations of networks to be studied. Also, in their model,
the investment is a lump sum: all the territory is covered if the investment is
profitable, otherwise no investment is made.

As far as we know and with the exception of Lestage and Flacher [2009]’s
work12, this article is the first attempt to study and model the impact of access

11 Perhaps with the exception of the mobile networks which were poorly developed before
liberalisation, even among incumbents.

12 Lestage and Flacher [2009] emphasises that fostering competition (or avoiding monopo-
lisation) and promoting investment and geographical coverage are conflicting objectives. In
terms of geographic coverage, regulatory tools dealing with infrastructure sharing are shown to
be preferable to standard access price regulation. The present article is based on a completely
different model and addresses complementary questions. For instance: access regulation is
considered beyond cost-oriented pricing, different types of technologies and agents are intro-
duced, and the question of an optimal regulation policy is addressed by comparing the welfare
from different cases.
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regulation on the geographical deployment of NGA networks, by endogenizing
the corresponding level of investment. It may also be the first attempt to model
regulation and investment issues with coexisting generations of networks13 and
the first article dealing with both coverage constraints and access regulation14.
It is also one of the first models to include different types of actors (network
operators, virtual operators) and be placed in a new, symmetrical context, in
which the incumbent and its competitors may both need to invest into NGA
network.

3 The model

3.1 Assumptions
We assume that in the retail market, two generations of infrastructures can
coexist: the “old” one (ADSL), already deployed, which provides a “standard”
level of Internet access to households; and the “new” one (FTTH), which provides
high level broadband access. Contrary to Foros and Kind [2003]’s assumption,
we introduce the more realistic assumption that ADSL and FTTH services are
imperfect substitutes15. In our model, the main concern is not competition
between operators of the same type, but competition between techniques and
between operators of different types16. For this reason we model representative
operators for each type of technique and behaviour.

3.1.1 Consumers and operators

Consumers As in Foros [2004] and in Kotakorpi [2006], the consumer’s basic
willingness to pay (WTP) for the Internet service is denoted by s and assumed
to be uniformly distributed on [0, 1]. We assume also that the distribution is
the same for all geographical areas17. If, for a consumer of type s, the utility
and price associated with operators i and j are (Ui (s) , pi) and (Uj (s) , pj)
respectively, this consumer will choose operator k ∈ {i, j} if and only if Uk−pk >
Ul − pl , with l ∈ {i, j} and l 6= k. He is thus indifferent to either operator’s
services when Uk − pk = Ul − pl.

ADSL operators Formally, we assume that regulation has reached its aim of
fostering competition in the ADSL market and that the market is mature18. In

13 Foros and Kind [2003], for instance, in their model, consider the broadband and narrow-
band markets to be separate.

14 The articles mentioned above deal with retail price regulation and coverage constraints.
15 In Foros and Kind [2003]’s model, narrowband and broadband are not considered substi-

tutes (which is less realistic than in our approach).
16 Foros and Kind [2003], Valletti et al. [2002] and Faulhaber and Hogendorn [2000] do not

introduce coexisting techniques in their models. While Foros and Kind [2003] deals with
the number of operators active in the market, Valletti et al. [2002]’s model relies on two
differentiated operators, not characterised by different behaviours or processing conditions.

17 This assumption is similar to the assumption in Foros and Kind [2003].
18 This implies that profits are equal to zero for all firms in this market. Any price increase

is supposed to induce the entry of new competitors, which cancels out potential extra profit.
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this situation, innovating in the ADSL framework is not longer profitable19 and
profits are equal to zero.

We assume that N vertically differentiated ADSL operators (OPci ) are com-
peting in the retail market. This differentiation increases consumers’ valuation
for the OPci’s service with βi. We normalise to zero differentiation by the most
“basic” operator (minβk = 0). The willingness to pay for the OPci’s ADSL
service, of a type s ∈ [0, 1] consumer is then si = s+ βi − pci . If the N ADSL
operators are active in the market, quality-adjusted prices need to be the same:
for all i, j, s+βi− pci = s+βj − pcj . Let Pc = min (pck) . This implies that for
all i, pci = Pc + βi. The ADSL market being competitive, Pc = αc ∈ [0, 1] and
αci = αc + βi, i ∈ {1...N}, where the αci are the (constant) marginal costs of
each OPci20. Consequently, we will have ADSL subscribers only if Pc ∈ [0, 1[.

FTTH operators Rolling out an FTTH infrastructure needs specific knowledge
and skills, a large enough initial market share (in order to reduce the risks), and
financial capacity (in order to bear the very large investment). Only a very few
operators meet these requirement. They are already active in the ADSL market
and have duplicated part of the incumbent infrastructure. They are now faced
with almost similar opportunities in the building of a new network. The other
operators will be obliged to buy access from them. We capture this difference by
modelling two representative operators. The first (OPf1) represents operators
that are able to invest in network deployment21. The second (OPf2), represents
the VNOs22.

OPf1 introduces a “qualitative break” by deploying the FTTH infrastruc-
ture,: For a consumer of type “s”, the utility becomes δs+ γfi, where δ > 1 and
γfi ≥ 0 is a differentiation parameter associated with OPfi, i ∈ {1, 2}. FTTH
can thus be seen as a “radical” innovation (captured by δ). Since liberalisation
and sector specific regulation are supposed to allow only efficient entries, the
competitor (OPf2) must provide services at least as efficient as the existing
ones supplied by OPf1 if it wants to have any chance of competing in the retail
market (i.e. γf2 ≥ γf1). To simplify, let γf1 = 0 and γf2 = γ ≥ 0.

If both the FTTH operators are active, for all s ∈ [0, 1], δs−pf1 = δs+γ−pf2

where pfi is the price of OPfi’s service. Let Pf = pf1. The condition becomes
pf2 = Pf + γ.

In considering that the ADSL market is mature, we assume that this is the case for all
differentiated goods provided in this market.

19 This assumption also considers profits are negligible compared to the potential profit
from FTTH services. Note also that zero profit can be the result of strong regulation in a less
competitive environment. In all cases, we note that the “old” infrastructure property is not
relevant in this context.

20 αc = αck with k = argminβi.
21 Choosing one representative operator the main operators has the advantage that it avoids

the issue of duplication of the network. Indeed, duplication would appear inefficient in this
model since the capacity of an FTTH network is such that it can accommodate all operators
willing to be active in the market. This problem has been avoided by other scholars. For
instance, Foros and Kind [2003]’s model simply abstracts from fixed costs.

22 The distinction between “real” and “virtual” operators in a context dealing with NGA
deployment is similar to that in Brito et al. [2010].
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We assume that OPf1 will never provide below cost access to its infrastruc-
ture: Pf ≥ αf .

