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Abstract

This paper studies a two-sided incomplete information bargaining
model between a seller and a buyer. The buyer has an outside option,
which is modeled as a sequential search process during which he can
also choose to return to bargaining at any time. Two cases consid-
ered: In Regime I, both agents have symmetric information about the
search parameters. We find that, in contrast to bargaining with com-
plete information, the option to return to bargaining is not redundant
in equilibrium. However, the no-delay result still holds. In Regime
II, where agents have asymmetric information about the outside op-
tion, delay is possible. The solution characterizes the parameters for
renegotiation and those for search with no return to the bargaining
table.
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1 Introduction

Consider a negotiation between a seller and a buyer over the price of a house.
The buyer is looking for a house with particular features, one that might not
be easily substituted by another house offered on the real estate market.
Each agent knows his own valuation of the house, but is uncertain about
the other’s valuation. The buyer can quit negotiations at any time and look
around for better alternatives, and he can return to renegotiate with the
seller, who currently has no other potential bargaining partner.

This situation captures three crucial strategic factors in any bargaining
setting: information, time preference and outside options. While private in-
formation may lead agents to conceal the true size of their potential gains
from trade, time preference helps to uncover the true valuation of the agent
who is less willing to delay an agreement. Following the time preference
aspect addressed in Rubinstein (1982), examples of incomplete information
work include Fudenberg and Tirole (1983), a two-period model with one-sided
and two-sided incomplete information; Rubinstein (1985), a one-sided incom-
plete information model with infinite time horizon; Chatterjee and Samuel-
son (1987 and 1988), where two-sided incomplete information models are
analyzed with an infinite time horizon; and Cramton (1992), where the time
between offers is not fixed and it is endogenously determined which agent
makes the first offer.

The third strategic factor, the outside option, has been explored in differ-
ent ways. While Shaked and Sutton (1985) as well as Binmore (1985) look
at fixed, exogenous outside options in complete information settings, Bester
(1985) considers a model with quality uncertainty where buyers can quit the
bargaining partner and search for another seller to bargain with. Chikte
and Deshmukh (1987) analyze how search ability affects a model where two
bargainers who must search for alternatives if the current offer is rejected.

This paper analyzes an infinite horizon model of alternating-offers bar-
gaining, where one agent (the buyer) can search for alternative offers which
are non-negotiable. The buyer can choose to return to bargaining at any
time, as long as the seller has not quit. The structure of the model follows
Muthoo’s (1995) approach of interlacing a bargaining process and a search
process. Adding the option to return to bargaining is not trivial: It is not
a priori evident whether equilibrium payoffs should be higher for the agent



with a return option, since he can move between the bargaining and search
process, or whether payoffs should be higher in a game without return op-
tion, since it might be strategically advantageous if the threat to opt out
forever is automatically credible. Muthoo shows that with complete infor-
mation bargaining, the option to return is redundant, i.e. in equilibrium,
a game with the option to return to bargaining and a game without such
option are identical. The present paper introduces two-sided incomplete in-
formation bargaining and varying information about the outside option in
Muthoo’s model, which has important implications for the results.

Earlier papers that incorporate bargaining in a search model such as
Mortensen (1982) (following the game theoretic approaches of Diamond and
Maskin (1979) and Mortensen (1978)) assume that agreements are instan-
taneous and the available surplus is divided equally according to Nash’s ax-
iomatic bargaining solution. This is also the approach by Baucells and Lipp-
man (2004), who focus on the impact of the buyer’s availability on agents’
payoffs. Arnold and Lippman (1998) analyze a seller’s choice between post-
ing a price and bargaining in a model with incomplete information about
buyers’ valuations and their bargaining abilities.

As Rubinstein and Wolinsky (1985) remark, analyzing the bargaining
problem with a strategic approach “constitutes an attempt to look into the
bargaining black-box”. In this sense, this paper is complementing the bar-
gaining and search literature by characterizing a sequential equilibrium for
an alternating-offers bargaining model with two-sided incomplete informa-
tion, where the buyer has an outside option that allows him to search for
alternative non-negotiable offers. Two regimes concerning the information
about the outside option are considered: symmetric information, where both
bargaining partners know the distribution parameters of the outside option,
and asymmetric information, where the seller has only a probability distri-
bution over the buyer’s possible outside options. Search outcomes here are
verifiable, in contrast to Chatterjee and Lee’s (1998) two-period bargaining
model with outside option for the buyer, where the search outcome is private
information, but the reservation prices in the bargaining process are common
knowledge.

The present bargaining model follows Chatterjee and Samuelson (1987),
where offers are restricted to “high price” and “low price”. The allocation



of the gains from trade is therefore reduced to the question of who gets the
high surplus and who the low surplus; the size of the surplus is predeter-
mined. As Chatterjee and Samuelson (1987) show, this game has a unique
sequential equilibrium and bargaining proceeds only for a finite but endoge-
nously determined number of periods. The restriction of the offers might
seem quite strong in its implications, however, in a later paper, Chatterjee
and Samuelson (1988) examine the model without restrictions. There exist
multiple equilibria, but only one of them has plausible assumptions about
updating beliefs. This equilibrium shares the features of the restricted-offers
case. The authors emphasize that the multitude of equilibria does not alter
the model’s qualitative results and implications for bargaining. In view of
these findings, the restricted-offers case shall be considered in this paper,
in order to simplify the analysis while retaining the important aspects of
the model. The results presented here are thus also a direct extension of
the Chatterjee and Samuelson analysis by introducing an outside option into
their model.

The paper is organized as follows. In section 2, the model is set up.
Section 3 analyzes the bargaining equilibrium with a fixed outside option.
In section 4, the outside option is explicitly modeled as a sequential search
process, and the equilibrium of the complete bargaining-search model is de-
scribed. Section 5 concludes.

