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bj ijWNAt�aji |�j juu�W�jAW+ ON�Aa iru wkh vhpl0sdudphwulf Pl{hg Sursruwlrqdo Kd}0

dug +PSK, prgho zlwk sdudphwulf edvholqh kd}dug dqg uhjuhvvlrq ixqfwlrq1 Wklv erxqg zdv

�uvw ghulyhg e| Kdkq +4<<7,1 Rqh ri klv uhvxowv lv wkdw li wkh edvholqh kd}dug lv Zhlexoo/

wkh h�flhqf| erxqg lv vlqjxodu/ hyhq li wkh prgho lv vhpl0sdudphwulfdoo| lghqwl�hg�1 Wklv

lpsolhv wkdw qhlwkhu wkh Zhlexoo sdudphwhu qru wkh uhjuhvvlrq frh�flhqwv fdq eh hvwlpdwhg

dw wkh
s
Q udwh2 +Ydq ghu Ydduw +4<<;,/ Wkhruhp 58165,1

Kdkq*v uhvxow kdv kdg dq lpsdfw rq wkh xvh ri PSK prghov lq hpslulfdo uhvhdufk1 Wkh

vlqjxodulw| ri wkh h�flhqf| erxqg vhhpv wr frq�up wkh uhvxowv ri vlpxodwlrq vwxglhv/ vhh h1j1

Ednhu dqg Pholqr +5333,/ wkdw vxjjhvw wkdw lw lv gl�fxow wr hvwlpdwh erwk wkh edvholqh kd}dug

dqg wkh glvwulexwlrq ri wkh udqgrp h�hfwv +ru xqrevhuyhg khwhurjhqhlw|, zlwk d vx�flhqw

ghjuhh ri dffxudf| zlwk wkh vdpsoh vl}hv wkdw rqh hqfrxqwhuv lq sudfwlfh1 Lqghhg Krqru�h*v

+4<<3, hvwlpdwru iru wkh sdudphwhuv ri d vhpl0sdudphwulf Zhlexoo PSK prgho frqyhujhv dw d

udwh wkdw lv +pxfk, vorzhu wkdq
s
Q 1 Dowrjhwkhu wkhvh uhvxowv vhhp wr lpso| wkdw dowkrxjk wkh
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PSK prgho lv vhpl0 dqg hyhq qrq0sdudphwulfdoo| lghqwl�hg/ wkh hvwlpdwlrq ri wkh sdudphwhuv

lq d vhpl0sdudphwulf PSK prgho uhtxluhv d odujhu gdwdvhw wkdq xvxdo1

Lq wklv qrwh zh vkrz wkdw wklv lpsuhvvlrq lv idovh1 Lq sduwlfxodu/ zh vkrz wkdw wkh h�flhqf|

erxqg lv vlqjxodu li dqg rqo| li wkh sdudphwulf prgho ri wkh +lqwhjudwhg, edvholqh kd}dug lv

forvhg xqghu wkh srzhu wudqvirupdwlrq1 Wkh Zhlexoo edvholqh kd}dug lv wkh prvw surplqhqw

phpehu ri wklv fodvv ri prghov1 Doo prghov wkdw duh forvhg xqghu wkh srzhu wudqvirupdwlrq

kdyh d edvholqh kd}dug wkdw lv hlwkhu 3 ru 4 lq 31 Wkh uhvwulfwlrq wkdw wkh edvholqh kd}dug

lq 3 lv erxqghg dzd| iurp 3 dqg 4 uxohv rxw wkdw wkh edvholqh kd}dug prgho lv forvhg xqghu

wkh srzhu wudqvirupdwlrq dqg wklv lpsolhv wkdw wkh h�flhqf| erxqg lv qrqvlqjxodu zlwk wklv

uhvwulfwlrq1

Zh dovr vkrz wkdw wkh PSK prgho lv vhpl0sdudphwulfdoo| lghqwl�hg li zh uhvwulfw wkh

edvholqh kd}dug lq 3 wr eh erxqghg dzd| iurp 3 dqg 41 Khqfh/ wkhuh duh +dw ohdvw, wzr

uhvwulfwlrqv wkdw duh vx�flhqw iru vhpl0sdudphwulf lghqwl�fdwlrq= +l, wkh uhvwulfwlrq wkdw wkh

