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Devwudfw

Qh|pdq dqg Vfrww +4<7;, gh�qh wkh lqflghqwdo sdudphwhu sureohp1 Lq sdqho gdwd

zlwk W revhuydwlrqv shu lqglylgxdo dqg xqrevhuydeoh lqglylgxdo0vshfl�f h�hfwv/ wkh lq0

frqvlvwhqf| ri wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh frpprq sdudphwhuv lv lq jhqhudo

R+W�4,= Wklv sdshu frqvlghuv wkh lqwhjudwhg olnholkrrg hvwlpdwru dqg ghyhorsv wkh lqwh0

judwhg prphqw hvwlpdwru1 Lw vkrzv wkdw wkh lqfrqvlvwhqf| ri wkh lqwhjudwhg olnholkrrg

hvwlpdwru uhgxfhv iurp R+W�4, wr R+W�5, li dq lqirupdwlrq ruwkrjrqdo sdudphwul}dwlrq

lv xvhg1 Lw ghulyhv lqirupdwlrq ruwkrjrqdo prphqw ixqfwlrqv iru wkh jhqhudo olqhdu prgho

dqg wkh lqgh{ prgho zlwk zhdno| h{rjhqrxv uhjuhvvruv dqg wkhuhe| r�huv dq dssur{lpdwh

vroxwlrq iru wkh lqflghqwdo sdudphwhu sureohp iru d zlgh udqjh ri prghov1 Lw dujxhv wkdw

uhsdudphwul}dwlrqv duh hdvlhu lq d Ed|hvldq iudphzrun dqg vkrzv krz wr xvh wkh R+W�5,0

uhvxow wr lqfuhdvh wkh urexvwqhvv djdlqvw wkh fkrlfh ri pl{lqj glvwulexwlrq1 Wkh lqwhjudwhg

olnholkrrg hvwlpdwru lv frqvlvwhqw dqg dgdswlyh iru dv|pswrwlfv lq zklfk W b Q� zkhuh

� A
4

6
= Wkh sdshu dovr vkrzv wkdw olnholkrrg phwkrgv wkdw xvh vx!flhqw vwdwlvwlfv iru

wkh lqglylgxdo0vshfl�f h�hfwv fdq eh ylhzhg dv d vshfldo fdvh ri wkh lqwhjudwhg olnholkrrg

hvwlpdwru1

Nh|zrugv= Lqflghqwdo sdudphwhuv/ suhghwhuplqhg yduldeohv/ sdqho gdwd

WL judwhixoo| dfnqrzohjgh vwlpxodwlqj vxjjhvwlrqv iurp Wrq| Odqfdvwhu/ Er Krqruì/ Zroijdqj Srodvhn/

Qdqf| Uhlg/ Jhhuw Ulgghu/ dqg vhplqdu sduwlflsdqwv dw wkh Ghsduwphqwv ri Hfrqrplfv dw Vwdqirug Xqlyhuvlw|/

Xqlyhuvlw| Froohjh Orqgrq/ dqg Xqlyhuvlw| ri Zhvwhuq Rqwdulr1 Wkh FLEF Kxpdq Fdslwdo dqg Surgxfwlylw|

Surjudp surylghg �qdqfldo vxssruw1 Doo huuruv duh plqh1
_Pdlolqj Dgguhvv= Xqlyhuvlw| ri Zhvwhuq Rqwdulr/ Ghsduwphqw ri Hfrqrplfv/ Vrfldo Vflhqfh Fhqwhu/ Orq0

grq/ Rqwdulr/ Q9D 8F5/ Fdqdgd1 Hpdlo= wzrxwhuvCxzr1fd1
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Rqh zd| wr frqwuro iru wkh khwhurjhqhlw| lq sdqho gdwd lv wr doorz iru wlph0lqyduldqw/ lq0

glylgxdo vshfl�f sdudphwhuv1 Wklv �{hg h�hfw dssurdfk lqwurgxfhv pdq| sdudphwhuv lqwr

wkh prgho zklfk fdxvhv wkh clqflghqwdo sdudphwhu sureohp* ri Qh|pdq dqg Vfrww +4<7;,=

wkh pd{lpxp olnholkrrg hvwlpdwru lv lq jhqhudo lqfrqvlvwhqw1 Lw iroorzv iurp Oldqj +4<;:,

wkdw wklv lqfrqvlvwhqf| lv R+W3�, zkhuh W lv wkh qxpehu ri shulrgv iru zklfk zh revhuyh dq

lqglylgxdo1

Fr{ dqg Uhlg +4<;:, sursrvh xvlqj d sdudphwul}dwlrq ri wkh olnholkrrg wkdw lv lqirupdwlrq0

ruwkrjrqdo dqg wkhq dsso|lqj wkhlu frqglwlrqdo sur�oh olnholkrrg phwkrg1 Odqfdvwhu +4<<:

dqg 5333, dssolhv wklv ruwkrjrqdolw| lghd wr sdqho gdwd dqg ghyhorsv dq clqwhjudwhg olnholkrrg

hvwlpdwru*1 Krzhyhu/ Odqfdvwhu grhv qrw suhvhqw jhqhudo uhvxowv1 Wklv sdshu vkrzv wkdw wkh

lqfrqvlvwhqf| ru eldv ri wkh lqwhjudwhg olnholkrrg hvwlpdwru lv lq jhqhudo R+W3�, dqg wkdw

lqirupdwlrq0ruwkrjrqdolw| ri wkh olnholkrrg uhgxfhv wklv lqfrqvlvwhqf| wr R+W32,= Zh ghulyh

wklv uhvxow xvlqj d Odsodfh dssur{lpdwlrq iru wkh udwlr ri lqwhjudov/ dv ghulyhg e| Ndvv/ Wlhu0

qh|/ dqg Ndgdqh +4<<3,1 Zh vkrz krz wr dwwdlq dq lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrq

ri wkh olnholkrrg iru wkh jhqhudo qrqolqhdu prgho dqg iru lqgh{ prghov zlwk odjjhg ghshqghqw

dqg h{rjhqrxv yduldeohv1 Zh ghyhors wkh lqwhjudwhg prphqw hvwlpdwru iru prghov zlwk jhq0

hudo suhghwhuplqhg ru zhdno| h{rjhqrxv uhjuhvvruv dqg �{hg h�hfwv1 Pruhryhu/ zh h{whqg

wkh lqwhjudwhg olnholkrrg dssurdfk e| doorzlqj iru lpsolflwo| gh�qhg olnholkrrgv1 Zh wkhuhe|

vroyh wkh lqflghqwdo sdudphwhu sureohp xs wr R+W32, iru d zlgh udqjh ri prghov/ lqfoxglqj

wkh g|qdplf olqhdu/ orjlw dqg surelw prgho zlwk �{hg h�hfwv dqg suhghwhuplqhg yduldeohv1

Fr{ dqg Uhlg +4<;: dqg 4<<6, rqo| frqvlghu prghov lq zklfk wkh olnholkrrg fdq eh zulw0

whq dv dq dqdo|wlfdo ixqfwlrq ri wkh sdudphwhuv ri lqwhuhvw dqg wkh lqirupdwlrq0ruwkrjrqdo

qxlvdqfh sdudphwhuv1 Wklv uhtxluhv wkdw d sduwlfxodu gl�huhqwldo htxdwlrq fdq eh vroyhg dqd0

o|wlfdoo|1 Wkh lqwhjudwhg olnholkrrg grhv qrw uhtxluh dq dqdo|wlfdo vroxwlrq zklfk lpsolhv wkdw

wkh lqwhjudwhg olnholkrrg fdq eh xvhg pxfk pruh jhqhudoo| wkdq wkh frqglwlrqdo sur�oh olnh0

olkrrg phwkrg1 Wklv lv dq dujxphqw lq idyru ri Ed|hvldq dqdo|vlv1 Ehujhu hw do1 +4<<<, jlyh

dq ryhuylhz ri lqwhjudwhg olnholkrrgv phwkrgv exw rqo| phqwlrq cjhqhudolw|* dqg cvlpsolflw|*
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dqg cdffrxqwv iru sdudphwhu xqfhuwdlqw| lq vshfldo fdvhv* dv dgydqwdjhv ryhu sur�oh olnholkrrg

phwkrgv1 Zh dujxh wkdw wkh dujxphqw ri lpsolflw yhuvxv h{solflw uhsdudphwul}dwlrq lv d pruh

wdqjleoh dgydqwdjh ri lqwhjudwhg olnholkrrgv1 Zh vkrz wkh lqirupdwlrq0ruwkrjrqdo sdudph0

wul}dwlrqv ri wkh prghov ri wkh kdqgerrn fkdswhuv fryhulqj sdqho gdwd e| Fkdpehuodlq +4<;7,

dqg Krqruì dqg Duhoodqr +5334,1

Doyduh} dqg Duhoodqr +4<<;, ghyhors dq dowhuqdwlyh dv|pswrwlf zkhuh W lqfuhdvhv dw wkh

vdph udwh dv wkh qxpehu ri lqglylgxdov/ Q 1 Zh vkrz wkdw wkh lqwhjudwhg olnholkrrg hvwlpdwru

lv dv|pswrwlfdoo| xqeldvhg xqghu wklv dowhuqdwlyh dv|pswrwlf1 Jlyhq wkdw W lv vpdoohu wkdq

Q lq prvw sdqho gdwd/ zh dujxh wkdw lw pljkw eh pruh lqwhuhvwlqj wr ohw W lqfuhdvh dw d vorzhu

udwh wkdq Q > zh dovr vkrz wkdw wkh lqwhjudwhg olnholkrrg hvwlpdwru lv dv|pswrwlfdoo| xqeldvhg

dqg dgdswlyh dv orqj dv W b Qk zkhuh � A �
� = Wklv phdqv wkdw wkh dv|pswrwlf yduldqfh ri

wkh lqwhjudwhg olnholkrrg hvwlpdwru htxdov wkh dv|pswrwlf yduldqfh ri wkh lqihdvleoh pd{lpxp

olnholkrrg hvwlpdwru wkdw dvvxphv wkh ydoxhv ri wkh qxlvdqfh sdudphwhuv wr eh nqrzq1 Wklv

lpsolhv h!flhqf| ri wkh lqwhjudwhg olnholkrrg li W b Qk zkhuh � A �
� =

Zh dovr frqvlghu �{hg W dv|pswrwlfv dqg vkrz krz wkh fkrlfh ri d sulru pd| lqgxfh

wkh prgh ri wkh srvwhulru wr eh d frqvlvwhqw hvwlpdwru iru Q $ 4= Zh fdoo vxfk d sulru d

iuhtxhqwlvw sulru dqg ghulyh vx!flhqw frqglwlrqv iru lwv h{lvwhqfh1 Dq lqwhuhvwlqj dssolfdwlrq

ri wkh iuhtxhqwlvw sulru lv wkh g|qdplf olqhdu prgho zlwk �{hg h�hfwv1 Eoxqghoo hw do1 +5333,

dqg Doyduh} dqg Duhoodqr +4<<;, jlyh uhfhqw uhylhzv ri prphqw hvwlpdwruv iru wklv prgho1

Wkh lqwhjudwhg olnholkrrg hvwlpdwru lv frqvlvwhqw iru �{hg W> dgdswlyh xqghu vwdwlrqdlulw| dqg

W b Qk zkhuh � A �
�
> dqg vxshufrqvlvwhqw iru wkh qrq0vwdwlrqdu| fdvh1

Iru d frxsoh ri prghov/ d vx!flhqw vwdwlvwlf iru wkh �{hg h�hfw kdv ehhq irxqg1 Wkhvh

prghov duh wkh sdqho yhuvlrq ri wkh orjlw/ wkh Srlvvrq/ wkh Zhlexoo prghov dqg wkh olqhdu

prgho zlwk nqrzq yduldqfh/ vhh Fkdpehuodlq +4<;7 dqg 4<;8, iru dq ryhuylhz1 Zh vkrz

wkdw wkhvh olnholkrrg phwkrgv wkdw xvh d vx!flhqw vwdwlvwlf iru wkh �{hg h�hfw fdq eh ylhzhg

dv d vshfldo fdvh ri wkh lqwhjudwhg olnholkrrg hvwlpdwru1 Krqruì dqg N|uld}lgrx +5333, gh0

yhors dq hvwlpdwru iru wkh g|qdplf elqdu| prgho wkdw uhtxluhv d frqwlqxrxv glvwulexwlrq ri

doo h{rjhqrxv uhjuhvvruv1 Wkh| xvh vhplsdudphwulf pdwfklqj lq d vsdfh zlwk glphqvlrq Nu
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zkhuhN lv wkh qxpehu ri h{rjhqrxv uhjuhvvruv dqg O wkh qxpehu ri odjv ri |�|= Vhplsdudphw0

ulf pdwfklqj ghfuhdvhv wkh udwh ri frqyhujhqfh ri wkh hvwlpdwru dqg Krqruì dqg N|uld}lgrx

gr qrw frqvlghu fdvhv zkhuh O A 5= Wkh lqwhjudwhg olnholkrrg hvwlpdwru zlwk dq h{solflw

sdudphwul}dwlrq uhsurgxfhv wkh hvwlpdwru e| Krqruì dqg N|uld}lgrx1 Li zh xvh dq lpsolflw

sdudphwul}dwlrq/ krzhyhu/ zh gr qrw qhhg pdwfklqj vr wkdw wkh udwh ri frqyhujhqfh lqfuhdvhv

dqg dgdswlyhqhvv fdq eh dfklhyhg li W b Qk zkhuh � A �
� =

Iurp d irupdo srlqw ri ylhz/ lqwhjudwlqj rxw �{hg h�hfwv lv htxlydohqw wr d cudqgrp h�hfwv*

prgho zlwk d sulru glvwulexwlrq sod|lqj wkh uroh ri d pl{lqj glvwulexwlrq1 E| vshfli|lqj

wkh pl{lqj glvwulexwlrq ryhu dq lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrq/ wkh R+W32, dqg

dgdswlyhqhvv uhvxowv dsso| wr wkhvh prghov dv zhoo1 Zh wkxv jhqhudol}h Pxqgodn*v +4<:;,

olqhdu udqgrp h�hfwv prgho wr qrqolqhdu prghov1

Wkh dujxphqw djdlqvw �{hg h�hfw prghov lv xvxdoo| wkdw wkh vhw ri prghov wkdw fdq eh

hvwlpdwhg lv vr vpdoo1 Wkh uhdvrq iru dyhuvlrq djdlqvw udqgrp h�hfwv prghov lv xvxdoo| edvhg

rq wkh vhqvlwlylw| wr wkh fkrlfh ri pl{lqj glvwulexwlrq/ vhh Qhuoryh +5333, dqg Wurjqrq +5333,

iru d uhfhqw h{srvlwlrq ri wkhvh dujxphqwv1 Wklv sdshu jlyhv dq dssur{lpdwh vroxwlrq iru wkh

lqflghqwdo sdudphwhu sureohp dqg wkhuhe| doorzv d �{hg h�hfw hvwlpdwlrq iru d pxfk zlghu

fodvv ri prghov1 Pruhryhu/ wkh vdph dojheud fdq eh xvhg wr lqfuhdvh wkh urexvwqhvv ri pl{lqj

glvwulexwlrqv e| fkdqjlqj wkh lqwhusuhwdwlrq ri wkh sulru1

Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 vkrzv wkdw wkh lqfrqvlvwhqf| ri wkh lq0

whjudwlqj olnholkrrg hvwlpdwru lv/ lq jhqhudo/ R+W3�,= Vhfwlrq 6 vkrzv wkdw lqirupdwlrq0

ruwkrjrqdolw| uhgxfhv wklv lqfrqvlvwhqf| wr R+W32, dqg jlyhv wkh dv|pswrwlfv iru zklfk

wkh lqwhjudwhg olnholkrrg hvwlpdwru lv dgdswlyh1 Vhfwlrq 7 ghdov zlwk udqgrp h�hfwv prghov

dqg vkrzv wkdw vshfli|lqj wkh udqgrp glvwulexwlrq ryhu lqirupdwlrq0ruwkrjrqdo sdudphwhuv

jlyhv wkh vdph dgdswlyhqhvv dqg R+W32,0uhvxow1 Vhfwlrq 8 jlyhv h{dpsohv1 Vhfwlrq 9 vkrzv

wkdw cgl�huhqflqj rxw* dqg cfrqglwlrqlqj rq d vx!flhqw vwdwlvwlf* duh vshfldo fdvhv ri wkh lqwh0

judwlqj rxw dssurdfk zlwk dq lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrq1 Vhfwlrq : ghulyhv wkh

lqwhjudwhg prphqw hvwlpdwru iru qrqolqhdu prghov zlwk suhghwhuplqhg yduldeohv dqg vhfwlrq

; frqfoxghv1
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Vxssrvh zh revhuyh Q lqglylgxdov iru W shulrgv1 Ohw wkh orj olnholkrrg frqwulexwlrq ri wkh

w|� vshoo ri lqglylgxdo l eh ghqrwhg e| O�|= Vxpplqj ryhu wkh frqwulexwlrqv ri lqglylgxdo l

|lhogv wkh orj olnholkrrg frqwulexwlrq/

O�+�> ��, @
[
|

O�|+�> ��,>

zkhuh � lv wkh frpprq sdudphwhu dqg �� lv wkh lqglylgxdo vshfl�f h�hfw1 Vxssrvh wkdw wkh

sdudphwhu � lv ri lqwhuhvw dqg wkdw wkh �{hg h�hfw �� lv d qxlvdqfh sdudphwhu wkdw frqwurov iru

khwhurjhqhlw|1 Wklv sdshu frqvlghuv holplqdwlrq ri qxlvdqfh sdudphwhuv e| lqwhjudwlrq1 Wklv

