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Some Foundations for Multiplicative Habits
Models
Ryoji Hiraguchi'
July 15, 2004

Abstract

While consumption models with multiplicative habits are be-
coming increasingly popular, some important theoretical questions
about these models have not yet been addressed. This paper fills
three such gaps: Existence of an optimal consumption path; satis-
faction, by that path, of the consumption Euler equation; and con-

vergence of that path to the stationary (steady state) path.

1 Introduction

Economic models with habit formation are now becoming popular. How-
ever, mathematical foundations of such models are incomplete. The existing
literature? has proceeded by making several implicit assumptions about the so-
lution to habits models which have not been proven. This paper examines the
circumstances under which these assumptions are justified, and finds parametric
restrictions that must be imposed for some of the conditions to hold true.

The first problem is that we cannot assume the existence of the optimal

1Email address: ryojihiraguchi@hotmail.com
1We thank Dr. Christopher Carroll for his valuable comments.

2A related paper by Alonso-Carrera et al. (2003) claims that the optimal interior path
exists under several conditions in a discrete time infinite horizon model. They show that the
interior path is optimal if the solution of the difference equations which is derived from the
first order conditions is unique, strictly positive, converges to a strictly positive stationary
path and satisfies the transversality condition. The problem is that they have not shown
that the conditions they impose hold true for the problem in question and in fact one of the
conditions they assume (uniqueness) is not true.



path without proof as Carroll et al. (2000) or Francisco et al. (2004) did, for
example, because the utility function with habits is nonbounded, nonconcave
and time nonseparable. Furthermore, even if such an optimal path exists, the
path may not be the interior path satisfying the Euler equation.

The second problem is that there may be multiple Euler paths and then
the interior path that converges to the stationary growth path might not be
optimal. In fact, Carroll (2000) and Francisco et al. (2004) find two paths
which satisfy the Euler equation. Furthermore, as far as I know, nothing in the
existing literature rules out oscillatory paths. Indeed, Benhabib and Nishimura
(1985) show that two period cycles can be optimal in a dynamic model which
is similar to our model.

The third problem is that we cannot assume without proof that the opti-
mal path must satisfy the transversality condition. Carroll et al. (2000) and
Francisco et al. (2004) claim that one of the interior paths satisfying the Euler
equation is not optimal because the path violates the transversality condition.
Since the utility function they are using is nonconcave and time nonseparable,
the optimal path may not satisfy the condition.

Here we first show that the optimal path does exist® and it satisfies the Euler
equation in a discrete time infinite horizon economic growth model. The model
can easily be applied to the consumption model with multiplicative habits in
Carroll (2000). Next we show that in AK growth model, the optimal path
converges to stationary growth path under one restriction on parameters. Fur-
thermore, the convergence of habit stocks is monotone. Finally we prove that
the transversality condition with respect to capital stock is necessary condition

and derive necessary terminal conditions on habit stock.

3Zapatero and Palmero (2003) study the Bellman equation with nonconcave and non-
bounded utility function, and show that under several assumptions we can use "maximum"
in the Bellman operator instead of "supremum". But it is not clear that our model satisfies
all these assumptions.



2 Existence of the optimal interior path

2.1 Model

Here we will study the neoclassical growth model with a concave production

function. The problem can be written as:

SUP{ZﬁtU<Ct,ht)} (1)

t=0

subject to:

kiy1 = yr—ci+(1—0)ke (2)

ye = AkY (3)

hivi = (1=X)he+ e (4)
(ko,ho) = (k,h) €R3, | given (5)
ke > 0 (6)

where y; is the income, § is the depreciation rate, ¢; is the consumption, k;
is the capital stock, h; is the consumption habit stock and [ is the discount
rate. k; satisfies:

k‘t+1 =F (kt) — C¢ (7)

where F (k) = Ak* + (1 — §) k. Parameters satisfy A > 0, a € (0,1], § € [0,1),
B €(0,1) and X\ € (0,1]. We also assume that if & = 1, the depreciation rate
satisfies A+ (1 —6) > 1.

