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Abstract
Collective contests are examined permitting heterogeneity of stakes within every competing
group. Our first concern is whether unequal distribution of stakes in a group can enhance its
win probability. Our second concern is whether a large stake in a group can be individually
disadvantageous. We find that if a contest is sufficiently “hard” for a group, the answers to
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cases, the welfare of many group members would be negatively related to the size of their
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1. Introduction
In many examples of contests, lobbying, litigation, patent races, ethnic conflicts, and so
on, the unit competing for the prize is actually a group; members of a competing group
win or lose the prize together. But the individuals usually have different positions in a
group; politically, economically and culturally. Such intra-group heterogeneity can be
reflected in the different valuations of the prize by the members.
In some cases, the prize is a private good which once won by one of the
competing groups is contested again within that group. The result of this second-stage
within-group contest is affected by the power structure of the group. The people
politically dominant in the group usually have an advantage in competing on their share
in the group stake. Expecting larger gain than other group members, they therefore tend
to evaluate higher the winning of the prize contested in the first-stage of the betweengroup contest. 4 A change in the political relationships among its members results in
different distributions of interests with respect to the collective contest. Note that even
when the prize is a group-specific public good, members in a group may evaluate it
differently. Consider, for example, several local governments competing for a budget
earmarked to subsidize elementary schools. Then a family with more children has more
interest in the contest. On a choice of location for public facilities with positive or
negative externalities to the selected locality (a stadium for the Olympic games, a waste
treatment center, etc.), the residents of the selected area differ in their interest, dependent
on their distance to the public facility. A conflict between different ethnicities or different
religious groups is another interesting example, as Esteban and Ray (2011) argue; such a
conflict often implies a contest between their principles, though the financial value of the
competed prize itself also matters. In this contest, a member more committed to the value
judgments of the group (i.e., a more radical member) has higher appreciation for the prize.
The intra-group heterogeneity of stakes from the prize is due to such reasons. Our
purpose is to examine the implications of such heterogeneity5.
4

We can apply a modified version of the two-stage model studied in Katz and Tokatlidu (1998) to describe
the case. The effort cost function of an individual in each stage is assumed to be nonlinear (increasing
marginal costs), and the contest success functions assigned to each member for the second-stage withingroup contest are asymmetric, reflecting the different political power of the members.
5
The typical assumption in the literature on collective contests has been that the individuals are symmetric
within each of the competing groups. The effect of heterogeneity has been mainly confined to differences
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One can ask whether such dissimilarity among the members is good or bad for a
competing group. The answer to this question is equivocal. In their model of conflict
concerning an ethnic policies, Esteban and Ray (2011b) show that more equal
distribution of radicalism induces an ethnic group to be more active in the conflict and, in
turn, to attain a higher win probability. Epstein and Mealem (2009) study a collective
contest where an interest group enhances its win probability by expansions of
membership that equalize the intra-group distribution of stakes, rather than by expansions
that make it more unequal. These recent results establishing that a group with similar
members is more active in a collective contest are contrary to the classical conjectures of
Olson(1965) on the “logic of collective action,” according to which a group whose
members have highly unequal interests in the collective action will be more active. This
conjecture is valid, however, in the collective contest on group-specific public goods
studied by Baik (2008). In equilibrium of his model, everyone except those with the
highest valuation of the prize in each group chooses not to put effort. A direct
consequence is that unequal distribution of stakes within a group induces large effort.
The contrasting answers to the question posed in the preceding paragraph are
due to the difference in the assumed form of the marginal effort cost function. If each
individual’s marginal effort cost function is strictly convex, similar valuations of the
prize by the group members enhance the win probability of the group. However, Baik’s
opposite results are directly obtained from the assumption that each individual has
constant marginal costs. The existing arguments against or in-favor of intra-group
heterogeneity should therefore be examined with caution because a considerable
divergence exists between the assumed forms of the effort cost functions.
In this paper a different approach is taken. Assuming very weak and plausible
restrictions on the form of the effort cost functions, we try to specify the situations in
which unequal valuations of the prize by the group members enhance the win probability
of the group. We will show that one such situation occurs when the conflict is “hard.”
in group size or effort costs between groups, under alternative assumptions regarding the nature of the prize.
Katz, et al. (1990) and Riaz, et al. (1995) have shown that a group with a larger membership does not attain
a lower winning probability, if the contested prize is a group-specific pure public good. Considering a class
of impure public-good prizes that includes the pure public-good prize and the pure private-good prize as
special cases, Esteban and Ray (2001) derive a sufficient condition ensuring that larger groups have a
higher winning probability. For a useful comprehensive survey of the literature, see Konrad (2009).
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Our precise definition of the term “a hard contest for a group” applies, in particular, to a
contest with a large number of participating groups and to a contest where the group has a
very strong opponent. If a group competes for a prize with sufficiently many rivals or
with a very superior rival, unequal stakes among the members can enhance its
performance.
Our approach also sheds new light on another aspect of intra-group
heterogeneity, the so called “exploitation of the great by the small,” Olson (1965). In a
collective contest, an individual with a high stake does not necessarily attain a higher
welfare than members of the same group who have low stakes. The reason is that a
collective contest can be viewed as a number of intra-group collective-action problems
embedded in a competitive environment; in every group, members have incentives to
free-ride while attempting to win the prize. A large stake in a collective contest prompts
an individual to be more active, and as a result, to be more vulnerable to free-riding by
the other members in the same group. Since Olson and Zeckhauser (1966) argue that it
explains an excessive burden of a large country in a military alliance, the problem of
“exploitation of the great by the small” has been considered mainly as that of private
provision to a public good in a group6. We have found, however, that the severity of
conflict with the other groups (such conflict is an essential factor for military allies)
determines the severity of the exploitation problem in a group. The harder a conflict for a
group, the wider the range of the exploited members (i.e., those attaining lower utility
than members with smaller stakes) in the group. To answer adequately the questions
related to intra-group heterogeneity in collective contests, we need to take into account
how hard the contest is for each group.
In the next section, we introduce an extension of the share function approach to
aggregative games systematically developed by Cornes and Hartley (2003, 2005)7 , to
analyze our model of group contests with intra-group heterogeneity. This useful method
clarifies the basic properties of equilibrium, and considerably facilitates the analysis in
6