Ed|hvldq wuhdwphqw ri qxlvdqfh sdudphwhuv lv vwudljkwiruzdug= Irupxodwh d sulru rq doo wkh

qxlvdqfh sdudphwhuv dqg wkhq lqwhjudwh wkh olnholkrrg zlwk uhvshfw wr wkdw sulru glvwulexwlrq

ri wkh qxlvdqfh sdudphwhuv/ vhh Jhopdq hw do1 +4<<8, iru dq ryhuylhz1 Iru d sdqho gdwd prgho

zlwk �{hg h�hfwv wklv phdqv wkdw zh kdyh wr vshfli| sulruv rq wkh frpprq sdudphwhuv dqg

doo wkh �{hg h�hfwv1 Fkdpehuodlq +4<;7, ghvfulehv wkh sureohp ri wklv phwkrg iru sdqho gdwd=

�Lq d Ed|hvldq iudphzrun/ � dqg �� zrxog eh wuhdwhg v|pphwulfdoo|/ zlwk

d sulru glvwulexwlrq iru erwk1 Vlqfh L ^Fkdpehuodlq` dp rqo| jrlqj wr xvh dv0

|pswrwlf uhvxowv rq lqihuhqfh/ krzhyhu/ d �jhqwoh� sulru glvwulexwlrq iru � zloo eh

grplqdwhg1 Wkdw wklv qhhg qrw eh wuxh iru �� lv rqh ri wkh lqwhuhvwlqj dvshfwv ri

rxu sureohp�1

Odwhu lq klv kdqgerrn fkdswhu/ Fkdpehuodlq jlyhv dq h{dpsoh ri dq hvwlpdwru iru zklfk

wkh lqfrqvlvwhqf| lv R+W3�,= Rqh frxog wu| wr �qg d sulru wkdw hqvxuhv wkh prgh ri wkh

srvwhulru wr eh d frqvlvwhqw hvwlpdwru iru �= Lq sduwlfxodu/ rqh frxog vwuxfwxuh wklv vhdufk e|

lqwhusuhwlqj wkh sulru dv d Mdfreldq1 Ilqglqj d idyrudeoh sulru lv wkhq htxlydohqw wr �qglqj

d sduwlfxodu sdudphwul}dwlrq zkhuh wkh uhsdudphwul}dwlrq jhqhudwhv wkh Mdfreldq ru sulru1

Zh glvfxvv wkh lqwhjudwhg olnholkrrg lq wklv vhfwlrq dqg h{soruh idyrudeoh uhsdudphwul}dwlrqv

wkhuhdiwhu1 Ehujhu hw do1 +4<<<, uhylhz lqwhjudwhg olnholkrrg phwkrgv lq zklfk  dw sulruv

duh xvhg iru erwk wkh sdudphwhu ri lqwhuhvw dqg wkh qxlvdqfh sdudphwhuv1 Wkh lqglylgxdo

8



vshfl�f qxlvdqfh sdudphwhuv duh wkhq holplqdwhg e| lqwhjudwlrq1 Zh ghqrwh wkh orjdulwkp ri

wkh lqwhjudwhg olnholkrrg frqwulexwlrq e| O�cU+�,> l1h1

O�cU+�, @ oq

]
hu

�Eqcb�g��=

Vxpplqj ryhu l |lhogv wkh orjdulwkp ri wkh lqwhjudwhg olnholkrrg/

OU+�, @
[
�

O�cU+�, @
[
�

oq

]
hu

�Eqcb�g��=

Diwhu lqwhjudwlqj rxw wkh �{hg h�hfwv/ wkh prgh ri wkh lqwhjudwhg olnholkrrg fdq eh xvhg dv

dq hvwlpdwru1� Zh wkxv gh�qh wkh lqwhjudwhg olnholkrrg hvwlpdwru a� wr eh wkh prgh ri OU+�,1

a� @ dujpd{
q

OU+�,=

Wkh uhpdlqghu ri wklv sdshu vwxglhv surshuwlhv ri a� dqg vkrzv krz wr fkrrvh d sdudphwul}d0

wlrq wkdw plqlpl}hv lwv phdq vtxduhg huuru= Dw wkh prgh/ a�> zh kdyh

OU

q
+a�, @

COU+�,

C�
m
q'	q

@ 3=

Wkh ghowd phwkrg jlyhv

OU

q
+a�, @ OU

q
+�f, . +a� � �f,O

U

qq
+��,

zkhuh �� lv d phdq ydoxh rq wkh olqh mrlqlqj a� dqg �f dqg OU

qq
+��, lv wkh pdwul{ ri vhfrqg

ghulydwlyhv1 Zh dvvxph wkdw OU

qq
+��, kdv ixoo udqn dqg rplw wkh dujxphqw ri h{suhvvlrqv zkhq

zh hydoxdwh wkhp dw wkh wuxwk1 Wklv |lhogv

+a� � �f, @ �^
OU

qq
+��,

QW
`3�

OU

q

QW

@ �^
OU

qq
+��,

QW
`3�

HOU

q

QW
� ^

OU

qq
+��,

QW
`3�

OU

q
�HOU

q

QW
>+4,

zkhuh H+, ghqrwhv wkh h{shfwdwlrq ryhu wkh ghshqghqw yduldeoh dqg wkh uhjuhvvruv1 Wkh vhf0

rqg dujxphqw lq htxdwlrq +4,/ ^
u
U
qq

E7q�

�A
`3�

u
U
q
3.uU

q

�A
> frqyhujhv lq suredelolw| wr }hur li Q $4=

Wkh �uvw h{suhvvlrq/ krzhyhu/ ghshqgv rq
.u

U
q

�A
@

.u
�cU

q

A
> zklfk lv d ixqfwlrq ri W exw qrw ri Q=

Li HOU

q
lv qrq}hur/ wkhq +a���f, zloo eh qrq}hur iru dq| Q dqg a� grhv qrw frqyhujh lq sure0

delolw| wr �f iru Q $4= Wklv srwhqwldo lqfrqvlvwhqf| lv wkh lqwhjudwhg olnholkrrg dqdorjxh
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ri wkh lqflghqwdo sdudphwhu sureohp ri Qh|pdq dqg Vfrww +4<7;,1 Qh|pdq dqg Vfrww +4<7;,

jlyh vrph h{dpsohv ri �{hg h�hfw ru lqflghqwdo sdudphwhu prghov lq zklfk wkh pd{lpxp

olnholkrrg hvwlpdwru idlov wr eh frqvlvwhqw iru Q $4= Dq lqwxlwlrq iru wkhlu h{dpsohv lv wkdw

wkh pdujlqdo olnholkrrg ri wkh lqflghqwdo sdudphwhuv lv qrw vx!flhqwo| frqfhqwudwhg12 Wkh

vdph lqwxlwlrq dssolhv khuh1 Zh zloo qrz vwxg| wkh surshuwlhv ri O
�cU

q
lq rughu wr ghulyh dq

dssur{lpdwh vroxwlrq wr wkh lqflghqwdo sdudphwhu sureohp1 Zlwk vrph dexvh ri wkh qrwdwlrq/

wkh yhfwru O
�cU

q
fdq eh zulwwhq dv iroorzv/

+5, O
�cU

q
@

U
Oqh

ug�U
hug�

=

Ndvv hw do1 +4<<3/ wkhruhp :, jlyh d Odsodfh dssur{lpdwlrq� iru udwlrv ri lqwhjudov1

+6, O
�cU

q
@

U
O�

q
hu

�

g�U
hu

�
g�

@ O�

q
+a�,�

4

5

O�

qbb
+a�,

O�

bb
+a�,

.
4

5

O�

bbb
+a�,O�

qb
+a�,

iO�

bb
+a�,j2

.RR+W
3�,=

Wkh h{sdqvlrq lv ydolg iru zhoo ehkdyhg olnholkrrgv1 Wkh iroorzlqj dvvxpswlrq vwdwhv wkh

uhjxodulw| frqglwlrqv dv zhoo dv wkh vxevwdqwlyh frqglwlrq wkdw wkh olnholkrrg kdv d grplqdqw

shdn dw a�=

Dvvxpswlrq 4= +l, Zlwk suredelolw| rqh/ O�+�> �, lv vl{ wlphv frqwlqxrxvo| gl�huhqwldeoh zlwk

uhvshfw wr �> +ll, zlwk suredelolw| rqh/ O�

q
+�> �, lv irxu wlphv frqwlqxrxvo| gl�huhqwldeoh zlwk

uhvshfw wr �> +lll, wkhuh h{lvw % A 3 vxfk wkdw iru doo �� 5 ^�f�%> �f.%`> olpA<" O�

bb
+��, A �4

dqg olpA<" O�

bb
+��, ? 3> +ly, hlwkhu i�f> �fj lv dq hohphqw ri wkh lqwhulru ri d frqyh{ vhw

� dqg O�+�> �, lv frqfdyh iru doo l ru i�f> �fj 5 � zklfk lv frpsdfw > +y, i�> �j 9@ i�f> �fj

dqg i�> �j 5 � lpsolhv O+�> �, 9@ O+�f> �f, +yl, H+m oqO+�> �,m ?4, iru doo i�> �j 5 � +yll,

wkh ghshqghqw yduldeoh dqg wkh uhjuhvvruv duh hujrglf dqg vwulfwo| vwdwlrqdu| zlwk pdujlqdo

ghqvlw| s+{> |m�> �,=

Wklv dvvxpswlrq lpsolhv wkdw O�

bb
lv sursruwlrqdo wr W= Lq jhqhudo/ O�

bbb
+a�, dqg O�

qb
+a�, duh

RR+W , vr wkdw wkh vhfrqg dqg wklug whup ri htxdwlrq +6, duh RR+4,= Wkxv/
�
A
O
�cU

q
lv RR

�
W3�

�
1

Dyhudjlqj ryhu lqglylgxdov dqg wdnlqj h{shfwdwlrqv |lhogv wkh iroorzlqj ohppd1

Ohppd 4 Ohw Dvvxpswlrq 4 krog1 Wkhq �
�A

HOU

q
lv R

�
W3�

�
=

:



Surri= Vhh dsshqgl{ 41

Ohppd 4 vwdwhv dq rughu uhvxow iru wkh cvfruh* ri wkh lqwhjudwhg olnholkrrg1 Wr ghulyh d

wkhruhp derxw wkh rughu ri wkh dv|pswrwlf eldv/ zh frqvlghu wkh vhfrqg ghulydwlyh ri wkh

lqwhjudwhg olnholkrrg/ �
�A

OU

qq
+��,> lq htxdwlrq +4,= Wklv pdwul{ frqyhujhv wr lwv h{shfwdwlrq

zklfk |lhogv wkh iroorzlqj rughu uhvxow iru wkh dv|pswrwlf eldv1

Wkhruhp 4

Ohw dvvxpswlrqv 4 krog1 Wkhq H+a� � �f, lv R
�
W3�

�
=

Surri= Vhh dsshqgl{ 51

D voljkw dgmxvwphqw ri wkh surri |lhogv wkdw wkh dv|pswrwlf eldv ri wkh pd{lpxp olnholkrrg

lv ri wkh vdph rughu/ R
�
W3�

�
= Wkhruhp 4 lv ri sduwlfxodu lqwhuhvw li wkh rughu ri wkh vtxduhg

eldv lv htxdo ru kljkhu wkhq wkh rughu ri wkh yduldqfh1 Wkh yduldqfh ri a� lv R++WQ,3�, zkhuh

QW lv wkh qxpehu ri revhuydwlrqv1 Wkh vtxduhg eldv lv wkh grplqdqw whup ri wkh phdq

vtxduhg huuru ri a� xqghu wkh iroorzlqj dvvxpswlrq1

Dvvxpswlrq 5= W b Qk zkhuh � � 4=

Dvvxpswlrq 5 vwdwhv wkdw W lqfuhdvhv dw wkh vdph ru vorzhu udwh wkdq Q 1 Frpelqlqj wkh

h{suhvvlrq ri +a� � �f, lq htxdwlrq +4, zlwk wkhruhp 4 dqg dvvxpswlrq 6 |lhogv wkh iroorzlqj

wkhruhp1

Wkhruhp 5

Ohw dvvxpswlrqv 405 krog1 Wkhq a� � �f lv RR

�
W3�

�
=

Surri= Vhh dsshqgl{ 61

Wkhruhp 5 vwdwhv wkdw wkh lqwhjudwhg olnholkrrg lv frqvlvwhqw zlwk RR

�
W3�

�
> dqg wkdw wkh

udwh ri frqyhujhqfh grhv qrw ghshqg rq krz idvw Q lqfuhdvhv dv orqj dv � � 41 Lw iroorzv iurp

wkhruhp 4 wkdw wklv vorz udwh ri frqyhujhqfh lv wkh uhvxow ri wkh dv|pswrwlf eldv1 Lq rwkhu

zrugv/ wkhruhp 4 jlyhv wkh ghjuhh ri lqfrqvlvwhqf| ri wkh lqwhjudwhg olnholkrrg hvwlpdwru/

R
�
W3�

�
> dqg wkhuhe| vwdwhv dq rughu uhvxow iru wkh lqflghqwdo sdudphwhu sureohp1 Lw iroorzv
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iurp Oldqj +4<;:, dqg Ihujxvrq +4<<4, wkdw wkh ghjuhh ri lqfrqvlvwhqf| ri wkh pd{lpxp

olnholkrrg hvwlpdwru lv ri wkh vdph rughu/ R
�
W3�

�
= Wkh �lqyduldqfh uhvxow� ri wkh pd{lpxp

olnholkrrg hvwlpdwru lpsolhv wkdw uhsdudphwul}dwlrqv gr qrw fkdqjh wkh hvwlpdwhv1 Lq sdu0

wlfxodu/ dq lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrq zrxog |lhog wkh vdph hvwlpdwhv iru � dv

d sdudphwul}dwlrq wkdw lv qrw lqirupdwlrq0ruwkrjrqdo1 Krzhyhu/ wkh lqwhjudwlqj rxw phwkrg

grhv qrw kdyh wklv lqyduldqfh surshuw| dqg lq wkh qh{w vhfwlrq zh vkrz wkdw lqirupdwlrq0

ruwkrjrqdolw| fdq uhgxfh wkh lqfrqvlvwhqf| wr R+W32, iru wkh lqwhjudwhg olnholkrrg hvwlpdwru1

# ���!�$��%&��" ������� �!� ������������" �� ����5�

Lq wklv vhfwlrq/ zh vkrz wkdw lqirupdwlrq0ruwkrjrqdolw| uhgxfhv wkh lqfrqvlvwhqf| ri wkh

lqwhjudwhg olnholkrrg hvwlpdwru iurp R+W3�, wr R+W32,= D sdudphwul}dwlrq ri wkh olnholkrrg

lv lqirupdwlrq0ruwkrjrqdo li wkh lqirupdwlrq pdwul{ lv eorfn gldjrqdo1 Wkdw lv

HOqb+�f> �f, @ 3

l1h1]
+4@ 

+
4�?