The utility function is given by:

u(c, h)

I
—
-
|
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—
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with p > 1 and 0 < v < 1. Clearly u is not concave®.

2.2 Properties of the value function

Let the value function V' be V (k,h) = sup {Zfio Btu (ct,ht)}. For showing
that the consumption path which attains the supremum exists and the path
is interior, we prove several properties of the value function. Below we call
an allocation {c, k¢, hy}yo, with initial stock (ko,ho) = (k,h) which satisfies

(2),(4), (5) and (6) as a feasible allocation.

First, let us show that the value function is negative. Since u (ct, ht) < 0,
Yoreo Bu (¢, hi) < u(co, h) for all feasible allocations. Furthermore, ¢y < F (k)

for every allocation. It follows that:
Vi (k. h) <u(F(k),h)

Since (F(k),h) € R2,, u(F (k),h) < 0 and then V (k,h) < 0. Furthermore,
since limg_ou (F (k) ,h) = —00, we obtain:

lim V (k,h) = —o0
k——+40

Second, we will show that V (k,h) > —oo. Let k* > 0 be such that k* < k
and k* < F(k*). We can easily check that such k* always exists. (If a =
1, A+ 1—46 > 1 from the assumption and then k* is well-defined.). Then
there exists a feasible allocation {Et,kt,ﬁt}zo with (150,710) = (k,h) which

satisfies ¢ = ¢ = F (k*) — k* > 0 for all ¢ > 1. Since ¢ is time independent

41t is sufficient to show that the utility function is not quasi-concave. (Concave function
must be quasi-concave.) A set Sq = {(c,h) : u(c,h) > —a} satisfies

Sa={(e;n) R < [(p— 1)/ 1= D 1/}

where a > 0. Since 1/ > 1, S is not convex and then u is not quasi-concave.



constant, limy_,oo by = ¢ and lim;_,oo u (ét, Bt) =(1- p)*1 ¢1=701=p) Hence

this allocation satisfies —oo < }_,° Bl (Et, Bt). These facts imply:

V(k,h) € (—00,0) (9)

Third, we will show that V (k, h) is a nondecreasing function with respect
to k and a nonincreasing function with respect to h. Take a feasible alloca-
tion {ct, ki, hi}oo with (ko,ho) = (k,h). For {ct, ke, hi}y, the allocation
{c}, ky, hi};2 o with (k),hy) = (k+ dk,h) such that dk > 0 and ¢, = ¢ for
all ¢ is also feasible. This means that V (k + dk,h) > V (k,h). Furthermore,
the allocation {c},k;, h}},o with (kj, h{) = (k,h — dh) such that dh > 0 and
¢, = ¢ for all ¢ is also feasible and this allocation satisfies h; < h; for all ¢.
Since du/0h < 0, this allocation satisfies oo Bu (e, hy) < ooy Blu(c), hy)
and then V (k,h — dh) >V (k, h).

Finally, using these basic properties, we can show the following lemma on
continuity of the value function. The continuity of the value function is impor-

tant for showing the existence of the optimal path.
Lemma 1 V (k,h) is continuous on (k,h) € R% .

Proof. In Appendix. =

2.3 Bellman equation

Using the properties we showed in the last section, we can show that the value
function satisfies the Bellman equation. We will construct the optimal allocation

later by using this equation.



At first we show that V (k, h) satisfies:

V(k,h)= sup {u(c,h)+ BV (F(k)—c,(1=X)h+ )} (10)
ce(0,F(k))

Since (F (k) —¢,(1 =X h+Xc) € RI, for (k,h) € RI, and c satisfies ¢ €
(0, F (k)), the inside of the bracket at the right hand side of the Bellman operator
(10)is well-defined.

