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Devwudfw

Wklv sdshu ghyhorsv wkh plqlpdo dv|pswrwlf glvwulexwlrqv iru hvwlpdwruv ri sdqho gdwd

prghov zlwk lqflghqwdo sdudphwhuv1

Nh|zrugv= Lqflghqwdo sdudphwhuv/ sdqho gdwd

MHO fodvvlilfdwlrq= F66/ F64/ F47

� �������
����

Wkh dydlodelolw| ri sdqho gdwd doorzv wkh hfrqrphwulfldq wr frqwuro iru wkh khwhurjhqh0

lw| e| doorzlqj iru wlph0lqyduldqw/ lqglylgxdo vshfl�f sdudphwhuv1 Wklv �{hg h�hfw dssurdfk

lqwurgxfhv pdq| sdudphwhuv lqwr wkh prgho zklfk fdxvhv wkh clqflghqwdo sdudphwhu sureohp*

ri Qh|pdq dqg Vfrww +4<7;,= wkh pd{lpxp olnholkrrg hvwlpdwru lv lq jhqhudo lqfrqvlvwhqw1

Iru vrph prghov zlwk h{rjhqrxv uhjuhvvruv/ vxfk dv wkh olqhdu/ orjlw dqg Zhlexoo prgho/ rqh

fdq �qg d vx!flhqw vwdwlvwlf iru wkh �{hg h�hfw vr wkdw rqh fdq xvh d frqglwlrqdo olnholkrrg

wkdw grhv qrw ghshqg rq wkh �{hg h�hfw1 Iru wkhvh prghov/ rqh fdq hvwlpdwh wkh sdudph0

whuv ri lqwhuhvw frqvlvwhqwo| xvlqj gdwdvhwv zlwk d odujh qxpehu ri lqglylgxdov dqg mxvw wzr

revhuydwlrqv shu lqglylgxdov/ vhh Fkdpehuodlq +4<;7/ 4<;8, dqg Edowdjl +4<<8, iru ryhuylhzv1

WL wkdqn Mlq|rqj Kdkq iru klv hqfrxudjhphqw1 Wkh cVrfldo Vflhqfh dqg Kxpdqlwlhv Frxqflo* lq Fdqdgd

surylghg �qdqfldo vxssruw1 Doo huuruv duh plqh1
_Pdlolqj Dgguhvv= Xqlyhuvlw| ri Zhvwhuq Rqwdulr/ Ghsduwphqw ri Hfrqrplfv/ Vrfldo Vflhqfh Fhqwhu/ Orq0

grq/ Rqwdulr/ Q9D 8F5/ Fdqdgd1 Hpdlo= wzrxwhuvCxzr1fd1
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Krzhyhu/ iru g|qdplf sdqho gdwd prghov/ qr vx!flhqw vwdwlvwlf kdv ehhq irxqg iru wkh

�{hg h�hfw iru dq| prgho1 Iru wkh g|qdplf olqhdu prgho/ vhyhudo dxwkruv kdyh ghulyhg hv0

wlpdwruv wkdw duh edvhg rq wdnlqj gl�huhqfhv ri wkh ghshqghqw yduldeohv dqg lqvwuxphqwdo

yduldeohv whfkqltxhv/ vhh wkh ryhuylhz ri Duhoodqr dqg Krqruì +5334,1 Krzhyhu/ iru qrqolqhdu

prghov/ rqh fdqqrw gl�huhqfh dzd| wkh �{hg h�hfw1 Doyduh} dqg Duhoodqr +4<<;, uhfrjql}h

wkdw lq pdq| dssolfdwlrqv/ wkh qxpehu ri revhuydwlrqv shu lqglylgxdo lv odujhu wkdq wzr dqg

ghyhors dq dv|pswrwlf dssur{lpdwlrq zkhuh erwk wkh qxpehu ri lqglylgxdov/ q> dqg wkh qxp0

ehu ri revhuydwlrqv shu lqglylgxdov/ W lqfuhdvhv1 Wklv dv|pswrwlf dssur{lpdwlrq lv xvhg e|

Skloolsv dqg Prrq +4<<<,/ Kdkq dqg Nxhuvwhlqhu +5335,/ Kdkq/ Kdxvpdq dqg Nxhuvwhlqhu