Sandler (1993) gives a detailed survey of this subject.
In aggregative games, each player’s payoff is determined by own strategy and the sum of the strategies of
all players. A classic example of such games is Cournot oligopoly, and many models of contests by
individuals also belong to this class of games. Esteban and Ray (2001) have already adopted this approach
(even previous to Cornes and Hartley) to analyse group contests, but their treatment heavily depends on the
assumption that the members in each competing group are homogeneous.
7

4

the following sections. Section 3 examines our first problem, the relationship between
dissimilar stakes among the members of a group and its performance in the contest. The
precise meaning of “a hard contest” and some examples are provided. Section 4 derives a
condition that determines the range of individuals in a group who are subjected to
exploitation of the great by the small. Section 5 considers what happens if our restrictions
on the form of the effort cost function are dismissed, in order to highlight the importance
of these restrictions. The dismissal opens the route to an interesting proposition which
can be called the “anti-Olson theorem.” Concluding remarks are made in Section 6. All
proofs are relegated to the last section.

2. A collective contest with intra-group heterogeneity
Consider a contest in which m groups compete for a prize. The population of group i is
denoted by Ni. Individuals decide how much effort to put into the contest simultaneously
and non-cooperatively. The individual contributions are aggregated in every group, and
the group which wins the prize is determined on the basis of those aggregated group
efforts.
To describe intra-group heterogeneity in the value of, or the stake from, the
contested prize, we assume that it is a mixture of group-specific public goods and private
goods. Actually, the model allows several specifications of the prize; a group specific
public-good prize valued differently within a group, a divisible private-good prize
competed through an asymmetric second-stage within-group contest, and so on. Here we
adopt a moderately general specification that includes these cases. Denote the values of
the public-good part and the private-good part of the prize for every competing group by
8

P  0 and M  0 , respectively . The sharing of the private-good part within a group could

be unequal, reflecting the different positions of the members and/or the power structure
in each group. For member k of group i, the share of the private-good part of the prize is
denoted by yik (k = 1, ···, Ni), where



Ni
k 1

yik  M . The public-good part and the private-

good part of the prize are assumed to be perfect substitutes for the contestants. The stake
for member k of group i is thus given by vik  P  yik (k = 1, ···, Ni). The stake vector of
8

We can generalize the model to the case where P and M are different among competing groups, but such
an extension does not change the main results.

5

group i, v i  (vi1 ,, viN i ) , represents a distribution of the individual group members'

interests in the contest9.
All members of a group are assumed to have the same form of the contest-effort
cost function ci, i.e., member k of group i bears the cost ci (aik ) when putting the amount
of effort aik  0 into the contest10. The effort cost function ci satisfies ci (0)  0 , and is
assumed to be twice continuously differentiable, ci (a)  0 and ci(a )  0 , for all a > 0. We
write ci(0)  lim a0 ci(a ) . Let  i (a)  ci(a) a denote the elasticity of the marginal effort
ci(a)

cost functions for members of group i. Notice that the cost function is assumed to be
strictly convex, i.e., the marginal cost is strictly increasing, which is a necessary
assumption for the uniqueness of equilibrium in the contest.
The winning probability of group i is assumed to be determined by the lottery
contest success function Ai , where Ai  kN1 aik is the effort of group i, and A  mj1 A j is
i

A

the total amount of effort made by all the competing groups. Each individual is assumed
to be risk-neutral and the expected utility of member k of group i has the form:11
EU ik 

Ai
vik  ci aik  .
A

(1)

Given the amounts of other players’ efforts, this function is strictly concave with
respect to aik. So the first-order necessary and sufficient condition for the best-response
takes the form:
A  Ai
vik  ciaik   0 ,
A2

(2)

with equality holding for aik  0 . Notice that the amounts of the other players’ efforts
appear only in aggregated forms in this condition. By exploiting this property, we can
derive the device called the share functions, which are very useful in making the
9

When we consider the model as a contest for a group specific public-good prize evaluated differently in a
group, the stake vik is directly interpreted as the valuation of the public-good by member k of group i.
10
Even if we allow the members in a same group to have different effort cost functions, the results in this
section (the existence and uniqueness of equilibrium) are still true.
11
When no group puts positive effort, we assume that each group attains the winning probability 1/m. Then,
every member k in each group has the incentive to deviate by making a small positive effort because
ci (0)  0  vik . Thus A = 0 cannot be the total effort in equilibrium. The same conclusion is derived even if
we assume that the winning probability is 0 for each group when A = 0.

6

following analysis transparent;
Proposition 1. There exist functions si  A, v i  : (0, )  (0, ) N  [0,1) ( i  1, , m )
i

satisfying the following properties; given a combination of stake vectors v1 ,, v m  ,
A*  0 is the total amount of effort in a (pure-strategy) Nash equilibrium if and only if



m
i 1 i





s A* , v i  1 . For each group i, the corresponding equilibrium level of effort denoted

*
by Ai*  0 i  1, m  is derived from the equation Ai*  si A* , v i . Furthermore,

A

(a) si is continuous with respect to A > 0,
(b) si is strictly decreasing in A as long as it takes a positive value, and
(c) lim A0 si  A, v i   1 and lim A si  A, v i   0 ,
for all i = 1, ···, m.
We call the function si the share function of group i.
By properties (a) and (b) of the share functions, we can see that



m
i 1 i

s ( A, v i ) is

continuous and strictly decreasing in A as long as it takes a positive value. Property (c)
implies that both lim im1 si ( A, v i )  m and lim im1 si ( A, v i )  0 . It should be clear from the
A0

A 

Intermediate Value Theorem that these observations establish the existence and
uniqueness of a pure-strategy Nash equilibrium12. Since 0  si ( A, v i )  1 for all i, at least
two groups make a positive effort in equilibrium. These results are summarized as
follows:
Corollary. Given a combination of stake vectors v1 , , v m  , there exists a unique (purestrategy ) Nash equilibrium of the contest. In equilibrium, at least two groups choose
positive levels of effort.

