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Abstract

A discrete time model of a financial market is considered. We focus on the study of a
guaranteed profit of an investor which arises when the stock price jumps are bounded. The
limit distribution of the profit as the model becomes closer to the classical model of the
geometric Brownian motion is established. It is of interest that in contrast with the discrete
approximation, no guaranteed profit occurs in the approximated continuous time model.
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1 Introduction

Consider the simplest financial market in which securities of two types are circulating. The price
evolution of the securites of the first type is given by the equations

b = bop", k=0,1,2,...,

where by > 0, p > 1. The prices are registered at the equidistant moments of time ¢, = a + kh. With
no loss of generality we put a =0, h =1, i.e. t,, = k.
The price of the security of the second type at the moment k is represented as

sk:Sogl"'fkv k:031;27"'7

where the relative jumps & are random.

The securities of the first type are riskless having the interest rate (p — 1) - 100%. Let us call them
conventionally bonds. It is clear that possessing the securities of the second type is concerned with a
risk of their devaluation. We call them conditionally stocks.

Taken together in certain amounts 5 and v the securities of both types constitute a so-called
portfolio (writer’s investment portfolio) whose worth at the time moment k is Bby + ysk. Playing
in the considered financial market consists of successive changing of the portfolio content at the

moments k = 1,2,...,n — 1. The successive pairs (8o, Y0), (51,71);---, (Bn-1,7n—1) constitute a so-
called strategy of the game. Obviously, as a basis for choosing (8x,yx) serves the evolution of the stock
price up to this moment i. e. sq, 81, ..., Sg. In other words

Br = Br(50, 515+, 5k), Tk = Vk(50,51,- -, 5k).

The player is called a writer (seller, investor).
A strategy is called self-financing if the changing of the portfolio content does not affect its value
i.e.
Brbr + Yisk = Be—1br + yk—15K, k=1,...,n— L

The final goal of the game is to meet the condition

Tn = anlbn + TYn—15n Z f(sn) (11)

where f(s) is a so-called pay-off function of the simplest option of the Furopean type having n as a
maturity date. For more about the mathematical and substantial aspects of the option pricing theory
see, €.g., Shiryaev (1999).

Basic problems of the mathematical theory of options are the evaluation of the so-called rational
option price and, corresponding to it, a strategy leading to (1.1). Recall that the rational option price is
the minimal initial capital zg which allows the investor to meet contract terms under proper behavior.

Both problems are easily solved within the framework of the so-called binary model, that is, in the
case where & take only two values d and u, d < p < w. In this case (see, e.g., Ch. VI in Shiryaev
(1999))

n
xo=p " Z CrpF(1 = p )" * f(spukd™™F) (1.2)
k=0
where

_p—d

P = u—d
It is worth emphasizing that (1.2) does not assume any restrictions imposed on the measure that
governs the evolution of the stock price ({1, ..., &, ). Furthermore, there exists the unique self-financing

strategy

(57 7) = {(50770)a (ﬂh’yl); ey (/Bn—lar}/n—l)}

leading to the equality
Tn = /anlbn + Yn—15n = f(sn) (13)



The strategy is defined by the formulae

ufrt1(skd) — dfsr1(sku)

B = Db (0= ) (1.4)
and
e = fk+1(sizzu_—ffi;_l(5kd) (1.5)
where
fils) = p b Z S N (T e} (1.6)
The successive values of the portfolio are
xk = fr(sk), k=0,1,...,n—1.
If &, kK = 1,2,...,n, take more than two values then it is impossible to guarantee the desired

relation (1.3) with probability 1. However, sometimes it is possible to guarantee (1.1). For example, if
&k € [d,u] and f(s) is convex then the minimal initial capital is evaluated by the same formula (1.2).
This fact was, first, proven in Tessitore and Zabczyk (1996) (see also Zabczyk (1996) and Mo-
toczyriski and Stettner (1998)). The proof follows the control theory lines. Later on in Shiryaev (1999)
the rational price is derived as the solution of a extreme problem (see Theorem V.lc.1 ibidem). It
seems that Shiryaev knew nothing about the works of his predecessors. At least in the rather rich list
of references given in Shiryaev (1999) they are not presented.
Denote
Tp = fr(sk), E=0,...,n—1, (1.7)

and let (Bk, i) be defined as in (1.4) and (1.5).
Possessing after the (k — 1)—th step the capital Ty_; distributed in portfolio in accordance with