Coexistence of ADSL and FTTH and coexistence of OPf1 and OPf2 A
consumer chooses among ADSL and FTTH services and among the different
operators, by comparing together the s + βi − pci, i ∈ {1 . . . N} and the δs +
γj − pfj , j ∈ {1, 2}.

The consumer (s0) that is indifferent between ADSL and FTTH techniques
is characterised by s0 − Pc = δ s0 − Pf . Thus, we can write that s0 = (Pf −
Pc)/(δ − 1). If s < s0, consumer will (strictly) prefer ADSL. If s > s0, he will
(strictly) prefer FTTH.

Lemma 1. On areas covered by FTTH network, i) Pf > δαc if and only if
there are ADSL consumers; ii) Pf − αc < δ − 1 if and only if there are FTTH
consumers.

Proof. Assume ADSL and FTTH coexist. It is then easy to show that Pf >
δαc ⇐⇒ s0 > Pf/δ ⇐⇒ s0 > αc. We derive that Pf > δαc if and only if ADSL
consumers exist. Similarly, Pf − αc < δ − 1 if and only if FTTH consumers
exist23.

3.1.2 Investment

In this article, and unlike the work of Avenali et al. 2010 and many other of the
authors mentioned in Section 2, the investment variable is not constant, but is
endogenized and used to model geographic coverage. We assume that µD2 is
the fixed cost to serve a percentage D of the population. (µ is the cost for full
coverage of the population). This means that covering densely populated areas
is much cheaper than covering rural areas. To be realistic, we suppose that µ is
sufficiently high that, in any case, D < 1.

3.1.3 Additional assumptions

In order to simplify the model, each retail price for a given service is supposed
to be the same for all geographical areas24. In addition, we suppose in the
remainder of this article that the marginal cost αf is negligible compared to
the cost of infrastructure deployment (µD2), and we normalise it to zero (as in

23 Note that this lemma is valid only for a contestable market. If not, it is possible to have
only FTTH consumers and Pf > δαc. This would be the case if FTTH operators remain
profitable even after lowering their prices so that Pf ≤ δαc, meaning that FTTH operators
could discourage ADSL entries. Nevertheless, we will consider that the lemma is valid even
in non-perfectly contestable markets. Indeed, on the one hand, prices are not very flexible
(because of the contracts between operators and customers), reducing the threat to potential
ADSL entrants. On the other hand, the control exerted by the competition authorities should
prevent such behaviours.

24 As stressed by Foros and Kind [2003], prices may be set the same in all geographical areas
even without any legal requirement: “The reason is that [...] arbitrage opportunities strictly
reduce the providers’ ability to set prices that vary with where people live” (p. 218). This
applies to mobile and ADSL services in almost all countries.



3 The model 10

Avenali et al. 2010). We assume also that the marginal cost for ADSL operators
is equal to zero (αc = 0). Finally, we assume that the differentiation between
OPf1 and OPf2 is not overly important (γ < δ−1

6 ). We can then consider that
OPf2 is an efficient entry, but that it is not too disruptive of the market, as
stressed by proposition 2.

3.2 Profit, demand and welfare functions
3.2.1 Profit functions

For ADSL operators, profits are equal to zero25. Recall that we have assumed
that the normal profits of ADSL operators are null. The profit functions for the
FTTH operators are given by:{

Πf1 = pf1 qf1 + wf1 qf2 − αf (qf1 + qf2 )− µD2

Πf2 = (pf2 − wf1) qf2

The facility-based firm (OPf1) is active in both the wholesale and the retail
segments, while the service-based firm (OPf2) earns profits only from the retail
segment. qf1 and qf2 are the quantities offered by OPf1 and OPf2 respectively,
wf1 is the wholesale price charged by OPf1 to OPf2. αf is the marginal cost
per user and is assumed to be constant. We assume also that wf1 ≥ αf , i.e.
that the marginal cost of providing FTTH access to OPf2 is covered by the
wholesale price.

3.2.2 Demand and welfare functions

As the proposition 2 show, the only case that is relevant is where ADSL and
FTTH are present in the areas covered by the FTTH network. In our model,
the distribution of consumers’ WTP is the same in the areas covered by the
FTTH infrastructure, and in the areas where only ADSL services are available.
The total numbers of ADSL and FTTH consumers respectively are given by:Qc = (s0 − Pc) + (1−D) (1− s0) = (1− αc)−D

(
1− Pf−Pc

δ−1

)
Qf = D ∗ (1− s0) = D

(
1− Pf−Pc

δ−1

)
It is easy to derive the inverse demand functions for FTTH operators:{

pf1 = Pf = (δ − 1) + αc − (δ − 1)
Qf

D

pf2 = Pf + γ

25 Note that, in this model, regulation is not “technologically neutral” since ADSL can remain
implicitly under cost-based asymmetrical regulation (in order to maintain competition in the
ADSL market) while a range of policies can apply to FTTH suppliers. Even were neutrality
our goal, our implicit assumption would seem more consistent with the reality, especially
within the new European framework.
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The welfare function (W ) is the sum of ADSL and FTTH consumers’ surplus
(CSc and CSf ) and the operators’ profits. We can write:

CSc =
D

2
(s0 − Pc)2

+
1−D

2
(1− Pc)2

CSf = D

[
δ

2

(
1− s2

0

)
− Pf (1− s0)

]
W = CSc + CSf + Πf1 + Πf2

Proof. Denoting pdmxi as the market shares of operator i of type x ∈ {c, f} (c
for ADSL and f for FTTH), CSx and W are deduced easily from:

CSc =

N∑
i=1

ˆ s0

Pc

pdmci [(s+ βi)− (Pc + βi)] ds

+ (1−D)

N∑
i=1

ˆ 1

s0

pdmci [(s+ βi)− (Pc + βi)] ds

CSf = D

2∑
j=1

ˆ 1

s0

pdmfi [(δ s+ γi)− (Pf + γi)] ds

3.3 The stages of the game
We model a three-stage game with the following timing structure26:

• Stage 1: OPf1 chooses the investment level (D).

• Stage 2: The regulator orOPf1 determines the access price (wf1). Whether
the regulator intervenes, depends on the regulation policies implemented.

• Stage 3: OPf1 and OPf2 compete à la Cournot27.