12

Ryvkin (2011) uses another approach to derive existence and uniqueness of equilibrium for a contest
model similar to ours. But his proof seems to critically depend on the restriction that the limit of the
marginal effort cost at the zero effort level is not positive, i.e. ci(0)  0 in terms of our notation. On the

other hand, our main arguments are related to the case of ci(0)  0 . In fact we need the existence and

7

Since the marginal cost function ci'(a) is assumed to be strictly increasing, the
continuous inverse function ci 1 is well defined. We can therefore specify the
equilibrium contribution of member k in group i, aik*, by the first-order condition (2), as
follows:





 1  s i A* , v i

aik*   i 
vik  ,
*
A



(3)

where


 i x   



ci 1 x 

if

0

if

aik

ci 0   x
0  x  ci 0 .

i

c'i(0)



(4)

Characterization of
the individual effort
in equilibrium



1  si A* , v i
vik
A*

Figure 1
This characterization is presented in Figure 1, which shows that the individual
contribution in a group is increasing with the stake from the contest. We can also deduce
from this figure that, as long as ci (0)  0 holds, a member of group i always makes a
positive effort. Non-contributors, i.e., individuals putting no effort, can exist only in the
case where ci (0)  0 holds. To allow for the usual occurrence of obstinate mobilization
problems in real collective actions, we will treat the latter case as our main case. Let us

uniqueness result allowing this case.

8

refer to the inequality as the “potential non-contributor” condition, or
Condition PNC: ci (0)  0 for all i.
To derive the results in the next two sections, we further introduce the following
regularity condition on the effort cost functions;
Condition RC: lima 0 ci(a)a  0 for all i.
It is an innocuous condition covering a very wide range of effort cost functions. Unless
the second derivative of ci goes to infinity as the effort level approaches zero, this
condition trivially holds. Furthermore, an important special class of cost functions, those
with constant elasticity of marginal cost, also satisfies the condition.13

3. Unequal stakes and group performance
Let us examine whether intra-group heterogeneity of prize-valuations in a group is good
or bad for raising its win probability in a collective contest. We accomplish this task by
comparison of different stake vectors set on a group. Consider two possible such vectors;
in one vector certain members get a very large gain and the other members get a very
small one, while in the other vector all members have moderate more even gains. The
question here is: does the first distribution make the group more effective in the contest
than the second less biased distribution?
To consider this question, we will restrict our arguments to cases where the
distributions represented by the stake vectors can be ordered according to the relation of
Lorenz domination. Take two stake vectors v i   vi1 , ...., viN

i



and vi   vi1 , ...., viN  , and
i

assume that, without loss of generality, vi1    viN and vi1    viN . The latter vector (or
i

i

the represented distribution of valuations) is called more unequal than the former in the
sense of Lorenz dominance (or Lorenz worsening) if



h

v  k 1 vik , for all h  N i ,
h

k 1 ik

This is the case where ci ( a )  Ka  1 with K and  being positive constants. Then the marginal effort cost
function is strictly convex if and only if   1 .
13

9

with strict inequality for at least one h, and



v  k i 1 vik

Ni
k 1 ik

N

14

. Dasgupta et al. (1973)

prove that the following three statements are equivalent: (i) vi' is more unequal than vi in
the sense of Lorenz dominance. (ii) vi can be obtained from vi' by a finite sequence of
transformations of the form vil t  1  vil t    t   vih t  , vih t  1  vih t    t   vil t  with
 t   0 for some h and l ( h  l ), and vik t  1  vik t  for all k  h, l . (iii) For any strictly

convex function f defined on the set of real numbers, we have



Ni
k 1

f vik   k i 1 f vik  .
N

Our first main result can now be stated.
Proposition 2. Consider a competing group j whose marginal effort cost function
satisfies the conditions PNC and RC. There exists a positive value AM(j) for the group
with the following properties: assume that the total effort A* is larger than or equal to
AM(j) and at least one member of the group makes a positive contribution in equilibrium.
Then,
(a) If at least two members in group i have positive shares in the private-part of the prize,
the winning probability can be raised by a Lorenz worsening change in the stake vector.
This change also further enhances the equilibrium total effort, and
(b) The Lorenz worst stake vector, i.e. the monopoly in the private-part of the prize,
maximizes the win probability of the group.
We will say that a contest is “hard” for group j if the equilibrium total amount of
effort is larger than or equal to AM(j). This term refers to the endogenous variable
influenced by the choice of the group in question itself, and seems puzzling at first glance.
But we can use the share functions to visualize how the outside environment of a group
affects the total amount of effort, and such an observation helps us to find the structural
factors making a contest hard for the group. Consider Figure 2 which presents the
schedules of the share function of group j and that of the sum of the share functions.
Since the equilibrium total amount of effort is determined by the equation


14

m
i 1 i





s A* , v i  1 , a rise of the total equilibrium effort is obtained if and only if the

Since



v  k i 1 vik  P  M , the last condition is redundantly held in our model.