First suppose:

V(k,h)> sup {u(c,h)+ BV (F(k)—c,(1=ANh+Ao)}
ce(0,F(k))

for some (k, h). In this case, some feasible allocation {c}, k;, ki },° , with (k§, hg) =

(k, h) satisfies F (k) — ¢ > 0 and:

> Blule hy) > uleg, h) + BV (F (k) = ¢, (L= A h+Ag) (1)
t=0
This means Y0, 8 u (¢}, hf) > V (F (k) — ¢, hi), which establishes the

contradiction. Next suppose:

V(k,h) < (su}gk)) {u(c,h)+ BV (F (k) —c,(1—=X) h+ Ac)} (12)

In this case, for some ¢*, V (k,h) < u(c*, h) + BV (F (k) — c*, (1 — X) h + Ac*).
This implies that, for some allocation {c;, k¢, hi},o with (ko, ho) = (k, h) and
co=c*, V(k,h) <32, B"u(cs, hi). This also establishes the contradiction.
Finally let us show that there exists ¢ € (0, F (k)) which attains the supre-
mum of (10). In other words, we can use "maximum" instead of "supremum"

in the Bellman operator. Define:

Vien (€) =u(e,h) + BV (F (k) —c,(1 = A) h+ Ac) (13)



where k and h are constant. Vj ; is continuous on ¢ € (0, F (k)) and it satis-
fies lim, o Vin (c) = lim,_, p() Vi (¢) = —oo. It follows that Vi (c) has a
maximum in ¢ € (0, F (k)). Hence V (k, h) satisfies:

V(k,h) = Ce(%l’zlx;(ck)) {u(e,h)+ BV (F (k) —c,(1 =X h+ Ac)} (14)

2.4 Construction of the optimal interior path

Using the Bellman equation (14), we can show the existence of the interior
optimal path. We prove the existence by constructing the optimal allocation
{¢f, kf, hi};2, from the following process. (A similar method is explained in
Stokey and Lucas (1989).)

First, the initial capital stock and habit stock are given and let kj = k£ and
h§ = h.

Next, suppose the values of k;j and h; are determined for some ¢t = s > 0.

Let us determine cj, k7, and hj, by:

¢t € argmax {u(c,hl)+pV (F (k) —c,(1 =X hi+A)} (15)
ce(0,F (kX))

koo = F(kg) —c (16)

w1 = (=XNh+ A (17)

Clearly ¢ € (0, F (k¥)), ki1 > 0 and b}, > 0 for all s.

S

Continuing the process, we can construct the feasible allocation {c}, k', hi },-
with (k§, hy) = (k, h). This allocation satisfies:

Vi(k,h) = [ZBW(CZ‘,}LZ‘) + lim BNV (ky o, b)) (18)

t=0

> Blu(c;,hy)

t=0

IN



where the last inequality comes from the fact that V' < 0. Furthermore,
since {cf,ky,hi};o, is feasible, V (k,h) > Y2 B'u(ci, hy). It follows that
V(k,h) = Y52, Bulcy,hy). From the above process, it is clear that ¢} €
(0, F (kf)), kiyq > 0 and hf, > 0 for all ¢.

These results are summarized by the following proposition.

Proposition 2 There exists a feasible allocation {c},k}, h}ie o with (k§, h§) =

k,h) € RZ that mazimizes S ;0 B'u (¢, he). In other words, V satisfies:
++ t=0

V (k,h) = max{Zﬂtu(ct,ht)} (19)

t=0

subject to (2),(4), (5) and (6). Furthermore, the optimal allocation {c;, ki, hi}ie,
satisfies ki > 0, ¢; € (0, F (k7)) and hf > 0 for all t and then the optimal con-

sumption path is interior.