Oqb+�f> �f,h
uEq

f
cbf�g| @ 3>

zkhuh | ghqrwhv wkh ghshqghqw yduldeoh/ | 5 ^|4�?> |4@ ` dqg i�f> �fj ghqrwh wkh wuxh ydoxh

ri wkh sdudphwhuv1 Fr{ dqg Uhlg +4<;:, dqg Mh�uh|v +4<94, xvh wklv frqfhsw dqg uhihu wr lw

dv cruwkrjrqdolw|*1 Zh suhihu wkh whup lqirupdwlrq0ruwkrjrqdolw| wr glvwlqjxlvk lw iurp wkh

rwkhu ruwkrjrqdolw| frqfhswv dqg wr vwuhvv wkdw lw lv gh�qhg lq whupv ri wkh surshuwlhv ri

wkh lqirupdwlrq pdwul{1 Vhh Wlevkludql dqg Zdvvhupdq +4<<7, dqg Zrxwhuvhq +5333, iru dq

ryhuylhz ri ruwkrjrqdolw| frqfhswv1

Fkdpehuodlq +4<;7,/ dqg Duhoodqr dqg Krqruì +5334, uhylhz sdqho gdwd hfrqrphwulfv

lq wkhlu kdqgerrn fkdswhuv1 Doo exw wzr ri wkhlu prghov fdq eh zulwwhq lq lqirupdwlrq0

ruwkrjrqdo irup1e Lqirupdwlrq ruwkrjrqdolw| fdq uhtxluh wr wulp wkh glvwulexwlrq ri wkh huuru

whup ru wr qrupdol}h wkh uhjuhvvruv1 Iru h{dpsoh/ wkh olqhdu prgho zlwk h{rjhqrxv uhjuhvvruv

lv lqirupdwlrq0ruwkrjrqdo li zh qrupdol}h wkh uhjuhvvruv wr kdyh phdq }hur/
S

|
{�| @ 3> iru doo

l= Qrupdol}lqj uhjuhvvruv fdq eh ylhzhg dv d uhsdudphwul}dwlrq ri wkh olnholkrrg/ vhh dsshqgl{

<



7 iru ghwdlov1 Lq jhqhudo/ ohw wkh lqglylgxdo qxlvdqfh sdudphwhu wkdw lv qrw lqirupdwlrq0

ruwkrjrqdo eh ghqrwhg e| i=Zh fdq lqwhusuhw i dv d ixqfwlrq ri � dqg lqirupdwlrq0ruwkrjrqdo

�> i+�> �,> dqg zulwh wkh orj olnholkrrg dv O+�> i+�> �,,= Gl�huhqwldwlqj O+�> i+�> �,, zlwk

uhvshfw wr � dqg � |lhogv

CO+�> i+�> �,,

C�
@ Oq . Os

Ci

C�

C2O+�> i+�> �,,

C�C�
@ Osq

Ci

C�
. Oss

Ci

C�

Ci

C�
. Os

C2i

C�C�

zkhuh Os lv d vfruh dqg wkhuhiruh HOs @ 3= Lqirupdwlrq ruwkrjrqdolw| uhtxluhv wkh furvv0

ghulydwlyh
Y
2
uEqcsEqcb��
YbYq

wr eh }hur lq h{shfwdwlrq/ l1h1

HOqb @ HOsq

Ci

C�
.HOss

Ci

C�

Ci

C�
@ 3=

Wklv lpsolhv wkh iroorzlqj gl�huhqwldo htxdwlrq

+7, HOsq .HOss

Ci

C�
@ 3=

Li htxdwlrq +7, kdv dq dqdo|wlfdo vroxwlrq wkhq O+�> i+�> �,, lv dq h{solflw ixqfwlrq ri i�> �j

dqg zh uhihu wr vxfk d sdudphwul}dwlrq dv dq h{solflw sdudphwul}dwlrq1 Lq prvw fdvhv/ krzhyhu/

htxdwlrq +7, kdv dq lpsolflw vroxwlrq dqg zh kdyh wr uhfryhu wkh Mdfreldq Yb

Ys
iurp wklv

lpsolflw vroxwlrq1 Lq wklv fdvh/ O+�> �, kdv dq lpsolflw sdudphwul}dwlrq1 Wkh jhqhudo qrqolqhdu

prgho dqg wkh vlqjoh lqgh{ prgho kdyh dq lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrq wkdw lv

lpsolflw/ dv vkrzq lq dsshqgl{ 81 Wkh frqglwlrqdo olnholkrrg dssurdfk ri Fr{ dqg Uhlg

+4<;:, lqyroyhv pd{lpl}lqj wkh olnholkrrg zlwk uhvshfw wr lwv dujxphqwv dqg Fr{ dqg Uhlg

+4<;: dqg 4<<6, dv zhoo dv Odqfdvwhu +5333, rqo| frqvlghu h{solflw sdudphwul}dwlrqv1 Dq

lpsolflw olnholkrrg fdoov iru d Ed|hvldq iudphzrun lq zklfk zh lqwhjudwh rxw wkh lpsolflwo|

gh�qhg qxlvdqfh sdudphwhuv1 Zh wkxv h{whqg wkh lqwhjudwhg olnholkrrg dssurdfk wr lpsolflwo|

gh�qhg olnholkrrgv1 Iru wkh uhpdlqghu ri wkh sdshu/ zh dvvxph lqirupdwlrq0ruwkrjrqdolw|1

Dvvxpswlrq 6= HOqb+�f> �f, @ 3=

Xvlqj wkh Odsodfh dssur{lpdwlrq ri htxdwlrq +6, dqg wdnlqj h{shfwdwlrqv jlyhv
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Jlyhq wkdw lqirupdwlrq0ruwkrjrqdolw| lv gh�qhg dw wkh wuxh ydoxh/ �f> zh xvh d Wd|oru h{0

sdqvlrq wr zulwh wkh dssur{lpdwlrq ri HO
�cU

q
dv d ixqfwlrq ri �f= Zh rplw wkh dujxphqw li

� @ �f dqg ljqruh whupv wkdw duh R+W3�,= Wklv |lhogv

+9, HO
�cU
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q
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qb
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b
. O�

qbb

O�

bb
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bb
� +O�
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bb

ji
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bbb
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vhh dsshqgl{ 9 iru ghwdlov1 Wkh }hur vfruh surshuw| lpsolhv wkdw HO�

q
@ 3= Wkh qh{w wzr

ohppdv vkrz wkdw lqirupdwlrq0ruwkrjrqdolw| lpsolhv wkdw wkh odvw wzr whupv ri htxdwlrq +9,

duh erwk R+W3�,= Wkh lqwxlwlrq iru htxdwlrq +9, ehlqj R+W3�, lv wkdw wkh odvw wzr whupv

zrxog ydqlvk li Oqb+�, @ 3 iru doo �= Wkdw lv/ Oqb+�, @ 3 iru doo � lpsolhv Oqbb @ 3 dqg

Oqb @ 3= Zh rqo| dvvxph wkdw HOqb @ 3 exw wklv lv hqrxjk wr hqvxuh wkdw HOU

q
lv R+W3�,=

Zh jlyh wklv uhvxow lq wzr ohppd*v1

Ohppd 5 Li HO�

qb
@ 3 wkhq Hi

u
�
qb

u
�
b
nu�

qbb

u
�
bb

j lv R+W3�,=

Surri= Gl�huhqwldwlqj erwk vlghv ri wkh htxdwlrqHO�

qb
@ 3 zlwk uhvshfw wr � jlyhvHiO�

qb
O�

b
.

O�

qbb
j @ 3> vhh dsshqgl{ : iru ghwdlov1

Ohppd 6 Li HO�

qb
@ 3 wkhq H^i

u
�
bb
3Eu�

b
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u
�
bb

ji
u
�
bbb

u
�
qb
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bb
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j` lv R+W3�,=

Surri= HO�

qb
@ 3 lpsolhv wkdw HO�

qb
@ 3 lv R+

s
W ,> vhh dsshqgl{ ; iru ghwdlov1

Frpelqlqj ohppd 5 dqg 6 zlwk wkh h{sdqvlrqv ri wkh odvw vhfwlrq jlyhv d wkhruhp derxw wkh

uhgxfhg dv|pswrwlf eldv ri wkh lqwhjudwhg olnholkrrg hvwlpdwru1

Wkhruhp 6

Ohw dvvxpswlrqv 406 krog1 Wkhq Ha� � �f lv R
�
W32

�
=

Surri= Vhh dsshqgl{ <1

E| uhgxflqj wkh rughu ri wkh eldv/ wkhruhp 6 dovr olplwv wkh uhjlrq lq wkh vsdfh ri dv|ps0

wrwlfv iru zklfk wkh eldv lv wkh grplqdqw whup ri wkh phdq vtxduhg huuru1 Wklv lv uh hfwhg

lq wkh idfw wkdw wkh iroorzlqj dvvxpswlrq lv vwurqjhu wkdq dvvxpswlrq 61

Dvvxpswlrq 7= W b Qk zkhuh � � �
� =
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Wkhruhp 7

Ohw dvvxpswlrqv 4/ 6 dqg 7 krog1 Wkhq a� � �f lv RR

�
W32

�
=

Surri= Vhh dsshqgl{ 431

E| uhgxflqj wkh ghjuhh ri lqfrqvlvwhqf| wr R
�
W32

�
dqg lqfuhdvlqj wkh udwh ri frqyhujhqfh

wr W 2> wkhruhp 6 dqg 7 jlyh dq dssur{lpdwh vroxwlrq wr wkh lqflghqwdo sdudphwhu sureohp

ri Qh|pdq dqg Vfrww +4<7;,1 Dq dwwudfwlyh ihdwxuh ri wklv cvroxwlrq* lv wkdw lw lv olnholkrrg

edvhg dqg jlyhv h{dfw lqihuhqfh lq vpdoo vdpsohv1 Lq frqwudvw/ eldv0fruuhfwlrq dqg prvw JPP

phwkrgv gr qrw kdyh wklv h{dfw lqihuhqfh ihdwxuh dqg fdq eh vhqvlwlyh wr wkh fkrlfh ri dv|ps0

wrwlfv1 Wkh dxwkru ylhzv wkh lqwhjudwhg olnholkrrg dv d frqyhqlhqw zd| wr ghulyh prphqwv

wkdw fdq eh urexvw djdlqvw plvvshfl�fdwlrq ri wkh sdudphwulf huuru whup1 Lq sduwlfxodu/ wkh

sdudphwulf dvvxpswlrqv rq wkh huuru whup duh luuhohydqw iru wkh prghov zlwk dgglwlyh huuru

whupv wkdw duh glvfxvvhg lq Duhoodqr dqg Krqruì +5334,1 Jlyhq wkdw prvw sdqho gdwdvhwv

kdyh pruh lqglylgxdov wkdq wlph shulrgv/ zh dujxh lq wkh qh{w vxevhfwlrq wkdw wkh uhohydqw

olplwlqj glvwulexwlrq kdv W lqfuhdvlqj dw d vorzhu udwh wkdq Q= Zh vkrz wkdw wkh lqwhjudwhg

olnholkrrg hvwlpdwru lv dgdswlyh li W b Qk
zkhuh � A �

�
1 Lq vhfwlrq 7/ zh glvfxvv sulruv rq

� wkdw duh qrw  dw1 Zh fdq lqwhusuhw wkhvh sulruv dv pl{lqj glvwulexwlrqv dqg glvfxvv krz

wkhruhpv 6 dqg 7 fdq eh xvhg wr lqfuhdvh urexvwqhvv djdlqvw wkh fkrlfh ri pl{lqj glvwulexwlrq1

#'� 	�%���(� ����)%����

Doyduh} dqg Duhoodqr +4<<;, ghyhors dq dowhuqdwlyh dv|pswrwlf zkhuh W dqg Q lqfuhdvh dw

wkh vdph udwh1 Jlyhq wkdw W lv vpdoohu wkdq Q lq prvw sdqho gdwd/ zh suhihu dq dv|pswrwlf

wkdw lqfoxghv fdvhv lq zklfk W lqfuhdvhv dw d vorzhu udwh wkdq Q 1 Wkxv/ zh wkhuhiruh dvvxph

wkh iroorzlqj wkurxjkrxw wklv vxevhfwlrq

Dvvxpswlrq 8= W b Qk zkhuh � A �
�
dqg HOqb @ 31

Lq wklv dv|pswrwlf/ wkh lqwhjudwhg olnholkrrg hvwlpdwru lv dv|pswrwlfdoo| xqeldvhg/ qru0

pdoo| glvwulexwhg dqg dgdswlyh1 Wkhruhp 6 vwdwhv wkdw +Ha� � �f, lv R+W32,= Wkxv/ xqghu
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dvvxpswlrq 4/ 5 dqg 8 zh kdyh

+:,

s
QW +Ha� � �f, @ R+

u
Q

W �
, @ r+4, iru Q>W $4=

Htxdwlrq +:, vkrzv wkdw wkh lqwhjudwhg olnholkrrg hvwlpdwru lv dv|pswrwlfdoo| xqeldvhg1 Xvlqj

wklv xqeldvhgqhvv uhvxow/ lw fdq eh hdvlo| vkrzq wkdw wkh lqwhjudwhg olnholkrrg hvwlpdwru a�

kdv wkh iroorzlqj dv|pswrwlf glvwulexwlrq1

s
QW +a� � �f,$ Q +3>�,

zkhuh

+;, � @ olp
�cA<"

^
4

QW
OUqq `

3�^
4

QW
+OUq,+O
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q,
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4

QW
OUqq`

3�=

Lq wkh uhpdlqghu ri wklv vxevhfwlrq/ zh vkrz wkdw � htxdov wkh yduldqfh0fryduldqfh pdwul{ ri

wkh pd{lpxp olnholkrrg hvwlpdwru iru nqrzq ydoxhv ri wkh qxlvdqfh sdudphwhuv1 H!flhqf| ri

wkh lqihdvleoh pd{lpxp olnholkrrg hvwlpdwru lpsolhv dgdswlyhqhvv ri wkh lqwhjudwhg olnholkrrg

hvwlpdwru1 Zh �uvw vkrz wkdw wkh yduldqfh0fryduldqfh pdwul{ ri htxdwlrq +;, fdq eh vlpsol�hg

wr � @ ^ �
�A

Hi+OU
q
,+OU

q
,�j`3�= Wkh Khvvldq ri wkh lqwhjudwhg olnholkrrg hvwlpdwru kdv wkh

iroorzlqj irup1

O
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q
hu
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g�U
hu

�
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@
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q
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�,hu
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g�U
hu

�
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�
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�

+O�cU
q
,+O�cU

q
,�=

D Odsodfh dssur{lpdwlrq dqg wkh lqirupdwlrq htxdolw| |lhogv wkdw
�
�A

S
�
i
U
Eu�
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nu�

q
u
�
q
��eu

�
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U
eu
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lv rR+W
3�*2,> vhh dsshqgl{ 44 iru ghwdlov1 Wklv |lhogv

+<,
4

QW
HOUqq @ �

4

QW
HOUqO

U

q

� . r+W3�*2,=

Wkxv/ wkh yduldqfh0fryduldqfh pdwul{ ri htxdwlrq +;, vlpsol�hv lq rxu dv|pswrwlfv
D
lq zklfk

W b Qk
zkhuh � A �

� >

� @ olp
�cA<"

4

QW
H^i+OUq,+O

U

q,
�j`3�=
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Wkh Odsodfh dssur{lpdwlrq jlyhv

O
�cU

q
@ O�q .U�

zkhuh dsshqgl{ 4 vkrzv wkdw U�
lv RR+4, dqg ohppd 5 dqg 6 lpso| wkdw HU�

lv R+W3�,=

Wkxv

OU
qs
QW

@

S
�
O�
qs

QW
.RR+W

3�*2, .R+

u
Q

W �
,

@
Oqs
QW

. rR+4,=

Wkhuhiruh/

4

QW
Hi+OUq,+O

U

q,
�j @

4

QW
HiOqOq �j. r+4,=

Wklv odvw htxdwlrq vwdwhv wkdw wkh dv|pswrwlf yduldqfh ri wkh lqwhjudwhg olnholkrrg hvwlpdwru

htxdov wkh dv|pswrwlf yduldqfh ri wkh pd{lpxp olnholkrrg hvwlpdwru iru �f nqrzq1 Zh

vxppdul}h wkh �qglqjv ri wklv vxevhfwlrq lq wkh iroorzlqj wkhruhp1

Wkhruhp 8

Ohw dvvxpswlrqv 4/ dqg 8 krog1 Ohw wkh dv|pswrwlf yduldqfh ri a��u @ dujpd{q O+�> �f,

htxdo � @ �
�A

HiOqOq �j= Wkhq wkh lqwhjudwhg olnholkrrg hvwlpdwru a� lv dq dgdswlyh hvwlpdwru

dqg
s
QW +a� � �f,$_ Q +3>�,=

Surri= Vhh dsshqgl{ 451

Wkhruhp 8 vwdwhv wkdw nqrzohgjh ri �f> wkh wuxh ydoxh ri wkh qxlvdqfh sdudphwhu/ grhv qrw

fkdqjh wkh dv|pswrwlf yduldqfh1 Wklv lpsolhv wkdw wkh lqwhjudwhg olnholkrrg hvwlpdwru lv

dgdswlyh dqg lv wkhuhiruh h!flhqw1 Vhh Elfnho +4<;5,/ Qhzh| +4<<3, dqg Elfnho/ Noddvvhq/

Ulwry dqg Zhooqhu +4<<6, iru dq ryhuylhz ri dgdswlyh hvwlpdwlrq1 Qrwh wkdw wkh qxlvdqfh

sdudphwhuv duh qrw lghqwl�hg lq wkh vhqvh wkdw
s
QW +a� � �f, @ RR+

s
Q, dqg wkhuhiruh

lqfuhdvhv zlwk Q= Qhyhuwkhohvv/ wkh dvvxphg dv|pswrwlfv dqg HOqb @ 3 hqvxuh wkdw wkh

lqwhjudwhg olnholkrrg hvwlpdwru lv dgdswlyh1 Wkhruhp 8 h{foxghv vxshufrqvlvwhqw hvwlpdwruv

e| dvvxplqj wkdw a��u frqyhujhv dw wkh udwh ri
s
QW= Vxshufrqvlvwhqf| xvxdoo| lpsolhv wkdw
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Oq lv RR+W , dqg ^Oqq `
3�

lv RR+W
2,= Xvlqj wkh dssur{lpdwlrqv ri htxdwlrq +6, dqg +<, vkrzv

wkdw OU
q
lv RR+W , dqg ^OU

qq
`3� lv RR+W

2, xqghu uhjxodulw| frqglwlrqv1 Wklv lpsolhv wkdw wkh

lqwhjudwhg olnholkrrg lv vxshufrqvlvwhqw iru wkrvh fdvhv1 Xqlw urrwv duh xvxdoo| vwxglhg lq

olqhdu prghov vr zh frqfoxgh wklv vhfwlrq e| frqvlghulqj wkh g|qdplf olqhdu prgho zlwk �{hg

h�hfwv=

|�| @ |�c|3�� . i� . %�| zkhuh H%�| @ 3>H%2�| ?4 iru H%�r%�| @ 3 iru v 9@ w dqg w @ 4> ===> W=