Ni
k 1 ik

N

10

schedule of



s  A, v i  shifts up, as the dotted curve in the figure. Any structural factor

m
i 1 i

of a contest external to the group15 inducing such a shift, therefore, makes the contest
harder for the group. We can immediately give two examples of such factors; the number
of competing groups and the superiority of the opponents. As more groups take part in
the contest, the schedule of the summed share functions moves upward. Also, if the share
function of a powered opponent shifts up, so does the sum. To confirm that our argument
on a “hard contest” is sound, let us examine the effect of these changes formally.

1

s j A, v j 

 s  A, v 
m
i 1 i

i

A

A*

Figure 2
Fix the conditions of group 1, i.e. the group size N1, the stake vector v1 and the
effort cost function c1 a  for each member. Assume further that its share function s1
satisfies the inequality s1 A M 1, v1   0 16. Then, we have the following two stories.
Many competing groups: Suppose that all competing groups in the contest are replicas
of group 1 and that the number of the groups is m. The share function of each group is the
15

Notice that the share function of the group itself does not move as long as its properties (effort cost
functions of the members and the stake vector) are constant.
16
Such a case is real. For example, let N1 = 3, P = 11, M = 24, and the private-good prize be equally
3
divided in group 1. If the effort cost function has the form c1 a   a  3 a , we can set AM 1  12 (see the
3 2

11

same as s1  A, v1  , and the equilibrium total amount of effort A* is determined by the
equation s1 A* , v1   1 . Since the share function is continuous, A* exceeds AM when m is
m

large enough. This argument can be generalized to the case where the competing groups
are different.
Superior opponents: Suppose that the prize is competed by groups 1 and 2, and the
latter group has the same size and stake vector as the former, i.e. N1  N 2  N and
v1  v 2  v . But the effort cost function for individuals in group 2 has the form   c1 a  ,

where 0    1 is a parameter representing the superiority of group 2 (the cost advantage
of individuals in group 2 relative to members of group 1 in making efforts) 17. Now,
consider what happens if the equilibrium total effort A* does not exceeds AM 1 for any  .
Since s1 A M 1, v1   0 , A*  AM 1 implies that at least one individual of group 1 chooses a
positive amount of effort in equilibrium. Let this person’s valuation of the prize be w. By
construction, there exists an individual k in group 2 who has the same valuation. We can
therefore use equations (3) and (4) to establish the following relations between the
equilibrium amounts of effort by this person.
*
M
1  s  A , v  
1  s  A 1, v 1  
a 2*k  c1   1 * 1 w   c1   1 M
w  .



1

A
A






M
It is possible to set   s1MA 1, v1M w , which yields a contradiction, namely, that the





A 1  c1 A 1

individual’s chosen effort is larger than the total amount. Hence the equilibrium amount
of effort must exceed AM 1 if  is small enough. Again, we can generalize this argument
to the case where group 2 is different from group 1 in its size and stake vector.
We can also translate the above cost superiority condition into superiority stated
in terms of income or political influence. To introduce income variability among groups,
we modify the model by assuming that an individual’s preferences are represented by an
proof of Proposition 2 for the detail), while the share function has positive values until A reaches to 38 .
3
17
In the same framework, we can treat the case where excessive power of rivals is due to higher rival
stakes. Let the effort cost function have the same form in group 2 as group 1, but v 2  v1 . Then the game


12

additively separable utility function of his benefit from the prize and of his income I.
Specifically, the individual’s utility is u  V I  , where u and V are the benefits from the
prize and income, respectively. Let V I   0 and V I   0 for all I > 0. Interpreting the
effort level a as money expenditure, we can define the cost function of a member in
group i as vi a   V I i  a  , where Ii is the common income of the members of group i.
Then the groups containing richer individuals have lower marginal effort costs. To
introduce difference among groups in terms of political influence or lobbying power of
the individuals, Ai has to be interpreted as aggregate effort measured by an efficiency unit,
and assume that each individual of group i needs to make eia (ei > 0) units of effort to
produce the efficiency units a. The cost function will therefore have the form vi ei a  and
differences in political capabilities among groups can be transformed to differences in the
marginal effort costs.
The meaning of Proposition 2 is understandable if one imagines a situation
where the winning probability of a group is very low in a hard contest. Each member has
bad prospects regarding the winning of his group, and consequently makes a very low
contribution. Even if a member becomes a non-contributor due to a shift of interest from
him to another member, the decline in the group effort is very small, and further shift
only increases the group effort. It should be emphasized, on the other hand, that the
proposition does not require the actual existence of non-contributors. If a group contains
a non-contributor at the outset, a shift of stake from non-contributors to other members
has a decisive positive effect on the win probability of their group18. But the validity of
Proposition 2 is not restricted to such a special case, and can be applied even to the case
that all individuals share the same stake and therefore put the same amount of effort. This
is the reason why we can conclude that monopoly of the private-part prize is best for
enhancing the winning probability of the group.

is equivalent to that in the text, but now  is the parameter of the stake-size in group 2.
18
This is analogous to the arguments made by Bergstrom et al. (1986) in the context of voluntary provision
of public goods. Under the assumption that the marginal rate of transformation between the private and
public goods is unity, they have shown that an income transfer among individuals affects the provision of
public goods if it is made between existing contributors and non-contributors. In particular, they have
proved that equalizing income redistributions that involve any transfers from contributors to noncontributors will decrease the equilibrium supply of the public good.
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4. Unequal stakes and “exploitation of the great by the small”
Intra-group heterogeneity of stakes from the prize matters not only for the performance of
a group, but also for the welfare of its members. Here the problem is that a larger stake of
an individual is not necessarily associated with a higher expected utility in equilibrium. A
large stake in a collective contest works two-ways for the well-being of an individual in a
group. While the promised gain from winning is large, it makes an individual more eager
to be active, and as a result, more vulnerable to the other members’ free-riding. Olson
(1965) argues that the latter effect is so serious that a large stake from a collective action
in a group is eventually disadvantageous for the member19, and calls this conjecture the
“exploitation of the great by the small”. By equation (3), we can confirm that a large
stake in fact induces much equilibrium effort by an individual. And the condition that
appears in the next proposition enables us to examine whether the “exploitation of the
great by the small” actually happens in equilibrium.
Proposition 3. Consider members l and h of group j with v jl  v jh . Let sj* be the
equilibrium value of the share function and Aj* the equilibrium effort of group j. If