+5335, dqg Zrxwhuvhq dqg Yrld +5335, wr hydoxdwh hvwlpdwruv iru wkh g|qdplf olqhdu prgho

zlwk �{hg h�hfwv1 Kdkq dqg Qhzh| +5335, xvh wkh vdph dv|pswrwlf dssur{lpdwlrq wr hydo0

xdwh wkhlu eldv fruuhfwhg olnholkrrg hvwlpdwru dqg Zrxwhuvhq +5335, xvhv wkh dssur{lpdwlrq

wr hydoxdwh klv lqwhjudwhg prphqw hvwlpdwru iru g|qdplf sdqho gdwd prghov1

Wklv sdshu ghulyhv wkh h!flhqf| erxqg iru sdqho gdwd prghov zlwk �{hg h�hfwv1 Lq

sduwlfxodu/ lw vkrzv wkdw wkh yduldqfh ri wkh plqlpdo dv|pswrwlf glvwulexwlrq htxdov wkh

Fudpìu0Udr erxqg1 Wklv htxdolw| lv douhdg| hvwdeolvkhg iru furvv vhfwlrq prghov1 Wkh nh|

lqvljkw/ gxh wr OhFdp +4<86,/ lv wkdw hvwlpdwruv fdq rqo| lpsuryh rq cuhjxodu* hvwlpdwruv

rq d vxevhw ri wkh sdudphwhu vsdfh wkdw kdv Ohehvjxh phdvxuh }hur/ vhh Ydq ghu Ydduw

dqg Zhooqhu +4<<9, ru Ydq ghu Ydduw +4<<;, iru ryhuylhzv1 Wkh sdshu dovr vkrzv wkdw wkh

h!flhqf| erxqg ri dq dv|pswrwlf dssur{lpdwlrq zlwk q dqg W lqfuhdvlqj grhv qrw ghshqg

rq wkh uhodwlyh udwh dw zklfk W lqfuhdvhv1 Zh frqfoxgh e| frqvlghulqj uhjuhvvru sdudphwhu ri

wkh h{srqhqwldo prgho dqg frpsduh wkh plqlpdo dv|pswrwlf glvwulexwlrq ri wklv sdudphwhu

wr wkh vhplsdudphwulf h!flhqf| erxqg dv ghulyhg e| Kdkq +4<<7,1

Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghulyhv wkh h!flhqf| erxqg dqg surylghv

h{dpsohv1 Vhfwlrq 6 frqfoxghv dqg doo wkh surriv duh lq wkh dsshqgl{1
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Pdq| hvwlpdwruv fdq eh zulwwhq dv zhljkwhg dyhudjhv ri udqgrp yduldeohv1 Iru h{dpsoh/ wkh

ohdvw vtxduhv hvwlpdwru lv wkh zhljkwhg dyhudjh ri wkh huuru whupv ri wkh olqhdu prgho1 Pruh

jhqhudoo|/ wkh lq xhqfh ixqfwlrq ri wkh prphqw hvwlpdwruv lv d zhljkwhg dyhudjh ri prphqw

ixqfwlrqv/ vhh Qhzh| dqg PfIdgghq +4<<7,1 Vxssrvh zh kdyh d furvv0vhfwlrq gdwdvhw zlwk q

lqglylgxdov dqg dvvxph wkh gdwd jhqhudwlqj surfhvv lq lqghshqghqw dfurvv lqglylgxdov1 Wkhq

vxfk hvwlpdwruv frqyhujh dw q
3�*2

vxemhfw wr lghqwl�fdwlrq dqg uhjxodulw| frqglwlrqv1 Wkh

dv|pswrwlf yduldqfh lv d jrrg phdvxuh wr frpsduh gl�huhqw phwkrg ri prphqw hvwlpdwruv1

Krzhyhu/ rqh fdq dozd|v �qg dq hvwlpdwru wkdw frqyhujhv dw dq duelwudulo| idvw udwh iru

sduwlfxodu sdudphwhu ydoxhv1 Lq sduwlfxodu/ frqvlghu wkh iroorzlqj h{dpsoh/ jlyhq e| Krgjhv

lq 4<841

H{dpsoh 4 +Krgjhv* hvwlpdwru,= OhwP? eh wkh phdq ri d vdpsoh ri vl}h q iurp wkh Q+�> 4,

glvwulexwlrq1 Gh�qh d vhfrqg hvwlpdwru V? wkurxjk

V? @ i P? li mP?m � q
3�*e

3 li mP?m ? q
3�*e

=

Qrwh wkdw
s
q+V? � �,$_ Q+3> 4, iru � 9@ 3 dqg t?+V? � �,$R 3 iru � @ 3 iru hyhu| t?=

OhFdp +4<86, vkrzhg wkdw vxfk lpsuryhphqwv ryhu dq hvwlpdwru P? fdq rqo| eh pdgh

iru d vxevhw ri wkh sdudphwhu vsdfh wkdw kdv Ohehvjxh phdvxuh }hur1 Ehfdxvh d vhw zlwk