2.5 First order conditions

Finally let us derive the first order conditions which the optimal path has to
satisfy. The interior optimal path satisfies the following the first order condi-
tions. The utility function is continuously differentiable and we have already
shown that the optimal path is interior. Hence the first order conditions must

hold even if the utility function is nonconcave. Lagrangian is given by:

L= Zﬁt {u(es, he) + v (F (ke) — ce — k1) + @4 (hegr — (1= X) he — Aer) }
= (20)

where v, and ¢, are the lagrange multipliers. The first order conditions with



respect to ¢, ki1, and hyqq are given by:

ce oup (e, he) = v + A, (21)
k‘t+1 : Ve = /BF/ (k}t+1) Vt+1 (22)
hiv1 @y + Pug (copr, hegr) =B (L= A) @ =0 (23)

where ¢ > 0. From (21) and (23), we obtain:

uy (e, he) —ve +ABuz (cr1, her) — B (1 — A) {wr (ce1, hev1) — vepr} =0 (24)
Hence the optimal path satisfies:

{F' (ke2) = (1= N} {ul + 28uy™ = B(1 = A)uf™ (25)

= BF (hysa) (F' (kin) — (1= N} {4 Agub™ = 51— 2 ul*?)

where u} = u; (¢, ht).

3 Transversality conditions

Here we show several proposition on transversality condition. First of all, the
transversality condition with respect to k; is required for the optimal path. Next,
we derive some terminal condition with respect to h; which is very similar to

the transversality condition assumed in Francisco et al. (2004).

3.1 Condition on capital stock

Here we will show that the transversality condition on k; is necessary condition
by using a method in Kamihigashi (2002).

Take the optimal allocation {cj, &k}, hi},~, with (k§,hy) = (k, k). For such



sequence, the allocation {c, k¢, by },o, with (ko, ho) = (k, h) such that:

(ct,ke) = (¢, ki), t<T-1
(rkr) = (F (k) — 0Ky1, k)
(crs1,kri1) = (0cr, 0kT+1)
(ct, k) = (0c;,0ky), t>T+1

is also feasible, where 6 € (0, 1]. (We can recursively show that k; > 0k} for

such sequence.)

For such sequence,

0 < u(F(kp) =0k, h5) —u (F () = K, h)

Z ﬂt {u (C:‘fv h:) —u (Ctv ht)}

<
t=T+1

< S B fulet,hi) — u (Bt )}
t=T+1

= (1-0'"") Z Bhu(cf, hy)

t=T+1

because hy; < hf and u (6cf, hf) = ' u (cf, hf). Tt follows that:

0 < gr | WU = Ok bE) — w (F (k) = K, b)
- 1-06
1—91 Fl &
S Z 6 u Ctvh*
t=T+1

10

(30)

(31)



This implies:

0 < A" lim u (F (kp) — 0k} 1) —u (F (k) — Ky ) (34)
0—1 1-6
= Bur (F (Kp) = kg, ) K (35)
< (=p)| D0 Bluleh) (36)
Lt=T+1
Since limy—oc >y 71 B'u (¢, h}) = 0, we can conclude that:
Jim B (¢, hT) K (37)
= lim ST () (AR + (- )k — ) (39)
=0 (39)

Furthermore, since u; (ct, he) ce = (1 — p) u (cg, he), limy oo Brun (5, h3) ¢f =
0. This implies:

i BT (cp, hp) Ky = 0 (40)

This condition is called as a transversality condition defined in Stokey and

Lucas (1989).

3.2 Condition on habit stocks

Next let us show the following proposition on the terminal condition of habit
stocks and consumption.