(1.4) and (1.5) at the next step k the investor gains the capital
— &k

u
Tp = Br—1bp + Yh—15k =
u—d

fi(sp—1d) + %:;fk(sk—lu)

(for more detail see, e.g., A.Nagaev and S.Nagaev (2002a)).
If & € [d,u], k=1,...,n, then

§ §k —

(Sk—1u) -

S = a — T = frlsk_1d) = — fr(sk—1&k) = (1.8)

It is easily seen that d; = 0 if and only if £, = d or &, = u. Otherwise d; > 0. Thus, if & takes at
least one value lying in (d, u) then a profit arises. If the extreme values d and u belong to the support
of the distribution of & then Z;_; is the minimal capital which allows such a profit. It implies that
the policy determined by (1.4) and (1.5) forms the so-called hedge or, by the terminology adopted in
[1], upper hedge while (Zg, Z1,...,Tn—1) is the corresponding chain of hedging capitals.

The investor may dispose of the so arisen profit in various ways. The simplest one is to withdraw
from the game the superfluous quota &, which to the maturity date acquires the value §;p"*. So,
the self-financing condition is fulfilled only in the part which bans any capital inflows.

Having withdrawn unnecessary quota one should follow the "binary" optimal strategy determined
by (1.4) and (1.5). As a result to the maturity date the investor accumulates a riskless profit

Ap=081p" L+ 6" 24 46,

It is not easy to find the distribution of A,, even in the case of independent ;. The question arises
how to approximate it. It is one of such approximations that is a basic goal of the paper.

It is worth emphasizing that this problem was studied in A. Nagaev and S. Nagaev (2002b,
2003). In the first of these papers the authors consider the simplest case where the random vari-
ables &, kK =1,2,...,n, are i.i.d. and the pay-off function is smooth. The second one is devoted to



chaotic phenomena which arise when the pay-off function is not smooth. The typical example of such
a function is provided by the call option. The basic goal of the present paper is to extend the main
results of the latter work to a more general case. The generalization concerns the distribution of the
stock price jumps (cf. the conditions on 7 in (2.10) below with the corresponding conditions in A.
Nagaev and S. Nagaev (2002b, 2003)). Parallel to it the author considerably simplifies the proofs.

The paper is organized as follows. In Section 2 the basic results are formulated. The "local" profit
in the case where the model converges to that of the geometrical Brownian motion is studied in Section
3. In Section 4 the limit value for the expected value of the total riskless profit is established. The
limit distribution of the total riskless profit is given in Section 5. Concluding remarks are gathered
together in Section 6. Auxiliary facts are given in the Appendix.

2 Basic results

>From now on we deal with the simplest case of the standard call option determined by the pay-off
function

F(s) = (s = K). (2.9)
Put in (1.8)

u=1u, =exp(hn~!+azn"1/?)

d=d, =exp(hn=!—yn1/?)

p=pn =explan™t) (2.10)

& =E&m = cxp(hn™ +men=1/?)
Skn = Sofl,n cee é.k:,n

where «, x and y are positive constants, a constant h € IR while random variables n, k =1,...,n, are

independent copies of a random variable 7 taking values in [~y, ] so that En = 0, Var n = 0% > 0.
We assume also that the extreme points —y and z belong to the support of the distribution of 7.
Consider the stochastic process z(t) = ht + ocw(t) where w(t) is the standard Wiener process.

Define
. xHty nK—z+(1-t)(zy/2 — «)
Y(t,z) = T ( i) ) (2.11)
and
(€)= (1, +(0) +Ins0) = = Z;’(l —t (hl(K/ ) ;ff i ;;(ﬂ;y/z - O‘>> SNCRE)

Here (v) is the density of the standard normal law.
The following two theorems contain the basic results of the present paper.

Theorem 2.1 Let the distribution of n be non-lattice i.e.
|Ee™| £ 1 for all t # 0.

Then as n — oo

EA, = % (1 - Z;) ]I(t)dt +o(1)
0

where K is the strike price from (2.9).



Theorem 2.2 Under the conditions of Theorem 2.1

A, L (a(8) = % (1 _ Zy) /O Ot 2(t) + In s )dt

where
z(t) = ht 4+ ocw(t),

w(t) is the standard Wiener process and ¢ (t, z) is defined as in (2.11).