Odqfdvwhu +5333, frqglwlrqv rq |�f dqg vxjjhvwv wkh iroorzlqj lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrq/
S

i� @ |�f+4� �, . ��h
3KEq�

zkhuh e+�, @
4

W

A[
|'�

W � w

w
�|=

Dqdorjxh wr wkh txdvl0pd{lpxp olnholkrrg hvwlpdwru ri Zklwh +4<;5,/ zh dvvxph qrupdolw|

ri wkh huuru whupv lq rughu wr ghulyh wkh lqwhjudwhg olnholkrrg hvwlpdwru1 Wkh hvwlpdwru/

krzhyhu/ ghshqgv rqo| rq wkh �uvw wzr prphqwv ri |�| dqg lv vxshufrqvlvwhqw lq wkh vhqvh

wkdw W
s
Q+a� � �, @ RR+4,/ vhh dsshqgl{ 46 iru ghwdlov1 Lq wkh qh{w vhfwlrq/ zh vkrz wkdw

wkh g|qdplf olqhdu prgho ehorqjv wr d fodvv ri prghov iru zklfk wkh lqwhjudwhg olnholkrrg

hvwlpdwru lv frqvlvwhqw iru �{hg W dqg Q $4=

#'� *���� � 	�")�������

Vxssrvh wkdw W lv udwkhu vpdoo vr wkdw dq dv|pswrwlfv lq zklfk W b Qk
zkhuh � A �

�
lv qrw

vdwlvidfwru|1 Deryh zh vkrzhg krz wr uhgxfh wkh lqfrqvlvwhqf| iurp RR+W
3�, wr RR+W

32,

dqg lq wklv vhfwlrq zh glvfxvv d fodvv ri prghov iru zklfk zh fdq ghulyh frqvlvwhqw hvwlpdwruv

iru W ehlqj frqvwdqw dqg Q $ 4= Qrwh wkdw zh fdq vshfli| dq lqghshqghqw
.
sulru rq wkh

lqirupdwlrq0ruwkrjrqdo � zlwkrxw fkdqjlqj wkh uhvxowv ri wkh odvw vhfwlrqv= H Y2u

YqYb
@ 3 lpsolhv

H
Y
2tun*?ZEb��

YqYb
@ 3 dqg wkh hduolhu wkhruhpv vwloo krog1 Krzhyhu/ wkh lqwhjudwhg olnholkrrg

frqwulexwlrq fkdqjhv voljkwo|=

O�cU+�, @ oq

]
1
��+�,g�=

Zh gh�qh d sulru �+�, wr eh d iuhtxhqwlvw sulru li H
U
uqe

u
ZEb�_bU

euZEb�_b
@ 31 D iuhtxhqwlvw sulru fdq

vrphwlphv eh irxqg e| d uhsdudphwul}dwlrq1 Vxssrvh zh kdyh wzr lqirupdwlrq0ruwkrjrqdo
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sdudphwul}dwlrqv/ ~�> �j dqg ~�> �Wj= Frqvlghu wkh iroorzlqj fkdqjh ri yduldeoh

OU+�, @ oq

]
1
�g�

@ oq

]
1
�
C�

C�W
g�W=

Wkh Mdfreldq
Yb

Yb
W fdq eh lqwhusuhwhg dv d sulru rq �

W
lq wkh vhqvh wkdw dvvxplqj wkh sulru

Yb

Yb
W

lv htxlydohqw wr d uhsdudphwul}dwlrq1 Vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri d iuhtxhqwlvw

sulru fdq eh vwdwhg lq whupv ri
Yb

Yb
W ru lq whupv ri d fkdudfwhul}dwlrq ri ~�> �j1 Wkh qh{w

wkhruhp vwdwhv d sulplwlyh frqglwlrq iru frqvlvwhqf| rq wkh sdudphwul}dwlrq ~�> �j1

Wkhruhp 9

Vxssrvh HOqb @ 3/ Oqbb @ 3> dqg HOqb�� @ 3 zkhuh �� ghqrwhv wkh srvwhulru phdq1 Ohw

dvvxpswlrq 4 krog dqg wkh vroxwlrq wr HOU
q
+�, @ 3 eh xqltxh1 Dvvxph wkdw Q $4 dqg wkdw

W lv �{hg1 Wkhq
s
Q+a� � �f,$ Q +3>�,

zkhuh

� @ ^
4

QW
HOUqq `

3�^
4

QW
Hi+OUq,+O

U

q,
�j`^

4

QW
HOUqq `

3�=

Surri= Vhh dsshqgl{ 47

H{dpsohv ri prghov zkhuh wkh dvvxpswlrq ri wkhruhp 9 krog duh wkh h{srqhqwldo prgho

zlwk kd}dug i�h
%�|q/ wkh Srlvvrq prgho/ dqg wkh g|qdplf olqhdu prgho zlwk �{hg h�hfwv wkdw

zh glvfxvvhg lq wkh odvw vhfwlrq1 Lw fdq eh hdvlo| vkrzq wkdw wkh vkdsh ri wkh iuhtxhqwlvw

sulru ghshqgv rq wkh sdudphwul}dwlrq1 Xvlqj d iuhtxhqwlvw sulru |lhogv d frqvlvwhqw hvwlpdwru

iru Q $ 4 dqg dq dgdswlyh hvwlpdwru iru W b Qk
zkhuh � A �

�
= Zh uhwxuq wr �{hg W

dv|pswrwlfv lq vhfwlrq 915 lq zklfk zh vkrz wkdw wkh lqwhjudwhg olnholkrrg hvwlpdwru fdq eh

ylhzhg dv d jhqhudol}dwlrq ri wkh vx!flhqf| sulqflsoh1

+ ������ %�� �����$ 
�����,������

Lq �{hg h�hfw prghov/ wkh dqdo|vlv lv frqglwlrqdo rq wkh �{hg h�hfwv1 Wkhuhiruh/ wkh glvwule0

xwlrq ri wkh �{hg h�hfwv lv qrw vshfl�hg
H
dqg grhv qrw qhhg wr eh hvwlpdwhg1 Dq dowhuqdwlyh
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hvwlpdwlrq vwudwhj| lv wr hvwlpdwh wkh sdudphwhuv ri lqwhuhvw dqg wkh glvwulexwlrq ri wkh khw0

hurjhqhlw| vlpxowdqhrxvo|1 Vxfk prghov duh xvxdoo| uhihuuhg wr dv cudqgrp h�hfw* ru cpl{lqj*

prghov/ vhh Kvldr +4<;9, iru dq ryhuylhz1 Reylrxvo|/ wkh idfw wkdw wkh pl{lqj glvwulexwlrq

lv xqrevhuyhg frpsolfdwhv lwv hvwlpdwlrq1 Kvldr +4<;9,/ Odqfdvwhu +4<<3, dqg Ydq ghq Ehuj

+5333, dujxh wkdw wkh hvwlpdwhv ri wkh sdudphwhu ri lqwhuhvw duh vhqvlwlyh wr wkh fkrlfh ri

pl{lqj glvwulexwlrq1 Vr wkhuh lv dujxdeo| d qhhg iru vrph urexvwqhvv djdlqvw d zurqj fkrlfh

ri pl{lqj glvwulexwlrq ru lwv lpsuhflvh hvwlpdwlrq1 Lqwhjudwlqj rxw �{hg h�hfwv lv irupdoo|

htxlydohqw wr d cudqgrp h�hfwv* prgho zlwk d sulru glvwulexwlrq sod|lqj wkh uroh ri d pl{lqj

glvwulexwlrq dqg zh xvh wklv idfw h{whqvlyho| lq wklv vhfwlrq1 Zh vkrz wkdw wkh dgdswlyhqhvv

dqg RR+W
32,0uhvxow ri wkh suhylrxv vhfwlrq dovr krog iru wkh udqgrp h�hfwv prgho li rqh

vshfl�hv wkh pl{lqj glvwulexwlrq dv d ixqfwlrq ri wkh ruwkrjrqdo qxlvdqfh sdudphwhu1

Ohw � eh wkh sdudphwhu yhfwru ghvfulelqj wkh pl{lqj glvwulexwlrq dqg ohw wkh orjdulwkp

ri wkh pl{lqj glvwulexwlrq eh ghqrwhg e| P+�> �, zkhuh P+�> �, lv erxqghg dqg � grhv qrw

frqwdlq hohphqwv ri wkh frpprq sdudphwhu �1 Li zh lqwhusuhw P+�> �, dv d sulru wkhq lw lv

d ixqfwlrq ri � rqo|1 Lqwhjudwlqj rxw wkh pl{lqj glvwulexwlrq ru sulru jlyhv dq clqwhjudwhg

olnholkrrg* dv d ixqfwlrq ri wkh frpprq sdudphwhuv1 Dqdorjxh wr wkh odvw vhfwlrq/ zh kdyh
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Qrwh wkdw Pbb lv RR+4, dqg wkhuhiruh
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vhh dsshqgl{ 48 iru ghwdlov1 Wklv |lhogv

+43, O
�cU

q
@ O�q+

a�,�
Pb+a�,O

�

b
+a�,

O�
bb
+a�,

�
4

5

O�
qbb

+a�,

O�
bb
+a�,

.
4

5

O�
qb
+a�,O�

bbb
+a�,

iO�
bb
+a�,j2

.RR+W
3�,=

4:



Xqghu fhuwdlq uhjxodulw| frqglwlrqv jlyhq ehorz/
�bE	b�u

�
b
E	b�

u�
bb

E	b�
lv R+W3�*2, dqg H+

�bE	b�u
�
b
E	b�

u�
bb

E	b�
,

lv R+W3�,= Wkxv/ ljqrulqj wkh pl{lqj glvwulexwlrq jlyhv wkh vdph Odsodfh dssur{lpdwlrq

dv lq suhylrxv vhfwlrqv1 Diwhu lqwhjudwlqj rxw wkh pl{lqj glvwulexwlrq ru sulru zh kdyh d

ixqfwlrq/ OU > wkdw ghshqgv rqo| rq wkh frpprq sdudphwhuv1 Wklv glvwulexwlrq frqfhqwudwhv

dqg wkhuhiruh lwv prgh dqg pdujlqdo srvwhulru jlyh/ dv|pswrwlfdoo|/ wkh vdph lqihuhqfhv iru

�= Wkh iroorzlqj wkhruhp vwdwhv wkdw xvlqj d qrq0 dw sulru ru pl{lqj glvwulexwlrq P grhv

qrw h�hfw wkh uhvxowv ri wkhruhp 7 dqg 8 lq wkh vhqvh wkdw wkh udwh ri frqyhujhqfh lv W 2
li

W b Qk
zkhuh � � �

�
dqg wkh hvwlpdwru lv dgdswlyh li � A �

� =

Dvvxpswlrq 9= Wkh pl{lqj glvwulexwlrq P lv d ixqfwlrq ri � dqg � zkhuh i� ^ �j @ >= Li

P lv lqwhusuhwhg dv wkh orjdulwkp ri d sulru wkhq P lv d ixqfwlrq ri � rqo|1 Zlwk suredelolw|

rqh/ P lv wzr wlphv frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr �= Ohw 3 � h� ?4 eh erxqghg

ryhu wkh zkroh grpdlq ri � dqg � dqg ohw h�E�fcbf� A 3=

Wkhruhp :

Ohw dvvxpswlrqv 4/ 6/ 7 dqg 9 krog1 Ohw

ia�> a�j @ dujpd{
qc�

4

QW

[
�

oq

]
hu

�n�g�=

Wkhq a� � �f lv RR

�
W32

�
=

Ohw dvvxpswlrqv 4/ 8 dqg 9 krog1 Ohw wkh dv|pswrwlf yduldqfh ri a��u @ dujpd{q O+�> �f,

htxdo � @ �
�A

HiOqOq �j= Wkhq wkh lqwhjudwhg olnholkrrg hvwlpdwru a� lv dgdswlyh dqg

s
QW +a� � �f,$_ Q +3>�,=

Surri= Dvvxpswlrq 4 hqvxuhv lghqwl�fdwlrq dqg dvvxpswlrq 9 lpsolhv wkdw wkh ghulydwlyh

ri wkh orjdulwkp fdq eh dssur{lpdwhg e| wkh Odsodfh dssur{lpdwlrq ri htxdwlrq +6,1 Wkh

suhylrxv wkhruhpv xvh wkh vdph dssur{lpdwlrq dqg wkh uhvxow iroorzv lpphgldwho|1

Dq lqwxlwlrq iru wkhruhp : lv wkdw � lv clqirupdwlrq0ruwkrjrqdo* wr doo rwkhu sdudphwhuv

lq wkh vhqvh wkdw

4;



C2O+�> �, .P+�> �,

C�C�
@ 3 dqg H

C2O+�> �, .P+�> �,

C�C�
@ 3=

Lq wklv lqwhusuhwdwlrq/ � fdq eh ylhzhg dv dqrwkhu qxlvdqfh sdudphwhu wkdw lv lqirupdwlrq0

ruwkrjrqdo wr �= Frqvhtxhqwo|/ wkh lqfrqvlvwhqf| ri wkh hvwlpdwh ri a� pxvw eh R
�
W32

�
=

Pxqgodn +4<:;, lqfuhdvhv wkh urexvwqhvv ri d udqgrp h�hfwv hvwlpdwru e| doorzlqj iru

fruuhodwlrq ehwzhhq wkh udqgrp h�hfw � dqg wkh phdq ri wkh h{rjhqrxv uhjuhvvruv/ �{� @

�
A

S
{�|1 Pxqgodn frqvlghuv rqo| wkh olqhdu prgho dqg zulwhv wkh udqgrp h�hfw � dv d

olqhdu ixqfwlrq ri �{� soxv udqgrp qrlvh1 Fkdpehuodlq +4<;3 dqg 4<;5, jlyhv uhdvrqv zk| wkh

�{hg h�hfw pljkw ghshqg rq {� rwkhu wkdq wkurxjk �{�= Frqvlghu zulwlqj wkh �{hg h�hfw dv

�� @ y+{�> �, . � zkhuh y+{�> �, lv d frqwlqxrxv ixqfwlrq lq � dqg � kdv d glvwulexwlrq wkdw

grhv qrw ghshqg rq � ru {�= Vxssrvh zh zdqw wr hvwlpdwh wkh iroorzlqj prgho

|�| @ {�|� . �� . %�| zkhuh %�| � Q+3> �2, dqg �� @ y+{�> �, . �>

zkhuh {�| lv d yhfwru ri h{rjhqrxv uhjuhvvruv1 Wkh glvwulexwlrqdo dvvxpswlrqv duh qrw uhvwulf0

wlyh vlqfh wkh lqwhjudwhg olnholkrrg phwkrg |lhogv d surmhfwlrq hvwlpdwru iru wkh olqhdu prgho

zlwk h{rjhqrxv uhjuhvvruv1 E| zulwlqj wkh olnholkrrg dv d ixqfwlrq ri �{�| @ {�|� �{� zh hqvxuh

ruwkrjrqdolw| ehwzhhq � dqg �=

C2O

C�C��
@
[
|

�{�| @ 3=

Zh fdq zulwh wkh hvwlpdwlrq sureohp lq wkh irup

+44, pd{
qcwc�

]
huEqcb�n�Ewc�cb�g�>

zkhuhP+�> �> �, lv lpsolhg e| y+{�> �, dqg wkh glvwulexwlrq ri �= Wkh uhtxluhphqwv ri wkhruhp

: duh vdwlv�hg dqg � fdq eh hvwlpdwhg xs wr RR+W
32, ru dgdswlyho|= Wklv dssur{lpdwlrq

uhvxow krogv iru doo prghov iru zklfk zh fdq �qg dq h{solflw sdudphwul}dwlrq ri wkh qxlvdqfh

sdudphwhu1 Wkhuhiruh/ htxdwlrq +44, zlwk dq lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrq lv d

jhqhudol}dwlrq ri Pxqgodn*v +4<:;, iudphzrun wr qrqolqhdu prghov1 Wkxv/ vshfli|lqj wkh

sulru ru pl{lqj glvwulexwlrq lq whupv ri dq lqirupdwlrqdo ruwkrjrqdo qxlvdqfh sdudphwhu

|lhogv d urexvw dqg srwhqwldoo| dgdswlyh hvwlpdwru1
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Lq wklv vhfwlrq zh glvfxvv wzr h{dpsohv1 Wkh h{dpsoh ri wkh jdppd glvwulexwlrq looxvwudwhv

wkdw wkh lqfrqvlvwhqf| ri wkh lqwhjudwhg olnholkrrg hvwlpdwru lv RR+W
32,= Wkh vhfrqg h{dpsoh

lv dq clqihuhqfh sureohp* e| Qh|pdq dqg Vfrww +4<7;, dqg zh vkrz wkdw wkh lqwhjudwhg

olnholkrrg surylghv d qdwxudo vroxwlrq wr wklv sureohp1

-'� 
%))% ������,����� .��! ����(���%& �%�%)�����

Frqvlghu wkh jdppd glvwulexwlrq dqg dvvxph wkdw zh revhuyh W revhuydwlrqv shu lqglylgxdo

iru Q lqglylgxdov1 Wkh revhuydwlrqv duh lqghshqghqw ri hdfk rwkhu dqg kdyh wkh iroorzlqj

ghqvlw| ixqfwlrq

|�| � Jdppd+�> i�,

zkhuh � lv d frpprq sdudphwhu dqg i� lv d shuvrq vshfl�f qxlvdqfh sdudphwhu1 Zh duh

lqwhuhvwhg lq hvwlpdwlqj �> wkh uhodwlyh yduldqfh ri wklv jdppd glvwulexwlrq1 Dv vkrzq lq

dsshqgl{ 49/ i� lv qrw lqirupdwlrqdo0ruwkrjrqdo wr � exw dq lqirupdwlrq0ruwkrjrqdo sdud0

phwhul}dwlrq fdq eh ghulyhg1 Lq sduwlfxodu/ gh�qlqj �� @
s�

k
dv wkh qhz qxlvdqfh sdudphwhu

|lhogv dq lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrq1 Lq wklv sdudphwul}dwlrq/ zh kdyh

|�| � Jdppd+�>���,=

Wkxv/ zh fkdqjhg wkh sdudphwul}dwlrq ri wkh prgho exw qrqh ri wkh dvvxpswlrqv1 Lq wkh

qhz sdudphwul}dwlrq/ wkh olnholkrrg frqwulexwlrq ri lqglylgxdo l kdv wkh iroorzlqj irup