First, using the first order conditions, we obtain:
8w (cp, hy) e = BT vrer + AT orcy (41)

Since limr_, o BTul (cr, hr) er = 0. Lagrange multipliers are nonnegative

11



and then:

A lim forcs = lim T vpeh =0 (42)
T—o00 T—o0
Furthermore, using (21), we obtain:

ﬁT@T (Mhi*r + Aci*F) + ﬁTHW (Ci}+17 h*T+1) h*T+1 - 5T+1M@T+1hc*r+1 =0 (43)

Since ug (er, hr) hr = —y (1 = p)u (e, hr), limp_, o0 BTy (eri1,hri1) byt =

0. This achieves:
Jim {8 orh — BT o i | =0 (44)

Notice that the above condition is weaker than the condition lim7_, o { BT@Thi}} =

4 Convergence to the stationary growth path

In this section, we prove that when o = 1 and then the production function
is y = Ak, the optimal path converges to the stationary growth path with the

growth rate (f_lﬁ)l/ p=le=1) under the following condition on parameters:

[Assumption] Parameters A, 3, p and v satisfy:

1— )< gYl=D0=7) (45)

As we will explain later, this condition assures that the optimal consumption

growth rate c;y1/c; exceeds M.E’

5If we do not put this assumption, the consumption growth rate which satisfies the first
order conditions may be lower than p. In that case, a growth rate of habit stock is different
from the consumption growth rate, because hy satisfies hiy1/ht = p+ Acg/he > p. It is not
easy to check whether such a path is optimal or not.

12



At first we consider the case where A3 = 1 and then we will extend the
result to the general case.

If @ = 1, the equation can be written by:

uy (e, he) + ABug (ceq1, heyr) — B (1 — A) s (co1, higr) (46)

= AB{u1 (ctt1, heg1) + ABuz (cig2, hes2) — B(1 — A uq (cey2, hita)}

where A = A+ 1 — 6. This equation appears in Carroll(2000). Let us call

the first order condition as the Euler equation.

4.1 Optimal path in the case with A3 =1

If A3 =1, the Euler equation (46) is given by:
+ ABET = B (1= Nl P AR BN ()

(47) means that the value of u} + ABub™ — B (1 — \)ul™" is independent
of time t. Since uy (¢, h) = ¢ ?h=717P) and uy (¢, h) = —yc!=Ph=71=P)=1 we

obtain:
e PR A IR T B - N e ini ST =6y, t>0 (48)

where 0y is a constant. Now let 4 = 1 — A. p satisfies p € [0,1). Since

ct = A " (hyy1 — phy), we can express (47) only by habit stocks:

hZ‘p‘” _ “YthZerl v Bﬂhm Y
(htv1 —phe)” (o — phegr)”™ " (heya — phig)

S0 (49)

where 6 = /)’ is a constant. We obtain the following result on the sign of 6.

Lemma 3 Suppose A3 = 1. Under the assumption (45), 0 > 0 where 0 is

13



defined in (49).
Proof. See Appendix. m

Let T=p—7(p—1) and ¢ = yAS+ Bu. If 6 > 0, the difference equation of

habit stocks (49) has a unique stationary point:

hy = (17“”)1/7 (50)

Since 1 — ¢ > 0, hj is always well-defined.
Now we will show several lemmas that is required for showing that the

optimal habit stock path {h;},~, is monotone.

Lemma 4 Suppose {h:},, is the optimal path. If hy > hey1 and hj > heyq

for some s > 0, then hy > hyyq for allt > s+ 1.

Proof. For such s, we can show that hs11 > hsyo. Since the right hand side of

(49) is increasing function with respect to h¢ta, hsy1 > hsyo if and only if:

hZ(pfl) (hst1 _Mhs')_p (51)
= Bhli”l - Y(hayo — prhepr) 7Y +5Mhs+1 )(hs+2 — phey1) " +0

VBT (g — phoyn) ™Y 4+ Buh Y (hoy — phasa) " 46

Y]

QAT h ) +0

On the other hand, @A™"h_ [, +60 < X "h_[, because hj > hsy1 and
0 (hy) "+ 60=X""(h;)"" Then the following inequalities:
A PR 0 < ATPRT (52)

= (hs+1 - Mhs+1)7'g h;ll

< (hoys — i) B

14



always hold, where the last inequality is satisfied because a function f(x) =
(h— ,ua?)fp z7(P=1) g increasing and hgs > hg41. Hence we can conclude that
(51) is always satisfied and then hgy1 > heio. Since hoi1 > heio and b > heo,

we can also show that hsio > hsys. It follows that hy > hyqq, for allt > s. =

Lemma 5 Suppose {hi},~, is the optimal path. There is no s > 0 such that

hs < h5+1 and h; < hs+1.