2 The Bargaining-Search Model

Seller S and Buyer B bargain over the price of an indivisible good. They
are imperfectly informed about each other’s valuation for the good. Each
agent can be one of two possible types: B can have a high valuation v",
or a low valuation v!, and S can have a high cost ¢" or a low cost c!. Let
cd <ol <" <ol At time 0, the buyer’s prior belief that he faces a low-cost
seller is w2, and the seller’s prior belief that he faces a high-valuation buyer
is 7%. The priors 72 and 7% are assumed to be given exogenously and are

common knowledge. Agents update their beliefs according to Bayes’ rule.

Bargaining between B and S proceeds as follows: In each round, S can
demand a price pg or quit bargaining. In the same round, B responds with
one of three choices: he can offer pg > pg, or offer pgp < pg, or opt out.
The outside option is to buy via search. Search is sequential and modelled
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Figure 1: The Bargaining-Search Game

in the following way: non-negotiable offers y arrive according to a Poisson
process with arrival rate A > 0 and E[y] < co. The time interval between
successive arrivals of offers is distributed exponentially. Notice that while
time is discrete during bargainig, a continuous-time model is used during
search.

The structure of the bargaining-search game is illustrated in Figure 1.
Let G denote the move-structure of a subgame starting in the bargaining
phase and N denote the move-structure of a subgame starting in the search
phase.! The game begins at time 0 where S makes an offer to B. In any round
of G, B immediately responds to S’s demand pg. If B offers pg > pg, the
good is traded for pp and the game is over. If B offers pp < pg, bargaining
proceeds to the next round, which takes A time units and another subgame
with identical move-structure G starts. If B opts out, the game proceeds to

!The term“subgame” shall be used in a non-standard way as in Cramton(1992). It
would be a proper subgame if it were not for the incomplete information about agents’
valuations.



the subgame with move-structure N, in which B searches until he locates an
outside offer. During this time, there are no decisions to be made by S. When
B locates an outside offer y at time ¢, he has to choose between one of three
options: he can accept y and the game is over, or he can continue search and
another (identical) subgame N starts, or he can return to bargaining with S,
which takes A time units and brings him back to G.

The payoffs to the players are now described. Let r > 0 be the common
rate of time preference. For notational convenience, let the discount factor
e "> be denoted by §. If the game is terminated by an agreement between B
and S over a price p at time AT + ¢, B receives (v' — p)dTe™" and S receives
(p — ¢)o6Te ™, depending on the type i = h,l. If the game is terminated by
B accepting an outside offer y at time AT + ¢, a buyer of type i receives a
payoff of (vi — y)dTe ™ and S receives zero. In case B and S perpetually
disagree or if B searches forever, the payoffs are zero for each player.

Two tie-breaking assumptions shall be made:

(A1) In case of indifference between certain payoffs, agents prefer agree-
ment to disagreement.

(A2) In case of indifference between two payoffs, where one gives M with
certainty while the other gives an expected payoff of M, players strictly perfer
the former choice.

The implication of this assumption shall be clarified with the following
two examples: When a high-cost seller has the choice between accepting
the price ¢ and quitting, he prefers the agreement. The reason behind this
assumption is that if offers were to come from the set {v' — ¢, c" + €}, the
strategic situation would be identical and indifference avoided. When a buyer
faces an expected (or fixed) outside option of M = ", then a low-cost seller
would offer ¢ — ¢, while this would not be rational for a high-cost seller.
Then the two seller types would separate.

3 The Bargaining Equilibrium with a fixed
Outside Option

To simplify the analysis, this section will focus on pure bargaining behavior
with a fixed outside option. The latter shall be viewed as a guaranteed and



non-negotiable price p at which a buyer can purchase the good at any time.
Note that the surplus for the two buyer types from accepting a given outside
option differs. If p < v!, both buyer types will always opt out, therefore we
will restrict our attention to outside options with p > v'. Both agents shall
have the option to quit the bargaining process with a zero payoff. Offers are
restricted to the set {v!, ¢}, that is, there are only two possible choices for

each agent: a low price offer v' and a high price offer c*. 2

The fixed outside option in this section is known to both agents. Since
the high-valuation buyer and the low-cost seller can reach a positive payoff
by agreeing on either price, i.e., they can trade with either type of opponent,
they shall be called flexible agents. The best a low-valuation buyer and
a high-cost seller can do is offer their true valuation, they shall be called
inflexible agents. Since mutually beneficial trade is not possible between two
inflexible types, an inflexible buyer will take the outside option if p = ',
otherwise he quits the game as soon as he concludes that his opponent is
inflexible. Opting out when p > v' thus reveals that B is flexible.

To simplify notation, let ng denote the first round where the seller de-
mands the low price v' (i.e. S reveals his type), and let np denote the first
round where the buyer offers the high price ¢” or opts out. Then a pure
strategy for the flexible seller consists of a decision to demand the high price
for ng —1 rounds and to demand the low price subsequently. A pure strategy
for the flexible buyer consists of a decision to offer the low price for ng — 1
rounds and to offer the high price or opt out subsequently. ng and ng thus
give information about the endpoint of bargaining.

Furthermore, let {¢4} be a seller’s mixed strategy, such that ¢} is the
probability that he plays a pure strategy with ng = i. Let {¢5} be a buyer’s
mixed strategy, such that ¢’ is the probability that he plays a pure strategy
with ng = i, where >, ¢% = 1 and >%°, ¢ = 1. Since the flexible buyer
can choose to opt out, he can ensure himself v» — ¢! in each round if he
has been demanded the low price and max{v" — p,v" — ¢"} if he has been
demanded the high price. Let £L denote the expected payoff to a flexible
buyer from playing a pure strategy ng = T"

2Note that this is equivalent to a process of one-sided offers, where S makes an offer
and B just responds by accepting, rejecting or opting out.