Ohehvjxh phdvxuh }hur lv vpdoo/ OhFdp lqwurgxfhv wkh lghd ri hvwlpdwlqj d vhtxhqfh ri

sdudphwhu ydoxhv lq rughu wr uxoh rxw vxfk vpdoo vhwv1 Lq sduwlfxodu/ frqvlghu hvwlpdwlqj

wkh vhtxhqfh � . k@u? zkhuh k lv �{hg dqg qruplqj rshudwru u? lv lqfuhdvlqj zlwk q= Iru

wkh phwkrg ri prphqw hvwlpdwruv glvfxvvhg deryh/ zh kdyh u? @
s
q= Uhtxlulqj wkdw wkh

dv|pswrwlf glvwulexwlrq ri � . k@u? grhv qrw ghshqg rq k@u? uxohv rxw hvwlpdwruv vxfk dv

wkh Krgjhv hvwlpdwru1 Lq sduwlfxodu/ ohw K ghqrwh d Edqdfk vsdfh dqg ohw dq hvwlpdwru P?

eh uhjxodu li/ iru hyhu| k 5 K dqg hyhu| �>

+4, u?iP? � +� . k@u?,j $_ 1+�,
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iru vrph olplwlqj glvwulexwlrq 1+�,= D fuxfldo ihdwxuh lv wkdw 1 grhv qrw ghshqg
�
rq k= Orrvho|

vshdnlqj/ wkh gh�qlwlrq vd|v wkdw dq hvwlpdwru lv uhjxodu li/ iru hyhu| �> wkh udwh ri frqyhujhqfh

dw � lv wkh vdph dv wkh udwh ri frqyhujhqfh lq d vpdoo qhljkerukrrg ri �=

Wkh qh{w vwhs lv wr frpsduh surshuwlhv ri 1 iru gl�huhqw hvwlpdwruv1 Lq sduwlfxodu/ 1

kdv d plqlpdo dv|pswrwlf glvwulexwlrq li 1 lv fhqwhuhg dw }hur kdv wkh vpdoohvw srvvleoh

yduldqfh1 Wkh plqlpdo dv|pswrwlf glvwulexwlrq fdq eh ghulyhg iurp surshuwlhv ri wkh ghqvlwlhv

s+|�> ===> |?m�, dqg s+|�> ===> |?m� . k@u?, zkhuh |�> l @ 4> ===> q> ghqrwhv wkh ghshqghqw yduldeoh

dqg wkh �> � . k@u? ghqrwh wkh sdudphwhuv ri wkh gdwd jhqhudwlqj surfhvv1 Wkh iroorzlqj

h{dpsoh vkrzv krz wklv fdq eh grqh iru wkh h{srqhqwldo prgho1

H{dpsoh 5 Vxssrvh |�> l @ 4> ===> q> lv glvwulexwhg h{srqhqwldoo| zlwk phdq
�
w = Wklv lpsolhv

wkh iroorzlqj ghqvlwlhv iru lqglylgxdo l>

s+|�m�, @ �h
3+� dqg

s+|�m� . k, @ +� . k,h3Ewn��+� =

Frqvlghu

oq
s+|�m� . k,

s+|�m�, @ oq
+� . k,h3Ewn��+�

�h3+�

@ oq+4 .
k

�
,� k|�

@
k

�
� 4

5
+
k

�
,2 . r+k2,� k|�

@ ki4
�
� |�j � 4

5
k
2 4

�
2
. r+k2,=

Wkh h{suhvvlrq oq RE+��wn��
RE+��w� fdq dovr eh zulwwhq dv d ixqfwlrq ri wkh vfruh ri wkh orj olnholkrrg

2

dqg wkh Mdfreldq/

oq
s+|�m� . k,

s+|�m�, @ kO
�
w .

4

5
k
2
O
�
ww . r+k2,=

Vlploduo|/

oq
\
�

s+|�m� . k@
s
q,

s+|�m�, @ oq
+� . k,?h3

S
�Ewn��+�

�
?
h3
S

� w+�

@ k
Ows
q
.