+45, 1
�+�> ��, @

\
|

+���,
k|k3�

�|
h3kb�+�|

�+�,
iru l @ 4> ===>Q=

Lqwhjudwlqj zlwk uhvshfw wr �� |lhogv wkh lqwhjudwhg olnholkrrg frqwulexwlrq/=

1
�cU+�>��, @

]
1
�g�� @

]
+���,

Akh3kb�
S

| +�|
T

|
+|k3�

�|
,

�+�,A
g��

@
�Ak

T
|
+|k3�

�|
,
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Akh3kb�
S
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@

T
|
+|k3�
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��+�,A +
S

|
|�|,Akn�
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Wr ghulyh wkh vfruh ri wkh lqwhjudwhg olnholkrrg/ zh wdnh wkh orjdulwkp ri 1
U >

O�cU @ oq1�cU @ +�� 4,
[
|

oq |�| . oq�+W�. 4,� oq+�,� W oq �+�,� +W�. 4, oq+
[
|

|�|,=

Gl�huhqwldwlqj zlwk uhvshfw wr � jlyhv

OUk @
[
|

oq |�| . W#+W�. 4,�
4

�
� W#+�,� W oq+

[
|

|�|,=

Wkh htxdwlrq HOUk @ 3 lv xqltxho| vroyhg iru � @ �f1 Dsshqgl{ 4: vkrzv wkdw wkh lqwhjudwhg

olnholkrrg hvwlpdwru lv frqvlvwhqw iru hlwkhu W ru Q jrlqj wr lq�qlw| zkhuh wkh lqfrqvlvwhqf|

ri wkh pd{lpxp olnholkrrg lv R+W3�,=

Vxssrvh zh zdqw wr xvh d qrq dw sulru iru �> h1j1 �+�, @ �= Wklv sulru lv qhlwkhu surshu

qru erxqghg1 Lqwhjudwlqj wkh olnholkrrg zlwk uhvshfw wr wkh sulru dqg wdnlqj orjdulwkpv

|lhogv

O�cU @ +�� 4,
[
|

oq |�| . oq�+W�. 5,� 5 oq+�,� W oq �+�,� +W�. 5, oq+
[
|

|�|,=

Gl�huhqwldwlqj zlwk uhvshfw wr � jlyhv

OUk @
[
|

oq |�| . W#+W�. 5,�
5

�
� W#+�,� W oq+

[
|

|�|,

HOUk @ W#+W�. 5,�
5

�
� W#+W�, @

4

�+W�. 4,
lv R+W3�,=

Qrwh wkdw

OUkk @ W 2#�+W�. 5, .
5

�2
� W#�+�,

vr wkdw
�

uUkk
lv R+W3�,= Wkxv/ wkh lqfrqvlvwhqf| +Q $4, ri wkh lqwhjudwhg olnholkrrg hvwlpd0

wru/
.uUk

.uUkk
> lv R+W32, lq wklv h{dpsoh1 Qrwh wkdw xvlqj wkh sulru �+�, @ � lq Jdppd+�>��, lv

htxlydohqw wr wkh sdudphwul}dwlrq Jdppd+�> kb
2

2 , vlqfh Yb
2

Yb
@ �= Iru wklv uhdvrq/ zh xvh wkh

whup clqwhjudwhg olnholkrrg* iru doo sulruv wkdw fruuhvsrqg wr dq dowhuqdwlyh sdudphwul}dwlrq

ri wkh olnholkrrg1

^judsk �eldv� derxw khuh`

54



Wkh judsk vkrzv wkh shuirupdqfh ri wkh hvwlpdwruv iru vpdoo W dqg Q $ 4= Wkh

devroxwh eldv lv vkrzq dv d ixqfwlrq ri W= Zh fkrrvh wkh wuxh ydoxh ri wkh sdudphwhu ri

lqwhuhvw/ �f @ 4= D qlfh ihdwxuh ri wklv h{dpsoh lv wkdw wkh glvwulexwlrq ri i grhv qrw h�hfw

wkh vpdoo W shuirupdqfh ri wkh hvwlpdwruv dqg wkdw wkh yduldqfh ri wkh hvwlpdwruv lv wkh

vdph1 Xvlqj d  dw sulru/ wkh lqwhjudwhg kd}dug hvwlpdwru dv|pswrwlfdoo| xqeldvhg1 Li zh

xvh wkh sulru �+�, @ � wkhq wkh eldv rughu uhvxow vhhpv wr eh uhohydqw iru vpdoo W vlqfh wkh

devroxwh eldv lv dssur{lpdwho|
�
A 2 = Lq frqwudvw/ wkh devroxwh eldv ri wkh pd{lpxp olnholkrrg

hvwlpdwru ghfuhdvhv dw wkh udwh
�
A
=

-'� ��")%� %�� ����� /�0+123 ��%)�&� �

Qh|pdq dqg Vfrww +4<7;, frqvlghu vhyhudo h{dpsohv lq zklfk wkh pd{lpxp olnholkrrg hvwl0

pdwru idlov wr eh frqvlvwhqw1 Wkhlu h{dpsoh 5 +sdjh 7, dvvxphv d prgho zkhuh wkh ghshqghqw

yduldeoh |�| kdv d frpprq yduldqfh exw doorzv iru lqglylgxdo phdqv1

|�| � Q+��> �
2,=

Qh|pdq dqg Vfrww qrwh wkdw wkh lqfrqvlvwhqf| ri wkh pd{lpxp olnholkrrg hvwlpdwru iru �2

lv R+W3�,= Zh vkrz wkdw wkh lqwhjudwhg olnholkrrg lv xqeldvhg dqg d frqvlvwhqw hvwlpdwru1

Reylrxvo|/ wkh orj olnholkrrg frqwulexwlrq ri lqglylgxdo l lv

O� @ �
orj �2

5
�
S

|
+|�| � ��,

5W�2

2

=

Qrwh wkdw �2 dqg �� duh lqirupdwlrq0ruwkrjrqdo1 Ohw wkh olnholkrrg frqwulexwlrq ri lqglylgxdo

l eh ghqrwhg e| 1
�>

1
�
b �3A h{si�

4

5
+

S
|
+|�| � �|�,

2

�2
.
W +�|� � ��,

2

�2
,j

zkhuh �|� @
S

|
|�|@W= Zh lqwhjudwh zlwk uhvshfw wr wkh qxlvdqfh sdudphwhu �� wr ghulyh wkh

lqwhjudwhg olnholkrrg frqwulexwlrq/ 1
�cU =

1
�cU @

]
1
� g�� b

]
�3A h{si�

4

5
+

S
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+|2
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�2
.
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vhh dsshqgl{ 4; iru ghwdlov1 Wklv |lhogv

O�cU @ �+
W � 4

5
, orj �2 �

S
|
+|�| � �|�,

2

�2
=

Gl�huhqwldwlqj zlwk uhvshfw wr wkh sdudphwhu ri lqwhuhvw/ �2> jlyhv

O
�cU

j2
@ �+

W � 4

5
,
4

�2
.

S
|
+|�| � �|�,

2

�e
=

Wkxv/ wkh lqwhjudwhg olnholkrrg hvwlpdwru iru �2 lv

f�2 @ 4

Q

[
�

S
|
+|�| � �|�,

2

W � 4
=

Qrwh wkdw Hf�2 @f�2f dqg wkdw wkh lqwhjudwhg olnholkrrg hvwlpdwru lv frqvlvwhqw dqg xqeldvhg

iru �{hg W= Wklv hvwlpdwru ri �2 lv xvxdoo| rewdlqhg zlwk dq cdg krf* vroxwlrq= uhsodflqj W e|

+W �4, lq wkh ghqrplqdwru=Zlwk wkh lqwhjudwhg olnholkrrg hvwlpdwru/ qr cdg krf* dgmxvwphqw

lv uhtxluhg1

4 5
�6�������$ ���7 %�� 5��8����� ��%������7 %� �����%& �%���

4'� 5
�6�������$ ���7

Iru d frxsoh ri prghov zh fdq gl�huhqfh rxw wkh �{hg h�hfw dqg wkhq ghulyh d frqvlvwhqw

hvwlpdwru iru wkh frpprq sdudphwhuv1 Wklv fodvv ri prghov vhhpv wr eh olplwhg wr=

+l,1 Wkh Zhlexoo dqg h{srqhqwldo kd}dug prgho zlwk h{rjhqrxv uhjuhvvruv1 Wkh olnholkrrg

ri wkh gl�huhqfhg orjdulwkpv ri wkh gxudwlrqv grhv qrw ghshqg rq wkh �{hg h�hfwv1

+ll,1 Wkh olqhdu uhjuhvvru prgho zlwk h{rjhqrxv uhjuhvvruv= |�| @ {�|� . �� . %�| zkhuh

H%�| @ 3 dqg H%2
�|
?4= Uhjuhvvlqj |�| � |�c|3� rq {�| � {�c|3� |lhogv d frqvlvwhqw hvwlpdwru1

Iru erwk prghov/ zh fdq dwwdlq dq lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrq1

dg1 +l,1 Iru wkh Zhlexoo prgho/ Fr{ dqg Uhlg +4<;:, vkrz wkdw wkh ruwkrjrqdo �{hg

h�hfw fdq eh zulwwhq dv i� @ hkb�n�E2� zkhuh � lv wkh Zhlexoo sdudphwhu dqg
S

|
{�| @ 3=

Lqwhjudwlqj wkh olnholkrrg zlwk uhvshfw wr �� |lhogv wkh olnholkrrg iru wkh �uvw gl�huhqfhg

gdwd/ vhh Odqfdvwhu +5333,1
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dg1 +ll,1 Li zh uhtxluh
S

|
{�| @ 3 lq wkh olqhdu prgho wkhq � dqg �� duh lqirupdwlrq0

ruwkrjrqdo1
b
Dvvxplqj qrupdolw| ri %�| dqg lqwhjudwlqj rxw wkh �{hg h�hfwv |lhogv wkh xvxdo

JOV gl�huhqfh hvwlpdwru1 Wklv hvwlpdwru uhtxluhv wkh �uvw wzr prphqwv ri wkh huuru whup

wr eh �qlwh exw grhv qrw uhtxluh qrupdolw|1

4'� 5��8����� ��%������7

Iru d vpdoo fodvv ri prghov/ zh fdq holplqdwh wkh qxlvdqfh sdudphwhuv e| frqglwlrqlqj rq

d vx!flhqw vwdwlvwlf1 Wklv fodvv vhhpv wr eh olplwhg wr wkh iroorzlqj �{hg h�hfwv prghov ri

wkh h{srqhqwldo idplo|= wkh Srlvvrq/ orjlw/ Zhlexoo/ dqg olqhdu prgho zlwk nqrzq yduldqfh1

Odqfdvwhu +5333, vkrzv wkdw wkh lqwhjudwlqj rxw phwkrg |lhogv wkh xvxdo prphqw ixqfwlrqv

iru wkh Srlvvrq prgho1 Wkh lqirupdwlyh revhuydwlrqv lq d orjlw prgho duh ri wkrvh lqglylgxdov

wkdw kdyh erwk srvvleoh rxwfrphv1 Wkh olnholkrrg ri wkhvh revhuydwlrqv grhv qrw ghshqg rq

wkh lqglylgxdo h�hfw vr wkhuh lv qr qhhg iru lqwhjudwlrq1 Frqglwlrqlqj rq d vx!flhqw vwdwlvwlf

lq wkh Zhlexoo ru olqhdu prgho zlwk nqrzq yduldqfh |lhogv wkh cgl�huhqfh* hvwlpdwru1 Zh

glvfxvvhg lq wkh odvw vxevhfwlrq wkdw wkhvh cgl�huhqfh hvwlpdwruv* duh vshfldo fdvhv ri wkh pruh

jhqhudo lqwhjudwhg olnholkrrg hvwlpdwru zlwk lqirupdwlrq0ruwkrjrqdo �{hg h�hfwv1 Fr{ dqg

Uhlg +4<;:/ sdjh ;, suhvhqw wkhlu frqglwlrqdo sur�oh olnholkrrg phwkrg dv d jhqhudol}dwlrq

ri holplqdwlqj qxlvdqfh sdudphwhuv e| vx!flhqw vwdwlvwlfv1 E| frqglwlrqlqj rq pd{lpxp

olnholkrrg hvwlpdwhv ri wkh qxlvdqfh sdudphwhuv jlyhq �f> Fr{ dqg Uhlg ghulyh wkh iroorzlqj

remhfwlyh ixqfwlrq1
�f

+46, O�-+�, @ O+�> a�,�
4

5
oq mObb+�> a�,m=

Gl�huhqflqj zlwk uhvshfw wr � jlyhv

O�-q +�, @ Oq+�> a�, .
4

5

Obbq+�> a�,

Obb+�> a�,
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4

5

Obbb+�> a�,

Obb+�> a�,

Ca�
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zkhuh
Y	b
Yq

@ �uqb

ubb
.RR+W

3�,= Wkxv

O�-q +�, @ Oq+�> a�,�
4

5

Obbq+�> a�,

Obb+�> a�,
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Obbb+�> a�,Oqb+�> a�,
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Wkh odvw h{suhvvlrq lv wkh dssur{lpdwlrq ri OU
q
dv zdv jlyhq lq htxdwlrq +6,1 Wkxv/ wkh

frqglwlrqdo sur�oh olnholkrrg fdq eh ylhzhg dv dq dssur{lpdwlrq ri wkh lqwhjudwhg olnhol0

krrg phwkrg1 Dowkrxjk erwk phwkrgv xvh lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrqv/ wkh

frqglwlrqdo sur�oh olnholkrrg uhtxluhv dq h{solflw sdudphwul}dwlrq ri wkh olnholkrrg1 Dv zh

glvfxvvhg deryh/ dq lpsolflw sdudphwul}dwlrq vx!fhv iru wkh lqwhjudwhg olnholkrrg phwkrg1

Wklv dgydqwdjh ri Ed|hvldq dqdo|vlv lv qrw frq�qhg wr sdqho gdwd1 Li zh fdq zulwh i dv dq

dqdo|wlfdo ixqfwlrq ri � dqg �> l1h1 � @ j+�> �,> wkhq zh fdq reylrxvo| zulwh wkh olnholkrrg

ixqfwlrq lq whupv ri � dqg �= Wkh txhvwlrq lv/ krzhyhu/ zkhwkhu wkhuh h{lvw dq dqdo|wlfdo

vroxwlrq wr wkh gl�huhqwldo htxdwlrq ri htxdwlrq +7,1 Lq klv uhylhz ri Fr{ dqg Uhlg +4<;:,/

Fulwfkoh| +4<;:, zrqghuv �Krz riwhq duh wkh gl�huhqwldo htxdwlrqv
��

vroxeoh dqdo|wlfdoo|B�1

Dq dqdo|wlfdo vroxwlrq lv d qhfhvvdu| frqglwlrq iru zulwlqj wkh olnholkrrg dv dq dqdo|wlfdo

ixqfwlrq ri � dqg �= Dq h{dpsoh ri Kloov +4<;:,/ krzhyhu/ vkrzv wkdw ehlqj deoh wr zulwh �

dv d ixqfwlrq ri � dqg i grhv qrw lpso| wkdw i fdq eh zulwwhq dv dq h{solflw ixqfwlrq ri �

dqg �= �wkh lqyhuvh ri wklv wudqvirupdwlrq lv qrw h{solflw dqg wkhuhiruh lw lv qrw srvvleoh wr

zulwh wkh olnholkrrg ixqfwlrq lq wkh irup O+�> �,%= D uhsdudphwul}dwlrq lv uhodwlyho| hdv| lq

d Ed|hvldq iudphzrun vlqfh zh rqo| qhhg wkh Mdfreldq
Yb

Ys
=]

hug� @

]
hu
C�

Ci
gi=

Wkxv/ wkh lqirupdwlrq0ruwkrjrqdolw| fdq eh xvhg iru d zlghu fodvv ri prghov wkdq frqvlghuhg

e| Fr{ dqg Uhlg +4<;: dqg 4<<6,1 Ehujhu hw do1 +4<<<, frqvlghu lqihuhqfh lq wkh suhvhqfh

ri qxlvdqfh sdudphwhuv dqg phqwlrq jhqhudolw| dqg vlpsolflw| dv dujxphqwv lq idyru ri wkh

lqwhjudwhg olnholkrrg phwkrg +ryhu wkh sur�oh olnholkrrg,1 Wr wkh dxwkru/ krzhyhu/ lpsolflw

yhuvxv h{solflw sdudphwul}dwlrq lv d pruh wdqjleoh dgydqwdjh ri wkh Ed|hvldq dssurdfk1 Zh

wkhuhiruh irupxodwh doo wkhruhpv lq whupv ri wkh lqwhjudwhg olnholkrrg hvwlpdwru1 Fr{ dqg