phdq ri wkh xqrevhuyhg udqgrp h�hfw lv �qlwh +Hoehuv dqg Ulgghu +4<;5,�,/ dqg +ll, wkh

uhvwulfwlrq wkdw wkh edvholqh kd}dug lq 3 lv erxqghg iurp 3 dqg lq�qlw|1 Wkh �uvw uhvwulfwlrq

grhv qrw suhfoxgh wkdw wkh h�flhqf| erxqg lv vlqjxodu/ wkh vhfrqg uhvwulfwlrq grhv1 Khqfh/

hvwlpdwruv wkdw lpsrvh wkh vhfrqg uhvwulfwlrq fdq eh
s
Q frqvlvwhqw1 Lqghhg/ wkh udqn hv0

wlpdwru wkdw kdv ehhq sursrvhg e| Elmzddug dqg Ulgghu +5334, dqg wkh txdqwloh fhqvrulqj

hvwlpdwru ri Ulgghu dqg Zrxwhuvhq +5334, erwk duh
s
Q frqvlvwhqw iru wkh edvholqh kd}0

dug dqg uhjuhvvlrq sdudphwhuv lq wkh vhplsdudphwulf PSK prgho zlwk sdudphwulf edvholqh

kd}dug dqg uhjuhvvlrq ixqfwlrq1 Wkh �qlwh phdq dvvxpswlrq lv qrw vx�flhqw wr rewdlq
s
Q

frqvlvwhqw hvwlpdwruv lq wkh vhpl0sdudphwulf PSK prgho1 Lq sduwlfxodu/ Lvkzdudq +4<<9, kdv

vkrzq wkdw wkh udwh ri frqyhujhqfh dssurdfkhv
s
Q li doo prphqwv ri wkh glvwulexwlrq ri wkh

xqrevhuyhg udqgrp h�hfw duh �qlwh1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh jlyh wkh vhpl0sdudphwulf PSK prgho

dqg lwv h�flhqf| erxqg dv rewdlqhg e| Kdkq +4<<7,1 Zh dovr jlyh dq h{dpsoh wkdw vkrzv

wkdw li zh fkdqjh wkh Zhlexoo edvholqh kd}dug voljkwo| vr wkdw lw lv erxqghg iurp 3 dqg 4 lq

3/ wkhq wkh lqirupdwlrq erxqg ehfrphv qrqvlqjxodu1 Vhfwlrq 6 frqwdlqv wkh pdlq uhvxow dqg

5



vhfwlrq 7 frqfoxghv1
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Zh frqvlghu wkh vhpl0sdudphwulf PSK prgho iru wkh frqglwlrqdo glvwulexwlrq ri W jlyhq d

yhfwru ri qrqfrqvwdqw fryduldwhv [

�+w m [> �, @ �+w> �,hq
�fhL+4,

zlwk sdudphwulf edvholqh kd}dug �+w> �, dqg uhjuhvvlrq ixqfwlrq hq
�f dqg +�>�, lq d sdudphwhu

vsdfh wkdw lv wkh surgxfw ri d sdudphwhu vsdfh iru �/ D/ dqg d sdudphwhu vsdfh iru �/ E/ erwk

ri zklfk dvvxphg wr eh rshq vxevhwv ri wkh Hxfolghdq vsdfh1 Wkh iroorzlqj dvvxpswlrqv duh

vx�flhqw iru wkh h�flhqf| erxqg dv ghulyhg e| Kdkq +vhh Kdkq +4<<7,/ s1 943,

+D4, �+w> �, dqg �+w> �, duh dvvxphg wr eh frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr � rq

D1

+D5, H+[ �[, ?4 dqg wkhuh h{lvw qrq0qhjdwlyh ixqfwlrqv ��+W>[,> l @ 4> 5> 6 vxfk wkdw
�
�
�
�
C oq�+W> �,