 1  s *j
 A*


 j  j 



   1  s *j  1  s *j 
v
v
 
    A* j  A* 
j




(5)

holds for all v in the interval v jl , v jh  , then the expected utility of member h is smaller
(larger) than that of member l.
When inequality (5) holds, therefore, having a larger stake in the contest than

19

In the collective contests with constant marginal costs discussed by Baik (2008), it is not unusual that the
expected utilities of the highest-valuation members are the lowest. Due to the assumption of constant
marginal costs, only the highest-valuation members in each group are the contributors. We can therefore
easily construct such examples. Let member h have the highest valuation of the prize in group j, and let
v jl  v jh for member l. Denote the constant marginal cost for the members in group j by j. Also, let

*
a*jh  0 be the equilibrium effort level of member h, and pj the winning probability of group j. Member l
ends as a non-contributor. If the expected utility of member h, p*j v jh   j a*jh , is higher than that of member l,

pj*vjl, raise the value of vjl keeping the inequality vjl < vjh. Since this operation does not change any
individual’s effort level, we can eventually reach a situation in which member l attains a higher expected
utility than member h.
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another member is undesirable, and everyone wants to change off 20. In this sense, the
conjecture on the “exploitation” is supported. We can see that j, the size of the elasticity
of the marginal effort costs, plays an important role in determining whether reversals of
stakes and expected utilities among individuals in a group happen or not. The reason is
clear if we notice that j is the reciprocal of the elasticity of j, which is the function
relating the stake of an individual and the equilibrium contribution. If j is very small
(large), the elasticity of j is very large (small) and the increment of effort induced by a
rise in the stake is sufficient (insufficient) to cause the reversal. But it is possible to
derive more implications from Proposition 3. Consider for each member his/her share of
effort in the group. It turns out that the average is the reciprocal of its membership, and
the standard score for member k of group j is given by

a

jk

A j   1 N j 
SD j

,

where SDj is the standard deviation of the effort shares in group j. Suppose that there
exists a real number  such that
  1  s *j
 
1 
sup k  j   j  * v jk     SD j   
1  s *j .
 

  A
N
j 
 
 





(6)

Proposition 3 then implies that the expected utility decreases with the size of the stake
from the prize among the individuals whose standard score of the effort share is higher
than or equal to . Inequality (6) reveals that the “exploitation of the great by the small”
occurs most often among members with large stakes from the prize, whose effort levels
are relatively high. Furthermore, we can see from the inequality what factors influence
the range of individuals exposed to the “exploitation.” The range expands when the
elasticity of the marginal cost of effort is low, when the equilibrium winning probability
of the group is low, when the group-size is small, and when the standard deviation of the
effort shares is large21.
We find, again, that the total amount of effort in equilibrium is a significant
variable, which affects two of the factors in (6). When it is high, sj* is low by Proposition
20

Notice that this argument does not require interpersonal comparison of utilities.
As in the arguments in the last section, we do not need the actual existence of non-contributors to derive
the results here. This is in sharp contrast to the derivation of the results in Baik (2008) and Olson and
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 1  s*j

1, and supk  j  j 


*

 A


v jk   is also low. Both effects make the conjecture on the



“exploitation of the great by the small” more plausible. As a conflict gets harder for a
group, the range of individuals in a group who are exposed to the "exploitation" is
expanded where those with a larger stake have a lower expected utility. This general
observation enables us to derive the following corollary of Proposition 3.
Corollary. Pick a competing group j and let the marginal effort cost function cj satisfy
the conditions PNC and RC. There exists a positive value AE for the group such that, if
the equilibrium total effort A* is larger than or equal to AE, then the expected utility
declines with the size of the stake from the prize among the individuals in group j whose
effort level is larger than or equal to the average of the group.
We have found another version of a “hard” contest for a group, in which everyone
contributing more than the average of the group is exploited. Using the same reasoning as
in the last section, we could argue that the exploitation of the great by the small is
expected for a wide range of group members, if the contest is sufficiently competitive or
the group is very inferior to its opponents. Furthermore, if a group includes actual noncontributors in equilibrium, which is rather incidental to a hard contest, the sub-group of
those contributing more than the average could cover all members who make a positive
contribution. In such a case, all the positive contributors are exposed to exploitation.

5. The “anti-Olson Theorem”
Our main results on intra-group heterogeneity are derived under the assumption of
potential non-contributors, ci (0)  0 for all i. Although it seems a trivial local condition
making little difference, the condition marks where the implications of intra-group
heterogeneity start to change. Notice at first that negation of the condition PNC, or
assuming that ci (0)  0 , opens the way to the next proposition.