Uhlg +4<;: dqg 4<<6, dqg Ihujxvrq/ Fr{ dqg Uhlg +4<<4, gr qrw frqvlghu sdqho gdwd1 Jlyhq

wkdw doo wkh wkhruhpv duh edvhg rq wkh dssur{lpdwlrq ri htxdwlrq +6,/ wkh| dovr krog iru wkh

frqglwlrqdo sur�oh olnholkrrg1 Wkh iroorzlqj wkhruhp iroorzv gluhfwo| iurp wkhruhp 7 dqg 81

Wkh frqglwlrqdo sur�oh olnholkrrg hvwlpdwru lv ghqrwhg e| a���u dqg pd{lpl}hv wkh remhfwlyh

ixqfwlrq ri htxdwlrq +46,1
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Wkhruhp ;

Ohw dvvxpswlrqv 4/ 6 dqg 7 krog1 Wkhq a���u � �f lv RR

�
W32

�
=

Ohw dvvxpswlrqv 4 dqg 8 krog dqg ohw wkh dv|pswrwlf yduldqfh ri a��u @ dujpd{q O+�> �f,

eh � @ �
�A

HiOqOq �j= Wkhq a���u lv dq dgdswlyh hvwlpdwru dqg

s
QW +a���u � �f,$_ Q +3>�,=

Surri= Dvvxpswlrq 4 lpsolhv lghqwl�fdwlrq1 Wkh gl�huhqfh ehwzhhq wkh vfruhv ri wkh frq0

glwlrqdo sur�oh olnholkrrg dqg wkh lqwhjudwhg olnholkrrg lv R+W3�, dqg wkh uhvxow iroorzv

lpphgldwho|1

Wkh ehdxw| ri wkh lqwhjudwlqj rxw dssurdfk lv lwv frpelqdwlrq ri vlpsolflw| dqg jhqhu0

dolw|= Lw lv dv hdv| ru hdvlhu wr frpsxwh wkdq frpshwlqj phwkrgv dqg cgl�huhqflqj rxw* ru

cfrqglwlrqlqj phwkrgv* fdq eh ylhzhg dv vshfldo fdvhv1

9 ��������)���� :%��%,&��

Qh|pdq dqg Vfrww +4<7;, ghvfuleh wkh lqflghqwdo sdudphwhu sureohp e| vkrzlqj wkdw wkh

pd{lpxp olnholkrrg hvwlpdwru idlov wr eh frqvlvwhqw lq d frxsoh ri h{dpsohv1 Wkh uhjuhvvruv

ri wkhvh h{dpsohv duh doo h{rjhqrxv exw wkh lqflghqwdo sdudphwhu sureohp reylrxvo| uhpdlqv

zkhq wkh dvvxpswlrq ri h{rjhqhlw| lv uhod{hg1 Lq wkh suhylrxv vhfwlrqv/ zh vkrzhg wkdw wkh

lqflghqwdo sdudphwhu sureohp fdq eh vroyhg e| xvlqj dq lqirupdwlrq0ruwkrjrqdo sdudphwul}d0

wlrq ri wkh olnholkrrg1 Wklv iudphzrun doorzv iru suhghwhuplqhg uhjuhvvruv wkdw duh odjjhg

ghshqghqw yduldeohv1 Txlwh riwhq/ krzhyhu/ rqh lv qrw zloolqj wr vshfli| wkh vwrfkdvwlf surfhvv

ri vxfk jhqhudo suhghwhuplqhg yduldeohv1 Lq wkhlu kdqgerrn fkdswhu/ Duhoodqr dqg Krqruì

+5334, qrwh/ �doprvw qrwklqj lv nqrzq derxw qrqolqhdu prghov zlwk jhqhudo suhghwhuplqhg

yduldeohv�1 Wklv vhfwlrq ghulyhv qhz hvwlpdwruv iru vlqjoh lqgh{ prghov zlwk jhqhudo suhghwhu0

plqhg yduldeohv dqg �{hg h�hfwv1 Wkh iroorzlqj gh�qlwlrq jhqhudol}hv Fkdpehuodlq*v +4<;7,

frqfhsw ri frqglwlrqdo vwulfw h{rjhqhlw| wr suhghwhuplqhg ru zhdno| h{rjhqrxv yduldeohv1 D
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uhjuhvvru { lv frqglwlrqdoo| zhdno| h{rjhqrxv li

+47, S +|�|m{��> ===> {�|> ===> {�A > ��, @ S +|�|m{��> ===> {�|> ��, iru doo l>

zkhuh {�| fdq lqfoxgh odjjhg ydoxhv ri |�|= Iru prghov zlwk zhdno| h{rjhqrxv uhjuhvvruv/ wkh

whfkqltxh wr frqglwlrq rq d vx!flhqw vwdwlvwlf fdqqrw zrun1 D vx!flhqw vwdwlvwlf iru wkh lqfl0

ghqwdo sdudphwhu �� zrxog eh d ixqfwlrq ri |��> ===> |�A = Frqglwlrqlqj uhtxluhv wkh glvwulexwlrq

ri wkh vx!flhqw vwdwlvwlf frqglwlrqdo rq wkh suhghwhuplqhg uhjuhvvruv ri doo shulrgv1 Wklv

glvwulexwlrq lv qrw vshfl�hg vlqfh wkh uhjuhvvruv duh rqo| uhtxluhg wr eh suhghwhuplqhg1 Wkh

lqwhjudwhg olnholkrrg dssurdfk doorzv iru vrph plvvshfl�fdwlrq ri wkh olnholkrrg exw uhtxluhv

wkdw HOq+�f> �f, @ 3 dqg HOqb+�f> �f, @ 31 Iru suhghwhuplqhg yduldeohv/ zh sursrvh xvlqj

d prphqw ixqfwlrq wkdw kdv }hur h{shfwdwlrq dw wkh wuxh ydoxhv iru � dqg � dqg zkrvh ghuly0

dwlyh zlwk uhvshfw wr � lv }hur lq h{shfwdwlrq1 Wkxv/ wkh prphqw ixqfwlrq Tq+�> �, lv dq

lqirupdwlrq0ruwkrjrqdo prphqw ixqfwlrq li +l, HTq+�f> �f, @ 3 dqg +ll, HTqb+�f> �f, @ 3

zkhuh i�f> �fj ghqrwhv wkh wuxh ydoxhv ri wkh sdudphwhuv ri lqwhuhvw dqg wkh yhfwru ri qxl0

vdqfh sdudphwhuv1 Wkh ixqfwlrq Tq+�> �, sod|v wkh vdph uroh dv wkh vfruh ixqfwlrq Oq ri wkh

suhylrxv vhfwlrq1 Lwv ghshqghqfh rq � lv uhgxfhg e| d sduwlfxodu sdudphwul}dwlrq dqg wkh

qh{w vwhs lv wr lqwhjudwh rxw � zlwk uhvshfw wr wkh olnholkrrg1

Frqvlghu wkh elqdlu| fkrlfh prgho zlwk suhghwhuplqhg yduldeohv/ Su+\�| @ 4, @ i+��|,

zkhuh ��| @ {�|� . �� dqg i+, ghqrwhv d ghqvlw| ixqfwlrq1 Wkh orjlw/ surelw dqg doo rwkhu

sdudphwulf elqdlu| fkrlfh prghov idoo lq wklv fodvv1 Ohw O>�| ghqrwhv wkh orj olnholkrrg gl�hq0

wldwhg zlwk uhvshfw wr ��| dqg O>�|>�| ghqrwhv wkh vhfrqg ghulydwlyh1 Zh sursrvh wkh iroorzlqj

prphqw ixqfwlrq iru wklv fodvv ri prghov1

TU

q+�, @
[
�

U
T�

q
+�> �,hu

�

g�U
hu

�
g�

zkhuh

T�

q+�> �, @
A3�[
|'�

{�|iO>�| � +HO>�|>�| m{
|

�c> �> ��,+HO>�c|n�>�c|n�
m{|n�
�

> �> ��,
3�O>�c|n�

j>+48,

zkhuh {�| ghqrwhv d yhfwru ri suhghwhuplqhg yduldeohv dqg {|
�
@ i{��> ===> {�|j= Qrwh wkdw

T�

q
+�> �, lv lqirupdwlrq0ruwkrjrqdo vlqfh Y>�|

Yb
@ 4 dqg

HT�

qb+�, @ H

A[
|'�

{�|iO>�|>�| �H+O>�|>�| m{
|

�c> �> ��,j @ 3=
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Wkh vdph yhfwru prphqw fdq eh xvhg iru wkh Jhqhudo Olqhdu Prgho1 Vxssrvh |�| @ J+��|,.%�|

zkhuh ��| @ [�|� . ��/ J+, lv d nqrzq ixqfwlrq/ H+%�|m{|�, @ 3 dqg H+%2
�|
m{|
�
, ?4= Dvvxplqj

qrupdolw| dqg krprvfhgdvwlflw| ri wkh huuru whup |lhogv d txdvl olnholkrrg1 Dsso|lqj wkh

prphqw ixqfwlrq ri htxdwlrq +48, wr wkh olqhdu prgho zlwk suhghwhuplqhg yduldeohv |lhogv d

idploldu
�2

prphqw ixqfwlrq=

TU

q+�, @
�[
�'�

A3�[
|'�

{�|+%�| � %�c|n�,=

Lghqwl�fdwlrq frqglwlrqv duh jlyhq lq dsshqgl{ 4< dqg Zrxwhuvhq +5333, jlyhv d jhqhudo

glvfxvvlrq krz ruwkrjrqdolw| frqfhswv vlpsoli| lghqwl�fdwlrq surriv1 Wkh prphqw ixqfwlrq

ri htxdwlrq +48, fdq eh dgdswhg wr ghdo zlwk hqgrjhqrxv uhjuhvvruv/

T�

q+�, @
A3�[
|'�

{�c|3�iO>�| � +HO>�|>�| m{�c> ��,+HO>�c|n�>�c|n�
m{�c|n�> ��,

3�O>|n�
j=

Qrwh wkdw {�c|3� fdq eh uhsodfhg e| dq lqvwuxphqw }�| wkdw lv lqghshqghqw ri O>�| dqg O>�c|n�

iru doo l= Lq erwk fdvhv/ T�

q
+�, lv lqirupdwlrq0ruwkrjrqdo1 Dqdorjxh wr wkh suhylrxv wkhruhpv

derxw vfruh ixqfwlrqv/ zh qrz ghulyh d wkhruhp iru lqirupdwlrq0ruwkrjrqdo prphqw ixqfwlrqv1

Wkhruhp <

Vxssrvh a� @ dujplqqiTU

q
+�,�TU

q
+�,j> HTq @ 3/ HTqb @ 3 dqg W b Qk zkhuh � A �

�
1 Ohw

dvvxpswlrq 4 krog dqg wkh vroxwlrq wr HTU

q
+�, @ 3 eh xqltxh1 Wkhq

s
QW +a� � �f,$ Q +3>�,

zkhuh

� @ ^
4

QW
H+TqOq

�,`3�^
4

QW
H+TqTq

�,`^
4

QW
H+TqOq

�,`3�=

Surri= Vhh dsshqgl{ 531

1 ����&�����

Wklv sdshu ghyhorsv wkh lqwhjudwhg prphqw hvwlpdwru dqg h{whqgv wkh lqwhjudwhg olnholkrrg

hvwlpdwru wr lpsolflwo| gh�qhg olnholkrrgv1 Lw vkrzv wkdw wkh lqwhjudwhg olnholkrrg phwkrg

|lhogv dq dssur{lpdwh vroxwlrq wr wkh lqflghqwdo sdudphwhu sureohp ri Qh|pdq dqg Vfrww

5;



+4<7;, iru lqirupdwlrq0ruwkrjrqdo olnholkrrgv1 D qlfh ihdwxuh ri wkh lqwhjudwhg olnholkrrg

phwkrg lv lwv jhqhudolw|= cgl�huhqflqj* dqg cvx!flhqw vwdwlvwlf* hvwlpdwruv zhuh vkrzq wr eh

vshfldo fdvhv1 Lq d Ed|hvldq iudphzrun/ uhsdudphwul}dwlrq ri d qxlvdqfh sdudphwhu rqo|

uhtxluhv dq h{suhvvlrq ri wkh Mdfreldq1 Ehujhu hw do1 +4<<<, ljqruh wklv dgydqwdjh exw/ wr

wkh dxwkru/ wklv lv wkh prvw wdqjleoh dujxphqw lq idyru ri Ed|hvldq dqdo|vlv1 Doo exw wzr

prghov frqvlghuhg e| Fkdpehuodlq +4<;7, dqg Duhoodqr dqg Krqruì +5334, duh lqirupdwlrq0

ruwkrjrqdo zlwk dq h{solflw sdudphwul}dwlrq1 Xvlqj dq lpsolflw sdudphwul}dwlrq/ zh ghulyhg

qhz hvwlpdwruv iru wkh vlqjoh lqgh{ prghov zlwk odjjhg ghshqghqw yduldeohv wkdw frqyhujh dw

d idvwhu udwh wkdq h{lvwlqj rqhv1

Lq wkhlu frqfoxvlrq/ Duhoodqr dqg Krqruì +5334, qrwh/ �doprvw qrwklqj lv nqrzq derxw

qrqolqhdu prghov zlwk jhqhudo suhghwhuplqhg yduldeohv1� Xvlqj lqirupdwlrq0ruwkrjrqdolw|/

zh ghulyh qhz hvwlpdwruv iru wkh jhqhudo olqhdu prgho dqg vlqjoh lqgh{ prgho zlwk �{hg h�hfwv

dqg suhghwhuplqhg yduldeohv1 Lw wkxv vhhpv wkdw lpsolflw sdudphwul}dwlrqv dqg lqirupdwlrqdo

prphqw ixqfwlrqv duh yhu| surplvlqj dssurdfkhv wr vwxg| prghov zlwk jhqhudo suhghwhuplqhg

yduldeohv dqg pdq| qxlvdqfh sdudphwhuv1

Lw zdv dovr vkrzq wkdw wkh sulru frxog eh lqwhusuhwhg dv d pl{lqj glvwulexwlrq vr wkdw wkh

urexvwqhvv ri wkh udqgrp h�hfwv prgho frxog eh lqfuhdvhg1 Li lw lv frqvlghuhg wr eh lpsruwdqw

wkdw hpslulfdo uhvxowv fdq eh uhsolfdwhg e| shrsoh zlwk gl�huhqw lghdv derxw wkh sulru ru

lqwhvwdeoh dvshfwv ri wkh pl{lqj glvwulexwlrq/ wkhq lw lv lpsruwdqw wr olplw wkh lq xhqfh ri

sulruv dqg pl{lqj glvwulexwlrqv1 Wklv sdshu pdnhv d frqwulexwlrq wr dwwdlqlqj wkdw jrdo1
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Dsshqgl{ 41 Ohppd 4= Ohw dvvxpswlrq 4 krog1 Wkhq �
�A

HOU
q
lv R

�
W3�

�
=

Surri= Htxdwlrq +6, lq wkh wh{w vwdwhv wkdw

O
�cU

q
@

U
O�
q
hu

�

g�U
hu

�
g�

@ O�q+
a�,�

4

5

O�
qbb

+a�,

O�
bb
+a�,

.
4

5

O�
bbb

+a�,O�
qb
+a�,

iO�
bb
+a�,j2

.RR+W
3�,

zkhuh wkh vhfrqg dqg wklug whup duh lq jhqhudo R+4,= Wr hqvxuh wkdw wkhvh whupv gr qrw

fdqfho zh ghulyh d Wd|oru dssur{lpdwlrq durxqg �=

O
�cU

q
@ O�q . O�qb+

a�� �, .
4

5
O�qbb+

a�� �,2 �
4

5

O�
qbb

O�
bb

.
4

5

O�
bbb

O�
qb

iO�
bb
j2

.RR+W
3�*2,=

Wkh gh�qlwlrq ri a� lpsolhv wkdw

O�b+
a�, @ O�b . +a�� �f,O

�

bb+
��, @ 3> dqg

+a�� �f, @ �
O�
b

O�
bb
+��,

lv RR+W
3�,=

Vlploduo|/

O�b+
a�, @ O�b . +a�� �f,O

�

bb .
4

5
+a�� �f,

2O�bbb .
4

9
+a�� �f,

�O�bbbb+
��, @ 3=

Wklv |lhogv

+a�� �f, @ �
O�
b

O�
bb

.RR+W
3�,>

dqg

+a�� �f, @ �
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b

O�
bb

�
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+
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@
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O�
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.RR+W
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4