It should be emphasized that the limit distribution of A,, depends on the underlying one only
through o.

3 "Local" profit of investor

Let us convene to denote by ¢ any positive constant whose concrete value is of no importance. Under
such a convention we have e.g. c+c = ¢, ¢ = cetc. By [, ], ((+,-]) we denote a closed (closed from the
right) interval and by 6 any variable taking values in [—1,1]. By [-] and {-} we denote, respectively,
the integer and fractional part of the embraced number.

Denote

Pn — dn /\k,n — gk,n - dn

pn:un—aln7 Uy, — dp,

ajm = undy™ bjm = Chpp (L= pn)™ .
>From (1.6) it follows that the discounted "local"profit of the investor takes the form

n—k
Ak;ﬂ = 6k,np2_k = Z bj;n—k:()\k:,nf(skr—l,nunafj,n—k) + (1 - /\k,n)f(sk:—l,ndnaj,n—k)_
7=0 (313)

_f(sk—l,ngkr,naj,n—k»-

For time being we suppress the dependence of Ag, d, u, & and sx on m. Let j be such that
Sg—1dajn—r > K. Then

Mo f (Sk—1ujm—t) + (1= Xg) f(sk—1dajn—r) — f(Sk=1&kajn—k) = Sk—1( M+ (1 —Ag)d—Ek)ajn—k = 0.
If sp—1uajn—r < K then

0= f(sk—1utjn—r) = f(sk-18kajn—k) = f(sk—1dajn_y).
It is worth reminding that d < £;—1 < w. Thus,

Apon = O npp * = > bjn—k (A (Sk—1uaj 0k — K) 1+
Tr—k(U)<j<rn_ik(d)

(1= M) (sk—1dajn—r — K)4 = (Sk-1&kajn—k — K)+)

where
In(K/(sk—12d™))

In(u/d)

rm(2) = rm(z, $k—1) =
The following lemma plays an important role.
Lemma 3.1 If0 < 2/ < min(z,y) < max(z,y) < a” < oo then ford<z<wu, m<n

ron(z) = m.- Y_ a1 InK Insgy m+1 h w
T +y r+y x+y n T +y r+y

where lnz = hn=! + wn=1/2.



Proof. From (2.10) it follows that

ln% = (z +y)n /2

and, therefore,

In(u/d) x+y+x+y

1 h
nz w -n_l/Q_

In particular,
Ind h
n Y .n1/2

In(u/d)  z+y +x+y

and the lemma follows.
It is easily seen that r,,(d) — r,,(u) = 1. Moreover,

#{j: rm(u) <j<rnd} =1 (3.14)

Taking into account (2.10) we obtain

2 _ .2
u—d=(z+yn 2+ S O(n=3/?)

2
while
p—d=yn V24 (a—h—1y2/2)n"t +O0(n">?).
Therefore,
Y a—h—xy/Q —1/2 -1
n = 0] .
=t T, +0(n™")
By Lemma 3.1
In(K/sp—1)  m, zy e
— =t/ =Ly — o
) = mpy =2 (BELE B y) s oq)
and, therefore,
rm(d) — mpy _ _ T _
LoD TP _ () 2 )2 (i )+ (m ) — @) 4 Om). (3.15)
mpn(l - pn)
Further,
Agn = > bjn—k(Ak(Sk—1uajn—r — K) — (8k-1&kajn—r — K))+
Tn—k(§r) <J<Tn—k(d) ( )
3.16
Ak > bjn—k(Sk—1uajn—1 — K) = A} + A}
Tr—k(W)<F<rn—k(&k)
By definition of r,,_;(z) we have
Sk 1205k = Sp_12d" " F(u/d)? = K(u/d)? -+,
Hence , ;
Spo1uaj g = K(u/d)y =+ = K (u/d)iH1=rn-r(d)
and
Skp—1dajp—p = K(u/d)j_r"*’“(d).
Since A\yu — & = —d(1 — \) we conclude that
fn = (1= MK 3 i (1= (dfw)—+D7) (3.17)

Tk (§k)<G<Tn_1(d)



while )
= MK > bjn—k ((u/d)J“—TH(d) — 1) . (3.18)

Tn—k () <F<rn_k (k)
In view of (2.10) and (3.14) we have uniformly in k&, dn <k < (1 — d)n,
L — (d/u) D™ = (& +y)n 2 (ry_i(d) = j + O(n ™))

and
(u/dy =@ 1 = (@4 y)n 2+ 1 = ry i (d) + O(n 1)),
Here 6 > 0 is arbitrarily small.
Taking into account (2.10) we conclude that
fon =K (z = +O0(n~12))n~1/2 > bjn—k(rn—k(d) —j+0(n7"))
Tk (&r) <J<Tn—k(d)
while
Fn=KOn+y+0(m 2)n~1/? > bjm-n(j + 1= rp_(d) + O(n71)).