We consider here that both ADSL and FTTH are active in the areas covered by
the FTTH network. From lemma 1, we derive that 0 < Pf < δ− 1. We assume
that firms will not sell their services below marginal cost in either the retail or
wholesale markets. Since the only interesting case is the one where investment in
FTTH deployment is strictly positive, we can summarise the previous conditions
and constraints:

∀i ∈ {1, 2} qfi ≥ 0


pf1 ≥ 0

wf1 ≥ 0

pf2 ≥ wf1

D > 0

0 < Pf < δ − 1

26 As Brito et al. [2010] emphasise, this type of game considers cases in which NRA cannot
commit before the investment decision. In Sections 4.3 and 4.4, we consider cases when NRA
can commit. In Section 4.3, we assess the impact of deciding the level of the access charge
before the investment decision. In Section 4.4, the game is reduced to a two-stage game, and
the level of investment decided by the regulator.

27 In most of the literature a Cournot competition framework is used.
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It then is possible to derive a proposition from stage 3 of the game.

Proposition 2. If γ < δ−1
6 , (i) both the ADSL and FTTH services remain

active in the areas covered by the FTTH network; (ii) the facility-based operator
(OPf1) always remains active in the retail market (and thus never becomes a
purely wholesale access operator) and: (iii)

if wf1 < γ + 1
2 (δ − 1)

{
qf1 = D

3 (δ−1) (δ − 1− γ + wf1) > 0

qf2 = D
3 (δ−1) (δ − 1 + 2γ − 2wf1) > 0

if wf1 ≥ γ + 1
2 (δ − 1)

{
qf1 = qmf1 = D

2

qf2 = 0

Proof. See Appendix A.

4 Regulation policies and investment

4.1 Unregulated access price
One of the regulator’s options is to leave the operator OPf1 to decide the whole-
sale access price on a commercial basis.

4.1.1 Access price determination (stage 2)

When wf1 ∈
[
0, γ + 1

2 (δ − 1)
[
, both FTTH operators are active (qf1 > 0 et

qf2 > 0) and we have:

∂Πf1

∂wf1
= 0⇐⇒ w∗f1 = 2γ

5 + 1
2 (δ − 1) ∈

[
0, γ + 1

2 (δ − 1)
[

We check that ∂2Πf1

∂w2
f1

= − 10
9

D
δ−1 < 0 at the critical point. We check

also that Πf1

(
wf1 = w∗f1

)
> Πf1 (wf1 = 0). Moreover, when wf1 ≥ γ +

1
2 (δ − 1), OPf1 is alone on the market and we can show that ∀wf1 ≥ γ +
1
2 (δ − 1) Πf1

(
wf1 = w∗f1

)
> Πf1 (wf1). Consequently, w∗f1 is the value of

wf1 chosen by OPf1.

4.1.2 Investment decision (stage 1)

We deduce the level of investment maximising OPf1’s profit:

∂Π1

∂D = 0⇐⇒ D∗ = 1
8µ(δ−1)

[
(δ − 1)

2
+ 4γ2

5

]
> 0

The second-order condition is fulfilled since ∂2Π1

∂D2 = −2µ < 0 at the critical
point. Finally, we have:
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q∗f1 = 1
16µ(δ−1)2

[
(δ − 1)

2
+ 4γ2

5

] [
δ − 1− 2γ

5

]
q∗f2 = γ

20µ(δ−1)2

[
(δ − 1)

2
+ 4γ2

5

]
Q∗f = 1

16µ(δ−1)2

[
(δ − 1)

2
+ 4γ2

5

] [
δ − 1 + 2γ

5

]
w∗f1 = 2γ

5 + δ−1
2

D∗ = 1
8µ(δ−1)

[
(δ − 1)

2
+ 4γ2

5

]
W ∗ =

112γ4+(δ−1)[125(δ−1)3+50γ(δ−1)2+(240γ2+2000µ)(δ−1)+40γ3]
4000µ(δ−1)2

In the “unregulated case”, both FTTH geographic coverage and welfare in-
crease when OPf2 is more efficient in its vertical differentiation (i.e. when
γ increases). This is because OPf1 benefits from the higher quality of OPf2

through the access charge. Coverage and welfare also increase when FTTH is
seen by consumers as being a more radical innovation (i.e. δ is higher) and when
the cost of building the network (µ) decreases.

4.2 Cost-oriented regulation (“regulation 1”)
Cost-oriented regulation is the most common remedy applied by NRA and has
provoked much debate on the nature of the costs that should be considered.
For simplicity, as in Avenali et al. [2010], Foros [2004], Kotakorpi [2006], in this
section we only consider marginal costs.

4.2.1 Access price determination (stage 2)

The NRA regulates wf1 in order to maximise welfare (W ). In order to specify
that we are dealing with “regulation 1”, the notations are indexed by “1”. We
use a similar convention to distinguish the other types of regulation. When
wf1 ∈

[
0, γ + 1

2 (δ − 1)
[
, both OPf1 and OPf2 are active and:

∂W
∂wf1

= 0⇐⇒ w∗f1,1 = − (5γ + δ − 1) < 0

And ∂2W
∂w2

f1
= − D

9(δ−1) < 0 at the critical point. Therefore, the maximum on[
0, γ + 1

2 (δ − 1)
[
is obtained for w∗f1,1 = 0.

We check also that ∀wf1 ≥ γ + 1
2 (δ − 1) W

(
wf1 = w∗f1,1

)
> W (wf1).

Consequently, w∗f1 = 0 is the value of wf1 chosen by the regulator.

4.2.2 Investment decision (stage 1)

At stage 1, OPf1 maximises its profit in order to determine the level of invest-
ment:

∂Πf1

∂D = 0⇐⇒ D∗1 = 1
18µ(δ−1)

[
(δ − 1− γ)

2
]
> 0

The second-order is fulfilled since ∂2Πf1

∂D2 = −2µ < 0 at the critical point.
Finally, we have:
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q∗f1,1 = 1
54µ(δ−1)2

(δ − 1− γ)
3

q∗f2,1 = 1
54µ(δ−1)2

(δ − 1− γ)
2

(δ − 1 + 2γ)

Q∗f,1 = 1
54µ(δ−1)2

(δ − 1− γ)
2

[2 (δ − 1) + γ]

w∗f1,1 = 0

D∗1 = 1
18µ(δ−1) [δ − 1− γ]

2

W ∗1 =
10Γ4+(δ−1)[7(δ−1)3−4Γ(δ−1)2+(162µ−3γ2)(δ−1)−10Γ3]

324µ(δ−1)2

In the “cost-oriented” regulation, the FTTH geographic coverage and welfare
decrease when OPf2 is more efficient in its vertical differentiation (i.e. when γ
increases). This is explained by the fact that the market share of OPf2 increases,
reducing OPf1’s profit without any compensation through the access charge.
Conversely, geographic coverage and welfare increase when FTTH is seen by
consumers to be a more radical innovation (i.e. δ is higher) and when the cost
of building the network (µ) decreases.