4

5
k
2Oww

q
. r+k2,=
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Lw iroorzv iurp Ydq ghu Ydduw +4<<;/ Wkhruhp ;1<, wkdw wkh cplqlpdo* dv|pswrwlf glvwulexwlrq

ri dq hvwlpdwru iru � lv Q+3> ^.uww? `3�,=

Zh qrz ghulyh wkh plqlpdo dv|pswrwlf glvwulexwlrqv iru sdqho gdwd prgho zlwk lqflghq0

wdo sdudphwhuv1 Vxssrvh zh revhuyh q lqglylgxdov iru W shulrgv dqg zh zdqw wr frqwuro iru

khwhurjhqhlw| e| doorzlqj iru lqglylgxdo +ru lqflghqwdo, sdudphwhuv1 Ohw wkh gdwd jhqhudwlqj

surfhvv eh frqglwlrqdo lqghshqghqw dqg vxssrvh wkdw zh zdqw wr xvh dq dv|pswrwlf dssur{l0

pdwlrqv lq zklfk erwk q dqg W lqfuhdvh1 Lq wklv fdvh/ wkh lqglylgxdo sdudphwhuv ri lqglylgxdo

l rqo| dsshdu lq wkh olnholkrrg frqwulexwlrq ri lqglylgxdo l= Dv d frqvhtxhqfh/ zh fdq rqo|

hvwlpdwh wkh lqglylgxdo sdudphwhuv dw udwh W
3�*2

zkloh zh srwhqwldoo| hvwlpdwh wkh frpprq

sdudphwhuv dw udwh +qW ,3�*2
= Iru hvwlpdwlrq/ wkh udwh dw zklfk W lqfuhdvhv uhodwlyh wr q pd|

eh lpsruwdqw +vhh Kdkq dqg Nxhuvwhlqhu +5335, dqg Zrxwhuvhq +5335,, exw zh vkrz wkdw wkh

plqlpdo dv|pswrwlf glvwulexwlrq grhv qrw ghshqg dw wkh udwh dw zklfk W lqfuhdvhv uhodwlyh wr

q= Dq lqwxlwlrq iru wklv uhvxow lv wkdw wkh Fudpìu0Udr erxqg grhv qrw ghshqg rq wkh uhodwlyh

udwhv ri W dqg q dqg wkh iroorzlqj h{dpsoh looxvwudwhv wklv1

H{dpsoh 6 Vxssrvh wkdw zh revhuyh q lqglylgxdov iru W shulrgv dqg wkdw zdqw wr hvwlpdwh

dq h{srqhqwldo kd}dug prgho1 Vlqfh zh kdyh pruh wkdq rqh revhuydwlrq iru hdfk lqglylgxdo/

zh fdq doorz iru d �{hg h�hfw1 Ohw {�r ghqrwh wkh yhfwru ri fkdudfwhulvwlfv ri lqglylgxdo l

iru vshoo v= Li wkh vshoov duh lqghshqghqw dfurvv lqglylgxdov dv zhoo dv dfurvv vshoov/ wkhq wkh

kd}dugv ri lqglylgxdo l fdq eh zulwwhq dv

��r+|�r, @ i�h
%�rq/ v @ 4> ===> W dqg l @ 4> ===> q=

Wklv kd}dug lpsolhv wkh iroorzlqj orj olnholkrrg/

O+i�> ===> i?> �, @
[
�

W oq i� .
[
�

[
r

{�r� �
[
�

[
r

i�h
%�rq|�r=

Gl�huhqwldwlqj O+i�> ===> i?> �, jlyhv

Oq @
[
�

[
r

{�r �
[
�

[
r

{�ri�h
%�rq|�r

Os� @
4

i�
�
[
r

h
%�rq|�r=
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Surmhfwlqj Oq rq Os�> ===> Os? jlyhv wkh h!flhqw vfruh Vq >

Vq @ Oq �
[
�

Os�

HOqs�

HOs�s�

@ Oq �
[
�

Os�

S
r {�r

i�

@ �
[
�

[
r

�{�ri�h
%�rq|�r

zkhuh �{�r @ {�r �
S

r %�r
A = Wkh Fudpìu0Udr erxqg htxdov ^HVqV

�
q `
3�

dqg zh zloo vkrz wkdw

wkh yduldqfh ri wkh plqlpdo dv|pswrwlf glvwulexwlrq lv dovr htxdo wr ^HVqV
�
q`
3�
=

Ydq ghu Ydduw dqg Zhooqhu +4<<9/ wkhruhp 614415, jlyh wkh plqlpdo dv|pswrwlf glvwul0

exwlrq ri uhjxodu hvwlpdwruv1 Zh xvh d yhuvlrq ri wklv wkhruhp wkdw lv jlyhq lq Kdkq dqg