Proof. In Appendix. m

Lemma 6 Suppose {h.},~, is the optimal path. There does not exist to > 0

such that hy > heyq for allt > tg and limg—oo hy < h* .

Proof. In Appendix. m

Consequently, feasible allocations along the Euler path (49) satisfies the

following proposition.

Proposition 7 Suppose AB = 1. Then the optimal habit stock path satisfies
one of the following properties for some strictly positive constant h*.
[1] ht Z ht+1 Z h* fOT’ all t > 0 and llmt_>oo ht = h*.
[2] ht S ht+1 S h* fOT’ all t > 0 and llmt_>oo ht = h*.
Furthermore, the optimal allocation satisfies:
lim hy = lim ¢ = A" (53)
t—o0 t—oo
Proof. Monotonicity comes from the above lemmas. Since ¢; = AL (hiy1 — phy)

and lim; oo hy = A", limy oo c; = h*. 1

15



4.2 Optimal path for arbitrary A and [

Finally we will derive the property of the optimal consumption growth path
in the case where A and [ are arbitrary. As we showed above, at the optimal
path, u} +/\But2+1 —ﬁ,uui“ > 0 under the assumption (45). The Euler equation

implies:

R . . ' S P S
(hir1 = phe)”  (hepo — phesr)” " (Rera — pheg)” 0

where ¢, > 0is a constant. Define hy = 0~ *h; where o = (/_16) v Substituting

hi = othy into (54) yields:

7y(p—1 5(p—1)-1 77(p—1)
hz(p ) e e

Y t+1 Y t+1
_ _ A _ +L _ +¢ (55
(oherr —phe)” A (ohira — Mht+1)(p_1) A(ohiyz — phes)” )

where ¢ > 0. This difference equation has one stationary point ﬁ; > 0 which

satisfies:
e 9 1/7
rw_[1=v(o—p)/A—p/A /
¢ ¢ (o —p)’

(56)

Since A > 1,1—~ (0 — p) /A—p/A and then the value is always well-defined.

Now let us prove that lim;_,oo A exists and lim;_,oo k¢ > 0. First suppose

Ef+
hy

limy_o hy = 0. Define g, = &L = 5~ 1g,. g; satisfies:

T = - Y = —(p— = - T
3 (05 — 1) "= L0 —m) T+ G 0Gen — )" R (57)

As we showed previously, under the assumption (45) , lim; . g+ = g* exists

and it satisfies:

ot > i (58)
gD = LB y@ot 59
g 7T 71-7@) (59)

16



where 7 = p — v (p — 1). This implies that:

t41 _ p—1
lim {5 ?(Ctﬂahtﬂ)} — B lim ( (igt 1% ) (Ugt)f(fq) 60)
=00 Bru(ct, hy) t—oo | \O0Gt+1 —

= (r+u0-n e )

> 1

where the last inequality holds because §* > u/o, which contradicts the

optimality.
Hence the optimal allocation satisfies limy_, oo by = 71;‘) > 0. This implies:

. h . ottlh
hm t+1 — 1 ’ t+1
t—o00 t o'th,t

=0 (61)

In other words, the growth rate of habit stock approaches o. Since o > p un-
der the assumption (45), the optimal consumption growth rate also approaches
o. (limy_oo (he/cy) = N [limy—oo (hyg1/he) —p] = X' (0 — ).) This shows

the following proposition.