Comparing the “unregulated case” and the case of “cost-oriented regulation”
(regulation 1) leads to Proposition 3.

Proposition 3. The level of investment is higher with no regulation than with
cost-based regulation (D∗ > D∗1). Results are similar for the “welfare” (W ∗ >
W ∗1 ). Conversely, there are more consumers of FTTH services with cost-based
regulation than with no regulation (Q∗f < Q∗f,1).

Proof. See Appendix B.

This proposition is in line with the intuitions and results in the literature:
cost-based regulation, based on reducing the access price, reduces the incentives
to invest in the deployment of a new infrastructure. This has a negative impact
on dynamic efficiency (W ∗ > W ∗1 ), but a positive effect on static efficiency (since
Q∗f < Q∗f,1).

4.3 Access price regulation maximising geographic coverage
(“regulation 2”)

In this section, we assume that the objective of the regulator is to maximise
network deployment by regulating the access price. The game then becomes:

• Stage 1: the regulator determines the access price in order to maximise
the investment level (D);

• Stage 2: OPf1 determines D;

• Stage 3: OPf1 and OPf2 compete à la Cournot.
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4.3.1 Investment decision (stage 2)

OPf1 determines the level of investment (D) that maximises its profit, given
the access price (wf1).

When wf1 ∈
[
0, γ + 1

2 (δ − 1)
[
, both OPf1 and OPf2 are active (qf1 > 0 and

qf2 > 0) and:

∂Πf1

∂D = 0⇐⇒ D∗2 = 1
18µ(δ−1)

[
(δ − 1− γ)

2
+ 5wf1

(
δ − 1− wf1 + 4γ

5

)]
> 0

We check that D∗2 > 0 28 and that ∂2Πf1

∂D2 = −2µ < 0 at the critical point.
When wf1 ≥ γ + 1

2 (δ − 1), OPf1 is a monopoly on the FTTH retail market
and D∗2 = δ−1

8µ > 0.

4.3.2 Access price determination (stage 1)

At stage 1, the regulator determines the access price in order the maximise
FTTH network deployment. If the regulator chooses w∗f1,2 ∈

[
0, γ + 1

2 (δ − 1)
[
,

i.e. a value of wf1 that allows both OPf1 and OPf2 to be active (qf1 > 0 and
qf2 > 0), we have:

∂D
∂wf1

= 0⇐⇒ w∗f1,2 = 2γ
5 + δ−1

2 ∈
]
0, γ + 1

2 (δ − 1)
[

The second-order condition is fulfilled: ∂2W
∂w2

f1
= − 5

9(δ−1)µ < 0 at the critical

point. Since D
(
wf1 = w∗f1,2

)
= 1

8µ(δ−1)

[
(δ − 1)

2
+ 4γ2

5

]
> D (wf1 = 0) and

since it is easy to check that D
(
wf1 = w∗f1,2

)
> D (wf1), for all wf1 > γ +

1
2 (δ − 1), we can deduce that wf1 = w∗f1,2 ∈

]
0, γ + 1

2 (δ − 1)
[
is the access

price chosen by the regulator. Finally, we have:

q∗f1,2 =
[4γ2+5(δ−1)2][(5(δ−1)−2γ]

400µ(δ−1)2

q∗f2,2 =
[4γ2+5(δ−1)2]γ

100µ(δ−1)2

Q∗f,2 =
[4γ2+5(δ−1)2][5(δ−1)+2γ]

400µ(δ−1)2

w∗f1,2 = 2γ
5 + δ−1

2

D∗2 = 1
8µ(δ−1)

[
(δ − 1)

2
+ 4γ2

5

]
W ∗2 =

112γ4+(δ−1)[125(δ−1)3+50γ(δ−1)2+(240γ2+2000µ)(δ−1)+40γ3]
4000µ(δ−1)2

Somewhat unexpectedly, we note that the equilibrium is the same as in the
unregulated case, as highlighted in Proposition 4.

28 D∗2 is a quadratic function of the variable wf1. Its discriminant is strictly positive and

its roots are 2γ
5

+ δ−1
2
± 3

10

√
4γ2 + 5 (δ − 1)2. When γ ∈

[
0, δ−1

4

]
, the lowest root is strictly

negative and the highest is higher than δ− 1 and higher therefore than γ+ 1
2

(δ − 1). We can
easily derive that D∗2 > 0.
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Proposition 4. Regulation determining the access price in order to maximise
FTTH network deployment, and an unregulated market both produce the same
equilibrium: q∗f1 = q∗f1,2, q

∗
f2 = q∗f2,2, w

∗
f1 = w∗f1,2, D

∗ = D∗2 and W ∗ = W ∗2 .

4.4 Access price and geographic coverage regulation
maximising welfare (“regulation 3”)

In this section, we consider the optimal sector specific regulation, i.e. that
would not only set the access price, but also would decide the level of geo-
graphic coverage in order to maximise welfare. This approach is consistent with
a beauty contest and includes requirements such as minimum level of network
deployment, and possible subsidies29. We also distinguish the cases where public
subsidies can be provided to the firm (Section 4.4.1), and where the firm faces
budget constraints (Section 4.4.2). Finally, we compare the previous results to
the optimal sector specific regulation. The game can be summarised as follows:

• Stage 1: Access price and level of investment are set by the regulator
simultaneously in order to maximise welfare.

• Stage 2: OPf1 and OPf2 compete à la Cournot.

4.4.1 The case without budgetary constraints (a subvention is provided to
OPf1 to fill the deficit) - First-best regulation

In the case in which a subvention can be provided to OPf1 in order to cancel
out a budgetary constraint, there is no constraint on the sign of Πf1.

When wf1 ∈
[
0, γ + 1

2 (δ − 1)
[
, ∂W
∂wf1

= 0 ⇐⇒ wf1 < 0. Thus w∗f1,3,S = 0 is
the value of wf1 that maximises W on

[
0, γ + 1

2 (δ − 1)
[
(whatever the level of

investment, D). From ∂W
∂D = 0, we derive that

D∗3,S = 1
36µ(δ−1)

[
11γ2 + 8 (δ − 1) γ + 8 (δ − 1)

2
]
> 0.