C�

�
�
�
� � ��+W ,

�
�
�
�h
q�f C oq�+W> �,

C�

�
�
�
� � �2+W>[,

�
�
�[hq

�f�+W> �,
�
�
� � ��+W>[,

zlwk H+��+W ,
2, ?4/ H+h2L��+W>[,2, ?4> l @ 5> 61

Wkh xqrevhuyhg fryduldwhv duh fdswxuhg e| wkh udqgrp h�hfw X 1 Qrwh wkdw rxu qrwdwlrq

ghyldwhv vrphzkdw iurp wkdw xvhg e| Kdkq +4<<7,= wkh sdudphwhu yhfwru lv � dqg wkh edvholqh

kd}dug lv � +dqg wkh lqwhjudwhg edvholqh kd}dug �,1 Zh dovr wdnh wkh uhjuhvvlrq ixqfwlrq wr

eh orjolqhdu lq [e1

Li zh gh�qh wkh xqfrqglwlrqdo lqwhjudwhg edvholqh kd}dug dw wkh srsxodwlrq ydoxhv ri wkh

sdudphwhuv dv

V @ �+W>�f,h
q�

f
f+5,
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wkhq lw lv qrw gl�fxow wr vkrz wkdw

V
_
@

Z

hL
+6,

zlwk Z d vwdqgdug h{srqhqwldo udqgrp yduldeoh wkdw lv lqghshqghqw ri X dqg
_
@ phdqv wkdw

wkh udqgrp yduldeohv rq erwk vlghv kdyh wkh vdph glvwulexwlrq1

2�2 5i4��T@h@4i|h�U �_i?|��U@|�L?

Hoehuv dqg Ulgghu +4<;5, kdyh vkrzq wkdw wklv PSK prgho lv vhpl0sdudphwulfdoo| lghqwl�hg

li wkh iroorzlqj dvvxpswlrqv krog1

+E4, �+wf> �f, @ 4 iru vrph wf A 3/ �+4> �f, @4 zlwk �+w> �f, @
U |

f
�+v> �f,gv1

+E5, X dqg [ duh lqghshqghqw dqg H+hL , ?41

+E6, Wkhuh duh {�> {2 lq wkh vxssruw ri [ zlwk ��
f{� 9@ ��

f{21

+E7, Li �+w> �f, @ �+w> ��f, iru doo w A 3/ wkhq �f @ ��f/ dqg li ��
f{ @ ��

�

f{ iru doo { lq wkh

vxssruw ri [/ wkhq �f @
��f1

Ehfdxvh zh fdq pxowlso| wkh edvholqh kd}dug e| d srvlwlyh frqvwdqw dqg vxewudfw wkh orj

ri wkdw frqvwdqw iurp X zlwkrxw fkdqjlqj wkh prgho +wkh phdq ri X lv duelwudu|,/ wkh �uvw

sduw ri dvvxpswlrq +E4, lv d qrupdol}dwlrq1 Iru wkh vdph uhdvrq/ wkhuh lv qr frqvwdqw lq

��[1 Dvvxpswlrq +E7, hqvxuhv sdudphwulf lghqwl�fdwlrq ri �f> �f1

Zh sursrvh dq dowhuqdwlyh vhw ri dvvxpswlrqv wkdw lv vx�flhqw iru wkh vhpl0sdudphwulf

lghqwl�fdwlrq ri wkh PSK prgho1

+F4, �+wf> �f, @ 4 iru vrph wf A 3/ �+4> �f, @4 zlwk �+w> �f, @
U |

f
�+v>�f,gv1 Pruhryhu

3 ? olp|�f �+w> �f, @ �+3> �f, ?41

+F5, X dqg [ duh lqghshqghqw dqg Su+X @ �4, @ Su+X @4, @ 31

+F6, Wkhuh duh {�> {2 lq wkh vxssruw ri [ zlwk ��
f{� 9@ ��

f{21

+F7, Li �+w> �f, @ �+w> ��f, iru doo w A 3/ wkhq �f @ ��f/ dqg li ��
f{ @ ��

�

f{ iru doo { lq wkh

vxssruw ri [/ wkhq �f @
��f=
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Wkh gl�huhqfh ehwzhhq wkhvh wzr vhwv ri dvvxpswlrqv lv wkdw wkh �qlwh phdq dvvxpswlrq rq

wkh udqgrp lqglylgxdo h�hfw H+hL , ? 4 lq +E5, lv uhsodfhg e| wkh dvvxpswlrq wkdw wkh

edvholqh kd}dug lq 3 lv erxqghg dzd| iurp 3 dqg 4 lq +F4,1

Sursrvlwlrq 4

Li wkh frqglwlrqdo glvwulexwlrq ri W jlyhq [ kdv d glvwulexwlrq zlwk d +frqglwlrqdo, kd}dug dv

lq +4, dqg li dvvxpswlrqv +F4,0+F7, duh vdwlv�hg/ wkhq �f> �f dqg wkh glvwulexwlrq ri X duh

lghqwl�hg/ l1h1 wkhuh duh qr revhuydwlrqdoo| htxlydohqw ��f> ��f1

Surri= Vhh Dsshqgl{ D1

Dowkrxjk erwk vhwv ri frqglwlrqv hqvxuh wkdw wkh vhpl0sdudphwulf PSK prgho lv lghqwl0