Proposition 8 Under the assumption (45), the optimal consumption path con-

verges to stationary growth path with the growth rate o = (Aﬁ)l/p7V(p71),

5 Conclusions

In a discrete time neoclassical growth model with multiplicative habit which is
similar to Carroll et al. (2000), we derived the conditions under which the opti-
mal consumption path exists and satisfies the Euler equation. We also derived

the convergence of the optimal path to stationary growth path. Especially, the

17



optimal habit stocks is monotone, ruling out oscillatory path. These findings

help to put habit formation models on a more secure theoretical foundation.

18
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APPENDIX: PROOFS

Proof of Lemma 1. Before proving the lemma, let us show that V satisfies:

0= P=DV (k, h)

IN

V (0k,h) <V (k, ) (62)

V(k,h) < V(k,0h) <o VCDY (k p) (63)

where 6 € (0,1]. For every feasible allocation {ct, ke, hi}oey with (Ko, ho) =
(k, h), the allocation {c}, kj, hy}oo o with (k{, k() = (6k, h) such that ¢} = fc; for
all ¢ is also feasible. For this allocation, hj clearly satisfies h} < hy. It follows
that 0~V (¢, hy) < u(c), ).

Next, for every feasible allocation {ct, k¢, hi} ooy with (ko, ho) = (k, 0h), the
allocation {c}, k', b },=, with (k{J, hj) = (k,h) such that ¢} = ¢, for all ¢ is also

feasible. Since hy > 6hY for all ¢, the allocation satisfies:
w(ce, hy) < 0=V (7 plh) (64)

These results mean the above inequalities.
Now take a sequence {dk, dhy, },-, such that (k + dk,, h + dh,) € R? , and
lim,, . o (dkp, dhy,) = (0,0).

V (k + dkyn, h+ dhy) — V (k, h) (65)
< V(k+|dkn|,h— |dha|) — V (k, )
< (1= |dhn /RO Y (k4 |dky, |, h) — V (k, h)
< {(1 — |dhy /RO (1 4 |dk, | TPTY — 1} V (k. h)
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and:

V (k + dkn, b+ dhy) — V (k. h) (66)

%

V (k= |kl o+ |dhal) = V (k. 1)

Y

{ Jana/p) =0 (1 fak, k)T < 1V (k,R)

Since V (k,h) > —oo, imV (k + dk,,h + dh,) =V (k,h). &
Proof of Lemma 3. First suppose § < 0. Since Y .o, Bl (ce, hy) =

S0 Bu{(hes1 — phe) /A hi} and then:

ht+1 — phy t+1 t4+1
Jhe ) p = A7 A 0
(67)
For the optimal allocation {ct, k¢, b}, o with (ko, ko) = (k, k), consider a new
allocation {c}, k;, hy},~ o with (kj, hy) = (k, k) such that:

h hi — dh

hy = hy t>2

where dh > 0 is constant. For such an allocation, {c}},~ satisfies:

¢y = N'(h, —phy) =co—A"tdh (68)
o= NU(Ry —ph)=c+ (N —1)dh (69)
¢, = ¢, fort>2 (70)
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For sufficiently small dh, ¢; > 0 for all ¢. Furthermore, {k;},-, satisfies:

Kl = Ak—c (71)
= Ak —co+ 2 tdh (72)
t
AT, = Ak=) AT (73)
s=0

Since A > 1, A1 — A1 ()\71 — 1) > 0 and then ki ; > 0 for all ¢ > 0. This
implies that this allocation is feasible. Furthermore, such an allocation satisfies

S0 Blulch, hy) > S002, B (e, he) because:

0 hit1 — ph
8—}11205% (%ﬂt’ho <0 (74)
t=

This achieves the contradiction.

Next suppose § = 0. Let g, = h;—tl gt > p because g = pu + Ac/hy and

A > 0. The Euler equation (49) implies that g; = h,‘il satisfies:

9 (g — 1) " =781 — 1) TV 4 Bu(ger —p) 7’ (75)

where 7 = p — v (p — 1). If the difference equation (75) has a stationary point

g*, then g* satisfies:

(9°)" = B9 +Bu(l—~) (76)

Since 7 > 1 and 78 > 0, clearly the solution of (76) and (77) is unique if it

exists.
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Now let us show that {gt}toio converges to the unique stationary point g*
under the assumption (45).