Let W ∗3,S be the corresponding value of W .
When wf1 ≥ γ + 1

2 (δ − 1), OPf2 is foreclosed. In this case, only D has to
be determined:

∂W
∂D = 0⇐⇒ D = 3(δ−1)

16µ > 0

29 The possibility of subsidising the network is not a purely theoretical issue: For instance,
it is allowed in the telecommunications framework even though “public support should be
given by means of open, transparent and competitive procedures.” (Directive 2009/140/EC of
the European Parliament, (10), p. L337/38). The Community guidelines for the application
of state aid rules in relation to rapid deployment of broadband networks (2009/C 235/04)
present the conditions under which each member state can subsidise a service of a general
economic interest (SGEI) within the meaning of Article 86(2) of the Treaty. These subsidies
generally are accompanied by coverage constraints. These rules have been applied in several
cases (see, e.g., footnote 3).
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We check that ∂W
∂D = −2µ < 0. We can then check that the corresponding

value of W is lower than W ∗3,S . Consequently,
(
w∗f1,3,S , D

∗
3,S

)
is chosen by the

regulator if there is no budgetary constraint. In this case, Πf1 < 0: OPf1 has
to be subsidised. Finally, we have:

q∗f1,3,S =
[11γ2+8(δ−1)(δ−1+γ)][δ−1−γ]

108µ(δ−1)2

q∗f2,3,S =
[11γ2+8(δ−1)(δ−1+γ)][δ−1+2γ]

108µ(δ−1)2

Q∗f,3,S =
[11γ2+8(δ−1)(δ−1+γ)][2(δ−1)+γ]

108µ(δ−1)2

w∗f1,3,S = 0

D∗3,S = 1
36µ(δ−1)

[
8 (δ − 1) (δ − 1 + γ) + 11γ2

]
W ∗3,S =

121γ4+(δ−1)[64(δ−1)3+128γ(δ−1)2+(240γ2+648µ)(δ−1)+176γ3]
1296µ(δ−1)2

In this case, geographic coverage and welfare increase when OPf2 is more
efficient in its vertical differentiation (i.e. when γ increases). This is because, by
extending geographic coverage, the regulator is able to capture growth oppor-
tunities in the consumer surplus, which exceed the loss of profit in rural areas.
In addition, geographic coverage and welfare also increase when FTTH is seen
by consumers to be a more radical innovation (i.e. higher δ), and when the cost
of building the network (µ) decreases.

4.4.2 The case with budgetary constraints (no subvention provided to
OPf1) - Second-best regulation

In the case in which OPf1 receives no subvention, we need to take into account
the constraint imposed by Πf1 ≥ 030. In the following, absence of subvention is
denoted by S.

Let L = W + λwf1 + θΠf1 be the Lagrangian function associated with:{
Max W

wf1 ≥ 0,Πf1 ≥ 0
(1)

. The result of this is that the access price is w∗
f1,3,S̄

∈
]
0, γ + 1

2 (δ − 1)
[
so that

both OPf1 and OPf2 are active in the FTTH retail market. The corresponding
values of D, Qf and W are denoted D∗

3,S
, Q∗

f,3,S
and W ∗

3,S
. Explicit values

of the main variables cannot be calculated, but we obtain and can prove some
interesting results. They are provided in Proposition 5 and proved in Appendix
C.

4.5 Comparison of regulation policies
Comparing the results obtained with the regulation policies studied in the pre-
vious sections, we obtain Proposition 5.

30 The main proofs are given in the Appendix C.
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Proposition 5. (i) Depending on the construction of the regulation policy,
welfare is higher with “regulation 3” (Access price and investment regulation
maximising welfare) than under the other regulations studied in this article. This
is true for first-best regulation (the case without budgetary constraint) and also
for second-best regulation (the case with budgetary constraint): W ∗3,S > W ∗

3,S
>

W ∗ = W ∗2 > W ∗1 . (ii) We obtain also that the level of investment is always
higher with “regulation 3” than with other types of regulation (“regulations 1 and
2”) and with the “unregulated case”. It is highest in the absence of a budgetary
constraint: D∗3,S > D∗

3,S
> D∗ = D∗2 > D∗1. (iii) Finally, we can show that the

number of FTTH consumers is higher under “regulation 3” and always higher if
there are no budgetary constraints: Q∗f,3,S > Q∗

f,3,S
> Q∗f,1 > Q∗f = Q∗f,2.

Proof. See Appendix D.

The different regulation policy constructions show that the best regulation
in terms of welfare is to regulate access price and to regulate the level of geo-
graphical deployment. This can be done through a beauty contest with specific
requirements. Less obvious, and particularly interesting, is that access price and
investment regulation maximising welfare, lead to the highest levels of geograph-
ical deployment. Consequently, regardless of whether the regulator is concerned
about welfare in the telecommunications market or by the level of geographical
deployment of FTTH network (for more general economic or social reasons), im-
plementation of this policy appears to be the most relevant. This remains true
if we introduce a budgetary constraint even if it is welfare is lower compared to
welfare in first-best regulation. As far as we know, this result might be of great
importance since current regulatory policy does not apply such an approach to
deployment of FTTH.

5 Concluding remarks

We analysed the impact of different types of access price regulation on the ge-
ographic deployment of NGA networks. To achieve this, we built a framework
integrating realistic dimensions, such as the coexistence of different and compet-
ing techniques (the old - ADSL - and the new - FTTH), and different types of
operators (the main operators which have the same opportunity to roll out the
new infrastructure and virtual operators whose activity depends on the access
price).

We showed that, consistent with the static versus dynamic trade-off prob-
lem, “cost-based regulation” increases consumer demand, but reduces the in-
centives to deploy a new network and reduces social welfare compared to the
“unregulated” case. Therefore, whether the regulator focuses on social welfare
or geographic coverage, absence of regulation is more effective than cost based
regulation. We showed that geographic coverage cannot be increased more than
in the case of no regulation by regulating over the access price. Indeed, we
highlighted that to do so in order to maximise geographic coverage leads to a
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strictly equivalent equilibrium than in the unregulated case. Finally, we consid-
ered the case in which both access price and investment are regulated in order
to maximise welfare (which thus can be considered as the “optimal” regulation
in terms of welfare). We derived that this regulation leads to the highest wel-
fare and also to the highest investment in geographic deployment. We showed
also that, even if adding a budgetary constraint leads to lower investment and
welfare, this conclusion remains true for second-best regulation, compared to
the other policy options.

These results are significant in terms of the current concerns of NRA: while
regulation is being discussed in relation to encouraging investment in FTTH de-
ployment, we have proposed a framework to understand the impact of a range of
policy options, including traditional “unregulated” and “cost-based” regulation.
In questioning these traditional options, we suggest that geographic coverage re-
quirements should be implemented in combination with access price regulation.
This would produce both higher welfare and higher deployment and resolve the
dilemma over static and dynamic efficiency.