HO�
bb

.RR+W
3�*2,=

Xvlqj wkhvh whupv lq wkh Wd|oru h{sdqvlrq jlyhv wkh iroorzlqj

O
�cU

q
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5
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Wkxv

O
�cU

q
@ O�q �

O�
b
O�
qb

O�
bb

.RR+4,

Qrwh wkdw wkh lqirupdwlrq htxdolw| lpsolhv wkdw HiO�
bb

.+O�
b
,2j @ 3 dqg wkdw O�

qbb
�HO�

qbb

lv R+
s
W ,= Wkxv/

H^i
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bb

. +O�
b
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O�
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j
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qbb
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bb

. +O�
b
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Wklv jlyhv
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�cU

q
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3�*2,

zklfk lv R+4,= Wkhuhiruh/ �
�A

HOU
q
lv R

�
W3�

�
= T1H1G1

Dsshqgl{ 51 Wkhruhp 4= Ohw dvvxpswlrq 4 krog1 Wkhq H+a� � �f, lv R
�
W3�

�
=

Surri= Htxdwlrq +4, lq wkh wh{w vwdwhv wkdw

+a� � �f, @ �^
OU
qq
+��,

QW
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HOU
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QW
`3�

OU
q
�HOU

q
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=

Wkh hohphqwv ri wkh pdwul{
�
�A
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qq
+��, duh mxvw wkh dyhudjhv ri wkh vhfrqg ghulydwlyhv/
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Wkh hohphqwv ri
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U
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U
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�
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j�` duh sursruwlrqdo wr QW vr wkdw ^
uU
qq

E7q�

�A
`3� lv

R+4,= Ohppd 4 vwdwhv wkdw
.uU

q

�A
lv R+W3�, vr wkdw �^

uU
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E7q�

�A
`3�

.uU
q

�A
lv R+W3�,= Zh qrz vkrz

wkdw H+^
uU
qq

E7q�

�A
`3�

uU
q
3.uU

q

�A
, lv R+4@+QW ,,= Qrwh wkdw

uU
q
3.uU
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�A
kdv h{shfwdwlrq }hur vr wkdw

H+^
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�HOU
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zkhuh +
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U
qq

E7q�
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`3��H^
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U
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E7q�

�A
`3�, dqg

u
U
q
3.uU

q

�A
duh R+4@

s
QW ,= Wkxv/ H+a���f, lv R+W3�, iru

Q ehlqj frqvwdqw ru lqfuhdvlqj1 T1H1G1

Qrwh wkdw wkh lqwhuphgldwh ydoxh �� 5 ^a�> �f` frqyhujhv wr �f dv a� frqyhujhv wr �f= Wkxv

�
�A

OU
qq
+��, frqyhujhv lq suredelolw| wr wkh Khvvldq/

�
�A

HOU
qq
1
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Dsshqgl{ 61 Wkhruhp 5= Ohw dvvxpswlrqv 405 krog1 Wkhq a� � �f lv RR

�
W3�

�
=

Surri= Wkh surri lv wulyldo iru frqvwdqw W= Iru lqfuhdvlqj W> zh suryh wkh wkhruhp lq wkuhh

vwhsv1

Lghqwl�fdwlrq= Frqvlghu wkh iroorzlqj remhfwlyh ixqfwlrq Tf+�> �, @ HO+�> �,= Wkh dv0

vxpswlrqv +y,/ i�> �j 9@ i�f> �fj dqg i�> �j 5 � lpsolhv O+�> �, 9@ O+�f> �f,> dqg +yl,/

H+m oqO+�> �,m ?4,> lpso| wkdw Tf+�> �, lv xqltxho| pd{lpl}hg dw i�f> �fj=

Frqvlvwhqf|= Zh �uvw suryh frqvlvwhqf| xqghu wkh dvvxpswlrq wkdw wkh sdudphwhu vsdfh lv

frpsdfw= Ohw i�f> �fj 5 � zklfk lv frpsdfw1 D Odsodfh dssur{lpdwlrq ri OU |lhogv wkh

iroorzlqj

O�cU+�, @ O�+�> a�, . oq+mO�bb+a�,m, .RR+W
3�,

@ O�+�> a�, . rR+W
�, zkhuh � A 3

zkhuh � lv duelwudulo| forvh wr }hur1 Wkxv/ wkh gl�huhqfh ehwzhhq
u
�cU Eq�
�A

dqg
u
�Eqc	b�
�A

lv r+W �3�,=

Wkh ixqfwlrq
uUEq�
�A

lv erxqghg dqg frqwlqxrxv ryhu d frpsdfw vhw1 Dvvxpswlrq +yll, lpsolhv

wkdw
u�Eqcb�
�A

lv hujrglf dqg vwdwlrqdlu vr wkdw wkh dvvxpswlrqv ri Qhzh| dqg PfIdgghq +4<<7/

Ohppd 517, duh vdwlv�hg1 Wkhuhiruh/
uUEq�
�A

frqyhujhv xqlirupo| wr Tf+�> �, @ HO+�> �, dqg

frqvlvwhqf| iroorzv iurp ri Qhzh| dqg PfIdgghq +4<<7/ Wkhruhp 514,1

Lqvwhdg ri dvvxplqj wkdw wkh sdudphwhu vsdfh lv frpsdfw zh qrz dvvxph wkdw i�f> �fj

lv dq hohphqw ri wkh lqwhulru ri d frqyh{ vhw � dqg O�+�> �, lv frqfdyh iru doo l= Doo wkh

uhtxluhphqwv ri Qhzh| dqg PfIdgghq +4<<7/ Wkhruhp 51:, duh vdwlv�hg dqg frqvlvwhqf| ri

wkh lqwhjudwhg olnholkrrg hvwlpdwru iroorzv1

Qrwh wkdw wkh Odsodfh dssur{lpdwlrq ri wklv surri gl�huv iurp wkh Odsodfh dssur{lpd0

wlrqv ri O
�cU

q
+�, wkdw duh r�huhg lq wkh wh{w1 Wklv uh hfwv wkh idfw wkdw lqwhusuhwlqj wkh

lqwhjudwhg olnholkrrg hvwlpdwru dv d vroxwlrq wr lwv �uvw rughu frqglwlrqv lv pruh uhvwulfwlyh

wkdq qhfhvvdu|1 Wkh udwhv ri frqyhujhqfh/ krzhyhu/ duh hdvlhu irxqg e| dqdo|}lqj wkh �uvw

rughu frqglwlrqv/

S
� u

�cU

q
E	q�

�A
@ 31 Qhzh| dqg PfIdgghq +4<<7, pd{lpl}h wkh remhfwlyh ixqf0

wlrqv wr suryh frqvlvwhqf| dqg wkhq dqdo|}h wkh �uvw rughu frqglwlrqv wr ghulyh wkh udwh ri

frqyhujhqfh ri wkh pd{lpxp olnholkrrg dqg rwkhu hvwlpdwru1 D vlplodu dssurdfk lv iroorzhg

khuh1
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Udwh ri Frqyhujhqfh= Htxdwlrq +4, jlyhv dq h{suhvvlrq iru +a� � �f,= Dvvxpswlrq 5 hqvxuhv

wkdw wkh whup wkdw fdxvhv wkh eldv lq htxdwlrq +4,/
.uU

q

�A
> lv ri wkh vdph ru kljkhu rughu wkdq

wkh whup wkdw lqgxfhv wkh yduldqfh/
uU
q
3.uU

q

�A
= Dsshqgl{ 5 vkrzv wkdw ^

uU
qq

E7q�

�A
`3� lv R+4,1 Wkxv/

^
uU
qq

E7q�

�A
`3�

.uU
q

�A
lv RR+W

3�,= T1H1G1

Dsshqgl{ 71 Kdqgerrn Fkdswhuv

Iru olqhdu prghov/ zh dvvxph qrupdolw| ri wkh huuru whupv lq rughu wr ghulyh d olnholkrrg1

Wkh uhvxowlqj prphqw hvwlpdwruv duh d ixqfwlrq ri wkh �uvw wzr prphqwv ri wkh huuru whup1

Wkdw lv/ wkh rqo| vxevwdqwldo uhvwulfwlrq lv wkdw wkh �uvw wzr prphqwv duh �qlwh1 Lq wklv

phwkrgrorj|/ urexvwqhvv lv suryhq e| vkrzlqj wkdw wkh prphqw hvwlpdwru lv d frqvlvwhqw

hvwlpdwru iru d fodvv ri prghov ru olnholkrrgv1 Wulpplqj ri wkh huuru lv dssolhg lq rughu wr

pdnh wkh huuru qrupdolw| glvwulexwlrq krog1 Lq sduwlfxodu/ wulpplqj lv dssolhg wr hqvxuh wkdw

wkh }hur phdq frqglwlrq krogv1 Lq wklv fdvh/ v|pphwu| ri wkh huuru glvwulexwlrq lv d vxevwdqwldo

frqglwlrq dorqj zlwk wkh �uvw wzr prphqwv ehlqj �qlwh1 Wklv |lhogv wkh hvwlpdwru ri Krqruì

+4<<5, dv zhoo dv vxevhtxhqw sdshuv wkdw dsso| wulpplqj/ h1j1 N|uld}lgrx +4<<:,/ Krqruì

dqg N|uld}lgrx +4<<<,1

Wkh prghov wkdw duh frqvlghuhg e| Fkdpehuodlq+4<;7, duh lqirupdwlrq0ruwkrjrqdo ru fdq

eh uhsdudphwul}hg vxfk wkdw wkh| duh lqirupdwlrq0ruwkrjrqdo1 Wkh olqhdu prgho dqg h{0

srqhqwldo prgho zlwk h{rjhqrxv uhjuhvvruv duh lqirupdwlrq0ruwkrjrqdo li zh qrupdol}h wkh

uhjuhvvruv wr kdyh phdq }hur/
S

|
{�| @ 3> iru doo l= Wkh lqirupdwlrq0ruwkrjrqdo sdudphwul}d0

wlrq ri wkh g|qdplf olqhdu prgho zlwk �{hg h�hfwv lv glvfxvvhg lq vhfwlrq 61 Frqglwlrqlqj rq

vx!flhqw vwdwlvwlfv lv d vshfldo fdvh ri wkh lqwhjudwhg olnholkrrg dqg glvfxvvhg lq vhfwlrq 9151

Duhoodqr dqg Krqruì +5334, uhylhz uhfhqw ghyhorsphqw lq sdqho gdwd hfrqrphwulfv1 Eh0

vlghv wkh prghov phqwlrqhg deryh wkh| dovr glvfxvv prghov zlwk d pxowlsolfdwlyh qxlvdqfh sd0

udphwhu dqg wkh g|qdplf orjlw prgho1 Wkh pxowlsolfdwlyh prghov duh lqirupdwlrq0ruwkrjrqdo

diwhu wkh wudqvirupdwlrqv wkdw duh glvfxvvhg lq Duhoodqr dqg Krqruì +5334, vhfwlrq 5171 dqg

diwhu qrupdolw| ri wkh huuru whup lv dvvxphg1 Wklv |lhogv d txdvl lqwhjudwhg olnholkrrg hvwlpd0

wru wkdw frlqflghv zlwk wkh prphqw hvwlpdwruv glvfxvvhg lq wkh kdqgerrn fkdswhu1 Krqruì

dqg N|uld}lgrx +5333, ghulyh d yhu| fuhdwlyh hvwlpdwru iru wkh orjlw prgho zlwk h{rjhqrxv uh0
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juhvvruv dqg rqh odjjhg ghshqghqw yduldeoh1 Wkh sdudphwul}dwlrq lv h{solflw dqg lqirupdwlrq0

ruwkrjrqdo li wkhlu pdwfklqj whfkqltxh lv xvhg1 Dsshqgl{ 8 jlyhv dq lpsolflw sdudphwul}dwlrq

iru wklv prgho dv zhoo dv rwkhu vlqjoh lqgh{ prghov1 Dv zh glvfxvv lq vhfwlrq :/ fkrrvlqj d gli0

ihuhqw
Ys�

Yq
iru hdfk shulrg |lhogv d frpprq hvwlpdwru iru wkh olqhdu prgho zlwk suhghwhuplqhg

yduldeohv1

Dsshqgl{ 81 Lqirupdwlrq Ruwkrjrqdolw| lq wkh jhqhudo qrqolqhdu prgho

Frqvlghu wkh iroorzlqj fodvvhv ri sdqho gdwd prghov=

+l,1 Ohw wkh revhuydwlrqv iru d vlqjoh djhqw eh vwrfkdvwlfdoo| lqghshqghqw dqg ghshqghqw

rq xqnqrzqv rqo| wkurxjk ��| @ y�.{�|�> zkhuh y� ghqrwhv dq lqglylgxdo vshfl�f �{hg h�hfw

dqg {�| d yhfwru ri h{rjhqrxv uhjuhvvruv wkdw fdq lqfoxgh odjjhg ghshqghqw yduldeohv1 Wkh

sdqho Srlvvrq/ orjlw dqg surelw prghov duh ri wklv vlqjoh lqgh{ irup1

+ll,1 Ohw |�| @ J+{�|�.y�,.%�|> zkhuh %�| � Q+3> �2,> J+, lv xquhvwulfwhg dqg y� lv d �{hg

h�hfw dqg {�| d yhfwru ri h{rjhqrxv uhjuhvvruv wkdw fdq lqfoxgh odjjhg ghshqghqw yduldeohv1

+lll, Dv prgho +ll, exw qrz zh uhtxluh H%�| @ 3> H%2
�|
?4 dqg wkh glvwulexwlrq ri %�| wr

eh nqrzq1 Wklv lqfoxghv prylqj wkh dyhudjh iru %�|> w @ 4> ===> W= Jlyhq wkdw vrph sdudphwhuv
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ri sdqho gdwd prghov dqg glvfxvv vrph jhqhudol}dwlrqv ri prgho +ll,1 Wkh sdudphwhuv � dqg
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H
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C��C�
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2
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Iru prgho +ll,/ zh dovr qhhg wkdw �2 lv lqirupdwlrq0ruwkrjrqdo wr � =

O�|+�> �> �2, @ �
4

5
oq+5��2,�

4

5�2
+| � j+��|,,

2

CO�|+�> �> �2,

C�2
@ �

4

5�2
.

4

5�e
+| � j+��|,,

2

C2O�|+�> �> �2,

C�2C��|
@

4

�2
CO�|+�> �> �2,

C��|
=

Wkh vfruh kdv h{shfwdwlrq }hur/ l1h1 H
Yu

�|Eqcbcj2�
Y>�|

@ 3= Wkhuhiruh

H
C2O�|+�> �> �2,

C�2C��|
@

4

�2
H
C2O�|+�> �> �2,

C�2C��|
@ 3=

Wkh olqhdu prgho zlwk lqglylgxdo h�hfwv lv d ghjhqhudwhg fdvh ri prgho +ll, dqg +lll,=

|�| @ ��| . %�| @ {�|� . y� . %�|

zkhuh {�| fdq lqfoxgh odjjhg ydoxhv ri |�|= Wzr uhpdunv derxw wkh olqhdu prgho=

+l, Wkh huuru whup hqwhuv dgglwlyho| lq prgho LL dqg LLL dqg wkhuhiruh wkh orj olnholkrrg

frqwulexwlrq ri wkh v
|�
vshoo ri lqglylgxdo l fdq eh zulwwhq lq whupv ri %�|>l1h1 O

�|+|�| � ��|, @

O+%�|,= Wkh olqhdulw| dvvxpswlrq/ |�| @ ��| . %�| lpsolhv wkdw doo wkh ghulydwlyhv zlwk uhvshfw
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+ll, Li wkh uhjuhvvruv {�| duh h{rjhqrxv wkhq zh kdyh wr ghdo zlwk d vrphzkdw vwudqjh

prghoolqj vwudwhj|= Wkh dvvxpswlrqv ri wkh prgho lpso| wkdw fkdqjhv ri |�| duh prghoohg dv

fkdqjhv lq {�| dqg/ wkhuhiruh/ wkh fkdqjh ru gl�huhqfhv uhjuhvvlrq vkrxog eh dssolhg zlwkrxw

wkh lqwurgxfwlrq ri lqglylgxdo h�hfwv1 Dv vkrzq lq vhfwlrq 9/ wkh fkdqjh uhjuhvvlrq d vshfldo
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Zh xvh wkh Odsodfh dqg Wd|oru h{sdqvlrqv jlyhq lq dsshqgl{ 4 lq rughu wr ghulyh dq dssur{0
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Deuhyd|d/ M1 +4<<;,= �Ohdsiurj Hvwlpdwlrq ri d Il{hg0H�hfwv Prgho zlwk Xqnqrzq

Wudqvirupdwlrq ri wkh Ghshqghqw Yduldeoh/� xqsxeolvkhg pdqxvfulsw/ Judgxdwh Vfkrro

ri Exvlqhvv/ Xqlyhuvlw| ri Fklfdjr1

Doyduh}/ M1 dqg P1 Duhoodqr +4<<;,= �Wkh Wlph Vhulhv dqg Furvv0Vhfwlrq Dv|pswrwlfv ri