Let f (x) =2 —vyBx—Bu (1 — ). Under (45), f(n) =p™ —Bu < 0. Hence
the solution of f () = 0 satisfies © > p and g* really exists. We can also easily

check that g; < g;41 if and only if g;11 < g*. Then lim;_, g: = ¢* and :

t+1 B p—1
lim B ?(Ct+1aht+1) ~ lim 5( gt M) g (78)
t=oo Bl (g, hy) t—00 Jt+1 —
-1
= (v+u(1—7) (g*)ﬂ)
> 1

where the last inequality holds because g* > . Hence > 5 f'u (ct, hy) = —oo.
Since V' (k, h) > —oo, such a path is not the optimal path. In other words, § > 0

has to hold at the optimal path. m

Proof of Lemma 5. We can easily show that if hy < hsyq and hj < hgqq for
some s, hy < hyqq for all t > s. Since (49) can have only one stationary point,

lim¢ 00 ht = 00. (49) implies:

hes1 —y(p—1) .
(h—t - M) (ht+1 — phe) (79)

= ’Yﬁhﬁrpl_l)_l (heya — phegr) P70 + 5Mh24(rp1_1) (hiye — pheyr) " +6

Since g: > 1 and lim;_,o hy = 00, the left hand side of (49) approaches 0 as ¢

goes to co. This establishes a contradiction. m

Proof of Lemma 6. Suppose not. In this case, lim; . hy = 0. The Euler

equation (49) implies:

9 (g — 1) " =78 (ger1 — 1) Y 4 Bu(gesr —p) "+ 60K, (80)
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Since lim; .o hf;; = 0 and g;41 < 1, for any € > 0, there exist T, € N such

that:

ehtTH < Oe(ge41 — M)ip (81)

for all t > T.. This implies that:
g g =) =B (g — ) Y+ Bl — )" (82)
and:
9 (g =) " <AB g — 1) T+ (Butbe) (g — i) (83)

for all ¢ > T.. First of all, for each € > 0, consider a sequence {j: (8)};2:@

such that gr. = gr. and:

GG — ) =BG — 1) TV (Bt 0) (G — )" (84)

for t > T. + 1. We can easily see from the difference equation (84) that
for fixed g;, the value of §;11 is uniquely determined and these values satisfy

dgiy1/dg > 0. Furthermore, gr. 41 satisfies:

91.41(0) > g1 41 > G111 (€)
Hence we can recursively prove that:

G+ (0) > g+ > gt (e) forallt > T, (85)
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Now let f. () = 2™ —yBz — (Bu + 0¢) (1 — 7). The assumption (45) means
u” — B < 0 and then f. (u) = p™ — fu— 02 (1 — ) < 0. Hence the solution of
fe () = 0 is unique and satisfies z > p. It follows that the stationary point of

the above difference equation, §* (¢) really exists and satisfies:

g () =8(5" () —p)+ (Bu+0e)

We can easily check that g; () < giy1 (¢) if and only if g1 (€) < §* (¢). Hence
we can conclude that lim; o Get1 (€) = §* (). Using (85), we can conclude
that limsup g; < ¢* (0) and liminf g; > ¢* (¢). Since € can be arbitrary small

and lim. o §* () = §* (0),% we obtain:
lim g = g" (0) > p (86)
t—o0

This implies:

lim B u(erp1, hisr)
t—oo  Bu(cy, hy)

= (repO-m@ o)) 1 @D

where the last inequality holds because ¢* (0) > u. Such a sequence has to
satisfy > .o, B'u (ct, hi) = —oc. Tt follows that such a path is not the optimal

path. m

6We can show the equation strictly, but this relationship is obvious graphically.
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