Nxhuvwhlqhu +5335/ Wkhruhp 9,1

Ohw S?c� ghqrwh d suredelolw| phdvxuh rq d phdvxudeoh vsdfh +=?>&?, dqg dvvxph wkh

iroorzlqj1

Dvvxpswlrq 4

S?c� = k 5 K lv dv|pswrwlfdoo| qrupdo1

D jrrg glvfxvvlrq ri orfdo dv|pswrwlf qrupdolw| lv jlyhq lq Ydq ghu Ydduw +4<<;/ vhfwlrq :19,1

D gdwd jhqhudwlqj surfhvv lv dv|pswrwlfdoo| qrupdo li wkh orj olnholkrrg fdq eh dssur{lpdwhg

e| d txdgudwlf ixqfwlrq durxqg wkh wuxh ydoxh ri wkh sdudphwhuv1 Wkh gdwd jhqhudwlqj surfhvv

ri h{dpsoh 6 vdwlv�hv orfdo dv|pswrwlf qrupdolw|1 Dovr dvvxph wkdw

Dvvxpswlrq 5

Ohw W b q
k
zkhuh � � 3=

Wklv dvvxpswlrq irupdol}hv wkh qrwlrq wkdw zh xvh dq dv|pswrwlf dssur{lpdwlrq lq zklfk q

lqfuhdvhv ru erwk q dqg W lqfuhdvh1

Dvvxpswlrq 6
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Ohw wkh gdwd jhqhudwlqj surfhvv eh lqghshqghqw dfurvv lqglylgxdov frqglwlrqdo rq wkh uhjuhv0

vruv {�| dqg lqglylgxdo h�hfw i�1

Dvvxpswlrq 7

Ohw u? @
s
qW @ q

E�nk�*2

Prphqw hvwlpdwruv wkdw duh edvhg rq wdnlqj dyhudjhv kdyh d qruplqj rshudwru sursruwlrqdo

wr
s
qW dqg zh duh lqwhuhvwhg lq wkh vhw ri hvwlpdwruv zlwk wklv qruplqj rshudwru1 Krzhyhu/

vrph ri wkh qrqvwdwlrqdu| fdvhv frqvlghuhg e| Skloolsv dqg Prrq +4<<<, gr qrw kdyh wklv

qruplqj rshudwru1

Dvvxpswlrq 8

Ohw dvvxpswlrq +l,0+y, ri wkhruhp 9/ Kdkq dqg Nxhuvwhlqhu +5335,/ krog1

Ohw 7� @
uqI
?A

dqg wkdw 72 @
usI
?A
= Ohw �7� eh wkh uhvlgxdo lq wkh surmhfwlrq ri 7� rq

72= Wkdw lv

�7� @
Oqs
qW

� H+OqO
�
s ,

qW
^
H+OsO

�
s ,

qW
`3� Oss

qW

@
Oqs
qW

� HOqs

qW
^
HOss

qW
`3� Oss

qW
=

Qrwh wkdw
.uqs
?A ^

.uss
?A `3� usI

?A
lv R+4,= Wkh plqlpdo dv|pswrwlf glvwulexwlrq lv ghwhuplqhg e|

�7�= Zh frqfoxgh wkdw

Wkhruhp

Ohw dvvxpswlrq 408 krog1 Wkhq wkh plqlpdo dv|pswrwlf glvwulexwlrq lv jlyhq e|Q+3> iH+ �7�
�7�
�,j3�,=

Pruhryhu/ wkh yduldqfh ri wkh plqlpdo dv|pswrwlf glvwulexwlrq/ ~H+ �7�
�7�
�,j3�

> htxdov wkh

Fudpìu0Udr erxqg1

Qrwh wkdw wkh yduldqfh ri wkh plqlpdo dv|pswrwlf glvwulexwlrq grhv qrw ghshqg rq wkh

uhodwlyh udwh dw zklfk lqfuhdvh W lqfuhdvhv1 Zh qrz frpsduh wkh yduldqfh ri wkh plql0

pdo dv|pswrwlf glvwulexwlrq wr wkh vhplsdudphwulf h!flhqf| erxqg ri d sduwlfxodu prgho1

Vhplsdudphwulf h!flhqf| erxqgv duh qrw dydlodeoh iru doo prghov exw Kdkq +4<<7, dqg Kdkq

:



+4<<:, ghulyhg wkh vhplsdudphwulf h!flhqf| erxqgv iru d vhw ri prghov iru zklfk wkhuh h{lvwv

d vx!flhqw vwdwlvwlfv iru wkh �{hg h�hfwv1

H{dpsoh 6 +Frqwlqxhg, Kdkq +4<<7, ghulyhv wkh vhplsdudphwulf h!flhqf| erxqg iru wkh

h{srqhqwldo kd}dug prgho xqghu wkh dvvxpswlrq wkdw i� lv d udqgrp h�hfw1 Wklv erxqg kdv

wkh iroorzlqj h{suhvvlrq/

^H �Vq �V�
q `
3�

zkhuh

�Vq @ �
[
�

S
r �{�rh

%�rq|�rS
r h

%�rq|�r
=

Qrwh wkdw ^H �Vq �V�
q`
3�

A ^HVqV
�
q`
3�

iru hyhu| �qlwh W zkhuh ^HVqV
�
q`
3�

ghqrwhv wkh Fudpìu0

Udr erxqg ri h{dpsoh 6= Vxssrvh wkh cwuxh prgho* lv d udqgrp h�hfwv prgho vr wkdw qr

hvwlpdwru fdq kdyh d yduldqfh vpdoohu wkdq ^H �Vq �V�
q`
3�
= Lq wkdw fdvh/ qr �{hg h�hfwv hvwlpdwru

hvwlpdwru fdq kdyh d yduldqfh vpdoohu wkdq ^H �Vq �V
�
q `
3�

A ^HVqV
�
q`
3�

iru hyhu| �qlwh W= Wkxv/

qr hvwlpdwru uhdfkhv wkh Fudpìu0Udr erxqg ^HVqV
�
q`
3�

iru dq| �qlwh W= Wkhuhiruh/ wkh

Fudpìu0Udr erxqg lv hvshfldoo| uhohydqw lq dq dv|pswrwlf zlwk W lqfuhdvlqj vlqfh vrph

hvwlpdwruv pd| uhdfk wkh Fudpìu0Udr erxqg lq wklv dv|pswrwlf1 Iru wklv uhdvrq/ zh xvhg

dq dv|pswrwlf zlwk W lqfuhdvlqj lq wklv sdshu1
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Wklv sdshu ghyhorsv wkh plqlpdo dv|pswrwlf glvwulexwlrqv iru hvwlpdwruv ri prghov zlwk

lqflghqwdo sdudphwhuv1 Zh hpskdvl}h dq dv|pswrwlf dssur{lpdwlrq zlwk erwk W dqg q

lqfuhdvlqj1 Wkh uhdvrq iru wklv lv wkdw uhfhqw sdshuv xvh wklv dv|pswrwlf dssur{lpdwlrq wr

hydoxdwh hvwlpdwruv/ vhh Kdkq dqg Qhzh| +5335, dqg Zrxwhuvhq +5335,1 Wklv sdshu jlyhv

wkh plqlpdo dv|pswrwlf glvwulexwlrq iru hvwlpdwruv xqghu wkh dvvxpswlrqv ri wkhvh sdshuv1

Zh dovr frpsduhg wkh plqlpdo dv|pswrwlf glvwulexwlrq ri d pl{hg h{srqhqwldo prgho wr lwv

vhplsdudphwulf h!flhqf| erxqg dqg vkrzhg wkdw wkh plqlpdo dv|pswrwlf glvwulexwlrq kdv

d vpdoohu yduldqfh iru �qlwh W wkdq wkh yduldqfh lpsolhg e| wkh vhplsdudphwulf h!flhqf|

erxqg1 Wklv lpsolhv wkdw wkh yduldqfh ri wkh plqlpdo dv|pswrwlf glvwulexwlrq rqo| jlyhv d

cvkdus erxqg* iru wkh yduldqfh ri uhjxodu hvwlpdwruv lq dq dv|pswrwlf zlwk W lqfuhdvlqj1
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Vkruw uhylhz ri wkh Fudpìu0Udr erxqg=

Vwxduw hw do1 +4<<4/ vhfwlrq 4:14604:14:/ 4:15704:15;/ dqg 4;14804;149, jlyh d fohdu h{srvlwlrq

ri wkh Fudpìu0Udr erxqg1 Ohw O+�, ghqrwh wkh orj0olnholkrrg dqg ohw wkh ghulydwlyh ri wkh

orj0olnholkrrg zlwk uhvshfw wr � eh ghqrwhg e| Ow+�,= Ohw Ow @ Ow+�f,= Wkhq wkh Fudpìu0Udr

erxqg lv jlyhq e| iH+OwO
�
w,j3�= Ohw O�

w @ iO�
q> O

�
sj zkhuh Os lv d yhfwru zlwk ohqjwk Q=

Wkhq wkh lqirupdwlrq erxqg iru wkh lqflghqwdo sdudphwhu prghov lv jlyhq e|
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� iHOqq �HOqs +HOss ,
3�
HOsqj3� �+HOqq,