Zeckhauser (1966).
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Proposition 4.
For a group j, let cj 0  0 hold and the marginal cost function cj' be strictly convex
(concave). Then, a Lorenz worsening change in the stake vector of the individual group
members decreases (increases) its win probability, and increases (decreases) those of the
other groups as long as they put positive amounts of effort in the initial equilibrium.
Furthermore, all individuals in such other groups are better (worse) off.
Existing arguments on intra-group heterogeneity and performance are essentially
based on this result, paying attention to the case of convex marginal costs. The condition
of convex marginal effort costs or its equivalences are so convenient to derive clear
results, that they are often used in the recent literature22. Once it is combined with the
negation of the condition PNC, however, a Lorenz inferior distribution of stakes always
weakens a group in a contest. And this combination has further serious implications.
Since the right-hand-side of inequality (5) is always less than one, Proposition 3 implies
that if the elasticity of the marginal effort cost functions in a group is always not less than
one, the expected utility of the members is strictly increasing with the stake. When the
marginal cost function in group j is strictly convex and cj (0)  0 , however, inf a  0  j (a)  1
always holds. Then, the “exploitation of the great by the small” never happens in the
group. Furthermore, as Esteban and Ray show (2001, Proposition 2), this inequality is
also sufficient to ensure that a group always attains a higher win probability by expanding
its size, provided that the private prize won is allocated equally (notice that, by
Proposition 4, it gives the stake vector attaining the highest win probability).
Summarizing the results, we obtain the following statement, which could be called the
anti-Olson theorem because its assertions invalidate the major conjectures on collective
actions made by Olson23.

22

We could refer to two articles mentioned in the introduction. Also, Ryvkin (2011) uses the property in
examining how to sort individuals in competing groups to maximize the total effort. See Esteban and Ray
(1999, 2011a) on other important applications of this assumption.
23
For a comprehensive list of these conjectures, see Sandler (1992).
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The anti-Olson theorem.
Let ci (0)  0 and the marginal cost function ci' be strictly convex for every i = 1, ···, m,
then:
(i). A group attains a higher win probability with more equal distribution (in the sense of
Lorenz domination) of the gains from the prize.
(ii). The larger an individual's stake in winning the contest, the higher his/her expected
utility within a group.
(iii). The larger a group expands, the higher its probability of winning the contest
(provided that the distribution of the stakes in each group is set to attain the highest win
probability).
This theorem is clear and comprehensive, and tells us how we can construct a contest
model without being concerned by the paradoxical outcomes suggested by Olson. But our
results in the previous sections show that the validity of the above theorem is
immediately eroded by just introducing the condition PNC. Unequal distribution of stakes
could be advantageous, or the exploitation of the great could happen, in a group
competing for a prize. Also the group size could be disadvantageous24. Unless we have a
special reason to exclude the possibility at the outset that some individuals choose to be
non-contributors, we should give up comprehensive clear cut conclusions on the effect of
intra-group heterogeneity and carefully take into account the particular situation of the
group.

6. Concluding remarks
When groups compete for a prize, the positions of their members are usually not even. As
members of the same group they seek the prize collectively, but their stakes from
winning are not necessarily equal. We have constructed a model of collective contests
permitting intra-group heterogeneity of stakes from an impure public-good prize, and
examined how such heterogeneity influences the win probability of a group and the
welfare of its members. We have found that, if a contest is hard enough for a group, an
24

We can easily imagine the case where the private-part of the prize is thinly distributed among the very
large number of group members, which makes the majority of them non-contributors.
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unequal distribution of stakes enhances its winning probability and a large stake turns to
be disadvantageous for an individual. It is confirmed that such a hard contest occurs for
the group if the number of competing group is very large or the opponent groups are very
strong. When we consider the effect of intra-group heterogeneity within a group in
collective contests, we need to carefully specify the situation of the group.
Our results about a hard contest contain an irony. When a contest is hard enough
for a group, a change of the power structure that concentrates the stakes in a small elite
sub-group can enhance the group’s performance. However, those elite members offered
large stakes will eventually sacrifice their welfare for the other free-riding members.
One may ask whether our results on intra-group heterogeneity can be reversed
when a contest is “mild” for a group. At least with respect to the effects on win
probabilities, the answer can be yes. Let the marginal effort cost function of a group be
convex. And also assume that the total amount of effort in equilibrium is so small, that
even an individual group member who does not receive any share in the private-part of
the prize makes positive contributions. In such a case, we can in effect apply Proposition
4. Then we could have a model that has two different phases for a group, depending on
the size of the equilibrium total amount of effort; if it is large enough, monopoly of the
private-part of the prize is the best distribution of the stake to win. If it is small enough,
uniform distribution is the best.
An interesting open problem is the effect of group sharing rules under intragroup heterogeneity. Prior to the contest, members of a group may commit to a group
sharing rule specifying how (at least part of) the won prize is distributed among them. If
such a rule distributes more of the prize to those contributing more, it works as an
incentive scheme for the members25. A group sharing rule operates impersonally, i.e., it
does not assign any significance to the names of the group members. It specifies a
transfer to an individual that hinges only on his/her behavior. If there is no intra-group
heterogeneity, therefore, everyone in a group chooses the same amount of contribution in
equilibrium as shown in the existing literature. If individuals are heterogeneous in a
group, however, their reactions to a sharing rule must be different. Is a group sharing rule

25

Nitzan (1991), Lee (1995), Ueda (2002), Baik and Lee (2007), and Nitzan and Ueda (2011) examine the
working of group sharing rules as an incentive scheme in collective contests.
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more effective in raising the win probability for a group with more intra-group
heterogeneity? Does it mitigate the exploitation of the great? These are questions to be
answered in future research.