Among the perspectives for further research, we suggest that the question
of “nonuniform” access pricing should be addressed in order that regulatory
remedies can be adapted to areas. As stressed by Foros and Kind [2003] and
Valletti et al. [2002], infrastructure duplication may reduce deployment of the
network to only the most densely populated areas. Therefore, the regulatory
problem induced by network duplication needs more analysis. The trade-off
between new technologies (especially mobile versus fixed telecommunications)
could be integrated into the model, taking account of the complementarities and
substitutabilities between corresponding networks. Finally, some parameters of
the model could be endogenized by introducing other types of investments than
those involved in rolling out the infrastructure, e.g. R&D investment, which has
an impact on the quality of the network and on differentiation.

A Proof of Proposition 2

A.1 Quantities and profits
When qf1 > 0 and qf2 > 0, equilibrium quantities at stage 3 in the FTTH
competitive segment are:

{
∂Πf1

∂qf1
= 0⇔ qf1 = D

3 (δ−1) (δ − 1− γ + wf1)
∂Πf2

∂qf2
= 0⇔ qf2 = D

3 (δ−1) (δ − 1 + 2γ − 2wf1)
(2)

We can easily check that ∂Π2
fi

∂q2fi
= −2 δ−1

D < 0 at the critical points. Since

γ < δ−1
6 <

(√
2− 1

)
(δ − 1), we have that qf1 > 0 et pf1 > 0. We note that

qf2 > 0 and pf2 > wf1 if and only if wf1 < γ + 1
2 (δ − 1). In this case, we also
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have 0 < Pf < δ − 131. We can deduce Πf1 and Πf2. When qf1 > 0 and
qf2 = 0, OPf2 is foreclosed from the market and the equilibrium is provided by:

∂Πf1

∂qf1
= 0⇐⇒ qmf1 = D

2

We can check that ∂Π2
f1

∂q2f1
= −2 δ−1

D < 0 at the critical point. Since 0 < Pf <

δ − 1, the remaining condition that must be fulfilled is D > 0. We easily derive
Πf1.

A.2 Proof of (i)
If FTTH were to foreclose ADSL service in the areas covered by the FTTH net-
work, we would have Pf = 0 (lemma 1). Let qADSLfi and ΠADSL

fi , i ∈ {1, 2}, de-
note the quantity and profit of OPfi when ADSL is foreclosed by FTTH service
in the areas covered by the FTTH network. In this case, we can easily show that:

wf1 < γ ⇒ qADSLf1 = 0 qADSLf2 = D

{
ΠADSL
f1 = wf1D − µD2

ΠADSL
f2 = (γ − wf1)D

wf1 = γ ⇒ qADSLf1 = 0 qADSLf2 ≤ D

{
ΠADSL
f1 = wf1q

ADSL
f2 − µD2

ΠADSL
f2 = 0

wf1 > γ ⇒ qADSLf1 ≤ D qADSLf2 = 0 ΠADSL
f1 = ΠADSL

f2 = 0

When wf1 ∈ [0, γ] ⊂
[
0, γ + 1

2 (δ − 1)
[
, we can check easily that32:

Πf1 −ΠADSL
f1 = D(δ−1)

9

[
(δ − 1− γ)

2 − 5w2
f1 − 4wf1 (δ − 1− γ)

]
> 0

{
Πf2 −ΠADSL

f2 = D
9(δ−1)

[
(δ − 1)

2
+ 4 (wf1 − γ)

2
+ 5 (δ − 1) (wf1 − γ)

]
> 0

if wf1 < γ{
Πf2 −ΠADSL

f2 = Πf2 > 0

if wf1 = γ

Consequently, the case in which prices are higher, leaving space for the ADSL
service, is more profitable for both operators.

When wf1 > γ, profits are equal to zero for both OPf1 and OPf2 when
ADSL service is discouraged. Here, again, the operators prefer to raise their
prices, leaving room for ADSL.

Finally, in all cases the ADSL service remains active (together with FTTH)
in the areas covered by the FTTH network.

31 The constraints depend only on wf1 and on the parameters of the model (but not of the

level of investment D). We will thus need to check later that

{
wf1 ≥ 0

D > 0
.

32 The signs are obtained by studying the variations of the functions, given that γ < δ−1
6

.
Since wf1 < γ < γ + 1

2
(δ − 1), in the equations, Πfi designates the profit of OPfi when

qf1 > 0 and qf2 > 0.
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A.3 Proof of (ii) and (iii)
If both OPf1 and OPf2 are not active in the retail market, we need to determine
which of the operators remains. Πfi,m

f1 is the profit of OPf1 when OPfi i ∈
{1, 2} is the remaining operator on the retail market and qmfi the corresponding
number of FTTH consumers. If i = 2 , qf1 = 0 and qf2 > 0. At stage 3,

from ∂Πi

∂qf2
= 0 we obtain that qmf2 = D

2(δ−1) (δ − 1 + γ − wf1), with
∂Π2

2(q
m
f2)

∂q2f2
=

−2 δ−1
D < 0. We derive that qf2 > 0 if and only if wf1 < γ + (δ − 1). If

this condition is fulfilled, we can deduce Πf2,m
f1 . Similarly, we can derive Πf1,m

f1

(without any condition on wf1). When wf1 < γ + (δ − 1), we can write that
Πf2,m
f1 − Πf1,m

f1 = D
4(δ−1)

[
−2w2

f1 + 2 (δ − 1 + γ)wf1 − (δ − 1 + γ)
2
]
. Since γ <

δ−1
6 , the discriminant of the polynomial is strictly negative and thus Πf2,m

f1 <

Πf1,m
f1 . Consequently, OPf1 always prefers to be a monopoly on the retail

market rather than being purely a wholesale access operator. We showed in
Section A.1 that OPf1 and OPf2 are both active in the FTTH retail market
for wf1 ∈

[
0, γ + 1

2 (δ − 1)
[
. Then, for wf1 ∈

[
γ + 1

2 (δ − 1) , γ + (δ − 1)
[
, only

one FTTH operator is active on the retail market. However, as we have just
shown, OPf1 does not prefer to be purely a wholesale access operator; thus,
if it decides to be active, it forecloses OPf2 (see conditions stressed in Section
A.1). Consequently, OPf1 is the only operator in the retail market. Finally, for
wf1 ≥ γ + (δ − 1), the conditions below show that, even as a monopolist, it is
no longer profitable to be active in the market OPf2. summarising and using
the calculus in Section A.1, we immediately find the assertions (ii) and (iii) of
the proposition33.