3�+HOqs ,I
�I +HOsq,+HOqq,
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�3�

>

zkhuh I @ iHOss �HOsq+HOqq,
3�
HOqsj3�

= Xvlqj wkh idfw wkdw HOss lv d gldjrqdo pdwul{

zh fdq dovr zulwh wkh xsshu ohiw hohphqw ri wklv pdwul{ dv iroorzv/

iHOqq �HOqs +HOss ,
3�
HOsqj3� @ ^H

[
�

iO�
qq �

HO
�
qsHO

�
sq

HO
�
ss

j`3�
=

Iroorzlqj OhFdp +4<86,/ Ydq ghu Ydduw +4<<;/ fkdswhu ;, glvfxvvhv krz wkh Fudpìu0Udr

erxqg jlyhv d orzhu erxqg rq wkh yduldqfh iru uhjxodu hvwlpdwruv ri furvv vhfwlrq prghov1

Surri ri Wkhruhp 4

Wkhruhp 9 ri Kdkq dqg Nxhuvwhlqhu +5335, zdv ruljlqdoo| ghulyhg wr ghdo zlwk zhdn

lqvwuxphqwv zkhuh wkh qxpehu ri lqvwuxphqwv lqfuhdvhv1 Krzhyhu/ wkh wkhruhp lv jhqhudo

hqrxjk wr fryhu dq dv|pswrwlf dssur{lpdwlrq iru sdqho gdwd prghov zlwk Q dqg W lq0

fuhdvlqj1 Kdkq dqg Nxhuvwhlqhu +5335/ sdjh 4986, qrwh wkdw �Wkhruhp 9 lpsolhv wkdw wkh

cplqlpdo* dv|pswrwlf glvwulexwlrq lv Q+3> iH+ �7�
�7�
�,j3�,=%= Wkxv/ zh rqo| qhhg wr suryh wkdw

iH+ �7�
�7�
�,j3�

htxdov wkh Fudpìu0Udr erxqg1 Qrwh wkdw wkh Fudpìu0Udr erxqg fdq eh zulw0

whq dv wkh lqyhuvh ri wkh yduldqfh ri wkh h!flhqw vfruh Vq= Lq sduwlfxodu/ wkh h!flhqw vfruh Vq

lv wkh surmhfwlrq ri wkh vfruh Oq rq ~Os� > ===> Os� j> Vq @ Oq�
S

� Os�
.uqs�
.us�s�

= Qrwh wkdw �7� kdv

wkh vdph irup1 Wkxv/ wkh Fudpìu0Udr erxqg htxdov wkh yduldqfh ri wkh plqlpdo dv|pswrwlf

glvwulexwlrq1

<
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Doyduh}/ M1 dqg P1 Duhoodqr +4<<;,= �Wkh Wlph Vhulhv dqg Furvv0Vhfwlrq Dv|pswrwlfv ri

G|qdplf Sdqho Gdwd Hvwlpdwruv/� Zrunlqj Sdshu <;3;/ FHPIL/ Pdgulg1

Duhoodqr/ P1/ dqg E1 H1 Krqruì/ +5334,= �Sdqho Gdwd Prghov= Vrph Uhfhqw Ghyhorsphqwv/�

lq Kdqgerrn ri Hfrqrphwulfv/ Yro1 8/ hg1 e| M1 Khfnpdq dqg H1 Ohdphu/ Dpvwhugdp=

Qruwk0Kroodqg1

Edowdjl/ E1 K1 +4<<8,= Hfrqrphwulf Dqdo|vlv ri Sdqho Gdwd/ Qhz \run= Mrkq Zloh| dqg

Vrqv/ Qhz \run1

Fkdpehuodlq/ J1 +4<;7,= �Sdqho Gdwd/� lq Kdqgerrn ri Hfrqrphwulfv/ Yro1 5/ hg1 e|

]1 Julolfkhv dqg P1 G1 Lqwuloljdwru1 Dpvwhugdp= Qruwk0Kroodqg1

Juhhqh/ Z1 K1 +5335,= Hfrqrphwulf Dqdo|vlv/ �iwk hglwlrq/ Suhqwlfh Kdoo/ Xsshu Vdggoh

Ulyhu Qhz Mhuvh|1

Kdkq/ M1 +4<<7,= �Wkh H!flhqf| Erxqg ri wkh Pl{hg Sursruwlrqdo Kd}dug Prgho/�

Uhylhz ri Hfrqrplf Vwxglhv/ 94/93:095<1

Kdkq/ M1 +4<<:,= �D Qrwh rq wkh H!flhqw Vhplsdudphwulf Hvwlpdwlrq ri Vrph Sdqho Prghov�/