T
£ = Y msqs(v" —v)o! (1)
i=1
T .
+ |ms(1 =" q%) + (1 — mg)| max{v" — p,o" — }6"!
i=1

Let VL = > ¢5EL be the expected payoff to a buyer from the remainder of
the game, given round 7" has been reached and no flexible agent has revealed
his type so far. Then V} = 322, ¢E% is the flexible buyer’s present value in
round 1 if he plays mixed strategy {q%}:

Vi = > qpép=Ex (2)
i=1
= quév(’l)h — vl) + (1 - qué) max{vh —ph o — ch}

Then a sequential equilibrium in the bargaining game with outside options
consists of a pair of mixed strategies {¢%} and {q%} such that

VA(GE) e ) > Ve (a5)) Vidb) Q
Ve{ash {az}) = Va({ast {as}) Vids} (4)

for all ¢ and for consistent beliefs 7%, 7%, which are updated according to
Bayes’ rule.

3.1 Pure Strategies

If pure strategies are played, either ng > ng or ng < ngp.

Proposition 1 A Nash equilibrium with ng = 1 and ng = 1 exists if p < c",
or if the seller has a sufficiently high prior belief that the buyer is inflexible
(% < 7p). A Nash equilibrium with ng = 2 and ng = 1 exists if p > c",
% > 7p and 7% < 7g.

Proof. Clearly, if p < ¢, a flexible buyer would rather opt out than accept
the high price ¢" at any time during bargaining. Thus, the best a flexible



seller can do is demand the low price in round 1 (ng = 1), since delay is costly.
Both types of buyer accept this offer. On the other hand, if p > ", the
outside option does not provide any additional gains for either type of buyer,
and the bargaining equilibrium is as described in Chatterjee and Samuelson
(1987): ng = 1 is a best response to np = 1 if demanding the low price v'
and receiving v! — ¢ in round 1 is better for S than demanding the high price
", when B will offer ¢" in round 1 with probability 7%, and with probability
1 — 7% the game continues to the next round:

(" — )+ 51 — %) (' =) <ot = ¢ (5)
which gives a boundary value for 7%:

(v = (A —9)

ch—c —o(vt =)

T < = Tp (6)
Given ng = 1, a buyer will infer from an offer of ¢" that he faces an inflexible

seller. Then a flexible buyer opts out if p < ¢, otherwise he accepts the high
price. An inflexible buyer opts out if p = ¢!, and quits otherwise.

An equilibrium where the seller does not immediately reveal his type
(ng > 1) can thus only exist if p > ¢ and the seller’s belief that the buyer is
flexible is sufficiently high (7% > 7g). Given ng > 1, B will reveal his type
before S if

S (v — ) +0(1 — 7 (" — ) <o =" (7)
that is, if B’s prior that S is flexible is sufficiently low:
(V" — c)(1 - 6)
= (ch =)
Since delay is costly, this occurs in round 1, i.e. ng = 1. Then ng = 2 is a

best response, since S must conclude that he faces an inflexible buyer if he
is offered the low price in round 1. O

TS (8)

TS

3.2 Mixed Strategy Equilibrium

In the Chatterjee and Samuelson model without outside option, there exists
a mixed strategy equilibrium if 7% > 7p and 72 > 75. The idea is that a



flexible agent will never continue the game indefinitely, i.e. there exists some
round 7" beyond which a flexible agent will not proceed.? A flexible agent will
immediately make the offer that gives him the low surplus if he infers from the
opponent’s actions that he is inflexible. Thus, if round T is reached, by which
a flexible agent would have ended the game, his opponent concludes that the
agent is inflexible and makes the revealing offer himself. This implies that
the the potentially infinite-horizon game must have a finite horizon if at least
one of the players is flexible. Each randomization is determined such that the
previous agent is indifferent between the revealing and concealing offer. This
supports the previous agent’s randomization. Thus, we get a sequence of
probabilities until the first round 7" where the probabilities exceed one. This
identifies the round 7" by which a flexible agent has stopped in equilibrium,
where T is determined endogenously.

The question in the present model is how the outside option changes this
reasoning. Does the seller randomize so that the buyer is indifferent between
staying in the game and taking the outside option in every round? Or does
he have to randomize such that the buyer is indifferent between the payoff
from revealing his type and the maximum of the outside option and expected
payoff of randomizing as in the game without outside options?

Proposition 2 A mized strategqy equilibrium exists if p > ¢, mp > 7 and
Tg > g, and is constructed as in the game without outside options.

Proof. To show why a mixed strategy equilibrium with p < ¢" cannot exist,
suppose first that g3 > 0, i.e. S starts randomizing in round 1. B’s expected
payoff from playing ng = 1 is £, = msqi(v" — o) + (1 — 7sqd) (V" — p).
Clearly, the flexible buyer would be better off entering the randomization
than opting out, since V ¢5 > 0 we have Vi = £4 > v" — p.* If a mixed
strategy equilibrium exists, there must be a gj such that £X < 2, otherwise
it would be better for S to reveal his type in round 1. Since S gets zero
with probability mzqh (when B opts out), we have £& = o' — ¢ and % =
[m5(1 = qp) + 1 —mp] (v =)o,

For any ¢ > 0 we have £ > E£2, therefore the flexible seller prefers to reveal
his type in round 1, and a mixed strategy equilibrium with ¢& > 0 does not
exist,.

3For a formal proof, see Chatterjee and Samuelson (1987).
4The inflexible buyer would also prefer to remain in the bargaining process as long as
there is a chance that he faces a flexible seller.