�hg/ wkh| kdyh gl�huhqw lpsolfdwlrqv iru wkh lqirupdwlrq erxqg ri wklv prgho1 Lq sduwlfxodu/

zlwk wkh �qlwh phdq dvvxpswlrq wkh lqirupdwlrq erxqg fdq eh vlqjxodu/ zkloh zlwk wkh

dvvxpswlrq wkdw wkh edvholqh kd}dug lq 3 lv erxqghg iurp 3 dqg 4 wklv fdqqrw eh wkh fdvh1

2�� A�i �?uLh4@|�L? ML�?_ Lu |�i ��O 4L_i*

Kdkq +4<<7,/ Wkhruhp 4 ghulyhv wkh h�flhqw vfruh ri wkh PSK prgho1 Wkh yduldqfh pdwul{

ri wkh h�flhqw vfruh lv wkh lqirupdwlrq erxqg1 Wkh h�flhqw vfruh lv

o @

�
ok
oq

�
@

�
d�� � d�2V �H^h

L mV`
d2 � d2V �H^h

L mV`

�
=+7,

zlwk

d�� @
C oq�+W> �,

C�
�H

�
C oq�+W>�,

C�
mV

�

d�2 @
C oq�+W> �,

C�
� H

�
C oq�+W>�,

C�
mV

�
+8,

d2 @ [ � H+[mV, @ [ � H+[,=

Zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw H+[, @ 31

Iru wkh Zhlexoo edvholqh kd}dug �+w> �, @ �wk3� zh kdyh

d�� @ d�2 @ oqW � H+oqW mV,+9,
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dqg e| +5, oqW @
*?73q�

f
f

kf
vr wkdw

d�� @ d�2 @ �
��f
�f

[=+:,

Vxevwlwxwlrq lq +7, |lhogv

o @
�
4� VH

�
hL mV

�� % �
q�

f

kf
[

[

&
+;,

dqg ehfdxvh wkh �uvw frpsrqhqw ri wklv yhfwru lv d olqhdu frpelqdwlrq ri wkh rwkhu frpsrqhqwv

zlwk qrqudqgrp frh�flhqwv/ wkh glvwulexwlrq ri wkh h�flhqw vfruh lv vlqjxodu dv lv lwv yduldqfh

pdwul{1 Wklv lv wkh dujxphqw jlyhq e| Kdkq +4<<7,/ s1 9471

Qrwh wkdw wklv dujxphqw lv qrw uhvwulfwhg wr wkh Zhlexoo edvholqh kd}dug1 Lw dssolhv wr

doo lqwhjudwhg edvholqh kd}dugv ri wkh irup �+w> �, @ k+w,k zlwk k d nqrzq vwulfwo| lqfuhdvlqj

ixqfwlrq ri w zlwk k+3, @ 31 Krzhyhu/ d vpdoo fkdqjh lq wkh Zhlexoo edvholqh kd}dug jlyhv

d qrqvlqjxodu lqirupdwlrq erxqg1 Lq sduwlfxodu/ frqvlghu wkh wudqvodwhg Zhlexoo edvholqh

kd}dug zlwk lqwhjudwhg edvholqh kd}dug �0+w> �, @ +w.%,k�%k zlwk % A 3 d nqrzq frqvwdqw1