6. Proofs
Proof of Proposition 1.
Let us consider the following question regarding the effort of individual k in group i,
without complete specification of every other individual’s effort level: if some A and Ai
are the amounts, respectively, of total effort and of group i’s effort in (a pure-strategy
Nash) equilibrium, what value must aik take? The answer to the above question is
A  Ai 
vik  of A > 0, vik  0 and
2
 A


summarized as a continuous function ik ( A, Ai , vik )  i 

Ai  [0, A] , where i is the function defined by (4). We call this function the replacement

function of member k of group i, using the terminology of Cornes and Hartley (2003). In
equilibrium, aik   ik  A, Ai , vik  must hold for all i = 1, …, m and k  1,  , N i , under the
condition that Ai  i1 aik for each i and A  i1 i1 aik . Notice that the converse is also
Ni

m

Ni

true in the model; the aik’s satisfying all of these equations constitute an equilibrium
configuration of effort levels in our collective contest.
We can see that ik is a continuous function and, as long as it takes a positive
value, strictly decreasing in Ai. Furthermore, as Ai grows to A, its value shrinks to 0
(recall that A and Ai are independent variables in the individual replacement functions).
Then the summation of iks’ over the members of group i,



Ni
k 1

 ik ( A, Ai , vik ) , inherits

those properties, and there exists a unique value Ai* such that Ai*  kN1 ik A, Ai * , vik  ,
i

where 0  Ai *  A always holds. This observation allows us to define a function Ai ( A, v i )
satisfying the equation Ai  A, v i    kN1  ik  A, Ai  A, v i , vik  .
i

Now, we can define the share function of group i by si  A, v i   Ai ( A, v i ) . The
A

conditions Ai  si  A, v i A for all i and



s  A, v i   1 are therefore equivalent to the

m
i 1 i

equilibrium conditions Ai   kN1  ik  A, Ai , vik  and A  im1  kN1  ik  A, Ai , vik  .
i

i
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Let us prove properties (a), (b) and (c) of the share function.
(a) If we can show that Ai(A, vi) is continuous with respect to A on (0, ∞), this property is
straightforward. Extend the domain of ik with respect to Ai by setting ik ( A, Ai , vik )  0
for all Ai > A, at each A > 0 and 0 < vik. We can see that  ( A, Ai , v i )  kN1  ik  A, Ai , vik   Ai
i

is a continuous function of ( A, Ai ) on (0, ∞) × [0, ∞).   ( A, Ai )  ( A, Ai , v i )  0 is,
therefore, a closed set in this space. Suppose that Ai  A, v i  is not continuous at A0 > 0. We
can find a positive number 0 and a sequence {A(n)} in 0,   converging to A0 with





Ai  A(n), v i   Ai A0 , v i   0 for all n.

Since 0  Ai  A(n), v i   A(n) holds for all n, Ai  A(n), v i  is a bounded sequence
that has a convergent subsequence Ai A(n p ), v i  . Denote its limit by AiL. Then,

A(n

p

), Ai ( A(n p ), v i )  is a converging sequence in a closed set , and its limit belongs to ,

i.e.  ( A0 , AiL , v i )  0 . The value of Ai satisfying this equation is unique, and AiL  Ai A0 , v i 
must hold. This contradicts the construction of {A(n)}.
(b) Notice that si(A, vi) is equal to  satisfying the equation


1 Ni  1

  1   vik 

k 1 i
A
A


and each i  1 1   vik  is decreasing in A. In particular, it is strictly decreasing, as long
A



as it takes a positive value. Hence the right-hand-side of the equation is strictly
decreasing with A as long as it takes a positive value and the desired result can be derived.
(c) The range of si  A, v i  is bounded, and sup A 0 si  A, v i   1 exists. lim A0 si  A, v i  is
therefore equal to this value because si  A, v i  is decreasing with A. We can write
N
1

1

0  lim Asi  A, v i   lim k i 1 i  1  si  A, v i vik   max lim i  1  si  A, v i vik  .

0
A0
A0
A

{
1
,...,
}
k
N
i
A

A


If lim A0 si  A, v i   1 , lim i  1 1  si  A, v i vik   lim i x  holds for all k. As ci 1 is strictly
A0

A



x 

increasing, lim i x  must be positive and we get a contradiction to the above inequality.
x

Hence, lim A0 si  A, v i   1 must hold. For any value of A larger than 1,  ik ( A, Ai , vik ) does
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not exceed ci 1 vik  . Therefore, Ai(A, vi) never exceeds

 c  v  and we obtain that
Ni

k 1

1

i

ik

lim A si  A, v i   0 .

Q.E.D.

We use the following two lemmas to prove Proposition 2.
Lemma 1. Let A* be the total effort in equilibrium. Pick group j and assume that its share
function changes from sj(·) to sj(·), possibly by a change in the stake vector, group size,
and so on. Let this change result in total amount of effort A** at the new equilibrium. If
sj A*   () s j A*  , or the value of the share function increases (decreases) at the initial

equilibrium total effort, then A** > (<) A*, and the winning probability of the group goes
up (down). Furthermore, for any group i other than j, the winning probability gets
smaller (larger) as long as its aggregate effort is positive in the initial equilibrium. In
addition, all members in a group such as i are worse (better) off by the change.

Proof of Lemma 1.


Consider the case where s j ( A* )  s j ( A* ) . Suppose that A* ≥ A**. Then,
1  i  j si ( A* , v i )  s j ( A* )  i  j si ( A* , v i )  s j ( A* )


 i  j si ( A** , v i )  s j ( A** )  1 ,


and this contradiction requires that A* < A**. We know that at least two groups put
positive effort in equilibrium, and si ( A* , v i )  0 holds for some i ≠ j. Since si is strictly
decreasing in a neighborhood of A*, si ( A** , v i )  si ( A* , v i ) holds. We, therefore, have for
group j that
s j ( A* )  1  i  j si ( A* , v i )  1  i  j si ( A** , v i )  s j ( A** ) .


Now, consider group i, other than j which puts positive effort in the initial
equilibrium (before the change in group j). If a member of the group is a non-contributor
in both of the initial and the new equilibrium, his utility must decline because the winning
probability of group i declines. With the exception of such members, all members of the
group change their effort levels in the same direction because
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 1  s i  A* , v i  
aik*   i 
vik  for all k = 1, ···, Ni.
A*



If their contributions do not change or increase, they must become worse off. What
remains to be examined is, therefore, the case where their contributions are lower in the
new equilibrium. Denote the contribution by member k in the initial and the new
equilibrium, respectively, by aik* and aik**. Also, denote his/her expected utility in the
initial and the new equilibrium, respectively, by EUik* and EUik**. For each member h of
group i we therefore get that

A ( A , v )  a   A ( A
*

i

*
ih

i

**

i

, v i )  aih**    k h aik*  aik**   0 .