10



Now suppose g5 = 0, and the buyer starts randomizing first. Then the
flexible buyer would have to be indifferent in each round between choosing
the outside option and continuing the randomization, with an expected payoft
of v —p,ie. Vi =%, ¢5EL = £5 = v —p. The seller, on the other hand,
can get at most v! — ¢ by revealing his type, since otherwise the buyer opts
out, leaving him with a payoff of zero. Again, the seller would prefer to get
v! — ¢ as early as possible, since delay is costly. Therefore, ¢& = 0 cannot be

part of a flexible seller’s mixed equilibrium strategy for any T.

When p = ", the result relies on assumption (A1) that in case of equality
of payoffs, B prefers an agreement to disagreement, and the case is treated
like p > . However, one could also consider that if p = ¢”, then a low-cost
seller would offer a price of ¢* — € in order to avoid indifference, while this
would not be rational for a high-cost seller. Then the two seller types would
separate. With p > ¢, the outside option is not relevant for bargaining
behavior and the mixed strategy equilibrium is thus constructed as in the
Chatterjee and Samuelson (1987) model. O

With p < ", a flexible buyer will never accept the high price. The only
offer he will accept from the seller is v' and since delay is costly, the flexible
seller can do no better than reveal his type in round 1 and demand the low
price. The good outside option makes it possible for the buyer to receive
the full gains from trade in the first round, independent of 7 and wg This
equilibrium is a sequential equilibrium and unique, which follows by the same
arguments as shown in Chatterjee and Samuelson (1987). We have another
no-delay result:

Corollary 1 In equilibrium, the outside option is never taken after round 1.

Proof. This follows directly from Propositions 1 and 2. With pure strategies,
the game with at least one flexible agent ends in round 1. An inflexible buyer
would only take the outside option if p < ¢!, but then so would the flexible
buyer, and the game ends in round 1. If p > v, the inflexible buyer prefers
quitting to opting out (which happens in round 2). By Proposition 2, a
mixed-strategy equilibrium exists only if p > ¢*. If T is reached and no
agent has revealed his type yet, the buyer will prefer to offer the high price
in T to opting out, since 67 (v — ph) < 6T (v" — ). The outside option thus
causes no delay. O

11



4 The Bargaining-Search Equilibrium

In this section, the outside option is modelled as a sequential search process,
as described in the setup of the bargaining-search model in section 2. Assum-
ing that outside offers are not always available, these non-negotiable price
offers y shall be modelled as a Poisson process with a given arrival rate A > 0
and a cumulative distribution function F'(y), whose support is on the open
interval (0, 00). Payoffs are discounted at the continuous time rate r > 0, re-
flecting the cost of search. At any point during search, the buyer can choose
to return to bargaining. Attention shall be restricted to pure strategies in
this part of the paper.

Following the standard approach for a sequential search model without
an option to leave the search process (e.g. Lippman and McCall (1976 and
1981)), a buyer is said to follow a reservation price policy with reservation
price p, if he accepts any offer which is at most p and rejects all offers above
p. To find the optimal reservation prices for the two types of buyers, let the
expected return from search to the buyer of type ¢ = h, [ associated with the
reservation price p be R'(p). Since offers higher than p arrive with probability
1 — F(p), the expected return from search for type i = h,[ can be written as

A

Rp) = 2 [Ro)0-Fo)+ [0 - pdr) ©)

A D,
- g ()i

Then the gain R*(p)— (v —p) for a buyer of type i to following the reservation
price policy vis-a-vis having an offer of p and accepting it is given by

R - (=9 = s [ are) - SO0 o

Denoting H = [(p — y)dF(y), we have

AH —r(v" — p)
T+ AF(p) (11)

The optimal reservation price p** is then the unique solution to AH — 7 (v’ —
p) =0 and Ri(p) = v’ — p** (see e.g. Arnold and Lippman (1998)).

Ri(p) — (v' —p) =

12



Since the reservation price p* is increasing in the buyer’s valuation®, if
a flexible buyer has an outside option with p** < v!, then the inflexible
buyer’s reservation price must be characterized by p* < p** < !, thus
search is the best option for both types, independent of the seller’s demand.
In order to restrict our attention to two-sided incomplete information, it

shall be assumed that the inflexible buyer’s return from search v* — p* is

at most zero.® This implies that p** > v, i.e. the flexible buyer prefers
buying the good from S for the low price to opting out. We thus exclude
the (uninteresting) case in which the seller’s demand does not influence the
flexible buyer’s decision to opt out. Since the results are driven by the flexible
buyer’s outside option, we shall drop the superscript ¢+ = h, [ for all variables

referring to the outside option, i.e. we consider v! < p* < v", where p* = p*.

The buyer’s option to quit the game is now replaced by the possibility
to search forever. Search incurs no fixed cost, thus the payoff from search-
ing forever is zero. Varying information about the outside option will be
considered in the following two sections.

4.1 Regime I: Symmetric Information about the
Outside Option

By symmetric information about the outside option we mean that both the
seller and the buyer know the parameters of the distribution of the outside

"Burdett (1981) showed that a right translation of a wage offer distribution increases
the reservation wage by less than the amount of the translation.

6Gantner (2003) analyzed a fixed outside option game where the two buyer types have
access to different outside options. The interesting addition is the case where p*! < v! <
c" < p*". The game is then one of one-sided incomplete information, since only a flexible
buyer remains in the bargaining process. It is shown that with pure strategies, any ng > N,
np = 1 are equilibrium strategies, where N is the smallest integer satisfying condition
Tg < %. Round N is the minimal threat for a flexible seller to make the buyer
accept the high price immediately. A higher initial belief 7g pushes N to later rounds, but
allows for multiple equilibrium strategies for the seller. The equilibrium outcome, however,
is unique; the game ends in the first round with S getting the high surplus from playing
with a flexible buyer. When players randomize in this one-sided incomplete information
game, (i) a mixed strategy equilibrium in which the seller randomizes first does not exist,
(ii) a mixed strategy equilibrium in which the buyer randomizes first exists for sufficiently
high priors, and (iii) a degenerate mixed strategy equilibrium exists where ng = 1 and
the seller mixes between his pure strategies ng > N. In expectation, B, whose type is
revealed, concedes before S in the spirit of Ordover and Rubinstein (1986)

13



offers. Then the buyer’s expected return from starting search is a credible
outside option. This expected payoff also includes the option to return to
bargaining (RTB), and is thus different from a fixed outside option as well
as from a standard search problem.