Wkh frpsrqhqw iru � lq wkh h�flhqw vfruh +7, lv vwloo htxdo wr [1 Wkh rqo| fkdqjh lv lq wkh

frpsrqhqw iru �1 Wr eh vshfl�f iru � @ �f

d�� @
4

�f
oq
�
h3q

�

f
fV . %kf

�
�

4

�f
Hf

k
oq
�
h3q

�

f
fV . %kf

�l
+<,

d�2 @
hq

�

f
f

�fV

�
h3q

�

f
fV . %kf

�
oq
�
h3q

�

f
fV . %kf

�
�+43,

�Hf

%
hq

�

f
f

�fV

�
h3q

�

f
fV . %kf

�
oq
�
h3q

�

f
fV . %kf

�&
�

�
hq

�

f
f%kf oq %

V
.Hf

%
hq

�

f
f%kf oq %

V

&
=

Wr vhh wkdw wkh glvwulexwlrq ri wkh h�flhqw vfruh lv qrqvlqjxodu/ frqvlghu wkh vshfldo fdvh

X � 3 vr wkdw H
�
hL mV

�
@ 41 Wkhq d qhfhvvdu| frqglwlrq iru vlqjxodulw| lv wkdw

d�� � d�2V @
4

�f
oq
�
h3q

�

f
fV . %kf

�
�

4

�f
Hf

k
oq
�
h3q

�

f
fV . %kf

�l
�+44,
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�
hq

�

f
f

�f

�
h3q

�

f
fV . %kf

�
oq
�
h3q

�

f
fV . %kf

�
.

.Hf

%
hq

�

f
f

�f

�
h3q

�

f
fV . %kf

�
oq
�
h3q

�

f
fV . %kf

�&
.

.
hq

�

f
f%kf oq %

V
� Hf

%
hq

�

f
f%kf oq %

V

&

lv frqvwdqw lq V iru doo { lq wkh vxssruw ri [/ dqg wklv lv wuxh li dqg rqo| li % @ 31 Zh frqfoxgh

wkdw wkh h�flhqf| erxqg iru wkh % wudqvodwhg Zhlexoo edvholqh kd}dug lv qrqvlqjxodu1 Qrwh

wkdw wklv fodvv ri lqwhjudwhg edvholqh kd}dug prghov lv qrw forvhg xqghu wkh srzhu wudqviru0

pdwlrq1 Dovr wkh edvholqh kd}dug ri wklv prgho lv �0+w> �, @ �+w.%,k3� zlwk �0+3> �, @ %k3�

zklfk lv erxqghg dzd| iurp 3 dqg 4 li % A 31

� �iUitt@h) @?_ 5��U�i?| �L?_�|�L?t uLh |�i 5�?}�*@h�|) Lu

|�i ,�U�i?U) �L�?_

Zh �uvw uhzulwh wkh h�flhqw vfruh lq +7, dqg +8, wr uh�hfw wkh ghshqghqfh rq W>[>V dqg

wkh sdudphwhuv �f> �f1 Iru wkdw sxusrvh zh ghqrwh �f+w, @ �+w> �f,/ �f+w, @ �+w> �f,/ dqg

] @ ��f[ vr wkdw W @ �3�
f +Vh3~,1 Dovr Y @ hL 1

o @

�
ok
oq

�
@

�
d��+W>V>�f,� d�2+W>V>�f,KT +V,

[+4�KT +V,,

�
+45,

zlwk KT +V, @ VH+Y mV, @ �
7u��

T
E7�

u�

T
E7� dqg OT +v, @ H+h3rT , wkh Odsodfh wudqvirup ri Y 1 Qrwh

wkdw KT grhv qrw ghshqg rq wkh sdudphwhuv1 Ehfdxvh V dqg ] duh lqghshqghqw zh kdyh

d��+W>V> �f, @
C oq�f+W ,
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C oq�f+W ,
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E| +5, wkh yduldeohv duh uhodwhg e|

oq�f+W , . ] @ oqV=+46,
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E| dvvxpswlrqv +D4, dqg +D5, wkh lqirupdwlrq erxqg lv frqwlqxrxv lq �f1 Zh �uvw

frqvlghu wkh fdvh wkdw � lv d vfdodu1 Li wkh lqirupdwlrq erxqg kdv d udqn htxdo wr wkh qxpehu

ri uhjuhvvruv lq [/ l1h1 rqh ohvv wkdq ixoo udqn/ iru vrph ydoxh ri �f/ wkhq lw kdv wkh vdph

udqn iru srsxodwlrq sdudphwhuv lq d vpdoo qhljkerukrrg ri wkdw ydoxh ri �f e| frqwlqxlw|