Tk (u)<j<rn_k (&)

Both representations are valid uniformly in &, dn < k < (1 — d)n.

By the uniform version of the Moivre-Laplace local limit theorem we obtain for &, on < k <
(1 - 6)”5

y 1 Bl Gl
M =R =pa) /= F)pa(1—pa)

or, taking into account (3.15) and (2.11)

)4+ o0(n 2 = n 2 (kn~  Insp_1) + o(n"/?)

bjmr =n"Y2P(kn~  Ins,_1) 4 o(n~?). (3.19)
It is worth emphasizing that (3.19) holds uniformly in sg_;.
Thus,
o = K(z — ne)n” Y(kn™t Ins,_1) Z (rn—k(d) — ) + O(n™3/2)
Tk (§k)<G<rn_k(d)
while
b =K +y)n " p(kn™  Insp_1) Z (41 —rp_i(d) +O0(n=3/?).

Tk (W) <G<rn—1(&x)

Both representations are valid uniformly in k&, dn < k < (1 — §)n. In view of (3.14) the interval
(rn—k(u), rn—k(d)] contains exactly one integer j* = [r,_(d)]. So,

{ro—r(@)} if rpp (&) < [rn—k(d)]

(Tnflc(d) - j) =
Tr—k (&) <j<rn_i(d) 0 otherwise.
Similarly,
0 if 7k (k) < [rn—k(d)]
> G+1-rni(d) =
Tr—to (W) <G <Tn—k (Er) 1—{rp—k(d)} otherwise.

It is worth reminding that {r,_;(d)} denotes the fractional part of r,_x(d).



Now we may combine (3.16) and the latest estimates in the following way
Apn = Kn " p(kn~  Insp_1)op, + O(n=3/?) (3.20)

where
(x = ne){rn—k(d)} if 7k (k) < [rn—k(d)]
Okn =
(e +y)(1 = {rn—r(d)}) otherwise.

For the sake of brevity put
Y

——, R=x+uy.
r+y 4

p =
Then the inequality r,—x (k) < [rn—r(d)] can be rewritten as

Mk > R({rn—r(d)} = p).

Therefore,

(@ — ) {rn—r(d)} if n, > R({rn—k(d)} — p)
Ok = (3.21)

(e +y)(1 —{rn—x(d)}) otherwise.

So, we obtained the desired representation of the "local" profit.

4 Proof of Theorem 2.1

Represent the total profit A,, as
Bn= D Bt D Mt Y M =ALHATHAY (422)
1<k<dén n<k<(1-d)n (1-6)n<k<n

and estimate the expectations EA!, EA” and EA!” one after another.
According to (3.20) we have

EA! = Kn~1 Z Ey(kn~!,1n Sk—1.n)0kn + chn~1/2.
n<k<(1-d6)n

Consider
A(ua ’U) = (1' - ’U)UX(U, U) + (U + y)(l - U)(]_ - X(ua ’U)), (uv U) € [Oa 1] X [*ya x]v (423)
where

x(u,v) =

In view of (3.21) we have
Ok.n = A({rnfk(d)}v nk)

Tt is evident that x(u,v) admits a monotone e—approximation by means of x(u,v) and x— (u,v)
where
%—i—l ifRu—p)—e<v<Ru-p), 0<u<l

o (1, 0) = 0 if —y<v<Ru—-p) —¢ 0<u<l

1 ifRlu—p)<v<z, 0<u<l



and
% if Rlu—p) <v<Ru—p)+e 0<u<1

Y (u,v) = 0 if —y<v<Ru—p), 0<u<l
1 ifRlu—p)+e<v<z, 0<u<l.