In the bargaining-search game as described in Figure 1, let M{T be the
maximum expected payoff to a flexible buyer with belief 7% when he opts
out in round T (i.e. at time AT) and both players behave optimally there-
after. Let M5T ™ be the maximum expected payoff from continuing search at
time AT +t, let MGATH be the maximum expected payoff to a flexible buyer
when he chooses RTB at time AT + ¢t and both players behave optimally
thereafter. M§T and MET are given by

uy = [ {e—” | mas{8METH, METH W — y}dF(y)] AeMat - (12)
0 0

MET = 78 (" — ') + (1 = ) max{MZT, o" — y} (13)

Note that during search, B does not update his belief about the type of S,
thus the variables depend on B’s belief 7% after round T of bargaining, inde-
pendent of how much time was spend during search. The payoff from return-
ing to bargaining, 5M§T+t, is delayed by A units of time. The equilibrium
strategies shall be described using the results of the bargaining equilibrium
from the previous section.

A buyer opts out if search is profitable, i.e. if search offers a higher
expected payoff than the current payoff from bargaining. If S offers the high
price ¢”, any price from search y < " would be better. Once search is
started, the optimal search policy from a standard sequential search problem
prescribes that any y < p* should be accepted and any y > p* rejected, where
p* is the optimal reservation price. However, since return to bargaining is
possible, the buyer could also just search in order to find a price less or equal
to ¢ soon enough if it is worthwhile returning to S, where a flexible seller
would then offer him the low price. In the latter case B may violate the
optimal search policy with reservation price p*, since his intention is just to

search for a credible threat.
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Lemma 1 A flexible buyer’s equilibrium strateqy prescribes to return to bar-
gaining at most once to an unknown type of seller, and only if he located offer
y from search with y < c". Upon RTB, a flexible seller always offers the low
price when B returns. B’s updates his belief to 7r£+1 = 1 when he faces the
low price upon RTB, and wg:“ = 0 when he faces the high price upon RTB
at time AT +t. Then upon RTB, B trades with S if offered the low price and
if y > v!, otherwise B follows the static optimal search policy, i.e. he accepts

any y < p* and continues search if y > p*.

Proof. See Appendix.

Lemma 2 During the search phase, a flexible buyer’s equilibrium strategy
prescribes to choose RTB to an unknown type of seller if and only if y < c"
h(1— ﬂ'T’Ul — . . .
and min{y, p*} > % = yT. Otherwise, he follows the static optimal
S

search policy, i.e. he accepts y if y < p* and continues search if y > p*.

Proof. See Appendix.

Lemma 3 During the bargaining phase, a flexible buyer’s equilibrium strat-
eqy prescribes to opt out at time AT +t if S demanded the high price and at
least one of the following conditions holds:

(i) p* <"

ii) 75 > 7tg and A > — r(v ") =7

(i) s s nyT(vh,y)dF(y)Jrf;; SMETH AR (y)—(vh—ch) F(ch) rtb

where M§T+t s given by
METH = L — o)+ (1 = )" — )
and y* is as given in Lemma 2.

If none of these conditions hold, B accepts the high price from S if mk <
Ts. A flexible seller offers the low price if 5 < T, or if condition (i) or
(ii) holds. Then beliefs are updated such that 7% = 1 if B is offered the low
price and 7% = 0 if B is offered the high price. These strategies and beliefs
form an equilibrium in a subgame starting in the bargaining phase.

15



Proof. See Appendix.

Lemma 3 thus defines what a ”good outside option is, i.e. which param-
eters of the search process represent credible threats so that a flexible seller
offers the low price. Then we just have to put these results together to get
the equilibrium of the bargaining-search game.

Proposition 3 The bargaining-search game with two-sided incomplete in-
formation and symmetric information about the outside option has a Nash
equilibrium, in which two flexible types immediately agree on the low price v!
if at least one of the following conditions holds:

(i) p* <"

(ii) T% > T and X\ > 0,

(1) ™% < 7
where N0, is as given by Lemma 3 for T = 0. If none of the conditions
(i)-(iii) hold, then two flexible types immediately agree on the high price c"
if ™3 < g. Otherwise, there is no equilibrium in pure strategies.

Proof. Lemmas 1-3 give the equilibrium strategies for all the possible sub-
games. Since delay is costly, Lemma 3 holds in particular for the first bar-
gaining round, i.e. for 7" = 0, and Proposition 3 follows. O

In Regime I, where both agents know the parameters of the distribution
of outside offers, the description of the equilibrium also implies the following:

Corollary 2 On the equilibrium path of the bargaining-search game with
symmetric information about the outside option, the buyer never returns to
bargaining.

This follows directly from Lemma 1 and Proposition 3. This result co-
incides with Muthoo’s (1995) result for a bargaining and search game with
complete information. The threat to start search in order to change the
seller’s demand is never tested in equilibrium. There is, however, a differ-
ence between this result and Muthoo’s. With complete information, the
game with an option to move between the bargaining and search process is,
in equilibrium, identical to one without such option. With incomplete infor-
mation, this is not true anymore. The option to return to bargaining may

16



help the flexible buyer to get the high surplus from bargaining even if search
per se is not profitable. The condition 7% > 7g together with A > A\Y,, which
is sufficient for a good outside option in the sense of having a credible threat,
would not be applicable.