Hfrqrphwulf Wkhru|/ 46/ 8;608;;1

Kdkq/ M1/ M1 Kdxvpdq/ dqg J1 Nxhuvwhlqhu +5334,= �Eldv Fruuhfwhg Lqvwuxphqwdo Yduldeohv

Hvwlpdwlrq iru G|qdplf Sdqho Prghov zlwk Il{hg H�hfwv�/ PLW zrunlqj sdshu1

Kdkq/ M1 dqg J1 Nxhuvwhlqhu +5335,= �Dv|pswrwlfdoo| Xqeldvhg Lqihuhqfh iru d G|qdplf

Sdqho Prgho zlwk Il{hg H�hfwv zkhq Erwk q dqg W Duh Odujh�/ Hfrqrphwulfd/

:3/ 496<0498;1

Kdkq M1 dqg Z1 Qhzh| +5335,= �Mdfnnqlih dqg Dqdo|wlfdo Eldv Uhgxfwlrq iru

Qrqolqhdu Sdqho Prghov�/ PLW pdqxvfulsw1

Kvldr/ F1 +4<;9,= �Dqdo|vlv ri Sdqho Gdwd�1 Qhz \run= Fdpeulgjh Xqlyhuvlw| Suhvv1

OhFdp/ O1 +4<86,= �Rq vrph Dv|pswrwlf Surshuwlhv ri Pd{lpxp Olnholkrrg Hvwlpdwhv

dqg uhodwhg Ed|hv* hvwlpdwhv/� Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 74/ ;351

Pxqgodn/ \1 +4<94,= �Hpslulfdo Surgxfwlrq Ixqfwlrq Iuhh ri Pdqdjhphqw Eldv/� Mrxuqdo

ri Idup Hfrqrplfv/ 76/ 770891
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Qh|pdq/ M1/ dqg H1 O1 Vfrww +4<7;,= �Frqvlvwhqw Hvwlpdwlrq iurp Sduwldoo| Frqvlvwhqw

Revhuydwlrqv/� Hfrqrphwulfd/ 49/ 40651

Qhzh|/ Z1 N1 +4<<3,= �Vhplsdudphwulf H!flhqf| Erxqgv/� Mrxuqdo ri Dssolhg Hfrqrph0

wulfv/ 8/ <<04681

Qhzh|/ Z1 N1/ dqg G1 PfIdgghq +4<<7,= �Odujh Vdpsoh Hvwlpdwlrq dqg K|srwkhvlv

Whvwlqj/� lq Kdqgerrn ri Hfrqrphwulfv/ Yro1 7/ hg1 e| U1 I1 Hqjoh dqg G1

PdfIdgghq1 Dpvwhugdp= Qruwk0Kroodqg1

Skloolsv dqg Prrq +4<<<,= �Olqhdu Uhjuhvvlrq Olplw Wkhru| iru Qrqvwdwlrqdu| Sdqho Gdwd�/

Hfrqrphwulfd/ 9:/ 438:044441

Ydq ghu Ydduw/ D1 Z1 +4<<;,= Dv|pswrwlf Vwdwlvwlfv/ Fdpeulgjh Vhulhv lq Vwdwlvwlfdo

dqg Suredelolvwlf Pdwkhpdwlfv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ XN1

Ydq ghu Ydduw/ D1 Z1 dqg M1 D1 Zhooqhu +4<<9,= Zhdn Frqyhujhqfh dqg Hpslulfdo

Surfhvvhv/ Vsulqjhu0Yhuodj/ Qhz \run1

Zrxwhuvhq/ W1 P1 +5335,= �Urexvwqhvv djdlqvw Lqflghqwdo Sdudphwhuv/� Zrunlqj sdshu/

Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zhvwhuq Rqwdulr1

Zrxwhuvhq/ W1 P1 dqg P1 Yrld +5335,= �Dgdswlyh Hvwlpdwlrq ri wkh G|qdplf Olqhdu

Prgho zlwk Il{hg H�hfwv/� Zrunlqj sdshu/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw|

ri Zhvwhuq Rqwdulr1
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Vhh Ydq ghu Ydduw dqg Zhooqhu +4<<9 sdjh 746, iru d pruh jhqhudo gh�qlwlrq ri d uhjxodu

hvwlpdwru1

2
Qrwh wkdw O+�, @

S
� O

�+�, @ Q oq � �S� �|�=
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