B Proof of Proposition 3

D∗−D∗1 = 1
360µ(δ−1)

[
16γ2 + 40 (δ − 1) γ + 25 (δ − 1)

2
]
> 0. Let k = γ

δ−1 , with

k ∈
[
0, δ−1

4

[
. We show that W ∗ −W ∗1 = A(δ−1)2

324000µ where A = 3125 + 8050k +

22440k2 + 13240k3 − 928k4. Since d2A
dk2 > 0 on

[
0, δ−1

4

[
and dA

dk (k = 0) > 0,
we derive that dA

dk > 0. A is thus a growing function with A (k = 0) > 0.
Consequently, W ∗ −W ∗1 > 0. Finally, we show that Q∗f −Q∗f,1 = B(δ−1)

400µ where
B = −392k3 + 20k2 + 1210k − 775. SincedBdk > 0 and B

(
k = 1

4

)
< 0, we get

Q∗f −Q∗f,1 < 0.

33 Note also that when both OPf1 and OPf2 are active (wf1 ∈
[
0, γ + 1

2
(δ − 1)

[
): if wf1 <

δ−1
2
− γ

5
, OPf1 prefers to be a monopolist in the retail market (but OPf2 is active... It is

obvious, therefore, that the access price will never be chosen in this range if decided by OPf1
on a commercial basis). If wf1 = δ−1

2
− γ

5
, OPf1 is indifferent between being a monopolist

and sharing the retail market with OPf2. If wf1 > δ−1
2
− γ

5
, OPf1 prefers to share the market

with OPf2.
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C Proofs for “regulation 3”

Case wf1 ∈
[
0, γ + 1

2 (δ − 1)
[
. If θ = 0, the resolution of the Lagrangian

equation (associated with equation 1) is reduced to the resolution in Section
4.4.1. But in this case, there is no solution that matches the constraints. We
thus have θ 6= 0 and Πf1 = 0. Then, either λ 6= 0 and thus w∗∗

f1,3,S
= 0 and

D∗∗
3,S

= [γ−(δ−1)]2

9µ(δ−1) > 0. Or λ = 0 and we have to solve:
Πf1 = 0
∂W
∂wf1

+ θ
∂Πf1

∂wf1
= 0

∂W
∂D + θ

∂Πf1

∂D = 0

From Πf1 = 0, we can deduce thatD =
−5w2

f1+[4γ+5(δ−1)]wf1+[γ−(δ−1)]2

9µ(δ−1) . Re-

placing D by this expression into W , we obtain W̃ . ∂W̃
∂wf1

= 0⇒ wf1 = w∗
f1,3,S̄

where w∗
f1,3,S̄

∈ ]0, wf1,3,0[ and wf1,3,0 = 7γ
10 + 7(δ−1)

12 −
√

324γ2+60γ(δ−1)+145(δ−1)2

60 ∈]
0, γ + (δ−1)

2

[
. We also obtain that W̃

(
w∗
f1,3,S̄

)
> W

(
w∗∗
f1,3,S

, D∗∗
3,S

)
. In-

deed, putting D =
−5w2

f1+[4γ+5(δ−1)]wf1+[γ−(δ−1)]2

9µ(δ−1) into W , we obtain W̃ (wf1).
∂2W̃
∂w2

f1
= −1

3µ(δ−1)2

[
10w2

f1 − 1
3 (42γ + 35 (δ − 1))wf1

+ 1
3

(
12γ2 + 9 (δ − 1)

2
+ 24γ (δ − 1)

)] .

Since γ < δ−1
4 , ∂2W̃

∂w2
f1

= 0 has two positive roots: wf1 = 7
12 (δ − 1) + 7

10γ ±

1
60

√
145 (δ − 1)

2
+ 60γ (δ − 1) + 324γ2, denoted respectively wf1,3,0 and w

′

f1,3,0

(wf1,3,0 < w
′

f1,3,0). We can easily check that γ + δ−1
2 ∈

]
wf1,3,0, w

′

f1,3,0

[
. As a

consequence, ∂2W̃
∂w2

f1
< 0 on [0, wf1,3,0[ and ∂2W̃

∂w2
f1
> 0 on

]
wf1,3,0, γ + δ−1

2

]
. We

can easily check that:
∂W̃
∂wf1

(wf1 = 0) = 1
18µ(δ−1)2

(
2 (δ − 1 + γ)

3
+ 4γ (δ − 1)

2
+ 7γ2 (δ − 1)

)
> 0.

Moreover, ∂W̃
∂wf1

(wf1 = wf1,3,0) = − A.B+C
194400µ(δ−1)2

< 0 , with

A =

√
145 (δ − 1)

2
+ 60γ (δ − 1) + 324γ2,

B = 290 (δ − 1)
2

+ 120γ (δ − 1) + 648γ2 and
C = 66050 (δ − 1 + γ)

3
+ 3630Γ (δ − 1 + γ)

2
+ 1984γ3 − 22170γ2 (δ − 1).

By developing the expression, we can isolate the following terms:
120γ (δ − 1)A+(18150 + 3630) γ2 (δ − 1) >

(
120
√

324 + 21780
)
γ2 (δ − 1) >

22170γ2 (δ − 1).
In addition, ∂W̃

∂wf1

(
wf1 = γ + δ−1

2

)
= −1

24µ (2Γ + δ − 1) < 0. Consequently,

by continuity of ∂W̃
∂wf1

,
{
∂W̃
∂wf1

= 0, wf1 ∈
[
0, γ + δ−1

2

]}
has only one solution

denoted w∗
f1,3,S

∈ ]0, wf1,3,0[, which is also a maximum of W̃ . Finally, since W̃
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is growing on
[
0, w∗

f1,3,S

]
and since W̃ (wf1)−W

(
w∗∗
f1,3,S

= 0, D∗3,S

)
= 0 when

wf1 = 0, we have W̃
(
w∗
f1,3,S

)
> W

(
w∗∗
f1,3,S

, D∗3,S

)
.

Case wf1 ≥ γ + 1
2 (δ − 1).