lq �f= Zh nhhs �f �{hg1 Qrwh wkdw W ghshqgv rq [ rqo| wkurxjk ��f[1 Ehfdxvh ri +E7,

ru +F7, wkh olqhdu frpelqdwlrq wkdw pdnhv wkh vfruh vlqjxodu pxvw frqwdlq ok1 Ehfdxvh ok

ghshqgv rq [ rqo| wkurxjk ��f[/ orvv ri udqn rffxuv li dqg rqo| li ok lv sursruwlrqdo wr ��f[/

l1h1 wkhuh lv d f+�f, 9@ 3 vxfk wkdw

f+�f,d��+W> V> �f,� f+�f,d�2+W>V> �f,KT +V, @ ]+4�KT +V,,+47,

iru doo �f lq vrph rshq lqwhuydo/ V � 3 dqg ]> W wkdw vdwlvi| +46,1 Iurp +47, lw iroorzv wkdw

d��+w> v> �f, @ d�2+w> v> �f,+48,

iru li wklv htxdolw| grhv qrw krog iru vrph �f/ lw grhv qrw krog rq vrph rshq lqwhuydo/ ehfdxvh

ri +D4, dqg +D5,1 Pruhryhu/ wkhuh lv d w vxfk wkdw d��+w> v> �f,> d�2+w> v> �f, duh qrw frqvwdqw

lq �f rq wkdw lqwhuydo e| +E7, ru +F7,1 Rqo| li wkh htxdolw| krogv zh fdq �qg f+�f, vxfk

wkdw wkh ohiw0kdqg vlgh grhv qrw ghshqg rq �f1

Vxevwlwxwlrq lq +48, jlyhv wkdw iru doo �f lq vrph rshq lqwhuydo dqg iru v � 3 dqg w wkdw

vdwlv�hv +46, iru vrph } lq wkh vxssruw ri ]
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f +vh3~,> �f,
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�
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+49,

Qrwh wkdw erwk d�� dqg d�2 duh lghqwlfdoo| htxdo wr 3 li ] wdnhv rqo| rqh ydoxh1 Li ] wdnhv

wzr +ru pruh, ydoxhv/ wkhq +49, krogv li dqg rqo| li iru �f lq vrph rshq lqwhuydo dqg w A 3

C oq�+w> �f,

C�
�
C oq�+w> �f,

C�
@ h+�f,=+4:,

Lqwhjudwlrq zlwk uhvshfw wr �f dqg w jlyhv +xvlqj �+wf> �f, @ 4,

oq�+w> �f, @ hsEkf�
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zlwk
U |f
f h&Er�gv @ �4 dqg

U
"

|f
h&Er�gv @ 41 Li zh gh�qh oqk+w, @

U |
|f
h&Er�gv dqg g+�f, @

hsEkf� A 3/ zh �qg

�f+w> �f, @ k+w,_Ekf�+4<,

zlwk k dq lqfuhdvlqj ixqfwlrq zlwk k+3, @ 3 dqg k+4, @41

Zh kdyh suryhg wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 5

Li wkh dvvxpswlrqv +D4,/ +D5, dqg +F4,0+F7, krog h{fhsw iru wkh dvvxpswlrq wkdw wkh edvholqh

kd}dug lv erxqghg iurp 3 dqg 4 lq 3/ wkhq wkh lqirupdwlrq erxqg lv vlqjxodu li dqg rqo|

li wkh lqwhjudwhg edvholqh kd}dug lv ri wkh irup +4<, iru vrph vwulfwo| lqfuhdvlqj frqwlqxrxv

ixqfwlrq k zlwk k+3, @ 3/ k+4, @4 dqg g+�f, A 31

Sursrvlwlrq 5 lv iru wkh fdvh wkdw wkh edvholqh kd}dug ghshqgv rq rqh sdudphwhu �f1 Li

�f lv d yhfwru/ +4:, ehfrphv

f+�f,
�
C oq�+w> �f,

C�
� f+�f,

�
C oq�+w> �f,

C�
@ h+�f,+53,

iru vrph yhfwru f+�f,1 Frqvlghu wkh fdvh wkdw �f kdv wzr sdudphwhuv1 Wkhq iurp +53,
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C��
@

h+�f,

f�+�f,
� f2+�f,
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=+54,

Lqwhjudwlrq zlwk uhvshfw wr �� dqg dqg w |lhogv wkh uhsuhvhqwdwlrq

�f+w> �f, @ k+w> �f,
_Ekf�+55,
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vr wkdw Sursrvlwlrq 5 vwloo krogv zlwk dq reylrxv prgl�fdwlrq1