Since aih**  aih* , we can see
 A ( A* , v )  a *  aih

EU ih*  max  i * i * ih
vih  cih aih  aih  0
A  aih  aih


 A ( A** , v )  a **  aih

 max  i ** i ** ih
vih  cih aih  aih  0  EU ih** .
A  aih  aih




The case of s j ( A* )  s j ( A* ) can be proved similarly.

Q.E.D.

Lemma 2. Let cj satisfy the conditions PNC and RC. Then, for any 0   0  cj 0 , there
exists a level of effort â > 0 such that, given 0     0 , the function

cj (a )  
a

is strictly

decreasing on (0, â].

Proof of Lemma 2.
For any 0   0  cj 0 , the condition RC implies that there exists â > 0 such that for any
0  a  aˆ
cj (a )a  cj 0    0 .

Then, given 0     0 , it holds for any 0  a  aˆ that
d  cj a     1

  2 cj a a  cj a      0
da 
a
 a

Proof of Proposition 2.
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Q.E.D.

Fix any 0   0  cj 0 . We have â > 0 described in Lemma 2. Denoting x  cj ( a )   for

cj  x    is strictly increasing with x on the
a
any 0     0 , we can see that

cj (a )  
x
1

interval (cj (0)   , cj (aˆ )   ] . Assume that the equilibrium total effort A* is large enough


M
P 
, .
 cj aˆ    0  0 

to satisfy A*  max 

Let h and l be members with y jh, y jl  0 . Without loss of generality, we can
assume that member h makes a positive contribution in equilibrium, i.e.
where s *j  s j A* , v j  . By definition of the stake,
other hand,

1  s *j
A*

y

 ˆ
 ˆ
jh  y jl   c j ( a )   0  c j ( a ) 

1  s *j
A*

1  s *j
A*

y jh  cj (0) 

1  s *j
A*

1  s *j
A*

v jh  cj (0) ,

P holds. On the

P . Hence, by setting  

1 s *j
A*

P , we

obtain the inequality:

c 

1

j

 1  s*

 1  s *j

 * ( y jh  P)  cj 1  * j ( y jh  y jl  P) 
 A

 A


,


*
*
1 s j
1 s j
( y jh  y jl )
y jh
*
A
A*

 1  s*



y

 1  s*



jh
and, therefore,  j  * j ( y jh  P)  
 j  * j ( y jh  y jl  P)  .
 A
 y y
jh
jl


 A


If member l also makes a positive contribution in equilibrium, we can similarly get
 1  s *j

 j 

*
 A


 1  s *j

y jl


( y jl  P)  
( y jh  y jl  P )  . Hence, regardless of whether member
j
*
 y y
 A

jh
jl




l is a non-contributor or not, we have
 1  s *j

 j 

*
 A


 1  s *j

 1  s *j

( y jh  P)    j  * ( y jl  P)    j  * ( y jh  y jl  P)  .

 A

 A







Let vjh  y jh  y jl  P , vjl  P , and vjk  v jk for all k ≠ h, l be the new distribution of
interests. By using the function A j ( A, v j ) defined in the proof of Proposition 1, we can
then derive the inequality









 





 

A j A* , v j   k j1  jk A* , A j A* , v j , v jk   k i 1  jk A* , A j A* , v j , vjk ,
N
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N

which implies that A j A* , vj   A j A* , v j  . The property (a) is now derived by using
Lemma 1. As long as we find more than one member in group i who has a positive share
in the private-part of the prize, we can reapply this property. Hence property (b) follows.
Q.E.D.

Proof of Proposition 3.
In equilibrium, the expected payoff of member k of group j can be represented as the
value of the following function at v = vjk, pretending that A* and sj* are constants:
  1  s *j
EU * v   s *j v  c j   j  *
  A
 


v .



We can calculate the partial derivative
EU *

v

   1  s *j
  j   j  *
  1  s *j      A
 j   j  * v   



  A
s *j

  1  s *j  1  s *j
v  *  j  *

 A
Aj




v  ,



 1  s* 
v  0 .



as long as  j  * j
 A


Q.E.D.

Proof of Corollary.
Proposition 1 implies that there exists A0 > 0 satisfying s j ( A0 )  1 . Apply the regularity
2

condition RC to find a 0  0 such that

cj (a)a
1 for all
0  a  a 0 . Since cj 0   0 , the

cj 0  2 N j

function A j ( A, v j ) defined in the proof of Proposition 1 converges to 0 as A goes to
infinity. We can find A  0 with A j ( A, v i )  a 0 for all A  A . Let A E  maxA , A0 . If A*
is larger than or equal to AE, we get that

 

 



  1  s *j
  c A j A* , v j A j A* , v j
1


1  s *j ,
sup k  j  j
v  

  A* jk  
cj (0)
Nj

 

which establishes inequality (6) for  = 0.





Q.E.D.

Proof of Proposition 4.
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If the marginal cost function cj' is strictly convex (concave) and cj 0  0 holds,  j is
strictly concave (convex). We can follow Dasgupta et al. (1973) to show that a Lorenzworsening change in the stake vector vj will cause a decrease (increase) in the aggregate
contribution

 A*  A*j

*
*
v jk  of group j for the initial equilibrium values A and Aj .
2
  A* 




k 1 j 
Nj

Then the value of the share function declines (increases) at A*. The desired results can be
derived with Lemma 1.

Q.E.D.
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