Obviously, x+(u,v) are continuous in [0,1] x [—y, 2] and

X_(U,U) < X(ua U) < X+(ua U)'

Furthermore,
0 [ oo - x-(w0)dudF() < [ dudF() < (25/R) (4.24)
[0,1]x[~y,z] Ue
where
Ue = ((u,v) : uwe (0,1), —y<v<z, [v-Ru—p)|<e).
Therefore
Eyp(kn =", Mt 4 p B 4 1nsg) A ({r—k(d)}, ) <
Ew(kn_l, 771-’1---\-/—'%7%—1 4 h% + In SO)Uk,n —
E¢(kn~!, Mij,%”’““ + hE=L 4+ Inso) A({rn—r(d)}, mi) <
Evp(kn !, It 4 pEL 10 so) Ay ({r—k (d)}, )
where

Ax(u,v) = (@ — yhue (u,0) + (5 + 2)(1 - u)(1 - x5 (w,0)).

Obviously, the family (¢, z), § <t <1 -4, is contained in the class G defined in Appendix. So,
we may apply Corollary 7.2.
By the corollary

By (kn =, PRt 4 hESL 4 Inso) A ({ra—i(d)}, i) =

Ev(kn=t, ovvVkn=1 + hkn=! +Insg) I Ay (u,v)dudF (v) + o(1)
[0,1]x[~y,]

uniformly in k, § < kn™' < 1 — 6. Here v has the standard (0,1)—normal distribution and F is the
distribution function of 7.
In view of (4.24)

A (u,v)dudF(v) = / A(u, v)dudF(v) 4 20¢.
[0,1]x[~y,2] [0,1]x[~y,3]

The straightforward calculations yield

2
_ __ " 7
ap = / A(u,v)dudF(v) = 3+ 9) <1 J;y> .
[0,1]x[~y,z]

Since ¢ is arbitrary we obtain

Ey(kn~t, ovVkn=1 + hkn™' +Insg)og., = arE(kn™t ovVkn=1 + hkn™* +1nso) + o(1)



uniformly in k, 6 <kn= ' <1-6.
Thus,
EAY = Kapn™! Z Ey(kn~t, ovvVikn=1 + hkn™" +Insg) + o(1).
n<k<(1-0)n

Obviously,
I(t) = Ep(t,ovVt + ht +1Insg) = /z/J(t, ovVt + ht +1n s¢)p(v)dv

or after the straightforward calculations

I(t) = x4y o In(K/s9) — ht + (1 — t)(zy/2 — )
Vio? +xy(l —1t) to? +zy(l —t)
whence we deduce s
EA! = Kap / I(t)dt + o(1). (4.25)
5

Now we are going to estimate EA!”. For the extreme "local" profit A,, ,, we obtain

Up — fn fn - dn
An,n = (;n,n = (Sn—l,ndn - K)+Un — dn + (Sn—l,nun - K)+Un — dn - (Sn—l,ngn.n - K)+
whence
0 if Sn—1nlUn < K or sp_qndy, > K
An,n =
O(sp—1,nun — K) if K/up < sp—1n < K/d,.
Therefore,

EA, ., < K(up/d, —1) < en™ /2.
For m =n —k > 1 in view of (3.16) — (3.18)

Anfm,n S CmaX bj,m ((Un/dn)2 - 1)
J

or taking into account (2.10) and (7.36)
Apmn < em™Y2p=1/2,

Thus, for all sufficiently large n
EA" < ¢61/2. (4.26)

Similarly,
EA! < cé. (4.27)

Since 0 is arbitrary in view of (4.22), (4.25), (4.26) and (4.27) the theorem follows.

5 The limit distribution of the riskless profit

Consider the representation (4.22). From (3.20) it follows that

A = Kn! Z Y(kn Y Insg_1.0)0hn + O(n~2).

on<k<(1-d)n

Put

Ay = nt Z @[J(kn_ﬂlnsk,l’n)akm.
on<k<(1-é)n



Then
A" = KA +0(n~Y?).

Represent A as follows

AY =apn? Z Ykn Y Insg_y,) +nt Z Y(kn Y Insp_1.0)(0kn — ar).
n<k<(1-d)n n<k<(1-d)n

In view of (4.26) and (4.27)
nt Z w(knfl, Insg_1,)= nt Z Y(kn~!,In Sk—1.n) + 0cst/2.