4.2 Regime II: Asymmetric Information about the
Outside Option

The previous section showed that it is never optimal to return to the bargain-
ing table when both agents have symmetric information about the outside
option. In equilibrium, agents in games with both complete and incomplete
information should not be searching with the intention to return to bargain-
ing. The key of this result lies in the stationary structure of the bargaining-
search game. A flexible seller will not change his offer after the buyer has
opted out, but rather before he does so. When the expected value of search,
including the chance to find an offer lower than ¢" soon enough, provides an
incentive for the buyer to start the search process, it is also a credible threat
for the seller.

Now suppose that there is asymmetric information about the outside
option. Only the buyer knows which distribution of outside offers he is
facing. The seller believes that with some probability ¢ the buyer has a
good outside option, where search parameters are as described in (i) or (ii)
of Lemma 3. In this case the seller would prefer to demand the low price
immediately, irrespective of his prior about B’s type. Intuitively, one might
think that it does not matter whether the seller knows the exact parameters
of the distribution when the outside option is good, i.e. whether p* < ", or
whether A > )2, is not relevant, since in either case the flexible seller should
reveal his type immediately (and thus the threat to opt out is never carried
out). However, with asymmetric information where the seller is uncertain
about the quality of the outside option, it turns out that his equilibrium
strategy depends on the exact knowledge of the possible parameters of the
outside option. That is, the uncertainty we model is about whether the
outside option is good or bad, while given that it is good, the seller is certain
about its parameters.

Consider the flexible buyer’s behavior in the search process. Using Lemma 2
we know that B would, in expectation, only return to the seller if p* > #°.
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This can be directly verified from the search parameters, and B thus knows
if, in expectation, he opts out with the intention to return to bargaining (if
p* > 7°), or if he opts out with the intention to remain in the search pro-
cess (if p* < ¢°). If the latter is the case, the seller would receive zero by
demanding the high price to such a buyer.

Then the seller will demand the low price immediately, if the surplus
vl — ¢ is greater than the expected payoff from demanding the high price
to an unknown type of buyer with uncertain quality of outside offers. A
flexible buyer has a bad outside option with probability 1 — ¢. In this case,
he would immediately accept the seller’s high price demand if the seller is
sufficiently likely to be inflexible (7% < 7g), as shown in Proposition 1. With
probability ¢, the flexible buyer has a good outside option and would opt
out, but possibly return to the seller. The buyer returns in expectation if
p* > " and he found a sufficiently low offer. If he returns, the flexible seller
would then demand the low price and get the low surplus v' — ¢! with delay.
The delay depends on how long the buyer has to search for a valid outside
offer that is lower than c”.

Suppose that the seller knows that B faces one of two possible distribu-
tions.” That is, S thinks that with probability ¢ B will face a good outside
option, in which case he also knows the correct parameters of the distribution.

Proposition 4 With asymmetric information about the outside option, both
players’ equilibrium strategies depend on the arrival rate A as well as the
static optimal reservation price p* from search. Search and delay between
two flexible agents are possible.

Proof. Since the expected discounting to find an offer lower than ¢” is given

b %, the seller’s expected return from demanding the high price to a

flexible buyer with a good outside option and p* > §° is:

ch "
R jTF())U 50! — M)F(y) (14
A (M)

= W[F(Ch) — F(")]6(v" — ")

"One can think of this as a situation in which S knows his competitors, but he is not
sure whether B can locate sufficiently many of those who have low posted prices.
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while if p* < #°, the buyer opts out with the intention to remain in the
search process. The seller’s expected return from demanding the high price
to a flexible buyer who opts out when p* < #° is zero.

When B would opt out expecting to renegotiate, the flexible seller will
reveal his type immediately if

vl —d > 7p [(1 —q)(c" =)+ ngtb} + (1 = m)s(v' — ) (15)

where R denotes the seller’s expected return when the buyer returns to
bargaining as defined in (14). This condition gives a boundary value for
the seller’s prior ¢ about the quality of B’s outside option, where he is just
indifferent between the revealing and concealing demand:

np(ch — ) — (v' — )1 - 6(1 — 7g)) = gt (16)

7z Tp(ch — d — RYY)

In other words, if the seller thinks that the probability ¢ with which
the buyer faces a good outside option is at least ", he should immediately
demand the low price, given that with a good outside option the buyer would
opt out with the intention to RTB (p* > 7°). Notice that as RZ? increases,

the required value of ¢"* increases, i.e. for given parameters S is less likely

to reveal his type. Similarly, for increasing 7%, ¢ increases, and so does

the seller’s incentive to conceal his type.

Now suppose p* < ¢°, i.e. with a good outside option the buyer opts out
and will not return. Then the flexible seller should demand the low price in
round 1 of the bargaining process if 7% < 7 or if

vl —d > 781 =) (" =)+ (1 - 786" — ) (17)

which gives a boundary value for q:

mp(c" — ) — (' =1 - (1 - 73))
w5 =)

The seller should immediately reveal his type if he thinks that the prob-

~search

ability ¢ with which the buyer faces a good outside option is at least ¢ ,
given that the buyer would opt out with the intention to search (p* < 7).

= qsearch ( 18)

q=>

Notice that ¢*¢*" < @*. This has an important implication for the
seller in the model with asymmetric information. His equilibrium strategy
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depends not only on whether he thinks the buyer can find an outside offer
less than ¢ soon enough (as in the symmetric information case), but also on
his knowledge about the parameters. If g% > ¢ > g***" S would want to
reveal his type only if he knew that p* < c".

5 Conclusion

This paper studies a noncooperative bargaining model between a buyer and a
seller, where both agents have incomplete information about the opponent’s
valuation for the good to be traded, and where the buyer’s outside option is
to buy via search. The model interlaces a standard sequential search process
and a version of Rubinstein’s alternating-offers bargaining process.