Wkh edvholqh kd}dug wkdw fruuhvsrqgv wr +4<, lv

�+w> �f, @ g+�f,k+w,
_Ekf�3�k�+w,=+56,

Qrwh wkdw wkh sursrvlwlrq rqo| uhvwulfwv g+�f, wr eh srvlwlyh1 Lq sduwlfxodu/ lw fdq eh hlwkhu

vpdoohu ru odujhu wkdq 41 Li g+�f, ? 4/ wkhq e| +56, �+3> �f, @ 41 Li g+�f, A 4/ wkhq
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�+3> �f, @ 31 Rqo| li g+�f, @ 4/ lq zklfk fdvh wkh edvholqh kd}dug lv nqrzq/ wkh edvholqh

kd}dug lq 3 fdq eh erxqghg iurp 3 dqg 41 Khqfh zh kdyh

Wkhruhp

Li wkh dvvxpswlrqv iru Sursrvlwlrq 5 krog/ wkhq 3 ? �+3> �f, ?4 lpsolhv wkdw wkh h�flhqf|

erxqg ri wkh vhpl0sdudphwulf PSK prgho lq +4, lv qrqvlqjxodu1

e �L?U*�t�L?

E| Sursrvlwlrq 4 wkh frqglwlrq wkdw wkh edvholqh kd}dug lq 3 lv erxqghg dzd| iurp 3 dqg

4 lv vx�flhqw iru vhpl0sdudphwulf lghqwl�fdwlrq1 Wklv frqglwlrq lv dovr vx�flhqw iru d qrq0

vlqjxodu h�flhqf| erxqg1 Khqfh/ wkhuh pd| eh +uhjxodu, hvwlpdwruv lq wkh vhpl0sdudphwulf

PSK prgho zlwk sdudphwulf edvholqh kd}dug dqg uhjuhvvlrq ixqfwlrq wkdw duh
s
Q frqvlvwhqw1
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vwulfwo| lqfuhdvlqj fgi IT 1 Zlwkrxw orvv ri jhqhudolw| zh fdq dvvxph wkdw �+w> �f, lv vwulfwo|
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Ehfdxvh P lv vwulfwo| lqfuhdvlqj lwv lqyhuvh P3� h{lvwv dqg iurp +58, iru doo w A 3
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zlwk N lv vwulfwo| lqfuhdvlqj dqg N+3, @ 3/ wkhq +59, lpsolhv
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N+w�!2, @ !2N+w,+5:,
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Wdnlqj wkh udwlr ri +63, dqg +5;, zh rewdlq ehfdxvh N�+w, @
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e| dvvxpswlrq +E4,1 Ehfdxvh N+3, @ 3 wklv lpsolhv wkdw N+w, @ w dqg khqfh �+w> �f, @

�+w> ��f, iru w A 3 vr wkdw �f @ ��f, e| +E7,1 E| +5:, ��f{2 @
��f> {2 iru doo {2 lq wkh vxssruw

ri [ dqg khqfh �f @
��f e| +E7,1
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Ednhu/ P1 dqg D1 Pholqr +5333,= _Gxudwlrq Ghshqghqfh dqg Qrqsdudphwulf Khwhurjhqhlw|=

D Prqwh Fduor Vwxg| Vrxufh/% Mrxuqdo ri Hfrqrphwulfv/ <9/ 68:0<61

Elmzddug/ J1 dqg J1 Ulgghu +5334,= _Fruuhfwlqj iru Vhohfwlyh Frpsoldqfh lq d Uh0hpsor|phqw

Erqxv H{shulphqw%/ FOHR Zrunlqj sdshu/ Xqlyhuvlw| ri Vrxwkhuq Fdoliruqld1

Hoehuv/ F1 dqg J1 Ulgghu +4<;5,= _Wuxh dqg Vsxulrxv Gxudwlrq Ghshqghqfh= Wkh

Lghqwl�delolw| ri wkh Sursruwlrqdo Kd}dug Prgho/% Uhylhz ri Hfrqrplf Vwxglhv/ 7</