G|qdplf Sdqho Gdwd Hvwlpdwruv/� Zrunlqj Sdshu <;3;/ FHPIL/ Pdgulg1

Dqghuvrq/ W1 Z1 dqg F1 Kvldr +4<;4,= �Hvwlpdwlrq ri G|qdplf Prghov zlwk Huuru

Frpsrqhqwv/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Vrflhw|/ :9/ 8<;09391

Duhoodqr/ P1 dqg V1 U1 Erqg +4<<4,= �Vrph Whvwv ri Vshfl�fdwlrq iru Sdqho Gdwd= Prqwh

Fduor Hylghqfh dqg dq Dssolfdwlrq wr Hpsor|phqw Htxdwlrqv/� Uhylhz ri Hfrqrplf

Vwxglhv/ 8;/ 5::05<:1

Duhoodqr/ P1/ dqg E1 H1 Krqruì/ +5334,= �Sdqho Gdwd Prghov= Vrph Uhfhqw Ghyhorsphqwv/�

lq Kdqgerrn ri Hfrqrphwulfv/ Yro1 8/ hg1 e| M1 Khfnpdq dqg H1 Ohdphu/ Dpvwhugdp=

Qruwk0Kroodqg1

Edowdjl/ E1 K1 +4<<8,= Hfrqrphwulf Dqdo|vlv ri Sdqho Gdwd/ Qhz \run= Mrkq Zloh| dqg

Vrqv/ Qhz \run1

Ehujhu/ M1 R1/ E1 Olvhr/ dqg U1 O1 Zroshuw +4<<<,= �Lqwhjudwhg Olnholkrrg Phwkrgv iru

Holplqdwlqj Qxlvdqfh Sdudphwhuv/� Vwdwlvwlfdo Vflhqfh/ 47/ 405;1

Elfnho/ S1 M1 +4<;5,/ �Rq Dgdswlyh hvwlpdwlrq/� Dqqdov ri Vwdwlvwlfv/ 43/ 97: 0 9:41

Elfnho S1 M1/ F1 D1 M1 Noddvvhq/ \1 Ulwry dqg M1 D1 Zhooqhu +4<<6,/ H!flhqw dqg Dgdswlyh

7<



Hvwlpdwlrq iru Vhplsdudphwulf Prghov1 Mrkqv Krsnlqv vhulhv lq pdwkhpdwlfdo vflhqfh1

Eoxqghoo/ U1/ V1 Erqg/ dqg I1 Zlqgphlmhu +5333,= �Hvwlpdwlrq lq G|qdplf Sdqho Gdwd

Prghov= Lpsurylqj rq wkh Shuirupdqfh ri wkh Vwdqgdug JPP Hvwlpdwruv�/ Zrunlqj

Sdshu 33245/ Lqvwlwxwh iru Ilvfdo Vwxglhv/ Orqgrq1

Fkdpehuodlq/ J1 +4<;3,= �Dqdo|vlv ri Fryduldqfh zlwk Txdolwdwlyh Gdwd/� Uhylhz ri

Hfrqrplf Vwxglhv/ 7:/ 558056;1

���� +4<;5,= �Pxowlyduldwh Uhjuhvvlrq iru Sdqho Gdwd/� Mrxuqdo ri Hfrqrphwulfv/ 4;/

80791

���� +4<;7,= �Sdqho Gdwd/� lq Kdqgerrn ri Hfrqrphwulfv/ Yro1 5/ hg1 e|

]1 Julolfkhv dqg P1 G1 Lqwuloljdwru1 Dpvwhugdp= Qruwk0Kroodqg1

���� +4<;8,= �Khwhurjhqhlw|/ Rplwwhg Yduldeoh Eldv/ dqg Gxudwlrq Ghshq0

ghqfh/� lq Orqjlwxglqdo Dqdo|vlv ri Oderu Pdunhw Gdwd/ hg1 e| M1 M1 Khfnpdq dqg

E1 Vlqjhu1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Fr{/ G1 U1/ dqg Q1 Uhlg +4<;:,= �Sdudphwhu Ruwkrjrqdolw| dqg Dssur{lpdwh Frqglwlrqdo

Lqihuhqfh +zlwk Glvfxvvlrq,/� Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 7</ 406<1

���� +4<<6,= �D Qrwh rq wkh Fdofxodwlrq ri Dgmxvwhg Sur�oh Olnholkrrg/� Mrxuqdo ri wkh

Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 78/ 79:07:41

Fulwfkoh|/ I1 +4<;:,= �Glvfxvvlrq ri Sdudphwhu Ruwkrjrqdolw| dqg Dssur{lpdwh Frqglwlrqdo

Lqihuhqfh +e| Fr{/ G1 U1/ dqg Q1 Uhlg,/� Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv

E/ 7</ 580591

Ihujxvrq/ K1 +4<<4,= �Dv|pswrwlf Surshuwlhv ri d Frqglwlrqdo Pd{lpxp0olnholkrrg Hvwlpd0

wru/� Wkh Fdqdgldq Mrxuqdo ri Vwdwlvwlfv/ 53/ 960:81

Ihujxvrq/ K1/ Q1 Uhlg dqg G1 U1 Fr{ +4<;<,= �Hvwlpdwlqj Htxdwlrqv iurp Prgl�hg Sur�oh

Olnholkrrg/� lq Hvwlpdwlqj Ixqfwlrqv/ hg1 e| Y1 S1 Jrgdpeh/ R{irug= R{irug Xqlyhuvlw|

Suhvv1

Jhopdq/ D1/ M1 E1 Fduolq/ K1 V1 Vwhuq/ G1 E1 Uxelq +4<<8,= Ed|hvldq Gdwd Dqdo|vlv1 Qhz

\run= Fkdspdq dqg Kdoo1

Julolfkhv/ ]1 dqg M1 D1 Kdxvpdq +4<;9,= �Huuruv lq Yduldeohv lq Sdqho Gdwd�/ Mrxuqdo ri
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Hfrqrphwulfv/ 64/ <6044;1

Khfnpdq/ M1/ K1 Lfklpxud/ M1 Vplwk dqg S1 Wrgg +4<<;,= �Fkdudfwhul}lqj Vhohfwlrq Eldv

Xvlqj H{shulphqwdo Gdwd/� Hfrqrphwulfd/ 99/ 434:043<;1

Kvldr/ F1 +4<;9,= �Dqdo|vlv ri Sdqho Gdwd�1 Qhz \run= Fdpeulgjh Xqlyhuvlw| Suhvv1

Kloov/ V1 H1 +4<;:,= �Glvfxvvlrq ri Sdudphwhu Ruwkrjrqdolw| dqg Dssur{lpdwh Frqglwlrqdo

Lqihuhqfh +e| Fr{/ G1 U1/ dqg Q1 Uhlg,/� Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv

E/ 7</ 560571

Krow}0Hdnlq/ G1/ Z1 Qhzh|/ dqg K1 Urvhq +4<;;,= �Hvwlpdwlqj Yhfwru Dxwruhjuhvvlrqv zlwk

Sdqho Gdwd�/ Hfrqrphwulfd/ 89/ 46:4046<81

Krqruì/ E1 H1 +4<<5,= �Wulpphg ODG dqg Ohdvw Vtxduhv Hvwlpdwlrq ri Wuxqfdwhg dqg Fhq0

vruhg Uhjuhvvlrq Prghov zlwk Il{hg H�hfwv/� Hfrqrphwulfd/ 93/ 86608981

Krqruì/ E1 H1 dqg O1 Kx +4<<<,= �Hvwlpdwlrq ri Fhqvruhg Uhjuhvvlrq Prghov zlwk

Hqgrjhqhlw|/� xqsxeolvkhg pdqxvfulsw/ Ghsduwphqw ri Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw|1

Krqruì/ E1 H1 dqg H1 N|uld}lgrx +5333,= �Sdqho Gdwd Glvfuhwh Fkrlfh Prghov zlwk Odjjhg

Ghshqghqw Yduldeohv/� Hfrqrphwulfd/ 9;/ ;6<0;:71

Mh�uh|v/ K1 +4<94,= Wkhru| ri Suredelolw|/ 6ug hg1 R{irug= Foduhqgrq Suhvv1

Ndvv/ U1 H1/ O1 Wlhuqh|/ dqg M1 E1 Ndgdqh +4<<3,= �Wkh Ydolglw| ri Srvwhulru H{sdqvlrqv

Edvhg rq Odsodfh*v Phwkrg/� lq Hvvd|v lq Krqru ri Jhrujh Eduqdug/ hg1 e| V1 Jhlvhu/

V1 M1 Suhvv/ dqg D1 ]hooqhu1 Dpvwhugdp= Qruwk0Kroodqg1

Nlylhw +4<<8,= �Rq Eldv/ Lqfrqvlvwhqf| dqg H!flhqf| ri Ydulrxv Hvwlpdwruv lq G|qdplf

Sdqho Gdwd Prghov/� Mrxuqdo ri Hfrqrphwulfv/ 9;/ 860:;1

Odqfdvwhu/ W1 +4<<:,= �Ruwkrjrqdo Sdudphwhuv dqg Sdqho Gdwd/� Zrunlqj sdshu qu <:065/

Ghsduwphqw ri Hfrqrplfv/ Eurzq Xqlyhuvlw|1

���� +5333,= �Wkh Lqflghqwdo Sdudphwhuv vlqfh 4<7;/� Mrxuqdo ri Hfrqrphwulfv/

<8/ 6<407461

Oldqj/ N1 +4<;:,= �Hvwlpdwlqj Ixqfwlrqv dqg Dssur{lpdwh Frqglwlrqdo Olnholkrrg�/ Elr0

phwulnd/ :7/ 9<80:351

Pxqgodn/ \1 +4<94,= �Hpslulfdo Surgxfwlrq Ixqfwlrq Iuhh ri Pdqdjhphqw Eldv/� Mrxuqdo
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ri Idup Hfrqrplfv/ 76/ 770891

Qhuoryh/ P1 +5333,= �Wkh Ixwxuh ri Sdqho Gdwd Hfrqrphwulfv/� Zrunlqj Sdshu/ Ghsduwphqw

ri Djulfxowxuh dqg Uhvrxufh Hfrqrplfv/ Xqlyhuvlw| ri Pdu|odqg1

Qh|pdq/ M1/ dqg H1 O1 Vfrww +4<7;,= �Frqvlvwhqw Hvwlpdwlrq iurp Sduwldoo| Frqvlvwhqw

Revhuydwlrqv/� Hfrqrphwulfd/ 49/ 40651

Qhzh|/ Z1 N +4<<3,= �Vhplsdudphwulf H!flhqf| Erxqgv/� Mrxuqdo ri Dssolhg Hfrqrphwulfv/

8/ <<04681

Qhzh|/ Z1 N1/ dqg G1 PfIdgghq +4<<7,= �Odujh Vdpsoh Hvwlpdwlrq dqg K|srwkhvlv

Whvwlqj/� lq Kdqgerrn ri Hfrqrphwulfv/ Yro1 7/ hg1 e| U1 I1 Hqjoh dqg G1

PdfIdgghq1 Dpvwhugdp= Qruwk0Kroodqg1

Uhlg/ Q1 +4<<8,= �Wkh Urohv ri Frqglwlrqlqj lq Lqihuhqfh/� Vwdwlvwlfdo Vflhqfh/ 43/ 46;048:1

Wlevkludql/ U1/ dqg O1 Zdvvhupdq +4<<7,= �Vrph Dvshfwv ri Uhsdudphwul}dwlrq ri Vwdwlvwl0

fdo Prghov/� Wkh Fdqdgldq Mrxuqdo ri Vwdwlvwlfv/ Yro1 55/ 49604:61

Wlhuqh|/ O1/ U1 H1 Ndvv dqg M1 E1 Ndgdqh +4<;<,= �Ixoo| H{srqhqwldo Odsodfh Dssur{lpdwlrqv

wr H{shfwdwlrqv dqg Yduldqfhv ri Qrqsrvlwlyh Ixqfwlrqv/� Mrxuqdo ri wkh Dphulfdq

Vwdwlvwlfdo Vrflhw|/ ;7/ :430:491

Wurjqrq/ D1 +5333,= �Sdqho Gdwd Hfrqrphwulfv= D Vxffhvvixo Sdvw dqg d Surplvlqj Ixwxuh/�

Zrunlqj Sdshu/ Jhqhv +LQVHH,1

Ydq ghq Ehuj/ J1 M1 +5334,= �Gxudwlrq Prghov= Vshfl�fdwlrq/ Lghqwl�fdwlrq/ dqg

Pxowlsoh Gxudwlrq/� lq Kdqgerrn ri Hfrqrphwulfv/ Yro1 8/ hg1 e| M1 Khfnpdq dqg

H1 Ohdphu1 Dpvwhugdp= Qruwk0Kroodqg1

Ydq ghu Ydduw/ D1 Z1 +4<<;,= Dv|pswrwlf Vwdwlvwlfv/ Fdpeulgjh Vhulhv lq Vwdwlvwlfdo dqg

Suredelolvwlf Pdwkhpdwlfv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Zklwh/ K1 +4<;5,= �Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Plvvshfl�hg Prghov�/ Hfrqrphwulfd/

83/ 40581

Zrxwhuvhq/ W1 P1 +5333,= �Frqvlvwhqw Hvwlpdwlrq dqg Ruwkrjrqdolw|/� Zrunlqj sdshu/

Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zhvwhuq Rqwdulr1

���� +5334, �Hvwlpdwlqj wkh Kdqg ri wkh Sdvw= Qhz Hvwlpdwruv iru Kd}dug Prghov zlwk
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Hqgrjhqrxv Uhjuhvvruv dqg Hqgrjhqrxv Fhqvrulqj/� Zrunlqj sdshu/ Ghsduwphqw ri

Hfrqrplfv/ Xqlyhuvlw| ri Zhvwhuq Rqwdulr1
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Iljxuh 4= Wkh Devroxwh Lqfrqvlvwhqf| ri a��u>
a�U zlwk �+�, @ �> dqg a�U zlwk �+�, @ 4=

olp�<"ma��u � �fm = Gdvkhg olqh

olp�<"ma�U � �fm zkhuh �+�, @ � = Vrolg olqh

olp�<"ma�U � �fm zkhuh �+�, @ 4 = W0d{=
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�
Dv Q $4> xvlqj wkh pdujlqdo srvwhulruv lv dv|pswrwlfdoo| htxlydohqw1 Frqvlghulqj wkh

prgh ri wkh srvwhulru/ krzhyhu/ vlpsol�hv wkh dojheud1

2
Odqfdvwhu +5333, jlyhv d klvwrulfdo ryhuylhz ri wkh lqflghqwdo sdudphwhu sureohp dqg

qrwhv wkdw Qh|pdq dqg Vfrww +4<7;, zdv flwhg 53: wlphv lq 4<<: dorqh +vflhqfh flwdwlrq

lqgh{,1

�
Dq hduolhu yhuvlrq ri wklv sdshu xvhg d Wd|oru h{sdqvlrq durxqg �f dqg wkdq dq xvxdo

Odsodfh dssur{lpdwlrq lq wkh vhfrqg vwhs1 Xvlqj Ndvv hw do1 +4<<3, uhgxfhv wkh dojheud

zlwkrxw fkdqjlqj dq| ri wkh wkhruhpv1

e
Wkh wudqvirupdwlrq prgho ri Deuhyd|d +4<<;, dqg rqh glvfuhwh fkrlfh prgho e| Krqruì

dqg N|uld}lgrx +5333, duh qrw lqirupdwlrq0ruwkrjrqdo1 Erwk prghov uhtxluh lq�qlwh vxssruw

iru wkh uhjuhvvru/ fdq eh hvwlpdwhg xvlqj d vljq ixqfwlrq dqg zloo eh glvfxvvhg lq d vhsdudwh

sdshu wkdw ghdov zlwk clqirupdwlrq0ruwkrjrqdolw|* ri vljq ixqfwlrqv1

D
Htxdwlrq +<, dqg +BB, duh wuxh iru dq| dv|pswrwlfv wkdw kdyh W lqfuhdvlqj> zh pdlqwdlq

�W b Qk
zkhuh � A �

�% wr hqvxuh dv|pswrwlf xqeldvhgqhvv1

S
Lq dsshqgl{ 8 zh ghulyh lqirupdwlrq0ruwkrjrqdo sdudphwul}dwlrqv iru olqhdu prghov zlwk

pruh wkdq rqh dxwruhjuhvvlyh whup1

.
lqghshqghqw ri �=

H
Iru wklv uhdvrq/ Odqfdvwhu +5333, fdoov lw d cvhplsdudphwulf prgho*1

b
Lq idfw/ hyhq h{dfwo| ruwkrjrqdo lq wkh vhqvh wkdw Oqb @ 3=

�f
Fr{ dqg Uhlg +4<;:,/ htxdwlrq 431

��
Htxdwlrq +7, lq rxu qrwdwlrq zlwk Q @ 4=

�2
Wklv prphqw ixqfwlrq lv phqwlrqhg e| Dqghuvrq dqg Kvldr +4<;4,/ Julolfkhv dqg Kdxv0

pdq +4<;9,/ Krow}0Hdnlq/ Qhzh|/ dqg Urvhq +4<;;,/ dqg Duhoodqr dqg Erqg +4<<4, dprqjvw

rwkhuv1
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