First, the bargaining process with two-sided incomplete information is
analyzed, taking the outside option as given. Incorporating the results of
the bargaining process in the complete bargaining-search game, the optimal
bargaining and search strategies are characterized when the outside option
for the buyer consists of searching for a better price offer, and when the buyer
can choose to return to bargaining with the seller once he started search. Two
different regimes for the search process are distinguished:

- Regime I: Symmetric information about the outside option, where the
expected return from search can be used as a credible outside option

- Regime II: Asymmetric information about the outside option, where the
seller believes that the buyer has a good outside option with a given
probability ¢

In Regime I, the threat to opt out is never carried out, if both agents
are flexible. Contrary to Muthoo’s (1995) result for a game with complete
information, the option to return to the bargaining table is not redundant.
It ensures that the buyer is offered the high surplus from trade even if search
per se is not optimal (p* > ). However, when two flexible agents bargain,
search is never started to induce the bargaining partner to offer a lower price,
but only with the intention to follow the optimal stopping rule as in a pure
search process. Returning to bargaining is thus not optimal and hence there
is no delay of trade.
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In Regime II, where the seller has only a probability distribution for the
buyer’s ability to locate a good outside option, delay is possible in equilib-
rium. The seller’s strategy depends on the intention with which the buyer
would opt out, i.e. on the knowledge of the distribution parameters of a
“cood” outside option. The solution determines for which parameters the
buyer opts out in order to locate an outside offer and to use it for renego-
tiation with the seller, or whether the buyer opts out with the intention to
continue search according to the optimal search police without ever returning
to the seller.

This model provides a basic framework for a larger variety of bargaining-
search problems. It is easy to think about other regimes in a similar setting
that would be worth considering, for example if the player without outside
option is available only temporarily. Another extension would be a situation
where both players are incompletely informed about the distribution func-
tion of outside offers. In this case, search would involve learning and the
equilibrium strategies would be non-stationary. An interesting application
for this type of model might be in automated negotiation and e-commerce,
where agents can be programmed to follow rather complex strategies.

A Appendix

Proof of Lemma 1. Suppose the number of times B chooses RTB is infinite,
i.e. we have a cycle of switching between the bargaining and search process.
But then B must eventually find an offer y from search at time AT + ¢t with
ol —y > METT and v —y > M{TT, so that he would prefer to accept y
rather than continuing the game. Thus the number of RTB must be finite.

Now suppose B chooses RTB n times, with 1 < n < co. Then the n-th
time B chooses RTB at time AT + ¢, it must be that SMSTH > METT,
i.e RTB is better than continuing search. Upon the n-th RTB, B chooses
between accepting S’s offer, taking the outside offer y, or returning to the
search process. The latter now has an expected payoff Mﬁ(TH)H =" —p*,
since opting out now consists only of searching for an outside offer. Suppose

the Seller offers the high price upon RTB. Then ]\/[GA T+ max{v" —
c vl —p* v" —y}. Suppose p* < . Then B will never accept the high price

from S but rather follow the static optimal stopping rule from search. But
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then a flexible seller should offer the low price upon RTB and any time he is
called to play, in particular at T = 1. Now suppose p* > c" and S offers the
high price. Then using Proposition 1, a sufficient condition for the flexible
seller to offer the low price is that the buyer returns with an offer y < c*.
The buyer, on the other hand, has no reason to return a second time once
the low price has been offered, since all bargaining and search parameters
are known after his return and delay is costly. Thus the number of RTB can
be at most one.

Then B must update his beliefs in the following way: if he chooses RTB
at time AT + ¢ and is offered the low price v!, 75" = 1, i.e. the low price
offer must come from a flexible seller. If B is offered the high price ¢" upon
return, then 75" = 0. Upon RTB, B follows the static optimal search policy
in the following sense: he chooses the smaller offer between y and the seller’s
offer and accepts if this is less or equal to p*, and he continues search if both

the seller’s offer and y are greater than p*. O

Proof of Lemma 2. Consider the search phase of a game where the seller
has always offered the high price so far. B’s expected return from the search
phase is given by (12) and (13). Suppose B located offer y at time AT'+t. For
RTB to be optimal, we must have (i) dMSTH > M7 and (ii) SMETT >
v" —y. From Lemma 1, we know that y < c" is a necessary condition to
reveal the seller’s type, but (i) and (ii) require that the offer y from search is
also sufficiently high, so that B has no incentive to accept it without choosing
RTB first. To see this, consider the expected payoff for a flexible buyer from
RTB after he found an offer y < ¢* during search at time AT +t as given in
(13).

Suppose, first, that in (13) we have M{T " > o* —y. By Lemma 1, it
cannot be optimal to choose RTB a second time, the expected return from
search is just the return from following the static optimal reservation price
policy: METH =" — p*. Then using the assumption M7 > v — y and
the necessary condition for RTB, y < c", we have p* < y < ¢. Thus, if the
buyer returns to bargaining and faces the high price ¢ again, it would be
more profitable for him to continue search following the static optimal search
policy rather than accepting the current outside offer y. Given that a flexible

seller offering the low price in this case, the expected value of RTB is then
OME" = 8[mg (v" — ') + (1 = mg) (" = p*)] > " = p’ (19)
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This gives the condition

v"(1—0) +omivt 4
* =7 2
i w e (20)

or, expressed in beliefs, 7% > %_1’:71(1}11)_6). It can easily be seen that the latter

condition is synonymous to the derivation 7g from Proposition 1 in the game
without search, just that here the relevant “offer at hand” is p* rather than

cl.