735073<1

Kdkq/ M1 +4<<7,= _Wkh H�flhqf| Erxqg ri wkh Pl{hg Sursruwlrqdo Kd}dug Prgho/%

Uhylhz ri Hfrqrplf Vwxglhv/ 94/ 93:095<1

Khfnpdq/ M1 M1 dqg E1 Vlqjhu +4<;7,= _Wkh Lghqwl�delolw| ri wkh Sursruwlrqdo Kd}dug Prgho/%

Uhylhz ri Hfrqrplf Vwxglhv/ 93/ 56405761

Krqru�h/ E1H1 +4<<3,= _Vlpsoh Hvwlpdwlrq ri d Gxudwlrq Prgho zlwk Xqrevhuyhg

Khwhurjhqhlw|/% Hfrqrphwulfd/ 8;/ 78607:61

Lvkzdudq/ K1 +4<<9,= _Xqlirup Udwhv ri Hvwlpdwlrq lq wkh Vhplsdudphwulf Zhlexoo Pl{wxuh

Prgho/% Wkh Dqqdov ri Vwdwlvwlfv/ 57/ 48:5048;81

Mhzhoo/ Q1 +4<;5,= _Pl{wxuhv ri H{srqhqwldo Glvwulexwlrqv/% Wkh Dqqdov ri Vwdwlvwlfv/ 43/

7:<07;71

Ulgghu/ J1 +4<<3,= _Wkh Qrq0Sdudphwulf Lghqwl�fdwlrq ri Jhqhudol}hg Dffhohudwhg Idloxuh0

Wlph Prghov/ Uhylhz ri Hfrqrplf Vwxglhv/ 8:/ 49:04;51

Ulgghu/ J1 dqg W1 Zrxwhuvhq +5334,= _Phwkrg ri Prphqwv Hvwlpdwlrq ri Gxudwlrq

Prghov zlwk H{rjhqrxv dqg Hqgrjhqrxv Uhjuhvvruv/%/ lq suhsdudwlrq1

Ydq ghu Ydduw/ D1Z1 +4<<;,= Dv|pswrwlf Vwdwlvwlfv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/

XN1
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�Wkh vlqjxodulw| krogv li zh kdyh vlqjoh0vshoo gxudwlrq gdwd1 Kdkq vkrzv wkdw wkh h�flhqf|
erxqg lv qrqvlqjxodu/ li zh kdyh wzr ru pruh vshoov iru wkh vdph lqglylgxdo surylghg wkdw
wkh lqglylgxdo udqgrp h�hfw lv wkh vdph iru erwk vshoov1

2Wkdw lv e| d uhjxodu hvwlpdwru vhtxhqfh +iru d gh�qlwlrq vhh Ydq ghu Ydduw +4<<;,/ s1
448,1

�Vhh dovr Mhzhoo +4<;5, dqg Khfnpdq dqg Vlqjhu+4<;7, zkr frqvlghu dq dowhuqdwlyh lghqwl0
i|lqj dvvxpswlrq wkdw doorzv iru dq lq�qlwh phdq/ exw dvvxphv wkdw wkh srzhu wudqvirupdwlrq
lv �{hg

eWkh fodvv ri orjolqhdu uhjuhvvlrq ixqfwlrqv lv forvhg xqghu wkh srzhu wudqvirupdwlrq1 Wkh
vhpl0sdudphwulf PSK prgho fdq eh lghqwl�hg e| fkrrvlqj d fodvv ri sdudphwulf uhjuhvvlrq
ixqfwlrqv wkdw lv qrw forvhg xqghu wkh srzhu wudqvirupdwlrq1 Krzhyhu/ wklv lv lghqwl�fdwlrq e|
duelwudu| ixqfwlrqdo irup dvvxpswlrqv1 Wkh orjolqhdu vshfl�fdwlrq lpsrvhv qr +lghqwli|lqj,
uhvwulfwlrqv1

DLi qrw wkhq wkhuh duh lqwhuydov wkdw kdyh }hur suredelolw|1 Wkhvh lqwhuydov fdq eh rplwwhg
dqg e| uhgh�qlqj W dffruglqjo| zh kdyh wkdw �+w> �f, A 3 iru w A 31
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