Sn<k<(1—-8)n 1<k<n

Denote

ly=n""! Z Y(kn~t Ins,_1.,)

1<k<n
and
My, =n"" Z 1/)(/m71, Insk_1,)(0kn —ar).

sn<k<(1—&)n
Then

Al = Kapl, +m, + O(n~'/?). (5.28)
We are going to prove that

El? < c6. (5.29)

In view of (4.26), (4.27), (5.28) and (5.29) it follows that for all sufficiently large n
A, = Kapl, +w(n,?d)

where
Elw(n, 8)| < ed'/2.
Therefore, for any € > 0 and §’ > 0
P(|A, — Kapl,| > ¢) < cd'/?/e <&

provided ¢ is sufficiently small. It implies that the limit distributions of A, and Karl, coincide. So,
it remains to establish the limit distribution for I,, and to prove (5.29). First, we tackle [,,. Consider
the stochastic process

n(t) = (s /50) = W Fhknl, k—Dn "l <t<knl, k=1,2,...,n.

It is well known that z,(t) weakly converges to z(t) = ht + ocw(t) where w(t) is the standard Wiener
process (see, e.g., Billingsley (1968) Ch.3). It is easily seen that [,, is a continuous functional on DJ0, 1].
Note also that from (2.11) we obtain

sup(t, z) < (2w (1 — 1))~/

Since z,(t) weakly converges to z(t) = ht + cw(t) we conclude that

d
l, —

P(t, z(t) + In sg)dt. (5.30)

ot —

It remains to establish (5.29). It is easily seen that

Em?2 = n=2 > E?(kn=!, Insg_1.n)(0kn —ar)*+
§<kn-1<1—6§

o2n—2 > Eyv(n=', Ins;—1.,) (010 — ar)p(kn™, Insk_1.,)(0kn —ap)+ (5.31)
on<l<k<n(1-96)

>+ 2%,
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Obviously,

¥ =0(n1). (5.32)
Split X5 in the following way
Yo = n2 Z +7l72 Z = Yo1 + Xoo. (533)
on<l<k<n(1-9¢), k—I<dén n<i<k<n(1-96), k—I>don
Obviously,
221 S co. (534)

So, it remains to estimate Yqy. Utilizing (3.20) and (4.23) we obtain
Ml,k,n = EQZJ(ZTFH In Slfl,n)(al,n - aF)w(knilv In sk*l,n)(o—k,n - aF) -

Ep(In=, sy ) (A{ra—i}m) = ap)¥(kn™!, se_1n)(A({rn—k(d)}, m) — ar).

Denote by
Fpn(2) =P Y2 + -+ mn) + Insg < 2).

Then we may represent M j, ,, as

M= J 0 2 (= D) (Al (@), v) = ep)dFion(#)AF (W)
R'¥[—z,x

Ykt 2+ 240 20+ (k= D)n ) (A({rn—k(d)},v) — ap)dFr_j_1 . (2)dF (v).

R'x[—z,x]
From (3.1) it follows that given n=/2(n; + - +m_1) = 2/, m = v’ we have

m—+ -+ k-1 / M1+ +Nk—1 d
_ d = __ — = — =
Tn—k(d) = agn Tty A n Z+y Ok n

m+ -+ Me—i—1
Tr+y '

Further, note that for § < kn=! < 1 — § the functions ¥(kn=1, 2’ + 2), |2’| < Z, belong to the class
G for any Z > 0. Since k — [ > én and A(u,v) admits the monotone e—approximation we may apply
Corollary 7.2. Thus

lim sup sup | [ pkn™t, 2+ 2+ 0204
N0 sn<i<k<n(1-9), k—I>dn|2'|<Z R x[—y,x]

(k= Dn~ ) (A{rn-k(d)},v) — ap)dFg_1-1,n(2)dF (v) |= 0.

It implies that
Yoo < sup [ Mije,n| = o(1). (5.35)
on<l<k<n(1-9¢), k—I1>dn

Combining (5.31) — (5.35) yields (5.29) that completes the proof. Theorem is proved.