W is independent of wf1 and ∂W
∂D = 0 ⇒ D = 3(δ−1)

16µ . With this value

of D, Πf1 > 0. Moreover, W
(
D = 3(δ−1)

16µ

)
> W

(
D = δ−1

4µ

)
, where D =

δ−1
4µ corresponds to the value of D when Πf1 = 0. And we can show that

W̃
(
w∗
f1,3,S̄

)
> W

(
D = 3(δ−1)

16µ

)
. Indeed:

W̃ (wf1,3,0)−W
(
D =

3 (δ − 1)

16µ

)
=

A.E + F

23328000µ (δ − 1)
2

Where E =
(

12100 (δ − 1)
3

+ 43560Γ (δ − 1)
2

+ 6480Γ2 (δ − 1) + 23328Γ3
)
, and

F = 112800Γ (δ − 1)
3

+ 887040Γ2 (δ − 1)
2

+ 419904Γ4 + 155520 (δ − 1) Γ3 −
109625 (δ − 1)

4.
This expression is strictly positive because, developing the expression shows

that A.B > 12100
√

145 (δ − 1)
4
> 109625 (δ − 1)

4. Since W̃ is decreasing
on
[
w∗
f1,3,S

, wf1,3,0

]
, W̃

(
w∗
f1,3,S

)
− W

(
D = 3(δ−1)

16µ

)
> 0. Finally, since for

W̃
(
w∗
f1,3,S

)
> W

(
w∗∗
f1,3,S

= 0, D∗3,S

)
and W̃

(
w∗
f1,3,S

)
> W

(
D = 3(δ−1)

16µ , wf1 ≥ γ + 1
2 (δ − 1)

)
, w∗

f1,3,S̄
is the value of wf1 chosen by the regulator in order to maximise welfare

under budgetary constraint

D Proof of Proposition 5

(i) Relying on Propositions 3 and 4, we getW ∗ = W ∗2 > W ∗1 . By construction of
“regulation 3 without budgetary constraint” W ∗3,S > W ∗ = W ∗2 > W ∗1 . Necessar-
ily, welfare is lower when a “budgetary constraint” is introduced into “regulation
3”: W ∗3,S > W ∗

3,S
. Finally, comparing the “unregulated access price” and “regula-

tion 3 under budgetary constraint” which determine wf1 and D respectively by
maximising profits (under Πf1 ≥ 0) and by maximising welfare (under Πf1 ≥ 0),
necessarily leads toW ∗

3,S
> W ∗. (ii) Similarly, we obtain thatD∗ = D∗2 > D∗1 . It

is then easy to show that D∗3,S−D∗ = 74γ2+35(δ−1)2+80γ(δ−1)
360µ(δ−1) > 0. D∗

3,S
−D∗2 =

1
3240µ(δ−1)

[
18γ

√
324γ2 + 60γ (δ − 1) + 145 (δ − 1)

2
+ 320 (δ − 1)

2

+

(
5

√
324γ2 + 60γ (δ − 1) + 145 (δ − 1)

2 − 120Γ

)
(δ − 1)

]
> 0

.

Indeed, the only negative term is the last one, but by developing the expres-

sion we can show that 18γ

√
324γ2 + 60γ (δ − 1) + 145 (δ − 1)

2−120Γ (δ − 1) >(
18
√

145− 120
)
γ (δ − 1) > 0. Moreover
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D∗3,S−D3,S = 1
36µ(δ−1)

[
20w2

f1 − (20 (δ − 1) + 16γ)wf1 + 4 (δ − 1)
2

+ 16γ (δ − 1) + 7γ2
]

(where D3,S is the function of wf1 which represents FTTH investment in the
case of a budgetary constraint). The discriminant of the polynomial (∆ =

5 (δ − 1)
2−40γ (δ − 1)−19γ2) is a polynomial in γ, which has one negative and

one positive root. The positive one (denoted γ′) is in
]
0, δ−1

4

[
. Consequently,

∆ < 0 and D∗3,S −D3,S > 0 for γ ∈
]
γ′, δ−1

4

]
. For γ ∈ ]0, γ′], D∗3,S −D3,S = 0

there are two positive roots (denoted here w′f1 and w′′f1, with w′f1 < w′′f1).
For γ ∈ ]0, γ′], since w′f1 is an increasing function of γ, D∗3,S − D3,S > 0 for

each wf1 ∈
[
0, w′f1 (γ = 0)

[
. Taking γ = 0, w′f1 = 5+

√
5

10 (δ − 1). We calculate
∂W̃
∂wf1

(
wf1 = w′f1

)
= − 5+

√
5

180µ (δ − 1) < 0 and derive that w′f1 > w∗
f1,3,S

. There-
fore, D∗3,S−D∗3,S > 0 (iii) Similarly, we obtain Q∗f,1 > Q∗f = Q∗f,2 and show that

Q∗f,3,S −Q∗f,1 =
[3γ2+4γ(δ−1)+2(δ−1)2][2(δ−1)+γ]

36µ(δ−1)2
> 0. Calculating Q∗f,3,S −Qf,3,S

(where Qf,3,S is a function of wf1, which represents the total number of FTTH

consumers in the case of budgetary constraint), we show that
∂(Q∗f,3,S−Qf,3,S)

∂wf1
=

1
108µ(δ−1)

[
−60w2

f1 + 2 (60 (δ − 1) + 36γ)wf1 −
(

12γ2 + 36 (δ − 1)
2

+ 60γ (δ − 1)
)]

has two positive roots ( 3
5γ + δ − 1± 1

5

√
4γ2 + 5γ (δ − 1) + 10 (δ − 1)

2 ): one is
above γ + δ−1

2 (which is impossible in our model) and the other (say w
′

f1), is

below this value. Consequently, Q∗f,3,S − Qf,3,S is decreasing on
]
0, w

′

f1

[
and

increasing on
]
w
′

f1, γ + δ−1
2

[
. Since γ < δ−1

4 , it is then easy to show that

f (γ) =
[
Q∗f,3,S −Qf,3,S

]
wf1=w

′
f1

is an increasing function of γ ∈
[
0, δ−1

4

[
and

that f (0) > 0. Therefore, Q∗f,3,S − Qf,3,S > 0 on ]0, wf1,3,0[ ⊂
]
0, γ + (δ−1)

2

[
and Q∗f,3,S > Q∗

f,3,S
. Finally, we calculate Qf,3,S − Q∗f,1 and

∂(Qf,3,S−Q
∗
f,1)

∂wf1
=

1
9µ(δ−1)

[
5w2

f1 − (6γ + 10 (δ − 1))wf1 + 3 (δ − 1)
2

+ γ2 + 5γ (δ − 1)
]
has two pos-

itive roots: one is above γ + δ−1
2 (which is impossible in our model) and the

other (say w
′

f1) is below this value. Consequently, Qf,3,S − Q∗f,1 is increasing

on
]
0, w

′

f1

[
and decreasing on

]
w
′

f1, γ + δ−1
2

[
. Given that γ < δ−1

4 , it is easy

to show that for wf1 = 0, and for wf1 = γ + δ−1
2 , Qf,3,S −Q∗f,1 > 0. Therefore,

Qf,3,S −Q∗f,1 > 0 on ]0, wf1,3,0[ ⊂
]
0, γ + (δ−1)

2

[
and Q∗

f,3,S
> Q∗f,1.
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