Now suppose that in (13) we have Mg < v —y, or p* > y. The
expected value of RTB here is

IMGT = olrg (" — o) + (1 = mg) (" —y)] > " —y (21)
for the case that RTB is optimal and y < p* was found. Also here, the
outside offer y must not be too low: From (21) we get

(1 —6) +omkot
( ) TS = yT (22)
1—46(1—m%)

or, expressed in beliefs, 7% > %. Together, (20) and (22) give the

result stated in the lemma: RTB is optimal if and only if y < ¢* and §7 <
min{p*,y}. Notice that the critical value of the buyer’s belief that makes
it worth returning to S is higher with search, i.e. with y < ¢ or p* < ",
it must be more likely than in the game without search that B returns to a
flexible seller in order for RTB to be optimal, i.e. to continue negotiations.

Thus B proceeds in the following way during search: After locating an offer
y < c" at time AT + t, this offer has to be compared to p*. For all y > p*
RTB is optimal if p* > %” and continuing search is optimal if p* < ¢*. For
all y < p*, RTB is optimal if y > 47 and accepting ¥ is optimal if y < 7. O

Proof of Lemma 3. Conditions (i) and (ii) of Lemma 3 identify an outside
option for B that is a credible threat when bargaining with S. Suppose both
types of seller have demanded c¢" and both types of buyer have offered v' so
far up to round T. Then 7% = 7% and 75 = 7% . By Lemma 1, a flexible

buyer returns at most once to the (unknown type of) seller.

Suppose 7% = 7% < Tg. From the proof of Lemma 2 we know that then
RTB cannot optimal. Then the expected return from search is just v — p*,
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and opting out requires p* < c”, or in terms of the arrival rate, A > \.».% But
since the seller knows the search parameters, he would prefer to offer the low
price in that case. Otherwise, for 7% = 7% < 75 and p* > " B does not take
the outside option, and the game proceeds as if there were no such option,
i.e. by Proposition 1, we have an equilibrium with ng = 2 and ng = 1.

Now suppose 775 = 7% > 7Ts. Then a flexible buyer would opt out in
round T if v" — ¢ < METH, where MGTH is given by (12). The buyer
would opt out elther because search per se is profitable or because RTB is
profitable. Suppose, first, that given B opts out, sM&™ < MS™, i.e. RTB
is not profitable. Then the expected return from taking the outside option
is v" — p*, and the condition to opt out is again given by p* > c¢”. The latter
is therefore a sufficient condition for revealing S’s type 1ndependent of B’s
beliefs. In the case where p* > ¢! and 7% > &g, we have SMETT > MGTH.
i.e. continuing search is not optimal at time AT +¢. Then from (12) we have

)\ o)
MTH = 2 [T max{t -y, OMETHdF (y) (23)

The value of 5M§T+t (and optimal behavior after facing the high price
again upon RTB) depends on the offer y found at time AT + ¢ compared
to p* and c. If p* < " (A > A\a), it was already shown that this is a
sufficient condition for a flexible seller to demand the low price in round 1 of
bargaining.

If p* > " then B would prefer to accept an offer y < c" from search
rather than continue search, since p* > ¢ > y. Then the expected payoff
from RTB is

80ne can easily check that if p* < ¢”, then the arrival rate that identifies p* is greater
than the required arrival rate that would make search for any y < c¢” profitable:

(0" —p*)r (0" —cM)r

Jo W = y)dF(y) - F(p*)(vh—P*) I3 @Wh = y)dF (y) = F(ch)(wh — ch)

Ape = = Aen

Inspection of the denominator of A,- shows that it can be rewritten as f(f* (V" —y)dF (y) +
h
f; (V" —y)dF (y) —[F(p*) (v — ) + (F(ch) — F(p*))(v" — )], and this is greater than the

denominator of the arrival rate for p* if f vt —y)dF (y) — [F(p*) — F(c")](v" — M) >0,

which is always true since the integrand v" — y is never less than v" — ¢*.
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OME™" = o[rg(v" — ') + (1 — mg)(v" — y)] (24)

and the expected value from opting out as given by (23) is

A y"

S VD) Uo W= aEG) + [ ME RG] (@)

where 7 is as defined in Lemma 2. When the price a seller demands in
the first round of bargaining is c¢”, the buyer would then start search if the
expected return from search as defined in (25) is greater than v" — ¢*. This
gives a condition for the arrival rate:

r(vh —ch)

A - n
7 00— y)dF () + IS OMETT (g)dF (y) — (o — M) F(ch)

=\ (26)

Given A > A5T | the threat to search for an outside offer y < ¢” is credible,
even when p* > c", as long as it is sufficiently likely to return to a flexible
seller, i.e. 75T > #g. But since S knows the search parameter \, a flexi-
ble seller would not wait for B to return, but he would offer the low price

immediately.

By Proposition 1, 7% < 7 is a sufficient condition for a flexible seller to
offer the low price immediately. Otherwise, if it is optimal for a flexible seller
to demand the low price at some T (given by condition (i) and (ii) in the
lemma), B will update his prior such that 7% = 0 when he is offered a high
price in round T. Then 7 < g and neither RTB nor continuing bargaining
can be optimal. B opts out if p* < ¢ and accepts the high price if p* > ",
thus a flexible seller’s strategy of revealing his type is consistent with B’s
beliefs in round T. O
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Abstract

This paper studies a two-sided incomplete information bargaining model between a
seller and a buyer. The buyer has an outside option, which is modeled as a
sequential search process during which he can also choose to return to bargaining at
any time. Two cases considered: In Regime 1, both agents have symmetric
information about the search parameters. We find that, in contrast to bargaining with
complete information, the option to return to bargaining is not redundant in
equilibrium. However, the no-delay result still holds. In Regime I, where agents have
asymmetric information about the outside option, delay is possible. The solution
characterizes the parameters for renegotiation and those for search with no return to
the bargaining table.
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