6 Concluding remarks

The incompleteness of a discrete time financial market leads to such a phenomenon that optimal
strategy is not self-financing and the riskless profit arises. Mathematically, the riskless profit is a
functional defined on the sample path of the risk price evolution. This is a quite general fact that
takes place when the relative stock price jumps are bounded, i.e., d < &, < u, k=1,...,n, while the
pay-off function is convex whatever be the measure that governs the risk price evolution. The diffusion
approximation studied here is based on the assumption that Iné&,, & = 1,...,n are i.i.d. random
variables. This assumption makes the scheme rather far from reality. However, even this simplest
model highlights main features of the riskless profit. It turns out that such infinitesimal characteristic
of the riskless profit as the the "local"profit admits a representation that contains a chaotic multiplier

11



Ok,n- This multiplier arises because the derivative of the pay-off function that determines call option
has a jump at s = K. The asymptotic analysis of such random variables requires special tools. The
given in the Appendix Lemma 7.1 and its Corollary 7.2 give the impression on how to analyze the
random variables of a chaotic nature.

The results presented in this paper should be regarded as the first step on the way to exhaustive
analysis of much more realistic schemes. To the moment it is clear that the methods utilized here can
be applied to much more general schemes. In particular, the case where relative stock price jumps are
independent but non-identically distributed. Such a scheme enables us to take into account such a
typical property of financial markets as the volatility. Another way of possible extension of our results
provides the case where the stock price evolution is mixing or, in other words, possesses short range
memory.

However, all such generalizations are still rather far for the conditions of the real financial practice.
They do not take into account the transaction costs and the various restrictions that regulates the
investor activity. Nevertheless, they highlight certain rather delicate sides of the financial practice. In
this connection it should be of great interest to implement the retrospective analysis of the historical
data from the view point of riskless profit. The authors is going to take part in such studies in the
nearest, future.

7 Appendix. Local limit theorems
Let 1,711,729, ... be ii.d. random variables such that
En =0, Var n = 02 < .

Consider
Go =+

If the distribution of 7 is non-lattice then for any fixed 3/, y"”, 0 <y’ <y"” < oo

Y € —1/2
su Px<(,<zxz+4+y) — ——=p(—=)| =o(n . 7.36
s [P S Go<a ) = e Tl = o) (7.3

This is a slightly generalized version of the Shepp local limit theorem (see, e.g., A. Nagaev (1973)).
Consider the sequence of the measures

Qn(A) = oV2rnP((, € A).

The statement (7.36) implies that @, weakly converge to the Lebesgue measure that is for any
continuous compactly supported function g(u)

/g(u)Qn(du) — /g(u)du. (7.37)
Let G be the class of equicontinuous functions defined on (—o0, 00) such that

lim sup / lg(u)|du = 0.
t—oo gEg
|u|>t

It is easily seen that (7.37) holds uniformly in G € G. More precisely,

lim sup| [ g(u)Qn(du) — /g(u)du| =0. (7.38)

n—00 gcg

Consider the family of the random variables 7, (a) = {\(, +a}, a € IR* where \ # 1 is constant. It
is worth comparing the following statement with the basic result in S. V. Nagaev and Mukhin (1966).
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Lemma 7.1 If the distribution of 1 is non-lattice then for any fized v, u”, 0 < v’ < u” < 1 and
2,2, —co < <2 <ooasn—

sup [P(u' < 1p(a) < u”, 2/ <nY2¢, < 2") — (" —u') (9(2")o) — ®(2' /o)) | = o(1).
Proof. Let k = k(a) = [a], 0 = 6(a) = {a}. Suppose that A > 0. It is easily seen that
P, =P <7n(a) <u”, 2/ <n Y3, <) =

SPh4+u <Xp+a<k+u’ 2/n'/?<(, < 2'nt/?) =
k

P(k-&ﬂ;\—@ <(p < k+u)\ _9)+P(k +; —0 <(p < z"n1/2)+
k/SkSk”

P(Z/n1/2 < Cn < k +§ 70)

where bt 8 Ltd 8
k' = min(k : frw b > 2'n'/?), k" = max(k : % < 2"n'/?).
According to (7.36)
P — - Z (L) +0(n1?)
" Xoyn 4 Aov/n '

K <k<k'
It remains to recall that
' =2'"2/n(1+0(1)), K" = 2" \/n(1 + o(1)).
Lemma 7.1 has the following evident corollary (cf. (7.38)).
Corollary 7.2 Let x(u,v) be a bounded continuous function defined on [0, 1] x IR'. Under the condi-

tions of Lemma 7.1

lim supsup |Eg(n™Y2¢,)x({\Cn + a}, nn) — /g(az)ap(z)dz / x(u,v)dudF (v)] =0
n—oo gEg a
[0,1]x R*

where F' is the distribution function of 7.
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